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Abstract The quadratic programming problem is known to be NP-hard for Hessian
matrices with only one negative eigenvalue, but it is tractable for convex instances.
These facts yield to consider the number of negative eigenvalues as a complexity
measure of quadratic programs. We prove here that the clique problem is tractable
for two variants of its Motzkin-Strauss quadratic formulation with a fixed number of
negative eigenvalues (with multiplicities).

Keywords Quadratic programming - Computational complexity - Clique problem

1 Introduction

The general quadratic programming problem (QPP) is formulated as follows:

1
minimize EXTQX +c'x
subject to Ax < b,

where Q is a given symmetric real n X n matrix, ¢ is a given real n x n vector, A
and b are given real m x n matrix and real m x 1 vector, X = (x1, X2, ..., X,) i
a vector of variables to be determined. It is well known to be tractable for positive

D. S. Malyshev ()

National Research University Higher School of Economics, 25/12 Bolshaja Pecherskaja, Ulitsa, Nizhny
Novgorod 603155, Russia

e-mail: dsmalyshev@rambler.ru; dmalishev @hse.ru

P. M. Pardalos
University of Florida, 401 Weil Hall, P.O. Box 116595, Gainesville, FL 326116595, USA
e-mail: pardalos@ufl.edu

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11590-014-0805-z&domain=pdf

840 D. S. Malyshev, P. M. Pardalos

semi-definite cases (that is, when all eigenvalues of Q are nonnegative) by the ellipsoid
method [5]. On the other hand, QPP is NP-hard even for the objective function x| — x%
(i.e., when Hessian matrix has only one negative eigenvalue) [8]. So, existing negative
eigenvalues yields a phase transition in the complexity of QPP.

Many classical optimization problems can be formulated as QPP. Intuitively, there
are important classes of QPP, where the general phase transition does not hold. In other
words, these QPP are polynomial-time solvable for matrices with negative eigenvalues
(see, for example, [4]). The present paper is devoted to revealing cases of such type.

A clique is a set of pairwise adjacent vertices of a graph. The size of a largest clique
of a graph G is called the cligue number of G denoted by @ (G). The clique problem
(C P) for a given graph G and a number £ is to verify the validity of the inequality
w(G) < k. The quadratic establishment of CP for G was given by Motzkin and
Strauss in [7] as follows:

o]
maximize EXTA(;X

n
subject to in =landx; >0 forany i,

i=1

where Ag is the adjacency matrix of G andn = |V (G)|. It will be denoted by M S (G).
The Motzkin-Strauss theorem says that the optimal value of M S| (G) is %(1 — ﬁ)
[7]. Formally, M S1(G) is not QPP, as M S1(G) is a maximization problem. So, we
also consider the following reformulation of M S;(G) (denoted by M S>(G)):

1
minimize EXT(—A(;)X

n
subject to in =landx; >0 forany i

i=1

The complexity of MS1(G) and M S>(G) is studied in the present paper by means
of the quantities of negative eigenvalues of Ag and —Ag. The class N'E; is a set of
graphs whose adjacency matrices have at most k negative eigenvalues (with multiplici-
ties). The set {G : —Ag has at most k negative eigenvalues counting multiplicities} =
{G : Ag has at most k positive eigenvalues (with multiplicities)} will be denoted by
PEk. The main result of this paper is proving polynomial-time solvability of C P for
NEi, PE; for any fixed k.

2 Some notations

As usual, K, is the complete graph with n vertices. The complement graph of G
(denoted by G) is a graph on the same set of vertices and two vertices of G are
adjacent if and only if they are not adjacent in G. The disjoint union of k copies of a
graph G is denoted by kG.
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We refer to textbooks in graph theory and matrix theory for any notions not defined
in the paper.

3 The hereditary closeness of N'E; and P&y

The following result is known as the Cauchy inequalities or the interlacing lemma
(see, for example, p. 119 of [6]).

Lemma 1 Let A be a real symmetric n x n matrix with eigenvalues Ay <y < --- <
A, and let B be its m x m principal submatrix with eigenvalues ju1 < 1y < --+ < .
Then Aj S j = Ajpn—mforanyl < j <m.

A graph H is called an induced subgraph of a graph G if H is obtained from G by
deleting its vertices. A set of graphs is called a hereditary graph class if it is closed
under deletion of vertices. In other words, a class of graphs is hereditary if it contains
all induced subgraphs of every its graph. It is well known that any hereditary (and only
hereditary) class X can be defined by a set of its forbidden induced subgraphs ). We
write X = Free())) in this case.

Lemma 2 For each fixed k, the classes N'Ey, and PE|, are hereditary.

Proof LetG € NEy and H beits induced subgraph with |V (H)| = |V(G)|—1 =n —
1. Clearly, Ay is a principal submatrix of Ag, as deleting a vertex from a graph yields
simultaneous deleting the corresponding row and column in its adjacency matrix. The
matrices Ag, Ag have the eigenvalues A} < Ay < --- < Ajyand pu; < pup < --- <
Un—1 correspondingly. Assume, ur4+1 < 0. By the interlacing lemma, the inequality
M1 < Mi+1 18 true. Hence, Ag has at least k + 1 negative eigenvaluesi.e., G € N'Ey.
We have a contradiction. Hence, jg1+1 > 0and H € N&y.

Let G € P& and H be its induced subgraph with |V(H)| = |[V(G)|— 1 =n—1.
LetA; <X <--- <Xjand pug < pp < --- < u,—1 be the eigenvalues of Ag and
Ag respectively. Assume that H ¢ P&y i.e., un—k—1 > 0. Hence, the eigenvalues
Ai—k» An—k+15 - - - » Ay are also positive (by the interlacing lemma). Thus, G ¢ PEk.
Therefore, our assumption was false. O

4 The spectrum of the complement of a regular graph

A graph is called d-regular if all its vertices have degrees equal to d. It is well known
that any d-regular graph has the largest eigenvalue d (Theorem 2.6 of [3]). Moreover,
the spectra of a d-regular graph and its complement are connected by the following
relation (see Theorem 2.6 in [3]).

Lemma 3 Let G be a d-regular graph of order n, and let the eigenvalues of G be
A =d > Xy > -+ > Ay. Then the eigenvalues of G aren — 1 —d, —1 — Ay, —1 —
A3, ..., —1 — A,

The graph pK> has p eigenvalues +1 and p eigenvalues -1. It is 1-regular. Hence,
by the lemma, p K5 has the eigenvalues —2, ..., —2,0,...,0,2p — 2.
— e — —

p—1 times p times
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5 Tractability of the clique problem for A'E;, and PE&;,

The main claim of this paper is the following result.
Theorem 1 For each fixed k, C P is polynomial-time solvable for N'Ey and PEy.

Proof By Lemma 2, the class N'Ey is hereditary and (k +2)K, € NEy. Hence,
NE, C Free({(k+2)K,}). For each fixed s, a polynomial-time algorithm for
Free({sK»}) is known for the clique problem [2]. Its time complexity is O (n=+h).
Thus, the clique problem is solved for N'&; in O(n***1) time. The clique K; has
one eigenvalue 1 — k and k — 1 eigenvalues equal to 1. As P&y is hereditary, then
PEx € Free({Ki42}). Hence, C P can be solved for graphs in P&y by any exhaustive

k+1 k1
search algorithm in O (Z (;’)) =0 (Z n’) = O(n**!) time. o
i=0 i=0

6 Corollaries of the main result

The clique problem can be established by several quadratic formulations. For example,
consider the following problem for an n-vertex graph G:

n
1
.. T
maximize E Xj — EX Agx
i=1
subject to x = (x, X2, ..., X) € [0, 1]"

Its optimal value is equal to w(G) (see [1]). Hence, this quadratic problem can
be solved in polynomial time for graphs in N'E; U PE;. The same is true for the
continuous optimization problems below, as their optimal values are equal to w(G)

(see [1]).

n n
maximize Z(l — Xi) H X;  maximize in — Z XiX;
i=1 (i,))€E(G) i=1 (. ))EE(G)
subject to (x1, x2,...,x,) € [0, 1] subjectto (x1, x2, ..., x,) € [0, 1]"

An independent set of a graph is a set of its pairwise adjacent vertices. The size of
a largest independent set of G is denoted by a(G). A vertex cover of a graph is a set
of vertices, such that every edge is incident to at least one vertex in the set. The size of
a minimum vertex cover of G is denoted by B(G). It is well known that for any graph
G the relations @ (G) + B(G) = |V(G)| and a(G) = »(G) hold. Hence, computing
o (G) or B(G) (the so-called independent set and vertex cover problems) can be done
in polynomial time for graphs in {G : G € P&} and for graphs in {G : G € N&;).
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