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1. INTRODUCTION

Let €2 be an unbounded open subset of R", n > 2. Denote by B the open ball in R™ of radius
p > 0 centered at the point z. If z = 0, we write B, instead of B}. As is customary, by WQIJOC(Q)
we mean the set of functions in D’(Q) that belong to the spaces Wy (2N B,) for any p > 0 [3]. In

this case, denote by VCT)/% loc(©2) the subset of W3 | (R™) which is the closure of C§°(€2) in the system
of seminorms [[uflw;(ons,), p > 0. Further, following [4, Subsec. 1.1], denote by L(Q) the space of
distributions (“generalized functions”) whose first derivatives belong to Lo(Q2); in other words,

LY(Q) = {f e D (Q): /Q|Vf|2da: < oo}.

Let w C R™ be an open set and let £ C w be a compact set. Denote by ®,(IC,w) the set
of functions ¢ € C§°(w) such that ¢y = ¢ in a neighborhood of K, or, in other words, ) — ¢ €
M (R K). Write U(K,w) = {y € C§°(w) : ¥ = 1 in a neighborhood of K}. The quantity
cap ,(K,w) = infyc o, (x,w) L, |V4)|? dx is referred to as the capacity of the compact set K with

2,loc
respect to an open set w. The capacity of an arbitrary closed subset E C w of R" is defined by the
rule cap ,(E,w) = supy cap,(K,w), where the supremum on the right-hand side is taken over all

compacta K C E. If w = R", then we write cap ,(F) instead of cap ,(£,R"). We also need the
following capacity [4, Subsec. 9.1]:

Cap(K, Wy (w)) =  inf (/ |V1/J\2da:+/ \¢|2daz>.

e ¥ (K, w)

As above, the capacity of an arbitrary set F C w closed in R™ is given by the rule Cap(E, W3 (w)) =
sup,c Cap (K, W (w)), where the supremum on the right-hand side is taken over all compacta K C E.

Finally, denote by W2_1 the space of continuous linear functionals on W4. A set E C R"™ is said
to be (2,1)-polar if the only element of W{l supported by E is zero [4, Subsec. 9.2].
The problems treated in the present note were studied earlier in [1, 2].

2. STATEMENT OF THE PROBLEM

Here and below, L stands for the divergence operator of the form L = Y77, _, 9/0x; (aij(z)0/0x;)
with measurable bounded coefficients satisfying the uniform ellipticity condition

n

crléf® < Z aij(z) & & < calé)?, EER™, er,00 >0,
ij=1
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By a solution of the Dirichlet problem
Lu=0 on Q ulan = ¢, (1)
where ¢ € Wy |, .(R"), we mean a function u € Wy () such that
l.u—gpe€ W loc(§2) 1e, (u—p)n € Vig(ﬂ) for any function n € C§°(R"™);
2. the functlon u has the bounded Dirichlet integral [, [Vul*dz < oo;
3. o2 j=1@ij(2)0u/0x; O /Ox; dz = 0 for any function ¢ € C§°(€2).

3. MAIN RESULTS
Theorem 1. Let cap ,_ .(R™\ Q) < oo for some ¢ € R. Then problem (1) has a solution.

Theorem 2. Let problem (1) have a solution, and let fRn\Q |Vo|?de < oo. Then there is a
c € R such that cap ,_ .(R" \ Q) < oo.

Theorem 3. For any function ¢ € VV21 loc(R™), the condition cap,,(R™ \ Q) < oo is equivalent
to the inequality ", capy,((Br,,, \ Br,_,)cap(R™\ Q), B, ., \ Br,_,) < oo, where r, = 2% if

= 3 and 1y, = 92" ifn=2.

Let w C R™ be a bounded Lipschitz domain, and let u be a measure on w such that

sup plfn,u(Blf Nw) < oo. (2)
z€R™, p>0

In this case, for any function v € W3 (w), there is a ¢ € R such that
O'((,U,,U,)H’U CHLz(w,,LL) ”vv”Lz(w)7 (3)
where the constant o(w, ;) > 0 does not depend on v [4, Subsec. 1.4.5].

Theorem 4. Let problem (1) have a solution, and let puy be a family of measures on wy, where

wi, k=1,2,..., are pairwise disjoint Lipschitz domains in R™ such that
sup (B, Nwy) < oo, Z/ |Vop|de < oco.
TER™, p>0 wi \ 2

Write mi(¢) = infeer ¢ — €|l La@i\o.u)- Then > peq 02 (Wi, pi)mi(p) < oo, where o(wg, pr)
stands for the coefficient in inequality (2).

Corollary 1. Let Q = {(2/,z,) € R"|z,, = 0} and p(x) = (1 + |z|)*. In this case, problem (1)
has a solution if and only if either « < —1/2 or o = 0.

Corollary 2. Letn > 3, let Q be the complement to the set {(x',x,) € Rz, > 1,|2'| < 28},
where < 0, and let p(x ) (L+|z|)*. In this case, problem (1) has a solution if and only if either
a<—(1 —I—B(n —3))/2 or a = 0.

The author expresses his gratitude to Professor A. A. Kon’kov for setting the problem and for
the interest shown in the process of its solution.
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