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Abstract In this paper, we study Jacobi forms of half-integral index for any even integral
positive definite lattice L (classical Jacobi forms from the book of Eichler and Zagier corre-
spond to the lattice A; = (2)). We construct Jacobi forms of singular (respectively, critical)
weight in all dimensions n > 8 (respectively, n > 9). We give the Jacobi lifting for Jacobi
forms of half-integral indices and we obtain an additive lifting construction of new reflec-
tive modular forms which are natural generalizations to O(2, n) (n =4, 5 and 6) of the Igusa
modular form As.
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1 Introduction

The divisor of a strongly reflective modular form with respect to an integral orthogonal group
of signature (2, n) is determined by reflections. Such modular forms determine Lorentzian
Kac—Moody Lie (super) algebras. The most famous reflective modular form is the Borcherds
function @, with respect to O (I1,56) which determines the Fake Monster Lie algebra
(see [1]). One can consider reflective modular forms as automorphic discriminants or multi-
dimensional Dedekind n-functions (see [2, 3, 17-20]). Reflective modular forms play also an
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important role in complex algebraic geometry (see [21] and [14]). All of them are Borcherds
automorphic products and some of them can be constructed as additive (or Jacobi) lifting. If
a reflective modular form can be obtained by a Jacobi lifting then one has a simple formula
for its Fourier coefficients which determine the generators and relations of Lorentzian Kac—
Moody algebras (see [17]).

In [14], the second author constructed the Borcherds-Enriques form @4, the automor-
phic discriminant of the moduli space of Enriques surfaces (see [2]), as Jacobi lifting,
Lift(d (z, z1) ... ¥ (7, z8)), of the tensor product of eight classical Jacobi theta-series (see
[11] for the definition of Lift which provides a modular form on orthogonal group by its
first Fourier—Jacobi coefficient). This new construction of @, gives an answer to a problem
formulated by K.-1. Yoshikawa ([33]) and to a question of J.A. Harvey and G. Moore ([24])
about the second Lorentzian Kac—Moody super Lie algebra determined by the Borcherds—
Enriques form @, and its quasi-pullbacks.

Another application of reflective modular forms of type Lift(J(z, z1) ... 9 (t, zg)) is the
construction of new examples of modular varieties of orthogonal type of Kodaira dimension
0 (see the beginning of Sect. 2). The first two examples of this type of dimension 3 are related
to reflective Siegel cusp forms of weight 3 and Siegel modular three-folds having compact
Calabi—Yau models (see [5, 16] and [9]). In the case of dimension 4, the unique cusp form of
weight 4 was defined in [14] as a Borcherds product but it can also be constructed as a lifting
of a Jacobi form of half-integral index with a character of order 2 of the full modular group
SL,(Z) (see Example 3.4 in Sect. 2). Jacobi forms of half-integral index in one variable
are very important in the theory of Lorentzian Kac—-Moody algebras of hyperbolic rank 3
corresponding to Siegel modular forms (see [17-19]). Moreover, they are very natural in
the structure theory of classical Jacobi forms (in the sense of Eichler and Zagier [8]) and in
applications to topology and string theory (see [7, 13]).

In this paper, we consider Jacobi forms of half-integral index for any positive definite
lattice L (Jacobi forms in [8] correspond to the lattice A; = (2)). Jacobi forms in many
variables naturally appeared in the theory of affine Lie algebras (see [25] and [26]). One
can consider Jacobi forms as vector-valued modular forms in one variable. Vector-valued
modular forms are used in the additive Borcherds lifting (see [3, Sect. 14]) which is a gen-
ralization of the Jacobi lifting of [11]. In this paper, we follow the general approach to Jacobi
forms proposed in [11]. The first section contains all necessary definitions and basic results
on Jacobi forms in many variables. It turns out that the order of the character of the integral
Heisenberg group of such Jacobi forms is always at most 2 (see Proposition 2.3). Using
the classical Jacobi theta-series, we give examples of Jacobi forms for the root lattices. We
show, at the end of the first section (Examples 2.8-2.9), that the natural theta-products give
all Jacobi forms of singular weight (or vector valued SL;(Z)-modular forms of weight O
related to the Weil representation) for the lattices D,,.

In Sect. 2, we give the Jacobi lifting for Jacobi forms of half-integral index with a possible
character. This explicit construction has many advantages: one can see immediately a part
of its divisor, the maximal modular group of the lifting, etc. (Compare our construction of
@, with the construction of S. Kondo in [28].)

We build many modular forms of singular, critical and canonical weights on orthogonal
groups. In particular, we give in Example 3.4 the Jacobi lifting construction of a new strongly
reflective modular form of singular weight on O(2, 6). This modular forms gives a tower of
four reflective modular forms based on the classical Igusa modular form As.

In Sect. 3, we analyze Jacobi forms of singular (the minimal possible) and critical (sin-
gular weight + %) weights using the theta-products and their pullbacks (see Proposition 4.1—
4.2). In this way, we construct Jacobi forms of singular and critical weights in all dimensions
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Modular forms of orthogonal type and Jacobi theta-series 189

n > 8 (see Propositions 4.3—4.11). In particular, using this approach, we give a new expla-
nation of theta-quarks in Corollary 4.4, which are the simplest examples of holomorphic
theta-blocks (see [23]).

2 Jacobi group and Jacobi modular forms

In this section, we discuss Jacobi forms of orthogonal type. In the definitions below, we fol-
low the papers [10, 11] where Jacobi forms were considered as modular forms with respect
to a parabolic subgroup of an orthogonal group of signature (2, n).

By alattice we mean a free Z-module equipped with a non-degenerate symmetric bilinear
form (-, -) with values in Z. A lattice is even if (/,[) is even for all its elements. Let L, be
a lattice of signature (2, ny + 2). All the bilinear forms we deal with can be extended to
L, ® C (respectively to L, ® R) by C-linearity (respectively by R-linearity) and we use the
same notations for these extensions. Let

D(Ly) ={[Z]1€P(L,®C) | (Z,2)=0, (Z,Z) > 0}"

be the (n¢ + 2)-dimensional bounded symmetric Hermitian domain of type IV associated
to the lattice L, (here 4+ denotes one of its two connected components). We denote by
O*(L, ® R) the index 2 subgroup of the real orthogonal group preserving D(L;). Then
Ot (L,) is the intersection of the integral orthogonal group O(L;) with O (L, ® R). We
use the similar notation SO™ (L,) for the special orthogonal group.

In this paper, we assume that L, is an even lattice of signature (2, ny + 2) containing two
hyperbolic planes

L2=U@U1@L(—1), U2U12<(1) (1)>

where L is a positive definite even lattice of rank ny and L(—1) denotes its rescaling by —1.
We fix a basis of the hyperbolic plane U =Ze @ Zf: e - f = (e, f) = 1 and €* = f% =0.
Similarly Uy = Ze; & Z f,. Let F be the totally isotropic plane spanned by f and f; and
let Pr be the parabolic subgroup of SO (L,) that preserves F. This corresponds to a 1-
dimensional cusp of the modular variety SO (L,)\D(L,) (see [21]). We choose a basis
of L, of the form (e, ey, ..., fi, f) where ... denote a basis of L(—1). In this basis, the
quadratic form associated to the bilinear form on L, has the following Gram matrix

0 0]0 0|0 1
0 00 0|1
0 0 0 0
Sp=1": -S Do
0 0 0 0
0 1|0 0|0 0
1 0[0 0|0 0

where S is a positive definite integral matrix with even entries on the main diagonal. We de-
note the positive definite even integral bilinear form on the lattice L by (., .) and the bilinear
form of signature (1, ng + 1) on the hyperbolic lattice U; & L(—1) by (., .);. Therefore, for
any v =ne; + 1 +mf, € L;, we have (v, v); =2nm — ([, ).
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190 F. Cléry, V. Gritsenko

The subgroup "’/ (L) of Py of elements acting trivially on the sublattice L is called the
Jacobi group. The Jacobi group has a subgroup isomorphic to SL,(Z). For any A = (i‘ Z) €
SL,(Z), we denote

A* 0 O

{A}y:=0 1, O0]|er’(L), whereA*= (? (1)) ‘A7 (? (1)) = (_a —;)
0 0 A ‘
(H

The second standard subgroup of '’ (L) is the Heisenberg group H (L) acting trivially on
the totally isotropic plane F'. This is the central extension Z x (L x L). More precisely, we

define

1 1
H(L):{[x,y;r]:x,yeL, reEZwithr—i-E(x,y)eZ}

where
L0 'yS (x,y/2-=r ()2
0 1 x§ (x,x)/2 (x,v)/2+r
[x,y;r]:=|0 0 1, x y (2
0 0 0 1 0
0 0 0 0 1

with S the positive definite Gram matrix of the quadratic form L of rank ng, (x, y) ='xSy
and we consider x and y as column vectors. The multiplication in H (L) is given by the
following formula

/ / / / / / 1 / /
Le,ysrl- [x, Y r] = [x+x YAVt +§((x,y)—(x,y))]. 3)
In particular, the center of H(L) is equal to {[0, 0; r], r € Z}. We introduce a subgroup of
H(L)
Hy(L) =([x,0;0], [0, y;0]]x,y € L)

with a smaller center and we call it minimal integral Heisenberg group of L. The group
SL,(Z) acts on H (L) by conjugation:

Alx,y;r]:={A}x, y; r]{A7"} = [dx — cy, —bx + ay; r]. 4

Using (3) and (4), one can define the integral Jacobi group or its subgroup I/ (L) as the
semidirect product of SL,(Z) with the Heisenberg group H (L) or H(L)

I'’ (L) ~SL,(Z) x H(L) and 1'}"(L) =~ SL,(Z) x Hy(L).

Extending the coefficients, we can define the real Jacobi group which is a subgroup of the
real orthogonal group: I/ (L ® R) ~ SL,(R) x H(L @ R).

In what follows, we need characters of Jacobi groups. Let x : I’/ (L) — C* be a character
of finite order. Its restriction to SL»(Z), x|si,z), is an even power v,? of the multiplier
system of the Dedekind n-function and we have

X({A} [x, y; V]) = U,?(A) : v([x, ys V]), where x[sL,z) = U,?» V= xluw- ©)

If D is odd then we obtain a multiplier system of the Jacobi group. The properties of the
character of the Heisenberg group are clarified by the next proposition.
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Modular forms of orthogonal type and Jacobi theta-series 191

Proposition 2.1 1. Let s(L) € N* (resp. n(L)) denote the generator of the integral ideal
generated by (x,y) (resp. (x,x)) for x and y in L. Let [H(L), H(L)] be the derivated
group of H(L). Then

[H(L), H(L)] = [H,(L), H(L)] = {[0.0; 11| r € s(L)Z}.

This subgroup is the center of Hy(L).
2. Letv: H(L) — C* be a character of finite order which is invariant with respect to the
SL,(Z)-action: v(A.[x, y;r]) =v([x, y; r]). Then

v([x y: r]) — i)+ )= (x, ) +2r)

where t € Q such that t - s(L) € Z. The restriction v|y, ) is a binary character which is
trivial ift -n(L) € 27Z.

Remark The constants s(L) and n(L) are called scale and norm of the integral lattice L.
The scale s(L) is the greatest common divisor of the entries of the Gram matrix S of L. For
any even lattice L the norm n(L) is an even divisor of s(L).

Proof The first property follows from the formula for the commutator of the elements of
H(L)

Loyl [y ] ey [y T = 0,0 (x0y) = (6 9)] (6)

because [x, y; r]7! =[—x, —y; —r].

Considering the restriction of the character to the center of H (L), isomorphic to Z, we
get v([0,0; r]) = exp(2ritr) with r € Q. The formula for the commutator (6) shows that
t-s(L)eZ.

The invariance of the character with respect to A = —1,, A = ((1)_01) and A =

(é }) gives us v([x, y;r]) = v([—x, —y;r]) = v([—y, x;r]) = v([x, y — x; r]). Therefore
v([x,0;0]) = v([—x, 0; 0]) = v([x,0; 0D, v([0, y; O) = v([y, 0; 0]) and v([x,0;0]) =
v([x, —x; 0]). We have

[x,—x;0]=1[x,0;0]-[0, —x;0]- |:O, 0; %(x,x):|.

Therefore v([x, 0; 0]) = v([x, —x; 0]) = €™*™**) and the final formula follows from the de-
composition

1 1 1
[x,y;rl= [x,y; i(x,y)} : [0, 0;r — E(x,y)} =[x,0;0]-[0, y; 0]- [O, 0;r— E(x,y)]
We see that ¢ - (x, x) € Z. Therefore the order of v|p, () is equal to 1 or 2. a
In order to define Jacobi forms, we have to fix a tube realization of the homogeneous
domain D(L,) related to the 1-dimensional boundary component of its Baily—Borel com-
pactification corresponding to the Jacobi group related to the isotropic flag (f) C (f, f1)-

Let [Z]=[X 4+iY] € D(L,). Then

X, ) =0, X, X)=Q,Y) and (Z,2)=2(,Y)>0.
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192 F. Cléry, V. Gritsenko

Using the basis (e, f)z = U we write Z =7'e + 7+ zf with Ze L, ® C, where
Li=U®L(-1)

is the hyperbolic lattice of signature (1, ny + 1) with the bilinear form (-, -);. We note that
7z # 0. (If z =0 the real and imaginary parts of Z form two orthogonal vectors of positive
norm in the hyperbolic lattice L; ® R.) Thus ['Z] = [ —%(Z, Z)1,'Z, 1)]. Using the basis
(e1, f1)z = U, of the second hyperbolic plane in L, we see that D(L,) is isomorphic to the
tube domain

w
H(L) =Hpp42(L)=3Z=1{3 t,wel;, 3¢L®C, ImZ,ImZ); >0
T
where
(ImZ,ImZ); =2Im(w) Im(r) — (Im(3), Im(3)) > 0.

We fix the isomorphism [pr] : H(L) — D(L,) defined by the 1-dimensional cusp F fixed
above

-NZ,2),
w [
Z=|3]pr(2)= 3  [pr(2)]. (7
T T
1

The map pr gives us the embedding of H(L) into the affine cone D*(L,) over D(L,). Using
the map [pr], we can define a linear-fractional action of M € O (L, ® R) on the tube domain

M -pr(Z)=J(M,Z) pr(M(Z))

where the automorphic factor J (M, Z) is the last (non-zero) element of the column vector
M - pr(Z) € D*(L,). In particular, for the standard elements of the Jacobi group, we have
the following action

{A}(Z):’(w 6(373) t3 ar—}-b), A=<Z b

- , , e SLy(R);
2(ct+d) ct+d’ ct+d d) 2(R)

1 1
[x, y;r(Z) =’<w+ ;@ 0T+ (x,3)+ F@ )+, "‘B+xt+y), r)

x,y € L®R and r € R. We note that J({A}, Z) =ct +d and J([x,y;r],Z)=1. For a
function ¥ : H(L) — C, we define as usual

WM)(Z) =T (M, Z)*%(M(Z)), MeO"(L,®R).

In the next definition, Jacobi forms are considered as modular forms with respect to the
parabolic subgroup '/ (L) of O*(L,).

Definition 2.2 Let x be a character (or a multiplier system) of finite order of I'’/(L), k
be integral or half-integral and ¢ be a (positive) rational number. A holomorphic function
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Modular forms of orthogonal type and Jacobi theta-series 193

¢ :H; x (L ® C) — C is called a holomorphic Jacobi form of weight k and index ¢ with a
character (or a multiplier system) y if the function

1)
P2y =g, 3™, Z=|3]eHL)
T
satisfies the functional equation
PiM = x(M)g forany M e I'’ (L) (8)

and is holomorphic at “infinity” (see the condition (11) below).

Remarks (1) We show below that for any non zero Jacobi form of rational index ¢ we have
t-s(L) € Z where s(L) is the scale of the lattice (see Proposition 2.1).

(2) One can reduce this definition to the only two cases t =1 and t = % (see Proposition
2.3).

(3) One can give another definition of Jacobi forms in more intrinsic terms (see (9), (10)
and Definition 2.2").

In order to precise the condition “to be holomorphic at infinity”, we analyze the character
X, the functional equation and the Fourier expansion of Jacobi forms. We decompose the
character into two parts

X =XlsLa@ X X|u@w = x1 X v, where x| = U,?
(see (5)) and v satisfies the condition of Proposition 2.1. For a central element [0, O; (x, y)] €
H,(L) (x,y € L), the Eq. (8) gives v([0, 0; (x, y)]) = > = 1. Therefore
t-s(L)eZ 1if ¢ is not identically zero

and
v(lx, y r]) = e EOTONTEDED ey € H(L)

as in Proposition 2.1.

The formulae above for the action of the generators of the Jacobi group on the tube
domain define also an action, denoted by M (z, 3}, of the real Jacobi group I'’(L®R) on the
domain H; x (L ® C). We can always add to any (7, 3) € H; x (L ® C) a complex number
w € H; such that Z = (3 ) belongs to H(L). If we denote the first component of M (Z) (that

T

is the component along the vector e; of our basis) by w{M{(Z)} for M € I'’ (L ® R) then
Jk,t (M; T, 3) — J(M, Z)ke—zt‘mw{M(Z)}eZimw

defines an automorphic factor of weight k and index ¢ for the Jacobi group. For the genera-
tors of the Jacobi group, we get

(3.3)

Jer({AY T.3) = (T +d)fe™ | A= (ﬁ Z) € SLy(R)

and

Jkt([x yirlt 3) =672iﬂt(%(x,x)r+(x,3)+%(x,y‘)+r) x,yeL®R, reR.
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194 F. Cléry, V. Gritsenko

We also get an action of the Jacobi group on the space of functions defined on H; x (L ® C):
(@leM)(T, 3) = I (M T, 3)p(M (2, 3)).
Then the Eq. (8) in the definition of Jacobi forms is equivalent to
@l M)(T,3) = x(M)p(z,3), Mel’(L).

For the generators of the Jacobi group we obtain

at+b 3 ip €3.3)
(550 ) e vare B gy ©)
ab
forall A = (c d) € SL,(Z) and
1 .
P(t,3+xT1+y)=x ([x vi 5, y)])e*’”’<<*’*>”2<"*3>><o<r, 3) (10)

forall x,ye L.

(Note that #(x, y) € Z for any x, y in L if ¢ # 0.) The variables T and 3 are called
modular and abelian variables. To clarify the last condition of Definition 2.2, we consider
the Fourier expansion of a Jacobi form ¢.

We see that the function ¢ have the following periodic properties

o(t+1,3) = Hip(r,3) and @(r,3+2y) = ([0, 2y; 0))e(z, 3) = ¢(z, 3).

The function ¢ is called holomorphic at infinity if it has the Fourier expansion of the follow-
ing type

o(1,3) = > f(n, et (11

ne@>0.nzz% mod Z, IG%Lv

2n1=(1,1)>0
where LY is the dual lattice of the even positive definite lattice L. This condition is equiv-
alent to the fact that the function ¢ is holomorphic at the zero-dimensional cusp defined by
the isotropic vector f in the first copy U in the lattice L, =U @& U; & L(—1).

The Definition 2.2 suits well for the applications considered in this paper but we can give
another definition which does not depend on the orthogonal realization of the Jacobi group
/(L) ~SLy(Z) x Hy(L).

Definition 2.2’ A holomorphic function ¢ : H; x (L ® C) — C is called a holomorphic
Jacobi form of weight k € %Z and index 7 € Q with a character (or a multiplier system) of
finite order x : 1';,] (L) — C* if ¢ satisfies the functional equations (9) and (10) and has a
Fourier expansion of type (11).

Remarks (1) The classical Jacobi forms of Eichler and Zagier. Note that for no = 1, the
tube domain (L) is isomorphic to the classical Siegel upper half-space of genus 2. If
L ~ A; = (2) is the lattice Z with quadratic form 2x? and x = id then the definition above
is identical to the definition of Jacobi forms of integral weight k and index # given in the
book [8].
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(2) The difference between the Definitions 2.2 and 2.2" is the character of the center of the
“orthogonal” Heisenberg group H (L). It is more natural to consider a Jacobi forms ¢(z, 3)
as a modular form with respect to the minimal Jacobi group I/ (L) and the extended Jacobi
form ¢(Z) = ¢(t, 3)e*™"* with respect to '/ (L).

We denote the vector space of Jacobi forms from Definition 2.2 by J; 1..(x) where
X = vf’) X v is defined by a character (or a multiplier system) v,l]) of SL,(Z) and a binary (or
trivial) character v of H,(L). The space of Jacobi forms from Definition 2.2 is denoted by
J~k, Lit (v,? x 7) with evident modification for the central part of V. The character x of I"/ (L)
and its restriction ¥ = x| ) determine each other uniquely and we denote both of them
by x, JNk.L;,(X) =~ Jr.1.:(x) and we will identify these spaces.

A function

o(r,3) =Y fn, D™ 3 e g1 (0)
n,l

is called a Jacobi cusp form if f(n,[) # 0 only if the hyperbolic norm of its index is positive:

2nt — (1, 1) > 0. We denote this vector space by J;';" (x). We define the order of ¢ as follows

Ord(p) = min (2n1 — (I,1)). (12)
£1.D0
When the character (or the multiplier system) is trivial, we omit it in the notation of these
spaces. If y = v,? x id, we omit the trivial part. We see from the definition that ¢ = 0 if 7 < 0.
If t =0 then Ji 1.0(x) = M (SLy(Z), xIsL,). In fact, a Jacobi form corresponds to a vector-
valued modular form of integral or half-integral weight related to the Weil representation of
the lattice L(¢) and Ji 1., (x) is finite dimensional (see Sect. 3).

The notation L(#) stands for the lattice L equipped with bilinear for (-, -). We proved
above that if Ji 1., (x) # {0} then the lattice L(¢) is integral. Any Jacobi form with trivial
character can be considered as Jacobi form of index 1 (see [11, Lemma 4.6]). In general, we
have the following

Proposition 2.3 1. If L(t) is an even lattice then

i1 () = Tk Liy;1(0)-

If this space is non-trivial then the Heisenberg part v = x|, ) of the character is trivial.
2. If L(t) is integral odd (non-even) lattice then

Jk,L:t(X) = Jk,L(2r); % (X)

In this case, the character v = x|y, (1) is of order 2.
3.0 ¢(t,3) € JiL.(vP x v) then (t,23) € Ji 1.4: (v)) x id).

Remark This proposition shows that we have to distinguish in fact only between index 1
and % In what follows, we denote by J; ; (x) the space of Jacobi forms of index 1.

Proof If L(t) is even then ¢ (x, x) € 2Z for any x € L. Therefore x ([x, 0; 0]) = &™'*") =1

and the Heisenberg part of x is trivial. If L(¢) is odd then there exists x € L such that 7 (x, x)
is odd. Therefore the Heisenberg part of yx is non-trivial.
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196 F. Cléry, V. Gritsenko

We prove the proposition about the indexes using a map that we will need in Sect. 2. We
define an application for N € Q.

w w/N
v i H(L(N)) > HL), av:|3]—| 3 | (13)
T T

This map corresponds to the multiplication Iy - pr(Z) with Z € H(L(N)) and pr(Z) €
D*(U @ U, ® L(—N)) where Iy = diag(N~'1,, 1,,.1,). We prove the second claim. (The
proof of the first one is similar.)

If o € Jy.1.,(x) then

G12(2) = (1, 3)e™ =Fomu(Z), ZeH(L(21))

is a holomorphic function on H(L(2t)). We add index 2¢ to {A} and / in order to indicate the
elements of the Jacobi groups I"/ (L(2t)). First, we see that I, {A},, I, ' — [A)}. Therefore

01 2k{A}2(Z2) = x (A)@12(2).

Secondly, we have

1 r 1 r—t(x,y)
Lylx,y;rlal,y, = XYoo= x,y;i(x,y) . O,O;T forx,yelL.

Therefore

~ - 1 1
Grlilx, yirln(Z2) = (P|k<|:x7 vi 5 (x, y)] : [O, 0; 2% -5 y)])(nzt(l))

1 .
=x ([x vi 5 (s y)])e”’("’(x'y”%/z(Z) where r — t(x, y) € Z.

It means that @), is an (extended) Jacobi form of index % with the same SL,(Z)- and

Heisenberg characters with respect to the even lattice L(2t). O

In the Definitions 2.2 and 2.2" and in the proof of the last proposition, we used two
interpretations of Jacobi forms as a function on H; x (L ® C) and on the tube domain
H(L). Forany t =u +iveH, and 3 € L ® C, we can find ® = u; + iv; € H; such that
2v1v — (Im(3), Im(3)) > 0 or, equivalently, such that ' (w, '3, t) € H(L). In the next lemma,
we fix an independent part of this parameter w.

Lemma 24 Let Z ="(w,'3,t) € H(L). Then the quantity

~ (Im3),Im(3)) -

V(Z) = 7

0
is invariant with respect to the action of the real Jacobi group I'’ (L @ R).
Proof For any Z = X +iY € ‘H(L) we consider its image [Z] = [X 4+ iY] = [pr(Z)] =

['(— % (Z,Z),,"'Z, 1)] in the projective homogeneous domain D(L,).
For any M € O* (L, ® R), we have

(MZ,MZ) = (2,Z) =2, Y)1 =2(2v; - v — (Im(3), Im(3))) = 4v - 5(2).
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By the definition of the action of the group O (L, ® R) on the tube domain, we have
-2 =20,V =MZ,MZ)=J(M,2)-J(M, 2)(M(Z), M(Z))
=20J(M, Z)[ (Y(M(2)), Y(M(2))), =4|J (M, Z)['v(M(2)) - 5(M(Z))

=4v-T(M(Z)). O

Remark The quantity v(Z) € R. is a free part of the variable Z in the extended Jacobi

form ¢(Z):
(t.'3) " <x1+ ( W),’s, r)eH(L).

The Jacobi forms with respect to a lattice L form a bigraded ring J, ;.. with respect to
weights and indexes. In the next proposition, we define a direct (or tensor) product of two
Jacobi forms. Its proof follows directly from the definition.

Proposition 2.5 Let o1 € Ji, 1,.:(x1 X Vi) and @2 € Ji, 1,::(X2 X v2) two Jacobi forms of
the same index t. Then

01 Q@ 02(tT, 31, 32) =01 (7, 31) - 92(2, 32) € Jiy1hy, L 0Lyt (X1 X2 X V1V2)

where vyv, is a character of the group H(L| @ L,) defined by

1 1 .
i) ([x, yir]) = vy ([xl,ylz E(xl, M)])Uz([xz, y23 E(xz, yz)])e’m(m'y'H(XZ’”HM

for [x,y;r] =[x1 ®x2,y1 ® y2;r] € H(L1 @ Ly). The tensor product of two Jacobi forms
is a cusp form if at least one of them is a cusp form.

It is known (see [10]) that the space Jy .. (x) is trivial if k < 2 0 where rank L = ng. The
minimal possible weight k = 2 is called singular weight. For any Jacobi form ¢ of singular
weight the hyperbolic norm of the index of a non-zero Fourier coefficient f(n,[) (see (11))
is equal to zero: 2nt — (I,1) =0, i.e. Ord(p) =

Example 2.6 (The Jacobi theta-series) The Jacobi theta-series of characteristic (%, %)
(see [29]) is defined by

ﬁ(r,z):Z(%‘l)q%r%: 178 —1/21_[ (1—¢""'"r)(1—-q"r H(1-q") 14

nez n>l1

where g = e?*'*, t € H, and r = ¢*>™'?, 7 € C. This is the simplest example of Jacobi form
of half-integral index. The theta-series ¥ satisfies two functional equations

19(.[’ 74 xT 4+ y) — (_1)X+ye—ni(x2r+2xz)l9(r’ Z), (X, y) c Z2

and

: cz?
ﬁ(A(t), Ctid> — V(AT + AT (r,7), A= (j z> € SL,(Z)
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where v, is the multiplier system of the Dedekind n-function. Using our notations, A; = (2),
we have

3
v e J%,Au%(vn X UH)
where, for short, vg(a,) = vy is defined by:

v ([x, y;rl) = (=D x yirl € H(A) = H(Z).

The Jacobi theta-series ¥ is the Jacobi form of singular weight % with a non-trivial character
of the Heisenberg group. This Jacobi form was not mentioned in [8] but it plays an important
role in the construction of the basic Jacobi forms and reflective modular forms (see [13, 14,
19]). We remind that

divy ={h(z=0)|lhe HZ)} ={z=xt+y|x,y €Z}.

The Jacobi theta-series ¢ having the triple product formula (14) will be the first main func-
tion in our construction of Jacobi forms for orthogonal lattices.

Example 2.7 (Jacobi forms of singular weight for mA;) Using the Jacobi theta-series, we
can construct Jacobi forms of singular weight for mA; = (2) @ - - - @ (2). The tensor product
of m Jacobi theta-series is a Jacobi form of singular weight and index % formA;:

3 ®
Inay (T 2neonzn) = [ 2@z €dy 1 (03" x 0F") (15)
ISjsm
where

®m

V& (1x, y: 71) = vargmay ([x, yi rl) = (= 1) TG0t

for any x;, y; and r in Z. For even m, we can construct Jacobi forms of singular weight and
index 1 because

950 (1.21.22) = (T, 21+ 22) - (1. 21 — 22) € S, (V). (16)

Taking different orthogonal decompositions of the lattice 8 A;, we obtain 105 Jacobi forms
of weight 4 and index 1 with trivial character.

Example 2.8 (Jacobi forms of singular weight for D,,) We recall the definition of the even
quadratic lattice D,,. (We denote by A,,, D,,, E,, the lattices generated by the corresponding
root systems.) We use the standard Euclidian basis (e;)i-; ((e;, ;) = &;;) in Z™. Then

Dy={(x1,....xn) €2" | X1+ +x, €2Z} (m>1)

is the maximal even sublattice in Z™. The theta-product (15) is a Jacobi form of index 1 for
D,, with trivial Heisenberg character because the quadratic form )cl2 4+ -+ xrfl is even on
DH‘!

90, (1. 30) = (1.21) -+ - 0(T, 2n) € Ty p,, (") 17

We note that D, =2A; and ¥p, = 13‘2(21 . For the lattice D, we can give two more examples:

4

191()2)(T,34) :19<r, —21 +122+Z3 +Z4>19<r, 21 —Z2;—Z3 +Z4>
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y 0(1_, 71 +22;Z3 +Z4)0<‘[, 21 +ZZ';Z3 _Z4) c J21D4(U,1]2) (18)

and

95 (1. 34) = z?(r,

X 79<r, S I _ZZ;Z3 +Z4>19<1', SRR I Bhis ;Z3 _Z4) € JZ.D4(U,1)2). (19)

ZI+Z2+Z3+Z4>19<1- Z1+Z2—Z3—Z4)
2 ’ 2

Analyzing the divisors of the Jacobi forms, we obtain the relation
9p,(T.34) =05 (T, 35) + 0}, (7. 30).

Jacobi forms and Weil representation  The Jacobi forms can be considered as vector-valued
SL,(Z)-modular forms (see [3, 11, 26, 30, 32]) related to the Weil representation. To com-
pare the examples considered above with vector-valued modular forms, we recall the defini-
tions from [11] for Jacobi forms of index one.

Let L an even positive definite lattice of rank ny and

o(t, 3) = Z f(n, l)eZirz(nr+(1.3)) e L

nez, leLY
2n—(1,1) =0

a Jacobi form of weight k and index one. By ¢ = g(L) we denote the level of the lattice
L, i.e. the smallest integer such that LY (g) is an even lattice. Then we have the following
representation (see [11, Lemma 2.3] with m = 1)

o(r.3)= Y $.(1)05(r,3)

neD(L)
where D(L) = L"/L is the discriminant group of L,
T
()= > fulexp <2m ;r), fulr) = f(

r=0
%E—(M,,u) mod 27

2r + (1, ) )
—
2q

and

L _ in((,DT+2(,3))
0, (t,3)= Z 4

lep+L

is the theta-series with characteristic ©. For any matrix M = (j Z) € SL,(Z), the theta-vector
O.(t,3) = (Gf(f, 3))uepqr) has the following transformation property

L

mic(3,3)

o at+b 3
L ct+d

ng
_— | = A)2UM
ct+d cr—i—d) (et +d) ( )exp(

) (7, 3)

0 -1

where U (M) is a unitary matrix. In particular, for 7 = ( (1) i) and § = ( -

) we have

U(T) = diag(e'™ ") US) = ()% ( \D(L)y)‘% (e72mkm)

neD(L)’ w,veD(L)’
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Therefore @ (1) = (¢.(t))en) is @ holomorphic vector-valued modular form of weight
k — %2 for the conjugated representation U(M) of SL,(Z). In particular, the weight of any
holomorphic Jacobi form is greater or equal to % (see [10]). We note also that the theta-
series O‘f are linearly independent and @/, is invariant with respect to the action of the stable
orthogonal group 6(L) (see Theorem 3.2 below) and, in particular, with respect to the Weyl
group of the lattice L, W,(L), which is a subgroup of O(L) generated by 2-reflections in the
lattice L.

We get the simplest example for an even unimodular lattice N of rank n( (see [10] and
[11, Lemma 4.1])

_ Ti(l,)t+2mwi(l,3
On(t,3) =Y T e gy . (20)

leN

Moreover we have that two linear spaces of Jacobi forms are isomorphic
~
Jkl,Ll = Jk1+”2;"1 Ly

if Ly (rank L; =n;) and L, (rank L, = n,) are two lattices with isomorphic discriminant
forms (see [11, Lemma 2.4]).

Example 2.9 (Weil representation for D,,) Recall that |D,/D,,| =4 and
v . 1 1
D, /Dy = {;, i mod 4} = {0, 5(61 +-ten), en, 5(61 +---+en_1 —e,) mod D,

is the cyclic group of order 4 generated by u; = %(61 +.--+e,) mod D,, if m is odd, and
the product of two groups of order 2, if m is even. We have the following matrix of inner
products in the discriminant group of D,, of the non-trivial classes modulo D,,

2

3
|

((Hhﬂj))i’j#o: (i € D,/ Dy)

D= =
ENERISTEN A‘

where the diagonal elements are taken modulo 27 and the non-diagonal elements are taken
modulo Z. We note that the discriminant group of D,, depends only on m mod 8. This gives
the formulae for U(T) and U (S).

(1) For m =4 mod 8, we have

1 1 1
1 -1 -1
-1 1 -1
-1 -1 1

1
U(T)=diag(l, -1, —1, —1), U(S)=—5

[

We put GiD”’ (7, 3m) == Qlﬁ'" (7, 3m) for i mod 4. The matrices U (T') and U (S) have the three
common eigenvectors:

0 Dy,

-0 D 0 D
1

3, U] —92D'", 92[)”’—93D"’ (m =4 mod 8).

If m = 4 we get the Jacobi forms 9¥p,, 191()1 4) and 191()24) obtained above as theta-products.
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(2) For m = 0 mod 8, we have

1 1 1
1 -1 -1
-1 1 -1
-1 -1 1

1
U(T)=diag(1,1,-1,1), U(S):E

U

These lattices have again two linearly independent common eigenvectors. The first one is
the theta-product ¥p, = OlD " — 93D ". The second eigenvector ¥p+ = OOD "+ OlD ™ is equal
to the Jacobi theta-series of the unimodular lattice D} = (D,,, p1). In particular, Dgr =FEg
and Upt = O (see (20)). To understand better the role of the Jacobi theta-series ', we
consider one more case.

(3) For m = 1 mod 8, we have

1
i 7 i T 1 _.» i .
U(T) = diag(1, "%, —1,¢'%), U(S)zge—w} i1
1

and vp, = 911) " — 630 " is the only Jacobi form of singular weight. Moreover, for m = 1 we
get

Up,(t,2) € J%,<4>;1(Ur3;) = J%,Al;z(vg) = J%,z(”i)

The last space is the space of classical Jacobi forms of weight %, index 2 with the multiplier
system Uf]. It is easy to check that ¥p, (7, 0) = ¥p, (7, %) = 0. Therefore

Ip, =0 (1, 22).

(4) Analyzing U(T) and U (S) for all other m modulo 8, we get only one common eigen-
vector corresponding to the theta-product ¥p,, =6, — 93D ™. Therefore Example 1.8 con-
tains all possible Jacobi forms of singular weight (and index one) for D,,.

Example 2.10 (The lattice E¢) Let E; be the dual lattice of E¢ and D(Ey) its discriminant
group. We have

D(E6)=Eg//E6:Z/3Z and dD(Eg) = —4D(A5)-

The discriminant group has the following system of representatives (see [4], Planche V):
D(Eg) ={0, u, 211} where u? = 3 mod 27Z. We have

i

11
1 p* p
AV

U(T) =diag(1, p*, p*), U(s) =

2im
3

with p =e™3 . We get

O (T, 36) = (01 — 62)(7, 36) € T3, (0,1,6)-

This Jacobi form is invariant with respect to the Weyl group W (Eg).
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The simple construction of Jacobi forms using products of Jacobi theta-series has a lot
of advantages. First, we get Jacobi forms of singular weight with a very simple divisor. Sec-
ond, we can easily determine the maximal group of symmetries with respect to the abelian
variable. This fact is important in the next section in which we construct modular forms of
singular weight with respect to orthogonal groups.

Example 2.11 (The Jacobi theta-series /3,,) We can get more examples using the second
theta-series of weight 1/2 and index 3/2 with respect to the full modular group SL,(Z).
This function is related to twisted affine Lie algebras and is important in the construction of
basic reflective Siegel modular forms (see [19])

n(t)d(r, 2z)
7EJIAAI;%(UHXUH)=J%Y<6);%(U,7XUH) 21

03/2(":7Z)= 19(_’: Z) 7

which is given by the quintiple product formula

12 I‘l2 n
932(T.2) = Z(;)qﬁr?

nez

=qir7% 1—[(1 +qn—lr)(1 +an71)(1 _q2n71r2)(1 _q2n71r72)(1 _qn)'
n>1

‘We have

— ®
Inar (@21 zn) = [ 932(0.2)) € T i (0 x 0") (22)
1<j<m

(we recall that m(6) = mA;(3) denotes the orthogonal sum of m copies of the lattice (6)
of rank one). The same theta-product can be considered as a Jacobi form of index 1 for the
lattice D,,(3) and

0,3 (T, 3m) = V3p2(T,21) - -+ - - 032(T, Zm) € J%,DWG)(U?) (23)

where D, (3) is the lattice D,, renormalized by 3. In this simple way, we construct examples
of Jacobi forms of singular weight with trivial character for even ng > 8: Dg, D7 & D3(3),
D¢ ® Dg(3), Ds @ Dy(3) and so on (see Proposition 4.6).

3 The lifting of Jacobi forms of half-integral index

The lifting of the Jacobi form ¥, (see (17)) is a reflective modular form with respect to the
orthogonal group Ot (2U & Dg(—1)) (see [14]) which is equal to the Borcherds—Enriques
automorphic discriminant @, of the moduli space of the Enriques surfaces introduced in [2].
The lifting of the Jacobi form

1’ (T)0ps (T, 35) € J7.ps

determined the unique canonical differential form on the modular variety of the orthogonal
group SO* (2U & Ds(—1)) having Kodaira dimension 0. In [14], there were found three
such modular varieties of dimension 4, 6 and 7. The cusp form of the modular variety of
dimension 4 is defined by a Jacobi form of half-integral index with a character of order 2
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(see Example 3.4 below). In this section, we give a variant of the lifting of Jacobi forms of
half-integral index with a character. This theorem is a generalization of Theorem 3.1 in [11]
(the case of Jacobi forms of orthogonal type with trivial character) and Theorem 1.12 in [19]
(the case of Siegel modular forms with respect to a paramodular group of genus 2). All these
constructions are particular cases of Borcherds additive lifting (see [3, Sect. 14]) of vector-
valued modular forms. Nevertheless, our approach related to Jacobi forms gives in a natural
way many new important examples of reflective modular forms for orthogonal groups. The
Theorem 3.2 is a necessary tool for this purpose.

We can define a Hecke operator which multiplies the index of Jacobi forms. This operator
is similar to the operator V,, of [8] or to the ‘minus’-Hecke operator introduced in [11, 12] in
the case of Siegel modular forms of arbitrary genus or for the modular forms for orthogonal
groups. We apply such operators to elements of J, L;,(vf x v) where v is a binary character
of the minimal integral Heisenberg group H(L).

Proposition 3.1 Letr ¢ € Jk,L;,(v,? X V) not identically zero. We assume that k is integral, t
is rational and D is an even divisor of 24. If Q = % is odd, we assume that the character
of the minimal integral Heisenberg group v : Hy(L) — {£1} is trivial. Then, for any natural
m coprime to Q, the function

b
Pl T2 m)(x,3) = Y a"v,?wa)go(#,as),

ad=m, a>0
b mod d

where o, € SL,(Z) such that o, = (“;I 2) mod Q, belongs to Jk,L;m[(v,?m X V). The new
SL,(Z)-character is defined as follows:

v (A) =0l (Ay)  forall A€ SLy(Z)

n.m

with Am((l) 2) = ((]) :')I)A mod Q. The character v),, depends only on m mod Q.

Proof 1t is known that Ker v,’]) contains the principle congruence subgroup I"(Q) < SL,(Z)
(see [19, Lemma 1.2]). We consider the following subgroup I'/ (Q) ~ I'(Q) » Ker(v) of
the Jacobi group. We identify it with the corresponding parabolic subgroup in the orthogonal
group SOT QU @ L(—1)). For (m, Q) =1, let

a bQ
TOm=rQ ), %(O d)

ad=m, a>0
b mod d

be the usual Hecke operator for I"(Q). To the element T‘? (m), we associate the element
T,(Q)(m) of the Hecke ring of the parabolic subgroup (see [11] and [19])

TOMm)=r’Q) Y  {0u}Maba

ad=m, a>0
b mod d

where M, , 4 = diag((g _ZQ), 1, m~! (‘6 bdQ )) This is a sum of some double cosets with

respect to I/ (Q). We consider the extended Jacobi form ¢(Z) = ¢(t, 3)e* ™ with Z =
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"(w,"3, 1) € H(L) which is modular with respect to the parabolic subgroup. Then we have

V(2)=@TPm) (2= Y (lloa}Mapa)(2).

ad=m, a>0
b mod d

By definition, we have

(alk{aa}Mg,b,d)(Z) — akv'? (Og)¢<w5 a3)62inmtw.

d

Therefore, the Hecke operator of the proposition corresponds to the Hecke operator 7@ (m)
of the parabolic subgroup I"(Q) acting on the modular forms with respect to the parabolic
subgroup I"/(Q). We remark that the new index of the extended function on H(L) is equal
to mt. The case of modular transformations is similar to the theory of usual Hecke operators
(see [31]). If A € SL,(Z), then somewhat lenghty but easy calculations give us

VidAl = > (@] fAn))low My 0 = vP (AT

a'd'=m, a’>0
b’ mod d’

This is due to the fact that the group I"(Q) is normal in SL,(Z) and then
I (ALY oI Map.alA) # T (O{AR) How ) Ma 2 {A)

for distinct @ and a’ prime to Q. Secondly, we consider the abelian transformations. Let
h=[x,y;r] € Hy(L), then

Vleh= Y vty )@lioa)Mapa

where i), , ;= {0a}(Mp.q - h{o '} =[x',y’; r'] and
[x'.y;r']=[(d+ ybQ)x —ayy, —(Bd + abQ)x + aay; mr] € H(L)
with o, = (; f) = (“;l 2) mod Q. We note that
(x/, y/) = (m(ouS +By) + ZayabQ)(x, y)=m(x,y) mod 2s(L).
Therefore, if v = id then

v([x/’ y/; r/]) =eZnir(mr7%m(x,y))

because ¢ - s(L) € Z. This proves the formula for odd Q. If Q is even, we have [x', y'; r'] =
[mx 4+ QX,y + Qy; mr]. Then

Q2
[—Qi -0y —7(35@} [y ]

= [mx, y;mr+ %(—(}7, y)+m(3,x") - Q(F, Sf))]
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As Q is even, we have v([—0X, —QOY; —%2@, 1) = 1. But, in this case, m = 2my + 1 is
odd so

v([x', ' r']) = v(imx, y; mr]) = v([x, y; mr —mo(x, )]) = v([x, y; r]).

We calculate the Fourier expansion of ¢/ , 7@ (m) in the proof of Theorem 3.2 (see below).
It shows that it is a holomorphic Jacobi form. O

Let L be an even lattice. The stable orthogonal group O* (L) is the subgroup of O+ (L)
whose elements induce the identity on the discriminant group D(L) = LV /L

Of(L)=|geO"(L)|VIeL": gl)—1leL).

Theorem 3.2 Let ¢ € Jk,L;,(v,? X V), k be integral, t be rational and D be an even divisor

of 24. If the conductor Q = 2—1;‘ is odd, we assume that v is trivial. Fix pu € (Z/QZ)*. Then
the function

Lift, (9)(Z) = fO,0Ex(x) + Y m (KT (m)) o mo,(2),

m=p mod Q
m>=1

is a modular form of weight k with respect to the stable orthogonal group o+ QU e L(Q1))

of the even lattice L(Qt) with a character of order Q induced by Uv?,w the binary Heisen-

berg character v of Hy(L(Qt)) and the character ezm% of the center of H(L(Qt)). In the
formula above, f(0,0) is the zeroth Fourier coefficient of ¢, Ey is the Eisenstein series of
weight k with respect to SL,(Z) and the map 1, was defined in (13).

Proof The Eisenstein series Ej. First we note that f(0, 0) could be non-zero only for the
trivial character v,? =1id. In this case, ¢(t,0) = f(0,0) - - - is a non-zero modular form of
weight k with respect to SL,(Z). Therefore k > 4 and E| is well defined. We note that E}, is
a Jacobi form of index 0.

The lattice L(Qt). The lattice L(¢) is integral for a non zero Jacobi form ¢. If Q is
odd then L(#) is even because the character v is trivial in this case (see Proposition 2.3).
Therefore, for all Q, the lattice L(Qt) is even.

The character of I'' (L(Qt)). According to Proposition 3.1

O (T, 3) = (@i T9 () (7. 3) € Je.pims (V] X ).

We can defined an extended Jacobi form using the map 7, (see (13)). According to Propo-
sition 2.3

dirle _ F D
(Pm(f, 3)6 To® € Jk.L(Ql‘);% (vn,u X 1))

is a modular form of weight k with respect to the parabolic subgroup I’ (L(Qt)) of the
orthogonal group SO" QU & L(—Qt)). We note that the character v of the minimal integral
Heisenberg group H,(L(Qt)) is extended to the center of H (L(Qt)) by the formula

m ©

U([O, 0; }’]) — eZni 0" — eZni ol
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If £(0,0) # 0 then vf]) =id, i.e. D =24, Q =1 and v = id. Therefore all terms in the
sum defining the lifting Lift,(¢) have the same character with respect to I’ (L(Qy) <
SO QU & L(—Qn)).

Convergence. Let Z = "(w,"3,7) € H(L(Qt)). The extended Jacobi form ¢(Z) =
o(t, 3) exp(2mi %) of index é is holomorphic at “infinity” (Imw — +00). Therefore |@| is
bounded in any neighborhood of infinity (see [5] and [27]). We can rewrite this fact using
the free parameter v = v(Z) > 0 from Lemma 2.4. Then we have

’(p(r, 3)| exp(-z—n W) -C

0 2v

is bounded for v = Im(7) > ¢ and the exponential term does not depend on the action of
' (L(Qt)). Using the action of SL,(Z) < I"'’(L(Qt)), we obtain that

lo(z,3)] exp(—%—am@)z’;m@))> <Cv7*

if v < ¢ (see [5, Sect. 2] for similar considerations). Now we can get an estimation of all
terms in the sum for Lift, (¢) for v > ¢. We have

ak<,0<air —;bQ , a3> eXp(—Zné (—(Im(ag;z;ll/r;l(aS)) ))‘ < Cd*vk

if %v <e. If %v > ¢ then we have < Ca*. In the both cases we see that the term above

depending on (a, b, d) is smaller than C,m*. Tt gives us

. m 2 ~ ~
|m7]<pm(1', 3)ezm§w| < C.m*oy(m) exp(— Zm v) < Com*t! exp(—Zﬂ%v)

where U(Z) > 0. Therefore the function Lift, (¢) is well defined and it transforms like a
modular form of weight k and character v,l: W X VX 6" with respect to the parabolic
subgroup '/ (L(Q1)).

Fourier expansion of Lift,(¢). In the summation of the Fourier expansion of ¢ €

Jk.L;t(v,? X V), we have n = 2% mod Z (see (11)). Rewriting n in terms of the conductor

0= %, the Fourier expansion of the function ¢ has the following form

p(t,3) = > f(% 1)621'71(5“(1,3)).

n=1 mod Q,n>0
leyLY
2%—(1,1)20

After the summation over » mod d in the action of the Hecke operator, we get

m~ (@1 T (m)) 0 w01 (2)

k-1, D nd 2in (% r+a(l,3)+%w)
= Za v, (04) Z f(5,1>e'” ot 0,

ad=m nd=1 mod Q,n>0
a>0 lefLY
2% 1—(.h>0
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So we have

Lift, (o) (Z)= Y > dvP(o)

m=p mod Q ad=m
m>=1 a>0

« Z f<%’ l> 2171("“ t+a(l, 3)+Mw)-

nd=1 mod Q
IE%LV
2%#(1,1)20

Butnd =1 mod Q < an = . mod Q because for any (1, 24) = 1 we have > = 1 mod 24.
(We note that 24 is the maximal natural number with this property.) Using this property, we
obtain the Fourier expansion of the lifting

Lift, (¢)(Z) = Z ( Z ak! D( ”)f<Q 2,5))62in’(%r+(ul$3)+%w).

mn=p mod Q  “al(n,l,m)
m,n>1

lefLY
2581 —(1,)>0

‘We can reformulate the condition on the hyperbolic norm of the index (n, [, m) of the Fourier
coefficient in terms of the lattice L(Qt): 2m — —(l ) >=0.

The formula for the Fourier expansion 1s symmetrlc with respect to T and w. The involu-
tion V which permutes the isotropic vectors e; and f; in the second copy of the hyperbolic
plane of the lattice U @ U & L(—Qr) realizes the transformation 7 <> @ and 3 3. We
see that V € OT QU & L(—Q1)), det(V) = —1, J(V, Z) =1 and

Lift, (¢)|x V = Lift, ().
It is known (see [11, p. 1194] or [22, Proposition 3.4]) that
0" (2U @ L(—0n) = (I (L(QD)), V).

Therefore, the function Lift, (¢) is a modular form of weight k with a character of order Q
with respect to O+tQU @ L(—01)). d

Remark to Theorem 3.2 1If u = 1 then Lift(p) = Lift; (¢) # 0 because its first Fourier—Jacobi
coefficient ¢ is not zero. For p # 1 the function Lift, (¢) might be identically zero. See [19,
Example 1.15] for a non-zero w-lifting in the case of signature (2, 3).

At the end of the section we give the first application of Theorem 3.2.

Example 3.3 (Modular forms of singular weight) The first example of such modular forms
was given in [10]:

: 1 i(n me
Llft(@Eg) = m + E 03((,1’ ¢, m))eZ (nt+(¢,3)+mw) c M4(O+(112'10))
n,m=>0, ¢
2;%:(23?8
(n,m)#(0,0)

where o3((n, £,m)) is the sum of the cubes of all divisors of the greatest common divisor
of n, m and ¢ € Eg. This function is sometimes called the simplest modular form. Using
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208 F. Cléry, V. Gritsenko

the theta-products (15)—(23), we can define modular forms of singular weight on orthogonal
groups with a character induced by v,’? -character for all even divisors of 24. We give some
examples below in order to illustrate different cases:

Lift(9pg) € Ma(OF(2U ® Dg(~1))),  Lift(@py3)) € Ms(OT(2U @ Dg(—9)), x3),
Lift(044,) € M2 (OF (2U @ 4A,(=1)), x2),  Lift@py3) € M12(0F(2U @ Dag(—3))),
Lift(924,) € M (0 (2U @ 2(~4)), xa),  Lift(@p,3)) € M1 (0" (2U ®2(-36)), x12)

where x, denotes a character of order n = % of the corresponding orthogonal group.

We note that in many cases the maximal modular group of the lifting is larger than the
stable orthogonal group o+ QU & L(—1)). For example, the maximal modular group of
Lift(n?9p,,) for any d and m such that d 4+ 3m = 0 mod 24 is the full orthogonal group
OtQU & D,,(—1)) if m # 4. The form Lift(ndﬁDm) is anti-invariant with respect to the
involution of the Dynkin diagram (the reflection with respect to a vector with square 4). If
m =4 then

07 (2U @ D4(—1)) /O (2U @ Ds(—1)) = Ss.

The liftings of ¥p,, z?g:, 1934) (see Example 1.8) are modular with respect to three different
subgroups of order 3 in Ot (2U @ D,(—1)).

The lifting of any theta-products vanishes along the divisors of the corresponding Jacobi
forms. In particular Lift(%44,) vanishes with order one along z; = 0. It is known that the full
divisor of this modular form is equal to the union of all modular transformations of z; =0,
i.e. this is a singular reflective modular form with the simplest possible divisor (see [14]).
The same is true for Lift($p,). The Fourier expansion of Lift(44,) (or Lift(¢p,)) written
in a fixed Weyl chamber of the corresponding orthogonal group will define generators and
relations of Lorentzian Kac—-Moody algebras (see [17-19] and a forthcoming paper of Grit-
senko and Nikulin about reflective groups of rank > 4). Here we consider the formula for
4 A, which was given without proof in [14].

Example 3.4 (Jacobi lifting, the modular tower 4A; and modular forms of “Calabi—Yau
type”) We consider the following theta-product as a Jacobi form of index %

194A| (t, 34) =9(1,77)...9(1,24) € JZ,4A1;% (v:]z X U%4)-
According to Theorem 3.2, we get
®5(Z) := Lift(944,) (7, 34, 0) € My (0T (2U @ 4A,(=D)), x2)

where y, is a character of order 2 of the full orthogonal group. The modular form @, is
reflective with the simplest possible divisor (see [14]). The Fourier expansion of this funda-
mental reflective form of singular weight is the following

®,(2) = >

t=(ly,....14), [;=% mod Z
¢ —4 —4 7i(nt+(,34)+mw)
X 01((11, ,m)) )\ e
1 4
n,mEZ>()
n=m=1 mod Z
nm—(£,£)=0
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where o1 (n) =Y din d. The quasi-pullbacks (see [21]) of @, along the divisors are again
reflective (see [14]). In this way we obtain the 4 A -tower of reflective modular forms in six,
five, four and three variables with respect to O QU @ nA(—1)) forn=4,3,2 and 1:

@, =Lift(04,),  Lift(n*034,).
Ky(t, 21, 22, ) = Lift(n° (00 (1, 2)9(x, 22)), A5 =Lift(n’(0)9 (7, 2))

where As € Ss(Sp,(Z), x2) is the Igusa modular form (a square root of the first Siegel
cusp form of weight 10). The modular form As determines one of the most fundamental
Lorentzian Kac—-Moody algebras related to the second quantized elliptic genus of K3 sur-
faces (see [7, 17] and [13]). The modular form

K4 € S4(SO"(2U ®2A1(-1)), x2)

is the second member of the modular 4 A -tower based on As. This form defines an (elliptic)
Lorentzian Kac-Moody algebra of signature (1, 3) (see a forthcoming paper of Gritsenko
and Nikulin). Moreover K4(Z)dZ is the only canonical differential form on the orthogonal
modular variety

My, (241) = I, \D(2U ©24:(-1))

of complex dimension 4 and of Kodaira dimension 0 where I, = ker(x2) (see [14]). The
first example of cusp forms of this type was considered in [16] where it was shown that the
modular form

Ay =Lift(n(1)0 (7, 2)) € $ (07 (2U ® (—6)), xs)

determines the unique, up to a constant, canonical differential form A? (Z)d Z on the Barth-
Nieto modular Calabi—Yau three-fold. The second example of Siegel cusp forms of canoni-
cal weight with the simplest possible divisor was constructed in [5]:

Vs = Lift(n(1)n(20)*9 (v, 2)) € S3(I> ), x2)

where 1"0(2) (2) < Sp,(Z) and yy is its character of order 2. A Calabi-Yau model of the Siegel
modular three-fold I 0(2) (2)4, \ H> was found in [9]. The modular form in four variables K4

is the next example of a cusp form of “Calabi—Yau type” similar to the Siegel modular forms
A? and Vj.

Question 3.5 We can ask a question about the existence of a compact model of Calabi—Yau
type of the modular variety M,,(2A) of dimension 4 defined above.

4 Modular forms of singular and critical weights

The minimal possible weight (singular weight) of holomorphic Jacobi form for L is ”70
where ny = rank L. The first weight for which Jacobi cusp forms might appear is equal to
%. This weight is called critical. In the case of classical modular forms in one variable,
the critical weight is equal to 1. The simplest possible example of modular forms of critical
weight in our context is the cusp form A; = Lift(n ©}) of weight 1 with a character of order

6 for the lattice 2U @ (—6) of signature (2, 3). We mentioned in Example 3.4 that this
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function determines one of the basic Lorentzian Kac-Moody algebras in the Gritsenko—
Nikulin classification (see [18, 19]) and it induces the unique canonical differential form
on a special Calabi—Yau three-folds, the Barth—Nieto quintic. We can construct a simple
example of modular form of critical weight with trivial character using Theorem 3.2. This is

Lift(n 9py,3)) € M12(0F (2U @ D3(—3)))

which is a modular form with trivial character with respect to the orthogonal group of sig-
nature (2, 25). In this section, we construct examples of Jacobi cusp forms of critical weight
for all even ranks. For this aim, we use the pullback of Jacobi forms of singular weight such
that its Fourier coefficient f(0,0) = 0. This is exactly the case of ¥p,, .

Let M < L be an even sublattice of L. We can consider the Heisenberg group of M as a
subgroup of H(L). Therefore if rank(M) = rank(L) then the Jacobi forms with respect to
L can be considered as Jacobi forms with respect to M. In the next proposition, we consider
the operation of pullback.

Proposition 4.1 Let M < L be a sublattice of L and rank(M) < rank(L)
Mo&M- <L, 3=3,83,€L®C=(MaeM")xC.
For any ¢(t, 3) € Ji.1.:(x X v) its pullback is also a Jacobi form
elm =@ (T, 3n) = ¢(t, 3)3,=0) € Jk.m: (X X VIpsar)-

The pullback of a Jacobi cusp form is a cusp form or 0.

Proof We note that the pullback of Jacobi form might be the zero-function. What is more
interesting is that the pullback might be a cusp form although the original function is not.

The functional equations (9)—(10) are evidently true for ¢|y. To calculate its Fourier
expansion, we consider the embedding of the lattices

MeM*<L<L' <M & (M)

We have to analyze the M-projection of any vector / in %LV = L(2)V in the Fourier ex-
pansion (11). If the character v of the minimal Heisenberg group is trivial then we do not
need the coefficient % before the lattices dual to L and M in the calculation below. For any
le %LV = L(2)", we have the following decomposition

=1, @1 =pryon@) ®propy ) eM2)’ @ (M(2)l)v.
In the coordinates 3 = 3,, ® 3, we have

o(t,3) = Z fn, 1)627U'(n1'+([m;3m)+(1L»3L)>'

n>20,1=l,®1
Therefore
(p|M(T53m) = Z Z f(nvlm =) lJ_)) 62”i(”f+(1m-3m)).
n20,lneM2)¥ ~ 1 eM@)t)V
In®1eL(2)V

We note that 2nt — (1,,, 1,,) = (1, 11) > 0. The last inequality is strict if ¢ is a cusp form. [J
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Using the operation of pullback, we can construct Jacobi cusp forms of critical weight
starting from Jacobi forms of singular weight if the constant term f(0, 0) of the last one is
equal to zero. The estimation on 2nt — (I,,, 1,,) at the end of the proof of the last proposition
gives us the following estimation of the order at infinity (see (12)) of the pullback.

Corollary 4.2 In the conditions of Proposition 4.1 we have
Ord(¢lp (T, 3m)) = min{ (L, 11) | L = pr v () such that f(n,1) #0}.

In particular, if pryuyv (1) # 0 for all f(n,l) # 0 then the pullback ¢|y is a cusp form or
the zero-function.

Using the last corollary, we can construct new important examples of Jacobi forms of
singular and critical weights. We recall that by J; ; we denote the space of Jacobi forms of
index one.

We define the root lattice A,, as a sublattice of D,

A'":{(x1’~'~vxm+l)€Zm+l|x1 + e Xt :0} < Dyy1-

We note that A} = (2), A; ® A = D, and A3 = Ds.

Proposition 4.3 (1) Let v =2(by,...,b,) € Z™ be an element in D,, with at least two
non-zero coordinates b; such that (by +---+b,) =1 mod 2 and g.cd. (b, ..., b,) =1.
Then

cusp 3m cusp m
Op,lor € 1,0 (v)") and  Op,ml €, (v))
2" Dm 2°"Dm(3)

is a non-zero Jacobi cusp form of critical weight such that

1

Ord(ﬁDm |UL) = m >0

1
oy 70 and Ord@n,l) =

(2) The theta-product

Dap (T 21 Zn) =@ 2) oo 0@ 20) (T 2+ oo+ 20) € gty (07"7)

is a Jacobi form of critical weight. If m is even then ¥ 4,, is a Jacobi cusp form and

Ord(94,) 0.

= >
4(m+1)
(3) For the renormalized lattice A,,(3), the Jacobi form
Va3 (T 21, oo sZm) =03p0(T,21) -+ - U3)2(T, Zm) - O3p2(T, 21+ -+ 2m)

belongs to J% Am@)(vn'"“). For even m,

1

Ord(9, )= ———— >0
d@a,0) = 50710
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Proof (1) If in v only one b; # 0 then ¥p,, |,. = 0. To prove the lemma, we calculate the
Fourier expansion of the pullback function. The discriminant group of D,, was given in
Example 2.9. The Fourier expansion of ¢p,, has the following form

90, (3= Y [l D) THEI

neQ+o, IE%Z"’
2n—(1,1)=0

ron=(3)=(3)(5)

is the product of the generalized Kronecker symbols modulo 4. In particular, all coordinates
2l; are odd. If v is a vector which satisfies the condition of the proposition then (/, v) =
2(I1by + - + Lyby) =1 mod 2. The lattice (v)" is generated by

where

U
(v,v)

v
Iy =pr(u)v(l) =, v)(v,—v) #0

is always non trivial. Moreover, there exists a vector 2/ = (2I;) with odd coordinates such
that (/, v) = 1. According to Corollary 4.2

ord(®p, | )—’( v v )‘— L o
R AR TR W A RRTORD]

and ¥p,, |,. is a Jacobi cusp form. The proof for D,,(3) is quite similar.

(2) We have A, = vD - where v =2(1,...,1) € D,,4;. In particular z,,41 = —(z1 +
-+ z,,) and l9Am = z?Dn+1 |[,L. If m is even then v satisfies the condition in (1) and
Ord(l‘}Am) 4(m e The proof of (3) is similar. O

Example Since Az = Dj, there exist a Jacobi form of singular and two Jacobi forms (cusp
and non-cusp) of critical weight for this lattice

I, € J3 p, (v)): N, € J550 (v,°), Da; € oy (v)°)-

We can construct many Jacobi forms of singular, critical and other small weights using
the equalities of the previous proposition. For any ¢ € J; 1., (x), we denote by ¢ the direct
(tensor) product of n-copies of ¢, i.e. the Jacobi form for the lattice nL

o (t, Grye.30) =0T, 30) - 0(T, 3,) € Junra (X")-
The next example is very important.

Corollary 4.4 There exists a Jacobi form of singular weight for A,

(7, 2)0(1, 22)9 (7, 21 + 22)
n(t)

04,(T,21,22) = € J1.a,(v). (24)

In particular, the Jacobi form of singular weight o34, = /[432] € J3.34, has trivial character.
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Proof We note that n(t)~! =¢~1/>*(1 + ¢(...)). Therefore

P(T.3) _ 1
Ord( o) >—Ord(g0(r,3)) B

Thus o4, is holomorphic Jacobi form of singular weight for A,. ]

Remarks (1) The Jacobi form o4, is equal to the denominator function of the affine Lie
algebra A, (see [26] and [6]). We consider the Jacobi forms related to the denominator
functions of all affine Kac—Moody Lie algebras in a forthcoming paper of V. Gritsenko and
K.-I. Tohara.

(2) The lifting of o034, is a reflective modular form of singular weight. The lifting of
n024, determined the unique canonical differential form on a modular variety of Kodaira
dimension 0 (see [14]).

(3) The form o4, is the first example of Jacobi form obtained as theta/eta-quotients.
Using such Jacobi form, we can produce important classical Jacobi forms in one variable
called theta-blocks, see Corollary 4.9 and [23].

Using the same principle, we obtain

Corollary 4.5 The Jacobi forms given below are cusp forms of critical weight.

P _ 19A4 ® ﬁA4 c cusp (US) K _ 7'9'44 ® ﬂAﬁ c cusp (vll)
2A4—_)7 924,800 AyDAs — n W as@ag\n /-

Let vs =2(2,1,0,...,0) € D,y (m >2) and v; =2(2,1,1,1,0,...,0) € D, (n > 4). Then
1‘9Dm |usL ® ﬁDn |vaL

cusp (v3(n+m)—1)
m+4n—1
7] 2 7Dm‘v§‘@Dn|U{J[

"
where a =5 or 7.

Proof According to Proposition 4.3

1
Ord(9p,|,0) = 5=

1 1
Ord(k4,) = 50’ Ord(ka,@46) = 120 20’

20°

1
Ord(ﬁDmL}%) = TR O

Remark In the same way, we get non-cusp Jacobi forms of weight 5 + 1 (singular weight
+1):

l}f[f] 191&7] 053]

)7—34 € Ji1504> 77—; € J23.746> TS € J13.3A3(US)-

The first two functions have trivial character. It might be that these functions are interesting
Eisenstein series. We can also mention the non-cusp form

[3] 8
0 3/ € Ja3a,3)(v))-

Proposition 4.6 Theta-products give examples of Jacobi forms of singular weight with triv-
ial character for some lattices of all even ranks > 6.
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Proof The corresponding Jacobi forms are tensor products of the following Jacobi theta-
products

04,  with character vz, ¥p,, with character vgm,
99 with character v>" (i=273) 9V with character v°
Dy n b 241 n’

¥p,,3) With character v}

See (24), (17), (18), (19), (16) and (23). Below, we give a list of lattices of rank smaller or
equal to 24 since for larger ranks one can use the periodicity of the characters:

n=06, 3A; n=28, Dg, 2Dy, 8Ay; n=10, D; ® D3(3), Ay ® D4 ® Ds(3);
n=12, D¢ ® Ds(3), 2A, ® Ds(3), 6A,; n =14, Ds ® Dy(3);
n=16, Dis, Ds® D12(3); n=18, D3 ® D5(3); n=20, Dy ® Dx»(3);
n=22, D;® D, (3); n =24, Dy, 12A;, Dy (3).

We note that we consider 8A; as 4(A; @ A,). The corresponding Jacobi form is the product

of four functions of type 192(21 . Moreover, instead of any D, in this list, we can put a direct
SumDm]@"'@DmkWithn’“—}—---—}—mk:m, O

Jacobi forms of singular weight with respect to the full Jacobi group of a lattice L have
a SL,(Z)-character of type v;‘;’" if the rank of L is even (the singular weight is integral)
or a multiplier system of type v%’”“ if the rank is odd (the singular weight is half-integral).
Analyzing the examples of theta-products given above, we get the following table of possible
characters vy

rank n d : character of type UZ

1 1,3

2 2,4,6,8

3 3,5,7,9,11

4 4,6,8,10,12,14,16

5 5,7,9,11,13,15,17,19

6 6,8,10,12, 14,16, 18,20, 22,24

7 7,9,11,13,15,17,19,21,23,1,3

8 8,10,12, 14,16, 18,20,22,24,2,4,6.

As corollary, we obtain
Proposition 4.7 If n > 8 is even (respectively, n > 9 is odd) and d = n mod 2 then there
exists a lattice L of rank n such that the space of Jacobi forms of singular weight J z, L(vj)

is not empty.

Remark For some n, we can prove that this table contains all possible characters. We are
planning to come to this question in another publication.
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Now we would like to analyze Jacobi forms of critical weight. First, note that the multi-
plication by n gives us the simplest such Jacobi form

NVDy3) € J12,0533)- (25)

The tensor product of a Jacobi form of singular weight and Jacobi form of critical weight
has critical weight for the corresponding lattice. In particular, there exist two simple series
of Jacobi cusp forms with trivial character for the lattices A,, & D, where m is even and
m—+n=7 mod8§

ﬁAm@Dn = ﬁAm (Ts 3m) ® 7-9D,1 (Ta 3n) € J(Cr:i[;+1)/2, An®Dy? (26)
ﬁAm@Dan(.%) =04, (7, 3m) ® ﬁDan(.%)(Ts 33n) € J(Cnlﬁ&nH)/z,Am@DMG)' 27

In particular, we get examples of Jacobi cusp forms of weight one with character in one
abelian variable. The simplest examples of such forms can be found in [18] (see also [15]
where many different cusp theta-products of small weights were considered):

n()¥3/2(7, 22) € J1.p, 3 (v}). () (z,22) € J1.p, (v).

To get more interesting examples, we take the pullback of o4,. We consider A, as the
sublattice v$3 where v =2(1,1,1). Let u = 2(uy, u,,u3) € D3 and u, be the projection
of u on A, ie. u = u, + u, where u, € (wh) = A3 and u, € (vV) = (75). We set

04y |u ‘=04, |(“n)ﬁ2 .

Proposition 4.8 Let u =2(uy, us, u3) € D3 such that u; # u; and uy + uy + u3 # 0 mod 3.
Then oa,ly is a Jacobi cusp form of critical weight 1 with character vf;.

Proof We note first that if u; # u; then the pullback o4, |, is not identically zero. According
to the proof of Proposition 4.1 and Corollary 4.4, the Fourier expansion of the Jacobi form
04, of singular weight 1 has the following form

2mi lg,
o0 (T3)= D flnl,)em e,

n>0, laeAg
2n—(la,la)=0
latvYeiz?

More exactly, in the last summation, we have [ =1, £ 15 = %(ll, I»,13) with odd /; because
the division by n does not change the 3,-part of ¥4,. Let u, be the projection of u on A,
ie. u =u, +u, where u, € (vt)’ = A3 and u, € (v¥) = ({5). We have to analyze the
Fourier expansion of o4,[,. As in the proof of Proposition 4.1, we set [, =/, ® [, where
(lu, ug) = 0.If the hyperbolic norm of the index of a Fourier coefficient f,(n,1,) of 04, is

equal to zero then /; = 0. Therefore (I, u,) = (I, u,) = (I,,u) =0 and

(1Y, u) :4_—(”’ v) el
12 3
The last inclusion is not possible. Thus the pullback o4, |, is a cusp form. ]

We note that the Jacobi form in Proposition 3.8 is a classical Jacobi form of type [8]. We
give its more explicit form in the next corollary
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Corollary 4.9 Let a,b € Z.. The following function, called theta-quark,

ea,b(tv )= Pz, a9 (z, f}i‘)fz)?(‘u (@+8)2) S Jl,f‘xllaz-%—ab+b2 (US)

is holomorphic Jacobi form of Eichler-Zagier type of weight 1, index (a®> + ab + b*) and
character vfj. This is a Jacobi cusp form ifa % b mod 3.

Proof We can assume that a and b are coprime. We obtain this function as oy, |, for u =
2(b, —a,0). O

Remark The Jacobi form 6, , was proposed by the second author many years ago in his
talks on canonical differential forms on Siegel modular three-folds. The Jacobi forms of
similar types, called theta-blocks, are studied in the paper [23] where the Fourier expansion
of theta-quark 6, ; is found explicitly. The method of the proof of Proposition 4.8 can be
used for other Jacobi forms when one takes a pullback on a sublattice of co-rank 2.

Propositions 4.3 and 4.8 give a method to pass from Jacobi forms of singular weight to
Jacobi forms of critical weight. We have noticed that the tensor product of Jacobi forms of
singular and critical weights is a form of critical weight. In some cases, we can divide some
products of two forms of critical weight by n (see Corollary 4.5). We can control that the
obtained Jacobi form is a cusp (or non-cusp) form. Analyzing the table of characters before
Proposition 4.7, we obtain

Proposition 4.10 If n > 7 is odd (respectively, n > 8 is even) and d =n + 1 mod 2 then
there exists a lattice L of rank n such that the space of Jacobi forms of critical weight

(cusp) . dvy =
J% 0 (vy) is not empty.

The analogue of Proposition 4.6 is the following

Proposition 4.11 Theta-products give examples of Jacobi cusp forms of critical weight with
trivial character for some lattices of all odd ranks > 5.

Proof The corresponding Jacobi forms of critical weight are pullbacks (see Proposition 4.3)
of Jacobi forms of singular weight of Proposition 4.6. One can also use ¥4, (3) instead of
U4, in theta-products. g
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