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REPRESENTATION HOMOLOGY, LIE ALGEBRA COHOMOLOGY AND
DERIVED HARISH-CHANDRA HOMOMORPHISM

YURI BEREST, GIOVANNI FELDER, SASHA PATOTSKI, AJAY C. RAMADOSS, AND THOMAS WILLWACHER

ABSTRACT. We study the derived representation scheme DRep,, (A) parametrizing the n-dimensional
representations of an associative algebra A over a field of characteristic zero. We show that the homology
of DRep,,(A) is isomorphic to the Chevalley-Eilenberg homology of the current Lie coalgebra gl% (C)
defined over a Koszul dual coalgebra of A. This gives a conceptual explanation to main results of [BKR]
and [BR], relating them (via Koszul duality) to classical results on (co)homology of current Lie algebras
gl (A). We also extend the above isomorphism to representation schemes of Lie algebras: for a finite-
dimensional reductive Lie algebra g, we define the derived affine scheme DRepg(a) parametrizing the
representations (in g) of a Lie algebra a; we show that the homology of DRep(a) is isomorphic to the
Chevalley-Eilenberg homology of the Lie coalgebra g*(C), where C is a cocommutative DG coalgebra
Koszul dual to the Lie algebra a. We construct a canonical DG algebra map ®g4(a) : Dchg(a)G —
DRepy, ()W, relating the G-invariant part of representation homology of a Lie algebra a in g to the W-
invariant part of representation homology of a in a Cartan subalgebra of g. We call this map a derived
Harish-Chandra homomorphism as it is a natural homological extension of the classical Harish-Chandra
restriction map.

We conjecture that, for a two-dimensional abelian Lie algebra a, the derived Harish-Chandra homo-
morphism is a quasi-isomorphism. We provide a bulk of evidence for this conjecture, including proofs
for gl and sl as well as for gl,,, sln, s0on, and spy, in the inductive limit as » — co. For any complex
reductive Lie algebra g, we compute the Euler characteristic of DRepg(a)G in terms of matrix integrals
over G and compare it to the Euler characteristic of DRepy, (a)W. This yields an interesting combinatorial
identity, which we prove for gl,, and sl, (for all n). Our identity is analogous to the classical Macdon-
ald identity, and our quasi-isomorphism conjecture is analogous to the strong Macdonald conjecture
proposed in and proved recently in [FGT|. We explain this analogy by giving a new homological
interpretation of Macdonald’s conjectures in terms of derived representation schemes, parallel to our
Harish-Chandra quasi-isomorphism conjecture.
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1. INTRODUCTION

This paper is a sequel to [BKR] and [BR] (see also [BER]), where we study the derived representation
scheme DRep,, (4) parametrizing the n-dimensional representations of an associative algebra A over a field
k of characteristic 0. This scheme is constructed in [BKR] in an abstract way by extending the classical
representation functor Rep,,(—) to the category of differential graded (DG) algebras and deriving it in
the sense of non-abelian homological algebra [Q1} [DS|. DRep,,(A) is represented by a commutative DG
algebra as an object in the homotopy category of DG algebras; its homology He[DRep,,(A)] depends
only on A (and n) and is called the n-dimensional representation homology of A.

From the very beginning, it was clear that representation homology must be somehow related (dual)
to the Chevalley-Eilenberg homology of matrix Lie algebras but the precise form of this relation has been
elusive. The first goal of the present paper is to clarify the relation between representation homology and
Lie algebra (co)homology and offer a simple explanation of the formalism developed in [BKRI BR]. Our
starting point is a basic principle of homological algebra called Koszul duality. In concrete terms, it can
be stated as follows. Associated to a (non-unital or augmented) algebra A is a co-associative cofree DG
coalgebra BA called the bar construction. Any natural construction C(A) on algebras can be formally
dualized (by reversing the arrows) to give the corresponding construction for coalgebras. When applied
to BA, this dual coalgebra construction gives a natural homological construction for A which we call
the Koszul dual of C(A). Many interesting complexes and homological structures related to associative
algebras arise in this way. For example, Connes’s cyclic complex CC(A) defining the cyclic homology of
an algebra A can be identified (up to a degree shift) with the cocommutator subspace of BA , which is the
Koszul dual construction of the universal algebra trace A — A/[A, A]. The cyclic bicomplex (originally
introduced in [T] and [LQ] to explain the periodicity properties of cyclic homology) can be interpreted
as the Koszul dual of a noncommutative de Rham complex X(A4) =[... > 4 — Q}M — ...] called
the periodic X-complex of A (see [Q3]). Another example (unrelated to cyclic homology) is Stasheff’s
interpretation of the Gerstenhaber bracket on Hochschild cohomology HH® (A, A) : this bracket turns out
to be the Koszul dual of the usual Lie bracket on the space Der(A) of derivations of A (see [St]).

The main observation of the present paper is that DRep,,(A) is the Koszul dual of the classical
Chevalley-Eilenberg complex C(gl,,(A); k) computing homology of the current Lie algebra gl,(A). Re-
call that, for any Lie algebra g, the Chevalley-Eilenberg complex C(g; k) has a natural structure of a
cocommutative DG coalgebra. The dual construction — the Chevalley-Eilenberg complex C¢(®; k) of a
Lie coalgebra & — has therefore the structure of a commutative DG algebra. We show (see Theorem [B.1])
that, for any augmented DG algebra A, there is a natural isomorphism of commutative DG algebras:

(1.1) DRep, (4) = C*(gl;,(BA); k) ,

where BA is the reduced bar construction of A and gl; is the Lie coalgebra (linearly) dual to the matrix
Lie algebra gl,, . Furthermore, under (1), the GL,,-invariant part of DRep,,(A4) (see Section for a
precise definition) corresponds to the relative Chevalley-Eilenberg complex of the natural Lie coalgebra
map g, (BA) — gl (k):

(1.2) DRep,,(4)%" = ¢°(gl;,(BA), ot} (k); k) ,

which is Koszul dual to the relative Chevalley-Eilenberg complex C(gl,,(A), gl,,(k); k) of the Lie algebra
inclusion gl,, (k) C gl,(4).

As a consequence of ([[LT]), the representation homology of an algebra A is isomorphic to the Chevalley-
Eilenberg homology of the matrix Lie coalgebra gl (BA). This gives a conceptual explanation to many
results of [BKR] and [BR]. For example, the derived character maps Tr,,(A)s : HCe(A) — He[DRep,,(A4)]
constructed in [BKR] are Koszul dual to the natural trace maps He(gl,(A4); k) — HCe_1(A) relating
homology of matrix Lie algebras to cyclic homology, the degree shift in cyclic homology being explained
by the fact that HCo(BA) = HC._1(A4). The stabilization theorem for representation homology proved
in [BR] is Koszul dual to the classical theorem of Loday-Quillen and Tsygan [LQ) [T], although one result
does not automatically follow from the other (c¢f. Section B3).
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It is important to note that, in (1) and (L2), we can replace BA by any DG coalgebra C, which is
Koszul dual to the algebra A (c¢f. Section [Z3)). In fact, the bar construction BA is the universal Koszul
dual coalgebra of A but it is often convenient to work with other coalgebrasEl.

Another natural way to generalize (LI and (L2)) is to replace gl,, by an arbitrary finite-dimensional
reductive Lie algebra g. In place of the derived representation scheme DRep,,(A), one should consider its
Lie analogue: the derived scheme DRepg(a) parametrizing the representations of a given Lie algebra a in
g. By a representation of a in g we simply mean a Lie algebra homomorphism a — g, and DRepg(a) is
defined by extending the representation functor Repg(f) to the category of DG Lie algebras DGLA; and
deriving it using a natural model structure on DGLA;. For an arbitrary g, the isomorphisms (I]) and
([C2) then generalize to (see Theorem IBE)E

(1.3) DRepy(a) = C(g*(C); k), DRepy(a)? = C(g"(C), g% k) ,
where C' is a cocommutative DG algebra Koszul dual to the Lie algebra a.

Now, let h be a Cartan subalgebra of g, and W the corresponding Weyl group. By linear duality, the
natural inclusion ) — g gives a morphism of Lie colagebras g* — h*, which, in turn, extends to a map
of commutative DG algebras C¢(g*(C), g*; k) — C°(b*(C), b*; k). The image of this last map consists
of chains that are invariant under the action of W (¢f. Proposition[TI]): thus, in combination with (3],
we get a canonical map

(1.4) ®q(a) : DRepg(a)? — C(H™(C), b k)™ .

Formally, ®4(a) : DRepy(a)® — DRepy(a)" can be defined as a functorial derived extension of the
natural restriction map k[Repg(a)]G — k[Repy ()] In the simplest case, when a is a one-dimensional
Lie algebra, DRep,(a) = k[g] , and (I4) becomes k[g]“ — k[h]", which is the classical Harish-Chandra
homomorphisnE (see Example [T)). In general, we will refer to (4] as a derived Harish-Chandra ho-
momorphism. By a well-known theorem of Chevalley, the classical Harish-Chandra homomorphism is
actually an isomorphism:

(1.5) klg]® = k[0]".
In general, it is therefore natural to ask:
When is the map (L4l) a quasi-isomorphism?

In the present paper, we address this question for finite-dimensional abelian Lie algebrasE. In this case,
we show that ([4)) cannot be a quasi-isomorphism (for all g) if dimg(a) > 3 (¢f. Section [B.2]); on the
positive side, we expect that the following is true (see Conjecture 2]):

(1.6) If a is abelian and dimg(a) = 2, then ®y4(a) is a quasi-isomorphism.
In the case of gl,,, this implies (see Conjecture [I])
DRepn(k[xa y])GL = k[xlv ey Ty Y1, -5 Yn, 915 s aen]sna

where the polynomial ring on the right is graded homologically so that the variables z1,...,z, and
Y1,...,Yn have degree 0 and 61, ...,0, have degree 1; the symmetric group S,, acts diagonally by per-
muting the triples of variables (x;,y;, 0;).

Conjecture (LH) can be restated in elementary terms, without using the language of derived schemes.
To this end, consider the graded commutative algebra k[g x g] ® Ag*, where k[g x g] is the ring of

For example, it is known (cf. [Le]) that every conilpotent augmented DG coalgebra admits a (unique) minimal model,
so replacing BA in ([(I.T)) by its minimal model, we get another canonical complex for computing the homology of DRep,, (A).

2The derived schemes DRep,,(A) and DRepg(a) are examples of a general operadic construction that we sketch in the
Appendix. The isomorphisms (1)), (T2) and ([C3) are special cases of Theorem [A2] proved in the Appendix.

3 Harish-Chandra actually defined a homomorphism D(g)¢ — D(§)W of rings of invariant differential operators that
reduces to k[g]¢ — k[h]"V on the zero order differential operators (see [IC] and also [J]).

4Note that, if a is abelian, a choice of linear basis in a identifies Repg(a) with the commuting scheme of the reductive
Lie algebra g (cf. [R]). Hence, in this case, DRepg(a) should be thought of as the derived commuting scheme of g.
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polynomial functions on g x g assigned homological degree 0, and Ag* is the exterior algebra of the dual
Lie algebra g* assigned homological degree 1. The differential on k[g x g] ® Ag* is defined by

dp(€,n) = (&), Y(En) cgxg, Voeg

The DG algebra (k[g x g] ® Ag*, d) represents the derived scheme DRep,(a) in the homotopy category
of commutative DG algebras, and the derived Harish-Chandra homomorphism ®4(a) is given in this case
by the restriction map (see Proposition 1))

(1.7) (klg x gl @ Ag")S — (k[b x b] @ Ap")™

Conjecture (L6) is thus equivalent to the claim that (L) is a quasi-isomorphism.

Our second goal in this paper is to provide evidence for conjecture (L) and discuss some of its
implications. First, in the case of gl,,, we prove that (@) holds for n = 2 and n = co (see Theorem [T
and Theorem respectively); we also prove that the map Ho(®g4 ) induced by (IEI) on homology is
surjective for all n (see Theorem 2(i)). Second, we show (see Theorem@) that our conjecture for sl,
is equivalent to that for gl, (and hence holds for sly). Using a version of stabilization theorem of [BR],
we also verify (6] for the orthogonal and symplectic Lie algebras, so,, and sp,,,, in the inductive limit
asn — 0o (see Section BH]). Finally, we compute the weighted Euler characteristics of both sides of (L4)
and show that (@) implies the following constant term identity (see Conjecture [B)):

(1 — qt)! (1 —qte™)(1 — det(1 — gt w)
(18) (1—g)t1—1t) cr { H (1 —qe®)(1—te~ } Z det(l — qw) det(1 —tw)

aER

Here R is a system of roots of the Lie algebra g, [ := dimg(h) is its rank and CT : Z[Q] — Z is
the constant term map defined on the group ring of the root lattice of R, see (84). The determinants
on the right are taken in the natural (reflection) representation of W on f. One of our main results
(Theorem [5.7)) is that the identity (L8] holds for gl,, and s, for all n, in which cases it can be described
in purely combinatorial terms, see (5.2]) and also Remark 3 after Theorem 511

If k = C, the identity (L8) can be written in a more symmetric integral form:

(1.9) / det(1 — gt Adg) Z det( 1—th)
' ¢ det(l — gAdyg) det(1 — tAdg) |W| det(1 — qw) det(1 — tw)

Here the integration is taken over a real compact form of the complex Lie group G, which is equipped
with the invariant Haar measure dg normalized so that | . dg = 1. Notice that, if we specialize { =0,
(T3) becomes the well-known identity

dg _ 1
(1.10) /G det(1 — gAdg) Hl—qdi ’

i=1

which exhibits the equality of the Poincaré series of both sides of the Chevalley isomorphism (L3H).
The Chevalley isomorphism (L3 has a natural ‘odd’ analogue: the Hopf-Koszul-Samelson isomorphism
(Ag)¢ = A(Primg), identifying the space of invariants in the exterior algebra of g with the exterior
algebra of its subspace of primitive elements. At the level of Poincaré series, the Hopf-Koszul-Samelson
isomorphism gives the identity

!
(1.11) / det(1 + qAdg)dg = H(1+q2di71) 7
¢ i=1
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which may be viewed as an ‘odd’ analogue of (II0). In his original paper [M] on Macdonald conjectures,
I. Macdonald observed that (III]) arises as a specialization of his constant term identit

1—q"e” 1—qt )(1 — gntipdi=1)
(112) CT H H q"te H H _ n+1 (1 _ qntd ) )
n>0 aER n>014i=1
and he asked (¢f. [M], Remark 2, p. 997) whether (LI0) admits a (g, t)-generalization analogous to
(CI2). It seems that (L)) is an answer to Macdonald’s question.

The above analogy raises the question if Macdonald’s identity (LI2]) has a homological origin similar
to that of (L8)). Building on [M], Hanlon [HIl[H2| gave an interpretation of (I.12)) in terms of cohomology
of certain nilpotent Lie algebras: he made a precise conjecture (c¢f. [HI], Conjecture 1.5) on the structure
of this cohomology that entails (.I2]). Hanlon’s conjecture (a.k.a the strong Macdonald conjecture) was
recently proved by Fishel, Grojnowski and Teleman in [FGT]. In the present paper (c¢f. Section [), we
will give a different interpretation of Macdonald’s identity that clarifies its relation to the identity (LJ).

We begin with a general remark. Working with derived representation schemes DRep,(a), it is natural
to put on a a (homological) grading: indeed, even when Rep,(a) is a point (for example, when the
grading on a does not allow any representations a — g other than zero), the derived scheme DRepg(a)
may be quite nontrivial. If a is abelian and dimg(a) = 2, grading a amounts to splitting it into the sum
of two one-dimensional subspaces of homological degrees p and r (we will write a = a,,, in this case).
It turns out that the structure of DRepg(apW) essentially depends only on the parities of p and r (cf.
Proposition @), and therefore there are 3 possibilities, which we refer to as the even, mized and odd
cases (depending on whether p and r are both even, have opposite parities or both odd).

In the even case, we show that Conjecture (L.6) holds for a, , if and only if it holds for a with trivial
grading (i.e., p = r = 0); thus, in this case, we expect the Harish-Chandra homomorphism (I4]) to be a
quasi-isomorphism, and the resulting constant term identity is (IS]).

In the mixed case, the situation is quite different: the derived Harish-Chandra homomorphism is no
longer a quasi-isomorphism, and we need to construct a new map. To explain the construction we return
for a moment to the general situation. In [Dr], V. Drinfeld introduced a natural functor on the category
of Lie algebras that associates to a Lie algebra a the universal invariant bilinear form:

)\(Cl) = Symi(a)/qxvy] TR X [y,z] Y,z € 0.> :

Following a suggestion of Kontsevich [K|, Getzler and Kapranov [GK] defined (an analogue of) cyclic
homology for Lie algebras (and more generally, for algebras over an arbitrary cyclic operad) as the
non-abelian derived functor of the functor A\. Our staring point is a natural extension of the Drinfeld-
Getzler-Kapranov construction: for an integer d > 1, we consider a functor A(4) : DGLA;, — Com; assigning
to a Lie algebra a (the target of) the universal invariant multilinear form on a of degree d. We prove
(see Theorem [Z1)) that, for any d, this functor has a left derived functor LA(® : Ho(DGLA) — Ho(Comy)
defined on the homotopy category of DG Lie algebras, and we let HCEd) (Lie, a) denote the homology of
LA (a). The meaning of this homology is clarified by Theorem [7.2) which asserts that the (reduced)
cyclic homology of the universal enveloping algebra U(a) of any Lie algebra a has a canonical Hodge-type
decompositiojg

(1.13) HC,(Ua) = @) HC (Lie,a) .

d>1

The decomposition ([I3]) may be viewed as a Koszul dual of the classical Hodge decomposition of the
cyclic homology of commutative algebras. In particular, as in the case of commutative algebras (cf.
[BV]), there are Adams operations ¢? acting on HCe(Ua), whose (graded) eigenspaces are precisely

5Macdonald’s constant term identity ([I2)) as well as its generalization (the so-called inner product identity) was proved
for an arbitrary root system by I. Cherednik [Ch]|, using the theory of double affine Hecke algebras. For a gentle introduction
to Cherednik’s theory and his proof of Macdonald’s conjectures we refer the reader to [Kix.

6This result provides a (partial) answer to a question of V. Ginzburg about the existence of Hodge decomposition for
cyclic homology of noncommutative algebras.
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HC® (Lie, a) (see Section [.Z2). Next, for any homogeneous invariant polynomial on g of degree d, we
construct natural trace maps (see Section [T.3])

d . d G
Tr{Y(a) : LA™ (a) — DRep,(a)“ ,

that are analogues of the derived character maps of [BKR] for Lie algebras. Letting d run over the set
{d;....,d;} of fundamental degrees of g, we then define the homomorphism of commutative DG algebras

(1.14) Sym,[@!_; Tr{*)(a)] : Symy[®!_, LA (a)] — DRep,(a)®,

which we call the Drinfeld trace map. In the simplest case when a is a one-dimensional Lie algebra, the
Drinfeld trace map coincides the inverse of the Chevalley isomorphism (LH) (¢f. Example [T.2]).

Returning to derived commuting schemes, we may now state our last main result (see Theorem [0.1]):
for the two-dimensional abelian Lie algebra a = a,, graded in such a way that p and r have opposite
parities, the Drinfeld trace map (LI4) is a quasi-isomorphism, and at the level of Euler characteristics,
it gives precisely the Macdonald identity (I.12)). Unfortunately, our proof of Theorem [0.1]is not entirely
self-contained: apart from results proved in this paper, it relies on one of the main theorems of [FGT].
Still, we believe that our interpretation of the Macdonald identity in terms of representation homology
is, in some respects, more natural than the classical one in terms of Lie cohomology, and at the very
least, it clarifies the relation of (II2) to (). We would also like to mention an interesting recent paper
[Kh| which gives yet another homological interpretation of Macdonald’s theory in terms of representation
theory of current Lie algebras. It seems that our approach is related to that of [Kh| in a very natural
way (via Koszul duality at the level of derived module categories); it would be interesting to study this
relation in detail, especially with a view towards understanding (LS.

Finally, we have to mention that, in the odd case (when p and r are both odd), the structure of the
derived commuting scheme DRepg(apyr)G remains mysterious to us. We do not know whether there exists
a numerical identity analogous to (LL8]) and ([.I2]) in this case.

The paper is organized as follows. Section [2] is preliminary: here, we recall basic facts of differential
homological algebra and review the construction of derived representation schemes from [BKR] and [BR].
In Section [B, we prove our first main result, Theorem [B.I] which relates representation homology to
Lie (co)homology, and discuss its implications. In Section [ we construct the derived Harish-Chandra
homomorphism for representation schemes of associative algebras and state our main conjecture for gl,,
(see Conjecture [[). The key results of this section are Theorem A.1] (proof of Conjecture [Il for n = 2),
Theorem (surjectivity of the Harish-Chandra homomorphism on homology for all n and bijectivity
for n = 00) and Theorem (proof of the analog of Conjecture [l for ¢g-polynomial algebras). Next, in
Section Bl we compute Euler characteristics and deduce our constant term identity in the case of gl,,,
see (5:2). The main result of this section is Theorem [B.1] which proves the constant term identity for
gl,, for all n. In Section [6] we define representation homology for an arbitrary (reductive) Lie algebra g.
The main result of this section, Theorem [6.5] is a natural generalization of Theorem B.Il In Section [7
we construct the derived Harish-Chandra homomorphism and the Drinfeld trace maps for representation
schemes of Lie algebras. The main result is Theorem that gives a Hodge decomposition for the
cyclic homology of the universal enveloping algebra of any DG Lie algebra. In Section [, we consider the
derived commuting variety of a reductive Lie algebra; we state our quasi-isomorphism conjecture in full
generality (Conjecture 2]) and deduce the corresponding constant term identity (Conjecture B]); we also
provide some evidence in favor of Conjecture Bl including its verification for orthogonal and symplectic
Lie algebras in the limit n — oo (Theorem B2]). In Section [0 we explain the relation of our conjectures
to the classical Macdonald conjecture [M] and the strong Macdonald conjecture of [H1] and [FGT]. The
main result of this section is Theorem showing that the Drinfeld trace map is a quasi-isomorphism in
the mixed case. Finally, in Appendix [Al we generalize our construction of derived representation schemes
to algebras over an arbitrary binary quadratic operad. This puts some of the main results of present
paper in proper perspective.

Acknowledgements. We would like to thank A. Alekseev, I. Cherednik, V. Ginzburg, I. Gordon, D. Kaledin, V. Lunts,
E. Meinrenken and B. Tsygan for interesting discussions and comments. We are particularly grateful to I. Cherednik for
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2. PRELIMINARIES

In this section, we introduce notation and recall some basic results from the literature. In particular,
we review the construction of derived representation schemes and derived character maps from [BKR].

2.1. Notation and conventions. Throughout this paper, & denotes a base field of characteristic zero.
An unadorned tensor product ® stands for the tensor product ®j; over k. An algebra means an
associative k-algebra with 1; the category of such algebras is denoted Alg,. Unless stated otherwise, all
differential graded (DG) objects are equipped with differentials of degree —1, and the Koszul sign rule
is systematically used. The homological degree of a homogeneous element = in a graded vector space V
will often be denoted by |z|. If V' is a graded k-vector space, we denote by T}V its tensor algebra and by
Sym,, (V) its graded symmetric algebra. Thus, Sym, (V) = Sym;, (Vey) ® Ax(Voda), where Vo, and Voqq
are the even and odd components of V' respectively. Symd(V) shall denote the d-th symmetric power
of V. Thus, Sym*(V) = @p4q=aSym? (Vey) @ A(Voaq) and Sym,, (V) = ©3,Sym?(V). The graded
symmetric coalgebra on V' will be denoted by Sym®(V). For VW € Comy, we define Hom(V, W) to be
the complex whose space of p-chains is

Hom(V, W), = HHomk(Vn, Witp)

and the differential is given by df :=dw o f — (=1)’f ody , where f € Hom(V,W),.

2.2. The bar/cobar construction. In this and the next section, we briefly recall some classical results
from differential homological algebra which are needed for the present paper. An excellent modern
reference for this material is [LV].

2.2.1. DG algebras and coalgebras. Let DGA; denote the category of associative unital DG algebras over
k with differential of degree —1. Recall that A € DGAy is augmented if it is given together with a DG
algebra map € : A — k. A morphism of augmented algebras (A4,e4) — (B,ep) is a morphism f: A — B
in DGA, satisfying ep o f = €4. We denote the category of augmented DG algebras by DGA /. This
category is known to be equivalent to the category DGA of non-unital DG algebras: the mutually inverse
functors are given by

B' <+ B, DGAy; = DGA, A A

where A := Ker(e) is the kernel of the augmentation map of A and B’ := k @ B is the unitalization of
B equipped with the canonical projection € : B’ — k. Similarly, we define the (equivalent) categories
DGCAy, ;. and DGCA of commutative DG algebras: augmented and nonunital, respectively.

Let DGC (resp., DGCy) denote the category of coassociative (resp., coassociative counital) DG coalgebras
over k. We shall often work with augmented coassociative counital DG coalgebras C' which are conilpotent
in the sense that

2.1) C = Ker[c 25 con - gon]

n>2

where A(") denotes the n-th iteration of the comultiplication map A¢ : ¢ — C®C and C is the cokernel
of the augmentation map ec : k — C'. We denote the category of such coalgebras by DGCy, /. Similarly,
DGCC (resp., DGCCy) shall denote the category of cocommutative (resp., cocommutative counital) DG
coalgebras over k and DGCCy,/;, shall denote the category of coaugmented conilpotent cocommutative DG
coalgebras over k.
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2.2.2. Twisting cochains. Given an algebra R € DGAy/, and a coalgebra C' € DGCy /., we define a twisting
cochain 7 :C — R to be a linear map of degree —1 satisfying

drT7+7doc+mr(T®7)Ac =0, Toec =0, egoT =0,

where dr and d¢g are the differentials on R and C' and mpg is the multiplication map on R. We write
Tw(C, R) for the set of all twisting cochains from C to R. It is easy to show that, for a fixed algebra R,
the functor

Tw(—, R) : DGCy/, — Sets , C+— Tw(C,R) ,

is representable; the corresponding coalgebra B(R) € DGCyj, is called the bar construction of R: it is
defined as the tensor coalgebra T} (R[1]) with differential lifting dg and mpg. Dually, for a fixed coalgebra
C, the functor

Tw(C,~) : DGA,/, — Sets, R— Tw(C,R) ,
is corepresentable; the corresponding algebra Q(C) € DGAy j, is called the cobar construction of C': it is
defined as the tensor algebra Ty (C[—1]) with differential lifting dc and A¢. Thus, we have canonical
isomorphisms

(22) I’IOIIID(;A)C/,C (Q(C), R) = TW(C, R) = HomDGCk/k (C, B(R))
showing that € : DGCy, /. = DGAy . : B are adjoint functors.

2.2.3. Koszul-Moore equivalence. The categories DGA; and DGCA, carry natural model structures (see [Hil).
The weak equivalences in these model categories are the quasi-isomorhisms and the fibrations are the
degreewise surjective maps. The cofibrations are characterized in abstract terms: as morphisms satisfying
the left lifting property with respect to the acyclic fibrations. The model structures on DGA; and DGCAy
naturally induce model structures on the corresponding categories of augmented algebras (¢f. [DS] 3.10]).
In particular, a morphism f : A — B in DGAy/, is a weak equivalence (resp., fibration; resp., cofibration)
iff f : A — B is a weak equivalence (resp., fibration; resp., cofibration) in DGAg. All objects in DGAg
and DGAy/y, are fibrant. The cofibrant objects in DGAy /. can be described more explicitly than in DGA:
every cofibrant A € DGAy, . is isomorphic to a retract of £(C), where (C) is the cobar construction of
an augmented conilpotent coassociative DG coalgebra C (see [Kel Theorem 4.3]).

There is a dual model structure on DGCy, /1, where the weak equivalences are the morphisms f such that
Q(f) is a quasi-isomorphism. A well-known result, due to J. C. Moore, asserts that the model categories
DGAy /i and DGCy/, are Quillen equivalent: more precisely,

Theorem 2.1 (Moore). The pair of adjoint functors
(2.3) Q: DGCy = DGA/x B

is a Quillen equivalence. In particular, the functors (23] induce mutually inverse equivalences between
the homotopy categories
LQ : HO(DGCk/k) = HO(DGAk/k) : RB.

The proof of this theorem can be found, for example, in [LV].
2.3. Koszul duality. Let C € DGC/;, and let R € DGAy, /. Let Mod(R) denote the category of right DG

modules over R, and dually let CoMod(C') denote the category of right DG comodules over C' which are
conilpotent in a sense similar to (2I). Given a twisting cochain 7 € Tw(C, R) one can define the functors

- ®; C : Mod(R) = CoMod(C) : —®; R

called the twisted tensor products. Specifically, if M € Mod(R), then M ®, C' is defined to be the DG
C-comodule whose underlying graded comodule is M ®; C' and whose differential is given by

d=dy @ld+Id®dec+ (m®1d)(Id®7r®1Id) (Id® A) .

Similarly, for a DG comodule N € CoMod(C), one defines a DG R-module N ®, R. In the same fashion,
for a DG bicomodule A/ € Bicomod(C'), one defines a DG R-bimodule R, @ N ®, R.
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Next, recall that the derived category D(R) of DG modules is obtained by localizing Mod(R) at the
class of all quasi-isomorphisms. To introduce the dual notion for DG comodules one has to replace the
quasi-isomorphisms by a more restricted class of morphisms in CoMod(C'). We call a morphism f in
CoMod(C') a weak equivalence if f ®,, ©(C) is quasi-isomorphism in Mod Q(C), where 7¢ : C — Q(C)
is the universal twisting cochain corresponding to the identity map under ([22). The coderived category
D<(C) of DG comodules is then defined by localizing CoMod(C') at the class of weak equivalences. It is
easy to check that the twisted tensor products induce a pair of adjoint functors

(2.4) -®,C :DR)=DC) : —®, R.
The following theorem characterizes the class of twisting cochains for which (2] are equivalences.

Theorem 2.2 (see [LV], Theorem 2.3.1). For 7 € Tu(C, R), the following are equivalent:
(i) the functors 24l) are mutually inverse equivalences of categories;
) the compler C ®; R is acyclic;
) the complex R®. C is acyclic;
(iv) the natural morphism R®, C ®, R = R is a quasi-isomorphism;
) the morphism (C) = R corresponding to T under Z2) is a quasi-isomorphism in DGAy /5
) the morphism C = B(R) corresponding to T under [2.2)) is a weak equivalence in DGC k-

If the conditions (i) - (vi) hold, the DG algebra R is determined by C up to isomorphism in Ho(DGAy )
and the DG coalgebra C is determined by R up to isomorphism in Ho(DGCyy,).

A twisting cochain 7 € Tw(C, R) satisfying the conditions of Theorem 22]is called acyclic. In this case,
the DG coalgebra C' is called Koszul dual to the DG algebra R and R is called Koszul dual to C.

2.4. Derived representation schemes. In this section, we review the construction of derived repre-
sentation schemes from [BKR] and [BR].

2.4.1. The representation functor. For an integer n > 1, let M,, (k) denote the algebra of n x n matrices
with entries in k. If B € DGAy, we write M, (B) := M, (k) ® B; this gives a functor on the category of
DG algebras: M,,(—) : DGA; — DGAj . Next, we define

(2.5) U/~ : DGAr — DGAy , A [A s M, (k)M*)

where A x, M, (k) is the free product (coproduct) in DGA; and [...]"»(*) denotes the (graded) cen-
tralizer of M,, (k) as the subalgebra in A 5 My(k).

The following proposition is a generalization (to DG algebras) of a classical result of G. Bergman (see
IBKR], Proposition 2.1).

Proposition 2.1. The functor {/— is left adjoint to My(—).

If DGCAy, is the category of commutative DG algebras, the inclusion functor DGCA; — DGA; has an
obvious left adjoint given by abelianization:

(2.6) (*)ab : DGArp, — DGCA, , A— Au = A/<[A, A]> .
Combining (28] and (2.6]), we define
(2.7) (- )n: DGA, — DGCA , A A, = (VA .

Then, as a consequence of Proposition 2.1] we get

Theorem 2.3. The functor (—), is left adjoint to M,,(—) on the category of commutative DG algebras.
Thus, for any A € DGAy , the DG algebra A,, (co)represents the functor of points of the affine DG scheme

(2.8) Rep,,(A) : DGCA, — Sets, B — Hompg, (4, M, (B)) ,

parametrizing the n-dimensional representations of A.
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Theorem implies that there is a natural bijection
(29) HomDGAk (A, Mn(B)) = HomDGCAk (An, B) 5

functorial in A € DGA, and B € DGCA;. Accordingly, we refer to (2Z.7) as the functor of n-dimensional
representations, or simply the n-th representation functor on DGAg. Letting B = A,, in (2.9), we have a
canonical DG algebra map 7, : A — M, (4,), called the universal n-dimensional representation of A.

The algebra A,, has the following canonical presentation described in [BKR] Section 2.4]. Let {e;;}}';_4
be the basis of elementary matrices in M, (k). For each a € A, define the ‘matrix’ elements of a in
A s My (k) by

n

Qi = E €ki A €Lj -

k=1

Then a;; € YA forall i,j=1,2,...,n, and we also write a;; for the corresponding elements in A,,.

Lemma 2.1. The algebra A,, is generated by the elements {a;; : a € A} satisfying the relations
(ab)ij = Z airbr; , li;=06;1, VabeA.
k=1

The differential on A, is determined by the formula: d(a;;) = (da)i; . The universal n-dimensional
representation of A is given by

A= Mp(An) ,  aw |ag] -
In this paper, we will mostly work with augmented DG algebras. Note that, if A is augmented, then
A,, has a natural augmentation e, : A, — k coming from (271) applied to the augmentation map of

A. This defines a functor DGAj/, — DGCA;/j, which we again denote by (—),. On the other hand, the
matrix algebra functor can be modified in the following way:

(2.10) M, (~) : DGCAy, /i, — DGAy/p; M (B) :==k® M,(B) ,

With this modification, Theorem holds for augmented DG algebras. Moreover, as a special case
of [BKRI Theorem 2.2], we have

Theorem 2.4. (a) The adjoint functors (), : DGAy,p, = DGCAg i : M) () form a Quillen pair.
(b) The functor (—)n : DGAy/i, — DGCAy /i has a total left derived functor defined by

L( *)n : HO(DGAk/k) — HO(DGCAk/k) R A (QA)n s

where QA S Ais any cofibrant resolution of A in DGAyj,.
(¢) For any A in DGAy ), and B in DGCAy /i, there is a canonical isomorphism

HomHo(DGCAk/k)(H‘(A)nu B) = HomHo(DGAk/k)(Av M;(B)) :

Definition. Given A € Algy,, , we define DRep,(A) := L(QA),, where QA 5 Ais a cofibrant
resolution of A in DGA; ;. The homology of DRep,,(A) is an augmented (graded) commutative algebra,
which is independent of the choice of resolution (by Theorem 24]). We set

(2.11) Hu(A.n) == Ha[DRep, ()
and call 2I0)) the n-dimensional representation homology of A.
By [BKR], Theorem 2.5], for any A € Alg,, there is a natural isomorphism of algebras
Ho(A,n) = A, .

Hence DRep,,(A) may indeed be viewed as a ‘higher’ derived version of the representation functor (2.7)).
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2.4.2. GL-invariants. The group GL, (k) acts naturally on A,, by DG algebra automorphisms. Precisely,
each g € GL, (k) defines a unique automorphism of A,, corresponding under ([Z.9) to the composite map

(2.12) AT Mo (An) 229 a4, (4,)
This action is natural in A and thus defines the functor
(2.13) (—)S": DGAy/; — DGCAy/p, , A AG™

which is a subfunctor of the representation functor (—),. On the other hand, there is a natural action of
GL,, (k) on the n-th representation homology of A so we can form the invariant subalgebra H, (A, n)%%".
The next theorem, which is a consequence of [BKR], Theorem 2.6], shows that these two constructions
agree.

Theorem 2.5. (a) The functor (-)S™ has a total left derived functor
L[(-)S" : Ho(DGAy 1) — Ho(DGCAy/x), A (QA)S" .
(b) For any A € DGAyy,, there is a natural isomorphism of graded algebras
Ha [L(A)7") 2= Ha(4,n) %"
Abusing notation we will often write DRep,,(A4)%" instead of L(A)ST for any DG algebra A.

2.4.3. Trace maps. Recall that, for an augmented DG algebra R € DGA /), we denote by R C R the
kernel of the augmentation map of R. Now, we set

Ry = R/[R,R] = R/(k+[R,R]) ,
where [R, R] is the subcomplex of R spanned by the commutators in R. This defines the functor
(2.14) (~)p: DGAgyp, — Comy , R— Ry,

which we call the (reduced) cyclic functor.
The next theorem, which is a well-known result due to Feigin and Tsygan, justifies our terminology.

Theorem 2.6 ([ET]). (a) The functor 2Z14)) has a total left derived functor
L(-);: Ho(DGAk/k) — Ho(Comy) , A~ (QA)y ,

where QA is a(ny) cofibrant resolution of A in DGAy/y.
(b) For A € Algy, )y, there is a natural isomorphism of graded vector spaces

H,[L(A),] 2 HC,.(4) ,
where HCo(A) denotes the (reduced) cyclic homology of A.
For a conceptual proof of Theorem we refer to [BKR], Section 3.

Now, fix n > 1 and, for R € DGA, consider the composite map
R ™% My (Rn) = R,

where 7, is the universal representation of R and Tr is the usual matrix trace. This map factors through
Ry and its image lies in RSY. Hence, we get a morphism of complexes

(2.15) Tr,(R)s : R/[R,R] — RS™ |
which extends by multiplicativity to a map of graded commutative algebras
(2.16) SymTr,(R) : Sym(R/[R,R]) — RS .

If R € DGA . is augmented, the natural inclusion R — R induces a morphism of complexes R, —
R/[R, R]. Composed with (2.I5) this defines a morphism of functors that extends to a morphism of the
derived functors from Ho(DGAy /) to Ho(Comk) :

(2.17) LTr, : L(-)y — L(-)S".
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Now, for an ordinary k-algebra A € Alg, /k» applying ZTI10) to a cofibrant resolution R = QA of A in
DGAy /i, taking homology and using the identification of Theorem 2.6(b), we get natural maps

(2.18) Tr,,(A)e : HCo(A) — He(A,n)" | ¥n>0.

In degree zero, Tr,(A)o is induced by the obvious linear map A — k[Rep,,(A)]% defined by taking
characters of representations. Thus, the higher components of (2I8) may be thought of as derived (or
higher) characters of n-dimensional representations of A. For each n > 1, these characters assemble to a
single homomorphism of graded commutative algebras which we denote

SymTr,,(A)e : Sym [HC,(A)] — He(A,n)" .

An explicit formula evaluating Tr,,(A)e on cyclic chains is given in [BKR) Section 4.3].

3. REPRESENTATION HOMOLOGY VS LIE (CO)HOMOLOGY

The main result of this section (Theorem B.]) identifies the representation homology of a DG algebra
A with homology of the Lie coalgebra gl (C) defined over a Koszul dual DG coalgebra C. This crucial
observation is the starting point for the present paper.

3.1. Chevalley-Eilenberg complexes. First, we recall the definition of the classical Chevalley-Eilenberg
complex (cf. [Q2], Appendix B). If g is a DG Lie algebra, the Chevalley-Eilenberg complex of g with
trivial coefficients is the (coaugmented, conilpotent) cocommutative DG coalgebra

Clg: k) := (Sym®(g[1]), d1 + d2) ,

where d; is induced by the differential on g and ds is the coderivation whose corestriction to g[1] is given
by the composite map
Sym2(g[1]) = k1] @ k[1] ® A%g 2 k1) @ g = g[1].

Here, p1 : k[1] ® k[1] — k[1] is the natural map of degree —1 and [, -] is the Lie bracket on g. If
h C g is a DG Lie subalgebra, the relative Chevalley-Eilenberg complex C(g, b; k) is the DG coalgebra
(Sym©[(g/h)[1]], d1 + d2)p, where (—), denotes the subcomplex of h-coinvariants in Sym©[(g/h)[1]]. We
denote the homology of the complex C(g; k) (resp., C(g,bh;k)) by He(g; k) (resp., Ho(g, bh; k) ).

Now, dually, if & is a DG Lie coalgebra with Lie cobracket |- [: & — A%®, the Chevalley-Eilenberg
complex of & is defined to be the (augmented) commutative DG algebra

Cé(&; k) := (Sym(&[-1]), d1 +d2) ,
where d is induced by the differential on & and dz|g[—1) is given by the composite map
(3.1) -1 k[-1o6 2L k10 k1] ©A26 = Sym?(6]-1)).
Here, Ay : k[—1] = k[-1]®@k[—1] takes 15[_1) t0o —1j(—1]® 13;—1). When one has a surjection & — § of
DG Lie coalgebras, the commutative DG algebra (Sym(Ker(& — $)[—1]),d1 + dz2) comes equipped with
a coaction of §). The Chevalley-Eilenberg complex C¢(®, $; k) of the pair (&, ) is the DG subalgebra of
$H-invariants of (Sym(Ker(& — $H)[—1]),d1 + d2). Note that if b is a finite-dimensional DG Lie algebra
and ) = bh*,
C(®,9;k) = (Sym(Ker(¢ — H)[—1]),dy +da)".

We denote the homology of the complex C¢(&; k) (resp., C(8,9;k)) by He(B; k) (resp., He(&, H; k)).
Note that if & is concentrated in homological degree 0, then

H (& k) = Ker(]-[: & = A?®).

This is dual to the basic fact that Hy(g; k) = g/[g, g] for a Lie algebra g concentrated in degree 0.

We note that the Chevalley-Eilenberg complex C(g; k) of a DG Lie algebra g is the analogue of the
bar construction of a DG algebra, while the Chevalley-Eilenberg complex C¢(&; k) of a DG Lie coalgebra
is the analog of the cobar construction of a DG coalgebra (see Section [6.2)). We write C(g; k) = Brie(g)
and C¢(®; k) = Quie(®) when we want to emphasize these facts.
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3.2. Derived representation schemes and homology of Lie coalgebras. For C' € DGCy,/;, and M

a DG coalgebra define the tensor product M @ by M @C := (M ® C) @ k. Note that M&C = M@ C.
Recall from (ZI0) that for B € DGCA /i, M, (B) denotes the unitalization of the nonunital DG algebra
M,,(B). Further, recall from Section EZ2.1] that the unitalization of a nonunital DGA A is denoted by A’.
The following key observation explicitly relates the (noncommutative) representation functor {/— with
the cobar construction.

Proposition 3.1. There is a natural isomorphism of functors from DGCy ) to DGAyy,
(3.2) V=0Q(9) = QM (k)@ -)
In particular, for any C' € DGCyy,, there is a natural isomorphism
VQC) 2 QM (E)RC).
Proof. Indeed, for any B € DGAy /., we have

HomDGAk/k(ﬂ(Mn(k)*@)C),B) >~ TuyM}(k)®C, B)

' MC(Hom(M? (k) ® C, B))
~ MC(Hom(C,Hom(M;} (k), B))
= Tw(C,Hom(M:(k), B))
= Tw(C, M, (B))
=~  Hompgy, , (Q(C), M, (B))
= Hompey,,,, (VQ(C),B)

The desired proposition now follows from Yoneda’s lemma. O

The following theorem makes precise the statement made in the Introduction that representation
homology is Koszul dual to Lie algebra homology. This is one of the key results of the present paper. While
it is an easy corollary of Proposition B.1] we state it as a theorem in order to highlight its importance.

Theorem 3.1. Let A € DGA;, and let C' € DGCyy, be a Koszul dual coalgebra of A. Then, for anyn > 1,
there are isomorphisms in Ho(DGCAy /1)

(33) DRep, (4) = C(gl;,(C);k) ,  DRep, (4)%" = (gl (C), gl (k); k) -
Consequently,
(3.4) Ho(A,n) = Ho(al,(C);k) ,  Ha(A,n)%" = Ha(al,(C), ob; (k): k).

Proof. Note that DRep,,(A) = Q(C),, = [/Q(C)]ab. By Proposition B.1]
[/ QO)ap = QM (F)RC)ab -
By Theorem (in particular, see (6.0)),
QM (F)@C)an = C(Lie" (M (R)RC); k) = C(al,(C): k).
This proves that DRep,,(4) = C¢(gl}(C); k). Now, the GL,, (k)-invariant subalgebra of C¢(gl’,(C); k) is
indeed C¢(gl;,(C), gly (k); k). This completes the proof of the desired theorem. O

Corollary 3.1. Let A,C be as in Theorem [31l. Assume, in addition, that dimg(C) < oo, and let
E := C* be the (linear) dual DG k-algebra. Then,

(3.5) He(A,n) = H™*(gl,(E); k),  He(4,n)" = H™*(gl,(E), gl,,(k); k) ,
where H™* denotes Lie algebra cohomology with negative grading.

Proof. 1f C is finite-dimensional and E := C*, then H, (gl (C); k) = H~*(gl,(E); k) by (6.8). Hence,
Ho (gl (C), glr(k); k) = H*(gl,,(F), gl,,(k); k). The result is now immediate from Theorem B.11 O
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Remark. Theorem [3.1] gives a natural interpretation to the Chevalley-Eilenberg Lie homology of the

matrix Lie coalgebra gl (C). Note that, in the first isomorphisms in (33) and @4), gl is defined over
C = Coker(ec), not C itself. It is natural to ask whether the complex C¢(gl} (C); k) for an arbitrary
(but not necessarily augmented) coalgebra C' can be identified with the DRep,, of some DG algebra A.
The answer is ‘yes’: the corresponding A is given by the extended cobar construction Q°** (C) introduced
in [AJ]. Precisely, for any counital coalgebra C, Anel and Joyal (see [AJ, Sect. 5.3]) define Q™(C) as
the Sweedler productﬁ C > MC of C with the Maurer-Cartan algebra MC, which is the free DG algebra
generated by one element u of degree —1 with differential du = —u?. The argument of Proposition B.1]

combined with results of [AJ] gives a natural isomorphism of functors DGCy — DGA, :
Vo) = @ (MR @ )

and the result of Theorem [B] can thus be extended to arbitrary DG coalgebras as
C°(al,(C); k) = DRep,[Q™(C)] .

3.2.1. Representation homology of bimodules. In [BKR] Section 5], we defined representation homology
of a DG algebra A with coefficients in an arbitrary DG bimodule over A. Proposition B.2] below gives an
interpretation of this construction in terms of homology of Lie coalgebras.

Let Bimod(A) denote the category of DG bimodules over A. For a fixed n > 1, the universal represen-
tation m, : A = M, (4,) makes M, (A,) a DG A-bimodule, which has also a natural DG A,-module
structure compatible with the action of A. This allows one to define the functor

(—)* : Bimod(A) — Mod(A,), M M ®4c My(A,).

which we call the van den Bergh functor (as it first appeared in [VdB]). In [BFR] Section 5], it is shown
that (—)2P is the abelianization of the non-additive representation functor (Z.7) in the sense of model
categories (cf. [Q1] Section II.5]), whence its notation.

The derived functor of the van den Bergh functor is computed by the formula (see [BKR], Theorem 5.1])
L(M)3> = [F(R,M)];” ,

where R = A is a cofibrant resolution of A in DGA, and F(R, M) is a semi-free resolution of M in
Bimod R. This is independent of the choice of resolutions and allows one to define the n-th representation
homology of a DG bimodule M € Bimod(A) by

He(M,n) := H,[F(R, M)2"] .
Now, assume that A € DGA/;, and let C' € DGCy/, be a Koszul dual coalgebra to A.

Proposition 3.2. Let M € Bimod(A), and let N be a DG C-bicomodule such that there is a quasi-
isomorphism Q(C) @, N @, Q(C) = M in Bimod[2(C)] (with ¢ : C — (C) denoting the universal
twisting chain). Then, there is an isomorphism

He(M,n) = He(gl, (C); gl (N))
where gl (N) denotes M}, (N) viewed as a DG Lie comodule over gl (C) wvia the coadjoint coaction.

Proof. Indeed, (C) = A is a cofibrant resolution of A in DGA /), and Q(C) @ N @, Q(C) = M is a
semifree resolution M in Bimod £2(C). Hence,

LM = [(C) ®re N @7, QC)2".
Since Q(C) @r, N @7 Q(C) = N @ Q(C)¢ as graded Q(C)-bimodules, [2(C) @, N @, Q(C)]3P is
generated as a graded Q(C),-module by M} (N). By Theorem B Q(C), = C(gl;,(C); k). A direct
computation then verifies that the differential on elements of M (N) in [Q(C) @, N @, Q(C)]3P is the

sum of a term induced by the coadjoint coaction of gl (C) on M3 (N) and another term induced by the
differential of N. This proves that

[Q(C) @7 N @7, QO 22 C(gl;(C); gl (N)) .

"See Appendix, (A3), for the definition of the Sweedler product.
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The desired result is now immediate. [l

3.3. The Loday-Quillen-Tsygan theorem for coalgebras. For a coalgebra C' € DGCyy, let CC(0)
denote the complex of reduced cyclic chains on C' (the definition of CC(C) is formally dual to the definition

of the reduced cyclic complex CC(A) of an augmented DG algebra A, see [[, 2.1.4 and 2.2.13]). For each
n > 0, there is a generalized cotrace map (cf. [L, 2.2.10]):
coTr,(C) : CC(C) — CCML(k)2C],
where M (k) := M, (k)* is the matrix coalgebra dual to M,, (k). Furthermore, dual to the construction
of [Ll 10.2.3], one has a natural morphism of complexes
0 : CO(MG(C))[=1] = C(al,(C), gl (k) k),
which is induced by the projection
(Qgy .. an) = oA Ay, .
Abusing notation, we denote the composite map 6 o coTr,(C) by coTr,(C). Note that for any n, there
is a canonical epimorphism in DGCAy
fint1m : Cgl41(C), alya (B); k) — C(gl, (C), b, (k); k)
Therefore, we can pass to the projective limit

C9I5(C), gl (k) k) == lim C*(gL,(C), gl (k)i k) -

n

It is easy to check that fin41., 0 coTry41(C) = coTr,(C). Hence we have a morphism of complexes
c0Troe (C) = CC(C)[—1] = C*(g15.(C), 915, (k); k).
This extends by multiplicativity to a morphism of DG algebras
(3.6) Sym(coTros) : Sym,,(CC(C)[~1]) = C*(g1%,(C), gl (k); k).
Now, by a result of Quillen [Q3], there is a natural isomorphism
Q(C)y = CC(O)[-1],

where (—)y is the cyclic functor defined by ([2I4). On the other hand, by Theorem B.Il we have an
isomorphism Q(C)St = Ce(gl: (), gl (k); k) . The following lemma is verified by an easy computation
which we leave to the reader.

Lemma 3.1. For any n > 0, the following diagram commutes:

Q(0); _ ~ CC(C)[-1]

Quillen

Tr, l lcoTrn
GL = c * * .
QC)y SE— C(al,(0), gl (k)s k)
As a consequence, we get an isomorphism of (topological) DG algebras
3.7) Co(gl5(C), 8l (R); k) = [Q(O)) S~
Proposition 3.3. Under B.1), the morphism (B.8)) is identified with Sym (Troo) : Q(C)y — Q(C)GE=.

Proposition B3] combined with [BR, Lemma 4.1] implies that the image of (8:6) is a dense DG subal-
gebra of C¢(gl’,(C), gl% (k); k), which following [BR], we denote by CT* (gl (C), gl% (k); k). The main
theorem of [BR] (precisely, [BR] Theorem 4.4]) then implies the following result, which is a (relative
variant) of the Loday-Quillen-Tsygan theorem for coalgebras.

Theorem 3.2. For any C € DGCyy,, there are natural isomorphisms of DG algebras

Sym, (CC(C)[-1]) = Sym,[Q(C);] = CT(al,(C), gls (k) k) -
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Remarks. 1. Theorem can be also proven by dualizing the invariant-theoretic arguments in [L, Ch.
10]. With Theorem [B1] one can then presumably give a different proof of [BR) Theorem 4.4]. This, how-
ever, does not seem to answer the questions of [BR] regarding Koszul duality (see [BR) Question 5.2.1]).

2. If the DG coalgebra C is bigraded (cf. Section B.4] below), then CT*(gl’_(C), gl (k); k) coincides
with C¢(gl5, (C), gl (k); k). The bigraded dual of Theorem yields (see (6.9)) the Loday-Quillen-
Tsygan theorem for the bigraded DG algebra A := C*. Hence, [BR] Proposition 7.5] implies a version
of the traditional Tsygan-Loday-Quillen theorem.

3. Let E € DGAy;, be finite-dimensional. If C' = E*, the homology of the complex C¢(gl%_(C), gl5 (k); k)
is isomorphic to H™*(gl(E), gl (k); k) by ([@8). By the cohomological version of the Tsygan-Loday-

Quillen Theorem, the latter is isomorphic to Symk[m_(._l)(E)] . On the other hand, CC(C)[-1] also
has homology Ho 7Y (E). Tt follows from Theorem B2 that

CT(gl5,(C), gl (k)i k) ~ Co(gls(C), gl (k) ).
It would be interesting to know if this is true in general. A nonrelative version of Theorem [3.2] was proven

in [Ka] using a direct invariant-theoretic approach. It remains to be seen if such an approach can help
settle the above question.

3.4. Bigraded algebras. Recall from [BR] Section 7], that a bigraded DGA is a DG algebra equipped
with homological as well as weight (polynomial) grading that is finite-dimensional in each weight degred].
We remark that unlike in [BR], we allow our DGA to have nonzero components in negative homological
degree as well. The differential is required to obey the graded Leibniz rule with respect to the homological
grading. Additionally, we require that a bigraded DGA be concentrated in nonnegative weight degrees
and that the component in weight degree 0 be isomorphic to k. A bigraded DGA is therefore, augmented
as well. Following [BRI Section 7], one can verify that the category BiDGAj of bigraded DGAs is a model
category whose weak equivalences are the quasi-isomorphisms and whose fibrations are the surjective
morphisms. The category BiDGCAy, of bigraded commutative DGAs has an analogous model structure,

Similarly, a coalgebra C' € DGCy/, will be called bigraded if C has a homological as well as weight
grading, is concentrated in positive weight degree and is finite-dimensional in each weight degree. Note
that in this case, Q(C)ap, is a bigraded commutative DGA. In the bigraded setting, we have the following
result, the first part of which is Theorem Bl in the bigraded setting.

Theorem 3.3. Let A € BiDGAy, and let C be a Koszul dual coalgebra to A. Assume that C' is bigraded,
and the quasi-isomorphism €(C') 5 A is in BiDGAy,. Then,
(a) In Ho(BiDGCAy /i), there are isomorphisms

DRep,,(4) = (g6, (C);k), DRep, (A)F = C(al,(C), ol (k); k) .
(b) If E := C* is bigraded dual of C, then
Ho(A,n) = H™*(gl, (E); k), Ha(A,n)%" = H*(al, (), gL, (k); k) ,
where H™* denotes (continuous) Lie algebra cohomology.

Proof. The proof of Theorem ] goes through word for word in the bigraded setting: this gives (a). Part
(b) follows immediately from (a) and (6.8). O

Note that for A € BiDGAg, at least one E as in Theorem [3.3 exists: namely, the bigraded dual of the
bar construction B(A).

4. DERIVED HARISH-CHANDRA HOMOMORPHISM

The classical Harish-Chandra homomorphism is defined by restricting the characters of representations
(viewed as functions on a representation variety) to the subvariety of diagonal representations. In this
section, we construct a derived version of this homomorphism.

8Bigraudod DGAs are also referred to as weight-graded DGAs or WDGAs. See [LV] Sec. 1.5.11].
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4.1. Basic construction. Recall that, for a fixed DG algebra A € DGA; and an integer n > 1, the affine
DG scheme of n-dimensional representations of A is defined by the functor Rep,,(A) representable by the

commutative DG algebra A,, (see Section[Z4.T]). Now, we consider the functor of diagonal representations
of A which is defined by

(4.1) Diag,,(A) : DGCA;, — Sets, B+ Hompe, (4, B*") ,

where B*™ denotes the (direct) product of n copies of B in the category of commutative DG algebras.
There are natural isomorphisms of sets

Hompea, (A, B*™) = Hompen, (A, B)*™ 2 Hompeea, (Aab, B)*" = Hompgen, ((Aab)®™, B) ,

which show that ([T]) is (co)represented by the commutative DG algebra (A,p,)®™, the n-th tensor power
of the abelianization of A.
Next, observe that the functor Diag,, (A) comes together with a natural transformation

(4.2) Diag, (A) — Rep,(4) ,

defined by the algebra maps B*"™ < M., (B) identifying B*™ with the subalgebra of diagonal matrices
in M, (B). By Yoneda’s Lemma, this natural transformation gives a homomorphism of commutative DG
algebras

(4.3) ®n(A): A = (Aap)®",

which is obviously functorial in A € DGAg. In terms of the generators of Lemma 2] the homomorphism
®,,(A) is given by

(44) Qi 5ij a; ,

where a; =1®...Qa®...® 1 is the image in (A,p,)®™ of an element a € A sitting in the i-th tensor
factor.

Now, for a commutative DG algebra B € DGCAy, let S™(B) denote the n-th symmetric power of B, i.e.
S™(B) := [B®"]%" . By definition, S"(B) is a subalgebra of B®"; since k has characteristic 0, we may
identify S™(B) with the image of the symmetrization map Sym"(B) — B®™.

Lemma 4.1. The map [@3) restricts to a homomorphism of commutative DG algebras
(4.5) D, (A): ASY — S™(Aa) .

Proof. Consider the (right) action of S,, on M, (k) by permuting the columns of matrices: i.e., if M =
[ My,..., Myl € Myu(k) then M7 := |[My-1¢1y,..., My-1(|| for o € S,,. Define ¢ : S,, = GL, (k) by
(o) = I7, where I, is the identity matrix in M,, (k). Then, for any M € M,,(k), we have M7 = M (o).
Hence ¢ is an injective group homomorphism. We claim that (£3)) is an S,,-equivariant map provided S,
acts on A,, by restricting the canonical GL,-action via ¢. To see this recall that the GL,-action on A,
comes from the adjoint action on M,,(k), see [212). Hence it suffices to check that the following diagram
commutes for all o € S, :

Mo (An) 2225 M, [(Aa)®m)

(4.6) Ad, (o) l Id®c
1d®®,
Mu(An) =23 Ma[(Aa)®"]
In terms of generators of A,,, the left vertical map in ([&.0) is given by
— — o ot
Ad, (o) llaijll = v(0) llais |l (o) ™" = w(o) llag;ll (0 ™) = I7 llas | I = llag oyl

On the other hand, by (£4)), the horizontal maps are | a;;|| — diag(a1,as,...,a,). The commutativity
of ([4.4) is therefore obvious. Since ®,,(A) is an equivariant map, it takes invariants to invariants. O
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The functor S™(—)ap : DGA; — DGCA;, is not homotopy invariant in the sense that it does not preserve
weak equivalences and hence does not descend to a functor between homotopy categories. However, like
the representation functor (2.71), S™(—)ap admits a left derived functor that gives a functorial approxi-
mation to the induced functor at the level of homotopy categories.

Proposition 4.1. (a) The functor S™( —)ab has a total left derived functor given by
LSn( *>ab : HO(DGAk) — HO(DGCAk) , A~ Sn[(QA)ab] s

where QA is a cofibrant resolution of A.
(b) For any A € DGAy, there is a natural isomorphism of graded commutative algebras

Ho[LS™(A)ap] = S"[He(A, 1)] .

Proof. (a) The abelianization (—),p : DGAy — DGCAj is a left Quillen functor adjoint to the inclusion
DGCAr — DGAj . Hence it maps acyclic cofibrations in DGA to weak equivalences. On the other hand, the
functor S™ commutes with taking homology (see, e.g., [Q2, Appendix B, Prop. 2.1]), hence it maps weak
equivalences (= quasi-isomorphisms) in DGCA, to weak equivalences. It follows that S™(—)ap = S™0(—)ab
maps acyclic cofibrations to weak equivalences. Hence S™(— ). has a total left derived functor by Brown’s
Lemma (see, e.g., [BKR] Lemma A.2]).

(b) follows from the obvious isomorphism (—)ap 2 (—); and the fact that S™ o He = He 0 S™. O

Notation. We will write the derived functor LS™(—)a, as S™DRep,(—). This is justified by Proposi-
tion LIt indeed, for A € DGAy, we have DRep;(A) =2 L(A)ap , so S"DRep;(4) is to be computed by the
same formula as LS™(A),p.

Now, by Lemma (1] we have a natural transformation of functors ®,, : (—)S$¥ — S"(~).,. By
Theorem and Proposition 1] both ()

GL and S™(- ). have left derived functors. Hence, @,
induces a (unique) natural transformation at the level of homotopy categories:

(4.7) L®, : L(—)SY — LS™(—)ab -
For a fixed A € DGAy, this gives a canonical morphism in Ho(DGCA,) :
(4.8) ®,,(A) : DRep, (A)°Y — S"DRep, (A) ,

which we call the derived Harish-Chandra homomorphisnﬂ.

Next, we introduce natural maps combining (48] with the trace maps constructed in Section 243 To
this end, we note that the functors (—)S$%, S™( )., and the natural transformation ®,, are well-defined
on the category of augmented DG algebras (¢f. Theorem 24]). Hence we can regard (@7 as a morphism
of functors from Ho(DGAy/) to Ho(DGCAy /). Composing this morphism with the trace ([2.17), we get a
morphism of functors from Ho(DGAy /) to Ho(Com):

(4.9) LTr, : L(-); — LS™(—)ab
The next proposition shows that LTr,, is essentially determined by LTr;.
Proposition 4.2. For each n > 1, the morphism LTr, factors as
LTr, = S" o LT, ,
where S™ is the (additive) symmetrization morphism.

Proof. 1t suffices to check this on cofibrant objects. If A € DGAy, is cofibrant, then LTr,(A) = Tr,(A),
and by Lemma 1] the composite map Tr,(A4) : Ay — ASY — S"(A,p) is given by

n n
a+— E aq; — E a; .
=1 =1

9This terminology will be justified in the next section where we reinterpret the construction of ®,(A) in Lie algebraic
terms.
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where a € A, a € Ay and 0, =1®...0a®...1 € (Ap)®" (with a € Aup in the i-th position). Hence
Tr,,(A) factors through the canonical map Ay — A,p, which is nothing but Tr; (A). Note that the induced
map is given by symmetrization: S™ : A, — S™(A)ap, a — Z?:l a; . O

For any A € DGAy i, the morphism (&J) induces on homology natural maps
(4.10) Trp(A)e : HC,(A) — [He(A, 1)) .

We call (@I0) the reduced trace maps. By Proposition 2] it suffices to compute these maps for n = 1.
We will give an explicit combinatorial formula for Try(A), in our subsequent paper [BEPRW].

4.2. Interpretation in terms of Lie (co)homology. We now reinterpret the derived Harish-Chandra
homomorphism () in Koszul dual terms of Lie coalgebras. Let b, (k) denote the Cartan subalgebra of
gl,,(k), which is the subalgebra D, (k) of diagonal matrices in M,,(k) viewed as a Lie algebra. Dually,
one has a surjection of coalgebras M (k) — D} (k) where D} (k) denotes the k-linear dual of D, (k).
Hence, for any C' € DGCyj, one has a morphism M}, (C) — Dj,(C) of DG coalgebras that induces
the natural map M (k) — D (k). Viewing MZ(C) and D} (C) as DG Lie coalgebras, one obtains a
morphism gl (C') — h%(C) of DG Lie coalgebras that induces the natural morphism gl (k) — b* (k) of
Lie coalgebras. As a result, by functoriality, we get a morphism of commutative DG algebras

(4.11) D, (C) = C(al,(C), gl (k); k) — C(b7,(C), by, (k)i k) -

n

Now, let A = Q(C) be the cobar construction of C', which is a cofibrant DG algebra in DGAy, /5. Since
b, is abelian and dim b,, = n, we have canonical isomorphisms in DGCAy,

(4.12) CE(07,(C), by (k); k) = [C(gl1(C)]P™ = (Aap)®" .
On the other hand, by Theorem B.1]
(4.13) Co(gl(C), gl (k) k) = AL

With these isomorphisms we can compare ([AI1]) with the Harish-Chandra homomorphism (@35]). The
following proposition is a direct consequence of Lemma 11

Proposition 4.3. With the identifications [AI12) and [EI3), the map ®,(C) agrees with ®,,(A). The
image of ®,,(C) is contained in C°(h%(C), b (k); k) , where the action of S, on the Chevalley-Eilenberg
complex comes from the natural action on b,,.

In Section [7] we will construct the derived Harish-Chandra homomorphism for an arbitrary reductive
Lie algebra g, generalizing the above construction for gl,,. Proposition then shows that the Harish-
Chandra homomorphism for associative algebras is a special case of the one for Lie algebras.

4.3. Symmetric algebras. In this subsection, we take A to be the symmetric algebra Sym(V'), where
V' is a vector space of dimension r > 1 concentrated in homological degree 0. This is a quadratic Koszul
algebra defined by the quadratic data (V, S) with S C V®V spanned by the vectors of the form v@u—u®uv
(cf. [LVL Example 3.2.4.2]).

4.3.1. The minimal resolution. Recall that A has a canonical (minimal) semi-free resolution R = Q(Al)
given by the cobar construction of the Koszul dual coalgebra Ai = C(sV,s2S) (see |[LV] Sect. 3.2.1]).
The algebra R is the tensor algebra generated by the vector space s*A(sV), whose elements of degree
k — 1 we denote by

(4.14) Av1,v2,...,08) =8 *(svr Asua A...Asug) € s ! NFE (sV) .
With this notation, the differential on R satisfies

(415) d)\(’Ul,’Ug) = —[’Ul, ’U2] N

(4.16) dA(v1,v2,v3) = —[v1, (v, v3)] — [v2, A(vs, v1)] — [vs, A(v1,v2)]

In general, we have
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Lemma 4.2. The differential d on the minimal resolution R of A = Sym(V) is defined by

A1, = > P D (=D A1) V() AVo(pi1)s - -5 Votpra)]

pt+q=n o€Sh(p,q
1<p<q (P2

where Sh(p,q) denotes the set of (p,q)-shuffles, i.e. 0 € Spiq of the form o = (i1,...,ip;ipt1,-- ., 0ptq)
with i1 < ... <ip and ipy1 < ... <lpiq.

Proof. The proof is by direct computation using the definition of the differential on the cobar construction.
We leave the details of this computation to the interested reader. O

It follows from Lemma that R,y is isomorphic to is the graded symmetric algebra of s™1A(sV)
equipped with zero differential. Explicitly (omitting the shifts), we can write

(417)  Rap =Sym(A'Vo A VoAV o...e A V) =Sym(V) @ Sym(A2V oAV ... o ATV)
with understanding that the elements of A*V have (homological) degree k — 1.

4.3.2. Main conjecture for gl,. For A = Sym(V'), the homomorphism (@8] is given by
®,, : DRep,, (A)°Y = Sym[h! @ NNV ANV OAV @ ... oAV,

where DRep,,(A) & Sym[M} (k) ® (A'V @ A2V & A3V @...® A"V)] as a graded commutative algebra.
Explicitly, ®,, is the restriction to DRep,,(4)%" of the map of commutative DG-algebras taking each
generator of the form e” ® a to §;j¢' ® a. Here, the e”’s are a basis of M (k) dual to the elementary
matrices and the e’’s form the basis of b dual to the standard basis and « is any element in A1V @
NVONVS...eoNV.

On the 0-th homologies, ®,, induces an algebra map

Ho(®,) : k[Rep, ()% — Sym(h, @ V) .

By a theorem of Vaccarino (see [Val Theorem 3]), this map is known to be an isomorphism for all
V and all n > 1. It is therefore tempting to conjecture that ®,, is actually a quasi-isomorphism, i.e.
induces isomorphisms on homology in all homological degrees. This is indeed the case when dim(V) =1
(since Sym(V) is a cofibrant DG algebra when dim(V) = 1, and hence DRep,,(A) = A,, has no higher
homology). On the other hand, by evaluating Euler characteristics, we will show in Section that @,
cannot be a quasi-isomorphism (for all n) when dim (V') > 3. In the case dim(V') = 2, we believe that the
conjecture is still true.

To state our conjecture in more explicit terms, we choose a basis {z,y} in V and identify Sym(V) =
k[z,y]. Denote by 6 the degree 1 element A(z,y) € AV and write x; (resp., yi, 6;) for the elements e’ @ x
(resp., €@y, e'®0) in hXR(ALVBAZV). Then Sym[h: @(AVEA2V)] 2 k[z1,. .., T, Y1, Yns 01,5+, 0],
and we have

Conjecture 1. For any n > 1, the map
(4.18) ®,, : DRep,, (k[z,y])" = k[z1,. .. Zn, Y15 s Yny 01, .., 0,]°"
is a quasi-isomorphism. Consequently, there is an isomorphism of graded commutative algebras
Ho(k[xu y]u n)GL = k[xlu o Ty Y1y - ooy Yny 917 ey en]sn .
Remark. When dim(V') = 2, the map Hy(®,,) coincides with the usual Harish-Chandra homomorphism

for gl,, as defined, for example, in [J]; it is therefore natural to call ®,, the derived Harish-Chandra
homomorphism.

As a first evidence for Conjecture [Il we recall a vanishing theorem for the representation homology of
A = K[z, y] proved in [BFR] (see loc. cit., Theorem 27): for alln > 1,
H;(k[z,y],n) =0, Vi>n.

This implies that H;(k[x,y], n)“" =0 for i > n, and hence ®,, induce isomophisms (which are actually
the zero maps) in homological degrees i > n.
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For n = 1, Conjecture [l is obvious. Furthermore, we have
Theorem 4.1. Conjecture[dl is true for n = 2.

Proof. We will explicitly construct the inverse map to ® at the level of homology. To simplify notation
we set A = k[z,y] and, using [BKR] Theorem 2.5], identify Hg(A,2) = A, where Ay is the coordinate
ring of the commuting scheme of 2 x 2 matrices:

Ap = k[r11, 212, T21, T22, Y11, Y12, Y21, Y22 /1,

with I generated by the relations
T12Y21 — Y1221 =0
(4.19) T11Y12 + T12Y22 — Y1212 — Y12@22 =0
T21Y11 + T22Y21 — Y21711 — Y2221 = 0
With this identification, we define an algebra homomorphism
o 1 k[, 22,91, y2] — Ma(A2)

by
$1'—>X, LL‘Q’—}X*, y1'—>Y, ngY*,

X = ($11 1“12) Xt = (Izz —Ilz)
T21  X22 —Z21  T11
and similarly for Y and Y*. Note that X* and Y* are the classical adjoints of X and Y and the
relations ({19) imply that [X,Y] = 0. It follows that the matrices X, Y, X*, Y* pairwise commute, and
the map Wy is thus well-defined.
We claim that ¥g restricts to an algebra isomorphism

(420) \Ifo : k[$1,$2,y1,y2]S2 :> AGL2 5
2

where ASY C A, is identified with a subalgebra of scalar matrices in Ma(Az). Indeed, the invariant
subalgebra k[x1, 22, y1, y2]°? is generated by the five elements: 1 + xa, Y1 +y2, 2172, y1y2 and x1y; +
Z2Yya, which are mapped by [20) to Tr(X), Tr(Y), det(X), det(Y) and Tr(XY), respectively. It is
immediate to see that Ho(i)@o Uy = Id. On the other hand, as mentioned above, the map Hg(®) is
known to be an isomorphism1. The map ¥y is thus the inverse of Ho(®), and hence an isomorphism as
well. We will use the following notation for the generators of k[zy, zo,y1,y2]°? :

where

T(x):=x1 + 22, T(y):=wy1+vy2, D(@):=z22, D(y):=101y2, T(xy):=2x191 + 22Y2 .
Now, it is easy to check that the graded algebra k[x1, z2, Y1, Y2, 01, 02]° is generated by its degree zero
subalgebra k[z1, 29, y1,%2]°? and three extra elements of degree 1, which we denote by

T(6‘) =01+ 0, T($6‘) = 2101 + 2205, T(y&) = y101 + y2b- .
These elements satisfy the following relations
T(y) - T(xz0) - T(6) — T(x) - T(yb) - T(#) = 2T(x0) - T(y0)
(T(x)* —4D(x)) - T(y0) — (2T(zy) — T(2)T(y)) - T(x0) = (T(2)*T(y) — 2D(x)T(y) — T(x)T(zy)) - T(6)
(2T(zy) — T(x)T(y)) - T(y) — (T(y)* = 4D(y)) - T(z6) = (T(y)*T(x) — 2D(y)T(x) — T(y)T(ay)) - T(9)
On the other hand, by [BKR][Example 4.2], the full representation homology algebra He (A, 2) is generated
by Ho(A4,2) = Az and three invariant elements 7, £, n of degree 1, satisfying
T121 — Y126 = (3312y11 - y12$11)7'
211 — Y21§ = (T21Y22 — Y21722)T
(11 — z22)n — (Y11 — Y22)§ = (T11Y22 — Y11222)T
&n =y (§7) — x11(n7) = y22(§7) — w22(n7)

101y fact, the map Ho(®) coincides with the isomorphism A’ constructed in [Va, Theorem 3].
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We now extend the map ([@20) to the map
v, : k[xlv r2,Y1, Y2, 917 92]52 - H.(A7 2)

by sending
T@O)— 7, T(xh)—E&, T(yd)—n.

A straightforward (but tedious) calculation, using the above relations, shows that ¥, is a well-defined
algebra map. Its image coincides with He(A,2)%L | since Ho(A4,2) is generated over Hy(A4,2) by GL-
invariant elements, and we already know that ¥ is an isomorphism onto Ho(4,2)%L. On the other hand,
it is again easy to see that He(®) o ¥4 = Id. Hence W, is injective and is thus the inverse of He(®). O

4.4. Conjecture [T in the limit. In this section, we prove that Conjecture [ holds in the limit n — oo.

4.4.1. Supersymmetric polynomials and power sums. Let x1,..., x4 be variables of homological degree 0.
Let the symmetric group Sy act on the z;’s by permutations. Consider the power sums P; := Zj:l 3:;
It is a classical fact that the symmetric polynomials in x,...,24 can be rewritten as polynomials of
degree < d in the power sums P;, i > 1. Further, equip the variables z1,...,z4 with weight 1, making
k[z1,...,74) a weight graded (commutative) algebra. Let k[z1,...,74,...]5> = lim k[z1,...,zq)%
where the projective limit is taken in the category of weight graded algebras. Then, the homomorphism

oo
Elgi,...,qa,...] = klz1,...,zq,...]%=, qusz
j=1

is an isomorphism.

We now generalize this classical fact. Consider the set of Nd variables {z,,;, 1 <a < N, 1<1i<d}.
Assume that the variables x7;,...,Zm,;, 1 < i < d have odd homological degree, with the remaining
variables having even homological degree. In particular, in k[z,,;|1 < a < N, 1 < i < d], we have
xiﬂ- =0 for « <m. Let Sy act on these variables, with a permutation o € Sy taking x4, to T4 ,(;). Let
E[Zai|la < N, i€ NJ¥ = l'md E[Zai|l < a < N,1<i<d?% where the projective limit is taken in
the category of bigraded DG algebras and the variables x,, ; have positive weight d,. Consider the power
sums Py = ) .o, ngl zo where a := (ag,...,ay) runs over {0, 1} x zi;m.

Proposition 4.4. Let V be a k-vector space generated by variables {ga} where a € {0,1}™ x ZZZVO*’”.
(i) The homomorphism of bigraded (commutative) DG algebras
(4.21) Sym,V — k[za:i|1<a<N,1<i<d", gars Pa.
restricts to an isomorphism of bigraded k-vector spaces
SymsV = k[, [1<a<N,1<i<d%
(ii) The homomorphisms {21 induce an isomorphism of bigraded (commutative) DG algebras
Sym,V = klzai|a < N,ic N5,

Proof. Clearly, (i) implies (ii). We therefore, show (i). Any element of k[x, ;|1 < a < N, 1< i < d]%
is a k-linear combination of orbit sums of the form

where p < d and no column of the N X p-matrix p := (fta,;), 1 < a < N,1 < j < pis identically zero. If
p =1, O, is precisely the power sum P, where a = (la,1,. .., la,n). Note that

p
Ou = :l:H(P(#l,j ----- #N,j))+ZC”O”

j=1 v
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where v runs over matrices with less than p-columns (and where ¢, € k). Hence, by induction on p,
we see that O, is represented as an element in the image of Sym?p V under the homomorphism (@.2T]).
Clearly, this representation is unique. This proves (i). O

4.4.2. Proof of Conjecture [l as n — oo. The minimal free resolution of A = k[z,y] is given by R =
k(xz,y,0) with differential df = [z, y]. Then R, = k[z,y,0] with df =0 and

S™(Rap) = k[a:l,...,xn,yl,...,yn,91,...,9n]5" ,n>1.

By Theorem 26, He(R;) = HCo(A); on the other hand, by [[, Theorem 3.4.12], we can identify
HC,.(A) = Q°*(A)/dQ2*1(A), where Q°*(A) is the algebraic de Rham complex of A. With these identifi-
cations, the reduced trace maps ([@.I0) are given by the following formulas (see [BEPRW])

n

ﬁ71(*‘4*)0 A — Sn(Rab)u P(.’L’,y) = Z P(Uﬁuyz) )
=1

Tra(A) 2 QY(A)/dA = S™(Rap), [P(a,y)da + Q(a,y)dy] = > (Py(wi,9i) — Qulwis i) 0;

i=1

Using these formulas, it is easy to prove the following fact.

Lemma 4.3. The image of Tr,(A)e in S™(Rap) is spanned by the power sums
Pape == Zﬂﬁfyf@f ) (avbuc) € Z2ZO X {07 1} :
i=1

Endow R with the structure of a bigraded DG algebra, where z,y € R have weight 1 and homological
degree 0 and # € R has weight 2 and homological degree 1. Note that there is a natural (surjective)
homomorphism S™(Rap) — S™ H(Rap) for any n > 2. Let S®°(Rap) = lgln S™(Rap) where the projec-
tive limit is taken in the category of bigraded commutative (DG) algebras. Using Proposition 4] and
Lemma [£3] we can now establish the following result, which can be viewed as a further evidence in favor
of Conjecture [I1

Theorem 4.2. Let ®,, be the derived Harish-Chandra homomorphism for A = klz,y], see [AI8).
(i) For anyn > 1, the map He(®,) is degreewise surjective.
(ii) The map He(Poo) is an isomorphism of bigraded commutative algebras.

Proof. Note first that we have a commutative diagram
Sym,, (HC,(4))

Sym Try, (A)e
Sym Tr,, (A)e

Ho(A, )00 — 2] gn(p,,)

The map ®,, being surjective follows from Lemma (3] and Proposition 4 (i). The map P, being an
isomorphism follows from Proposition B4 (ii), which says that Sym Tro(A)e is an isomorphism and
from [BR] Theorem 4.4], which says that Sym Tro(A)e is an isomorphism. O

Note that part one of Theorem [£.2]is the surjectivity part of Conjecture[l} thus, to prove Conjecture[l]
it suffices to prove that the map He(®,) is injective. As a corollary of Theorem [£.2] we obtain (in the
gl,, case) a classical result of A. Joseph (¢f. [J], Theorem 2.9).

Corollary 4.1. The restriction map
(4.22) Symy,[gl, (k) @ gl (k)] %" = Symy b (k) @ ba (k)5 2= klzr,. . @, g1, ya)

is (graded) surjective.
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Proof. Note that [£22) is precisely the composite map
Ho(Pn n
KlRep,, (k(z, )] > kRep,, (K[, y)| 5 2222 7 (ko))
The surjectivity of [@22]) thus follows from that of Ho(®,,). O
4.4.3. The case of three variables. One might expect that Conjecture [I] extends to polynomial algebras
of more than two variables. We now show that this is not the case. In fact, Conjecture [ fails already
for polynomials of three variables. Let A = k[xz,y, z]. As in [BFR] Section 6.3.2], we write the minimal
resolution of A in the form R = k{z,y,2,£,0,\,t), where degz = degy = degz = 0, degé = degf =
deg A =1 and degt = 2. The differential on R is defined by
A€ =ly,2z], db=[z3], dx=[z,y], dt=[z,&+][y,0]+[zA.

Again, we equip R with the structure of a bigraded DG algebra, with x, y, z having weight 1, £, 6, A having
weight 2 and ¢t having weight 3.

As in Section[. 4.2 we can define S (R,1,) as a projective limit in the category of bigraded commutative
(DG) algebras. Note that Proposition .4 (ii) implies that S*°(Ra,p) can be naturally identified with the
free bigraded commutative (DG) algebra generated by the power sums

(4.23) Pyi= ) GARORay oz
=1

where the multi-index a := (ay,...,a7) runs over {0,1}3 x Z420.
Now, by Theorem and [L} Theorem 3.4.12], we can identify

He(Ry) = HC,(A) = Q°(A)/dQ*1(A)
where €2°(A) is the algebraic de Rham complex of A. This shows, in particular, that HC;(A) vanish for
i > 3. Representing the cyclic classes in HC((A4), HC;(A) and HC3(A) by differential forms
wo=P, w =Pdr+Qdy+ Rdz, ws= PdxANdy+ QdyANdz+ RdzAdx,
we have the following formulas for the (reduced) trace maps ([@I0) derived in [BEPRW]:

ﬁoo(A)O [OJQ] = Z Pl ,
i1
Troo(A)r [w1] = Z(PZ—QQ)M+(Q§ —R))& + (R, — P1)6;

N
Il
-

NE

1

-
Il

WK

+ (Pl + QL+ R))t; .

1

.
Il

Here, P,, Py, P,, Pyy, ... denote the derivatives of a polynomial P € k[z,y,z], and P’ stand for the
corresponding elements P(z;,y;, z;) € S (Rab)-

The above formulas show that the image of the map Tro.(A)e is spanned by power sums ([@23).
However this map is not surjective: for example, it is easy to see that no power sum P, with a4 > 2
appears in the image of Tro,(A)e. By [BRL Theorem 4.4], we conclude

Proposition 4.5. The map He(®o) : He(A,00)CF — S¥(R,1,) is injective but not surjective.

Proposition implies that if dim(V) = 3, the derived Harish-Chandra homomorphism ®,,(A) for
A = Sym(V) cannot be a quasi-isomorphism for any n. More generally, in Section (2] we will show
that ®,,(A) is not a quasi-isomorphism when dim(V) > 3. Thus Conjecture [Il does not extend to higher
dimensions. There is, however, another natural way to generalize this conjecture in which case we can
actually prove that it holds.
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4.5. Quantum polynomial algebras. In this section, we will show that (the analogue of) Conjecture(Il
holds for the g-polynomial algebra

Ag = kiz,y)/(zy —qyz) , q€k”.
Precisely, we will prove

Theorem 4.3. If g € k* is not a root of unity, the derived Harish-Chandra homomorphism
®,,(A,) : DRep,,(4,)°" — S"DRep, (4,)
is a quasi-isomorphism for all n > 1.

We expect that the result of Theorem holds for an arbitrary value of ¢ (except possibly for ¢ = 0);
however, our proof of Theorem [3]relies on the following vanishing result that requires the restriction on
q.

Lemma 4.4 ([BFR]). If ¢ € k* is not a root of unity, then, for all n > 1,
Hi(Ag,n) =0, i>0.
For the proof of Lemma [£4] we refer the reader to [BFR] Section 6.2.2].

Proof of Theorem[.3 Let us restate the claim of the theorem in explicit terms. The minimal cofibrant
resolution of A, is given by the free DG algebra R = C(z,y,0) with x,y of degree 0, 6 of degree 1,
and the differential defined by df = zy — qyxr. Hence, DRep,,(44) and S"DRep; (A4,) are represented
respectively by the following DG algebras

(424) Bn = k[Iijyyija Hij . ’L,j = 1, 2, . ,n]GL 5 dﬁu = Z (Iikykj — qyikxkj) 5
k=1

(4.25) E, =klz,yi, 0 :i=1,2,....n]% , db; = (1 — q@)ziy; .
The derived Harish-Chandra homomorphism (8] is explicitly given by

(426) (I)n : Bn — En s Tij — (S”.IZ s Yij — 5133/1 s Hij — 5”91 .
We need to show that ([@26]) is a quasi-isomorphism.

First, we put an augmentation on the algebra A, letting e(x) = ¢(y) = 0. The DG algebra R, and hence
B, and E,,, then become augmented in a natural way, and the map (£20) preserves the augmentations.
Next, using the notation of Section 2.4.3] we set R; := R/[R,R] and define W to be Sym(Ry). Note
that W is filtered by the graded vector spaces W<" := SymS"(Ru) , each of which carries a differential
induced from R. We may think of Ry as the space of cyclic words in letters x, y, 0 ; then, W=" is spanned
by products of at most n such words.

Now, consider the composition of morphisms of complexes

(4.27) wsr Iy g 20 g

The first map in (£27) is defined by the trace morphism ([ZI7): explicitly, it sends a cyclic word to the
corresponding trace expression (e.g., xy# — >, .} i;y;k0ki). The second map is the Harish-Chandra
homomorphism (£26).

We claim that each arrow in (£27) is actually a quasi-isomorphism. To see this we first show that
the composition is a quasi-isomorphism. By Theorem 2.6] the homology of Ry can be identified with the
reduced cyclic homology HC,s(A4,). When ¢ is not a root of unity, the latter is known to vanish in all
positive degrees while spanned by the cyclic words {2P} and {y?} in degree 0 (see [Wa, Théoreme 2.1]):
ie.,

HC,(4q) = HCo(4q) = @ (ka” @ ky”)
p=1
This implies
(4.28)  Ho(WS") = Ho(W=") = Sym="[Ho(Ry)] = Sym="[HCo(4,)] = k[X,, Y, : p=1,2,.. 5",
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where the variables X,, and Y}, correspond to the cyclic words z? and y?.
Now, by Proposition [4(i), we can identify
En = Symgn(Rab) )
where R,p & k[x,y, 0] with differential df = (1 — ¢)zy. In this case, He(Rap) is concentrated in degree 0
and Ho(Rap) is spanned (as a vector space) by the classes of 2P and y? with p > 1. Hence the natural
projection R, —» R,;, induces an isomorphism of graded vector spaces H, (Ry) 5 He(Rap), which gives

(4.29) Ho (WS") 55 Ha (E,) .

It is easy to see that the isomorphism ([£.29) is actually induced by the composite map (L.27): thus (£.271)
is a quasi-isomorphism. Now, by [BR] Theorem 3.1], we know that the trace map Tr,, : W=" — RV is
(degreewise) surjective. Since both W=" and RS are non-negatively graded, the map induced by Tr,
on the zero homology is also surjective:

(4.30) Ho(Tr,,) : Ho(W=") — Ho(B,)

On the other hand, by Lemma 4] the homology of R,, is concentrated in degree 0. Since GL, (k) is
reductive, this implies

(4.31) He(B,) = He(R,,)" = Hy(R,)®F = Hy(B,,) .

Combining ([£29), (£30) and (@3T]), we now see that ([£21) induces an isomorphism

(4.32) Ho(W=") — He(B,) — He(E,) ,

where the first arrow is also surjective. It follows that both maps in (£32)) are isomorphisms. In particular,
®,, is a quasi-isomorphism. O

Remark. Note that ([A28]) gives isomorphisms
(4.33) He(B,) 2 He(E,) 2 k[X,, Y, : p=1,2,..]5"

where the variables X, and Y}, have homological degree 0.

)

5. EULER CHARACTERISTICS AND CONSTANT TERM IDENTITIES

In this section, we compare the Euler characteristics of both sides of Conjecture [Il and prove the
resulting identities for all n. Throughout, we assume that k = C.

5.1. A constant term identity for gl,,. The target of the Harish-Chandra homomorphism (I8 is the
graded commutative algebra E,, := C[z1,...,Zn, Y1, Yn, 01, .. .,0,]"" with z;,3; of homological degree
0 and 6; of degree 1. It has an additional Z? grading, which we call weight, such that wt(z;) = (1,0),
Wt(yl) = (0, 1), Wt(ei) = (1, 1)

Let G (q,t,s) be the generating function

Gul(g,t,8) =Y dim(En)g,aps"q"t"
of the dimensions of the homogeneous components (Ej,)q4,q.5 of degree d and weight (a, b)
Lemma 5.1. G,(q,t,s) is equal to the coefficient of v™ in the Taylor expansion at v =0 of

H 1+ g2 Hbtlsy
_ qa+4b
2430 1 — q%tbv

Proof. A generating set is given by the S,, orbit sums of monomials §”z*y* with exponents \, p € 7%,

v € {0,1}™. Such an orbit sum contributes gl * VIl +1¥I5lv] to the generating function, where |A| = 3" \;.

To get a basis we take the subset of such orbit sums whose exponents obey (i) v is a partition: v; > v;41

foralli=1,...,n—1, (ii) \; > A\iy1 whenever v; = v;41, (iil) p; > pi41 whenever v; = ;41 = 0 and

Ai = N1 and (iv) p; > pip1 whenever v; = v;47 = 1 and \; = Aj41. Such data are in one-to-one

correspondence with families (mgqp) of non-negative integers labeled by triples (d,a,b) € {0,1} x Z2,
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such that [m| = 3", . Mdap = n and mies < 1: for (v, A, p) obeying (1)—(iv), Mdap is the number of parts
of size b of the partition (u;)jes where j € J iff v; = d and A; = a. This gives

ZG q,t,s H Z qmatmb m H Z qm (a+1) tm(b+1) m,m

a,b>0m=0 a,b>0m=0
14+ qa+1tb+18’l)
- H 1 — qotbw
a,b>0 q
O

The (weighted) Euler characteristic of E,, is the value of G,, at s = —1, where the formula simplifies
considerably. Let us use the standard notation (v;¢)sc = [[724(1 — @), (V;Q)n = (V;9) 00/ (q"V; @)oo

Corollary 5.1. The Euler characteristic x(Ey,q,t) = Gn(q,t,s = —1) is the coefficient of v™ in the
Taylor expansion at v =0 of the function
1—-w
(V3 @)oo (V3t)oo
More explicitly,
tI
— (@ q)n—j(t:1);

Proof. The first statement is immediate from Lemma 5.1} the second follows from the well-known Rothe
identity

X(En,q,t) =

QMS

n

:,;()(qq)

O

Let us compare this Euler characteristic with the Euler characteristic of the graded commutative

algebra B, := RS" underlying the invariant part of the complex computing representation homology.
Here

Rn = (C[xij,yij,@ij . Z,j = 1, e ,n].
Again, we assign degree 0, 0, 1 and weight (1,0), (0,1) and (1,1) to x;;, yi;; and 6,;, respectively.
The weighted Euler characteristic of B, can be extracted from the character valued weighted Euler
characteristic

X(Rn,q,t,u) = Ztrace u|(Rn)d,ap)(— )dq“tb, u = diag(uq,...,u,) € GL,
of the GL,,-module R,,.

Lemma 5.2.

1 — qtu;/u;
X(Rn,q,t,u) =
15!;[91 (1 = qui/ui)(1 — tui/uy)

Proof. We use the basis of monomials, noticing that u acts on x; j, v, j, 0;,; by multiplication by w;/u;. O

To find the weighted Euler characteristic of B,, we need to select the coefficient of 1 in the expansion
of the coeflicients of the character valued Euler characteristic in Schur polynomials. This is obtained by
taking the 1/n! times the constant term of the product with the Weyl denominator:

Corollary 5.2. Let CT: Z[ui?, ..., u[[q,t] — Z[[q,t]] be the constant term map. Then

X(an q, t) =

(1—qt)" (1 — qtui/u;) (1 — wi/u;)
E (1 — q)n(l — t)" CT 1<i171<n (1 — qul/u])(l — tuz'/u]‘) '
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Now, Conjecture [[limplies the equality

(51) X(Enaqvt) :X(BH7Qat) )
which, using Corollary [5.1] and Corollary 5.2l we can write as the following identity

(5.2) R U e CT 11 (1 — qtui/uj)(1 = uifu;) Zn:( v

n! (1—¢)"(1- r<idien (L= qui/ug)(1 = tuifug) = (@ @)n—j(t:1);
The main result of this section is

Theorem 5.1. The identity [2) holds for all n > 1.

Proof. This is an immediate consequence of Theorem (L3l Indeed, if we forget differentials, the com-
mutative algebras B, and E, introduced in this section coincide with the algebras [@24]) and (€.23)
introduced in Section The differentials in [@24) and ([@25]) respect the weight gradings and so
does the Harish-Chandra homomorphism ([@26]). Theorem thus implies the equality (B.Il) which is
equivalent to (5.2]). O

Remarks. 1. The last isomorphism in (£33) allows one to compute the right-hand side of the identity
(52) directly, without using Lemma Bl Indeed, C[X,, Y, : p = 1,2,...]S" consists of polynomials
in X1,Y7,X5,Y5,... of degree < n. The number of monomials of degree exactly n and of bidegree
(a,b) is the coefficient of v"gt" in the generating function [[,~,(1 — vg®)~1(1 — vt*)~1. The number
of polynomials of degree < n can be obtained by multiplying this function by 1/(1 — v). The result of
Corollary .11 follows then easily from (@33).

2. The identity (5.2 can be rewritten equivalently in the following form

/ det(1 — gt Ad(g)) Z det(1 — gto)

Uy det(l — qAd(g)) det(1 — tAd(g)) ol det(1 — go)det(1 —to) ’

where the integration on the left is taken with respect to the normahzed Haar measure over the n-th

unitary group U(n) and the determinants on the right are taken with respect to the natural action of S,

on C™. In this form, the identity (2.2]) extends to an arbitrary reductive Lie algebra (see Section B2)).
3. The left-hand side of (5.2)) is the expansion at ¢ = ¢ = 0 of an integral over the product of unit

circles |u;| = 1 defined for |g|, [t| < 1 and can be computed by iterated residues with the following
result: let Z,(q,t) be the left-hand side of (£.2) and Z(v,q,t) =1+ > .2 | Z,(g,t)v™ the generating

function. Then
)N
Z(”u‘]vt) exp (Z |)\| WX(Q? )) .

The sum is over all partitions (non-increasing integer sequences converging to 0) A = (Ay > Ay > --- > 0)
of positive size |A| = >  A;. The coefficient W (g, t) is a regularized product over the boxes (i,j) of the
Young diagram

Y(A) ={(i,j) €Z*,1 <j< N} ={(i,j) € Z°,1 <i < N}
of the partition A\, with conjugate partition X :

— g3t (1 = g~ 1t
WM.ty = [T Q- ge)d —q77)
) (1 _ q)‘i_j""lt_)‘j-ﬂ)(l _ q_>‘i+jt>\j_l+l)

(1,5)€Y (N)
In the regularized product II' we omit the factor 1 — ¢°t° appearing at (i,5) = (1,1). Using the product
formula of Corollary 5.1 for the generating function of the right-hand side of (5.2]) we see that the identity

(2 is equivalent to
S Wil 1-gt 1,2
Aa.t ﬁ’ n==54...
Fy 1—gm)(1—tm)
This calculation is a trigonometric version of a similar calculation occurring in supersymmetric gauge

theory [N]: the Nekrasov instanton partition function of ' = 2 super Yang-Mills theory on R* with
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U(N) gauge group has both an integral representation and an expression as a sum over collections of
partitions (see [N], (3.10) and (1.6), respectively). They are related by iterated residues.

5.2. Other examples. As mentioned earlier, the Harish-Chandra homomorphism @, (A) induces an
isomorphism on the 0-th homology for any commutative algebra. In Section 4.3, we have shown that
this isomorphism cannot be extended to higher homologies for A = k[x,y, 2] . We now give a general
argument showing that ®,, is not a quasi-isomorphism for A = Sym(V') when dim(V') > 3. We will also
look the algebra of dual numbers, in which case the analog of Conjecture [ also fails.

5.2.1. Euler characteristics for arbitrary symmetric algebras. Our aim is to prove
Proposition 5.1. The derived Harish-Chandra homomorphism

®,, : DRep,,[Sym(V)]°Y = Sym(h! @ AN'V O AV OV @ ... @ A"V))5
is not a quasi-isomorphism when the dimension r of V' is at least 3 (and when n > 2).

Proof. Suppose that r := dimy V' = 3. Choose a basis {z,y, 2z} of V. Note that both DRep,, (Sym(V))S"
and Sym(h @ (A'V @ A2V @ A3V))5» are Z3-graded, with  having weight (1,0,0), y having weight
(0,1,0) and z having weight (0,0, 1) (these weights uniquely determine the weight of each generator of
DRep,,(Sym(V)) as well as the weight of each generator of Sym(h: ® (A'V & A2V & A3V))). Further
note that by its very construction, the derived Harish-Chandra homomorphism is weight preserving. We
then claim that

Lemma 5.3. The subcompleves of weight (1,1,1) in DRep,, (Sym(V))%Y and Sym(h: @ (A'V @ A2V @
A3V))Sn have different Euler characteristics.

This shows that ®,, cannot be a quasi-isomorphism when r = 3 and n > 2. Further, when r > 3, one
can choose a basis {z1,...,2,} of V, and equip both DRep,, (Sym(V))®" and Sym(h% @ (A'V & A2V @
AV @...®A"V))% with the Z"-grading determined by fixing the weight of x; to be (0,...,0,1,0,...,0)
(with i-th coordinate 1). Again, the derived Harish-Chandra homomorphism is weight preserving by
its very construction. Further, it is easy to see that the subcomplexes of weight (1,1,1,0,...,0) in
DRep,, (Sym(V))%L and Sym (b @ (A'VBA2VSAV @. . .A"V)) " are isomorphic to their counterparts
for the case when r = 3. Thus, Lemma [5.3] implies the desired proposition in general.

It remains to verify Lemma 53] For notational brevity, we write { := —A(z,y), n = —A(z,2),
¢ := =Xy, z) and t := —A(x,y, z). Then, the minimal resolution R is generated by z,y, z,¢, n, &, t with
d¢ = [z,y], dn = [z,2], d€ = [y, 2] and dt = [, 2] + [, y] + [¢, z]. Thus, DRep,,(k[z,y, 2]) is generated
by the variables x;, vij, 2ij, Cijs Mij, Eijs tij for 1 < 4,5 < n where z;; := € ® z, etc. The subcomplex of
DRep,, (k[z,y, 2])¢F of weight (1,1,1) is of the form 0 — Cy — C; — Cy — 0 where

Cy = Span{Tr(t)}
C1 = Span{Tr(¢x), Tr(ny), Tr(C2), Tr(§)Tr(z), Tr(n) Tr(y), Tr(¢)Tr(z)}
Co = Span{Tr(zyz), Tr(zzy), Tr(zy)Tr(2), Tr(yz)Tr(z), Tr(zz) Tr(y), Tr(x) Tr(y) Tr(z) }

For n > 3 the above elements are linearly independent. When n = 2, there is one relation:
Tr(zyz) + Tr(zzy) — Tr(zy)Tr(z) — Tr(yz)Tr(x) — Tr(za)Tr(y) + Tr(x)Tr(y)Tr(z) = 0.
Hence, x(DRep,, (k[z,y,2])GH 1)) = 1 when n > 3 and 0 for n = 2.

a .
On the other hand, writing x; := €' ® x, etc., we identify Syml[h* @ (A'V @ A2V @ A3V)]%» with

A::k[xla"'anuyh"'Jyn7217'"7277,7517'"7577,77717'"777n7<17"'7<n7t17-'-7tn]sn-
In homological degree 0, we have
Ao(1,1,1) = Span( > Tayszc)

(a,b,c)€O
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where O rtuns over the orbits of S, in {1,...,n}3. For n > 3 there are five such orbits: those of
(1,1,1),(1,1,2),(1,2,1),(2,1,1) and (1,2, 3). In homological degree 1,

Ar(1L,1,1) = Span( Y &awn, D Na¥sr Y CaZ)

(a,b)eO (a,b)eO (a,b)eO

where O runs over the orbits of S,, in {1,...,n}?. There are two such orbits: those of (1,1) and (1,2).
Finally,

As(1,1,1) =Span(t; + ...+ t,) .
Thus, the Euler characteristic of A(1,1,1) is 0 when n > 3 (and —1 when n = 2). This verifies Lemma[5.3]
thereby completing the proof of Proposition [5.11 O

5.2.2. Dual numbers. Let A := C[z]/(2?), the algebra of dual numbers. In this case, C = T¢(V) where
V is a 1-dimensional vector space in homological degree 1. Explicitly, Q(C) is the free DG algebra
R = C(z,t1,t2,....) with z having homological degree 0 and ¢; having homological degree ¢ for all
i € N. The differential on Q(C) is given by

dtp = xtp_1 —titp2+ ...+ (_1);071151)_11:7 p>1.

Note that as DG algebras, both A and R are weight graded as well, with the weight of x being 1 and that
of t,, being p+1 for all p > 1. Note that the derived Harish-Chandra homomorphism is weight preserving
by its very construction. Also, all the complexes involved have finite total dimension in each weight
degree. To see that the derived Harish-Chandra homomorphism is not a quasi-isomorphism in this case,
it suffices to check that the weighted Euler characteristics x(DRepy(A4)Y, q) and x((DRep, (A4)®?)%2, q)
differ. Here, for V' a weight graded complex of C-vector spaces that has finite total dimension in each
weight degree, we define the weighted Euler characteristic of V' by

X(Viq) := > _(=1)" dime Vi (5)¢’
0,J
where V;(j) is the component of V; of weight j.
Note that 1
X(S?DRepy(4),q) = 5[x(DRep;(4),q)* + x(DRepy (4), ¢*)]

Since x(DRep; (A),q) = [Tpz; (1 — ¢*F2)(1 — )=t =32 ) g/UT/2,
(5.3) X(S?DRep;(A),q) = 1+q+ ¢ +¢* +¢" +2¢°+ ...
On the other hand (see [BR], Section 7.6]),

\(DRep,(4)%,q) = [ T[det(t g Ad(g))V'dy.
U(2) ;-4
The above integral is taken over the unitary group U(2) C GL2(C), where the Haar measure dg is
normalized so that the volume of U(2) is 1. The determinant is taken in the adjoint representation of
GL2(C) on M2(C). The above integral can be computed directly, giving
1
(5.4) X(DRep,(A)%", q) = T-q
Comparing (53) and (54), one sees that the derived Harish-Chandra homomrphism
2 : DRepy(Clz]/(¢?))*"* — S?DRep, [Cla]/(z?)]

is not an isomorphism in Ho(DGCAy /).

6. DERIVED REPRESENTATION SCHEMES OF LIE ALGEBRAS

In this section, we construct a (derived) representation functor on the category of DG Lie algebras.
We prove a basic result (see Theorem [65) relating the derived representation functor of Lie algebra with
the homology of a Lie coalgebra defined over a Koszul dual cocommutative coalgebra.
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6.1. Classical representation schemes. Let g be a finite-dimensional Lie algebra. For any lie algebra
a, there is an affine scheme Repg(a) parametrizing representations of a in g. More precisely, the functor

g(—) : CommAlg, — LieAlg,, B+~ g(B) :=g® B

has a left adjoint
(~)g : LieAlg, — CommAlg,, a+—> ag.

In particular, for a fixed Lie algebra a, the commutative algebra ag represents the functor']
Repg(a) : CommAlg, — Sets, B+ Homyieng, (a,9(B)).

By definition, ag4 is the coordinate ring of the affine scheme parametrizing the representations of a in g.
For example, if a is the abelian two dimensional Lie algebra over k and if g is reductive, then Repg(a) is
the classical commuting scheme of the Lie algebra g.

In this section, we extend the functor (—)4 to the category DGLA; of DG Lie algebras and derive it
using the natural model structure on DGLA;. We then define the representation homology He(a, g) as the
homology of the corresponding derived functor.

6.2. Quillen equivalences for Lie (co)algebras. We begin with a brief review of the bar/cobar for-
malism in the Lie setting.

6.2.1. Basic functors. Recall that DGCAy /. denotes the category of commutative DG algebras augmented
over k. Let DGLA; denote the category of DG Lie algebras over k. Let DGCCy, /. denote the category of DG
cocommutative conilpotent coalgebras co-augmented over k. Similarly, let DGLC; denote the category of
DG conilpotent Lie coalgebras over k (recall that a DG Lie coalgebra over k is conilpotent if it is the
direct limit of k-linear duals of finite-dimensional nilpotent DG Lie algebras).

There is a pair of adjoint functors

(6.1) Qcomn : DGCCy /), = DGLA, : Blie ,

where By;, is defined by the classical Chevalley-Eilenberg complex of a DG Lie algebra (see Section [B.1])
and Qcomn : DGCCy, /k —> DGLA is the functor assigning to a cocommutative DG coalgebra C the free Lie
algebra on C[—1] equipped with a differential d; + da where d; is induced by the differential on C' and
where ds is the lifting of the composite map

H-1]eC 2222

(Here, Ay : k[—1] = k[-1] ® k[—1] maps 11 to —1g—1] ® 1y} and

the coproduct on C).
Dually, there is a pair of adjoint functors

Qi

k[—1] @ k[-1] ® Sym?(C) = A%(

(-1

).
C — Sym?(C) denotes

>

(6.2) Quie : DGLC), = DGCAy /i ¢ Beomn

where Q. is defined by the Chevalley-Eilenberg complex of a DG Lie coalgebra (see Section [3.1]), and
Bomn : DGCAy/;, — DGLCy is the functor taking each R € DGCAy ), to the cofree DG Lie coalgebra £(R[1])
equipped with (co)differential d; + do where dy is induced by the differential on R and where do is
determined by the composite map

A2(R[1)) = k[1] ® k[1] ® Sym?(R) 22 k(1] ® R = R[]
(Here, 1 identifies 1j1) ® 11y with 1,57 and g Sym?(R) — R denotes the multiplication map).

Notation. If there is no danger of confusion, we will use the notation C := Brje and C® := ;. for the
Chevalley-Eilenberg functors on Lie algebras and Lie coalgebras, respectively.

L This functor in a more general operadic setting is briefly discussed in [G1], Section 6].
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6.2.2. Model structures and Quillen theorems. The following theorem collects basic facts about the model
structures and Quillen equivalences for Lie (co)algebras: part (i) is well known (essentially, due to Quillen
[Q2]); for part (ii) and (iii), see, for example, [Hil Theorems 3.1 and 3.2] and [SW] Corollary 4.15].

Theorem 6.1. (i) The categories DGCAy, ), and DGLAy have model structures where the weak-equivalences
are the quasi-isomorphisms and the fibrations are the degreewise surjective maps.

(ii) The category DGLCy, (resp., DGCCy ) admits a model structure where the weak equivalences are the
maps [ such that Qeon(f) (resp., Quie(f)) is a quasi-isomorphism and the cofibrations are degreewise
monomorphisms.

(iil) For the above model structures, the pairs of functors (61 and [G.2) are Quillen equivalences.

Note that part (iii) says that the functors (€ and (62) induce derived equivalences

LQ¢omn : Ho(DGCCy, /1) = Ho(DGLAy) : RBLse,
L. : Ho(DGLC)) = Ho(DGCA/x) : RBoom -

6.2.3. Relation to DG algebras and linear duality. We now introduce the following functors on coalgebras:
the co-abelianization functor (-)* : DGCy, /k — DGCCy /), assigning to a DG coalgebra C' its maximal
cocommutative DG subcoalgebra C*” C C' (this functor is dual to the abelianization functor (Z6)); the
universal co-enveloping coalgebra functor U¢ : DGLC; — DGCy/; dual to the universal enveloping algebra
functor U : DGLAy — DGAyy ; the Lie coalgebra functor Lie® : DGCy/, — DGLCy assigning to each C' the
co-augmentation coideal C' viewed as a DG Lie coalgebra (this functor is dual to the Lie algebra functor
Lie : DGAy/, — DGLA; assigning to A € DGA/;, the augmentation ideal A viewed as a DG Lie algebra.
Their relationship to Quillen equivalences (6.1 and (6.2) is summarized by the following theorem.

Theorem 6.2. In each of the following diagrams the square subdiagrams obtained by starting at any
corner and mapping to the opposite corner commute (up to isomorphism).

Q Q

DGCy/p <—= DGAy/k DGCp/p <—= DGA/k

(6.3) in| | () u| |cie  cie| U (Dan| |in
QComm QLie

DGCCy <~ DGLA DGLCy —= DGCA
BLie BComm

Proof. Let C € DGCCy . Let £V denote the free Lie algebra generated by a graded vector space V.
Since Ty, V =2 U(LV) as graded k-algebras, we have an isomorphism of graded algebras

Q(C) = Ueom(C)] -

The fact that this isomorphism commutes with differentials follows from the fact that the coalgebra C'
is cocommutative. Hence, on the category of cocommutative DG coalgebras, we have an isomorphism of
functors

(6.4) Q =~ U o Qcomn -

By adjunction, this gives an isomorphism

(6.5) By, 0 Lie = (-)** o B.

which proves the result for the first diagram in ([G3]). A similar argument shows that

(6.6) (“)ab 0 2 = Q. 0 Lief.

which by adjunction (together with (6.8])) gives an isomorphism of functors on commutative DG algebras:
(6.7) B = U° o Beom -

This establishes the desired result for the second diagram in (G.3)). O
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The following theorem is an immediate consequence of [SW| Theorem 4.17], which explains the canon-
ical linear dualities relating Lie algebraic and coalgebraic Quillen functors.

Theorem 6.3. (i) For g € DGLA, there is a natural isomorphism

(6.8) Qie(g") = Brie(g)” -
(ii) For & € DGLCy, we have a natural isomorphism
(6.9) Biie(6") = Quie(®).

Remark. Note that Brpie(g)* is precisely the complex of Lie cochains of g with trivial coefficients. In
particular, Hq(BLic(g)*) = H™*(g; k) (where H® denotes Lie cohomology). Thus, the isomorphism
explicitly relates the homological and cohomological Chevalley-Eilenberg complexes. In addition, Theo-
rem [6.2] and Theorem hold in the bigraded setting. In that setting, (—)* means taking the bigraded
dual.

6.3. Derived Representation schemes.

6.3.1. Convolution Lie algebras. For a fixed & € DGLC, and A € DGCAg, we define a Lie bracket on
Hom(®, A) by
[f, g]:==mo (f@g)o]-|

where m: A® A — A is the multiplication map on A, and |-[: & - & ® & is the Lie cobracket on &.
For & € DGLCy, fixed, this gives a functor
(6.10) Hom(®, ) : DGCAj, — DGLAy .

which we call a convolution functor.

6.3.2. The left adjoint functor. For arbitrary elements £,7 in a DG Lie algebra a and for x € &, let
(Jz[, &,n) denote the image of x ® £ ® n under the composite map

(6.11) BRa®a - 8600 (6 ®a)®? - Sym?*(¢ ® a) — Sym, (6 ® a)
The following proposition describes the left adjoint for the Lie convolution algebra functor Hom(&,-).
Proposition 6.1. The functor [6I0) has a left adjoint () : DGLA, — DGCAy , which is given by
arag = Symy (6 @a)/(z @ [¢,n] - (z[,£,1)) ,
where (&,n,]z]) is defined by (GII]).
Proof. For B € DGCAj, consider natural maps
Hompgra, (¢, Hom(®8, B))“—— Homgen, (a0, Hom(&, B))
~ Homcon, (iﬁ ®a,B)
Hompgey,, (a6, B)“——— Hompge,, (Syrlnk(QS ®a), B)
The map
(6.12) Hompgy, (a, Hom(®, B)) — Hompgea, (Sym,(® ® a), B)
obtained by following the upper right part of the above diagram is explicitly given by
(f : a— Hom(&,B)) — [f : Sym, (6 ®,a) = B, 2®¢— (=D fe) ().

Further, by a straightforward calculation, f is a DG Lie algebra homomorphismiff f([¢, n]) = [f(&), f(n)]

iff forall &, n € aand z € &, f (x® [¢, n] — ([, £,1)) = 0. This shows that the image of the map (6.12)
is precisely Hompges, (ae, B). This proves the desired proposition. |

As a consequence of Proposition [6.1] we obtain:
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Theorem 6.4. The pair of functors ()¢ : DGLA; = DGCAy, : Hom(®, -) is a Quillen pair. As a result,
the functor (-)s has a (total) left derived functor

L(-)e : Ho(DGLA;) — Ho(DGCAg), a— (Qa)s
where Qa = a is any cofibrant resolution in DGLA.

Proof. By Proposition[6Iland [DS|, Remark 9.8], it suffices to check that Hom(®,—) preserves degree-wise
surjections and quasi-isomorphisms. This is obvious. O

The functor Hom(®,—-) can be modified naturally to give a functor on augmented commutative DG
algebras -
Hom(®, ) : DGCAy i, — DGLA;, A+ Hom(®, 4).
The left adjoint (~)e of Hom(®,—) : DGCAy/;, — DGLA, is the functor assigning to each a € DGLA; the
commutative DG algebra ag equipped with the canonical augmentation
€:as — k

corresponding to the 0 € Hompgra, (0, Hom(®, k)) under the adjunction (6I3). As in Theorem [6.4] it is
easy to verify that the pair of functors (~)e : DGLA; = DGCA;/, : Hom(®,-) is Quillen. Hence, (-)s
has a left derived functor

L(-)e : Ho(DGLA;) — Ho(DGCA /),
which, after applying the forgetful functor Ho(DGCAy, /) — Ho(DGCA) coincides with ()¢ : Ho(DGLAg) —
Ho(DGCAy,).

6.3.3. Derived representation schemes. Let g be a finite-dimensional Lie algebra over k. Let & := g*,

the dual Lie coalgebra. Then,
Hom(®,4) = Hom(g*,A) X g A =: g(4).
Thus, the commutative DG algebra ay := ag represents the functor
Rep,(a) : DGCA; — Sets, A+ Hompers, (a,9(4)) ,
that is, there is a natural isomorphism of sets
(6.13) Hompgen, (a4, A) = Hompgra, (a, g(A)) .
As in the associative case, we now define
DRepy(-) := L(-)g : Ho(DGLAy) — Ho(DGCAy) .
We call DRepg(a) the derived representation scheme parametrizing representations of a in g. Further, if

G is a Lie group whose Lie algebra is g, G acts (via the adjunction (613)) on ay by automorphisms for
any a € DGLA. One can therefore, form the subfunctor

(-)$ : DGLAx — DGCAg, a > al

of (-)g. An argument using Brown’s lemma similar to the proof of [BKR| Theorem 2.6] shows that the
functor (7)5 has a total left derived functor

DRepg(f)G = L(*)g : Ho(DGLA) — Ho(DGCAy) .
We define the representation homologies
H.(aag) = H‘(DRepg(a)) ’ H.(CL, g)G = H'(DRepg(a)G) .
More generally, g acts (via the adjunction (€I3)) on ay by derivations. One can therefore, form the
functor
()29 : DGLAj — DGCAj, a — a3’9
Again, an argument paralleling the proof of [BKRl, Theorem 2.6] shows that the functor (7)3dg has a
total left derived functor
DRepgy(-)*!® := L(-)3'? : Ho(DGLA:) — Ho(DGCA).
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We define
H,(a,g)*'® := Hy[DRep3*%(a)] .

G

d ..
o and (-)g" ? coincide. Hence,

Note that if g is the Lie algebra of a reductive Lie group G, the functors (-)
in this situation, their derived functors coincide as well.

The discussion in Section points out that DRep(a) can be viewed as an object in Ho(DGCAy /)
(rather than Ho(DGCAg). In the same way, DRep,(a)*!9 can be viewed as an object in Ho(DGCAy/y).
Similarly, if G is a Lie group whose Lie algebra is g, one can consider DRepg(a)G as an object in
Ho(DGCA k). In this case, DRep,(a)¥ = DRep,(a)*®9.

6.3.4. Representation homology and Lie cohomology. The following proposition leads to the main result
of this section (Theorem [6.3]).

Proposition 6.2. For any & € DGLCy, the following diagram commutes (upto isomorphism of functors):

nComm
DGCCy <~ DGLAg
BLie
Qﬁ@*l ()@{ IHom(QS,)
nLie
DGLCy, DGCA
Bcom
where BRC := & ® C for any C € DGCCyi- Thus, there is an isomorphism of functors
(6.14) ()6 © Qeomn = Nie 0 (BR-) = C0 (BR-).

Proof. For any C' € DGCCy, /), and £ € DGLAg, let Tw(C, £) denote the set of Maurer-Cartan elements (i.e,
elements satisfying do + %[, ] = 0) in the DG Lie algebra Hom(C, L). Similarly, for £¢ € DGLC), and
A € DGA /i, Tw(L£°, A) shall denote the set of Maurer-Cartan elements in the DG Lie algebra Hom(£¢, A).
Now, for any A € DGCA;, /), and C' € DGCCy /1, we have

Hompgen,, , (2comn (C) e, A) Hompgra, (Qcom(C), Hom(, A))

Tu(C, Hom(®, A))

Tw(BRC, A)

Hompgen,, , (C“(BRC), A) .

The first isomorphism above is Proposition 6.1 the second is from [Hi], the third is because the DG Lie
algebras Hom(C, Hom(®, A)) and Hom(B®C, A) are isomorphic by the standard hom-tensor duality

and the fourth is from arguments similar to those in [Hi] proving the second. (6I4) follows from this by
Yoneda’s lemma. The rest of the desired proposition follows from (6I4) by adjunction. O

e

1%

Theorem 6.5. (a) Suppose that & = g* for some Lie algebra g. If Qcomn(C) = a is a quasi-isomorphism
Jor some C' € DGCCy 1, then

DRep,(a) = C%(g"(C);k), DRepy(a)™® = C%(g"(C), g% k).
In particular,
H.(CL, g) = H.(g*(é)ak)v H.(a,g)adg = H.(g*(C),g*,k) :

(b) Suppose, in addition, that g and C are finite-dimensional or bigraded. Let A = C* (with bigraded
duals being taken in the bigraded setting). Then,

DRepy(a) = C(g(A);k)", DRepy(a)*® = C(g(A), g; k)" .
In particular,
H.(Cl,g) = H_.(g(A);k)v H'(avg)adg = H_.(g(A)vg;k) :

Here, in the bigraded setting, “Lie cohomology” means “continuous Lie cohomology”.
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Proof. That DRep,(a) = C%(g*(C); k) is immediate from Proposition6.2l That DRep(a)*!® = C¢(g*(C), g*; k)
then follows from the fact that C¢(g*(C), g*; k) = C¢(g*(C); k)*19. This proves (a). Part (b) follows from
(a) and ([G.8). O
Remark. Recall that, by (64), Q(C) = U(Qcom(C)) for any C' € DGCCy /4.

Now, take g = gl,(k) and & = g* € DGLCy and M = M, (k)* € DGC;. The following proposi-
tion clarifies the relation between derived representation schemes of Lie algebras and their associative
counterparts.

Proposition 6.3. Let C € DGCCy ). Then there is a natural isomorphism of commutative DG algebras

(6.15) Q(C)n = Qeom(C)gt,, -
Hence, for any DG Lie algebra a,
(6.16) DRep,,(U(a)) = DRepy; (a).

Proof. For any B € DGCAy, we have

Hommpgen, (€2(C)n, B) = Hompen, ((C), Mn(B))
= }IOITHD(;A,C (U(QComm(C))v MR(B))
=~ HOHlD(;LAk (QComm(C)v g[n (B )

1%

HomDGCAk (QComm(C)g[n , B)

The isomorphism (G.15]) now follows from Yoneda’s lemma. To prove (6.10]), note that for any a € DGLA,
one can find C' € DGCCy/;, such that Qeomn(C) — a is a cofibrant resolution in DGLA; (for example,
C = Biie(a)). Then, 2(C) = U(Qcom(C)) — U(a) is a cofibrant resolution of ¢ (a) in DGAx. Hence,

DRep,, (U(a)) = 2(C)n = Qcomn(C)q1, = DRepy (a).
This completes the proof of the proposition. 0

7. DERIVED HARISH-CHANDRA HOMOMORPHISM AND DRINFELD TRACES

The aim of this section is to construct the derived Harish-Chandra homomorphism and trace maps for
representation schemes of Lie algebras. Our starting point is the observation of Section 4.2 interpreting
the derived HC homomorphism for associative algebras in terms of Chevalley-Eilenberg complexes.

Throughout this section, g will denote a finite-dimensional reductive Lie algebra, h C g its Cartan
subalgebra and W the Weyl group of g. Recall that in this case, if V is any k-vector space with an action
of the reductive group G whose Lie algebra is g, V& = Vadg,

7.1. The derived Harish-Chandra homomorphism. The natural inclusion h — g defines a homo-
morphism of Lie coalgebras g* — h* and hence, for any C' € DGCCy /., a morphism of commutative DG
algebras

(7.1) Dg(C) : C(a"(C), g3 k) = C(b™(C), " k).
The following proposition is a generalization of Lemma [4.1]

Proposition 7.1. The image of ®4(C) lies in the DG subalgebra C°(h*(C),b*; k)W of chains that are
imvariant under the action of the Weyl group W of g.

Proof. As b is an abelian Lie algebra, we have an isomorphism C¢(h*(C), h*(k); k) = C°(h*(C); k). The
map ®,4(C) is thus the restriction of the natural map C¢(g*(C); k) — C(h*(C); k) to C¢(g*(C),g*; k) =
C(g*(C); k)29 = C(g*(C); k)Y, where G is the Lie group attached to g. Now, let N denote the
normalizer of h in G, so that there is a surjective group homomorphism N — W. Since W acts
naturally on h*, so does N. Thus, N acts on h*(C) as well, making h*(C) a DG-Lie coalgebra with

N-action. This, in turn, induces an N-action on the commutative DG algebra C¢(h*(C); k). On the

other hand, the adjoint action of G on g makes ¢g*(C) a DG Lie coalgebra with G-action (and hence, N)

action. Thus, the commutative DG algebra C¢(¢g*(C'); k) acquires a G (and hence, N) action. Since the
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map g* — h* is N-equivariant, the map g*(C) — h*(C) is N-equivariant as well. Therefore, the map

C(g*(C); k) — Co(b(C); k) is N-equivariant. Since any element of C¢(g*(C), g*(k); k) is G-invariant (and
hence, N-invariant), any element in the image of ®4(C') is N-invariant (and hence, W-invariant). O

Thus, we have a morphism of commutative DG algebras
D4(C) : C(g"(C), g% k) = C(h*(C), 0" k)",

which we call the derived Harish-Chandra homomorphism. Suppose that there exists a quasi-isomorphism

Qcom (C) = a for some Lie algebra a. By Theorem [6.5] the derived Harish-Chandra homomorphism can
be viewed as a map in Ho(DGCAy /)

®4(C) : DRepg(a)® — C°(h*(C), 0" k)" .
It follows that the derived Harish-Chandra homomorphism induces the map
He(®g) : He(a,9)% — Ho(h*(C),h%: k)W .

If C has zero differential, then C°(h*(C), h*; k) has also zero differential, and hence in this case, He(®4)
maps He(a,9)¢ to Sym,(h* ® C[-1))".

Example 7.1. Let £ = C and let a := C.z be the one-dimensional Lie algebra with z having weight
1 and homological degree 0. The cocommutative coalgebra C' := Sym©®(a[l]) = A%(sz) is Koszul dual
to a. In this case, g*(C) = g*.(sz) ® g* and C%(g*(C),g*;C) = Sym(g*)“. In this case, the derived
Harish-Chandra homomorphism becomes the Chevalley isomorphism

Sym(g*)¢ = Sym(p*)".

7.2. Drinfeld homology. We now proceed with constructing the analogues of the trace maps ([2.18)) in
the case of Lie algebras. As the first step, we introduce an appropriate version of cyclic homology for Lie
algebras that will relate to representation homology via the trace maps.

7.2.1. Drinfeld functors. In [Dr], Drinfeld introduced the functor
\: DGLA, — Comy , aw Sym*(a)/([z,y] -z —x-[y,2] : z,y,2 € a)

that assigns to a Lie algebra a (the target of) the universal invariant bilinear form on a. As shown in
[GK], this functor plays a role of the cyclic functor (2.14) on the category of Lie algebras: its left derived
£ exists and defines the analogue of cyclic homology for Lie algebras (¢f. [GKl, Theorem (5.3)]).

More generally, extending Drinfeld’s construction, for an integer d > 1, we define

A4 . DGLA, — Comy, , a— Sym%(a)/[a, Sym?(a)] .

This functor assigns to a Lie algebra a (the target of) the universal invariant multilinear form of degree
d on a; in particular, for d = 2, we have A(?) = X.

Note that the symmetric invariant d-multilinear forms g x...x g — k are in one-to-one correspondence
with linear maps A(9)(g) — k. To be precise, the nondegenerate pairing

Sym?(g) x Sym“(g") — k
induces a nondegenerate pairing
A9 (g) x Sym?(g*)*® — k.
The next theorem generalizes the result of [GKl Theorem (5.3)] in the case of the Lie operad.
Theorem 7.1. For each d > 1, the functor X9 has a (total) left derived functor given by
LA : Ho(DGLA;) — Ho(Comg), a— AD(g),

where £ = a is a cofibrant resolution of a in DGLA,.
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Proof. Suppose that £ € DGLA, is cofibrant and that f,g : £ — a are homotopic. Then, there exists
h : £ — a® k[t,dt] such that h(0) = f and h(1) = g. Here, deg(t) = 0 and d(t) := dt and h(a) denotes
postcomposition of h with the map Id, ® ev, where ev, : k[t,dt] — k is the map taking ¢ to a and dt to
0 for any a € k. Note that for any B € DGCAj, one has natural maps in Comy,

(7.2) AP (@@ B) = A\¥9(a) @ B.

One therefore, has a map H : A (£) = A4 (a) ® k[t, dt] given by the composition

AD () X0 3@ (@ kit di]) TR AD(a) @ k[t di]
Clearly, H(0) = A4 (f) and H(1) = A9 (g). It follows that the maps A (f) and A\((g) are homotopic
in Comy.

Now, if f : £ — £’ is a weak equivalence between cofibrant objects in DGLAg, there existsa g : £ — £
in DGLA; such that fg and gf are homotopic to the respective identities. It follows that A(?(fg) and
M (gf) are homotopic to the respective identities as well. Hence, A(9)(f) is a quasi-isomorphism. In
other words, the functors (¥ take weak equivalences between cofibrant objects to weak equivalences.
The desired theorem now follows from Brown’s lemma (cf. [DSL Lemma 9.9]). O

We let HC(Y(Lie,a) denote the homology H,[LA (a)] and refer to it as Drinfeld homology. Note
that HC(? (Lie,a) is precisely the Lie cyclic homology introduced in [GK] and denoted HA,(Lie, a) in
that paper. The meaning of the homology groups HCEd) (Lie,a) for arbitrary d > 1 is clarified by the
following theorem which is one of the main results of this section.

Theorem 7.2. Let a € DGLA;. The reduced cyclic homology of the universal enveloping algebra U(a) of
the Lie algebra a has a natural Hodge-type decomposition

(7.3) HC,[U(a)] = @PHC (Lie, q).
d=1
Proof. Let C' € DGCCy/, be a coalgebra Koszul dual to the Lie algebra a (for example, C' = Bric(a)).

Then we have a cofibrant resolution Qcopn(C) 5 a in DGLA. For a graded k-vector space V, there are
natural isomorphisms of graded vector spaces

Tp(V)y = Th(V)/(k + [V, Te(V)]) = T (V) / (k + [£x(V), TR(V)])
where £4(V) C T(V) is the free (graded) Lie algebra generated by V. It follows that
(7.4) Q(C)y = 2(C)/[Reom(C), QO]

as complexes of k-vector spaces. By ([@4), Q(C) = U(Qcom(C)). On the other hand, since Qeom(C) is
a DG Lie algebra, we have an isomorphism of DG Q¢opn(C)-modules

(7.5) Symy, [Qcom (C)] = Uy [Qconn(C)]
given by the symmetrization map. Therefore, writing

Sym(Qeom(C))
[Rcona(C), Sym? (Qcomm (C)))

Symd[QCOmm(C)]u =

)

we get the following decomposition

(7.6) Q(C)u > @ Symd[ﬂ(}omm(c)]h .
d=1

Note that (C) = U(a) is a cofibrant resolution in DGA /. By [BKR] Proposition 3.1]), we have
Hl[(C);] = HC,(U(a)).
On the other hand,
H. [Sym®(Qcom(C));] = HCW (Lie, a)

since C' is Koszul dual to a. This proves the desired theorem. O
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7.2.2. Lie-Hodge decomposition. Let a € DGLA; and let C' € DGCCy/, be Koszul dual to a. By (6.4,
Q(C) = U(Rcomn(C)). From this isomorphism, Q(C') acquires the structure of a (primitively generated)
cocommutative DG Hopf algebra whose DG Lie algebra of primitives is Qcomn(C). Let m, : Q(C)®P —
Q(C) denote the p-fold product and let A? : Q(C) — Q(C)®P denote the p-fold coproduct. For each
p > 2, define the Adams operation

PP = m, 0 AP 1 Q(C) — Q(C).
Note that ¢? o )2 = )P4, The following proposition is dual to [FT1], Propositions 5.3.4-5.3.6].
Proposition 7.2. The Adams operations YP , p > 2 descend to Adams operations

PP Q(O)u — Q(C)h , p>2.

It is verified without difficulty that on the image of Sym®(Qcom(C)) in ©(C) under the symmetrization
map (Z5), ¢? coincides with multiplication by p?. Therefore,

Proposition 7.3. ¥ acts on the direct summand Sym®[Qcom(C)]y of (T8) by multiplication by p?.

Corollary 7.1. There are Adams operations
PP HC, [U(a)] = HCe [U(a)] , p> 2.

Further, HCSd) (Lie, a) is precisely the (graded) eigenspace corresponding to the eigenvalue p® of 1P for
each p > 2.

Corollary [T1] justifies referring to (Z3)) as a Hodge decomposition. When C' is the k-linear dual of a
smooth commutative algebra A, the decomposition (T3] can be related to the Hodge decomposition of

the cyclic cohomology HC® (A) by the following proposition, which is an immediate consequence of [FT1],
Corollary 6.5.1].

Proposition 7.4. Let a € DGLA;, and let C' € DGCCy ;. be a cocommutative coalgebra Koszul dual to a.
Assume that C = A* for some smooth commutative k-algebra A. Then

HC{" (Lie,a) = HC, 1) (A)[-1].
In particular, HCSQ) (Lie,a) is isomorphic (up to a shift) to the Harrison cohomology of A. More

generally, for C' € DGCCy,, one can define a Hodge decomposition for HC,(C) dual to the decomposition

defined in [I, Theorem 4.6.7]. When C' = A*, this Hodge decomposition coincides with that on HC ~ (A)

(after the obvious identification is made). Proposition[74] therefore shows that the homology of the direct

summand Sym®(Qcom(C))y[1] of £(C);[1] should be denoted by mﬁd_”((}). Thus,

(7.7) HCW (Lie,a) = HCL " (C)[-1].

Remark. Proposition [74] holds in the bigraded situation as well. In this case, HC'(A) should be
interpreted as the cohomology of the bigraded dual of the reduced cyclic chain complex of A.

7.3. Drinfeld trace maps. Let g be a finite-dimensional reductive Lie algebra over k. The adjunc-
tion (6.I3) gives a universal representation

Tg 0= g®ag
for any a € DGLA;. Let £ = a be a cofibrant resolution in DGLA;. For any d > 1, consider the composite
map
(7.8) AD(g) AV ma) (@) (0025 L2 A o g, .
Proposition 7.5. The image of the composite map (T8) lies in A\ (g) © £399.

Proof. Equip £ with the trivial g-action. Then, 7y : £ — g® £, is g-equivariant. It follows that (@) (mg)

is g-equivariant as well. On the other hand, it is easy to verify that the map (Z:2) from A% (g ® £4) to

M9 (g) @ £ is also g-equivariant. Since g acts trivially on A\(9)(g), the desired proposition follows. [
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One therefore obtains the maps
Try : AD(g) = AV (g) ® £379.
For d = 2, the vector space A9 (g) is one-dimensional: indeed, there is a unique (up to a scalar factor)

invariant bilinear form on g (the Cartan-Killing form). Hence, at the level of homology, the map Try
induces a canonical trace map

(7.9) Try : HCo(Lie,a) — He(a,g)*10.
More generally, let P € Symd(g*)adg. Then, one has the trace map
Tr a P(H)®Id ,a
el A@(g) T8 AW (g) @ gade ZUEK gada

Recall that we have the Chevalley isomorphism
Sym(g*)*d® = Sym(h*)W = k[P,...,P]

where deg(P;) = d; for 1 <4 <[ and the d; are the fundamental degrees of g. Choosing P; € Sym(g*)ad e
corresponding to P; under Chevalley’s isomorphism, we get a family of trace maps

di) . P .y (ds ad
Tr{") = Telr 0 A4 (g) — gade,
which yields a homomorphism of commutative DG algebras
(7.10) Symy,[Tre(£)] : Symy[@]_ A" (2)] — £5°.

We refer to (CI0) as the Drinfeld trace map. We shall sometimes abuse this terminology and use it for
closely related maps as well. At the level of homology, (ZI0) gives

(7.11) Sym,[Tre(a)] : Sym,[@;_;HC{™) (Lie, a)] — Ho(a,9)*'? .
In particular, if £ = Qeomn(C), then by (1), the above map becomes
= dl—l a
(7.12) Symy[Tra(@)] = Symy[@!_,HC," " (C)[~1]] = Ha(a, 5)*?.
Remark. The Drinfeld trace map depends on the choice of the P;, 1 < 4 < [. This choice in turn
depends precisely on the choice of an isomorphism
Sym(h*)W = k[Py,...,P].
Example 7.2. Let a := k.x be a one-dimensional Lie algebra over k with generator x having weight 1
and homological degree 0. Note that a is a free (and therefore, cofibrant) DG Lie algebra. Since a is also
abelian,
LAD (a) = Sym?(a) = k.a?.
In this case, agdg = Sym(g*)249® and the map
AD(a) — a2 @ A9 (g)
becomes the map dual to the nondegenerate pairing
A9D(g) © Sym?(g")*!® — k.
It follows that for a fixed choice of isomorphism
Sym(b*)w = k[plv tee 7F)l] )
the Drinfeld trace becomes the map
k[Pl, . ,,p[] — Sym(g*)adg R Pl — Pl
where the variable P; is identified with z%. Since P; corresponds to P; under the Chevalley restriction
isomorphism, the Drinfeld trace is indeed a generalization of the map inverse to the Chevalley restriction
isomorphism. Combining this observation with Example[7.] we conclude that when a is a one-dimensional

Lie algebra, the derived Harish-Chandra homomorphism and the Drinfeld trace are mutually inverse
(quasi-)isomorphisms.
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8. DERIVED COMMUTING SCHEMES

In this section, we turn to our main example: the derived commuting scheme associated to a finite-
dimensional reductive Lie algebra g. Our goal is to state a general version of Conjecture 1 for g, deduce
the corresponding constant term identity and present some evidence in favor of this conjecture. The next
section will explain the relation to the famous Macdonald conjectures proved in [Ch] and [FGT].

8.1. Main conjecture. Let a be an abelian Lie algebra of dimension r > 1. In this case Ha = Sym(a)
and the graded coalgebra C' := Sym©(a[1]) is Koszul dual to a. Explicitly, C' = k®adA%ad. .. DA a, where
A’a has homological degree i. For a reductive Lie algebra g, the derived Harish-Chandra homomorphism
(@) then becomes
@y : DRepy(a)¥ — Sym[h* @ (a @ A’a® ... @ A"a)]"V,
where A’a has homological degree i — 1. If dim a = 2, ®4 induces on the 0-th homology the map
k[Repg(@)]¢ — Symlh* © o]V,

which is known to be an isomorphism, at least when g is complex semisimple and Repg(a) //G is re-
duced (see, e.g., [Ha], Sect. 6.2). It is therefore, reasonable to make the following conjecture extending
Conjecture [Tl

Conjecture 2. Let dim(a) = 2. Then, for any reductive Lie algebra g over k,
®g : DRep,(a)” — Sym(h* @ h* @ h*[1))"V
is a quasi-isomorphism (at least when the quotient commuting scheme Rep,(a)//G is reduced).

Remark. The scheme Rep,(a) in Conjecture 2] is precisely the classical commuting scheme of the Lie
algebra g. It is known that the underlying variety of Repg(a) is irreducible for any semisimple complex
Lie algebra g (see [R]). However, the question of whether Rep,(a) (or even Rep, (a)“)
remains open in general.

is a reduced scheme

Conjecture[2 can be restated in elementary terms, without using the language of derived representation
schemes. To this end, define the DG algebra (k[g x g] ® Ag*, d), with g* being in homological degree 1
and with differential d : g* — k[g x g] given by the formula

dp(§,mn) == (& n]), V&N e, pegh.

The adjoint action of G on g induces the diagonal G-action on (k[g x g] ® Ag*,d), and this last action
commutes with differential. We may therefore consider the invariant DG algebra (k[g x g] ® Ag*, d)©.
Since the functions on g restrict to b, there is a natural DG algebra homomorphism

Qg : (kg x gl @ Ag*,d) — k[h x h] @ Ah™,

where the right-hand side has zero differential. It is easy to see that the image of (k[g x g] ® Ag*,d)“
under @4 lies in (k[h x h] ® /\f)*)W, and we have the following proposition.

Proposition 8.1. Conjecture[2 is equivalent to the following statement: the DG algebra map
(8.1) g+ (klgx o] @ Ag™.d) — (K[b x ] © Ap)"
is a quasi-isomorphism.
Proof. By Theorem [6.5], there is an isomorphism
DRepy(a) = C*(g"(C). 9" k)
where C' = Sym©®(a[1]). Choose any basis {z,y} of a over k. Then, as graded algebras,
C(g"(C),g%k) = Sym(g" .z @ g".y ©g".0)

where g*.x 1= g* ® z, etc., and z,y have homological degree 0 and 6 := s~!(sx A sy) has homological
degree 1. Hence,

C(g"(C), 9% k) = k[g x g] @ Ag".
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In particular, Sym(g*.x & g*.y) can be identified with k[g x g]. A direct computation using ([BI]) then
shows that for any ¢ € g*, the differential of the generator § ¢.6 in C¢(g*(C), g*; k) is equal to the function
de € klg x g satisfying do(&,m) = @([€,7]). This identifies C(g*(C), g*; k) with (k[g x g] ® Ag*,d)©.
The identification of C¢(h*(C), h*; k) with k[h x ] ® Ah* is obvious. Since the derived Harish-Chandra
homomorphism @, : C¢(g*(C),g*; k) — C¢(h*(C),h*; k)" is indeed restriction of cocycles from g to b,
it coincides with the map ®4 : (k[g x g] ® Ag*, d)¢ = (k[h x b] ® Ah*)" defined above. This proves the
desired proposition. O

8.2. A constant term identity. We now assume that k¥ = C and compare the Euler characteristics of
DG algebras in Conjecture 2 Write a = Cx @ Cy with [z,y] = 0, denote By := DRep,(a). Recall that
as graded algebras,

(8.2) By = Sym¢(g*.c @ g .y ®g".0) = Syme(g.x @ gy ®g.h),

where z,y have homological degree 0 and 6 has homological degree 1. The DG algebra By is equipped
with an additional Z2-weight grading, with the subspaces g.z and g.y having weights (1,0) and (0, 1) and
g.0 having weight (1,1).

Now, for h € b, define x(By,q,t, eh) to be the character-valued Euler characteristic

PR BICRECHERIRILS
a,b>0 i€Z

where V, ;, denotes the component of a Z?-graded vector space V of weight (a, ). Then

Lemma 8.1.
(1 — qt)! (1 — gte*™)
(l—q l—tl l—qeo‘h) (1 —texh)) ’

X(Bg,q,t7€h) =

where | = dimc b is the rank of g and R is the root system associated to g.
Proof. Since g =8 @ (Pacr 9a), it follows from ([B2]) that
By = By ® (®aerBg.)

where By := Sym(h.z @ h.y @ h.0) and By, := Sym(ga.7 D ga.y D ga.0). Since e” acts as the identity
on h and by multiplication by e on the root space g, we have

1—qt) (1 — gte*™)

8.3 By,a t,e") = — L4 B te") = :

( ) X( baqv , € ) (1_q)[(1_t)l ) X( Ban(Ja , € ) (1—q€a(h))(1—t6a(h))

The desired lemma now follows from the multiplicativity of the Euler characteristic. O

Let @ = Q(R) be the root lattice of g, and let Z[Q] denote the group ring of Q. For each o € R C
Q(R), write e* € Z[Q] for the corresponding element in Z[Q], and denote by CT : Z[Q] — Z the map
assigning to a polynomial in Z[Q)] its constant term which does not involve any e®. This constant term
map naturally extends to the ring Z[Q][[g,t]] of formal power series over Z[Q)]: specifically, we define

CT : Z[Q][q, tl] = Z[[g,t]] by
(8.4) CT > Pap(e™) g™’ := > CT[Puy(e®)]qt" .

a,b>0 a,b>0

As corollary of Lemma [B1] we now get
Corollary 8.1. The weighted Euler characteristic of Bf is given by

o 1 a-a (- ater)(1 — )
(B ,q,t) = W[ (1—¢q)1—t) CT {al;[R(l—qeO‘)(l—teo‘)} '
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Proof. Tt suffices to verify the above formula for the compact real form of the group G, which we also
denote G. We have

X(BS . q,t) = /Gx(Bwq,u Adg)dg ,

where dg is the Haar measure on G normalized by fG dg = 1. Now, let T' be the maximal torus of G
corresponding to R. For a € R, regard e“ as a character of T. Then, by Weyl’s integration formula,

1
Bg,q,t, Adg)dg = —/ By, q,t, AdT 1—e%(1))dr
JxBoataagdy = o [ i, ) TIa-e)

a€ER

where dr is the normalized Haar measure on T'. The result follows immediately from Lemma [R1]and the
fact that [,.e*(r)dr =0 for any nonzero root c. O

Next, we look at the right-hand side of Conjecture 2l We write
Ag :=Syme(h* @ b” @ h*[1]) = Syme(hz &by ®bh.0),
where x,y are of homological degree 0 and 6 of homological degee 1. Again, the algebra Ay has an

additional Z2-grading, with h.z and b.y having weights (1, 0) and (0, 1) and h.6 having weight (1,1). For
an element w € W, let {\1,...,\;} be the eigenvalues w under the natural action of W on h. Then

: (1—gqth) det(1 — qtw)

X(Ag,q.t,w) = [ (1—gX\)(1—tX;)  det(l — qw) det(l —tw)’

i=1

where ‘det’ is taken on End b . By the classical Molien formula, we get

det(1 — gtw)
AW
XAy at |W| Z det(1 — qw) det(1 — tw)

Conjecture 2] therefore implies the following constant term identity generalizing (5.2]):

Conjecture 3. The following identity holds:
(1—qt) (1 —qte®)(1 — e~ det(1 — gt w)
—— CT .
(1—¢q)l(1—1t) H (1 —qe*)(1— teo‘ Z det(1 — qw) det(1 — tw)

Note that Conjecture Bl can be equivalently rewritten as

(8.5) / det(1 — gt Adg) Z det(1 — gtw)
' ¢ det(l — gAdyg) det(1 — tAdg) det(1 — quw) det(1 — tw)
For ¢ = 0, this simplifies to the well-known identity
!
dg 1 1
8.6 7 - -
(86) /G det(1 — gAdyg) |[W| w;{/ det(1 — qw) zl;[1 1-—

which is obtained by equating the Poincaré series of both sides of the Chevalley isomorphism
Sym(g*)“ = Sym(p*)".

In (B6), the numbers d; are the fundamental degrees of W, i.e. the degrees of algebraically independent
elements generating Sym(h*)". If we expand both sides of ([8.5]) as power series in ¢ and compare the
corresponding Taylor coefficients under t*, we get a sequence of identities extending (8.6)) for k¥ > 1. Thus,
Conjecture Bl answers a question of I. Macdonald posed in his original paper [M] (see op. cit., Remark 2,
p. 997).

We now provide some evidence for Conjecture 2] and Conjecture We recall that we have already
proved Conjecture 2 for gl, (Theorem 1)) and Conjecture Bl for gl,, for an arbitrary n (Theorem [5.1]).
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8.3. Lower order terms. First, we show that the Taylor expansion in g, t of both sides of Conjecture 3]
agree up to degree 2. In fact, in their normalized form (B3] the quadratic terms are independent of the
root system.

Proposition 8.2. The first terms of both sides of (8H) (viewed as power series in q,t) are equal to
I+@P +qgt+t2+ ...,
where the dots stand for terms of degree at least 3 in q,t.

Proposition follows from Lemma below that evaluates both sides of (83]) as integrals of the
same ratio of determinants over a compact Lie group for a real irreducible nontrivial representation (we
formally think of W as a compact Lie group of dimension 0) .

Lemma 8.2. Let p: G — GL(V) be a nontrivial irreducible representation of a compact Lie group G
over R with invariant measure dg and volume |G|. Then

det(1 — qtp(g)) 2 2
dg=1+¢@+q+t>+...
IGI/ det(1 — gp(g)) det (1 — tp(g))

Proof. For any endomorphism «a of a finite-dimensional vector space,
det(1 — gta)
det(1 — ga) det(1 — ta)

If p is irreducible and nontrivial then its character has norm 1 and is orthogonal to the trivial character.

Thus ) )
= | trplg)dg =0, — / |tr p(g)[dg = 1.
|G|/G G| Ja

Now real representations have real-valued characters and the Frobenius-Schur theorem holds:

1 / 9
— | trp(g°)dg =1.
@)oY

1 1
=14+ (¢g+t—gqt)tra+ 2(q +t)%(tra)® + §(q2 +t)tr(a®) + ...

The average over the group is then

1 1
L4 5@+D2+ 5@+ )+ =1+ g+ 4
This finishes the proof of the lemma and Proposition [8.21 |

8.4. The case of sl,. Our next result is
Theorem 8.1. For any n > 2, Conjecture[d for sl,, is equivalent to Conjecture[2 for gl,,.
Proof. Let t,, denote the Cartan subalgebra of sl,, comprising diagonal matrices with trace 0. The short
exact sequence of Lie algebras
0—sl, >gl, ~5k—0

has a canonical splitting, giving an isomorphism of Lie algebras:
~ 1
(8.7) gl, —>sl,®k, M— (M- - Tr(M)Id,, Tr(M)).

This restricts to an isomorphism of diagonal Cartan subalgebras b,, = t,, & k, which is equivariant under
the action of the Weyl group S,, (with S,, acting trivially on k).

Let C := Sym©(a[l]) where a := k.x @ k.y is the two dimensional abelian Lie algebra. The isomor-
phism (87) induces an isomorphism gl (C) = sl (C) @ C'. Hence,

(8.8) C(al,(C), ol (k); k) =2 C°(s13,(C), s (k); k) @ C(C k) -
Similarly, the S,, equivariant isomorphism b, = t,, ® k yields
(8.9) Co(07,(C), by, (k); k) 5 22 C%(t,(C), £, (k) k) @ C(C3 k).
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Let @4 (resp., ®gy,) denote the derived Harish-Chandra homomorphisms for gl,, (resp., sl,). Since the
isomorphism b,, = t, @k is the restriction of the isomorphism gl,, = sl,, & k to b, one has the following
commutative diagram:

Co(al(C), gl (K); k) — Co(sT5(C), 1% (k); k) @ C(C; k)

Pg1 O, ®Ld

n

Co(b7(C), b (K); k)S» == Co(6,(C), & (k); k) & C(C k)

n
Hence, ®  is a quasi isomorphism if ®, is. Conversely, if ®4, is not a quasi isomorphism, choose k to be
the minimum homological degree such that Hy(®qr, ) is not an isomorphism. Since C¢(C; k) = k[z,y, 0],

Hy(®gr,) = Hy(Psr,) @ Idgz,y) © Hio1(Psr,) @ Idpz )6,

and we see that Hy(®g ) is not an isomorphism either. This proves the desired theorem. O

As a consequence of (the proof of) Theorem B1], we have
Corollary 8.2. Conjecturel3 holds for sl, for all n > 2.

Proof. We need to show the equality of Euler characteristics:
X(DRepg(, (a)*"", ¢, 1) = x(C(t;,(O), t, (k); k)*" 4, 1) .
In view of isomorphisms (838) and ([8H), we have

X(DRepy, (@), q,t).x(k[z, y,0],¢,t) = x(C°(al,(C), al}, (k); k), q, ).
and
X(C(,(C), (k)i k)%, q. ) x(k[w,y, 0], q,t) = x(C°(b(C), b, (k); k)5, g, t) .

Note that x(k[z,y,0],q,t) = %. Hence, x(k[x,y,0],q,t) is an invertible power series in g, ¢. The
result follows now from Theorem [E.J] which says that the Euler characteristics of C¢(gl,(C), gl (k); k)

and C¢(b% (C), bz (k); k) are equal. O

n

8.5. Orthogonal and symplectic Lie algebras. We now verify that Conjecture 2] holds in the limit
n — oo for orthogonal and symplectic Lie algebras. We begin with definitions of these classical Lie
algebras.

8.5.1. The orthogonal Lie algebras soa2,+1. Fix a basis {ei,...,ea,41} of k2l Let Moy 41 denote the
matrix of the nondegenerate symmetric bilinear form @) satisfying
Q(e2i—1,€2) = Q(ezisezi—1) = 1, 1<i<n
Qe2nt1,e2n41) = 1
Q(ei e;) = 0 otherwise.

Define SO(2n + 1) to be the group of invertible matrices of determinant 1 preserving the bilinear form
Q. In other words, SO(2n + 1) is the group of invertible matrices P of size 2n + 1 and determinant 1
satisfying
M2n+1 = PthnJrlP.
The Lie algebra s02,11 of SO(2n 4 1) is therefore the Lie subalgebra of gl,, , ; comprising those matrices
X satisfying
XtM2n+1 4+ M1 X =0.

Further, let Mg, denote the matrix of the nondegenerate symmetric bilinear form @ satisfying

Q(e2i—1,€2) = Q(ezi,ezi—1) = 1, 1<i<n
Q(eivej)
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The Lie algebra so09,, can similarly be defined as the Lie subalgebra of gl,,, comprising those matrices X
that satisfy

X' Moy + Mo, X =0.

Padding on the right and bottom with 0’s gives an embedding so0,, — 50,41 for all n. We may therefore,
form the direct limits

5090041 = @502114_1, 5000 = 113502”, 5050 = hﬁson.
n n n
It is easy to see that one has isomorphisms of Lie algebras: 5005011 = §000 = 024 -

8.5.2. Lie algebras with (anti)involution. An (anti) involution on a DG Lie algebra g is a map of com-
plexes o : g — g satisfying 02 = Id and

o([X,Y]) = (-)XIMg(Y),0(X)] VX,Y €g.

Note that multiplication by —1 in an anti involution on every Lie algebra g. For terminological brevity,
we refer to an anti involution on a Lie algebra as an involution. Further, for any involution ¢ on a DG
Lie algebra g, the —1 eigenspace of ¢ is a DG Lie subalgebra of g. For example, if Mo, 11 is as in
Section [B.5.1] then

X = MénJrlXtM%-'rl = M2n+1XtM2n+1
is an involution on gly, ;. The (—1)-eigensspace of this involution is precisely §02,41.

Note that any involution on a DG Lie algebra £ extends to an involution on its universal enveloping
algebra U L. Equip M,, (k) with an involution. Recall from [BRI] that for an involutive DG algebra A,
one has the commutative DG algebra Rep;,(A) of functions on the DG scheme parametrizing involution
preserving representations of A to M, (k). Let gl;, denote the (—1)-eigenspace of this involution. The
following proposition is proven in [BRI].

Proposition 8.3. For any DG Lie algebra £, we have an isomorphism of commutative DG algebras
k[Repgi- (£)] = k[Rep, (UL)]
where the involution on UL is the extension of the involution on £ given by multiplication by —1.

Suppose that £ = g is a cofibrant resolution in DGLA;. Then, Y€ = Ug is a cofibrant resolution in
DGAy k. Let o denote the involution on UL (resp., Ug) extending multiplication by —1 on £ (resp., g).
Suppose that the involution chosen on M, (k) is trace preserving. Let G be a Lie subgroup of GL,, (k)
whose Lie algebra is gl,,. For A an involutive DG algebra, denote

Ay o = AJ(k+[A, A +Im(1 —0)).
Then there is a natural morphism of complexes
(8.10) Tr, : U(L)yo — k[Repi(UL)]C ,
induced by the trace map Tr,[U(L)] : U(L)y — UL)SY (see [BRI]). This gives the commutative

diagram at the level of homology groups:

HC. (Ug) —* H.(Ug,n)C"

(8.11) i
AD. (Ug) — H;(Ug,n)®

Here, HD,(Ug) denotes the reduced dihedral homology of Ug with respect to the involution on g that
extends the involution on g given by multiplication with —1.

Let a =kax®ky. Let A := Ua = k[z,y] denote the universal enveloping algebra of a equipped with
the involution that takes x (resp., y) to —z (resp., —y). Let C' := Sym©®(a[l]). Then, £ = Qcom(C)
is a cofibrant resolution of the abelian Lie algebra a. Explicitly, £ is the free Lie algebra generated by
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x,y,0 with z,y in degree 0, 0 in degree 1 satisfying df = [z,y]. Its universal enveloping algebra is the
free algebra R := k(z,y,0|d0 = [z,y]) resolving k[z,y]. By Proposition B3] we have

DRep,,,, ., (a) = k[RepsaZnH(S)] = k[Reps, 1 (R)].
Hence, the trace maps (8I0) become
Tront+1 : Ryo — k[Rep,,, ., (£)]592+
which give the following maps at the level of homology groups.
Trong1 : HDo(A) = Hey(a, §09,41)502+1

The inclusion of Lie algebras so0g,41 < $09,43 induces a (degreewise surjective) homomorphism of
commutative DG algebras

02n41

f2n+1 : k[ReDgq,, . (£)] = k[Repg,,, , (£)].
It is easy to verify that yi,41 maps k[Rep,,, .., (£)]802n+3 to k[RepS,,%H(,Q)]SOZ“+1 and that
Hont1 © Tropys = Tropyq.
Hence, one obtains a map of complexes
Treo : Ryo = k[Repg,, ., (8)]°72=+ := limk[Rep,,, (€)1,

Here, the projective limit is taken in the category of bigraded commutative DG algebras. By multiplica-
tivity, one obtains a morphism of commutative DG algebras

Sym(’I‘I‘oo) . Sym(Rh)a—) — k[Rep502m+1 (2)]S02m+1 )
The following result is a consequence of the stabilization theorem [BR] Theorem 4.4], for involutive DG

algebras. We however, sketch a different proof of this statement.

Proposition 8.4. Sym(Tr.) : Sym(Ry,) — k[Rep, £)]5C2+1 4s an isomorphism of bigraded

commutative DG algebras.

02co+l(

Proof. Let E := C* denote the bigraded dual of C. Then, the complex Ry ,, whose homology is
HD, (k[z,v]), coincides on the mose with the complex D(E)*[—1], where x denotes bigraded dual and
D(FE) is the complex computing the relative skew dihedral homology of F with respect to the trivial
involution. On the other hand, by Theorem ,

k[Repg,,, ,, (£)]502 1 22 C(502041(E), 502041 (k) k)" .
Hence,
k[Repgamﬂ(S)]SOz”“ = C(50200+1(F), 50200+1(k); k)" .
Note that $0200+1 = $0o.. The map Sym(Tr.,) can then be verified to be the bigraded dual of a the
map
C(s5000(E), 500 (k); k) — Sym(D(E)[1])

induced by the map of complexes denoted in [Ll Section 10.2.3] by tr, of.. By the relative version of [LP]
Theorem 5.5] (see also [L Section 10.5.7]), this last map is an isomorphism of DG coalgebras. This proves
the desired proposition. O

On homologies, Try, gives a map

Troo : HDo(A) — He(a,5090041)%92%+! := H,(k[Rep, (£)]50200+1)

0200+1

By Proposition B4 Sym(Tr.,) gives an isomorphism on homologies
Sym(Trs) : Sym(HD,(A)) 5 He(a,5000041)%92" .

We therefore need to compute the (relative) dihedral homology HD4(A). Note that it is the space of

covariants (and hence, invariants) of the Zs-action on HC,(A) induced by the chosen involution on A. On

the other hand, HCo(A) = A/k and HC;(A) = Q' (A)/dA = A.ydx and other reduced cyclic homologies
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of A vanish. Let A° and A¥*® denote the subspaces of A = k[, y] spanned by monomials of odd and
even weight respectively (for this definition, « and y are both taken to have weight 1).

Lemma 8.3. There are isomorphisms of vector spaces
HD((A) = A°V/k, HD,(A) = A°Y ydx

Proof. Recall from [BKR| Example 4.1] that the monomial 2%y in A/k is identified with the cyclic chain
zFyl in R,. The involution on R maps 2Pyl to (—1)*ylzk which coincides with (—1)*+zFy! in Ry.

Hence, 2¥y' is a nontrivial basis element of m iff k£ 41 is even.

Similarly, [BKR], Example 4.1] tells us that the basis element z*y'dz (I > 1) of HC;(A) is identified with
the cycle Zi;(l) y'~1=%z*y0 in Ry. This cycle is mapped by the involution on R to (—1)*+! Zi;é Oy ahyl=1-1,
which coincides with (—1)*+! Zi;(l) y'~17ixkyi0 in Ry. It follows that x*y'dx is a nontrivial basis element

in HD; (A) iff k + 1 is even and [ > 1. This proves the desired lemma. O

8.5.3. The derived Harish-Chandra homomorphism for the odd orthogonal case. Note that for so09,41,
one can choose the Cartan subalgebra ha, 41 to be the abelian Lie subalgebra of s0s,1 spanned by the
basis elements h; = e2;_12i—1 — €2i2:, 1 < i < n. The Weyl group of so2,4+1 is (Z2)" x S, where
elements of S,, permute the h;’s and the element v; := (1,...,7,...,1) of (Z2)™ with the generator ~ of
Zs3 in the i-th coordinate transforms h; to —h; and leaves other h;’s unchanged.

The derived Harish-Chandra homomorphism therefore becomes a morphism of commutative DG alge-
bras

® : k[Rep, (L5 S klzy, .o Ty Y1y Yns 01, Hn](zz)nxs"

where elements of S,, simultaneously permute the x;’s, y;’s and 6;’s and ; multiplies the generators
x;,y; and 6; by —1 and leaves other generators unchanged. In the limit, the derived Harish-Chandra
homomorphism becomes the map

® : k[Rep,

02n+1

ooy (D150 5 Ry, iy, 50y, )05

where

'](ZQ)DONS (Z2)" % Sn '

k[xla"-;ylu"';elu" * = l'&nk[xla"-7:En7y17'"7yn7917"'79n]
n

Here, the limit is taken in the category of bigraded commutative algebras.

For a word w € R, let |w|, (resp., |wly, |w|g) denote the number of occurrences of = (resp, y,6) in w.
Note that the homological degree of w is |w|g. Let |w| := |w|s + |w|y + |w|g be the length of w and keep
the notation Trg,41 for the composite map R — Ry, — k[RemenH(2)]302"+1 .

Lemma 8.4. (o Trapy1)(w) = (14 (=1)") S0, a1y 101" for any w € R.

In particular, if |w]| is of odd length, or is of homological degree > 2, then (® o Tra,11)(w) vanishes.
Lemma and Lemma [R4] enable us to explicitly compute the map

H.(‘I)) o TI’2n+1 : @.(A) — k[,Tl, ey Ty Yl ,yn,91, .. _79n](Zg)"><Sn .

Lemma 8.5. We have

(Ho(®) 0 Tropy1)(zFyl) = 2 foyf , fork+1 even
i=1

(Ho(®) 0 Trop 1) (z*yldz) = 21 Z eyt =0, for k+1 even

i=1
Theorem 8.2. (i) ® : k[Rep,,,__., (£)]3C2+1 = k[zy,...5y1,...;01,...] %) %% js g quasi-isomorphism.
(11) H.((I)) : H.(a,502n+1)S02"+1 — k[,Tl, e Ty YLy s Yns O1, e Hn](Zz)"xSn s a surjection.
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Proof. We first prove (i). By Proposition 84 it suffices to prove that the composite map

= > oo
Sym(Ry ) — k[Repsu%oﬂ(,Q)]SO200+1 — k[T1, YL,y 01y, 0,](2)T 05

is a quasi-isomorphism. This is equivalent to verifying that the map
Symy,(HD. (A))
is an isomorphism. For a := (s,p,l) € {0,1} x Z2,, let Pa denote the power sum ., 27y!0¢. Call an
element a := (s, p,1) of {0, 1} x Z2, even if s+p-+1is even. By Lemmal83) D, (A) can be identified with
the bigraded vector space V' spa;med by basis vectors ¢, for a € {0,1} x Z2>0 even. The basis element
q(1,p,1) corresponds to the form ﬁxpyl“daz in HD; (A) and the basis clement q(0,p,1) corresponds to the
form J2Py" in HDo(A). Lemma B3 implies that He(®) 0 Troe maps ¢a to the power sum P, for each even
ain {0,1} x Z2 . (i) therefore follows once we verify that k[zy,...;y1,...;0;,...]#2)7 >33
to the graded symmetric algebra generated by the power sums P, for a even.
To see this, note that for any n > 2, the orbit sum

(8.12) Oz ...xg"yfl oyl ) = Z oz xf{"yfl ylme e
UE(ZQ)")QSH

Sym(He (®)oTre) Elz1, .. y1, ... 100 _'_](zz)wxsoo

* ig isomorphic

is nonzero iff the triples (v;,au,B;) are even for 1 < i < n and (v, 53:) # (74,4, 5;) whenever
1<i<j<nand v =; = 1. Starting with this observation and proceeding as in the proof of
Proposition 44 one can show the following analog of Proposition 4] without difficulty.

Proposition 8.5. (i) The homomorphism of bigraded commutative algebras
Sym;V = k[x1 ..., Zn, Y1y s Yn, 01, .- ,9,1](22)””5" , Ga '+ Pa for a even
induces an isomorphism of bigraded vector spaces
SymE"V & k[zy o T YLy Yy O, 0] (25
(ii) The homomorphism
Sym,V — kl[z1,...;u1,...;01,.. ] B Tx5= g P,
is an isomorphism of bigraded commutative algebras.

Proposition BH] (ii) is precisely what we needed to verify to complete the proof of (i). Proposition
(i) implies that that the natural map

k[l‘l, c YL, -0, .](ZZ)OONS“’ — k[l‘l, e Xy YLy s Yny O1, - 79n](Zg)"><Sn
is surjective. (ii) is now immediate from (i). O

8.5.4. The even orthogonal and symplectic cases. The DG algebras on both sides of the Harish-Chandra
homomorphism in the even orthogonal case coincide in the limit with their odd counterparts. Hence, the
analog of Theorem B.2] (i) holds in the even orthogonal case as well. The Weyl group for sos,, is however,
(Z3)"! x S, rather than (Z3)™ x S,,. Here, (Z2)"~! is the subgroup of (Z2)"™ comprising those elements
that flip the signs of an even number of the Cartan basis elements h;. In this case, it turns out that that
the map

(813) k[xl’ s Y1 ';917 s '](ZZ)OONSOO — k[xla Ty Y1, .- 7yn;017 .. .,en](ZZ)nilxsn

is not surjective for n > 2. For example, the element x1 ...z, of k[z1, ..., Zn, Y1, -+, Yny 01, - - - 9,1](22)”71”5"
is not in the image of ([BI3). The argument we used to deduce Part (ii) of Theorem B2 from Part (i) in
the odd orthogonal case does not therefore work in the even case.

Remark. Note, however, that the elements z; ...z, , and similarly, the elements of the form

O(x1 ... Tk Ykt1---Yn) and O(x1 .. Tk Ykt1 - - Yn—10n) ,
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where O(...) denotes the orbit sum as in ([8I2)), do not lead to trivial counterexamples to Conjecture
In fact, these elements are the images of the following ‘Pfaffian’ cocycles in k[Rep,,, (£)]5°2:

Z(—l)g To()o(2) - - To(2k—1)0(2k) Yo (2k+1)0(2k) - - - Yo(2n—1)o(2n)

g
and

Z(—l)o To(1)o(2) -+ To(2k—1)o(2k) Yo (2k+1)o(2k) - - - Yo(2n—3)o(2n-2) Oo(2n—1)o(2n) -

g
A small computation shows that the last element is indeed a cocycle, and it cannot be exact, since
its expression contains no repeated indices, while repeated indices are necessarily introduced by the
differential (recall that the differential of 0;; is given by >, (Zikyrj — YikTrj))-

The case of sp,,, is analogous to that of s02,11. The only modification here is a different involution
on Mo, (k): it is given by X — Mb X' My, , where Ma, is the matrix of the nondegenerate skew-
symmetric bilinear form Q on k" satisfying

Q(e2i-1,€2i) = —Qezi ezi-1) = 1, 1<i<n
Q(ei,ej) = 0 otherwise.

In particular, the obvious analogues of both parts of Theorem hold in the symplectic case.

9. MACDONALD CONJECTURES

In this section, we explain how our Conjecture [2]is related to the strong Macdonald conjecture proved
in [EGT]. The key point is to consider the G-equivariant derived commuting scheme DRepg(a)G of
the two-dimensional abelian Lie algebra a with ‘shifted’ homological degrees. Following the conventions
of [FGT], we will assume in this section that k = C. As in the previous section, g will denote an arbitrary
finite-dimensional reductive Lie algebra with associated complex algebraic group G.

9.1. Graded commuting schemes. Let a := C.u @ C.v be a homologically graded Lie algebra with
trivial bracket, where u has degree —1 and v has degree —2. Let z € (a[1])* and w € (a[1])* denote basis
vectors dual to su € a[l] and sv € a[l] respectively. Thus z and w have homological degrees 0 and 1.
We equip a with a Z2-weight grading by setting the weight of u to be (1,0) and that of v to be (0,1).
By convention, the weight of the dual of a finite-dimensional weight-homogeneous vector space W will
coincide with that of W. Also, in this section, (—)* shall mean bigraded dual.

Lemma 9.1. DRep,(a) = C(g[z,w], g; C)*.

Proof. Since a is abelian, a cofibrant resolution of a in DGLy is given by Qcom (Sym©(a[l])). Note that
the bigraded dual of Sym®(a[l]) is exactly C[z,w]. By Theorem [65]

DRep,(a)? = C*(g*(Sym®(a[1])),8";C).
The desired lemma now follows from the isomorphism (G.8]). 0

We have the following restatement of the (now proven) strong Macdonald conjecture (see [FGT, The-
orem 1.5]) in terms of derived representation schemes.

Theorem 9.1. The map

Sym,[Trg(a)] := Symy[&|_, Tr{™)] : Sym, [©]_;LA%)(a)] - DRepy(a)”
is a quasi-isomorphism. In particular, the induced map
(9.1) Symy,[Trg(a)] : Symy[@]_HC") (Lie, a)] — Ha(a, g)“

is an isomorphism of graded algebras.

50



Proof. Since the bigraded dual of Sym®(a[1]), namely C[z,w], is a smooth graded commutative algebra,
Proposition [[4] applies. Thus, the map (@) becomes

9.2) Sym,[Trg(a)] : Symy[@!_HC.") (Clz,w])*] = C(g[z,w], g:C)"

where m;, 1 <i <r are the exponents of g. It turns out that ([@.2)) is precisely the map in [Tel Equation
3.1]: [EGT] Theorem 1.5] states that this map is a quasi-isomorphism. O

Corollary 9.1. H.(a,g)¢ is isomorphic to the symmetric algebra with one generator in homological
degree —(2m + 1) and weight (n + 1,m) and one generator of homological degree —(2m + 2) and weight
(n,m+ 1) for each exponent m of g and each n > 0.

Proof. Indeed, [FGT, (1.7)] shows that m;’;&rl((ﬁ[z,w]) is identified with the (weight graded) vector

space C[z].w(dw)™ for each exponent m of g. The duals of the basis elements z"™w(dw)™ of mé’,ﬁﬁl (Clz,w])

give generators of Sym,, [@leyﬁ) (C[z, w])*] having homological degree —2m —2 and weight (n,m+1)
for each n > 0 and for each exponent m of g. Similarly, [FGT)] (1.7)] shows that for each exponent m

of g, H_Cénn? (Clz,w]) is identified with the (weight graded) vector space C[z].dzw(dw)™~!. The duals of
2"dzw(dw)™ =1 give generators of Sym,, [@ﬁzlmsﬁi) (C[z,w])*] having homological degree —2m — 1 and

weight (n + 1,m). Theorem (more precisely, its proof) then implies the desired corollary. O

9.2. Lie algebra (co)homology and parity. For a fixed pair of integers (p,7) € Z?, let a,, =
C.u & C.v denote the homologically graded abelian Lie algebra, with v and v having degrees p and r
respectively. We now demonstrate that much of the behavior of DRep (apm)c depends only on the parity
of p and r.

9.2.1. Functors on complexes. Let I' be an abelian group. Let I'-Com denote the category of I'-weight
graded complexes of C-vector spaces. In other words, any V' € I'-Com is a direct sum of subcomplexes
V = GB’YGFV’Y .

Here, V, is the subcomplex of V' of weight . Let I'-Comy denote the category of I'-weight graded Z-
homologically graded complexes. One has a functor

IT: T-Com — I'-Comy, V = (®nezVon & ®nezVont1) -

The functor II (for “parity”) remembers only the parity of the homological grading while retaining the
I-weight grading. Note that the functor IT is faithful but not full. For most of this section, I' = Z2. The
following lemma is obvious.

Lemma 9.2. A morphism ¢ € T'-Com is a quasi-isomorphism iff I1(¢) is a quasi-isomorphism in I'-Coms.

For any k > 1, there is a functor
Fi : Z*-Com — Z-Com,

that assigns to a Z2-weight graded complex V = D (ap) €22 V(a,p) the Z-weight graded complex Fy (V)
with component of weight r being Fi(V), = Da+kb=rV(a,p)- Note that Fy only changes weights without
changing the homological grading or differential.

9.2.2.  As before, we equip u and v with Z2-weights (1,0) and (0, 1) respectively. The proof of the
following lemma is essentially the same as that of Lemma

Lemma 9.3. There is an isomorphism of DG algebras
DRepg(aPﬂ")G = C(g[sz]Mg?C)* )
where z has degree —(p + 1) and weight (1,0) and w has degree —(r + 1) and weight (0,1).

Hence
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Proposition 9.1. (i) The weighted Euler characteristic of DRepg(ap,r)G depends only on the parities of
p and .
(#3) If either the derived Harish-Chandra map
Dy - DRepg(a)G — Symg(h* ® Sym©(a[1]))V
or the Drinfeld trace map
Symy[Trg(a)] : Symy[®{_, LA (a)] — DRepgy(a)®
is a quasi-isomorphism for ap ., then it is a quasi-isomorphism for ay .. whenever p,p’ and r,r’ have the
same parity.
Proof. Note that if p,p’ and 7,7’ have the same parity,
H[@g(ap,r)] = H[@g(ap )], H(Symy[Trg(ap,)]) = H(Symy[Trg(ay ,)]).
The desired proposition therefore follows from Lemma O
Thus, when p,r are both even, we expect that the derived Harish-Chandra homomorphism gives the
quasi-isomorphism
DRepy (a,,)¢ = Sym(h*[p] @ b*[r] @ b*[p +r + 1))""
and we get Conjecture 21and Conjecture
On the other hand, when p,r are of opposite parity, by Theorem [0.1], the Drinfeld trace map must be

a quasi-isomorphism, so that the homology of DRepg(apJ)G is a free graded commutative algebra: and
we get the classical (g,t)-Macdonald identity (see Section @3] below).

9.3. Euler characteristics. Let By := C(g[z,w]/g; C). It follows from Lemma[@.I]that the weighted Eu-

ler characteristic of DRep,(a)“ c01nc1des with that of its bigraded dual, namely, B adg = C(g[z,w],g; C).
We compute this Euler characteristic by computing the character valued FEuler characteristic

X(Bg, g, t,e") == > > (=1)'Tr(e"|(5,),,)a"t" -

a,b>0i€Z
Lemma 9.4.
1— g\ 1—qg"tle
By, q,t,e") = :
X( 94 ’e) H[(l—qnt H 1 — gqntex
n>0 aER

where | := dimc b s the rank of g.
Proof. The proof is identical to that of Lemma [l O

Note that BG Badg where G is the complex reductive Lie group whose Lie algebra is g. Hence,

Corollary 9.2.

gt 1—q"e”
9.3 B9 q,t) ( ) CT
93) X( |W|nl;[0 1—qnt };[(ml;[Rl—q"teo‘
Proof. The proof is similar to the proof of Corollary B1] from Lemma [B1] O

As a consequence, we obtain the following proposition:

Proposition 9.2. The following identity holds:

l

1— 1_ nt 1_ n—i—ltmi
(9'4) CT H H _ qnteea H H q — q"tmiJrl)) ’

n>0 aGR n>0i= 1

where m; = d; — 1 are the exponents of the Lie algebra g.
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Proof. Let | bs the rank of g. The Euler characteristic of DRepg(a)G equals that of its homology. By
Corollary @11 the latter Euler characteristic is equal to

1 _ qn+1tml

(9'5) HH _ ntmri-l'

n>0:i=1

On the other hand, by Lemma [0.1], the Euler characteristic of DRepg(a)G is equal to that of Bgdg. By
Corollary[@.2] the Euler characteristic of Bgd 9 also equals the right hand side of ([@.3). Equating the right

VR
hand side of ([.3) with the expression (0.5) and multiplying both sides by [, (11__‘1—(1:;) , we obtain
the desired identity.
Remark. The left-hand side of Eq. (@4) is exactly the expression denoted by \_Vlv|[Aq 1, Jo in [Kix.
Thus (@4 is equivalent to the standard (g, t)-version of Macdonald’s constant term iden‘éity (see [Kir
Eq. 2.7]), which is the special case of the inner product identity for Py =1 (see [Kirl, Theorem 2.4]).

9.3.1. The q-Macdonald identity. . Let V € Z?-Com be such that the subcomplexes V, j, of weight (a, b)
are finite-dimensional and nonzero only for a,b > 0. Recall the definition of the functor Fj : Z2-Com —
Z-Com above. There is an equality of Euler characteristics

X(V,4,¢") = x(Fi(V),q).
As a result, we get

Lemma 9.5.
x(C(alz]/2*,8;C), q) = x(Bg*%,q,4").

Proof. Consider the DG Lie algebra golz,w] := (g[z,w], Ow = 2¥), which is quasi-isomorphic to
g[z]/2*. Hence, C(gslz,w],g;C) is quasi-isomorphic to C(g[z]/z*,g;C). Note that the differential on
C(galz, w], g;C) is obtained by twisting that on Bi'® = C(g[z,w], g; k) with the differential induced by

0. The latter differential also preserves weights provided we apply the functor Fy to Bgd 9. Hence,
x(C(a[2]/2",8;C),q) = x(C(ga[z,w],8;C),q) = x(Fx(B3*%),q) = x(B3"% ¢,¢").
This finishes the proof of the lemma. O
On the other hand, the identity (@4]) implies that
Lemma 9.6. The following identity holds:

I k-1 e 1 _
0 der{ T 0 -ven - T2 -1 ()
j=0 a€R i=1j=1 =g i=1 k=1/,

Proof. Putting t = ¢* in (@4), we obtain ([@.6). Equivalently, we can multiply both sides of (3.6) by
Hf;ll(l — ¢%)! to obtain:

I k-1

(9.7) |W|H1—q ) CT HH1_q ~TITIC - ¢

j=0 a€ER i=1j=1

By Corollary and Lemma [0.5] the left-hand side of the above identity is the Euler characteristic of
C(g[z]/2"*,9;C). That this Euler characteristic equals the right hand side of the above identity follows
from [FGT, Theorem A], which explicitly computes H,(g[z]/2"*,9;C) as a free bigraded commutative
algebra and specifies the weights and homological degrees of a set of homogeneous generators. We
remind the reader that [FGT, Theorem A] is proven from [FGT, Theorem 1.5] by replacing g[z]/z* by
the quasi-isomorphic DG Lie algebra gg[z,w] and computing He(gs[z,w], g; C) by appealing to [FGT|
Theorem 1.5] (which computes Hq(g[z, w], g; C)) and using a simple spectral sequence argument. O
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Remark. Being the Euler characteristic of C(g[z]/2*, g; C), the left hand side of (@.7)) can be rewritten

as
k—1 )
/ H det(1 — ¢’ Adg)dg
G i

The identity (@.8) is thus equivalent to
I k-1

(9.8) / H det(1 — qJAdg dg = H H kmﬂra 7

=1 j=1

which is a version of the original Macdonald identity (see [M], Conjecture 3.1]).

APPENDIX A. DERIVED REPRESENTATION SCHEMES OF ALGEBRAS OVER AN OPERAD

In this Appendix, we construct (derived) representation schemes for (DG) algebras over an arbitrary
binary quadratic operad. Our generalization covers the representation schemes of associative algebras
studied in [BKRL [BR], the representation algebras defined in [Tul as well as the representation schemes
of Lie algebras introduced in Section We also construct canonical trace maps from operadic cyclic
homology to representation homology, generalizing the derived character maps of [BKR]. For cyclic
operads our notion of operadic cyclic homology agrees with that of [GK]. The main result of this section,
Theorem [A.2] unifies Theorem [3.1] and Theorem

Throughout this section, P will denote a finitely generated binary quadratic operad and Q = P' will
stand for its (quadratic) Koszul dual. Unlike Getzler and Kapranov [GK] who work with cyclic operads,
which are not necessarily binary quadratic, we will work with binary quadratic operads, which are not
necessarily cyclic. This is due to the following fact that we need for Theorem [A2} if A is a DG P-algebra
and if B is a DG Q-algebra then A ® B has a natural DG Lie algebra structure (see [LV, Prop. 7.6.5]).

A.1. Internal Hom-functor and the representation functor. Let DGPA (resp., DGQA) denote the
category of DG P-algebras (resp., DG Q-algebras) over k. If € is a DG P-coalgebra, the complex
Hom(<, B) naturally acquires the structure of a DG P-algebra for any B € DGCA /. We therefore have
a functor

Hom, (¢, ) : DGCA;/, — DGPA, B — Hom(¢, B),

where * indicates that we form the convolution algebra with the augmentation ideal B. Let A € DGPA.
Each generating operation m € P(2) gives k-linear maps

mag: ARA—A, me:€—=CERC.

For a,b € A and z € €, define (me(z),a,b) € Sym, (€ ® A) to be the image of the element z ® a®b €
€ ® A ® A under the composite map

can

_megldeld (€@ A)® (€® A) — Sym*(€® A) — Sym;(C® A)

Id®T23®Id
_—

CRARA CRCRAR®A

The proof of the following proposition is a straightforward generalization of that of Proposition [6.11 We
therefore, leave it to the interested reader.

Proposition A.1. The functor Hom, (&, ) : DGCA,;, — DGPA has a left adjoint
¢ x — : DGPA, — DGCA/p, A Cx A = Sym,(C® A)/Zac,
where T4 ¢ 1s the ideal generated by the elements
r@ma(a,b) — (me(x),a,b),meP(2),z € €, abecA,.
In particular, there is a natural isomorphism
(A1) Hompgpa (A, Hom, (€, B)) = Hompgen, , (€ X A, B).
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The category DGPA has a natural model structure where fibrations are degreewise surjections and weak
equivalences are quasi-isomorphisms (see [H]). It is easy to verify that the functor Hom, (&€, —) preserves
fibrations (i.e, degreewise surjections) and acyclic fibrations. Hence,

Theorem A.1l. (a) The following functors form a Quillen pair:
¢ x — : DGPA = DGCA, /), : Hom,(C, -).
(b) The functor € x — : DGPA = DGCAy /i, has a (total) left derived functor

L
€ x — : Ho(DGPA) — Ho(DGCAy /), A~ Cx QA,

where QA S Ais any cofibrant resolution of A in DGPA.
(c) For any A € DGPA and B € DGCAy /1, there is a canonical isomorphism

HOmHO(DGPA) (A, Hom(C, B)) = HomHo(DGCAk/k)(Q X A, B) .

We define derived representation scheme of A over coalgebra € by

L
DRepg(A) := € x A € Ho(DGCAy ;)
and the representation homology of A over € by
H.(A; Q:) = H. [DRepQ(A)] .

A.2. Representation homology vs Lie homology: the operadic setting. Recall that Q denotes the
Koszul dual of the operad P. The main result of this section, Theorem [A.2] identifies the representation
homology He(A,€) with the homology of the Lie coalgebra € @ C' constructed over a Q-coalgebra C
Koszul dual to A: this unifies Theorem [BI] and Theorem in the main body of the paper. We begin
by recalling some facts on twisting chains and Koszul duality in the operadic setting. The main reference
for this material is [LV].

A.2.1. Twisting chains and Koszul duality. Let DGQC denote the category of conilpotent DG Q-coalgebras.
Let A € DGPA and C € DGQC. The following proposition is a special case of [LV] Proposition 11.1.1].

Lemma A.1l. (a) The complexr Hom(C, A) has the natural structure of a DG Lie algebra.
(b) If € is a DG P-coalgebra, the complex € @ C' has the natural structure of a (conilpotent) DG Lie
coalgebra.

Proof. We note that Hom(C, A) has the natural structure of an algebra over the Hadamard product
P @u Q of the operads P and Q (see [LV] Section 5.1.12]). The Lie algebra structure on Hom(C, A)
comes from the morphism of operads Lie — P ®y Q in [LV] Prop. 7.6.5]. This proves (a).

On the other hand, €® C' is naturally a DG coalgebra over the operad P ®y Q. The DG Lie coalgebra
structure on € ® C then comes from the morphism of operads Lie — P ®y Q in [LV| Prop 7.6.5]. The
conilpotency of € ® C follows from the conilpotency of C. This proves (b).

O

A twisting chain from C to A is a degree —1 element 7 € Hom(C, A) satisfying the Maurer-Cartan
equation

1
d7'—|—§[7',7'] = 0.

Let Tw(C, A) denote the set of all twisting chains from C to A. It can be shown (see [LV] Prop. 11.3.1])
that, for a fixed P-algebra A, the functor

Tw(—, A) : DGQC — Sets , C+— Tu(C,A) ,

is representable; the corresponding coalgebra Bp(A) € DGQC is called the bar construction of A (see [LV],
Sect. 11.2.1]). Dually, for a fixed coalgebra C, the functor

Tw(C,—) : DGPA — Sets, A+~ Tu(C,A),
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is corepresentable; the corresponding algebra Q¢(C) € DGPA is called the cobar construction of C (see [LV],
Sect. 11.2.5]). Thus, we have canonical isomorphisms

(A2) HOmDGpA(QQ(C),A) = TW(C, A) = HomD(;Qc(C, BP(A))

showing that Qo : DGQC <= DGQC : Bp are adjoint functors. We say that C' € DGQC is Koszul dual to
A € DGPA if there is a quasi-isomorphism Qo (C) = A in DGPA. Note that since Qg(C) is free as a graded
P-algebra (see [LV], Sect. 11.2.5]), Qo(C) = A is a cofibrant resolution of A in DGPA when C is Koszul
dual to A. Further, if P is a Koszul operad, there is at least one C' € DGQC Koszul dual to A, namely,
Bp(A) (see [LV], Sect. 11.3.3]).

A.2.2. For C' € DGQC and for any DG P-coalgebra €, let Lie®(€ ® C) denote € ® C' equipped with the
Lie coalgebra structure from Lemma [Al Then,

Theorem A.2. There is a natural isomorphism of functors from DGQC to DGCAy /y:
(€x —)oQg(~) = Que[lie“(C® ).

As a result, if C € DGQC is Koszul dual to A € DGPA, there are isomorphisms in Ho(DGCAy, )y, )

DRepe(A) = C¢(Lie(€ R C); k) .
Consequently,

Ho(A,€) =2 Ho(Lie® (€@ C); k) .
Proof. Let C' € DGQC. For any B € DGCAy s, we have natural isomorphisms

Hompgen,, , (€ X Qo(C),B) = Hompera(Q20(C), Hom(C, B))

Tw(C,Hom(C, B))
Tw(Lie(€ ® C), B)
Hompgen,, , (Quie[Lie (€@ C)], B)
The DG Lie algebra structure on Hom(C, Hom(¢, B)) comes from Lemma [A1] and the fact that
Hom(¢, B) acquires the structure of a P-algebra. The third isomorphism above is from the isomorphism

of DG Lie algebras Hom(C, Hom(¢, B)) = Hom(Lie(€® C), B) coming from hom-tensor duality (and
Lemma [A]). The natural isomorphism

Cx Qo(C) & Qie[Lie®(€RC)] = C(LieC(€R C); k)
follows from the natural isomorphism
Hompeea,,,,, (€ x £20(C), B) = Hompgen, ), (Qrie[Lie“ (€@ )], B)

by Yoneda’s lemma. This proves the first statement of the desired theorem.

If C € DGQC is Koszul dual to A € DGPA, Qo(C) = A is a cofibrant resolution of A. Hence,
DRepe(4) = € x Qo(C) = C¢(Lie®(€ ® C); k). This proves the second assertion in the above the-
orem. The final statement in the above theorem now follows immediately. O

1l

IR

A.3. Examples.

A.3.1. Derived reresentation schemes for associative algebras. When P = Q = Ass, the operad govern-
ing associative algebras, DGPA becomes DGA, the category of nonunital DG k-algebras. Recall that there
is an equivalence of categories (see Section 22.7)):

DGA — DGAy/, A— A = kdA.

The inverse is the functor that assigns to each augmented DG algebra A its augmentation ideal A. In
this case, Proposition [Ad]is a generalization of [Tul, Lemma 2.1] to the DG setting. Let € be a counital
DG coalgebra. Denote the composite functor

DGA/x — DGA =X DGCA 4
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by € x —. For A € DGA/j, one has a natural isomorphism
CxA 2 (€ A)ap,
where
(A.3) C>A:=TiC®A)/(moab—(mY 2a)em®eb), mol—u(m).l).

Here, u(m) € k and A(m) = Y. m™M @m(? are the counit and the coproduct of € evaluated at an element
m € €. This operation is introduced in [AJ Section 3.4], where it is called the Sweedler product.

Note that the algebra homomorphisms €> A — A correspond precisely to the left actions €® A — A
commuting with the multiplication A® A — A and the unit map k — A on A. This clarifies the meaning
of the defining relations and the notation for the algebra € > A (cf. [Maj]).

Now, if € = M (k) is the finite-dimensional coalgebra dual to the matrix algebra M,,(k), the functor
Hom(¢, —) is canonically isomorphic to M,,(—), Hence, by adjunction (see Proposition 2.1I), we have a
natural isomorphism

Ay, = M (k) x A.
This allows one to regard the representation functor (271) as a special case of the general construction of
this section. In particular, all results of Section 24 (along with Theorem B.T]) follow from results proved
in the this section (e.g., Theorem [Z4] is a special case of Theorem [A1] Theorem B]is a special case of
Theorem etc.)

Remark. The existence of the noncommutative ‘lifting’ €> A of €x A appears to be a special phenomenon
that occursonly in the case P = Q = Ass. In this case, the natural morphism of operads Lie —
Ass ®p Ass factors through the associative operad. Hence, from the point of view of a coalgebra-algebra
pair over a Koszul dual pair of operads, it is the abelianization of the Sweedler product (rather than the
Sweedler product itself) that is the natural construction.

A.3.2. Derived representation schemes of Lie algebras. When P = Lie, the operad governing Lie alge-
bras, then @ = Comm, the operad governing commutative algebras. In this case, the constructions of
this section specialize to those of Section Bl For example, Proposition [A1] specializes to Proposition [6.11
Theorem specializes to Proposition and Theorem [6.5] etc.

A.4. P-cyclic homology. We now construct derived trace maps relating (operadic) cyclic homology to
(operadic) representation homology. Our construction generalizes the construction of traces in [BKR] as
well as Drinfeld traces in Section

A.4.1. Invariant bilinear forms. We say that a bilinear form B on a DG P-algebra is invariant if for all
m € P(2),

B(m(a,b),c) = (=)™ Ba, m(, ¢)), foralabce A.
Let A; denote the target of the universal invariant bilinear form on A: this is equal to the quotient of
A ® A by the subcomplex spanned of the images of the maps

(meId-—Idem) : ARARA—ARA,

where m runs over all (homogeneous) elements of P(2). If P is a cyclic binary quadratic operad, the
notion of an invariant bilinear form defined here coincides with that of [GK| Section 4] (see [GKl Prop.
4.3]). In this case, Ay is denoted in [GK] by A(A).

Dually, if € is a DG P-coalgebra, a (homogeneous) 2-tensor « is called invariant if it is a (homogeneous)
element of € ® € such that for all m € P(2), the composite map of complexes

meId—Id®m

ko] ——~co¢ e

vanishes. We denote the subcomplex of invariant 2-tensors of € by €¥.
The following theorem is a generalization of [GKl Theorem 5.3] to arbitrary binary quadratic operads.
Since its proof is similar to that of Theorem [[.Il we omit it in order to avoid being repetitive.
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Theorem A.3. The functor
(*)h : DGPA — Comy,, A+ Au

has a (total) left derived functor
L(-)y : Ho(DGPA) — Ho(Comy), A R,
for any cofibrant resolution R = A in DGPA.

We denote the homology He(LA;) by HC.(P,A) and call it the P-cyclic homology of A. When
P = Lie and A = a, this is exactly the Lie cyclic homology HC4(Lie, a) used in Section [0 (which [GK]
denote by HA,(Lie, 4)).

A.5. Traces. Suppose that the DG P-coalgebra € is equipped with a degree 0 invariant 2-tensor
coTr : k — ¢F.
Then, for any A € DGPA, there is a natural morphism of DG P-algebras
w4 @ A— Hom, (¢, ¢ x A) — Hom(€, & x A),

where the first arrow corresponds under the adjunction (AJ]) to the identity morphism on € x A. Denote
by maga the composite map

A® A ™% Hom(¢,¢ x A) @ Hom(€, € x A) — Hom (€2 (€ x 4)¢2) — Hom(€ ® ¢, ¢ x A),

where the last arrow is induced by the product on € x A. The map of complexes
A® A 222 Hom(€® €, ¢ x A) — Hom (¢4, ¢ x A)
induced by the inclusion €% — € ® € clearly factors through A, giving
Ay — Hom(€%, ¢ x A).

Composing this last map with the map Hom(¢% € x A) — Hom(k,€ x A) = € x A induced by coTr,
we get

(A.4) Tre : Ay > Ex A

We remark that in general, Tre depends on the choice of invariant 2-tensor coTr on €.
By construction, Tre gives a natural transformation of functors

(A.5) (-)y > ¢€x — : DGPA — Comy .

It therefore, gives a natural transformation of derived functors

(A.6) Tre : L(~); — € % — : Ho(DGPA) — Ho(Comy) .
Applying this to A € DGPA and taking homologies, one obtains maps of graded vector spaces
(A7) Tre : HCo(P,A) — Ho(A,C).

We now give a few examples of the trace (A.7]).

A.5.1. Example. Let P be a cyclic binary quadratic operad. Suppose that € is a finite-dimensional P
coalgebra in homological degree 0. Let S := €* and let tr : 8; — k denote the dual of the map coTr.
Let G := Aut(S,tr) denote the algebraic group of trace preserving automorphisms of the P-algebra 8
(see [G1l Section 6]). Suppose A is a P-algebra concentrated in homological degree 0. In this case,
€ x A = k[Repp(A,S)]. The trace (A7) induces a trace map

Trs : Ay — k[Repp(A4, S)]
on 0-th homologies. It is easy to verify that the image of Trs actually lies in k[Repp(4,8)]¥. The map
Trs : Ay — k[Repp(4,S)]¢

appears in |GI] Section 6].
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A5.2. Ezample. Let P = Ass and let € = M (k). Let A be a unital DG k-algebra. Then (see [GK|
Section 4]) Ay = A/[A, A]. Dually, since M (k) is counital, [M(k)]* can be identified with the co-

commutator subspace of M} (k). This subspace is a 1-dimensional subspace of M (k) generated by the

dual of the usual trace map. Choosing the dual of the usual trace map as our cotrace and applying the
construction in this section, one sees that the trace map (A7) becomes the trace map

Tr,(A)e : HCe(A) — He(A4,n)
constructed in [BKRI, Section 4].

A.5.3. Ezample. Let P = Lie and let € = g* where g is a semisimple Lie algebra. Then, €% is a one
dimensional k-vector space generated by the Killing form on g. Taking the Killing form as our invariant
2-tensor, the trace (A7) specializes to the canonical trace (T.9).
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