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Ç‚Â‰ÂÌËÂ

 

ä‡Â‚˚Â ‚ÓÎÌ˚ ·ÓÎ¸¯ÓÈ ‡ÏÔÎËÚÛ‰˚ fl‚Îfl˛ÚÒfl
ÌÂÓÚ˙ÂÏÎÂÏÓÈ ˜‡ÒÚ¸˛ ‚ÓÎÌÓ‚Ó„Ó ÂÊËÏ‡ ÔË-
·ÂÊÌÓÈ ÁÓÌ˚, Ë Ëı ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ÏÌÓ„ÓÍ‡ÚÌÓ
ÔÓ‰Ú‚ÂÊ‰‡ÎÓÒ¸ ‰‡ÌÌ˚ÏË Ì‡·Î˛‰ÂÌËÈ [1, 2].
àÏÂÌÌÓ ÓÌË ÓÚ‚ÂÚÒÚ‚ÂÌÌ˚ Á‡ ÔÓfl‚ÎÂÌËÂ ÔÂËÓ‰Ë-
˜ÂÒÍËı ÙÓÏ ·ÂÂ„Ó‚ÓÈ ÎËÌËË, ˜‡ÒÚÓ Ì‡·Î˛‰‡Â-
Ï˚ı ‚ ÔËÓ‰Â [3]. êÂÁÓÌ‡ÌÒÌ˚Â ÌÂÎËÌÂÈÌ˚Â ‚Á‡-
ËÏÓ‰ÂÈÒÚ‚Ëfl Í‡Â‚˚ı ‚ÓÎÌ ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl Í‡Í
Ó‰ËÌ ËÁ ÓÒÌÓ‚Ì˚ı ÏÂı‡ÌËÁÏÓ‚ ÔÂÂ‡ÒÔÂ‰ÂÎÂÌËfl
˝ÌÂ„ËË ‚ÓÎÌÓ‚˚ı ‰‚ËÊÂÌËÈ ‚ ÔË·ÂÊÌÓÈ ÁÓÌÂ.
àÒÒÎÂ‰Ó‚‡ÌËfl ‚ ˝ÚÓÏ Ì‡Ô‡‚ÎÂÌËË ÔÓ‚Ó‰flÚÒfl
ÛÊÂ ·ÓÎÂÂ 30 ÎÂÚ. í‡Í, ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ÂÁÓÌ‡ÌÒ-
Ì˚ı ÚË‡‰ Í‡Â‚˚ı ‚ÓÎÌ ëÚÓÍÒ‡ Ì‡‰ ÓÚÍÓÒÓÏ ÔÓ-
ÒÚÓflÌÌÓ„Ó ÛÍÎÓÌ‡ ·˚ÎÓ ‰ÓÍ‡Á‡ÌÓ Â˘Â ‚ ‡·ÓÚÂ
[4], Ë Á‡ÚÂÏ ÔÓ‰Ú‚ÂÊ‰ÂÌÓ ‚ ÔÓÒÎÂ‰Û˛˘Ëı ÒÚ‡Ú¸flı
[5, 6]. íÂı‚ÓÎÌÓ‚˚Â ÂÁÓÌ‡ÌÒ˚ ‚ÓÁÌËÍ‡˛Ú ‰Îfl
Í‡Â‚˚ı ‚ÓÎÌ Ë Ì‡‰ ÔÓ‰‚Ó‰Ì˚Ï ÂÎ¸ÂÙÓÏ ÒÎÓÊ-
ÌÓÈ ÙÓÏ˚ [7, 8]. ÇÓÁÏÓÊÌÓÒÚË ÌÂÎËÌÂÈÌÓ„Ó ‚Á‡-
ËÏÓ‰ÂÈÒÚ‚Ëfl Í‡Â‚˚ı ‚ÓÎÌ Ì‡ Â‡Î¸Ì˚ı ¯ÂÎ¸Ù‡ı
ÔÂ‰ÒÚ‡‚Îfl˛ÚÒfl ·ÓÎÂÂ ¯ËÓÍËÏË, ÔÓÒÍÓÎ¸ÍÛ ‰ËÒ-
ÔÂÒËÓÌÌ˚Â ı‡‡ÍÚÂËÒÚËÍË ÏÓ„ÛÚ ËÏÂÚ¸ „Ó‡Á‰Ó
·ÓÎÂÂ ÒÎÓÊÌÛ˛ ÒÚÛÍÚÛÛ, Ë ÛÒÎÓ‚Ëfl ÒËÌıÓÌËÁÏ‡
ÏÓ„ÛÚ ‰ÓÔÛÒÍ‡Ú¸ ·ÓÎ¸¯ÂÂ ‡ÁÌÓÓ·‡ÁËÂ Â¯ÂÌËÈ,
ÍÓÏÂ ÚÓ„Ó, ‚‰ÓÎ¸·ÂÂ„Ó‚‡fl ÌÂÓ‰ÌÓÓ‰ÌÓÒÚ¸ Â-
Î¸ÂÙ‡ ÔË·ÂÊÌÓÈ ÁÓÌ˚ ·Û‰ÂÚ ‚ÌÓÒËÚ¸ Ò‚ÓÈ
‚ÍÎ‡‰ ‚ ÔÓˆÂÒÒ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl. 

ÅÓÎÂÂ ÒÎÓÊÌÓÈ Á‡‰‡˜ÂÈ fl‚ÎflÂÚÒfl ‚˚˜ËÒÎÂÌËÂ
ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÌÂÎËÌÂÈÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl
Í‡Â‚˚ı ‚ÓÎÌ. àÏÂ˛˘ËÂÒfl ÔÓÔ˚ÚÍË Ëı ‚˚˜ËÒÎÂ-
ÌËÈ Ò‚flÁ‡Ì˚ Ó·˚˜ÌÓ Ò ‚˚·ÓÓÏ ÍÓÌÍÂÚÌ˚ı ÚË-
‡‰, ÔË˜ÂÏ ˜‡ÒÚ¸ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl
ÓÍ‡Á‡ÎËÒ¸ ‡‚Ì˚ÏË ÌÛÎ˛ [6]; Ú‡Í ˜ÚÓ ÓÎ¸ ÚÂı-

‚ÓÎÌÓ‚˚ı ÌÂÎËÌÂÈÌ˚ı ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÈ ‚ ‰ËÌ‡ÏË-
ÍÂ ÔÓÎfl Í‡Â‚˚ı ‚ÓÎÌ ÓÒÚ‡ÂÚÒfl ÌÂflÒÌÓÈ. ñÂÎ¸˛
Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚ˚ fl‚ÎflÂÚÒfl ‡Ì‡ÎËÁ ‚ÓÁÏÓÊÌ˚ı
ÌÂÎËÌÂÈÌ˚ı ˝ÙÙÂÍÚÓ‚ ÔË ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËË ÚË‡‰
Í‡Â‚˚ı ‚ÓÎÌ, Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ÛÒÎÓ‚ËflÏ ÒËÌ-
ıÓÌËÁÏ‡. äÓ˝ÙÙËˆËÂÌÚ˚ ÌÂÎËÌÂÈÌÓ„Ó ‚Á‡ËÏÓ-
‰ÂÈÒÚ‚Ëfl ‚˚˜ËÒÎÂÌ˚ ‰Îfl ÚË‡‰ Í‡Â‚˚ı ‚ÓÎÌ ëÚÓ-
ÍÒ‡, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ˜ÂÚ˚ÂÏ ÌËÊÌËÏ ÏÓ‰‡Ï,
‡ÒÔÓÒÚ‡Ìfl˛˘ËıÒfl Í‡Í ‚ Ó‰ÌÓÏ, Ú‡Í Ë ‚ ÔÓÚË-
‚ÓÔÓÎÓÊÌ˚ı Ì‡Ô‡‚ÎÂÌËflı Ì‡‰ ÎËÌÂÈÌÓ Ì‡ÍÎÓÌ-
Ì˚Ï ¯ÂÎ¸ÙÓÏ. 

 

éÒÌÓ‚Ì˚Â Û‡‚ÌÂÌËfl

 

éÒÌÓ‚Ì˚Â Û‡‚ÌÂÌËfl, ÓÔËÒ˚‚‡˛˘ËÂ ‰ÎËÌÌÓ-
‚ÓÎÌÓ‚˚Â ‰‚ËÊÂÌËfl Ë‰Â‡Î¸ÌÓÈ ÌÂÒÊËÏ‡ÂÏÓÈ ÌÂ-
ÒÚ‡ÚËÙËˆËÓ‚‡ÌÌÓÈ ÊË‰ÍÓÒÚË ‚ ·‡ÒÒÂÈÌÂ Ò ˆË-
ÎËÌ‰Ë˜ÂÒÍËÏ ÂÎ¸ÂÙÓÏ, Á‡‰‡‚‡ÂÏ˚Ï ÔÓÙËÎÂÏ
„ÎÛ·ËÌ˚ 
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), ËÏÂ˛Ú ‚Ë‰:
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 – ÔÓÔÂÂ˜Ì‡fl Ë ‚‰ÓÎ¸·ÂÂ„Ó‚‡fl ÍÓÓ‰ËÌ‡-
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t

 

 – ‚ÂÏfl, 
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) – ÒÏÂ˘ÂÌËÂ ÔÓ‚ÂıÌÓÒÚË
ÊË‰ÍÓÒÚË, 

 

u
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x
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y
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t

 

) Ë 

 

v

 

(

 

x
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y
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t

 

) – ÔÓÔÂÂ˜Ì‡fl Ë
‚‰ÓÎ¸·ÂÂ„Ó‚‡fl ÍÓÏÔÓÌÂÌÚ˚ ÒÍÓÓÒÚË ˜‡ÒÚËˆ
ÊË‰ÍÓÒÚË, ËÌ‰ÂÍÒ˚ Ó·ÓÁÌ‡˜‡˛Ú ‰ËÙÙÂÂÌˆËÓ-
‚‡ÌËÂ ÔÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Ï

∂η
∂t
------ hu( )x hv( )y+ + ηu( )x– ηv( )y,–=

∂ hu( )
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-------------- ghη x+ huux– hvuy,–=

∂ hv( )
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--------------- ghη y+ huv x– hvv y,–=
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ê‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ÌÂÎËÌÂÈÌ˚Â ÚÂı‚ÓÎÌÓ‚˚Â ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Í‡Â‚˚ı ‚ÓÎÌ ëÚÓÍÒ‡, ‡ÒÔÓÒÚ‡Ìfl-
˛˘ËıÒfl Í‡Í ‚ Ó‰ÌÓÏ, Ú‡Í Ë ‚ ÔÓÚË‚ÓÔÓÎÓÊÌ˚ı Ì‡Ô‡‚ÎÂÌËflı Ì‡ ¯ÂÎ¸ÙÂ ÔÓÒÚÓflÌÌÓ„Ó ÛÍÎÓÌ‡. éÔ-
Â‰ÂÎÂÌ˚ ÛÒÎÓ‚Ëfl ÒËÌıÓÌËÁÏ‡ Ë ‡ÒÒ˜ËÚ‡Ì˚ ÍÓ˝ÙÙËˆËÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‰Îfl ÒÎÛ˜‡Â‚, ÍÓ„‰‡ ‚Ó
‚Á‡ËÏÓ‰ÂÈÒÚ‚ËË Û˜‡ÒÚ‚Û˛Ú ‚ÓÎÌ˚ ˜ÂÚ˚Âı ÌËÁ¯Ëı ÏÓ‰. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ÍÓ˝ÙÙËˆËÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈ-
ÒÚ‚Ëfl ÏÂÊ‰Û ÏÓ‰‡ÏË Í‡Â‚˚ı ‚ÓÎÌ, ‡ÒÔÓÒÚ‡Ìfl˛˘ËıÒfl ‚ Ó‰ÌÓÏ Ì‡Ô‡‚ÎÂÌËË, Ó·‡˘‡˛ÚÒfl ‚ ÌÓÎ¸
‰Îfl ÌÂÍÓÚÓ˚ı ÚË‡‰. àÒÒÎÂ‰Ó‚‡Ì‡ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ–‚ÂÏÂÌÌ

 

á

 

fl ‰ËÌ‡ÏËÍ‡ Ó‰ÌÓÈ ÚË‡‰˚ Í‡Â‚˚ı
‚ÓÎÌ. èË‚Â‰ÂÌ˚ Ú‡ÍÊÂ ‚˚‡ÊÂÌËfl ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÂÁÓÌ‡ÌÒÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Í‡Â‚˚ı
‚ÓÎÌ Ì‡‰ ‰ÌÓÏ ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ÔÓÙËÎfl.
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ÑÛ·ËÌËÌ‡ 

 

Ë ‰

 

.

 

ÍÓÓ‰ËÌ‡Ú‡Ï. àÒÍÎ˛˜‡fl 

 

u

 

 Ë 

 

v

 

 ËÁ ÎËÌÂÈÌ˚ı ̃ ‡ÒÚÂÈ
Û‡‚ÌÂÌËÈ (1)–(3), ÔÓÎÛ˜ËÏ:

(4)

„‰Â Ô‡‚‡fl ˜‡ÒÚ¸ ÒÓ‰ÂÊËÚ ÌÂÎËÌÂÈÌ˚Â ÒÎ‡„‡Â-
Ï˚Â. Ç‚Â‰ÂÏ Ï‡Î˚È Ô‡‡ÏÂÚ 

 

ε

 

, ı‡‡ÍÚÂËÁÛ˛-
˘ËÈ Ï‡ÎÓÒÚ¸ ‡ÏÔÎËÚÛ‰˚ ‚ÓÎÌÓ‚˚ı ‰‚ËÊÂÌËÈ: 

 

η

 

 =
=

 

 ε

 

, 

 

u

 

 = 

 

ε

 

, 

 

v

 

 = 

 

ε

 

. íÓ„‰‡ Û‡‚ÌÂÌËÂ (4) ÔËÏÂÚ
‚Ë‰ (ÚËÎ¸‰˚ ÓÔÛ˘ÂÌ˚):

(5)

àÁÎÓÊËÏ ÒÌ‡˜‡Î‡ ËÁ‚ÂÒÚÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ ÎËÌÂÈ-
ÌÓÈ ÚÂÓËË Í‡Â‚˚ı ‚ÓÎÌ, ÔÓÎÛ˜‡ÂÏ˚Â ËÁ Û‡‚ÌÂ-
ÌËfl (5) ÔË 

 

ε 

 

 0. êÂ¯ÂÌËÂ ÎËÌÂÈÌÓÈ Á‡‰‡˜Ë
ËÏÂÂÚ ÒÎÂ‰Û˛˘Û˛ ÙÓÏÛ:

(6)

(7)

(8)

èÓ‰ÒÚ‡‚Îflfl (6)–(8) ‚ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÂ Û‡‚ÌÂÌËÂ (5),
ÔÓÎÛ˜ËÏ Á‡‰‡˜Û Ì‡ ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl, ÍÓÚÓ‡fl
ÏÓÊÂÚ ·˚Ú¸ Á‡ÔËÒ‡Ì‡ ‚ Ò‡ÏÓÒÓÔflÊÂÌÌÓÈ ÙÓÏÂ:

(9)

 

F

 

 Ó„‡ÌË˜ÂÌ‡ ÔË 

 

x

 

 = 0, 

 

F

 

  0 ÔË 

 

x

 

  

 

∞

 

. (10)
êÂ¯ÂÌËÂ Á‡‰‡˜Ë (9), (10) ‰Îfl Á‡‰‡ÌÌ˚ı 

 

h

 

(

 

x

 

) Ë 

 

k

 

ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ·ÂÒÍÓÌÂ˜ÌÛ˛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸-
ÌÓÒÚ¸ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËÈ Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡-
˜ÂÌËÈ: {

 

F

 

n

 

(

 

x

 

), 

 

ω

 

n

 

}, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ‡ÁÎË˜Ì˚Ï
ÏÓ‰‡Ï Í‡Â‚˚ı ‚ÓÎÌ. 

ÇÓÁ‚‡˘‡flÒ¸ Í ÔÓÎÌÓÈ ÙÓÏÛÎËÓ‚ÍÂ ÌÂÎË-
ÌÂÈÌÓÈ Á‡‰‡˜Ë, ·Û‰ÂÏ ÒÎÂ‰Ó‚‡Ú¸ ÒÚ‡Ì‰‡ÚÌÓÈ ÔÓ-
ˆÂ‰ÛÂ ‚˚‚Ó‰‡ ˝‚ÓÎ˛ˆËÓÌÌ˚ı Û‡‚ÌÂÌËÈ, ÓÔËÒ˚-
‚‡˛˘Ëı ËÁÏÂÌÂÌËfl ‡ÏÔÎËÚÛ‰ ÓÚ‰ÂÎ¸Ì˚ı ÏÓ‰ ‚
ÏÂ‰ÎÂÌÌ˚ı Ï‡Ò¯Ú‡·‡ı ÔÓ ‚ÂÏÂÌË Ë ‚‰ÓÎ¸·ÂÂ„Ó-
‚ÓÈ ÍÓÓ‰ËÌ‡ÚÂ [9]:

(11)
Ñ‡ÎÂÂ ·Û‰ÂÏ ËÒÍ‡Ú¸ Â¯ÂÌËÂ 

 

η

 

(

 

x

 

, 

 

y

 

, 

 

t

 

) ‚ ‚Ë‰Â
‡ÒËÏÔÚÓÚË˜ÂÒÍÓ„Ó fl‰‡:

(12)

∂2η
∂t2
--------- g hη x( )x– ghη yy  =–

=  
∂ ηu( )x ηv( )y+( )

∂t
-------------------------------------------– huux hvuy+( )x ++

+ huv x hvv y+( )y,

η̃ ũ ṽ

∂2η
∂t2
--------- g hη x( )x– ghη yy  =–

=  ε
∂ ηu( )x ηv( )y+( )

∂t
-------------------------------------------–

 huux hvuy+( )x ++

---+ huv x hvv y+( )y
 .

η F x( )ei ky ωt–( ),=

u G x( )ei ky ωt–( ),= G x( ) ig
ω
-----F ′ x( ),–=

v H x( )e
i ky ωt–( )

,= H x( ) gk
ω
------F x( ).=

ghF'( )' ω2
ghk

2
–( )F+ 0,= 0 x ∞,≤ ≤

T εt,= Y εy.=

η η 1( ) εη 2( ) ε2
... ,+ +=

„‰Â η(1) ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ fl‰ îÛ¸Â ÎËÌÂÈÌ˚ı
ÏÓ‰ (Í‡Í Ï˚ Û‚Ë‰ËÏ ‰‡Î¸¯Â, ‚Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËË
Û˜‡ÒÚ‚ÛÂÚ ‰ËÒÍÂÚÌÓÂ ˜ËÒÎÓ ‚ÓÎÌÓ‚˚ı ÍÓÏÔÓÌÂÌÚ
‚ ÒËÎÛ ÂÁÓÌ‡ÌÒÌ˚ı ÛÒÎÓ‚ËÈ) 

(13)

„‰Â Ï˚ ‚‚Ó‰ËÏ ‡ÏÔÎËÚÛ‰˚ A(T), ÏÂ‰ÎÂÌÌÓ ËÁÏÂÌfl-
˛˘ËÂÒfl ‚Ó ‚ÂÏÂÌË. Ç˚‰ÂÎflfl ‚ (5) (ÔÓÒÎÂ ÔÓ‰ÒÚ‡-
ÌÓ‚ÍË ‚ ÌÂ„Ó (11)–(13)) ÒÎ‡„‡ÂÏ˚Â ÔË Ó‰ËÌ‡ÍÓ-
‚˚ı ÒÚÂÔÂÌflı ε, ‚ Í‡Ê‰ÓÏ ÔË·ÎËÊÂÌËË ÔÓÎÛ˜ËÏ
ÌÂÓ‰ÌÓÓ‰Ì˚Â Á‡‰‡˜Ë ‰Îfl Í‡Ê‰ÓÈ ÍÓÏ·ËÌ‡ˆËË (n,
r). ìÒÎÓ‚ËÂÏ ‡ÁÂ¯ËÏÓÒÚË ˝ÚËı Á‡‰‡˜ fl‚ÎflÂÚÒfl
ÓÚÓ„ÓÌ‡Î¸ÌÓÒÚ¸ Ëı Ô‡‚˚ı ˜‡ÒÚÂÈ Ë Â¯ÂÌËfl Á‡-
‰‡˜Ë, ÒÓÔflÊÂÌÌÓÈ Ò ËÒıÓ‰ÌÓÈ Á‡‰‡˜ÂÈ Ì‡ ÒÓ·ÒÚ-
‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl (9), (10). çÂÎËÌÂÈÌ˚Â ÒÎ‡„‡Â-
Ï˚Â ÏÓÊÌÓ ÛÔÓÒÚËÚ¸, ËÒÔÓÎ¸ÁÛfl ÂÁÓÌ‡ÌÒÌ˚Â
ÛÒÎÓ‚Ëfl:

(14)

(15)

Ç ÂÁÛÎ¸Ú‡ÚÂ ˝‚ÓÎ˛ˆËÓÌÌÓÂ Û‡‚ÌÂÌËÂ ‰Îfl
Í‡Ê‰ÓÈ ‰ËÒÍÂÚÌÓÈ ÏÓ‰˚ ‚ ÒËÒÚÂÏÂ ËÏÂÂÚ ‚Ë‰:

(16)

„‰Â l, m, n – ÌÓÏÂ‡ ÏÓ‰; p, q, r – ÌÓÏÂ‡ ‚ÓÎÌ; θ(a,
b) = 0 ÔË a ≠ b, θ(a, b) =1 ÔË a = b, +T Ë –T – ÍÓ˝Ù-
ÙËˆËÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‰Îfl ÒÛÏÏ‡Ì˚ı Ë ‡Á-
ÌÓÒÚÌ˚ı ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÈ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ:

(17)
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Ñ‡ÎÂÂ ÔÓˆÂÒÒ ÌÂÎËÌÂÈÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl
‰Îfl Í‡Â‚˚ı ‚ÓÎÌ Ò Á‡‰‡ÌÌ˚ÏË ‰ÎËÌ‡ÏË (ËÎË ÙËÍ-
ÒËÓ‚‡ÌÌ˚ÏË ‚ÓÎÌÓ‚˚ÏË ˜ËÒÎ‡ÏË k) ÏÓÊÂÚ ·˚Ú¸
ÔÓ‡Ì‡ÎËÁËÓ‚‡Ì ‚ ÛÒÎÓ‚Ëflı ÍÓÌÍÂÚÌÓÈ ÙÓÏ˚
¯ÂÎ¸Ù‡ h(x), ˜ÚÓ ÓÔÂ‰ÂÎflÂÚ ÙÓÏÛ ÒÓ·ÒÚ‚ÂÌÌ˚ı
ÏÓ‰ Ë ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl Á‡‰‡˜Ë (9)–(10). ÄÌ‡-
ÎËÚË˜ÂÒÍË ˝Ú‡ Í‡Â‚‡fl Á‡‰‡˜‡ ÏÓÊÂÚ ·˚Ú¸ Â¯Â-
Ì‡ ÎË¯¸ ‰Îfl ÌÂÍÓÚÓ˚ı ¯ÂÎ¸ÙÓ‚ Ò ÔÓÒÚÂÈ¯ÂÈ
„ÂÓÏÂÚËÂÈ [2]. Ñ‡ÎÂÂ Ï˚ ËÒÒÎÂ‰ÛÂÏ ÌÂÎËÌÂÈÌ˚Â
˝ÙÙÂÍÚ˚ Ì‡ ÔËÏÂÂ Ó‰ÌÓÈ ÏÓ‰ÂÎË ¯ÂÎ¸Ù‡, ‰Îfl
ÍÓÚÓÓÈ ‚ÓÁÏÓÊÌÓ ‡Ì‡ÎËÚË˜ÂÒÍË ‚˚˜ËÒÎËÚ¸ ÍÓ-
˝ÙÙËˆËÂÌÚ˚ ÌÂÎËÌÂÈÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, ÓÔÂ-
‰ÂÎflÂÏ˚Â „ÓÏÓÁ‰ÍËÏË ‚˚‡ÊÂÌËflÏË (17). 

ãËÌÂÈÌÓ Ì‡ÍÎÓÌÌ˚È ·ÂÒÍÓÌÂ˜Ì˚È 
¯ÂÎ¸Ù

åÓ‰ÂÎ¸ ·ÂÒÍÓÌÂ˜ÌÓ„Ó ÓÚÍÓÒ‡ Ò h(x) = αx fl‚Îfl-
ÂÚÒfl Ë‰Â‡ÎËÁËÓ‚‡ÌÌÓÈ Ë ‚ ÔËÌˆËÔÂ ÔÓÚË‚ÓÂ-
˜Ë‚ÓÈ ÔË·ÎËÊÂÌË˛ ÏÂÎÍÓÈ ‚Ó‰˚, Ó‰Ì‡ÍÓ ‰Â-
Ú‡Î¸Ì˚È ‡Ì‡ÎËÁ Â¯ÂÌËÈ ÔÓÎÌÓÈ Á‡‰‡˜Ë ÔÓÍ‡Á‡Î,
˜ÚÓ ‰ÎËÌÌÓ‚ÓÎÌÓ‚ÓÂ ÔË·ÎËÊÂÌËÂ ıÓÓ¯Ó ‡·Ó-
Ú‡ÂÚ ‰Îfl ÓÚÍÓÒÓ‚ Ï‡ÎÓ„Ó ÛÍÎÓÌ‡ [10]. Ç ̋ ÚÓÈ ÏÓ‰Â-
ÎË Í‡Â‚‡fl Á‡‰‡˜‡ (9) Ë (10) Â¯‡ÂÚÒfl ÔÓÒÚÓ, Ë
ÒÚÛÍÚÛ‡ n-È ÏÓ‰˚ ÓÔÂ‰ÂÎflÂÚÒfl ˜ÂÂÁ ÔÓÎËÌÓ-
Ï˚ ã‡„Â‡ Ln:

(18)
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Fn k x,( ) kx–( )Ln 2kx( ),exp=

‡ ‰ËÒÔÂÒËÓÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ ËÏÂÂÚ ‚Ë‰

(19)

ê‡ÒÒÏÓÚËÏ Ó‰ÌÛ ÂÁÓÌ‡ÌÒÌÛ˛ ÚË‡‰Û ‚ÓÎÌ Ò
‚ÓÎÌÓ‚˚ÏË ˜ËÒÎ‡ÏË k1, k2, k3 (k3 = k1 + k2), ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘Ëı ÏÓ‰‡Ï n1, n2, n3. ì‡‚ÌÂÌËfl Ò‚flÁË k2 Ë k1,
Ó·ÂÒÔÂ˜Ë‚‡˛˘ËÂ ‚˚ÔÓÎÌÂÌËÂ ÛÒÎÓ‚Ëfl ÒËÌıÓ-
ÌËÁÏ‡ ˜‡ÒÚÓÚ 

(20)

·˚ÎË ‚˚ÔËÒ‡Ì˚ ‚ ‡·ÓÚ‡ı [5, 7] Ë ËÏÂ˛Ú ‚Ë‰:

ωn αgk 2n 1+( ).=

ωn3
k3( ) ωn1

k1( ) ωn2
k2( ),+=

(21)k2 k1

2 n3 n1–( )
2n1 1+( ) 2n2 1+( ) 2n1 1+( ) 2n2 1+( ) 4 n3 n1–( ) n3 n2–( )–±

-------------------------------------------------------------------------------------------------------------------------------------------------------------.=

Ç‡ÊÌÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ ÂÁÓÌ‡ÌÒÌÓÂ ÛÒÎÓ‚ËÂ (21)
ÌÂ Á‡‚ËÒËÚ ÓÚ Û„Î‡ Ì‡ÍÎÓÌ‡ ÓÚÍÓÒ‡, ÔÓ˝ÚÓÏÛ Ó‰ÌÓ
ËÁ ‚ÓÎÌÓ‚˚ı ̃ ËÒÂÎ, Ì‡ÔËÏÂ k1, ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ-
‚‡Ú¸ Í‡Í Ô‡‡ÏÂÚ ‰Îfl Ó·ÂÁ‡ÁÏÂË‚‡ÌËfl ÒÓÓÚ-
‚ÂÚÒÚ‚Û˛˘Ëı ‚ÂÎË˜ËÌ, Ë ‰‡ÎÂÂ Ì‡ ËÒÛÌÍ‡ı Ï˚ ·Û-
‰ÂÏ ÔÓÎ¸ÁÓ‚‡Ú¸Òfl ÓÚÌÓÒËÚÂÎ¸Ì˚ÏË Â‰ËÌËˆ‡ÏË.
èÓ‰˜ÂÍÌÂÏ Ú‡ÍÊÂ, ˜ÚÓ ‰Îfl ÔÓÎÓÊËÚÂÎ¸Ì˚ı ‚ÓÎ-
ÌÓ‚˚ı ˜ËÒÂÎ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÒÓÓÚÌÓ¯ÂÌËfl ÏÂÊ-
‰Û ÌÓÏÂ‡ÏË ÏÓ‰ ‚ ÚË‡‰Â ‚ÓÁÏÓÊÂÌ Ó‰ËÌ ÎË·Ó
‰‚‡ ÔÛÚË ˝ÌÂ„ÂÚË˜ÂÒÍÓ„Ó Ó·ÏÂÌ‡ (ËÒ. 1). Ç ÒÚ‡-
Ú¸Â [5] ‡ÒÒÏ‡ÚË‚‡ÎÒfl ÔËÏÂ ÌÂÎËÌÂÈÌÓ„Ó ‚Á‡Ë-
ÏÓ‰ÂÈÒÚ‚Ëfl Í‡Â‚˚ı ‚ÓÎÌ ‚ ÚË‡‰Â Ì‡ Ò‡Ï˚ı ÌËÁ-
¯Ëı ÏÓ‰‡ı: n1 = 1, n2 = 0, n3 = 1 Ë ÔË‚Â‰ÂÌ˚ ÍÓ˝Ù-

ÙËˆËÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚ ˝ÚÓÈ ÚË‡‰Â. é‰Ì‡ÍÓ
‚ ·ÓÎÂÂ ÔÓÁ‰ÌÂÈ ‡·ÓÚÂ [6] ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ
‚ÓÎÌ˚, ‡ÒÔÓÒÚ‡Ìfl˛˘ËÂÒfl ‚ Ó‰ÌÓÏ Ì‡Ô‡‚ÎÂ-
ÌËË, ‚ ˝ÚÓÈ ÚË‡‰Â ÌÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Û˛Ú: ÍÓ˝ÙÙË-
ˆËÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÓÍ‡Á‡ÎËÒ¸ ‡‚Ì˚ÏË ÌÛÎ˛,
ÓÚÒÛÚÒÚ‚ËÂ ˝ÌÂ„ÂÚË˜ÂÒÍÓ„Ó Ó·ÏÂÌ‡ ÔÓ‰Ú‚Â‰ËÎË
Ú‡ÍÊÂ ÔflÏ˚Â ˜ËÒÎÂÌÌ˚Â ‡Ò˜ÂÚ˚. ç‡ ÓÒÌÓ‚‡ÌËË
˝ÚÓ„Ó ‚ ‡·ÓÚÂ ·˚Î Ò‰ÂÎ‡Ì ‚˚‚Ó‰ Ó ÚÓÏ, ˜ÚÓ Í‡Â-
‚˚Â ‚ÓÎÌ˚, ‡ÒÔÓÒÚ‡Ìfl˛˘ËÂÒfl ‚ Ó‰ÌÓÏ Ì‡Ô‡‚-
ÎÂÌËË Ì‡‰ ÎËÌÂÈÌ˚Ï ÓÚÍÓÒÓÏ, ÌÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Û-
˛Ú, Ó‰Ì‡ÍÓ ˝ÚÓÚ ‚˚‚Ó‰ ÌÂ ·˚Î ‰ÓÍ‡Á‡Ì ‰Îfl ÔÓËÁ-
‚ÓÎ¸Ì˚ı ÌÓÏÂÓ‚ ÏÓ‰.
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êËÒ. 1. ÉÂÓÏÂÚË˜ÂÒÍ‡fl ËÌÚÂÔÂÚ‡ˆËfl ÛÒÎÓ‚ËÈ ÒËÌ-
ıÓÌËÁÏ‡ ÚË‡‰ Í‡Â‚˚ı ‚ÓÎÌ, ‡ÒÔÓÒÚ‡Ìfl˛˘ËıÒfl
‚ Ó‰ÌÛ ÒÚÓÓÌÛ: ÚÂÛ„ÓÎ¸ÌËÍÓÏ ÔÓÍ‡Á‡Ì‡ Â‰ËÌÒÚ‚ÂÌ-
Ì‡fl ÚÓ˜Í‡, ÓÔÂ‰ÂÎfl˛˘‡fl ‚Á‡ËÏÓ‰ÂÈÒÚ‚Û˛˘Û˛ ÚË‡-
‰Û Ò n1 = 1, n2 = 0, n3 = 1; ‚ ÚË‡‰Â Ò n1 = 1, n2 = 1, n3 = 2
‚ÓÁÏÓÊÌ˚ ‰‚Â ‡ÁÎË˜Ì˚ı ‚ÂÚ‚Ë ˝ÌÂ„ÂÚË˜ÂÒÍÓ„Ó Ó·-
ÏÂÌ‡ (Á‚ÂÁ‰Ó˜ÍË) (Ì‡ ËÒÛÌÍÂ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ·ÂÁ‡Á-
ÏÂÌ˚Â ÔÂÂÏÂÌÌ˚Â ω/(αgk1)1/2 Ë k/k1).
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å˚ ‡ÒÒÏÓÚÂÎË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚ ÚË‡‰‡ı Ò
Û˜‡ÒÚËÂÏ ‚ÓÎÌ ˜ÂÚ˚Âı ÌËÁ¯Ëı ÏÓ‰, ÔÓÒÍÓÎ¸ÍÛ
‚˚Ò¯ËÂ ÏÓ‰˚ ËÏÂ˛Ú ·ÓÎ¸¯Û˛ ˜‡ÒÚÓÚÛ Ë ‰ÓÎÊÌ˚
·˚ÒÚÓ Á‡ÚÛı‡Ú¸. ê‡Ò˜ÂÚ˚ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÌÂÎË-

ÌÂÈÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‰Îfl ÚË‡‰ Í‡Â‚˚ı ‚ÓÎÌ,
‡ÒÔÓÒÚ‡Ìfl˛˘ËıÒfl Ì‡‰ ÎËÌÂÈÌ˚Ï ÓÚÍÓÒÓÏ,
ÔÓ‚Â‰ÂÌÌ˚Â Ì‡ÏË Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ Ô‡ÍÂÚ‡ ÒËÏ-
‚ÓÎ¸Ì˚ı ‚˚˜ËÒÎÂÌËÈ Maple, ÔÓÍ‡Á‡ÎË, ˜ÚÓ ‚˚‚Ó-
‰˚ [6] ÓÍ‡Á‡ÎËÒ¸ ÌÂÚÓ˜Ì˚ÏË: ˝ÚË ÍÓ˝ÙÙËˆËÂÌÚ˚
ÌÂ Ó·‡˘‡˛ÚÒfl ‚ ÌÓÎ¸ ‰Îfl Î˛·˚ı ÚË‡‰, ‚ÍÎ˛˜‡-
˛˘Ëı ‚ÓÎÌ˚, ·Â„Û˘ËÂ ‚ Ó‰ÌÛ ÒÚÓÓÌÛ, ÎË¯¸ ÛÁÍËÈ
ÍÎ‡ÒÒ ÚË‡‰ ÒÂ‰Ë ‚ÒÂı ‰ÓÔÛÒÚËÏ˚ı Û‰Ó‚ÎÂÚ‚Ófl-
ÂÚ ˝ÚÓÏÛ ÛÒÎÓ‚Ë˛. ÑÂÏÓÌÒÚ‡ˆËÂÈ Ì‡¯Ëı ‡Ò˜Â-
ÚÓ‚ ÒÎÛÊ‡Ú:

– ËÒ. 2, „‰Â ÓÚÏÂ˜ÂÌ˚ ÚÓ˜ÍË Ì‡ ‰ËÒÔÂÒËÓÌÌ˚ı
ÍË‚˚ı, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ ÒÓÓÚÌÓ¯ÂÌËflÏ (20),
(21), ‰Îfl ÒÎÛ˜‡fl n1 = 0 Ë ‚˚‰ÂÎÂÌ˚ ÚÂ ËÁ ÌËı, ‚ ÍÓ-
ÚÓ˚ı ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÌÂ ÔÓËÒıÓ‰flÚ ‚ÒÎÂ‰ÒÚ‚ËÂ
Ó·‡˘ÂÌËfl ‚ ÌÓÎ¸ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ (17).

– Ú‡·Î. 1, ÔÓÍ‡Á˚‚‡˛˘‡fl ‚ÓÁÏÓÊÌÓÒÚË ‚Á‡ËÏÓ-
‰ÂÈÒÚ‚Ëfl ‚ ÚË‡‰‡ı Í‡Â‚˚ı ‚ÓÎÌ Ò ÔÓÎÓÊËÚÂÎ¸-
Ì˚ÏË ‚ÓÎÌÓ‚˚ÏË ̃ ËÒÎ‡ÏË, ÔËÌ‡‰ÎÂÊ‡˘Ëı ̃ ÂÚ˚-
ÂÏ ÌËÁ¯ËÏ ÏÓ‰‡Ï. Ç ÌÂÈ ÓÚÏÂ˜ÂÌ˚ ÚË‡‰˚ Ò ÌÛ-
ÎÂ‚˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl: “0–1–
1” (“1–0–1”), “0–2–2” (“2–0–2”), “0–3–3” (“3–0–3”),
“1–1–2”, “1–2–3” (“2–1–3”), “2–2–4”. á‰ÂÒ¸ ÏÓÊÌÓ
Á‡ÏÂÚËÚ¸ Á‡ÍÓÌÓÏÂÌÓÒÚ¸ ‡ÒÔÓÎÓÊÂÌËfl Ú‡ÍËı
ÚË‡‰ ‚ Ú‡·ÎËˆÂ – ÔÓ ‰Ë‡„ÓÌ‡ÎË, ÍÓÚÓ‡fl Ò Û‚ÂÎË-
˜ÂÌËÂÏ ÌÓÏÂ‡ n1 ÒÏÂ˘‡ÂÚÒfl ‚ÌËÁ Ë ‚ÎÂ‚Ó. ÑÛ„Ë-
ÏË ÒÎÓ‚‡ÏË, ÂÒÎË ËÁ‚ÂÒÚÌ˚ ÌÓÏÂ‡ ÏÓ‰ (N1, N2, N3)
ÚË‡‰˚, ÍÓ˝ÙÙËˆËÂÌÚ˚ ÌÂÎËÌÂÈÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈ-
ÒÚ‚Ëfl ‰Îfl ÍÓÚÓÓÈ Ó·‡˘‡˛ÚÒfl ‚ ÌÓÎ¸, ÚÓ ÒÎÂ‰Û˛-
˘ËÂ Ú‡ÍËÂ ÚË‡‰˚ ·Û‰ÛÚ ÒÛ˘ÂÒÚ‚Ó‚‡Ú¸ Ì‡ ÏÓ‰‡ı Ò
ÌÓÏÂ‡ÏË (N1, N2 + 1, N3 + 1) Ë (N2, N1 + 1, N3 + 1).

– èËÎÓÊÂÌËÂ, ‚ ÍÓÚÓÓÏ ÔË‚Â‰ÂÌ˚ Á‡‚ËÒË-
ÏÓÒÚË k2 ÓÚ k1, Ó·ÂÒÔÂ˜Ë‚‡˛˘ËÂ ‚˚ÔÓÎÌÂÌËÂ ÛÒÎÓ-
‚Ëfl (20) ‰Îfl ‰ÓÔÛÒÍ‡ÂÏ˚ı ÚË‡‰ Ì‡ ˜ÂÚ˚Âı ÌË-
ÊÌËı ÏÓ‰‡ı, ‡ Ú‡ÍÊÂ ‚˚‡ÊÂÌËfl ‰Îfl ÍÓ˝ÙÙËˆË-
ÂÌÚÓ‚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚ ÒËÒÚÂÏÂ Û‡‚ÌÂÌËÈ 

(22)

„‰Â Aj – ‡ÏÔÎËÚÛ‰‡ ‚ÓÎÌ˚ ÏÓ‰˚ nj, “*” Ó·ÓÁÌ‡˜‡ÂÚ
ÍÓÏÔÎÂÍÒÌÓÂ ÒÓÔflÊÂÌËÂ, i – ÏÌËÏ‡fl Â‰ËÌËˆ‡. ëË-
ÒÚÂÏ‡ Û‡‚ÌÂÌËÈ (22) ÔÓÎÛ˜‡ÂÚÒfl ËÁ ÒËÒÚÂÏ˚ (16),
ÍÓ„‰‡ ‚ÓÎÌÓ‚ÓÂ ÔÓÎÂ (13) ÔÂ‰ÒÚ‡‚ÎÂÌÓ ÚÓÎ¸ÍÓ Ó‰-
ÌÓÈ ÚË‡‰ÓÈ ÂÁÓÌ‡ÌÒÌÓ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Û˛˘Ëı
‚ÓÎÌ. ëËÒÚÂÏ‡ (22), Í‡Í ËÁ‚ÂÒÚÌÓ, ËÏÂÂÚ ‰‚‡ ËÌÚÂ-
„‡Î‡

(23)

(24)

Ë ÔÓÎÌÓÒÚ¸˛ ËÌÚÂ„ËÛÂÚÒfl ‚ ˝ÎÎËÔÚË˜ÂÒÍËı
ÙÛÌÍˆËflı üÍÓ·Ë; ÒÏ., Ì‡ÔËÏÂ, [11, 12]. èÓˆÂÒ-
Ò˚, ÓÔËÒ˚‚‡ÂÏ˚Â ÔÓ‰Ó·Ì˚ÏË ÒËÒÚÂÏ‡ÏË Û‡‚ÌÂ-

A1T iµ1A2
* A3,=

A2T iµ2A1
* A3,=

A3T iµ3A1A2,=

A1
2

µ1
-----------

A2
2

µ2
-----------– const,=

A1
2

µ1
-----------

A3
2

µ3
-----------– const,=

0.2

0
–0.6

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

–0.4 –0.2 0 0.2 0.4
k

ω

êËÒ. 2. ÉÂÓÏÂÚË˜ÂÒÍ‡fl ËÌÚÂÔÂÚ‡ˆËfl ÛÒÎÓ‚ËÈ ÒËÌ-
ıÓÌËÁÏ‡ ÚË‡‰ Í‡Â‚˚ı ‚ÓÎÌ, ÔËÌ‡‰ÎÂÊ‡˘Ëı ˜ÂÚ˚-
ÂÏ ÌËÁ¯ËÏ ÏÓ‰‡Ï Ò n1 = 0. áÌ‡˜Í‡ÏË ÔÓÍ‡Á‡Ì˚ ÚÓ˜-
ÍË, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ ÛÒÎÓ‚ËflÏ ÒËÌıÓÌËÁÏ‡; ÔË
˝ÚÓÏ ÚÂÏÌ˚ÏË ÍÛÊÍ‡ÏË ÓÚÏÂ˜ÂÌ˚ ÚÂ, ‰Îfl ÍÓÚÓ˚ı
ÍÓ˝ÙÙËˆËÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Ó·‡˘‡˛ÚÒfl ‚ ÌÓÎ¸,
‡ ÚÂÛ„ÓÎ¸ÌËÍ‡ÏË – ÚÂ, „‰Â ÍÓ˝ÙÙËˆËÂÌÚ˚ ‚Á‡ËÏÓ-
‰ÂÈÒÚ‚Ëfl ÌÂÌÛÎÂ‚˚Â (Ì‡ ËÒÛÌÍÂ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ·ÂÁ-
‡ÁÏÂÌ˚Â ÔÂÂÏÂÌÌ˚Â ω/(αgk1)1/2 Ë k/k1).

 
í‡·ÎËˆ‡ 1.  ÇÓÁÏÓÊÌÓÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚ ÚË‡‰‡ı
Í‡Â‚˚ı ‚ÓÎÌ, ‡ÒÔÓÒÚ‡Ìfl˛˘ËıÒfl ‚ Ó‰ÌÛ ÒÚÓÓÌÛ

n1 = 0

n3 n2 0 1 2 3

 1 – 0 + +
 2 – – 0 +
 3 – – – 0 (Ë 0–4–4)

n1 = 1

n3 n2 0 1 2 3

 1 0 – – –
 2 – 0 (2) + +
 3 – – 0 (2) +
 4 – – – 0 (2)

n1 = 2

n3 n2 0 1 2 3

 1 + – – –
 2 0 + – –
 3 – 0 (2) + (2) +
 4 – – 0 (2) +

èËÏÂ˜‡ÌËÂ. “–” – ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ÌÂ‚ÓÁÏÓÊÌÓ; “0” – ‚Á‡Ë-
ÏÓ‰ÂÈÒÚ‚ËÂ ‚ÓÁÏÓÊÌÓ, ÌÓ ÍÓ˝ÙÙËˆËÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl
ÌÛÎÂ‚˚Â; “+” – ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ‚ÓÁÏÓÊÌÓ, ÍÓ˝ÙÙËˆËÂÌÚ˚
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÓÚÎË˜Ì˚ ÓÚ ÌÛÎfl. á‡ÔËÒ¸ “(2)” ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ
Û‡‚ÌÂÌËÂ (20) ËÏÂÂÚ ‰‚‡ ÔÓÎÓÊËÚÂÎ¸Ì˚ı ÍÓÌfl.
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ÌËÈ, ‡ÍÚË‚ÌÓ ËÒÒÎÂ‰Û˛ÚÒfl ‚ ÌÂÎËÌÂÈÌÓÈ ÓÔÚËÍÂ,
„‰Â ËÁÏÂflÂÏÓÈ ‚ÂÎË˜ËÌÓÈ fl‚ÎflÂÚÒfl ËÌÚÂÌÒË‚-
ÌÓÒÚ¸ ÔÓÎfl |A|2. Ç ÓÍÂ‡ÌÓÎÓ„ËË ËÁÏÂflÂÏ˚ÏË ‚Â-
ÎË˜ËÌ‡ÏË fl‚ÎflÂÚÒfl ÔÓÎÂ ÒÍÓÓÒÚÂÈ Ë ÒÏÂ˘ÂÌËfl,
ÍÓÚÓ˚Â ‚ ‰‡ÌÌÓÏ ÒÎÛ˜‡Â Á‡‚ËÒflÚ ÓÚ ‰‚Ûı „ÓËÁÓÌ-
Ú‡Î¸Ì˚ı ÍÓÓ‰ËÌ‡Ú. Ç ÂÁÛÎ¸Ú‡ÚÂ ‰‡ÊÂ ÔË Ì‡ÎË-
˜ËË Ó‰ÌÓÈ ÂÁÓÌ‡ÌÒÌÓÈ ÚË‡‰˚ ‰ÓÎÊÌ‡ ‚ÓÁÌËÍ‡Ú¸
ÒÎÓÊÌ‡fl ËÌÚÂÙÂÂÌˆËÓÌÌ‡fl ÒÚÛÍÚÛ‡ ‚ÓÎÌÓ‚Ó-
„Ó ÔÓÎfl. ê‡ÒÒÏÓÚËÏ, Ì‡ÔËÏÂ, ÚË‡‰Û “001” Ò
Í‡ÚÌ˚ÏË ‚ÓÎÌÓ‚˚ÏË ˜ËÒÎ‡ÏË, ÓÔËÒ‡ÌÌÛ˛ ‚ ÔÂ-
‚ÓÈ ÒÚÓ˜ÍÂ Ú‡·Î. 2 (èËÎÓÊÂÌËÂ). ÑÎfl ˝ÚÓÈ ÚË-
‡‰˚ µ1 = 8µ2, µ3 = 9µ2, k1 = 4K, k2 = –K, k3 = 3K. á‰ÂÒ¸
K – ÔÓËÁ‚ÓÎ¸ÌÓÂ ˜ËÒÎÓ, Ì‡ ÍÓÚÓÓÂ ÏÓÊÌÓ Ó·ÂÁ-
‡ÁÏÂËÚ¸ ‚ÓÎÌÓ‚˚Â ̃ ËÒÎ‡, ̃ ‡ÒÚÓÚ˚ Ë ÍÓ˝ÙÙËˆË-
ÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl. ìÒÚÓÈ˜Ë‚ÓÂ ÒÓÒÚÓflÌËÂ ‡‚-

ÌÓ‚ÂÒËfl ‚ ÒËÒÚÂÏÂ (22) ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÚË‡‰Â Ò ÔÓ-
ÒÚÓflÌÌ˚ÏË ‡ÏÔÎËÚÛ‰‡ÏË:

ÑÎfl ÛÍ‡Á‡ÌÌÓÈ ÚË‡‰˚ “001” ‚ÓÎÌÓ‚ÓÂ ÔÓÎÂ, ÌÓ-
ÏËÓ‚‡ÌÌÓÂ Ì‡ ‡ÏÔÎËÚÛ‰Û Ä, ‚ ·ÂÁ‡ÁÏÂÌ˚ı ÔÂ-

ÂÏÂÌÌ˚ı  = Kx,  = Ky, τ = T ËÏÂÂÚ ‚Ë‰

(25)

êËÒ. 3 ‰ÂÏÓÌÒÚËÛÂÚ ‚ÓÎÌÓ‚ÓÂ ÔÓÎÂ ‚ ‡ÁÌ˚Â ÏÓ-
ÏÂÌÚ˚ ‚ÂÏÂÌË. ÇË‰ÌÓ, ˜ÚÓ ÔÓÎÂ Ó·Î‡‰‡ÂÚ ‰ÓÒÚ‡-

A1 A2 A,= = A3 A
µ3

µ1 µ2+
-----------------, A const.= =

x̃ ỹ agK

η̃ x̃ ỹ τ, ,( ) F1
0 4 x̃( ) 4 ỹ 2τ–( ) +cos=

+ F2
0 x̃( ) ỹ τ+( ) F3

1 3 x̃( ) 3 ỹ 3τ–( ).cos+cos

í‡·ÎËˆ‡ 2.  á‡‚ËÒËÏÓÒÚË k2 ÓÚ k1, Ó·ÂÒÔÂ˜Ë‚‡˛˘ËÂ ‚˚ÔÓÎÌÂÌËÂ ÛÒÎÓ‚Ëfl (20) ‰Îfl ‰ÓÔÛÒÍ‡ÂÏ˚ı ÚË‡‰ Ì‡ ˜ÂÚ˚Âı
ÌËÊÌËı ÏÓ‰‡ı Ë ‚˚‡ÊÂÌËfl ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚ ÒËÒÚÂÏÂ Û‡‚ÌÂÌËÈ (22)

çÓÏÂ‡ ÏÓ‰ ÇÓÎÌÓ‚˚Â ˜ËÒÎ‡ äÓ˝ÙÙËˆËÂÌÚ˚ (µ = )

n1 n2 n3 k2/k1 k3/k1 µ1/µ µ2/µ µ3/µ
0 0 1 –1/4 3/4 0.125 0.01563 0.1406
0 0 1 –4 –3 0.125 1 9/8
0 0 2 –4/9 5/9 0.1317 0.03902 0.1219
0 0 2 –9/4 –5/4 0.1317 0.4444 0.4115
0 0 3 –9/16 7/16 0.1335 0.0563 0.1022
0 0 3 –16/9 –7/9 0.1335 0.3164 0.2422
0 1 1 1/3 4/3 0 0 0
0 1 1 –0.127 0.873 0.125 0.0058 0.1046
0 1 2 –0.274 0.726 0.0751 0.0186 0.1039
0 1 2 –7.854 –6.854 0.0536 2.0435 2.1507
0 1 3 –0.385 0.615 0.0746 0.0309 0.0951
0 1 3 –3.656 –2.656 0.0607 0.7344 0.6946
0 2 1 0.146 1.146 0.0205 0.0026 0.0435
0 2 2 4/5 9/5 0 0 0
0 3 1 0.094 1.094 0.0276 0.0021 0.0547
0 3 2 0.377 1.377 0.0144 0.0088 0.0521
0 3 3 9/7 16/7 0 0 0
0 4 4 16/9 25/9 0 0 0
1 1 2 6.854 7.854 0 0 0

0.146 1.146
1 2 2 1/15 16/15 0.0153 0.00034 0.0218
1 2 3 10.623 11.623 0 0 0

0.377 1.377
1 3 2 0.044 1.044 0.0206 0.00029 0.0284
1 3 3 4/21 25/21 0.0068 0.0015 0.0233
1 3 4 14.374 15.374 0 0 0

0.626 1.626
2 2 3 22.956 23.956 0.0129 1.4167 1.7869

0.044 1.044 0.00012 0.0162
2 2 4 1/4 5/4 0 0 0

4 5
2 3 3 1/35 36/35 0.0173 0.000099 0.0214
2 3 4 30.870 31.870 0.0096 1.9443 2.3127

0.1296 1.1296 0.0103 0.00057 0.0165

k1 gk1/α
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êËÒ. 3. ÇÓÎÌÓ‚ÓÂ ÔÓÎÂ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ ÒÚ‡ˆËÓÌ‡ÌÓÏÛ Â¯ÂÌË˛ ÒËÒÚÂÏ˚ (22) ‰Îfl ÚË‡‰˚ “001" (‚ ÔÂ‚ÓÈ ÒÚÓÍÂ

Ú‡·Î. 2) ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ·ÂÁ‡ÁÏÂÌÓ„Ó ‚ÂÏÂÌË τ = T.gK
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êËÒ. 4. ÇÓÎÌÓ‚ÓÂ ÔÓÎÂ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ ÌÂÒÚ‡ˆËÓÌ‡ÌÓÏÛ Â¯ÂÌË˛ ÒËÒÚÂÏ˚ (22) ‰Îfl ÚË‡‰˚ “001" (‚ ÔÂ‚ÓÈ ÒÚÓÍÂ

Ú‡·Î. 2) ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ·ÂÁ‡ÁÏÂÌÓ„Ó ‚ÂÏÂÌË τ = T.αgK
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ÚÓ˜ÌÓ ÒËÎ¸ÌÓÈ ‚ÂÏÂÌÌÓÈ ËÁÏÂÌ˜Ë‚ÓÒÚ¸˛, Ë ÙÓÏ‡
Â„Ó ÒÛ˘ÂÒÚ‚ÂÌÌÓ Á‡‚ËÒËÚ ÓÚ ‡ÒÒÚÓflÌËfl ÓÚ ·ÂÂ„‡.
í‡Í, ËÁ-Á‡ Á‡ÚÛı‡ÌËfl ‚‰‡ÎË ÓÚ ·ÂÂ„‡ ÔÂ‰ÒÚ‡‚ÎÂÌ‡
ÚÓÎ¸ÍÓ ‚ÚÓ‡fl ‚ÓÎÌ‡ (Ò Ì‡ËÏÂÌ¸¯ËÏ ‚ÓÎÌÓ‚˚Ï
˜ËÒÎÓÏ), Ë ‚ÓÎÌÓ‚ÓÂ ÔÓÎÂ Ú‡Ï Ô‡ÍÚË˜ÂÒÍË ÒËÌÛÒÓ-
Ë‰‡Î¸ÌÓ ÔÓ ‚‰ÓÎ¸·ÂÂ„Ó‚ÓÈ ÍÓÓ‰ËÌ‡ÚÂ.

ÇÓÎÌÓ‚ÓÂ ÔÓÎÂ, ÓÚ‚Â˜‡˛˘ÂÂ ÌÂÒÚ‡ˆËÓÌ‡ÌÓÏÛ
Â¯ÂÌË˛ ÒËÒÚÂÏ˚ (22) Ò Ì‡˜‡Î¸Ì˚ÏË ÛÒÎÓ‚ËflÏË
A1(0) = A2(0) = 1, A3(0) = 0, Â˘Â ·ÓÎÂÂ ÌÂÂ„ÛÎflÌÓ.
Ö„Ó ÒÚÛÍÚÛ‡ ÔÓÍ‡Á‡Ì‡ Ì‡ ËÒ. 4. 

á‡ÍÎ˛˜ÂÌËÂ

ê‡ÒÒÏÓÚÂÌ˚ ÚÂı‚ÓÎÌÓ‚˚Â ÔÓˆÂÒÒ˚ ‚Á‡ËÏÓ-
‰ÂÈÒÚ‚Ëfl Í‡Â‚˚ı ‚ÓÎÌ ‚ ÔË·ÂÊÌÓÈ ÁÓÌÂ. éÔÂ-
‰ÂÎÂÌ‡ ÒÚÛÍÚÛ‡ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÌÂÎËÌÂÈÌÓ„Ó
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ÔÓÙËÎfl ‰Ì‡.
ÑÂÚ‡Î¸Ì˚Â ‚˚˜ËÒÎÂÌËfl ‰‡Ì˚ ‰Îfl Í‡Â‚˚ı ‚ÓÎÌ
ëÚÓÍÒ‡, ‡ÒÔÓÒÚ‡Ìfl˛˘ËıÒfl Ì‡‰ ÓÚÍÓÒÓÏ ÔÓÒÚÓ-
flÌÌÓ„Ó ÛÍÎÓÌ‡. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ÂÁÓÌ‡ÌÒÌ˚Â ÚË‡-
‰˚ ÌÂ Á‡‚ËÒflÚ ÓÚ Û„Î‡ Ì‡ÍÎÓÌ‡ ‰Ì‡, ÓÌË Ì‡È‰ÂÌ˚
ÍÓÎË˜ÂÒÚ‚ÂÌÌÓ ‰Îfl ˜ÂÚ˚Âı ÌËÁ¯Ëı ÏÓ‰. èÓ‰-
Ú‚ÂÊ‰ÂÌÓ, ˜ÚÓ ‰Îfl ÌÂÍÓÚÓ˚ı ÚË‡‰ Í‡Â‚˚ı
‚ÓÎÌ, ‡ÒÔÓÒÚ‡Ìfl˛˘ËıÒfl ‚ ÔÓÔÛÚÌÓÏ Ì‡Ô‡‚ÎÂ-
ÌËË, ÍÓ˝ÙÙËˆËÂÌÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÓÍ‡Á˚‚‡˛Ú-
Òfl ‡‚Ì˚ÏË ÌÛÎ˛, Ó‰Ì‡ÍÓ ̋ ÚÓÚ ‚˚‚Ó‰ ÌÂ ‡ÒÔÓÒÚ-
‡ÌflÂÚÒfl Ì‡ ‚ÒÂ ÔÓÔÛÚÌ˚Â ‚ÓÎÌ˚, Í‡Í ˝ÚÓ ÏÓÊÌÓ
·˚ÎÓ Á‡ÍÎ˛˜ËÚ¸ ËÁ ÔÂ‰˚‰Û˘Ëı ‡·ÓÚ. äÓ˝ÙÙË-
ˆËÂÌÚ˚ ÂÁÓÌ‡ÌÒÌÓ„Ó ÚÂı‚ÓÎÌÓ‚Ó„Ó ‚Á‡ËÏÓ‰ÂÈ-
ÒÚ‚Ëfl ÓÔÂ‰ÂÎfl˛ÚÒfl ÒÚÂÔÂÌÌ˚ÏË ÙÛÌÍˆËflÏË ˜‡Ò-
ÚÓÚ˚ Ë Û„Î‡ Ì‡ÍÎÓÌ‡; ‰Îfl ÙËÍÒËÓ‚‡ÌÌÓÈ ̃ ‡ÒÚÓÚ˚
ÓÌË ‚ÓÁ‡ÒÚ‡˛Ú Ò ÛÏÂÌ¸¯ÂÌËÂÏ Û„Î‡ Ì‡ÍÎÓÌ‡ ÓÚ-
ÍÓÒ‡. àÒÒÎÂ‰Ó‚‡Ì‡ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ‡fl Ë ‚ÂÏÂÌÌ‡fl
ÒÚÛÍÚÛ‡ ÂÁÓÌ‡ÌÒÌÓÈ ÚË‡‰˚; ‰‡ÊÂ ‚ ÒÎÛ˜‡Â ÔÓ-
ÒÚÓflÌÌ˚ı ‡ÏÔÎËÚÛ‰ (‡‚ÌÓ‚ÂÒÌ˚Â ÁÌ‡˜ÂÌËfl) ‚˚-
fl‚ÎÂÌ‡ ÒÎÓÊÌ‡fl ËÌÚÂÙÂÂÌˆËÓÌÌ‡fl ÒÚÛÍÚÛ‡
‚ÓÎÌÓ‚Ó„Ó ÔÓÎfl.

ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÔÓ‰‰ÂÊÍÂ „‡ÌÚÓ‚
êîîà (‹‹ 03–05–64975, 05–05–64265, 05–05–

64333), àçíÄë (‹ 03–51–4286) Ë Ì‡Û˜ÌÓÈ ̄ ÍÓÎ˚
˜ÎÂÌ-ÍÓ. êÄç Å.Ç. ãÂ‚ËÌ‡ çò–2104.2003.5.

ëèàëéä ãàíÖêÄíìêõ
1. ãÂ ÅÎÓÌ è., å‡ÈÒÂÍ ã. ÇÓÎÌ˚ ‚ ÓÍÂ‡ÌÂ. å.: åË,

1981. 845 Ò.
2. ê‡·ËÌÓ‚Ë˜ Ä.Å. ÑÎËÌÌ˚Â „‡‚ËÚ‡ˆËÓÌÌ˚Â ‚ÓÎÌ˚ ‚

ÓÍÂ‡ÌÂ: Á‡ı‚‡Ú, ÂÁÓÌ‡ÌÒ, ËÁÎÛ˜ÂÌËÂ. ëè·.: ÉË‰Ó-
ÏÂÚÂÓËÁ‰‡Ú. 1993. 325 Ò.

3. Masselink G. Alongshore variation in beach cusp mor-
phology in a coastal embayment // Earth Surface Pro-
cesses and Landforms. 1999. V. 24. ê. 335–347.

4. Kenyon K.E. A note on conservative edgewave interac-
tion // Deep Sea Res. 1970. V. 17. P. 197–201. 

5. äÓ˜Â„ËÌ à.Ö., èÂÎËÌÓ‚ÒÍËÈ Ö.ç. çÂÎËÌÂÈÌÓÂ
‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ÚË‡‰˚ Í‡Â‚˚ı ‚ÓÎÌ // éÍÂ‡ÌÓÎÓ-
„Ëfl. 1989. í. 29. ‹ 6. ë. 899–903.

6. Kirby J.T., Asce M., Putrevu U. et al. Evolution equa-
tions for edge waves and shear waves on longshore uni-
form beaches // Proc. 26th Int. Conf. Coastal Engineering
(Copenhagen. June 1998). 1998. P. 203–216.

7. äÓ˜Â„ËÌ à.Ö. íË‡‰˚ ÌÂÎËÌÂÈÌÓ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Û-
˛˘Ëı Í‡Â‚˚ı ‚ÓÎÌ ‰Îfl ‡ÁÎË˜Ì˚ı ÚËÔÓ‚ ÔË-
·ÂÊÌÓÈ ÚÓÔÓ„‡ÙËË // åÂÊ‚ÛÁÓ‚ÒÍËÈ Ò·. Ì‡Û˜Ì.
Ú.: äÓÎÂ·‡ÌËfl Ë ‚ÓÎÌ˚ ‚ ÏÂı‡ÌËÍÂ ÒÔÎÓ¯ÌÓÈ ÒÂ-
‰˚ (‡Ì‡ÎËÚË˜ÂÒÍËÂ Ë ̃ ËÒÎÂÌÌ˚Â ÏÂÚÓ‰˚). ÉÓ¸ÍËÈ:
Éèà, 1989. ë. 79–83.

8. Galletta V., Vittori G. Nonlinear effects on edge wave
development // European J. Mech. B\Fluids. 2004. V. 23.
ê. 861–878.

9. èÂÎËÌÓ‚ÒÍËÈ Ö.ç., îË‰Ï‡Ì Ç.Ö., ùÌ„ÂÎ¸·ÂıÚ û.ä.
çÂÎËÌÂÈÌ˚Â ˝‚ÓÎ˛ˆËÓÌÌ˚Â Û‡‚ÌÂÌËfl. í‡ÎÎËÌ:
Ç‡Î„ÛÒ, 1984. 154 Ò.

10. Minzoni A., Witham G.B. On the exitation of edge waves
on beaches // J. Fluid Mech. 1977. V. 79. P. 273–277.

11. ä‡ÏÍÂ ù. ëÔ‡‚Ó˜ÌËÍ ÔÓ Ó·˚ÍÌÓ‚ÂÌÌ˚Ï ‰ËÙÙÂ-
ÂÌˆË‡Î¸Ì˚Ï Û‡‚ÌÂÌËflÏ. å.: ç‡ÛÍ‡, 1976. 576 Ò.

12. Ä·‡ÏÓ‚Ëˆ å., ëÚË„‡Ì à. ëÔ‡‚Ó˜ÌËÍ ÔÓ ÒÔÂˆË-
‡Î¸Ì˚Ï ÙÛÌÍˆËflÏ Ò ÙÓÏÛÎ‡ÏË, „‡ÙËÍ‡ÏË Ë Ï‡-
ÚÂÏ‡ÚË˜ÂÒÍËÏË Ú‡·ÎËˆ‡ÏË. å.: ç‡ÛÍ‡, 1979. 832 Ò.


