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Abstract

We propose a way to distinguish compact stellar object, whose size is very close to its

Schwarzschild radius, from the collapsing stars. Namely, we show that massive fields in the vicinity

of a very compact stellar object have discrete energy levels. (These levels are different from the

standard non-relativistic ones present in Coulomb type of potentials and from the quasinormal

modes.) At the same time we show that there are no such discrete levels for massive fields in the

vicinity of a collapsing star.

http://arxiv.org/abs/1601.03894v2


2

I. INTRODUCTION

There are several methods that allow one to distinguish compact stellar objects (such as e.g.

neutron stars) from black holes (see e.g. [1], [2]). Standard neutron star models predict that their

size should be substantially grater than the corresponding Schwarzschild radius, rg (in this mote we

restrict our attention to the non–rotating case). At least it should be greater than the last stable

circular orbit, r = 3rg/2. However, suppose that there is such an exotic state of matter1 which

allows the existence of a compact stellar object, whose radius, R, is very close to the corresponding

Schwarzschild scale, 3rg/2 > R ∼ rg. Such an object is very hard to distinguish from the black

hole by the standard methods due to the enormous infrared shift from its surface. In this note we

propose a method that may allow one to show such a distinction.

In particular, in [17] the existence of discrete energy levels for massive scalar particles in the

vicinity of a compact massive thin shell at rest was predicted. In this paper we estimate their

number and positions and extend their consideration to the case of interior solution [18] and to

the collapse. These modes are different from the standard discrete levels present in nonrelativistic

limit in the Coulomb/Newtonian like potentials. Also they are not the same as the quasinormal

modes [19].

The presence of the discrete levels in the vicinity of a very compact stellar object can be easily

predicted. In fact, very close to the Schwarzschild radius every field behaves as massless. Then,

if the mass of the field is not zero, its effective potential in the gravitational background under

consideration has a well in the vicinity of the star surface (see fig. (1)). The well is present, if

the field has the regular boundary conditions either at the center of the star or on its surface.

If, however, there is a collapse instead of the static star, the boundary conditions are changed

such that one does not fetch stationary states. Rather one encounters running modes, which have

continuous spectrum. This is the difference one can use to distinguish very compact stellar objects

from the black hole collapse.

For the discussion that is very similar in spirit to our paper, but different in details consider

[20]. For the discussion of the bosonic stars and of the similar states (to those that we consider

here) on the bosonic star backgrounds please see [21]–[32]. For the discussion of the similar states

on the rotating black hole backgrounds and their physical implications please see [33]–[47].

II. THIN-SHELL AT REST

For illustrative reasons we start with the consideration of the scalar field theory in the back-

ground of a massive thin shell. The metric inside the shell is flat. At the same time outside it the

metric has the Schwarzchild’s form (see [48],[49] for the original work and, e.g., [50] for the review):

ds2 =







ds2− = dt2− − dr2 − r2dΩ2, r ≤ R(t)

ds2+ =
(

1−
rg
r

)

dt2 − dr2

1− rg

r

− r2dΩ2, r ≥ R(t)
, dΩ2 = dθ2 + cos2 θdϕ2. (1)

1 For the options consider e.g. [3], [4], [5] (see also [6]–[10] and [11]–[16]).
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Here R(t) is the radial coordinate of the shell and t(t−) is the time coordinate outside (inside) the

shell.

For simplicity we consider the theory of a free real massive scalar field on such a background:

S =

∫

d4x
√

|g|

[

1

2
(∂µφ)

2 −
1

2
m2φ2

]

. (2)

Decomposing φ =
∑

l,m

φl(r, t)Yl,m(θ, φ) with the real spherical functions Yl,m(θ, φ), we obtain for φl

the following equations:











[

∂2t− − ∂2r +m2 + l(l+1)
r2

]

(rφl) = 0, r ≤ R(t)
[

∂2t − ∂2r∗ +
(

1−
rg
r

)

(

m2 + l(l+1)
r2 +

rg
r3

)]

(rφl) = 0, r ≥ R(t),
(3)

where r∗ = r + rg log
(

r
rg

− 1
)

and the boundary conditions on the shell are as follows:

φl

[

R(t)− 0
]

= φl

[

R(t) + 0
]

,

[(

∂t

∂t−

)
∣

∣

∣

∣

dR

dt

∣

∣

∣

∣

∂tφl −

(

∂t−
∂t

)

∂rφl

]

r=R(t)−0

=

[

∂tφl
1−

rg
r

∣

∣

∣

∣

dR

dt

∣

∣

∣

∣

−
(

1−
rg
r

)

∂rφl

]

r=R(t)+0

. (4)

They follow from the least action principle for (2) in the metric (1) [17]. The second condition is

the continuity of the normal derivative of the field φ across the shell. In this section we assume

that R(t) is time independent and is equal to R0 due to the presence of some force. We consider

it to be very small |R0 − rg| ≪ rg, but still greater than rg. Such a situation models very compact

stationary stellar object.

First, continuity of the metric, ds2− = ds2+, and the stationarity of the shell, dr = 0, provide

from (1) the relation between inside and outside clock rates [17]: t− =
√

1−
rg
r t. Second, if one

introduces the following coordinate,

r̂ =











r
(

1−
rg
R0

)− 1

2

, r ≤ R0

r + rg log
(

r
rg

− 1
)

−R0 − rg log
(

R0

rg
− 1
)

+R0

(

1−
rg
R0

)− 1

2

, r ≥ R0,

(5)

equations of motion and boundary conditions can be represented in a more compact form for

ψl = rφl:

[

∂2t − ∂r̂2 + Vl(r̂)
]

ψl = 0. (6)

Where the potential is

Vl [r̂(r)] =







(

1−
rg
R0

)(

m2 + l(l+1)
r2

)

, r < R0
(

1−
rg
r

)

(

m2 + l(l+1)
r2

+
rg
r3

)

, r > R0,
(7)
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and the boundary conditions are as follows

ψl

(

R̂0 − 0
)

= ψl

(

R̂0 + 0
)

, and ∂r̂ψl

(

R̂0 − 0
)

= ∂r̂ψl

(

R̂0 + 0
)

. (8)

Note that r̂ → +∞, as r → +∞; r̂ = R0
√

1− rg

R0

≡ R̂0, when r = R0; and r̂ → 0, as r → 0.

We are looking for the solutions of (6) of the form ψl(r̂, t) = ψ̄ω,le
−iωt. Then the single particle

problem on the background in question reduces to:

[

−∂2r̂ + Vl(r̂)
]

ψω,l = ω2ψω,l. (9)

For the beginning let us discuss the properties of the potential in question. From the fig. (1) one

can see that Vl(r̂) → m2, as r̂ → +∞ and Vl(r̂) → ∞, as r̂ → 0. The minimum of the potential is

equal to Vmin = V

(

R0
√

1− rg

R0

− 0

)

=
(

m2 + l(l+1)
R2

0

)(

1−
rg
R0

)

, at the same time the local maximum

is Vmax = Vl [r̂(rl)] ≈
4l2

27r2g
and is reached at r = rl ≈

3
2rg. Also at r = R0 there is a jump in the

potential of the magnitude ∆Vl =
(

1−
rg
R0

)

rg
R3

0

, which is very small for |R0 − rg| ≪ rg. This jump

is present due to the change of the behaviour of the metric accros the shell. From the fig. (1) it

should be apparent that there are discrete levels in such a potential, if m > 0.

Let us investigate properties of the harmonics in (9). We have to demand their regularity at

r̂ = 0 and r̂ = +∞. Henceforth, for ω2 > m2 we have a continuous spectrum of such functions

that are regular at r̂ = 0. They are discussed in [17] and are not of our interests in the present

paper. At the same time for m2 > ω2 > m2
−, where m

2
− = m2

(

1−
rg
R0

)

, the spectrum is discrete

and contains finitely many energy levels, as we will see in a moment.

−20 −10 0 10
0

1
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3

4

5

m2m2

−

∆Vrl ≈
3rg

r̂/rg

V
l(
r̂)
r g

Figure 1: Qualitative plot of the potential V (r̂). Note that this plot is valid for l ≫ 1. We discuss the case

of l ∼ 1 below.

To find these states we look for approximate solutions of the equation (9) in the regions 0 ≤

r ≤ R0 and R0 ≤ r and glue them across r = R0 using boundary conditions (8). In the region
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R0 ≤ r . 3
2rg the equation (9) can be approximated in the following way

[

−∂2r̂ + er̂/rgk2
]

ψω,l ≈ ω2ψω,l, where k2 = ea
[

m2 +
l(l + 1) + 1

r2g

]

. (10)

Here a is a constant that determines the difference between r̂ and r∗ and can be found from (5).

Solution of this equation can be represented as a linear combination of Hankel functions of an

imaginary index and argument:

ψω,l(r̂) = C1H
(1)
2iωrg

(

2ikrge
r̂

2rg

)

+ C2H
(2)
2iωrg

(

2ikrge
r̂

2rg

)

. (11)

For the discrete levels the normalization conditions imply that ψω,l(r̂) has to be finite as r̂ → +∞.

Bessel functions for large values of their argument behave in the following way H
(1)/(2)
2iωrg

(x) ∼ e±ix.

One can conclude that C2 has to vanish, because in our case x ∝ ie
r̂

2rg . In the quasiclassical

approximation in the vicinity of the shell harmonic functions (11) with C2 = 0 can be approximated

as follows

ψω,l(r̂) ≈ A sin

[

√

ω2 −m2
−r̂ + ϕ(ω, rg)

]

, (12)

where A,ϕ are independent of r̂. The constant ϕ(ω, rg) is determined from the position of the

turning point, that is close to r ≈ 3
2rg. The constant A follows from the normalization and gluing

conditions. Also we have neglected the aforementioned small jump ∆V of the potential at r = R0.

In the region 0 ≤ r ≤ R0 the equation (9) can be approximated as:

[

−∂2r̂ +

(

1−
rg
R0

)(

m2 +
l(l + 1)

r2

)]

≈ ω2ψl,ω(r̂). (13)

Solution of this equation also is a linear combination of Bessel and Neumann functions, Jl+ 1

2

(x)

and Yl+ 1

2

(x). The condition of regularity at r̂ = 0 defines the harmonics inside the shell up to a

total factor:

ψl,ω(r̂) ≈ B
[(

ω2 −m2
)

r̂2
]
1

4 Jl+ 1

2

(

√

ω2 −m2
−r̂

)

, (14)

where B is some constant following from the normalization condition [17]. In the vicinity of the

shell this function can be approximated as

ψl,ω(r̂) ≈ B sin

(

√

ω2 −m2
−r̂ −

πl

2

)

. (15)

Gluing (12) and (15) at the shell, we get the condition B = A and equality of the phases. The

latter equality states just that there is an integer number of wavelengthes between turning points:
√

ω2 −m2
−L ≈ πn+

π

2
, (16)

here L ≈ r̂
(

3
2rg
)

is the distance between the origin and the turning point.

The last equation defines the energy spectrum. For the large values of n it can be approximated

as
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ω2
n ≈ m2

− +
π2n2

L2
. (17)

One can estimate the total number of discrete levels as N ≈ mL
π because the discrete spectrum

does exist only for ωn < m.

It is probably worth stressing at this point that these discrete states are different from the

usual ones that appear in the non-relativistic approximation, i.e. in the Newtonian/Columb-like

potential U(r) ∝ −1
r (for the case of large angular momentum l ≫ mrg). In fact, in the limit

r ≫ rg the potential under consideration looks like

V (r) ≈ m2 −
m2rg
r

+
l(l + 1)

r2
. (18)

We substitute this potential into the equation (9), where we neglect the difference between r̂ and

r, when r ≫ rg. Also we expand ω = m+ ǫ and assume that ǫ ≪ m. As the result we obtain the

Schroedinger equation

[

−
∂2r
2m

−
rgm

2 r
+
l(l + 1)

2 r2m

]

ψω,l = ǫψω,l. (19)

The energy spectrum of this problem is well-known ǫn = −
m3r2g
8n2 , n = l + nr + 1 > l, where nr is a

radial quantum number [51]. If l is sufficiently large, then our approximation of ǫ≪ m is valid and

we can treat it in the non-relativistic way. These states are localized around rn ≈ n2

m2rg
∼ l2

m2rg
≫ rg

(note the very small well right after the local maximum on the fig. (1)), while our states (17) are

localized in the very vicinity of the shell: at 3rg/2 > r ∼ R ≥ rg.

Note that for small values of l, when the nonrelativistic approximation is not applicable anymore,

the second well merges with the first one, as it can be seen from the fig. (2).

−20 −10 0 10
0

1

2

3

4

5

m2m2

−

g

r̂/rg

V
l(
r̂)
r g

Figure 2: Qualitative plot of potential V (r̂) for several different values of l ∼ 1.
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III. THE CASE OF THE INTERIOR SOLUTION

The result of the previous section can be straightforwardly generalized to the case of interior

solution [18]. For this solution the metric is read as follows:

ds2 = e2g f̃dt2 − f̃−1dr2 − r2dΩ2. (20)

Here f̃(r) = 1− 2m(r)
r and e2g(r) together with m(r) follow from the equations [18]:

∂rm = 4πr2T t
t (21)

∂rg = 4πr2f̃−1(T t
t − T r

r )

Where T µ
ν = Diag (ρ,−p,−p,−p). We assume that the star’s matter content obeys the equation

of state of the form: p = kρ, 0 ≤ k ≤ 1. Furthermore, the pressure and density are constant for

r ≤ R0 and they are zero for r > R0, i.e. we are dealing with the incompressible fluid matter

content of the star. We restrict our attention to this type of matter just for simplicity reasons. All

our considerations below can be straightforwardly extended for the other types of matter.

For the matter under consideration equations (21) can be easily integrated to give

f̃ =

{

1−
rgr2

R3

0

, r < R0

1−
rg
r , r > R0

, and e2g =

(

f̃

1−
rg
R0

)− 3

2
(k+1)

, (22)

where rg =
8
3πGρR

3
0. Finally, we assume that |R0 − rg| ≪ rg as in the previous section. Note that

with the star matter content under consideration, the stability conditions demand that R0 > 9rg/8

(see e.g. the discussion in [18]). However, other types of exotic matter allow to relax the latter

condition.

As in the first section we consider the theory of the real massive scalar field (2) on a such

background. Also we decompose the field in real spherical harmonics, φ =
∑

l,m φl(r, t)Yl,m(θ, φ):

S =
∑

l,m

1

2

∫ ∞

0
r2dr

∫

dt

[

1

f̃e2g
(∂tφl)

2 − f̃ (∂rφl)
2 −

(

m2 +
l(l + 1)

r2

)

φ2l

]

. (23)

Varying (23) we obtain:

[

e−2g∂2t − ∂2r∗ + f̃

(

m2 +
l(l + 1)

r2
+
∂rf̃

r

)]

ψl = 0, (24)

where we have introduced ψl = rφl and r
∗ =

∫ r
0

dr
f̃(r)

.

Again we are looking for the solutions of the form ψl = e−iωtψl,ω and the problem reduces to:

[

−∂2r∗ + f̃

(

m2 +
l(l + 1)

r2
+
∂r f̃

r

)]

ψl,ω = e−2gω2ψl,ω. (25)

This problem is similar to the one of the previous section, but now the potential inside the star

has changed and depends on ω itself. For ω > m we also obtain the continuous spectrum, while

for ω < m there is a possibility of existence of discrete energy levels.
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First, note that under the above conditions we have that e−2g ≪ 1, when r < R0. Hence, to

estimate the energy levels we can neglect the right-hand side of the equation (25) to obtain
[

−∂2r∗ + f̃

(

m2 +
l(l + 1)

r2
+
∂rf̃

r

)]

ψl(r
∗) = 0 (26)

Therefore in the range 0 < r < R0 the harmonic functions have an ω-independent approximate

form, which we denote as ψl(r
∗).

Second, outside the star e−2g = 1 and the equation reduces to (6) for r > R0. Again in the vicin-

ity of the star surface we can use the approximation (12), ψω,l(r
∗) ≈ A cos

(√

ω2 −m2
−r

∗ + φ′
)

,

for the behavior of the harmonics. Sewing logarithmic derivatives of ψl(r
∗) and ψω,l(r

∗) at r∗ = R∗
0

we get the following conditions on the energy spectrum:

∂r∗ logψω,l(R
∗
0 + 0) = ∂r∗ logψl(R

∗
0 − 0) = const,

where the constant does not depend on ω, because ψl(R
∗
0 − 0) is independent of ω. Hence,

ω tan
(√

ω2 −m2
−R

∗
0 + φ′

)

= const. This algebraic equation can be approximately solved for

high enough levels:

ωn ≈
πn

|R∗
0|
, for n≫ 1.

From here it follows that the total number of discrete energy levels can be estimated as N ≈
m|R∗

0|
π .

IV. ARE THERE DISCRETE LEVELS IN THE PRESENCE OF GRAVITATIONAL

COLLAPSE?

Following the original works, in [17] it was shown that the trajectory of the thin shell in the

free fall under its own gravity is R(t) ≈ rg

(

1 +
R0−rg

rg
e−t/rg

)

, as t → +∞ (we assume that rg is

big enough to have an actual collapse without a bounce). Also the relation of the internal (t−) and

external (t) clock rates is as follows: t− ≈
R0−rg

ν

(

1− e−t/rg
)

, as t → +∞. We substitute these

relations into the equation (4) and obtain the following boundary conditions for the scalar field

during the final stage of the collapse2:

(∂t − ∂r∗) φl(r
∗, t)|r∗=R(t) ≈ 0. (27)

Here we have assumed that the field inside the collapsing star behaves regularly with respect to

the internal coordinates, i.e.
∣

∣∂t−φ
∣

∣ and |∂rφ| are finite. At the same time the equations (3) reduce

to

[

∂2t − ∂2r∗
]

ψl ≈ 0, when r ∼ R(t), and
[

∂2t − ∂2r∗ −m2
]

ψl ≈ 0, as r∗ → +∞. (28)

2 One should be careful with these boundary conditions. In fact, both sides of the second equation in (4) can be of
the same order, but both of them tend to zero as t → +∞ during the collapse process [17]. At the same time we
drop off the first equation because at the final stage of the collapse process the star surface is moved infinitely far
away, as measured by the Schwarzschild time t, which is used here.
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Then the asymptotic form of the harmonic functions can be easily found to be:

ψl,ω =

{

αe−iω(r∗+t) + βeiω(r
∗−t), r∗ → −∞,

e−i ω t e−
√
m2−ω2r∗ , r∗ → +∞,

(29)

for some constants α and β. Here we assume that ω < m, as it should be for the discrete spectrum,

if it does exist. The boundary condition 0 ≈ (∂t − ∂r∗)ψl,ω = −2iωβeiω(r
∗−t) implies that β = 0,

but leaves α arbitrary. To find it let us calculate the Vronksian of the solution under consideration:

W = i
(

ψ̄l∂r∗ψl − ψl∂r∗ψ̄l

)

= const.

It has to be constant as a corollary of the equation of motion (3). But if one calculates W at

r∗ → ±∞ using (29), he gets the following values

W =

{

−2ω |α|2 , r∗ → −∞

0, r∗ → +∞
(30)

This fixes α to be also zero. Hence, the harmonic functions obeying the boundary conditions (27)

and (29) simultaneously, should be equal to zero everywhere. Therefore this observations imply

that there are no discrete energy levels in the vicinity of collapsing stars.

V. CONCLUSIONS

Considerations of this note can be easily extended to other types of boundary conditions at the

star surface, to fermions and to other types of the star matter content. Also one can extend them

to the rotating case and Oppenheimer–Snyder collapse [52]. On general physical grounds it is not

hard to see that the conclusion about the existence of the discrete energy levels will be the same.

In this paper we addressed the problem just in the simplest settings, where part of the conclusions

can be observed with the use of analytical calculations.
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