
1 23

Optimization Letters
 
ISSN 1862-4472
Volume 9
Number 5
 
Optim Lett (2015) 9:839-843
DOI 10.1007/s11590-014-0805-z

The clique problem for graphs with a few
eigenvalues of the same sign

D. S. Malyshev & P. M. Pardalos



1 23

Your article is protected by copyright and

all rights are held exclusively by Springer-

Verlag Berlin Heidelberg. This e-offprint is

for personal use only and shall not be self-

archived in electronic repositories. If you wish

to self-archive your article, please use the

accepted manuscript version for posting on

your own website. You may further deposit

the accepted manuscript version in any

repository, provided it is only made publicly

available 12 months after official publication

or later and provided acknowledgement is

given to the original source of publication

and a link is inserted to the published article

on Springer's website. The link must be

accompanied by the following text: "The final

publication is available at link.springer.com”.



Optim Lett (2015) 9:839–843
DOI 10.1007/s11590-014-0805-z

ORIGINAL PAPER

The clique problem for graphs with a few eigenvalues
of the same sign

D. S. Malyshev · P. M. Pardalos

Received: 26 July 2014 / Accepted: 17 September 2014 / Published online: 4 October 2014
© Springer-Verlag Berlin Heidelberg 2014

Abstract The quadratic programming problem is known to be NP-hard for Hessian
matrices with only one negative eigenvalue, but it is tractable for convex instances.
These facts yield to consider the number of negative eigenvalues as a complexity
measure of quadratic programs. We prove here that the clique problem is tractable
for two variants of its Motzkin-Strauss quadratic formulation with a fixed number of
negative eigenvalues (with multiplicities).
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1 Introduction

The general quadratic programming problem (QPP) is formulated as follows:

minimize
1

2
xTQx + cTx

subject to Ax ≤ b,

where Q is a given symmetric real n × n matrix, c is a given real n × n vector, A
and b are given real m × n matrix and real m × 1 vector, x = (x1, x2, . . . , xn) is
a vector of variables to be determined. It is well known to be tractable for positive
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semi-definite cases (that is, when all eigenvalues ofQ are nonnegative) by the ellipsoid
method [5]. On the other hand, QPP is NP-hard even for the objective function x1− x22
(i.e., when Hessian matrix has only one negative eigenvalue) [8]. So, existing negative
eigenvalues yields a phase transition in the complexity of QPP.

Many classical optimization problems can be formulated as QPP. Intuitively, there
are important classes of QPP, where the general phase transition does not hold. In other
words, these QPP are polynomial-time solvable for matrices with negative eigenvalues
(see, for example, [4]). The present paper is devoted to revealing cases of such type.

A clique is a set of pairwise adjacent vertices of a graph. The size of a largest clique
of a graph G is called the clique number of G denoted by ω(G). The clique problem
(CP) for a given graph G and a number k is to verify the validity of the inequality
ω(G) ≤ k. The quadratic establishment of CP for G was given by Motzkin and
Strauss in [7] as follows:

maximize
1

2
xTAGx

subject to
n∑

i=1

xi = 1 and xi ≥ 0 for any i,

whereAG is the adjacencymatrix ofG and n = |V (G)|. It will be denoted byMS1(G).
The Motzkin-Strauss theorem says that the optimal value of MS1(G) is 1

2 (1 − 1
ω(G)

)

[7]. Formally, MS1(G) is not QPP, as MS1(G) is a maximization problem. So, we
also consider the following reformulation of MS1(G) (denoted by MS2(G)):

minimize
1

2
xT(−AG)x

subject to
n∑

i=1

xi = 1 and xi ≥ 0 for any i

The complexity of MS1(G) and MS2(G) is studied in the present paper by means
of the quantities of negative eigenvalues of AG and −AG. The class NEk is a set of
graphs whose adjacencymatrices have at most k negative eigenvalues (withmultiplici-
ties). The set {G : −AG has at most k negative eigenvalues counting multiplicities} =
{G : AG has at most k positive eigenvalues (with multiplicities)} will be denoted by
PEk . The main result of this paper is proving polynomial-time solvability of CP for
NEk,PEk for any fixed k.

2 Some notations

As usual, Kn is the complete graph with n vertices. The complement graph of G
(denoted by G) is a graph on the same set of vertices and two vertices of G are
adjacent if and only if they are not adjacent in G. The disjoint union of k copies of a
graph G is denoted by kG.
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We refer to textbooks in graph theory and matrix theory for any notions not defined
in the paper.

3 The hereditary closeness of NEk and PEk

The following result is known as the Cauchy inequalities or the interlacing lemma
(see, for example, p. 119 of [6]).

Lemma 1 Let A be a real symmetric n × n matrix with eigenvalues λ1 ≤ λ2 ≤ · · · ≤
λn, and letB be its m×m principal submatrix with eigenvaluesμ1 ≤ μ2 ≤ · · · ≤ μm.
Then λ j ≤ μ j ≤ λ j+n−m for any 1 ≤ j ≤ m.

A graph H is called an induced subgraph of a graph G if H is obtained from G by
deleting its vertices. A set of graphs is called a hereditary graph class if it is closed
under deletion of vertices. In other words, a class of graphs is hereditary if it contains
all induced subgraphs of every its graph. It is well known that any hereditary (and only
hereditary) class X can be defined by a set of its forbidden induced subgraphs Y . We
write X = Free(Y) in this case.

Lemma 2 For each fixed k, the classes NEk and PEk are hereditary.

Proof LetG ∈ NEk and H be its induced subgraphwith |V (H)| = |V (G)|−1 = n −
1. Clearly, AH is a principal submatrix of AG, as deleting a vertex from a graph yields
simultaneous deleting the corresponding row and column in its adjacency matrix. The
matrices AG,AH have the eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λn and μ1 ≤ μ2 ≤ · · · ≤
μn−1 correspondingly. Assume, μk+1 < 0. By the interlacing lemma, the inequality
λk+1 ≤ μk+1 is true. Hence,AG has at least k+1 negative eigenvalues i.e.,G �∈ NEk .
We have a contradiction. Hence, μk+1 ≥ 0 and H ∈ NEk .

Let G ∈ PEk and H be its induced subgraph with |V (H)| = |V (G)| − 1 = n − 1.
Let λ1 ≤ λ2 ≤ · · · ≤ λn and μ1 ≤ μ2 ≤ · · · ≤ μn−1 be the eigenvalues of AG and
AH respectively. Assume that H �∈ PEk i.e., μn−k−1 > 0. Hence, the eigenvalues
λn−k, λn−k+1, . . . , λn are also positive (by the interlacing lemma). Thus, G �∈ PEk .
Therefore, our assumption was false. ��

4 The spectrum of the complement of a regular graph

A graph is called d-regular if all its vertices have degrees equal to d. It is well known
that any d-regular graph has the largest eigenvalue d (Theorem 2.6 of [3]). Moreover,
the spectra of a d-regular graph and its complement are connected by the following
relation (see Theorem 2.6 in [3]).

Lemma 3 Let G be a d-regular graph of order n, and let the eigenvalues of G be
λ1 = d ≥ λ2 ≥ · · · ≥ λn. Then the eigenvalues of G are n − 1 − d,−1 − λ2,−1 −
λ3, . . . ,−1 − λn.

The graph pK2 has p eigenvalues +1 and p eigenvalues -1. It is 1-regular. Hence,
by the lemma, pK2 has the eigenvalues −2, . . . ,−2︸ ︷︷ ︸

p−1 times

,0, . . . , 0︸ ︷︷ ︸
p times

,2p − 2.
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5 Tractability of the clique problem for NEk and PEk

The main claim of this paper is the following result.

Theorem 1 For each fixed k, C P is polynomial-time solvable for NEk and PEk .

Proof By Lemma 2, the class NEk is hereditary and (k + 2)K2 �∈ NEk . Hence,
NEk ⊆ Free({(k + 2)K2}). For each fixed s, a polynomial-time algorithm for
Free({sK2}) is known for the clique problem [2]. Its time complexity is O(n2s+1).
Thus, the clique problem is solved for NEk in O(n2k+1) time. The clique Kk has
one eigenvalue 1 − k and k − 1 eigenvalues equal to 1. As PEk is hereditary, then
PEk ⊆ Free({Kk+2}). Hence,CP can be solved for graphs inPEk by any exhaustive

search algorithm in O

(
k+1∑
i=0

(n
i

)) = O

(
k+1∑
i=0

ni
)

= O(nk+1) time. ��

6 Corollaries of the main result

The clique problem can be established by several quadratic formulations. For example,
consider the following problem for an n-vertex graph G:

maximize
n∑

i=1

xi − 1

2
xTAGx

subject to x = (x1, x2, . . . , xn) ∈ [0, 1]n

Its optimal value is equal to ω(G) (see [1]). Hence, this quadratic problem can
be solved in polynomial time for graphs in NEk ∪ PEk . The same is true for the
continuous optimization problems below, as their optimal values are equal to ω(G)

(see [1]).

maximize
n∑

i=1

(1 − xi )
∏

(i, j)∈E(G)

x j maximize
n∑

i=1

xi −
∑

(i, j)∈E(G)

xi x j

subject to (x1, x2, . . . , xn) ∈ [0, 1]n subject to (x1, x2, . . . , xn) ∈ [0, 1]n

An independent set of a graph is a set of its pairwise adjacent vertices. The size of
a largest independent set of G is denoted by α(G). A vertex cover of a graph is a set
of vertices, such that every edge is incident to at least one vertex in the set. The size of
a minimum vertex cover of G is denoted by β(G). It is well known that for any graph
G the relations α(G) + β(G) = |V (G)| and α(G) = ω(G) hold. Hence, computing
α(G) or β(G) (the so-called independent set and vertex cover problems) can be done
in polynomial time for graphs in {G : G ∈ PEk} and for graphs in {G : G ∈ NEk}.
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