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ÇÇÖÑÖçàÖ

 

ä‡Â‚˚Â ‚ÓÎÌ˚, ÏÌÓ„ÓÍ‡ÚÌÓ Á‡Â„ËÒÚËÓ-
‚‡ÌÌ˚Â ‚ ‚ÓÎÌÓ‚ÓÏ ÔÓÎÂ Ì‡ ¯ÂÎ¸ÙÂ [1–4] Ë„‡˛Ú
ÁÌ‡˜ËÚÂÎ¸ÌÛ˛ ÓÎ¸ ‚ ‰ËÌ‡ÏËÍÂ ÔË·ÂÊÌÓÈ ÁÓÌ˚
Ë ˜‡ÒÚÓ ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl Í‡Í ÓÔÂ‰ÂÎfl˛˘ËÈ Ù‡Í-
ÚÓ ̋ ‚ÓÎ˛ˆËË ·ÂÂ„Ó‚ÓÈ ÎËÌËË ÔË ÙÓÏËÓ‚‡ÌËË
ËÚÏË˜ÂÒÍËı ÙÓÏ ÂÎ¸ÂÙ‡, Ú‡ÍËı Í‡Í ÒÂÔÓ‚Ë‰-
Ì˚Â ·‡˚ Ë ÙÂÒÚÓÌ˚ [5]. Ç ÍÌË„Â [6] ÔË‚Â‰ÂÌ˚
ÙÓÚÓ„‡ÙËË ·ÂÂ„Ó‚˚ı ÒÚÛÍÚÛ, ÒÙÓÏËÓ‚‡Ì-
Ì˚ı ÔÓ‰ ‚ÓÁ‰ÂÈÒÚ‚ËÂÏ Í‡Â‚˚ı ‚ÓÎÌ. êÂÁÛÎ¸Ú‡Ú˚
Î‡·Ó‡ÚÓÌ˚ı ˝ÍÒÔÂËÏÂÌÚÓ‚ Ë „Û·˚Â ÓˆÂÌÍË ı‡-
‡ÍÚÂÌ˚ı Ï‡Ò¯Ú‡·Ó‚ ÒÓ„Î‡ÒÛ˛ÚÒfl Ò Ì‡·Î˛‰‡ÂÏ˚-
ÏË ÓÒÓ·ÂÌÌÓÒÚflÏË ÏÓÙÓÎÓ„ËË ·ÂÂ„Ó‚, Ó‰Ì‡ÍÓ ‰Ó
ÒËı ÔÓ ÌÂ ËÒÒÎÂ‰Ó‚‡Ì‡ ˝ÌÂ„ÂÚËÍ‡ ˝ÚËı ÔÓˆÂÒÒÓ‚,
Ë, Í‡Í ÓÚÏÂ˜‡ÎÓÒ¸ ‚ [7], ÌÂÚ ÍÓÎË˜ÂÒÚ‚ÂÌÌ˚ı ÏÓ-
‰ÂÎÂÈ, ÓÔËÒ˚‚‡˛˘Ëı ˝‚ÓÎ˛ˆË˛ ·ÂÂ„‡ Ë ‰Ì‡ ÔÓ‰
‰ÂÈÒÚ‚ËÂÏ Í‡Â‚˚ı ‚ÓÎÌ.

åÂÎÍÓÏ‡Ò¯Ú‡·Ì˚Â Í‡Â‚˚Â ‚ÓÎÌ˚ Ó·˚˜ÌÓ „Â-
ÌÂËÛ˛ÚÒfl Ì‡·Â„‡˛˘ËÏË ‚ÂÚÓ‚˚ÏË ‚ÓÎÌ‡ÏË
‚ÒÎÂ‰ÒÚ‚ËÂ ÒËÎ¸ÌÓÈ ÌÂÎËÌÂÈÌÓÒÚË ÔÓÎfl ‚ÂÚÓ‚˚ı
‚ÓÎÌ [8–12]. äÛÔÌÓÏ‡Ò¯Ú‡·Ì˚Â Í‡Â‚˚Â ‚ÓÎÌ˚ fl‚-
Îfl˛ÚÒfl ÓÒÌÓ‚Ì˚Ï ÍÓÏÔÓÌÂÌÚÓÏ ‚ÓÁÏÛ˘ÂÌËÈ ‚Ó‰-
ÌÓÈ ÔÓ‚ÂıÌÓÒÚË, „ÂÌÂËÛÂÏ˚ı ˆËÍÎÓÌ‡ÏË, ‰‚ËÊÛ-
˘ËÏËÒfl ‚‰ÓÎ¸ ÔÓ·ÂÂÊ¸fl [13]. ëÛ˘ÂÒÚ‚Ó‚‡ÌËÂÏ
Á‡ı‚‡˜ÂÌÌ˚ı ‚ÓÎÌ Ó·˙flÒÌflÂÚÒfl ÌÂ‡‚ÌÓÏÂÌ˚È
ı‡‡ÍÚÂ ‡ÒÔÂ‰ÂÎÂÌËfl ‚˚ÒÓÚ ‚ÓÎÌ ˆÛÌ‡ÏË
‚‰ÓÎ¸ ·ÂÂ„Ó‚ÓÈ ÎËÌËË [14 – 16]. Ç ˆÂÎÓÏ ‰Ó 70%
˝ÌÂ„ËË ‚ÓÎÌ ˆÛÌ‡ÏË ÔÂÂÌÓÒËÚÒfl ‚‰ÓÎ¸ äÛËÎ¸-
ÒÍËı ÓÒÚÓ‚Ó‚ ‚ ‚Ë‰Â Í‡Â‚˚ı ‚ÓÎÌ [17]. 

èÓÔÂÂ˜Ì‡fl ÓÚÌÓÒËÚÂÎ¸ÌÓ ·ÂÂ„‡ ÒÚÛÍÚÛ‡
·‡ÓÚÓÔÌ˚ı Á‡ı‚‡˜ÂÌÌ˚ı ‚ÓÎÌ ‚ ·‡ÒÒÂÈÌÂ ÔÂÂ-
ÏÂÌÌÓÈ „ÎÛ·ËÌ˚ ÓÔËÒ‡Ì‡ ‚ ‡·ÓÚ‡ı [14, 18–22] Ë
ÍÌË„‡ı [5, 23]. çÂ‰‡‚ÌÓ ·˚ÎË ÔÓÎÛ˜ÂÌ˚ ÌÂÍÓÚÓ-
˚Â ÚÓ˜Ì˚Â Â¯ÂÌËfl ÔÓÎÌ˚ı ÌÂÎËÌÂÈÌ˚ı Û‡‚-
ÌÂÌËÈ „Ë‰Ó‰ËÌ‡ÏËÍË, ÓÔËÒ˚‚‡˛˘ËÂ ‚ÓÎÌ˚ ‚Ó
‚‡˘‡˛˘ÂÏÒfl ÓÍÂ‡ÌÂ Ì‡‰ ¯ÂÎ¸ÙÓÏ Ò ÔÓÒÚÓflÌ-
Ì˚Ï ÛÍÎÓÌÓÏ [24]. å‡ÚÂÏ‡ÚË˜ÂÒÍË ˝ÚÓ ‰ÓÒÚ‡ÚÓ˜-

ÌÓ ÒÎÓÊÌ‡fl Á‡‰‡˜‡, ÔÓÒÍÓÎ¸ÍÛ Í‡Â‚‡fl Á‡‰‡˜‡ ÓÍ‡-
Á˚‚‡ÂÚÒfl ‰‚ÛÏÂÌÓÈ (ÓÚÌÓÒËÚÂÎ¸ÌÓ ‚ÂÚËÍ‡Î¸ÌÓÈ
Ë ÔÓÔÂÂ˜ÌÓÈ Í ·ÂÂ„Û ÍÓÓ‰ËÌ‡Ú). íÓÎ¸ÍÓ ‚ ÔË-
·ÎËÊÂÌËË ÏÂÎÍÓÈ ‚Ó‰˚ Í‡Â‚‡fl Á‡‰‡˜‡ ÒÓ‰ÂÊËÚ
Ó‰ÌÛ ÔÂÂÏÂÌÌÛ˛ (ÔÓÔÂÂ˜ÌÛ˛ ÍÓÓ‰ËÌ‡ÚÛ), ÔË
˝ÚÓÏ ÔÂÂÏÂÌÌ‡fl „ÎÛ·ËÌ‡ Ë„‡ÂÚ ÓÎ¸ ÔÓÚÂÌˆË‡-
Î‡ ‚ Û‡‚ÌÂÌËË òÚÛÏ‡-ãËÛ‚ËÎÎfl. ÑÎfl ˝ÚÓ„Ó ÒÎÛ-
˜‡fl ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓ‰Ó·ÌÓ ËÁÛ˜ÂÌ˚ Ò‚ÓÈÒÚ‚‡ Í‡Â-
‚˚ı ‚ÓÎÌ Ì‡‰ ‰ÌÓÏ Ò ÔÓËÁ‚ÓÎ¸Ì˚Ï ÔÓÙËÎÂÏ [5,
20, 21, 23]. çÂÎËÌÂÈÌ‡fl ÚÂÓËfl ‰ÎËÌÌ˚ı Í‡Â‚˚ı
‚ÓÎÌ Ú‡ÍÊÂ ËÏÂÎ‡ Ò‚ÓÂ ‡Á‚ËÚËÂ: ·˚ÎÓ ‚˚‚Â‰ÂÌÓ
Û‡‚ÌÂÌËÂ äÓÚÂ‚Â„‡ ‰Â ÇËÁ‡ [25], ‚˚˜ËÒÎÂÌ˚
ÌÂÎËÌÂÈÌ˚Â ÔÓÔ‡‚ÍË Í Ù‡ÁÓ‚ÓÈ ÒÍÓÓÒÚË [26–
29], ‚˚‚Â‰ÂÌÓ ÌÂÎËÌÂÈÌÓÂ Û‡‚ÌÂÌËÂ òÂ‰ËÌ„Â‡
‰Îfl Ó„Ë·‡˛˘ÂÈ [29–32], ÔÓ‡Ì‡ÎËÁËÓ‚‡Ì˚ ÌÂÎË-
ÌÂÈÌ˚Â ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚ ÚË‡‰‡ı Í‡Â‚˚ı ‚ÓÎÌ
[33–36], ËÒÒÎÂ‰Ó‚‡Ì‡ ÌÂÎËÌÂÈÌ‡fl ‰ËÌ‡ÏËÍ‡ Í‡Â-
‚˚ı ‚ÓÎÌ Ì‡‰ ÎËÌÂÈÌÓ Ì‡ÍÎÓÌÌ˚Ï ‰ÌÓÏ [37, 38].
ïÓ˜ÂÚÒfl Ú‡ÍÊÂ ÓÚÏÂÚËÚ¸ ÒÎ‡·Ó‰ËÒÔÂÒËÓÌÌÛ˛
ÏÓ‰ÂÎ¸ Í‡Â‚˚ı ‚ÓÎÌ, ‡Á‚ËÚÛ˛ ‚ [39]. 

Ç ·ÓÎ¸¯ËÌÒÚ‚Â ÚÂÓÂÚË˜ÂÒÍËı ËÒÒÎÂ‰Ó‚‡ÌËÈ
‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ·‡ÒÒÂÈÌ Ò ˆËÎËÌ‰Ë˜ÂÒÍÓÈ „ÂÓÏÂ-
ÚËÂÈ, ÍÓ„‰‡ „ÎÛ·ËÌ‡ ÓÍÂ‡Ì‡ Á‡‚ËÒËÚ ÎË¯¸ ÓÚ ÔÓÔÂ-
Â˜ÌÓÈ Í ·ÂÂ„Û ÍÓÓ‰ËÌ‡Ú˚. êÂ‡Î¸Ì˚Â ÒËÚÛ‡ˆËË,
Í‡Í Ô‡‚ËÎÓ, ÒÎÓÊÌÂÂ, Ë ÔËıÓ‰ËÚÒfl ÔËÌËÏ‡Ú¸ ‚Ó
‚ÌËÏ‡ÌËÂ ‰‚ÛÏÂÌÛ˛ ËÁÏÂÌ˜Ë‚ÓÒÚ¸ „ÎÛ·ËÌ˚ ·‡Ò-
ÒÂÈÌ‡. í‡Í, Ì‡ÔËÏÂ, ‚ ‡·ÓÚÂ [40] ‡Ì‡ÎËÁËÓ‚‡-
ÎËÒ¸ Á‡ı‚‡Ú Ë ‡ÒÒÂflÌËÂ ÚÓÔÓ„‡ÙË˜ÂÒÍËı ‚ÓÎÌ Ì‡
˝ÒÚÛ‡Ëflı Ë Ï˚Ò‡ı; ‚ [41] ‡ÒÒÏ‡ÚË‚‡ÎÓÒ¸ ‡ÒÒÂfl-
ÌËÂ Í‡Â‚˚ı ‚ÓÎÌ ·ÂÂ„Ó‚˚ÏË ÒÚÛÍÚÛ‡ÏË, ÔÂ-
ÔÂÌ‰ËÍÛÎflÌ˚ÏË Í ÎËÌËË ·ÂÂ„‡. Ç Ì‡ÒÚÓfl˘ÂÈ ‡-
·ÓÚÂ Ï˚ ‡ÒÒÏ‡ÚË‚‡ÂÏ ÒËÚÛ‡ˆË˛, ÍÓ„‰‡ „ÎÛ·ËÌ‡
·‡ÒÒÂÈÌ‡ – ÙÛÌÍˆËfl ‰‚Ûı „ÓËÁÓÌÚ‡Î¸Ì˚ı ÍÓÓ‰Ë-
Ì‡Ú Ò ÒËÎ¸ÌÓÈ Á‡‚ËÒËÏÓÒÚ¸˛ ÓÚ ÔÓÔÂÂ˜ÌÓÈ Í ·Â-
Â„Û ÍÓÓ‰ËÌ‡Ú˚ 

 

x
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2. ÇÄêàÄñàà ÄåèãàíìÑõ
äêÄÖÇõï Çéãç

 

Ç ÎËÌÂÈÌÓÈ ÚÂÓËË ÏÂÎÍÓÈ ‚Ó‰˚ ‰ËÌ‡ÏËÍ‡
Í‡Â‚˚ı ‚ÓÎÌ ÓÔËÒ˚‚‡ÂÚÒfl Û‡‚ÌÂÌËÂÏ ‰Îfl ÒÏÂ-
˘ÂÌËÂ ‚Ó‰ÌÓÈ ÔÓ‚ÂıÌÓÒÚË 

 

η

 

:

(1)

„‰Â 

 

t

 

 – ‚ÂÏfl, 

 

h

 

(

 

x

 

, 

 

y

 

) – „ÎÛ·ËÌ‡ ·‡ÒÒÂÈÌ‡, 

 

g

 

 – „‡‚Ë-
Ú‡ˆËÓÌÌÓÂ ÛÒÍÓÂÌËÂ, ‡ „‡‚ËÚ‡ˆËÓÌÌ˚Â ÓÔÂ‡ÚÓ-
˚ div Ë 

 

∇

 

 ‰ÂÈÒÚ‚Û˛Ú ‚ „ÓËÁÓÌÚ‡Î¸ÌÓÈ ÔÎÓÒÍÓÒÚË
(

 

x

 

, 

 

y

 

). ëÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl, ÍÓ-
ÚÓ˚Ï ‰ÓÎÊÌ˚ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ Â¯ÂÌËfl Û‡‚ÌÂ-
ÌËfl (1), ‰ÓÎÊÌ˚ ËÏÂÚ¸ ‚Ë‰: 

– Ì‡ ·ÂÂ„Ó‚ÓÈ ÎËÌËË 

 

y

 

0

 

(

 

x

 

), „‰Â 

 

h

 

(Û

 

0

 

(ı), ı) 

 

≡

 

 0,
‚ÓÎÌÓ‚ÓÂ ÔÓÎÂ ‰ÓÎÊÌÓ ·˚Ú¸ Ó„‡ÌË˜ÂÌÌ˚Ï, ˜ÚÓ
ÒÎÂ‰ÛÂÚ ËÁ ÛÒÎÓ‚Ëfl ÌÂÔÓÚÂÍ‡ÌËfl;

– ‚‰‡ÎË ÓÚ ·ÂÂ„‡ (Û  

 

∞

 

) ‚ÓÎÌ˚ ‰ÓÎÊÌ˚ Á‡-
ÚÛı‡Ú¸.

å˚ ·Û‰ÂÏ ‡ÒÒÏ‡ÚË‚‡Ú¸ ÏÓÌÓıÓÏ‡ÚË˜ÂÒÍËÂ
‚ÓÎÌ˚, ÔÂËÓ‰Ë˜ÂÒÍËÂ ‚Ó ‚ÂÏÂÌË: 

 

η

 

(

 

x

 

, 

 

y

 

, 

 

t

 

) = 

 

ζ

 

(

 

x

 

,

 

y

 

)exp(

 

i

 

ω

 

t

 

), ÚÓ„‰‡ (1) Ò‚Ó‰ËÚÒfl Í 

(2)

èË ÒÚ‡Ì‰‡ÚÌÓÏ ÔÓ‰ıÓ‰Â, ÍÓ„‰‡ 

 

h

 

 = 

 

h

 

(

 

y

 

), ÔÂÂ-
ÏÂÌÌ˚Â ‚ Û‡‚ÌÂÌËË (2) ÏÓÊÌÓ ‡Á‰ÂÎËÚ¸:

(3)
ÔË ˝ÚÓÏ 

 

F

 

(

 

y

 

) Ë 

 

k

 

 Û‰Ó‚ÎÂÚ‚Ófl˛Ú Í‡Â‚ÓÈ Á‡‰‡˜Â

(4)

Ò ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏË „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË Ì‡
·ÂÂ„Û Ë ·ÂÒÍÓÌÂ˜ÌÓÒÚË. ëÚÛÍÚÛ‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı
ÙÛÌÍˆËÈ ÓÔÂ‰ÂÎflÂÚÒfl ÙÓÏÓÈ ‰ÓÌÌÓ„Ó ÂÎ¸ÂÙ‡
Ë ˜‡ÒÚÓÚÓÈ ‚ÓÎÌ˚. 

íÂÔÂ¸ Ï˚ ‡ÒÒÏÓÚËÏ Ó·Ó·˘ÂÌËÂ ˝ÚÓÈ Á‡‰‡-
˜Ë, ÍÓ„‰‡ „ÎÛ·ËÌ‡ ÏÓfl ÔÂ‰ÒÚ‡‚ËÏ‡ ‚ ‚Ë‰Â 

 

h

 

 = 

 

h

 

(

 

y

 

,

 

ε

 

x

 

), „‰Â 

 

ε

 

 

 

�

 

 1 – Ï‡Î˚È Ô‡‡ÏÂÚ. èÓÒÍÓÎ¸ÍÛ ‚‰ÓÎ¸-
·ÂÂ„Ó‚˚Â ËÁÏÂÌÂÌËfl ÙÓÏ˚ ‰Ì‡ ÔÂ‰ÔÓÎ‡„‡˛Ú-
Òfl „Î‡‰ÍËÏË, ÙÓÏ‡ ‚ÓÎÌ˚ ‚ ÌÛÎÂ‚ÓÏ ÔÓfl‰ÍÂ ÔÓ

 

ε

 

 ‰ÓÎÊÌ‡ ËÏÂÚ¸ ‚Ë‰, ‡Ì‡ÎÓ„Ë˜Ì˚È (3), ÒÓ ÒÎ‡·ÓÈ
Á‡‚ËÒËÏÓÒÚ¸˛ ÓÚ ‚‰ÓÎ¸·ÂÂ„Ó‚ÓÈ ÍÓÓ‰ËÌ‡Ú˚:

(5)

„‰Â 

 

X

 

 = 

 

ε

 

x

 

, Ë 

(6)

– ‚‰ÓÎ¸·ÂÂ„Ó‚ÓÂ ‚ÓÎÌÓ‚ÓÂ ˜ËÒÎÓ. å˚ ÔÂ‰ÔÓÎ‡-
„‡ÂÏ Ú‡ÍÊÂ, ˜ÚÓ ÏÓ‰‡ 

 

F

 

(

 

y

 

, 

 

X

 

) ÌÓÏ‡ÎËÁÓ‚‡Ì‡, ÚÓ„-
‰‡ 

 

A

 

(

 

X

 

) – ‡ÏÔÎËÚÛ‰‡ ‚ÓÎÌ˚ Ì‡ ·ÂÂ„Û. Ç˚‰ÂÎflfl
ÒÎ‡„‡ÂÏ˚Â ÔË Ó‰ËÌ‡ÍÓ‚˚ı ÒÚÂÔÂÌflı Ï‡ÎÓ„Ó Ô‡-
‡ÏÂÚ‡ 

 

ε

 

 ÔÓÒÎÂ ÔÓ‰ÒÚ‡ÌÓ‚ÍË (5) ‚ (2) Ò Û˜ÂÚÓÏ (6),
‚ ÌËÁ¯ÂÏ ÔÓfl‰ÍÂ ÔË 

 

ε

 

0

 

 ÔÓÎÛ˜‡ÂÏ Í‡Â‚Û˛ Á‡‰‡-

∂2η
∂t2
--------- gdiv h x y,( )∇η[ ]– 0,=

div h x y,( )∇ζ[ ] ω2

g
------ζ+ 0.=

ζ x y,( ) F y( ) ikx–( ),exp=

ΓF
d
dy
------ h y( )dF

dy
------- ω2

g
------ h y( )k2– 

  F+ 0= =

(

ζ x y,( ) A X( )F y X,( ) iθ–( ) +exp=

+ εη1 y X,( ) iθ–( )exp ε2…,+

k X( ) dθ
dx
------=

 

˜Û, ‡Ì‡ÎÓ„Ë˜ÌÛ˛ (4), ‰Îfl Í‡Ê‰ÓÈ ÙËÍÒËÓ‚‡ÌÌÓÈ
ÚÓ˜ÍË ·ÂÂ„Ó‚ÓÈ ÎËÌËË 

 

X

 

. í‡ÍËÏ Ó·‡ÁÓÏ, ·Û‰ÛÚ
Ì‡È‰ÂÌ˚ ÔÓÔÂÂ˜Ì‡fl ÒÚÛÍÚÛ‡ ‚ÓÎÌÓ‚Ó„Ó ÔÓÎfl

 

F

 

(

 

y

 

, 

 

X

 

) Ë ‚‰ÓÎ¸·ÂÂ„Ó‚ÓÂ ‚ÓÎÌÓ‚ÓÂ ˜ËÒÎÓ 

 

k

 

. ÄÏÔ-
ÎËÚÛ‰‡ ‚ÓÎÌ˚ ÌÂ ÓÔÂ‰ÂÎÂÌ‡ ‚ ÌËÁ¯ÂÏ ÔÓfl‰ÍÂ.

Ç ÔÂ‚ÓÏ ÔÓfl‰ÍÂ, ÔË 

 

ε

 

1

 

, ÔÓÎÛ˜‡ÂÚÒfl ÌÂÓ‰ÌÓ-
Ó‰Ì‡fl Í‡Â‚‡fl Á‡‰‡˜‡

(7)

Ò ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏË „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË. á‰ÂÒ¸

(8)

ä‡Í ËÁ‚ÂÒÚÌÓ, ÌÂÓ‰ÌÓÓ‰Ì‡fl Í‡Â‚‡fl Á‡‰‡˜‡ ‡Á-
Â¯ËÏ‡ ÔË ÛÒÎÓ‚ËË, ˜ÚÓ Ô‡‚‡fl ˜‡ÒÚ¸ Û‡‚ÌÂÌËfl
(7) ÓÚÓ„ÓÌ‡Î¸Ì‡ ÒÓ·ÒÚ‚ÂÌÌ˚Ï ÙÛÌÍˆËflÏ ÓÔÂ‡ÚÓ-
‡, ÒÓÔflÊÂÌÌÓ„Ó Ò 

 

Γ

 

. àÒÔÓÎ¸ÁÛfl „‡ÌË˜Ì˚Â ÛÒÎÓ-
‚Ëfl ÌÂÔÓÚÂÍ‡ÌËfl Ì‡ ·ÂÂ„Û Ë Á‡ÚÛı‡ÌËfl Ì‡ ·ÂÒÍÓ-
ÌÂ˜ÌÓÒÚË, ÎÂ„ÍÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÓÔÂ‡ÚÓ 

 

Γ – Ò‡ÏÓ-
ÒÓÔflÊÂÌÌ˚È. èÓ˝ÚÓÏÛ ‰Îfl ‡ÁÂ¯ËÏÓÒÚË Á‡‰‡˜Ë
(7) ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓÚÂ·Ó‚‡Ú¸, ̃ ÚÓ·˚ Ô‡‚‡fl ̃ ‡ÒÚ¸ H1
·˚Î‡ ÓÚÓ„ÓÌ‡Î¸Ì‡ ÒÓ·ÒÚ‚ÂÌÌ˚Ï ÙÛÌÍˆËflÏ F:

(9)

èÓÒÎÂ ÌÂÒÎÓÊÌ˚ı Ï‡ÚÂÏ‡ÚË˜ÂÒÍËı Ï‡ÌËÔÛÎflˆËÈ
(9) ÎÂ„ÍÓ Ò‚ÂÒÚË Í Û‡‚ÌÂÌË˛ 

(10)

èËÌËÏ‡fl ‚Ó ‚ÌËÏ‡ÌËÂ ÒÓÓÚÌÓ¯ÂÌËÂ Ì‡ ·ÂÂ„Û
h(y0(X), X) = 0, ÏÓÊÌÓ ÒÍ‡Á‡Ú¸, ˜ÚÓ Û‡‚ÌÂÌËÂ (10)
˝Í‚Ë‚‡ÎÂÌÚÌÓ Á‡ÍÓÌÛ ÒÓı‡ÌÂÌËfl ‰Îfl ËÌÚÂ„‡Î‡ 

(11)

ÑÛ„ÓÂ Û‡‚ÌÂÌËÂ ‰Îfl Ì‡ıÓÊ‰ÂÌËfl k(X) ÏÓÊÌÓ ÔÓ-
ÎÛ˜ËÚ¸ ËÁ Û‡‚ÌÂÌËfl (4), ÍÓÚÓÓÂ Ú‡ÍÊÂ ÏÓÊÌÓ
ÔÂÂÔËÒ‡Ú¸ ‚ ËÌÚÂ„‡Î¸ÌÓÈ ÙÓÏÂ

(12)

í‡ÍËÏ Ó·‡ÁÓÏ, ‡ÏÔÎËÚÛ‰‡ A(X) Í‡Â‚ÓÈ ‚ÓÎ-
Ì˚, ÂÂ ‚ÓÎÌÓ‚ÓÂ ˜ËÒÎÓ k(X) Ë ÔÓÔÂÂ˜Ì‡fl ÒÚÛÍÚÛ-
‡ F(y, X) ÔÓÎÌÓÒÚ¸˛ ÓÔÂ‰ÂÎÂÌ˚ Ë ÏÓ„ÛÚ ·˚Ú¸
ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ‰Îfl ËÒÒÎÂ‰Ó‚‡ÌËfl ˝‚ÓÎ˛ˆËË Ú‡ÍËı
‚ÓÎÌ Ì‡ ¯ÂÎ¸ÙÂ, Ô‡‡ÏÂÚ˚ ÍÓÚÓÓ„Ó ÏÂ‰ÎÂÌÌÓ
ËÁÏÂÌfl˛ÚÒfl ‚‰ÓÎ¸ ·ÂÂ„‡.

ä‡Í Ó·˚˜ÌÓ ÔË ÔËÏÂÌÂÌËË ‡ÒËÏÔÚÓÚË˜ÂÒÍËı
ÏÂÚÓ‰Ó‚ ÂÁÛÎ¸Ú‡Ú˚, ÔÓÎÛ˜‡ÂÏ˚Â ‚ ÔÂ‚ÓÏ ÔÓ-

Γη 1 H1,=

(
H1 2ikh

∂
∂X
------- AF( ) iAF

∂
∂X
------- kh )( ).+=

H y X,( )F y X,( ) yd

y0 X( )

∞

∫ 0.=

∂
∂X
------- k X( )h y X,( )A2 X( )F2 y X,( )[ ] yd

y0 X( )

∞

∫ 0.=

A2 X( )k X( ) h y X,( )F2 y X,( ) yd

y0 X( )

∞

∫ const.=

k2 X( ) h y X,( )F2 y X,( ) y  =d

y0 X( )

∞

∫

=  
ω2

g
------ F2 y X,( ) yd

y0 X( )

∞

∫ h y X,( ) ∂F y X,( )
∂y

---------------------- 
 

2

y.d

y0 X( )

∞

∫–

(
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fl‰ÍÂ, ÏÓÊÌÓ ËÌÚÂÔÂÚËÓ‚‡Ú¸ Í‡Í ÛÒÂ‰ÌÂÌ-
Ì˚È ÔÓ ‚ÂÏÂÌË Á‡ÍÓÌ ÒÓı‡ÌÂÌËfl ÔÓÚÓÍ‡ ̋ ÌÂ„ËË

(13)

á‰ÂÒ¸ p – ‰‡‚ÎÂÌËÂ, u – ‚‰ÓÎ¸·ÂÂ„Ó‚ÓÈ ÍÓÏÔÓ-
ÌÂÌÚ ÒÍÓÓÒÚË ÊË‰ÍÓÒÚË. àÏÂfl ‚ ‚Ë‰Û, ˜ÚÓ ‚ ÔË-
·ÎËÊÂÌËË ÏÂÎÍÓÈ ‚Ó‰˚ ‰‡‚ÎÂÌËÂ „Ë‰ÓÒÚ‡ÚË˜ÌÓ

(14)
‡ ‚‰ÓÎ¸·ÂÂ„Ó‚‡fl ÒÍÓÓÒÚ¸ ‚ ·Â„Û˘ÂÈ ‚ÓÎÌÂ ‚˚‡-
Ê‡ÂÚÒfl ˜ÂÂÁ ÒÏÂ˘ÂÌËÂ ÔÓ‚ÂıÌÓÒÚË Í‡Í 

(15)

ÔÓÒÎÂ ËÌÚÂ„ËÓ‚‡ÌËfl ÔÓ ÔÂËÓ‰Û ‚ÓÎÌ˚ Û‡‚ÌÂ-
ÌËÂ (13) ÒÓ‚Ô‡‰‡ÂÚ Ò (11) ÔË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÏ ‚˚-
·ÓÂ ÍÓÌÒÚ‡ÌÚ. í‡ÍËÏ Ó·‡ÁÓÏ, ˝ÌÂ„ÂÚË˜ÂÒÍËÈ
ÔÓ‰ıÓ‰ ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‰Îfl ÔÓ‚ÂÍË ÂÁÛÎ¸-
Ú‡ÚÓ‚, ÔÓÎÛ˜‡ÂÏ˚ı ‡ÒËÏÔÚÓÚË˜ÂÒÍËÏË ÏÂÚÓ‰‡ÏË.

3. í‡ÌÒÙÓÏ‡ˆËfl Í‡Â‚˚ı ‚ÓÎÌ
Ì‡ ¯ÂÎ¸Ù‡ı ‡ÁÎË˜ÌÓÈ ÙÓÏ˚
Ñ‡ÎÂÂ Ï˚ ‡ÒÒÏÓÚËÏ ÌÂÒÍÓÎ¸ÍÓ ÔËÏÂÓ‚

Ú‡ÌÒÙÓÏ‡ˆËË Í‡Â‚˚ı ‚ÓÎÌ Ì‡ ¯ÂÎ¸Ù‡ı ‡Á-
ÎË˜ÌÓÈ ÙÓÏ˚.

3.1. ãËÌÂÈÌ˚È ·ÂÒÍÓÌÂ˜Ì˚È ÓÚÍÓÒ
èÂ‚˚È ÔËÏÂ – Í‡Â‚˚Â ‚ÓÎÌ˚ ëÚÓÍÒ‡, ‡Ò-

ÔÓÒÚ‡Ìfl˛˘ËÂÒfl ‚‰ÓÎ¸ ÎËÌÂÈÌÓ„Ó ·ÂÒÍÓÌÂ˜ÌÓ„Ó
ÓÚÍÓÒ‡ (h = αy), Ï‡Î˚È Û„ÓÎ Ì‡ÍÎÓÌ‡ ÍÓÚÓÓ„Ó
ÏÂ‰ÎÂÌÌÓ ËÁÏÂÌflÂÚÒfl ‚‰ÓÎ¸ ·ÂÂ„‡: α = α(X). êÂ-
¯ÂÌËfl Á‡‰‡˜Ë (4) ‚ ̋ ÚÓÏ ÒÎÛ˜‡Â ‚˚‡Ê‡˛ÚÒfl ̃ ÂÂÁ
ÔÓÎËÌÓÏ˚ ã‡„Â‡

(16)

„‰Â  = y – y0(X), ‡ ‰ËÒÔÂÒËÓÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ
ËÏÂÂÚ ‚Ë‰

(17)

ÔË˜ÂÏ ‰Îfl ÙËÍÒËÓ‚‡ÌÌÓÈ ˜‡ÒÚÓÚ˚ (ËÎË ‚ÓÎÌÓ-
‚Ó„Ó ˜ËÒÎ‡) ÒÛ˘ÂÒÚ‚ÛÂÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ ÏÓ‰
Í‡Â‚˚ı ‚ÓÎÌ. 

ÇÓÎÌÓ‚ÓÂ ˜ËÒÎÓ Í‡Â‚˚ı ‚ÓÎÌ ëÚÓÍÒ‡ ÏÓÊÂÚ
·˚Ú¸ Ì‡È‰ÂÌÓ ËÁ ‰ËÒÔÂÒËÓÌÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl (17).
ÇË‰ÌÓ, ˜ÚÓ 

(18)

èÓ‰ÒÚ‡‚Îflfl (16) ‚ (11), ÔÓÎÛ˜ËÏ, ˜ÚÓ ‡ÏÔÎËÚÛ‰‡
Î˛·ÓÈ ÏÓ‰˚ Í‡Â‚˚ı ‚ÓÎÌ ëÚÓÍÒ‡ ËÁÏÂÌflÂÚÒfl
‚‰ÓÎ¸ ·ÂÂ„‡ ÔÓ Á‡ÍÓÌÛ 

(19)

çÂÓ·ıÓ‰ËÏÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ Ô‡‡ÏÂÚ˚ ‚ÓÎÌ˚ ÓÔ-
Â‰ÂÎfl˛ÚÒfl ÎË¯¸ Û„ÎÓÏ Ì‡ÍÎÓÌ‡ ‰Ì‡ Ë ÌÂ Á‡‚ËÒflÚ
ÓÚ ÍË‚ËÁÌ˚ ·ÂÂ„Ó‚ÓÈ ÎËÌËË. ÖÒÎË ÛÍÎÓÌ ‰Ì‡
ÛÏÂÌ¸¯‡ÂÚÒfl, ÔÓËÒıÓ‰ËÚ ‚ÓÁ‡ÒÚ‡ÌËÂ ‡ÏÔÎËÚÛ-

S pu y zdd∫∫ const.= =

p ρg η z–( ),=

u x y t, ,( ) gk
ω
------η x y t, ,( ),=

F knỹ–( )Ln 2knỹ( ),exp=

ỹ

ω 2n 1+( )αgkn,=

k
1
α
---.∼

A
1
α
---.∼

‰˚ Ë ÛÏÂÌ¸¯ÂÌËÂ ‰ÎËÌ˚ ‚ÓÎÌ˚, ı‡‡ÍÚÂÌ˚Â ÔÓ-
ÔÂÂ˜Ì˚Â Ï‡Ò¯Ú‡·˚ Ú‡ÍÊÂ ÛÏÂÌ¸¯‡˛ÚÒfl. Ç Â-
ÁÛÎ¸Ú‡ÚÂ ‚ÓÎÌ‡ ÒÚ‡ÌÓ‚ËÚÒfl ·ÓÎÂÂ ÍÛÚÓÈ Ë ÎÓÍ‡-
ÎËÁÛÂÚÒfl ‚ ÓÍÓÎÓ ·ÂÂ„Ó‚ÓÈ ÁÓÌÂ.

3.2. ùÍÒÔÓÌÂÌˆË‡Î¸Ì˚È ‚Ó„ÌÛÚ˚È ¯ÂÎ¸Ù
ëÎÂ‰Û˛˘ËÈ ÔÓÙËÎ¸ ̄ ÂÎ¸Ù‡ ËÏÂÂÚ ‰‚‡ ÌÂÁ‡‚Ë-

ÒËÏ˚ı Ô‡‡ÏÂÚ‡: ÔÓÒÚÓflÌÌÛ˛ „ÎÛ·ËÌÛ Ì‡ ·ÂÒÍÓ-
ÌÂ˜ÌÓÒÚË H0 Ë ı‡‡ÍÚÂÌÛ˛ ¯ËËÌÛ ¯ÂÎ¸Ù‡ a–1:

(20)

á‡‰‡˜‡ Ì‡ ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl (4) ‰Îfl ˝ÚÓ„Ó
ÔÓÙËÎfl ‰Ì‡ ‚ÔÂ‚˚Â ·˚Î‡ Â¯ÂÌ‡ ‚ ‡·ÓÚÂ [18],
ÒÏ. Ú‡ÍÊÂ [5, 42]. ÑËÒÔÂÒËÓÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ Ë
ÒÓ·ÒÚ‚ÂÌÌ˚Â ÙÛÌÍˆËË ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ËÏÂ˛Ú ‡Ì‡-
ÎËÚË˜ÂÒÍËÂ ‚˚‡ÊÂÌËfl: 

(21)

(22)

„‰Â G(z) – „‡ÏÏ‡-ÙÛÌÍˆËfl, Ë

(23)

ÑËÒÔÂÒËÓÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ (21) ‰Îfl ¯ÂÎ¸Ù‡ Ò Ô‡-
‡ÏÂÚ‡ÏË H0 = 7 Ï Ë a = 3.14 × 10–2 Ï–1 ÔÓÍ‡Á‡ÌÓ Ì‡
ËÒ. 1. ìÍ‡Á‡ÌÌ˚Â Ô‡‡ÏÂÚ˚ ı‡‡ÍÚÂËÁÛ˛Ú ÛÒÎÓ-
‚Ëfl Ì‡ ÔÓ·ÂÂÊ¸Â ûÊÌÓ„Ó ÑÂ‚ÓÌ‡, „‰Â ·˚ÎË ÔÓÎÛ-
˜ÂÌ˚ ‡ÌÌËÂ ‰‡ÌÌ˚Â Ì‡·Î˛‰ÂÌËÈ Í‡Â‚˚ı ‚ÓÎÌ [1].

Ç‡ÊÌÓÈ ı‡‡ÍÚÂËÒÚËÍÓÈ ‰ËÒÔÂÒËÓÌÌ˚ı ÍË-
‚˚ı ‰Îfl Í‡Â‚˚ı ‚ÓÎÌ Ì‡‰ ˝ÍÒÔÓÌÂÌˆË‡Î¸Ì˚Ï
¯ÂÎ¸ÙÓÏ fl‚ÎflÂÚÒfl ÏËÌËÏ‡Î¸Ì‡fl ˜‡ÒÚÓÚ‡ ÒÛ˘ÂÒÚ-
‚Ó‚‡ÌËfl ÓÚ‰ÂÎ¸Ì˚ı ÏÓ‰, ÍÓÚÓ‡fl ÓÔÂ‰ÂÎflÂÚÒfl
‚˚‡ÊÂÌËÂÏ

(24)

‡ Ú‡ÍÊÂ ‰ÎËÌÌÓ‚ÓÎÌÓ‚‡fl ‡ÒËÏÔÚÓÚËÍ‡ ‰Îfl ÒÍÓÓ-
ÒÚË ‚ÓÎÌ, ÓÔÂ‰ÂÎflÂÏ‡fl ÒÍÓÓÒÚ¸˛ Ì‡ Ï‡ÍÒËÏ‡Î¸-
ÌÓÈ „ÎÛ·ËÌÂ H0 (ÔÓÍ‡Á‡Ì‡ ÔÛÌÍÚËÓÏ Ì‡ ËÒ. 1). 

á‡ÍÓÌ ËÁÏÂÌÂÌËfl ‡ÏÔÎËÚÛ‰˚ Í‡Â‚ÓÈ ‚ÓÎÌ˚
ÔË ÏÂ‰ÎÂÌÌÓÏ ËÁÏÂÌÂÌËË Ô‡‡ÏÂÚÓ‚ ˝ÍÒÔÓÌÂÌ-
ˆË‡Î¸ÌÓ„Ó ¯ÂÎ¸Ù‡ H0 Ë ‡ ÏÓÊÌÓ ÔÓÎÛ˜ËÚ¸ ËÁ (11)
ÔÓÒÎÂ ÔÓ‰ÒÚ‡ÌÓ‚ÍË (22). àÌÚÂ„ËÓ‚‡ÌËÂ ÏÓÊÌÓ
‚˚ÔÓÎÌËÚ¸, Ë ‰Îfl ÌËÁ¯ÂÈ ÏÓ‰˚ (n = 0) ÔÓÎÛ˜ËÏ 

(25)

h y( ) H0 1 ay–( )exp–( ).=

ω2 = 
gH0a2

2
--------------- 2n 1+( ) 1

4kn
2

a2
--------+ 2n2 2n 1+ +( )–

 
 
 

,

Fn k y,( ) apy–( ) G 2 p 1+( )
G 2 p n 1+ +( )
---------------------------------- ×exp=

× n!
j! n j–( )!
----------------------G 2 p n j 1+ + +( )

G 2 p j 1+ +( )
------------------------------------------ 1–( ) j ajy–( ),exp

j 0=

n

∑

p
1
2
--- 1 4k2

a2
--------+ 2n 1+( )–

 
 
 

.=

ωn
min a gH0n n 1+( )[ ] 1/2,=

A2 ∼

∼ 4ω2

H0 2ω2 gH0a2+( )2
g2H0

2a4– 1 2ω2

2ω2 gH0a2+
------------------------------–

 
 
 

------------------------------------------------------------------------------------------------------------------.



4

àáÇÖëíàü êÄç. îàáàäÄ ÄíåéëîÖêõ à éäÖÄçÄ      ÚÓÏ 42      ‹ 3      2006
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êËÒ. 2 ‰ÂÏÓÌÒÚËÛÂÚ ‚‡Ë‡ˆËË ‡ÏÔÎËÚÛ‰˚
‚ÓÎÌ˚ ÌÛÎÂ‚ÓÈ ÏÓ‰˚ ÔË ËÁÏÂÌÂÌËË Ô‡‡ÏÂÚÓ‚
¯ÂÎ¸Ù‡ (‡ÏÔÎËÚÛ‰‡ ÌÓÏËÓ‚‡Ì‡ Ì‡ ‚ÂÎË˜ËÌÛ A0,
‚˚˜ËÒÎÂÌÌÛ˛ ËÁ (25) ÔË H0 = 5 Ï Ë a = 0.01 Ï–1).
ÇË‰ÌÓ, ̃ ÚÓ Ò Û‚ÂÎË˜ÂÌËÂÏ H0 Ë a ‡ÏÔÎËÚÛ‰‡ Ô‡‰‡ÂÚ.
ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, Ô‡‡ÏÂÚ ‡ ÔÓÔÓˆËÓÌ‡ÎÂÌ Ì‡-
ÍÎÓÌÛ ‰Ì‡ ‚·ÎËÁË ·ÂÂ„‡, Ë Â„Ó ÛÏÂÌ¸¯ÂÌËÂ ÔË‚Ó-
‰ËÚ Í ÓÒÚÛ ‡ÏÔÎËÚÛ‰˚, Í‡Í ˝ÚÓ Ë ÔÓËÒıÓ‰ËÎÓ ‚
ÒÎÛ˜‡Â Í‡Â‚˚ı ‚ÓÎÌ ëÚÓÍÒ‡.

ÑÎfl ÔÂ‚ÓÈ (n = 1) ÏÓ‰˚ Í‡Â‚˚ı ‚ÓÎÌ ËÁÏÂÌÂ-
ÌËfl ‡ÏÔÎËÚÛ‰˚ ÓÔËÒ˚‚‡˛ÚÒfl ÙÓÏÛÎÓÈ

(26)A2 12 p 1 p+( ) 1 2 p+( ) 3 2 p+( )

H0Θ
2ω2

gH0a2
--------------- 5+

 
 
  2

9–

----------------------------------------------------------------------,∼

„‰Â

(27)

á‰ÂÒ¸ ÌÂÓ·ıÓ‰ËÏÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ ÛÊÂ ‰Îfl ÔÂ‚ÓÈ
ÏÓ‰˚ (‚ ÓÚÎË˜ËÂ ÓÚ ÌÛÎÂ‚ÓÈ) ‰ÂÈÒÚ‚ÛÂÚ Ó„‡ÌË˜Â-

ÌËÂ Ì‡ ˜‡ÒÚÓÚÛ ‚ÓÎÌ˚: ω > , ÍÓÚÓÓÂ ÓÔÂ‰Â-
ÎflÂÚÒfl ‚˚‡ÊÂÌËÂÏ (24). é‰Ì‡ÍÓ ÏËÌËÏ‡Î¸Ì‡fl
˜‡ÒÚÓÚ‡ (24) Ú‡ÍÊÂ Á‡‚ËÒËÚ ÓÚ Ô‡‡ÏÂÚÓ‚ ¯ÂÎ¸-
Ù‡ H0 Ë a, ÔÓ˝ÚÓÏÛ ÓÌ‡ Ú‡ÍÊÂ ËÁÏÂÌflÂÚÒfl ÔË ËÁ-
ÏÂÌÂÌËË ˝ÚËı ‚ÂÎË˜ËÌ, ‡, ÁÌ‡˜ËÚ, ÏÓÊÂÚ ‰ÓÒÚË„-
ÌÛÚ¸ ˜‡ÒÚÓÚ˚ ‚ÓÎÌ˚ (ËÒ. 3), ÔË ˝ÚÓÏ ‚ÓÎÌ‡ Ú‡-
ÍÓÈ ˜‡ÒÚÓÚ˚ ·ÓÎ¸¯Â ÌÂ ÏÓÊÂÚ ÒÛ˘ÂÒÚ‚Ó‚‡Ú¸, Ë ÂÂ
‡ÏÔÎËÚÛ‰‡ ‰ÓÎÊÌ‡ ÛÏÂÌ¸¯‡Ú¸Òfl ‰Ó ÌÛÎfl ÔË ÔË-

·ÎËÊÂÌËË  Í ˜‡ÒÚÓÚÂ ‚ÓÎÌ˚. ùÚÓÚ ˝ÙÙÂÍÚ
“ÌÂÔÓÔÛÒÍ‡ÌËfl” ËÎÎ˛ÒÚËÛÂÚÒfl ËÒ. 4. àÁ ̋ ÚÓ„Ó
ËÒÛÌÍ‡ ‚Ë‰ÌÓ, ˜ÚÓ, Í‡Í Ë ‚ ÒÎÛ˜‡Â Ò ÌÛÎÂ‚ÓÈ ÏÓ-
‰ÓÈ, ‡ÏÔÎËÚÛ‰‡ Í‡Â‚ÓÈ ‚ÓÎÌ˚ ÛÏÂÌ¸¯‡ÂÚÒfl, ÍÓ„-
‰‡ ¯ÂÎ¸Ù ÒÛÊ‡ÂÚÒfl Ë ÒÚ‡ÌÓ‚ËÚÒfl ·ÓÎÂÂ „ÎÛ·ÓÍËÏ.

3.3. òÂÎ¸Ù-ÒÚÛÔÂÌ¸Í‡

èÓÒÎÂ‰ÌËÈ ÔËÏÂ – ˝ÚÓ ÒÚÛÔÂÌ˜‡Ú˚È ¯ÂÎ¸Ù,
„ÎÛ·ËÌ‡ ÍÓÚÓÓ„Ó ÓÔËÒ˚‚‡ÂÚÒfl ÙÛÌÍˆËÂÈ

(28)

åÌÓ„ËÂ ‡·ÓÚ˚ Í‡Ò‡ÎËÒ¸ ËÒÒÎÂ‰Ó‚‡ÌËfl Í‡Â‚˚ı
‚ÓÎÌ ‚ ·‡ÒÒÂÈÌÂ Ò Ú‡ÍÓÈ „ÂÓÏÂÚËÂÈ [5, 21, 43]. èÓ-

Θ 4 p3 12 p2 11 p 3 2c2 p 2 p2 3 p 1+ +( ) +–+ + +=

+ c p c 2+( ) 4 p2 8 p 3+ +( ) –

– 2 p 2c 1+( ) 2 p2 5 p 3+ +( ),

c
G 2 p 3+( )G 2 p 1+( )

G2 2 p 2+( )
--------------------------------------------------, p

1
3
--- ω2

gH0a2
--------------- 2–

 
 
 

.= =

ω1
min

ω1
min

h y( )
h1, 0 y l,<≤
h2, y l,≥




h2 h1.>=

0.050 0.10 0.15 0.20

0.5

ÇÓÎÌÓ‚ÓÂ ˜ËÒÎÓ, Ï–1

1.0

1.5
ó‡ÒÚÓÚ‡, Ò–1

n = 3

n = 2

n = 1

n = 0
(gH0)1/2

êËÒ. 1. ÑËÒÔÂÒËÓÌÌ˚Â ÍË‚˚Â Í‡Â‚˚ı ‚ÓÎÌ Ì‡‰ ˝ÍÒ-
ÔÓÌÂÌˆË‡Î¸Ì˚Ï ¯ÂÎ¸ÙÓÏ.

0.020.01 0.03 0.04 0.05
a, Ï–1

65 7 8 9 10
H0, Ï

0

0.2

0.4

0.6

0.8

1.0
A/A0

H0 = 5 Ï
H0 = 7 Ï

H0 = 10 Ï

a = 0.01 Ï–1

a = 0.02 Ï–1

a = 0.05 Ï–1

êËÒ. 2. àÁÏÂÌÂÌËÂ ‡ÏÔÎËÚÛ‰˚ ÌÛÎÂ‚ÓÈ ÏÓ‰˚ Í‡Â‚˚ı ‚ÓÎÌ Ì‡‰ ˝ÍÒÔÓÌÂÌˆË‡Î¸Ì˚Ï ¯ÂÎ¸ÙÓÏ.
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ÔÂÂ˜Ì‡fl ÒÚÛÍÚÛ‡ ÏÓ‰ Í‡Â‚˚ı ‚ÓÎÌ ‚ ˝ÚÓÏ ÒÎÛ-
˜‡Â ‚˚‡Ê‡ÂÚÒfl ‚ ˝ÎÂÏÂÌÚ‡Ì˚ı ÙÛÌÍˆËflı:

(29)

„‰Â

(30)

F

B
µy
l

------, 0 y l,<≤cos

B µ k2 ω2

gh2
--------– y l–( )–

 
 
 

, yexpcos l,≥








=

µ2 ω2l2

gh1
---------- k2l2,–=

Ë ‚ÓÎÌÓ‚ÓÂ ˜ËÒÎÓ ËÁÏÂÌflÂÚÒfl ‚ ÔÂ‰ÂÎ‡ı

(31)

ÑËÒÔÂÒËÓÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ Á‡ÔËÒ˚‚‡ÂÚÒfl ‚ ‚Ë‰Â
Ú‡ÌÒˆÂÌ‰ÂÌÚÌÓ„Ó Û‡‚ÌÂÌËfl

(32)

ÑËÒÔÂÒËÓÌÌ˚Â ÍË‚˚Â Í‡Â‚˚ı ‚ÓÎÌ Ì‡‰ ¯ÂÎ¸-
ÙÓÏ-ÒÚÛÔÂÌ¸ÍÓÈ ÔÓÍ‡Á‡Ì˚ Ì‡ ËÒ. 5 ‰Îfl Ô‡‡ÏÂÚÓ‚,
·ÎËÁÍËı Í ä‡ÎËÙÓÌËÈÒÍÓÏÛ ¯ÂÎ¸ÙÛ (h1 = 0.6 ÍÏ,
h2 = 3.6 ÍÏ, l = 250 ÍÏ) [43]. 

ω2

gh2
-------- k2 ω2

gh1
--------.< <

µ µtg
h2

h1
----- k2l2 ω2l2

gh2
----------– .=

0.020.01 0.03 0.04 0.05 0.06 0.07
a, Ï–1

0.1

0.2

0.3

0.4

0.5

0.6
ω1

min, Ò–1 H0 = 9 Ï H0 = 7 Ï

H0 = 5 Ï

a = 0.05 Ï–1

105 15 20 25
H0, Ï

0.30

0.35

0.40

0.45

0.50

0.55

0.60
a = 0.04 Ï–1

a = 0.03 Ï–1

ω0 ω0

êËÒ. 3. åËÌËÏ‡Î¸Ì‡fl ̃ ‡ÒÚÓÚ‡ ÔÂ‚ÓÈ ÏÓ‰˚ Í‡Â‚˚ı ‚ÓÎÌ  ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ Ô‡‡ÏÂÚÓ‚ ̋ ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ„Ó ̄ ÂÎ¸-

Ù‡ a Ë H0.

ω1
min

0

0.2

0.4

0.6

0.8

1.0
A/A0

H0 = 5 Ï

H0 = 7 Ï

H0 = 9 Ï

a = 0.03 Ï–1

a = 0.05 Ï–1

a = 0.04 Ï–1

0.020.01 0.03 0.04 0.05 0.06 0.07
a, Ï–1

0

0.005

0.010

105 15 20
H0, Ï

0

0.01

0.02

0.03
0

0.2

0.4

0.6

0.8

1.0

êËÒ. 4. á‡‚ËÒËÏÓÒÚ¸ ÌÓÏËÓ‚‡ÌÌÓÈ ‡ÏÔÎËÚÛ‰˚ ÔÂ‚ÓÈ ÏÓ‰˚ Í‡Â‚ÓÈ ‚ÓÎÌ˚ ÓÚ Ô‡‡ÏÂÚÓ‚ ̋ ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ„Ó ̄ ÂÎ¸-
Ù‡ a Ë H0 (‚ÌËÁÛ – Û‚ÂÎË˜ÂÌÌ˚Â Ù‡„ÏÂÌÚ˚ ‚ÂıÌËı ËÒÛÌÍÓ‚, ‰ÂÏÓÌÒÚËÛ˛˘ËÂ ÛÏÂÌ¸¯ÂÌËÂ ‡ÏÔÎËÚÛ‰˚).
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àÌÚÂ„‡Î (13), ÓÔËÒ˚‚‡˛˘ËÈ ‚‰ÓÎ¸·ÂÂ„Ó‚Û˛
ÔÂÂÒÚÓÈÍÛ Í‡Â‚˚ı ‚ÓÎÌ Ì‡‰ ÔÎÓÒÍËÏ ÒÚÛÔÂÌ˜‡-
Ú˚Ï ¯ÂÎ¸ÙÓÏ ÏÓÊÂÚ ·˚Ú¸ ‚˚˜ËÒÎÂÌ fl‚ÌÓ ‰Îfl
ÔÓËÁ‚ÓÎ¸ÌÓÈ ÏÓ‰˚ Ë ‚˚‡Ê‡ÂÚÒfl ÙÓÏÛÎÓÈ

(33)

êËÒ. 6 ‰ÂÏÓÌÒÚËÛÂÚ ËÁÏÂÌÂÌËfl ‡ÏÔÎËÚÛ‰˚
ÌËÁ¯ÂÈ (n = 0) ÏÓ‰˚ Í‡Â‚˚ı ‚ÓÎÌ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË
Ò (33) ÔË ÏÂ‰ÎÂÌÌÓÏ ËÁÏÂÌÂÌËË Ô‡‡ÏÂÚÓ‚
¯ÂÎ¸Ù‡. ÄÏÔÎËÚÛ‰‡ ÌÓÏËÓ‚‡Ì‡ Ì‡ ÁÌ‡˜ÂÌËÂ A0
ÔÓÎÛ˜‡ÂÏÓÂ ÔË h1 = 0.4 ÍÏ, h2 = 5 ÍÏ, l = 250 ÍÏ.

A2 ∼

∼ 2

k h1l
h1 2l

ω2

gh1
-------- k2–sin

2 ω2

gh1
-------- k2–

-----------------------------------------
h2 lcos

2 ω2

gh1
-------- k2–

2 k2 ω2

gh2
--------–

----------------------------------------+ +

 
 
 
 
 
 
 

--------------------------------------------------------------------------------------------------------------.

10 2 3
ÇÓÎÌÓ‚ÓÂ ˜ËÒÎÓ, Ï–1 ×10–5

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0
ó‡ÒÚÓÚ‡, Ò–1

×10–3 n = 3

n = 2

n = 1

n = 0

(gh2)1/2k

(gh12)1/2k

êËÒ. 5. ÑËÒÔÂÒËÓÌÌ˚Â ÍË‚˚Â ‰Îfl Í‡Â‚˚ı ‚ÓÎÌ Ì‡‰
¯ÂÎ¸ÙÓÏ-ÒÚÛÔÂÌ¸ÍÓÈ.
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l = 150 ÍÏ, h2 = 3.6 ÍÏ

l = 150 ÍÏ, h2 = 2 ÍÏ

l = 250 ÍÏ, h1 = 0.4 ÍÏ
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l, ÍÏ
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1.0 l = 250 ÍÏ, h1 = 0.6 ÍÏ
l = 250 ÍÏ, h1 = 0.8 ÍÏ

l = 400 ÍÏ, h1 = 0.4 ÍÏ
l = 400 ÍÏ, h1 = 0.6 ÍÏ
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l = 150 ÍÏ, h1 = 0.4 ÍÏ
l = 150 ÍÏ, h1 = 0.6 ÍÏ
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êËÒ. 6. àÁÏÂÌÂÌËfl ‡ÏÔÎËÚÛ‰˚ ÌÛÎÂ‚ÓÈ ÏÓ‰˚ Í‡Â‚˚ı ‚ÓÎÌ: ‡ – ÔË ËÁÏÂÌÂÌËË Ô‡‡ÏÂÚ‡ h1; · – ÔË ËÁÏÂÌÂÌËË l; ‚ –
ÔË ËÁÏÂÌÂÌËË h2.
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äÓ„‰‡ „ÎÛ·ËÌ‡ ÏÂÎÍÓ‚Ó‰ÌÓÈ ˜‡ÒÚË ¯ÂÎ¸Ù‡ Û‚ÂÎË-
˜Ë‚‡ÂÚÒfl, ‡ÏÔÎËÚÛ‰‡ ÛÏÂÌ¸¯‡ÂÚÒfl (ËÒ. 6,‡); Í‡˜Â-
ÒÚ‚ÂÌÌÓ ˝ÚÓ ‚ÔÓÎÌÂ ÒÓ„Î‡ÒÛÂÚÒfl Ò ‚˚˜ËÒÎÂÌËflÏË ‚
‡ÏÍ‡ı ‰Û„Ëı ÏÓ‰ÂÎÂÈ ¯ÂÎ¸ÙÓ‚. èË ËÁÏÂÌÂÌË-
flı ¯ËËÌ˚ ¯ÂÎ¸Ù‡ ‡ÏÔÎËÚÛ‰‡ ËÁÏÂÌflÂÚÒfl ÌÂÏÓ-
ÌÓÚÓÌÌÓ, ËÏÂfl Ï‡ÍÒËÏÛÏ (ËÒ. 6,·). Ç ÂÁÛÎ¸Ú‡ÚÂ
Á‡‚ËÒËÏÓÒÚ¸ ‡ÏÔÎËÚÛ‰˚ ÓÚ „ÎÛ·ËÌ˚ h2 Ú‡ÍÊÂ ÌÂ
fl‚ÎflÂÚÒfl ÏÓÌÓÚÓÌÌÓÈ (ËÒ. 6,‚). 

ä‡Í ‚Ë‰ÌÓ ËÁ ËÒ. 5 Ë ÌÂ‡‚ÂÌÒÚ‚‡ (31), ‰Îfl
‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó ÔÓÙËÎfl ¯ÂÎ¸Ù‡, Ú‡Í ÊÂ Í‡Í
Ë ‚ ÔÂ‰˚‰Û˘ÂÏ ÒÎÛ˜‡Â, ‰Îfl ‚ÒÂı ÏÓ‰, Ì‡˜ËÌ‡fl Ò
n = 1, ËÏÂÂÚ ÏÂÒÚÓ ˝ÙÙÂÍÚ ÏËÌËÏ‡Î¸ÌÓÈ ˜‡ÒÚÓ-
Ú˚, ÁÌ‡˜ÂÌËÂ ÍÓÚÓÓÈ ÓÔÂ‰ÂÎflÂÚÒfl ‰Îfl n-È ÏÓ-
‰˚ ‚˚‡ÊÂÌËÂÏ

(34)

ç‡ ËÒ. 7 ÔÓÍ‡Á‡Ì‡ Á‡‚ËÒËÏÓÒÚ¸ ÏËÌËÏ‡Î¸ÌÓÈ ˜‡Ò-
ÚÓÚ˚ ÔÂ‚ÓÈ ÏÓ‰˚ ÓÚ Ô‡‡ÏÂÚÓ‚ ¯ÂÎ¸Ù‡. ÇË‰ÌÓ,
˜ÚÓ ÏËÌËÏ‡Î¸Ì‡fl ˜‡ÒÚÓÚ‡ ‡ÒÚÂÚ Ò Û‚ÂÎË˜ÂÌËÂÏ h1 Ë
ÛÏÂÌ¸¯‡ÂÚÒfl Ò ÓÒÚÓÏ h2. ùÙÙÂÍÚ ÌÂÔÓÔÛÒÍ‡ÌËfl
‚ÓÎÌ˚ Ò ˜‡ÒÚÓÚÓÈ 0.8 c–1 ËÎÎ˛ÒÚËÛÂÚÒfl ËÒ. 8.
ÄÏÔÎËÚÛ‰‡ Ú‡ÍÓÈ ‚ÓÎÌ˚ ÔË·ÎËÊ‡ÂÚÒfl Í ÌÛÎ˛, ÍÓ„-
‰‡ Ô‡‡ÏÂÚ˚ ¯ÂÎ¸Ù‡ ËÁÏÂÌfl˛ÚÒfl Ú‡ÍËÏ Ó·‡ÁÓÏ,

˜ÚÓ  ‰ÓÒÚË„‡ÂÚ Á‡‰‡ÌÌÓ„Ó ÁÌ‡˜ÂÌËfl ˜‡ÒÚÓÚ˚.

áÄäãûóÖçàÖ

èÂ‰Î‡„‡ÂÚÒfl ‡‰Ë‡·‡ÚË˜ÂÒÍ‡fl ÚÂÓËfl ÏÂÎÍÓ-
‚Ó‰Ì˚ı ÎËÌÂÈÌ˚ı Í‡Â‚˚ı ‚ÓÎÌ Ì‡‰ Ì‡ÍÎÓÌÌ˚Ï
‰ÌÓÏ, „ÎÛ·ËÌ‡ ÍÓÚÓÓ„Ó ÏÂ‰ÎÂÌÌÓ ËÁÏÂÌflÂÚÒfl ‚Ó

ωn
min πn

l
------

gh1h2

h2 h1–
----------------.=

ω1
min
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h1, Ï
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0.6

0.7
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h2, Ï
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0.65
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0.85

0.90

ω0

h1 = 60 Ï

h1 = 50 Ï

h1 = 40 Ï

êËÒ. 7. á‡‚ËÒËÏÓÒÚ¸ ÏËÌËÏ‡Î¸ÌÓÈ ˜‡ÒÚÓÚ˚ ÔÂ‚ÓÈ

ÏÓ‰˚ Í‡Â‚˚ı ‚ÓÎÌ  ÓÚ Ô‡‡ÏÂÚÓ‚ ¯ÂÎ¸Ù‡-ÒÚÛ-

ÔÂÌ¸ÍË: ‡ – ÓÚ h1; · – ÓÚ h2 (ÒÔÎÓ¯Ì˚Â ÎËÌËË ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛Ú l = 100 ÍÏ, ÔÛÌÍÚËÌ˚Â – l = 120 ÍÏ, ¯ÚËı-
ÔÛÌÚËÌ˚Â – l = 140 ÍÏ).

ω1
min
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h1, Ï

(‡)

(·)
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h2 = 140 Ï
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h2, Ï

0

0.2
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1.0
h1 = 40 Ï

h1 = 50 Ï
h1 = 60 Ï

êËÒ. 8. ÄÏÔÎËÚÛ‰‡ ÔÂ‚ÓÈ ÏÓ‰˚ Í‡Â‚˚ı ‚ÓÎÌ Ì‡‰
¯ÂÎ¸ÙÓÏ-ÒÚÛÔÂÌ¸ÍÓÈ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ Ô‡‡ÏÂÚÓ‚
¯ÂÎ¸Ù‡: ‡ – ÓÚ h1; · – ÓÚ h2 (ÒÔÎÓ¯Ì˚Â ÎËÌËË ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛Ú l = 100 ÍÏ, ÔÛÌÍÚËÌ˚Â – l = 120 ÍÏ, ¯ÚËıÔÛÌ-
ÚËÌ˚Â – l = 140 ÍÏ).
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‚‰ÓÎ¸·ÂÂ„Ó‚ÓÏ Ì‡Ô‡‚ÎÂÌËË. ë ÔÓÏÓ˘¸˛ ‡ÒËÏÔ-
ÚÓÚË˜ÂÒÍÓÈ ÚÂÓËË ÔÓÎÛ˜ÂÌÓ Û‡‚ÌÂÌËÂ, ÓÔËÒ˚-
‚‡˛˘ÂÂ ËÁÏÂÌÂÌËfl ‡ÏÔÎËÚÛ‰ ‚ÓÎÌ˚ ‚‰ÓÎ¸ ·ÂÂ„‡.
èÓÎÛ˜ÂÌÌ˚Â ÒÓÓÚÌÓ¯ÂÌËfl ÔÓËÎÎ˛ÒÚËÓ‚‡Ì˚
Ì‡ ÔËÏÂÂ ÚÂı ‡ÁÎË˜Ì˚ı ÔÓÙËÎÂÈ ¯ÂÎ¸Ù‡:
ÎËÌÂÈÌ˚È Ì‡ÍÎÓÌÌ˚È, ˝ÍÒÔÓÌÂÌˆË‡Î¸Ì˚È ‚Ó„ÌÛ-
Ú˚È Ë ¯ÂÎ¸Ù-ÒÚÛÔÂÌ¸Í‡. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ÏÂ‰ÎÂÌ-
Ì˚Â ËÁÏÂÌÂÌËfl ÚÓÔÓ„‡ÙËË ¯ÂÎ¸Ù‡ ÏÓ„ÛÚ ÔË‚Ó-
‰ËÚ¸ Í‡Í Í ÛÒËÎÂÌË˛, Ú‡Í Ë Í ÓÒÎ‡·ÎÂÌË˛ Í‡Â‚˚ı
‚ÓÎÌ. éÚÏÂ˜ÂÌ ˝ÙÙÂÍÚ ÏËÌËÏ‡Î¸ÌÓÈ ˜‡ÒÚÓÚ˚,
ÍÓÚÓ˚È ÏÓÊÂÚ ÔË‚Ó‰ËÚ¸ Í ÌÂÔÓÔÛÒÍ‡ÌË˛ ‚ÓÎÌ
ÒÚ‡¯Ëı ÏÓ‰.

ì˜ÂÚ ÌÂÎËÌÂÈÌ˚ı ÒÎ‡„‡ÂÏ˚ı, ÌÂÒÓÏÌÂÌÌÓ, ÔÓ-
‚ÎËflÎ ·˚ Ì‡ ‚‡Ë‡ˆËË ‡ÏÔÎËÚÛ‰˚ Í‡Â‚˚ı ‚ÓÎÌ,
Ó‰Ì‡ÍÓ ÓˆÂÌÍ‡ ‚ÎËflÌËfl ÌÂÎËÌÂÈÌÓÒÚË Ì‡ Â¯ÂÌËÂ
ÔÓÒÚ‡‚ÎÂÌÌÓÈ Á‡‰‡˜Ë fl‚ÎflÂÚÒfl ÔÂ‰ÏÂÚÓÏ Ò‡ÏÓ-
ÒÚÓflÚÂÎ¸ÌÓ„Ó ËÒÒÎÂ‰Ó‚‡ÌËfl Ë ‚˚ıÓ‰ËÚ Á‡ ‡ÏÍË
‰‡ÌÌÓÈ ‡·ÓÚ˚.

ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÔÓ‰‰ÂÊÍÂ „‡ÌÚÓ‚
êîîà (‹ 03-05-64975, ‹ 03-05-06116), INTAS
(‹ 01-2156, 01-0330, 03-51-4286) Ë Ì‡Û˜ÌÓÈ ¯ÍÓ-
Î˚ ̃ ÎÂÌ-ÍÓ. êÄç Å.Ç. ãÂ‚ËÌ‡ çò–2104.2003.5.
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