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Abstract. We study (set-valued) mappings of bounded ®-variation defined on the
compact interval I and taking values in metric or normed linear spaces X. We prove
a new structural theorem for these mappings and extend Medvedev’s criterion from
real valued functions onto mappings with values in a reflexive Banach space, which
permits us to establish an explicit integral formula for the ®-variation of a metric
space valued mapping. We show that the linear span GVas(I;X) of the set of all
mappings of bounded ®-variation is automatically a Banach algebra provided X is a
Banach algebra. If h : I x X — Y is a given mapping and the composition operator H
is defined by (Hf)(t) = h(t, f(t)), where t € I and f : I — X, we show that
H: GVs(I; X) — GVy(I;Y) is Lipschitzian if and only if h(t,z) = ho(t) + hi(t)z,
t € I, x € X. This result is further extended to multivalued composition operators H
with values compact convex sets. We prove that any (not necessarily convex valued)
multifunction of bounded ®-variation with respect to the Hausdorff metric, whose
graph is compact, admits regular selections of bounded ®-variation.
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1. Introduction

In this paper we study mappings of bounded generalized ®-variation
defined on the closed interval I = [a,b] of the real line R (a, b € R,
a < b) and taking values in a metric space (X,d). The notion of the
d-variation of a mapping f € X!, where X' is the set of all mappings
f:I — X from I into X, is introduced as follows. Let A/ be the
set of all convex continuous functions ® : Rt = [0,00) — R* such
that ® vanishes at zero only and lim, ., ®(p)/p = co. If & € N and
T = {t;}I" is a partition of I (i.e. a =ty <t1 < ... <tpm—1 <tm =0),
we set

Volf7) = Vg 1) = 30 AT )

i=1

)(ti St (L)

and define the (total) generalized ®-variation of f on I by

Vo (f) =Va(f, 1) :=sup{Va[f,T] | T € T(I)}, (1.2)
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where 7 (I) designates the set of all partitions of I. The set of all
mappings of bounded (generalized) ®-variation is denoted by

BVe(I; X)={f:1— X |Vo(f) <oo}. (1.3)

The notion of the ®-variation of a mapping is a generalization of the
classical concepts of variation introduced by C. Jordan and F. Riesz
for real valued functions. If ®(p) = p? (p € RT, 1 < ¢ < o0), we write
V,(f) and BV,(I; X) instead of (1.2) and (1.3), respectively, and say
that f € BVi(I; X) is a mapping of bounded variation in the sense of
Jordan ([17], [39, Ch. 8, 9]) and f € BV,(I; X) with ¢ > 1 is a mapping
of bounded g-variation in the sense of Riesz ([42], [43, Ch. 2, Sec. 3.36]).

The following three criteria for real valued functions are well known.
Jordan’s criterion [17]: f € BVi(I;R) if and only if f is the difference
of two bounded nondecreasing functions on I. Riesz’s criterion [42]: if
g > 1, then f € BV (I;R) if and only if f : I — R is absolutely contin-
uous (f € AC(I;R), for short) and its derivative defined almost every-
where on I is Lebesgue g-summable; moreover, V,(f) = [;|f'(¢)|9dt.
Medvedev’s criterion [32]: if ® € N, then f € BVg(I;R) if and only
if f € AC(I;R) and [; ®(|f'(t)])dt < oco. Also, it is known that the
space BV,(I;R) equipped with the norm |f|, = | f(a)| + (Vy(f))"/ is a
Banach algebra for all ¢ > 1 (cf. [45] if ¢ > 1).

It is clearly seen that the above criteria are inapplicable for mappings
from BVg(I; X) if X is an arbitrary metric space. For these mappings
we establish a new criterion (Theorem 2.4) which reveals their struc-
ture: a mapping f € X! belongs to BVg(I; X) if and only if f is repre-
sented as the composition f = go ¢, where ¢ € BV (I;R) and g maps
the image of ¢ into X and satisfies a Lipschitz condition with the Lips-
chitz constant not exceeding 1; moreover, the function ¢ can be chosen
such that Vg () = Va(f). Earlier, a structural theorem of this type was
shown to be valid for mappings from BV;([; X) [4], absolutely contin-
uous mappings f € AC(I; X) [5] and mappings from BV, (I; X) with
g > 1 [7] (see also [6]). Using the differentiability properties of map-
pings from BVg(I; X) (Theorem 3.1) we extend the Riesz-Medvedev
criterion onto mappings with values in a reflexive Banach space X and
obtain an explicit integral formula for the ®-variation of a mapping
with values in an arbitrary metric space (Corollary 3.2). As an imme-
diate consequence of the structural theorem, Medvedev’s criterion and
the fact that the space L!(I;R) of Lebesgue integrable functions is the
union of Orlicz classes Lg(I;R) over all ® € N (cf. [22, Sec. 8.1]), we
find that AC(1; X) = Upen BVa(I; X).

The assumption that X is a normed linear space does not, in general,
imply that the convex set BVg(I; X) is a linear space. In Section 3 we
define the space GV (I;X) to be the linear span of BVg([; X) and
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endow it with a norm. This is done in such a way that if ®(p) = p?,
q > 1, then GVg(I; X) = BV, (I; X). Having proved the counterpart of
the above structural theorem for the space GV (I; X) (Lemma 3.5), we
show that this space is a Banach algebra provided X is a Banach algebra
(Theorem 3.6). Also, we obtain relations between spaces GVg([; X)
corresponding to different functions ® € N’ (Theorems 3.3 and 3.7).

In Section 4 we characterize Lipschitzian composition operators between
spaces of mappings of bounded generalized ®-variation. Let X and Y
be normed linear spaces and h : I x X — Y a given mapping of two
variables. The mapping H : X! — Y defined by

(HF)(t) = H(F)(8) = h(t, f(1), tel, feX' (1.4)

is called a composition operator (or the Nemytskii operator of substitu-
tion) generated by h. For the purpose of introduction we temporarily
let X =Y =R. Let F(I) C R! be a Banach function space with the
norm | - |£. In order to solve the functional equation f(t) = h(t, f(t)),
t € I, also written as f = Hf, with respect to the unknown function
f € F(I), one can try the classical Banach fixed point theorem, in
which case the operator H : F(I) — F(I) should satisfy the following
Lipschitz condition:

|Hf1 — Hfalr < plfi — fol 7, f1, f2 € F(I), (1.5)

where p is a constant, 0 < p < 1. However, as was observed in [27] in
the case of Lipschitz functions F(I) = C%!(I), condition (1.5) implies
that the generating function h of the operator H has to be of the form:

h(t,z) = ho(t) + hi(t)z forall t€l and z€R, (1.6)

where hg, hy € F(I). Consequently, Banach’s contraction principle
cannot be applied directly in F(I) if h is a “nonlinear” function in the
second variable (and hence a more powerful tool must be invoked, such
as the Schauder fixed point theorem, etc.). Subsequently, this result
has been extended by several authors: [19, 26, 28, 29] (for Holder and
differentiable functions and Lipschitz mappings) and [30, 31, 33, 35]
(for functions of bounded variation in the sense of Jordan and Riesz
and functions of bounded second p-variation). In Theorems 4.1 and 4.5
we show that for any functions ®, ¥ € A the generating function
h of Lipschitzian composition operator H, which maps GVg(I; X) into
GVy(I;Y), is (roughly) of the form (1.6) for all (¢,x) € IxX. Moreover,
if ® grows at infinity “significantly slower” than ¥, any operator H of
this kind is constant (Theorem 4.3). These results are new even for real
valued functions (Corollaries 4.4 and 4.6); they were established in [8].
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In Section 5 we address set-valued mappings and multivalued com-
position operators. In Section 5.1 we treat the problem of the exis-
tence of selections of multifunctions (= set-valued mappings) of bound-
ed generalized ®-variation. Let Pu(X) be the family of all nonempty
closed bounded subsets of a metric space X, D the Hausdorff met-
ric on Pp(X) and F : I — Pyp(X) a multifunction. Measurable (or
Baire) selections of F' were shown to exist in [23, 11] if I is a metric
space, X a complete (and separable) metric space and F' is continu-
ous (or lower semicontinuous); moreover, if X is a Banach space and
the values of F' are convex, then F' admits a continuous selection [36]
(under much more general conditions on I). However, if the values of F
are nonconvex (but compact), continuous selections of F' may fail to
exist, for example, if (a) F : [a,b] — Pup(R?) is continuous with respect
to D [15] (or even Hélder continuous of any exponent 0 < v < 1 [9]), or
(b) F : R? — P (R3) is Lipschitzian with respect to D [15, 38]. On the
other hand, the following results depend upon the domain of F' being
the real line R D I (the values of F' are not assumed to be convex): If
X is a Banach space and the graph of F' is compact, selections of F'
of the same functional class as F', i.e. the so called regular selections,
exist in the cases: F' is Lipschitzian [16, 18, 37], absolutely continu-
ous [47, 5], of bounded Jordan variation [4, 5] or of bounded Riesz
g-variation with respect to D [7]. In Theorem 5.1 we show that any
multifunction F' € BVg(I;Pup(X)) with compact graph admits regular
selections f € BVg(I; X). In particular, if X is reflexive, selections f
are almost everywhere strongly differentiable.

Finally, in Section 5.2 we introduce the metric space BV (I; Pee(Y))
of multifunctions of bounded W-variation taking values in P..(Y), the
set of all nonempty compact convex subsets of a normed linear space Y.
Here the metric space structure is made possible thanks to the trans-
lation invariance of the Hausdorff metric D on P..(Y). In Section 5.3
we extend the results of Section 4 onto multivalued Lipschitzian com-
position operators H : GVg([; X) — BVy(I;P..(Y)) generated by a
multivalued mapping h : I x X — P..(Y). Recently, Lipschitzian set-
valued composition operators H were characterized in [44] in the class
of Lipschitz multifunctions and in [46] and [34] in the case of multi-
functions of bounded Jordan and Riesz variation, respectively.

2. Metric Space Valued Mappings
Let (X, d) be a metric space. Recall that a mapping f : I — X is called

absolutely continuous if for any € > 0 there exists () > 0 such that for
any finite number of points a < a1 < by <azs <bs <...<a, <b, <b
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the condition >°1 ;(b; — a;) < d(e) implies > i, d(f(b;), f(a;)) < e.
The set of all absolutely continuous mappings is denoted by AC(I; X).
A mapping f € X! is said to be Lipschitzian (or Lipschitz continuous)
if the (least) Lipschitz constant of f,

Lip(f) = sup {d(f(t), f(s))/It = s|: t. s € I, t £ 5},

is finite. We denote by C%1(I; X) the set of all Lipschitzian mappings. If
(X, ||]) is a normed linear space, we denote by || f]lo.1 = || f(a)||+Lip(f)
the norm in C%!(I; X), so that C%!(I; X) is a Banach space provided
X is a Banach space.

Observe that any function ® € N is strictly increasing, and so there
exists the inverse function of ® denoted by ® !, and that the functions
p+— ®(p)/pand p— p®~1(1/p) are nondecreasing for p > 0. Note that
unlike N-functions from [22, Ch. 1], functions from the set N are not
subject to the condition ®'(0) = lim, o ®(p)/p = 0. Also, since & € N
is convex and continuous, we have Jensen’s inequality for sums:

o (Z?1 ai$z’> < iz 4®(i)
Zln:1 (07 o Z?:1 (07 '

{aia xi}?:l C R+) Zznzlai > 0)

(2.1)
and (a particular case of) Jensen’s integral inequality, which holds for
functions x : I — R™ such that the integrals in (2.2) are finite:

<I><ﬁ/lx(t) dt> < |—11T|/Iq>(x(t))dt, where [I] :=b—a. (2.2)

The following lemma lists some elementary properties of mappings
of bounded generalized ®-variation.

LEMMA 2.1. Let (X,d) be a metric space, f: I — X and ® € N.

(a) If J is a closed subinterval of I, then Vo (f,J) < Va(f,I).

(b) If a <t < b, then Va(f, 1) = Va(f, [a,t]) + Va ([, [£,]).

(c) If fo € X1, @, € N (n € N), lim,, oo d(fn(t), f(£)) =0 (t € I) and
limy, 00 @p(p) = ®(p) (p > 0), then Vo(f) < liminf, . Vo, (frn)-

(d) COYI; X) Cc BVa(I; X) C AC(I; X) and (we set |I| = b — a)

Va(f) < [1]@(Lip(f)) if feC™L;X), (23)
Vi(f) < [11e7 (Vo ()/II))  if  f€BVa(l;X). (24)

Proof. Property (a) follows immediately from (1.1) and (1.2).
(b) For any partition T} of the interval [a,t] and any partition T
of [t,b] we have T1 UT € T (1), so that (1.1) and (1.2) yield:

Vq)[fle] +V‘I>[f7T2] = Vq)[fle UTQ] < V@(f,[),
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and hence Vg (f,[a,t]) + Va(f,[t,0]) < Va(f,I). To prove the reverse
inequality, let T' = {t;};~, € 7 (I). We may suppose that t;_; <t <ty
for some k € {1,...,m}. Setting, for t, s € I, s <,

of(t,s) =d(f(t), f(s5))/(t —5), Usy(t,s) = (t—s)®(0r(t,s)), (2.5)

using the monotonicity of @, the triangle inequality for d and Jensen’s
inequality (2.1) with oy =t —t, ag =t —tp_1, 1 = Qf(tk,t) and
x9 = 0f(t, tx—1) we find that

Usp,f(tr,te—1) < Us f(tg,t) + Us ¢ (t, tr—1).

Since {t;}¥=} U {t} and {t} U {t;}1, are partitions of [a,?] and [t,b],
respectively, from (1.1) and (1.2) we have (omitting subscripts @, f):

k—1 m
Valf, T] < <Z Ulti, tio1) + U(t,tk—1)> + <U(tk,t)+ Z U(tz’atil)) <
i=1 i=kt1

< V@(f, [aat]) + Vq;(f, [ta b])’

and the reverse inequality follows.
(¢c) U T = {t;}i", € T(I), the definition of Vg, (f,) and (2.5) imply

> Us, g, (tistic) = Vo, [fn. T < Ve, (fn), neN.
=1

Had we shown that Us, ¢, (ti,ti—1) — Us, f(ti,ti—1) as n — oo, then
taking the limit inferior in both sides of the last inequality we obtain:

It suffices to prove that if p, = oy, (ti,ti—1) and p = of(t;, t;i—1), then
@, (pn) — P(p) as n — oo. Let p > 0 and € > 0. By the continuity
of ® there is 0 < § = d(e) < p such that [®(r) — ®(p)| < /2 for all
r >0, |r—p| <. As p, — p (by the continuity of d and the pointwise
convergence of f, to f) and ®,, — ® pointwise as n — oo, there exists
N(e) € N such that for all n > N(e) we have: p — 0 < p, < p+ 9 and

Bu(p—8) = Blp—0)| <c/2,  [Dulp+)— B(p+0)| < /2.
Since ®,, is increasing, for all n > N (e) it follows that

Bo(pn) < Dulp+6) < B(p+0) + (/2) < B(p) + <.
Do) > Balp = 8) > B(p— ) — (/2) = B(p) — <,

or |®,(pn) —P(p)| < €. The case p = 0 readily follows now with obvious
modifications.
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(d) In view of (1.1) and (1.2), the first inclusion and inequality (2.3)
are obvious. To prove the second inclusion, let f € BVg(I; X) and
a <a;p <b <ay <b < ... <a, <b, <b. Applying Jensen’s
inequality for sums with «; = b; — a; and x; = d(f(b;), f(ai))/(bi — a;)

we have:
q,( i1 d(f(bi)af(ai))) < Vo (f)

ie1(bi — a;) (b —ag)’

and taking the inverse function ®~! from both sides of this inequality,
we get

S0, 0)) <[y (= a)] 07! ("@—(f))

i=1 ?ZI(bi - ai)

Suppose that v := Vg(f) # 0 (otherwise f is a constant mapping).
Since ® € N,

(2.6)

. 1 _ . o
lim r®= (v/r) = v lim p/®(p) =0, (2.7)
and hence, given € > 0, there exists §(¢) > 0 such that r®!(v/r) <e
for all 0 < r < d(g). Now, (2.6) implies that

n

if Z(bz —a;) <6(g), then Zd(f(bi),f(ai)) <e.
i=1 =1

Thus, f € AC(I; X) and, in particular, f € BVi(I; X). The estimate

(2.4) follows from (2.6) if we set t9 = a3 = a, t; = b; = a;41 for

i=1,...,n—1andt, = b, = b, and note that {t;}]", is a partition

of I and Z?:l(ti_ti—l):b_a:u‘- O

The following theorem is the counterpart of E. Helly’s selection prin-
ciple (cf. [14], [39, Ch. 8] for the case of real valued functions and [4, 5, 7]
for the case of metric space valued mappings of bounded variation in
the sense of Jordan and Riesz):

THEOREM 2.2. Let X be a complete metric space, ® € N and § an
infinite family of mappings from X' such that (a) supseg Vo (f) =: v is
finite, and (b) for any t € I the set {f(t) | f € F} is precompact in X.
Then the family § contains a sequence of mappings which converges
uniformly on I to a mapping from BVg(I; X).

Proof. Let us show that the family § is equicontinuous. For all f € §
and all t, s € I, s < t, by (a) and the definition of Va(f), we get:

d(f(t), () < (t=5)27 (Vo (f)/(t=5)) < (t=5)27 (v/(t~s)). (2.8)
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By virtue of (2.7), for any ¢ > 0 we can find d(¢,v) > 0 such that
if 0 < r < d(e,v), then 7@ L(v/r) < e. Now, inequality (2.8) implies
supsez d(f(t), f(s)) < eforallt, s € I such that 0 < t—s < d(e,v), and
the equicontinuity of § follows. Taking into account the completeness
of X and condition (b) and applying Ascoli-Arzela’s theorem (e.g., [24,
Ch. 3, Sec. 3]), we can choose a sequence of mappings {f,}°2; in §
which uniformly on I converges to a continuous mapping f € X! as
n — 0o. It remains to note that, by (a) and Lemma 2.1(c), Va(f) < v,
and so f € BVg(I; X). O

As a corollary, we establish the existence of “geodesics” of bounded
®-variation between any two points of a compact metric space.

COROLLARY 2.3. Suppose that X is a compact metric space, z, y€ X,
® € N and there is a fy € BVa(I; X) such that fo(a)=x and fo(b)=y.
Then there exists a mapping f € BVg(I; X) of minimal ®-variation
such that f(a) =z and f(b) =y.

Proof. Set £ :=1inf{Vo(f) | f € BVa(I; X), f(a) =z, f(b) = y}. By
the assumption, 0 < £ < 00, so that there exists a sequence of mappings
{fn}>2, in BVg(I; X) such that f,(a) =z, f,(b) =y for all n € N and
lim;, o0 V& (fr) = £. Since the sequence Vg (fy,), n € N, is bounded and
X is compact, by Theorem 2.2 there exists a subsequence { fp, }7> in
{fn}oe; which uniformly on I converges to a mapping f € BVg(I; X)
as k — oo. Clearly, f(a) = = and f(b) = y. The definition of ¢ and
Lemma 2.1(c) imply that

0 < Vo(f) < liminfVe(fn,) = lim Vo(fn) = ¢,
i.e., Vo(f) = ¢, which was to be proved. O

Another consequence of Theorem 2.2 is the existence of regular selec-
tions of set-valued mappings of bounded ®-variation which we postpone
until Section 5 (see Theorem 5.1).

Now we present a structural theorem which shows that any map-
ping from BVg([; X) can be characterized by a real valued function of
bounded ®-variation modulo a Lipschitzian mapping (similar structural
theorems hold for absolutely continuous mappings [5] and mappings of
bounded variation in the sense of Jordan [4], Riesz [7], Wiener [9] and
Young [10]). The composition g o ¢ of two mappings ¢ : I — J and
g:J — X is defined as usual by (g o ¢)(t) = g(¢(t)), t € I. We have:

THEOREM 2.4. Let X be a metric space, ® € N and f € BVi(I; X).
Define ¢ : I — RT by o(t) = Vi(f,[a,t]), t € I, and let J = ¢(I)
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be the image of p. Then f € BVg(I; X) if and only if ¢ € BVg(I;R)
and there exists a mapping g € C%'(J; X) with Lip(g) < 1 such that
f=gow on I. Moreover, in this case Vo(p) = Vo (f).

Proof. Sufficiency. By Lemma 2.1(d), the function ¢ is absolutely
continuous, and so the image J = ¢(I) is a compact interval. For any
partition T" = {t;}~ of the interval I we have:

V g o 305 Z(I)< )ag(@(til)))>(ti . tifl) <

ti —ti—1

Z @(Llp(g) @(tl) — @(til)|)(ti o ti—l) <
i=1

ti —ti—1

IN

< Vo (Lip(g)p),

and hence

Vo (f) = Va(g 0 ) < Vao(Lip(g)p) < Va(p). (2.9)

Necessity. By virtue of Lemma 2.1(d), ¢ is well defined, bounded,
nondecreasing and continuous on I. Hence, J = ¢(I) = [0,/] where
=V1(f).

Let us show that (RS BV@(I, R) ItTr = {ti}?lo € T(I), I, = [tifl,tl']
and |[;| =t; —t;—1, i =1,...,m, then from the additivity of Jordan’s
variation and inequality (2.4) we have:

p(ti) = oltim) = Vi(f, i) < L@ (Va £, 1) /| 1)),

so that the monotonicity of ® and Lemma 2.1(b) give:

"P z 1)
q>( m >|f|<zv¢ £.1) = Va(f),

m

i=1
whence

Va () < Va(f). (2.10)

Now we prove the existence of mapping g. For 7 € [0,¢] denote
by o t({r}) = {t € I | ¢(t) = 7} the inverse image of the one-
point set {7} under the function p. We define the desired mapping
g:10,¢] = X as follows: if 7 € [0, /], we set

g(T) = f(t) for any point t € ¢ 1({r}). (2.11)

This is correct, i.e., the value f(¢) € X is independent of t € o~ 1({7}),
since

d(f(8), f(s)) <le(t) —(s)l,  t,sel. (2.12)
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10 V. V. Chistyakov

The representation f = go ¢ follows from (2.11), inequality Lip(g) < 1
is a consequence of (2.12), and equality Vg(¢) = Vg (f) follows from
(2.9) and (2.10). O

3. Normed Linear Space Valued Mappings

In this section we assume that X is a normed linear space with the
norm || - ||. Naturally, X! becomes a linear space with respect to point-
wise operations of addition and multiplication by a scalar.

It is well known (see [2, Ch. 1, Sec. 2.1], [20, 21]) that a Lipschitzian
mapping f : I — X with values in an arbitrary Banach space X
need not be differentiable (strongly or weakly) at points of I. The
same references show that for any mapping f € AC(I; X), where X
is a reflezive Banach space, the strong derivative f/(t) € X (i.e. the
derivative with respect to the norm ||-||) exists for almost all ¢t € I and f
can be represented as the Bochner integral of its derivative. Under these
circumstances in the following theorem we derive an explicit formula
for the ®-variation of a mapping.

THEOREM 3.1. Let X be a reflexive Banach space, ® € N and f be in
BVs(I; X). Then f is almost everywhere on I strongly differentiable,

its derivative f’ is strongly measurable and Bochner integrable, f is
represented as f(t) = f(a) + [* f'(7)dr for allt € T and

Va(s) = [ @I ©) (31)

Proof. 1. First we prove the following auxiliary inequality:

/abS@(Hf(t v s)— f(Oll/s)dt <Val(f), O0<s<b—a. (32)

By Lemma 2.1(a) the function ¢t — Vg (f,[a,t]) is nondecreasing on I
and hence it is Riemann integrable. Let 0 < s < b—a. By Lemma 2.1(d),
f € AC(I; X), so that the function [a,b—s| >t — | f(t+s) — f(t)] is
continuous. From the definition of the ®-variation and Lemma 2.1(b)
for all t € [a,b — s] we have:

O(f(t+s) = FO)/5) < % (Vo (f,[a,t + s]) = Va(f, [a,1])).

It remains to integrate this inequality over the interval [a,b — s| with
respect to ¢ and change variables appropriately:

b—s

B+ 5) — FON/S) < 2 [ Volf ot dt < Vo5,

a

P0OST94.tex; 15/04/2006; 11:27; no v.; p.10



Generalized Variation of Mappings, Composition Operators and Multifunctions 11

2. Since f is absolutely continuous, all assertions of the theorem,
except (3.1), follow, e.g., from [2, Ch. 1, Thm. 2.1]. To obtain (3.1),
note that

I @) < lirsn_}élf I(f(t+s)— f(t))/s|| for almost all ¢ eI,

and so inequality (3.2) and Fatou’s lemma imply that

b—s
o @ e < timip [T S5+ )~ 101/ dt < Vo).

The reverse inequality follows from the integral representation of f and
Jensen’s integral inequality (2.2): if T' = {t;}/"y € T(I), I = [ti—1,ti]

and ‘Iz‘ = ti — ti—l, then
I(6)]dt) 1] <
> (i,

/ (I @nd= [ (ol

and so Vo (f) < [; (|| f'(t)]|) dt, which completes the proof. O

Valf, T]<

'Ms HMS

I
-

7

COROLLARY 3.2. Let f : I — X and ® € N.

(a) If X is a reflexive Banach space, then f is in BVg(I; X) if and only
if € AC(T; X) and f,(|f'@)])dt < 0.

(b) If X is an arbitrary metric space and o(t) = Vi(f,|a,t]), t € I,
then f € BVg(I; X) if and only if ¢ € BVg(I;R) if and only if
v € AC(I;R) and [; (¢ (t)|) dt < co. Moreover,

Vo) = Va(e) = [ @O dt = [ @(14 V(s o)) de.

(c) If X is a normed linear space and f € CY(I;X) (a continuously
differentiable mapping), then Vo (f) = [; (||f/(¢)])) dt.

Proof. (a) follows immediately from Theorem 3.1. Item (b) is a con-
sequence of (a), the reflexivity of R and Theorem 2.4. The formula in (c)
follows from (b), since (t) = Vi(f, [a,t]) = [L || f/(7)||dr for t € I. O

As ® € NV is a convex function, the set BVg(I; X) is convex and the
mapping f +— Vg (f) is a convex functional on it, i.e.

Vo (0f + (1= 0)g) <OVa(f) + (1 —0) Va(g) (3.3)
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12 V. V. Chistyakov

for all f, g € BVs(I; X) and 6 € [0, 1]. However, the set BV (I;X)
need not be a linear space in general. Using the technique from [22,
Ch. 2] one can show that if X is a Banach space, then BVg(I; X) is a
linear space if and only if ® satisfies the Ay-condition, i.e., there exist
constants py > 0 and C' > 0 such that ®(2p) < CP(p) for all p > py.

We define the space GVg(I; X) with ® € A as the linear span of
BVs(I; X) and call it the space of mappings of bounded (generalized)
®$-variation. It is clear that a mapping f : I — X belongs to GVg(I; X)
if and only if there exists a constant r > 0, depending on f, such that
f/r € BVg(I;X). Note that

BVe(I; X) C GV (I; X) C AC(I; X), o e N.
Moreover, for any normed linear space X, we have:

AC(I; X) = | GVa(I; X). (3.4)
PeN

In fact, if f € AC(I;X), the function ¢t — ¢(t) = Vi(f,[a,t]) is
in AC(I;R) and so its derivative ¢’ is Lebesgue integrable on I. It
follows from [22, Sec. 8.1] that there exists a function ® € N such
that [; ®(]¢/(¢)])dt < co. By Corollary 3.2(b) we conclude that f €
BVg(I; X), which proves the inclusion C in (3.4).

Now we study the inclusion relations between spaces GVg(I; X) cor-
responding to different functions ® € A. They resemble the relations
between Orlicz spaces (cf. [22, Thm. 13.1]). Let us recall a few defini-
tions [22, Secs. 3, 13]. Let ®, ¥ € N. We say that U precedes ® (at
infinity) and write U < @ if there exist constants pg > 0 and C' > 0
such that U(p) < ®(Cp) for all p > pg. For instance, if ®(p) = pP,
U(p) = p?, where p, ¢ > 1, then ¥ < @ if and only if ¢ < p. Two
functions ® and ¥ are said to be equivalent (at infinity), denoted by
O~V if & x V¥ and ¥ < &. Clearly, & ~ ¥ if and only if there exist
constants pgp > 0 and C7, Cy > 0 such that ®(C1p) < ¥(p) < &(Cyp)
for all p > pg. For example, if the limit of ®(p)/¥(p) as p — oo is
finite > 0, then & ~ W.

THEOREM 3.3. Let X be a normed linear space and ®, ¥V € N. If
U < &, then GVo(I[; X) C GVy(I;X). If X is a Banach space and
GVe(I; X) C GVy(I; X), then ¥ < ®. Consequently, spaces GV (I; X)
and GVy(I; X) consist of the same mappings if and only if ® ~ U.

Proof. Suppose that ¥ < ®. Then there exist constants py > 0 and
C > 0 such that U(p) < ®(Cp) for all p > py. If f € GVa(I;X),
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Generalized Variation of Mappings, Composition Operators and Multifunctions 13

then Vo (f/r) < oo for some r > 0, and so for any partition 7" of the
interval I, we have:

Valf/(rC), T] < ¥(po) 1| + Ve (f/r).

It follows that Viy(f/(rC)) < oo and therefore f € GVy (I; X).

Let X be a Banach space, and assume that condition ¥ < ® does not
hold. There exists an increasing sequence {p, }>>; of positive numbers
such that lim,,_,o p, = 0o and ¥(p,) > ®(n2"p,) for all n € N. From
®(0p) < 0P(p) with § = 1/2™ and p = n2"p,, we obtain ®(n2"p,) >
2"®(npy,,), so that

U(pp) > 2"P(npy), n € N. (3.5)
Let {a,}52, C I be an increasing sequence such that ag = a and
an = an—1 = 27"[I|®(p1)/P(npn), n e N.

For t € I define x(t) = np, if ap—1 <t < ap, n € N, and x(¢) = 0
otherwise, and define f : I — X by setting f(¢) = (f; x(7) dT) xo,t € 1,

where g € X, [|zg]| = 1. We are going to show that f € GVa(I;X)
and, at the same time, f ¢ GVg([; X). In fact,

Vq;-(f):io: (I)(Hf(an) — f(an—l)H)(an o an—l) _

n=1 Gp — Qp—1

hE

P (npp)(an — an—1) = [1|®(p1).

I
N

n

It follows that f € BVg([; X). Taking into account (3.5), for any r > 1
and any m € N such that m > r, we have:

2m
(/> S w(Llonl—Sloo)

n=m T(an - anfl)

)(an —ap—1) >

2m
2 Z (pn)(an — an—1) = m|I|®(p1).

Therefore Vg (f/r) = oo for all r > 1. 0

On the linear space GVg(I; X) we define the following nonnegative
Luxemburg type functional (cf. [25], [22, Chap. 2, Sec. 9.7]):

pa(f):=inf{r>0]|Ve(f/r) <1}, [feGVe(l[;X), PeN. (3.6
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14 V. V. Chistyakov

Since the mapping ps is the Minkowski functional of the convex set
Ee = {f € BVs(I; X) | Vo(f) < 1}, the core of Eg contains the zero
mapping and A\Eg C Eg (see (3.3)) for all scalars A such that |A| < 1,
po is a seminorm on GVg(I; X) (cf. [12, Ch. 1, Sec. 3, Lemma 2]). For
instance, if ®(p) = p?, ¢ > 1, then po(f) = (Vq(f))l/q f e BV, (I; X).
Also, we will need the following properties of pg:

LEMMA 3.4. Let ® € N and f € GVg(I; X). We have:

(a) if t, s €1, t#s, then |[f(t) = f(s)| < [t — s|@7(1/|t = s])pa(f);

(b) if pa(f) > 0. then Vi (f /pa(/)) < 1

(c) if 7> 0, then Vo (f/r) <1 if and only if pa(f) <rm;

(d) if r > 0 and Va(f/r) = 1, then pa(f) = r (but not vice versa in
general);

(e) if the sequence {fn}%; C GVa(I; X) converges to f € X' point-
wise on I as n — 0o, then pe(f) < limsup,,_, . pa(fn);

(f) the following inequalities hold:

N1/ [Ipe(f) <Lin(f)  if feCONLX),
Vi(f) < [1@ (1 /1Dpe(f)  if € GVa(l; X).  (38)
Proof. (a) If t, s € I, s < t, then according to (1.1), (1.2) and (3.6)

we have:

1) = f()
@(w) —s) <Vo(f/r) <1 for all r>ps(f),

so taking the inverse function ®~! we arrive at
1F &) = Fs)l < (t =)@~ A/t =5))r, > Dpalf).

(b) The definition of pg(f) implies Vo (f/r) < 1 for all r > pa(f).
Choose a sequence r, > pa(f), n € N, which converges to pa(f) as
n — oo. Then f/r, converges to f/pe(f) uniformly on I, so that
Lemma 2.1(c) yields:

o(f/pe(f)) < liminf Vo (f/ry) < 1.

It follows that pe(f) € {r > 0| Vo(f/r) <1} =: A and ps(f) = min A.
(c) If Vo (f/r) <1, definition (3.6) implies pa(f) < r. If ps(f) =1,
then Vg (f/r) <1 by (b). Let us show that

if pa(f) <r, then Ve (f/r) < 1. (3.9

By (a), if pa(f) = 0, then f is a constant mapping and Vg (f/r) = 0,
so assume that pe(f) > 0. From (3.3) and item (b) we have:

Vo (f/r) < (pa(f)/r) Vo (f/pa(f)) < pe(f)/r <1.
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Generalized Variation of Mappings, Composition Operators and Multifunctions 15

(d) Let Vo (f/r) = 1. By (c), if pa(f) > r, then Vo (f/r) > 1, which
is impossible. Taking into account (3.9) we conclude that pe(f) = 7.

(e) Set @ = limsup,,_, po(fn). If @ = oo, the inequality in (e)
is obvious. Suppose now that « is finite. Then there exists ng € N
such that a,, := supy>,, po(fx) is finite for all n > ny. Let € > 0. Since
e >pa(fn), by the definition of pg(f,,) we have: Vg (f,/(an+¢)) <1,
n > ng. The pointwise convergence of f, to f and the convergence of
oy, to o imply that f,,/(a, + €) converges to f/(a + ¢) pointwise on I
as n — oo. Applying Lemma 2.1(c) we find that

Va (f/(a 4 €)) < liminf Vi (f /(4 €)) < 1.

From the definition of pg(f) it follows that pe(f) < a+¢ for all e > 0.
(f) Set r = Lip(f)/®~1(1/|I|). If Lip(f) = 0, then ps(f) = 0. Let
Lip(f) >0. Using inequality (2.3) we have:

Vo (f/r) <|I|@(Lip(f/r)) = [I|®(Lip(f)/r) =1,

so (c) yields pg(f) < r, which proves (3.7).
Put 7 = Vi (f)/([I|@~1(1/|I])). We can assume that r > 0. Applying
inequality (2.4) we get:

Vo (f/r) = [I|@M(f/r)/T]) = H[®M(f)/ (rlT])) = 1.
Now (3.9) gives pe(f) > r, which yields (3.8). O

Now let us show that mappings from GVg(I; X) have the same struc-
ture as mappings from BVg(I; X) (cf. Theorem 2.4).

LEMMA 3.5. Let X be a normed linear space, ® € N and f be in
BVi(I;X). Set o¢(t) = Vi(f,la,t]), t € I, and J = @¢(I). Then f
belongs to GVa(I; X) if and only if o5 € GVa(I;R) and there exists a
mapping g € C%(J; X) with Lip(g) < 1 such that f = go ¢y on I.
Moreover, pales) = palf).

Proof. Sufficiency. Since ¢y € GVa(I;R), there exists > 0 such
that ¢¢/r is in BVs(I;R), so if f = go ¢, where Lip(g) < 1, then
by (2.9) we have:

Vo (f/r) < Va(Lip(g/r)¢yr) < Va(py/r),

and hence f € GVg(I; X).

Necessity. From the definition of ¢y we have: ¢/ = ¢y /r, 7 > 0.
Since f € GVg(I; X), then f/r € BVg(I;X) for some r > 0, and so
Theorem 2.4 implies ¢y, € BVgp(I;R) and there exists a mapping g
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16 V. V. Chistyakov

in C%'(J/r; X) with Lip(g) < 1 such that f/r = goyy/, on I. Setting
g(s) = rg(s/r), s € J, we find that g € C%1(J;X), Lip(g) < 1 and
f=goysonl, where p; € GVs(I;R).

Finally, since, by Theorem 2.4, Vo (¢ /1) = Vo (py/r) = Vo (f/r) for
all » > 0, we conclude that pe(¢f) = pa(f). O

Remark 3.1. Theorem 2.2 holds if we replace the set BVg(I; X) by
GVg(I; X), where X is a Banach space, and condition (a) there—by:
the family {ps(f) | f € §} is uniformly bounded. To see this, it suffices
to apply Lemma 3.4(a) instead of inequality (2.8) and Lemma 3.4(e)
in place of Lemma 2.1(c).

We define the norm || - ||¢ on the space GVg(I; X) as follows:
Iflle = [If(@)ll+pe(f), fEGVa(l;X), ®eN. (3.10)

In particular, | fllo = [1flly == I£(@)l|+ (Vy(F) Y4 if ®(p) = p7 ( = 1).

To formulate the next theorem, we introduce some terminology. Let
X, Y and Z be normed linear spaces over the same field and the norms
denoted by the same symbol || - || (which won’t lead to ambiguities). We
say that the triple (X,Y, Z) is multiplicative if there exists a bilinear
mapping M : X xY — Z such that ||M(x,y)|| < ||z|]|ly] for all x € X
and y € Y. The mapping M is called the product mapping and the
value M(x,y) € Z is written simply as zy. If f € X! and g € Y/, we
define the product fg € Z! by (fg)(t) := f(t)g(t), t € I.

THEOREM 3.6. Let (X,Y,Z) be a multiplicative triple of normed lin-
ear spaces and ® € N. If f € GV (I; X) and g € GVg(1;Y), then their
product fg belongs to GVg(I; Z) and the following inequality holds:

1fglle < Il fllellglle, (3.11)

where v = (®,|I|) := max{1, 2|I|®~1(1/|I])}.
If X is a Banach space, then GV (I; X) is also a Banach space.
Consequently, if X is a normed (respectively, Banach) algebra, then
GVg(I; X) is also a normed (respectively, Banach) algebra.

Proof. 1. Let us prove the following inequality:

pa(fg) < pa(Hllgllu + [[fllupa(9), (3.12)

where || fllu = supses [[f(£)] and [[gllu = supses [|g(t)]|. Using the defi-
nition of the function ¢ from Lemma 3.5, estimating the sums for the
Jordan variation and using the triangle inequality, we have:

erg(t) =Vi(fg,[a.1]) < or(D)llgllu + I fllupg(®),  tel. (3.13)
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Generalized Variation of Mappings, Composition Operators and Multifunctions 17
Applying Lemma 3.5 we get (3.12):
pe(f9)=pe(¢sg) < pa(@slgllu + Il fllueg) <
<pa(ep)lgllu + [Iflure(eg) = pe(f)lgla + £ lupe(g)-

To obtain inequality (3.11), observe that, by virtue of (3.8),

11l < £l = I @+ Va(f) < (@l + 1171/ )pa (f), (3.14)

and so it remains to take into account (3.10) and (3.12).
2. If X is a Banach space, let us prove that GVg([; X) is complete.
Suppose that {f,}22; is a Cauchy sequence in GVg([; X), i.e.

1fn = fmlle = fnl@) = fm(a)|| + pe(fn = fm) = 0 as n,m — oo.

By Lemma 3.4(a) it follows that the sequence {f,(¢)}52; is Cauchy
in X for all t € I and therefore, by the completeness of X, there exists
a mapping f € X! such that f, converges to f pointwise as n — oo.
Since f,, — fm converges to f,, — f pointwise as m — oo, Lemma 3.4(e)
yields:

[fr = flle < h;njélop [fn = fmlle = Lm ||fp = fmlle € RT, n e N.

m—oo
Taking into account that {f,}>2; is Cauchy in GV (I; X) we have:

limsup || fn — flle < lim lim |[|f; — fille = 0.
n—oo

n—oo m—00

Hence || f, — flle — 0 as n — oo. It follows that there exists ng € N
such that || fn, — flle < 1 from which

[flle < IS = frolle + [lfnolle <1+ [[fnolle < oo

Therefore f € GVg(I; X), and this completes the proof. 0

Remark 3.2. If X is a normed or Banach algebra, the norm (3.10)
can always be replaced by an equivalent norm |- | such that

|fgle < |flolgle for all f, g€ GVa(l;X). (3.15)

This is a consequence of the following (general) observation. For any
f from GVg(I;X) consider the linear continuous operator M from
GVa(I; X) into itself defined by My(g) = fg whenever g € GVa(I; X).
The operator norm |fle = ||Ms| := sup{||fglle; |lglle = 1} is the
desired norm on GVg(I; X) satisfying (3.15) and |fle < ||flle < 7|f|e
for all f € GVe(I;X).
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18 V. V. Chistyakov

We finish this section with the following theorem.

THEOREM 3.7. (a) Let (X,Y,Z) be a multiplicative triple of Banach
spaces, ®1, Py, U € N, and suppose that the product fg belongs to
GVy(I;Z) provided f € GV, (I; X) and g € GVa,(I;Y). Then there
exists a constant kg such that ||fgllv < kol fllo, |lg]l®,-

(b) Let X be a Banach space, ®, ¥ € N and ¥ < @ (so that
GVe(I; X) C GVy(I;X)). Then there exists a constant k > 0 such
that

Iflle < wllfler  f € GVa(I; X). (3.16)

(Conversely, it is clear that if (3.16) holds, then U < ®.)
(¢) Let X be a Banach space and ®, V € N. Then the spaces
GV (I; X) and GVy(I; X) are equal if and only if ® ~ U if and only

if the norms || - ||l and || - ||v are equivalent.

Proof. (a) For feGVy,(I; X) and g€ GV, (I;Y) set M(f,g) = fg.
By the assumption, M(f,g) € GVy(I; Z).

1. The linear operator M (-,g) : GV, (I; X) — GViy(I; Z) is closed
for any g € GVs,(I;Y). To see this, let f,, f € GVg,(I; X), n € N,
we GVy(L; Z), |fn— fllo, — 0 and ||M(fp,9) — w|lw — 0 as n — oc.
Then, by virtue of (3.14), f, converges to f uniformly on I, so that
M(fn,9) = fng converges uniformly to fg; similarly, f,g = M(f,,9)
converges uniformly to w. Thus, w = fg = M(f,g), and so M(-,g) is
closed. By the closed graph theorem M(-,g) is continuous and hence
there exists a constant x(g) > 0 such that

Ifglle = 1M (f,9)llw < s fler, [ € GVa,(L; X).

2.Set By ={f € GV, (I; X); || fllo, < 1}. The last estimate shows
that the family 8 = {M(f, -) | f € B1} of linear continuous operators,
which map GVg,(I;Y) into GViy(I; Z), is pointwise bounded:

Ifglle <&@l flle, <rlg),  f€Bi

By the uniform boundedness principle the family 9B is uniformly bound-
ed, i.e. there exists a positive constant ko such that || fg|le < xollg/l®,
for all f € By and g € GVg,(I;Y). It remains to note that

1Fglle = [ICF/I flle)gllwll flle, < woll flle:[lglle,

for all 0 # f € GV, (I; X) and g € GVa,(I;Y).
(b) It suffices to set &1 = ®, g =1 and k = k(1) in step 1 in (a).
(c) is a consequence of Theorem 3.3 and item (b). O
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4. Lipschitzian Composition Operators

In this section we characterize Lipschitzian composition operators between
spaces of mappings of bounded generalized ®-variation. Let X and Y
be two normed linear spaces with the norms ||-||. We denote by L(X;Y)
the space of all linear continuous operators from X into Y equipped
with the standard norm.

THEOREM 4.1. Assume that the composition operator H : X! — Y1
is generated by a mapping h : I x X —'Y according to formula (1.4). Let
®, e N, and let F(I; X) designate either GVg(I; X) or COY(I; X).

If H maps F(I;X) into GV (I;Y) and is Lipschitzian, then there
exists a function pg : I — RY such that

Hh(t,xl) — h(t,.%'g)” < ,U,Q(t)H.%'l — .%'2”, te I, X1, Tg € X, (4.1)

and there exist mappings ho € GVy(I;Y) and hy € L(X;Y)! such that
the mapping t — hy(t)x belongs to GVy(I;Y) for all x € X and
h(t,x) = ho(t) + hy(t)z, tel, zeX. (4.2)

Conversely, if ho € GVg(L;Y), h1 € GVg(I[; L(X;Y)) and h is of
the form (4.2), and, moreover, if ¥ < ® and X is a Banach space in
the case F(I; X) = GV (I; X), then H maps F(I; X) into GVy(I;Y)
and 1s Lipschitzian.

Proof. For o, 8 € R, a < 3, we define functions 7,3 : R — R by

0 if t<a,
Mopll)={ 5= i a<i<p, (43)
1 it g<t.

1. First, we obtain an auxiliary inequality which will be used later
several times. Since H : F(I; X) — GVy(I;Y) is Lipschitzian, there
exists a constant > 0 such that |Hfi — Hfallw < pllfi — foll7 for all
f1, foa € F(I; X), where || - || = is the norm in F(I; X). The definition of
the norm || - ||¢ implies, in particular, py(H fi — Hf2) < ullfi — f2|#.
By Lemma 3.4(c), if || fi — fa||# > 0, the last inequality is equivalent to

Hfi —Hfo
W(MﬁibM>SL

From definitions of Vi () and H, for any «, § € I, a < (3, it follows
that

Q(Hh(ﬁ, f1(8))=h(B, f2(8)) —h(a, fi(a)) +h(a, fa(a))ll
pllfi = foll#(B — @)

ICEESt
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20 V. V. Chistyakov

or, by taking the inverse function ¥~! from both sides, that

188, £1(8)) = h(B. f2(8)) — hla f1(a)) + h(a, fa(a))]| <
< ullfi = foll#(8 = @)T1(1/(8 — ). (4.4)

2. Let us prove (4.1). First we prove it for a < t < b. Let x1, 23 € X.
Consider two Lipschitzian mappings f; : I — X defined by

[i(t) = na,p(t)x;, tel, j=1,2, (4.5)

so that f;(8)=wx;, f;(a)=0, j=1, 2. Let us compute | fi — fa2| 7.
If 7(I; X) = GVg(I; X), then choosing r > 0 such that

Vol (1 - /) =252 - ) = 1.
by Lemma 3.4(d) we get:
|21 — o

(8 =) 1 (1/(f —a))

Substituting mappings (4.5) into (4.4), for all a < o < f < b and all
r1, T2 € X we have:

[f1 = follo = pa(fi — fo) =7 = (4.6)

vH1/(8 — o))
e-1(1/(8 — a))

In particular, if a < ¢t < b, then setting & = a and § = ¢ in (4.7) we
obtain (4.1). If F(I; X) = C%(I; X), it is easy to see that

[f1 = falloq = Lip(f1 — f2) = [lz1 — 22|/ (8 — ), (4.8)
and hence, if a <t <b, a =a and =1, (4.4) yields
1t 1) = h(t, 22)]| < @11/t - a))lfes — )

which proves (4.1) in the case when a < ¢t < b.
To show that (4.1) is valid at ¢t = a, consider mappings

|h(8,21) — h(B,22)|| < 1

H.%'l — 1‘2“ (4.7)

[i(t) = (1 = nap(t))x;, tel, j=1,2. (4.9)
Note that f;(8) =0 and fj(o) = z;, j = 1, 2. As above, we have:
11 = foll7 = (1 + Lwr(8 - a))|lz1 — 2], (4.10)

where wr(r)=r®~'(1/r) if F=GVa, and wr(r)=r if F=C%, r>0.
Substituting mappings (4.9) into (4.4) and setting o = a, § = b, we
obtain (4.1) at t = a.
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3. Now we show that (4.2) holds. Define mappings f; : I — X by
i) =napt)rr + (2 — j)as, tel, j=1,2. (4.11)

and observe that f1(8) = x1 + x2, f2(8) = =1, fi(a) = x9, fo(a) =0,
and that f| — fo = 29, and so || f1 — f2|le = || f1 — f2llo,1 = [|z2||. Hence,
inequality (4.4) provides the estimate:

|h(B,z1 + x2) — h(B,x1) — h(a, x2) + h(a, 0)| <
< pllz2ll(8 = )T H(1/(B - a)). (4.12)
Since H maps F(I; X) into GV (I;Y) and constant mappings belong

to F(I; X), for all z € X the mapping h(-,z) = Hz is in GVy(I;Y),
and so it is (absolutely) continuous by (3.4). Noting that (cf. (2.7))

lim (8—a)¥ ' (1/(8—a)) =0, (4.13)

B—a—0

and letting § — « tend to zero in (4.12) in such a way that o, 8 € I,
a< f,and [a, (] 5 t, for all t € I and x1, 9 € X we get:

h(t, xr1 + 1‘2) - h(t, .%'1) - h(t, 1‘2) + h(t, 0) = 0. (4.14)
Now, for a fixed t € I define the operator S; : X — Y by
Si(z) = h(t,x) — h(t,0), z € X.

Inequality (4.1) shows that S; is continuous (even Lipschitzian), and
since (4.14) can be rewritten in the form

Se(x1 + x2) = Si(x1) + Se(x2), x1, T2 € X,

Sy is an additive operator. Consequently, S; € L(X;Y"). Defining map-
pings hg : I — Y and hy : I — L(X;Y) by ho(t) = h(t,0) and
hi(t)x = Sy(x), respectively, where t € I and z € X, we obtain (4.2).
Taking into account that hg = H(0) and hy(-)z = H(x) — H(0) we
conclude that hg and hy(-)x belong to GVy(I;Y) for all z € X.

4. Let us prove the reciprocal assertion. Let F(I[; X) = GVo(I; X)
and ¥ < ®. In view of (4.2) and (1.4), the composition operator H is
given by

(HA)®E) =ho(t) + @) f(t),  tel, feF(X). (4.15)

Theorem 3.3 implies GV (I; X) C GVg(I;X), and since the triple
(L(X;Y),X,Y) is multiplicative, by Theorem 3.6 the mapping h; f
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is in GV (I;Y), so that Hf € GVy([;Y) for all f € GVa(I;X), i.e. H
maps GVg(I; X) into GVy(1;Y). From (3.11) and (3.16) we have:

[Hf1 = Hialle = [ha(fr = f)lle < A8 DAl fr = f2lle <
<plfy = felle,  f1, f2 € GVa(I; X), (4.16)

where = (U, |I|)x||h1||w. Hence, H is a Lipschitzian operator.
Since F(I;X) = COY(I; X) C GVy(I;X), (4.15) implies that H

maps C%1(I; X) into GVy(I;Y). Estimates (3.7) and (4.16) prove that

‘H is Lipschitzian. a

Theorem 4.1 shows that Lipschitzian composition operators between
certain spaces of mappings of bounded generalized variation are gener-
ated by mappings of the form (4.2). Now we treat the case when these
operators are automatically constant. This happens when the domain
of H is “significantly larger” than the range of H (cf. Theorem 4.3).

We say that ® € N grows (at infinity) significantly slower than
U € NV (in symbols, ® < ¥) if lim, o, ®(Cp)/¥(p) = 0 for all C > 0,
or, equivalently, if

Ve >0 Jpo(e) >0 such that ®(p) < ¥(ep) Vp > pole). (4.17)

For instance, if ®(p) = pP, ¥(p) = p?, p, ¢ > 1, then & < VU if and
only if p < ¢. Note that if ® < ¥, then & < ¥. We have the following
characterization of relation <1 between arbitrary functions ®, ¥ € N:

LEMMA 4.2. ® < VU if and only if lim, oo ¥ (r)/@71(r) = 0.

Proof. Necessity. By (4.17), for any € > 0 there exists pg = po(e) > 0
such that ®(p) < U(ep) =: U (p) for all p > pg. It follows that
) <@ Yr) for all r> W (pg); (4.18)
indeed, for any r > W.(pg) there exist unique p; > po and py >
po satisfying W.(p1) = r, ®(p2) = r and p; < po. Since VU l(r) =
UL(r)/e, (4.18) implies U~1(r)/®~1(r) <e for all r > ¥(epy(e)), and
so U1(r)/® " 1(r) — 0 as r — oco.
Sufficiency. Given € > 0, there exists rg = r9(¢) > 0 such that
L) /@7 (r) < e or ¥7(r)/e < & L(r) for all r > ry. Hence, as
in (4.18), we have: ®(p) < W(ep) for all p > po(e) := @ L(ro(e)). O

THEOREM 4.3. Let X, Y, ®, ¥, H and h be as in Theorem 4.1. If

(a) H maps GVa(I; X) with ® <4 ¥, AC(I;X) or BVi(I; X) into
GVy(L;Y); or
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(b) H maps GVa(I; X), AC(I; X) or BVi(I; X) into COY(I;Y);
and 'H is Lipschitzian, then there exists a mapping hy in (a) GVg(I;Y),
or (b) COY(I;Y), respectively, such that h(t,x) = ho(t), (t,z) € I x X
(i.e. any Lipschitzian composition operator of this kind is constant).

Proof. (a) Suppose that ® < ¥ and H : GV ([; X) — GVy([;Y) is
Lipschitzian. As we have already seen in step 3 of the proof of The-
orem 4.1, the mapping h(-,z) is continuous on I for all x € X. If
a <t < b, then setting § =t, 1 =  and x9 = 0 in (4.7) and letting
a go tot —0in (4.7), by Lemma 4.2 we obtain: h(t,x) = h(t,0) for
all a <t < band z € X. From the continuity of h(-,x) we infer that
h(-,xz) =h(-,0) =: hpon I for all z € X.

Assume that H maps AC(I; X) or BVi(I; X) into GV (I;Y). For
functions (4.5) we have || f1— f2||1 = ||x1—22]|| and hence the counterpart
of (4.7) is the inequality:

1h(B, 1) = h(B,22)|| < p(B — )T~ (1/(B — @))l|lz1 — 2],

which holds for all « < a < 8 < b and z1, z2 € X. From (4.13) it
follows that h(-,x) =h(-,0) € GVg([;Y) for all z € X.

(b) If H : GV (I; X) — C%L(I;Y) is Lipschitzian, then the inequal-
ity [[Hf1 —Hfalloq < pllfi — f2lle implies, in particular,

15, £1(8)) = 1B, £2(5)) bl fu(@)) + e fol D e

0 — «
(4.19)
for all o, § € I, & < 3. Substituting mappings (4.5) into this inequality
we get

1h(B,21) = h(B, z2)|| < pllzy — 2] /@71 (L/(B ~ a)), @1, 22 € X.

Setting w2 =0, it remains to note that ®~1(1/(3—a)) — 00 as —a—0.

In the case when H maps AC(I; X) or BV4(I; X) into C%(I;Y)
it suffices to replace the norm || fi — f2|l¢ in (4.19) with the norm
1f1 = folly = [lo1 — 22 =

In the following corollary we set GVg(I) = GVa(I;R), ® € N.

COROLLARY 4.4. Let H : R — R! be the composition operator gen-
erated by a function h : I xR — R and ®, Ve N. If ¥ < ®, then H
maps GVg(I) into GVy(I) and is Lipschitzian if and only if 'H is of the
form Hf = ho+ h1f, f € GVa(I), where hy, hy € GVig(I). Moreover,
if @4V, then H maps GVg(I) into GV (I) and is Lipschitzian if and
only if H is a constant operator.
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Remark 4.1. Lipschitzian composition operators from C%!(I; X) in-
to C%1(I;Y) were characterized in [27, 29] (with I a convex subset of
a normed linear space). Corollary 4.4 is in coherence with the results
from [33] (®(p) = ¥(p) = p?, ¢ > 1) and [35] ((p) = p¥, ¥(p) = p,
p>1,qg>1).

Now we consider composition operators H with values in the space
BVi(I;Y) where Y is a Banach space. If h: I x X — Y is a mapping
such that h(-,z) € BVi(I;Y) for all z € X, we define the left regu-
larization h* : I x X — Y of h (with respect to the first variable) as
follows: for any x € X we set

h*(t,z) := hf‘EO h(s,z) if a <t <b, and
h*(a,z) = limoh*(t,x).

t—a+

(4.20)

Then for all x € X the function h*(-,x) is in BV;([;Y) and is contin-
uous from the left on (a, b].

THEOREM 4.5. Let X be a normed linear space, Y a Banach space
and ® € N. Suppose that a mapping h: I x X — 'Y generates the com-
position operator H via formula (1.4). Let F(I; X) be either GV (I; X)
or CONI; X).
If H maps F(I;X) into BVi(I;Y) and is Lipschitzian, then there

exists a function pg : I — R such that

|h*(t, 1) — h*(t, z2)|| < po(t)|lxr — x2|l, te€l, x1, 22€X, (4.21)
and there exist a mapping hy € BVi(1;Y), left continuous on (a,b],
and a mapping hy € L(X;Y)! such that hi(-)x € BVi(I;Y) and hy(-)x
is left continuous on (a,b] for all x € X and

h*(t,z) = ho(t) + h1(t)x, tel, zelX. (4.22)

Conversely, if ho € BVi(I;Y), hy € BVi(I; L(X;Y)) (where Y is
not necessarily complete) and the mapping h is of the form (4.2), then
H maps F(I; X) into BVi(I;Y) and is Lipschitzian.

Proof. 1. We begin by proving (4.21). Since H : F(I; X)— BV1(I;Y)
is Lipschitzian, there exists a positive constant u such that

Hfi —Hfaolln < pllfi — follz for all  fi, foe F(I;X), (4.23)

where || - || denotes the norm in F(I; X). Definitions of || - ||1, Vi(+)
and H imply, in particular, that if , 8 € I, a < 3, then

11(B, £1(8)) = h(B; f2(B)) — h(ew, fr(@))+hla, fa(@))[| < pll f1 —fz(!lyr2.4)
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Let a <t < b Ifa <a< f <band z1, 9 € X, substituting
mappings f; from (4.5) into (4.24), taking into account (4.6) and (4.8)
and setting o = @ and § =t we find that

1A (t; 21) = h(t, z2)|| < plley — o[ /wr(t = a),

where wz(r) is defined for » > 0 as in (4.10). Since h(-,z) € BVi(I;Y)
for all x € X and wy is continuous, it follows, by taking the left limits
(in t), that

[P7(8 21) = h* (L 22) || < plloy — 22l /wr(t —a), a<t<b

To prove that (4.21) holds at t = a, we substitute mappings (4.9)
into (4.24), which, after setting = b, yields by virtue of (4.10):

[h(e, 21) — R, 22)|| < p(1 + 1/wr(b—a))llzr —z2f, a<a<bd,
so that letting o — ¢ — 0 for ¢t > a and then ¢ — a 4+ 0 we obtain:
[P (a, 21) — h*(a, z2)|| < p(1 + 1/wr(b — a))llz1 — z2].

2. In order to prove (4.22), let a <t < b, n € Nand let a < aq <
B1 <ay<fo<...<ap<f, <t Using (4.23) we have, in particular,

zn: 1A (Bi; F1(Bi)) = R(Bi; f2(8i)) — P, fr(ew)) + h(ei, faai))l <

< pllfr = foll 7 (4.25)
Setting
0 if a<t<o,
(t) = Mo 8; (1) if o <t<pg,i=1,...,n,
L =m0, (t) i Bi<t<apr, i=1,...,n—1,
1 if  B,<t<b,

where 7, 3 is defined in (4.3), consider mappings f;: I — X defined by:
i) =mt)z1+ (2 —j)ae, tel, x,z0eX, j=1,2. (4.26)
Observe that f1(6;) = 1 + x2, f2(8;) = =1, fi(as) = x2, fa(ay) = 0,

i=1,...,n,and f1 — fo = x9, and so ||f1 — f2||x = ||x2||. Hence, from
(4.25) and (4.26) we get:

Z Hh(ﬁl,.’ﬂl + .%'2) — h(ﬁi,{L‘l) — h(az‘,.%'g) + h(OéZ‘,O)H < ,U,H.%'QH (4.27)
i=1
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Since H : F(I;X) — BVi(I;Y), h(-,x) € BVi(L;Y) for all z € X,
and therefore h*(-,z) € BVi([;Y) and is left continuous on (a, b] for
all z € X. Letting ay go to t — 0 in (4.27) we have:

[P (¢, 1 + @w2) — h¥(t,21) — h*(t, w2) + B* (¢, 0)|| < pllz2||/n.
Passing to the limit as n — oo, for any a <t < b, z1, z9 € X we find:
h*(t,x1 + x2) — h*(t,x1) — h*(t,z2) + h*(¢,0) = 0.

Taking into account (4.21) and arguments following (4.14) we infer that
for any ¢ € (a,b] there exist ho(t) € Y and h;(t) € L(X;Y) such that

h*(t,z) = ho(t) + hi(t)x, a<t<b, xzelX.

Setting ho(a) := h*(a,0) and hi(a)r = h*(a,z) — h*(a,0), z € X,
we obtain equality (4.22). Finally, since ho(-) = h*(-,0) and hi(-)x =
h*(-,x) —h*(-,0) on I, mappings hg and hi(-)x are in BVi(I;Y) and
are left continuous on (a, b).

3. To prove the last part of the theorem, it suffices to note that
F(I; X) is contained in BVi(I;X), that (L(X;Y),X,Y) is a mul-
tiplicative triple and that (cf. (3.13)) if hy € BVi(I; L(X;Y)) and
f € BVA(I; X), then [[hy fllx < 2[|hy [[1]f]]1- O

COROLLARY 4.6. Suppose that the composition operator H : R — R!
is generated by a function h : I Xx R — R such that h*(t,x) = h(t,x),
(t,z) € I xR. Let ® € N and F(I) be either GVa(I) or C*(I).
Then H : F(I) — BVi(I) is Lipschitzian if and only if there exist two
functions hg, hy € BVi(I), left continuous on (a,b], such that h is of
the form h(t,x) = ho(t) + hi(t)z for allt € I and z € R.

Remark 4.2. Lipschitzian composition operators from BVj(I) into
itself were described in [31]. If F(I) = BV,(I), p > 1, in Corollary 4.6,
we get a result from [35]. The mapping h*(¢,x) in (4.22) cannot in
general be replaced by h(t, z), because h(t, ) need not be linear in the
variable x: the corresponding example is given in [31, p. 157]. Clearly,
a theorem similar to Theorem 4.5 holds for the right regularization
of h(-,x).

5. Applications to Multifunctions
5.1. EXISTENCE OF REGULAR SELECTIONS

Let P(X) be the family of all nonempty subsets of the metric space
(X,d) and P4(X) be the family of all nonempty closed and bounded
subsets there.
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The Hausdorff metric on Pu(X) is defined by
D(A, B) = max {e(A4, B), (B, A)}, A, B € Pup(X), (5.1)
where

e(A, B) = supdist(z, B) and dist(z, B) = inf d(z,y). (5.2)
€A yeB

A multifunction (or a set-valued mapping) from I into X is a map-
ping F' : I — P(X), so that F(t) C X for every t € I. The set
Gr(F) = {(t,x) € I x X | x € F(t)} is called the graph of F and
the set Ra(F) = ;s F(t) is called the range of F. For the detailed
exposition of the theory of set-valued mappings and properties of the
Hausdorff metric see [1, Ch. 1, Secs. 1-5] and [3, Ch. 2, Sec. 1].

A mapping f € X' is said to be a selection of the multifunction
F e P(X)Lif f(t) € F(t) for all t € I; the selection f of F is called
reqular if f is of the same functional class as F' (this is to be made
precise below, cf. Theorem 5.1).

Using the metric space (P(X), D) in place of (X, d) we introduce
the notions of Lipschitzian multifunctions F' € C%'(I;P4(X)), abso-
lutely continuous multifunctions F' € AC(I; P (X)) and multifunctions
of bounded generalized ®-variation F' € BV (I; Pp(X)), ® € N. For
instance, F' € BVg(I; Pp(X)) if

V@(F) = Vq;vD(F,I) = Sup{Vq),D[F,T] | T e T(I)} < 00,
where for a partition T' = {¢t;}1", € T (I) we set

D(F(t;), F(ti-1))
ti —ti—1

Vo p|F,T] = f: q><

=1

)(ti ).

The main result of this section is the following

THEOREM 5.1. Let F' € BVg(I;Puy(X)) be a multifunction with com-
pact graph where X is a Banach space and ® € N. Then F admits
a regular selection f, i.e. f € BVe(I[;X), f(t) € F(t) for all t € I,
Vo (f) < Va(F) and Vi(f) < Vi(F'). Moreover, for any finite number of
points t; € I and x; € F(t;), i =0,1,...,m, a reqular selection f of F
can be chosen such that f(t;) = x; for alli=0,1,...,m.

Proof. We shall prove the theorem for m = 0, the general case will
follow immediately. For each n € N let T,, = {tI'}I", be a partition of
the interval I = [a,b] with the properties:

1) to € Ty, ie., to = th(n) for some k(n) €{0,1, ..., n}, and
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2) maxi<j<n(t —tI" 1) — 0 as n — oo.

We define the elements z' € F(tI') inductively as follows. To start with,
let n € N and let a < tg < b. (Below || - || denotes the norm in X.)

(a) Set Th(n) = To-

(b) If i € {1,...,k(n)} and if ! € F(t}) is already chosen, pick
xp € F(t} ) such that ||z} — ] ||| = dist(«}, F(t]",)).

c)Ifi e {k( ) + ,n}and if 2 | € F(t} ) is already chosen,
pick = € F(t”) such that ||z — 2| = dist(z]"_¢, F(t})).

Now, if typ = a, so that k(n) = 0, then we use only (a) and (c) to
define z7', and if o = b, so that k(n) = n, we define z}* by (a) and (b).
We define a sequence of mappings f, : I — X, n € N, as follows:
Lt

&~

falt) = 2y (@i —aiy), teltiyti], i=1,...,n. (53)

Note at once that f,(t 1) =z} 1, fu(t]') =z} and f,(to) = xo for all
n € N, and that, by virtue of (b), (c), (5.1) and (5.2),

|lal — 2 4|| < D(F(}), F(t! ), neN, i=1,...,n. (5.4)

Using Lemma 2.1(b) and inequality (5.4), for all n € N we find that

o) = S Va7 = S0 (= - <
- o(AIUDIE

o=t

IA

”)(t” P <Ve(F).  (55)

Since F' is of bounded Jordan variation by Lemma 2.1(d), the calcula-
tions in (5.5) with ®(p) = p also give Vi(f,) < Vi(F) for all n € N.

It is seen from (5.3) that all the images f,,(I) are contained in the
closed convex hull coRa(F') of the range Ra(F'), and since the graph
Gr(F) is compact in I x X, Ra(F) is compact in X and, hence, by
Mazur’s theorem [13, Ch. 5, Sec. 2], coRa(F') is also compact in X.
By Theorem 2.2 there exists a subsequence in {f,}5°; (which will be
denoted by the same symbol) which converges uniformly on I to a
mapping f € BV (I; X) as n — oo. Clearly, f(t9) = z¢. Lemma 2.1(c)
and inequality (5.5) imply Vo (f) < Ve (F') and Vi (f) < Vi(F).

It remains to show that f is a selection of F'. Fixing t € I, for every
n € N there is a number i(n) € {1,...,n} such that tiny—1 St <t} and

hence, by condition 2) above, the sequences t?(n)fl and t?(n) converge
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to t as n — oo. As the graph of F' is compact and x;‘(n) € F(t?(n)) by the
construction, i.e., (t?(n), x?(n)) € Gr(F'), then there exists a subsequence
in {(t?(n), :c?(n))}%o:l (denoted by the same symbol) which converges in
I x X to a point (1,z) € Gr(F) as n — oco. But tiny — T as n — oo,
so that 7 = ¢, and hence, (t,z) € Gr(F) or x € F(t). From the con-
vergence of the subsequence it follows also that fn(t?(n)) = "PC?(n) — x,
and the continuity of the mapping f yields that f (t?(n)) — f(t) in X
as n — oo. Since the sequence f,, converges uniformly to f, we have

fn(t?(n)) - f(t?(n)) — 0 as n — oco. We conclude that x = f(¢), and so

f(t) € F(t). Since t € I is arbitrary, the proof is complete. O

5.2. THE METRIC SPACE BV (I;Puc(X))

The material of this section is preparatory. It will be used in Section 5.3.

Let (X, | - ||) be a normed linear space and P..(X) be the family of
all nonempty compact convex subsets of X. The Hausdorff metric D is
translation invariant on P..(X) in the sense that (see [41, Lemma 3]):

D(A,B) = D(A+Q,B + Q) (5.6)

for all A, B € P..(X) and bounded Q € P(X).
We are going to endow the set BVg(I; P..(X)) with a metric. To do
this, let Fy, Fy € BVg(I; Pee(X)). For t, s € I, s < t, and r > 0 we set

D(Fy(t) + Fa(s), Fa(t) + Fi(s))
(t—s)r

mﬂﬁuﬁ):¢< >@—@, (5.7)

and

WPy, F2) = sup {30 U (6, 8101)
=1

T (6} e T} (59

(m € N is arbitrary). We define a semimetric on BVg(I; Pec(X)) by
A(F, Fy) = Ao(F1, Fy) =inf {r > 0| W,(F, ) <1}, (5.9)
and we define the metric Dg on BV (I;P..(X)) by
Dg(Fy1, Fy) = D(Fi(a), Fy(a)) + A(Fy, Fy). (5.10)

Below we verify that the above definitions are correct. First, let us
show that the value (5.9) is finite. Observe that

D(A,B) < D(A+P,B+Q)+D(P,Q), A, B, P, Q€ Fe(X), (511)
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since equality (5.6) and the triangle inequality for D imply

D(A,B) = D(A+P,B+P) < D(A+P,B+Q)+D(B+P,B+Q) =
= D(A+P,B+Q) + D(P,Q).

Now, if ¢, s € I, then (5.11) and (5.6) yield
D(F1(t) + Fa(s), Fa(t) + Fi(s)) < D(Fi(t), Fi(s)) + D(Fa(t), Fa(s)),

and it follows from (5.7), (5.8), the monotonicity and convexity of ®
that

Wo(Fy, Fy) < 1(v<1>(F1)+vq>(F2)) "> 9.

Hence, lim, o W,.(F1, F3) = 0, and the value A(F}, F») is finite.
To prove that D¢ is a metric, we need the counterpart of Lemma 3.4,
which will be useful in Section 5.3 as well.

LEMMA 5.2. Let ® € N and Fy, F» € BVs(I; P.e(X)). We have:
(a) if t, s€ I and t # s, then

[D(EL(t), Fo(t)) = D(F1(s), Fa(s))| < D(F1 (1) + Fa(s), Fo(t) + Fi(s)) <
<t —s|o7H(1/|t = sDA(F, F);

(b) if A Fl,Fg) > 0, then WA(F1F2)(F1,F2) <1;

(c) if r >0, then W,.(Fy, Fy) <1 if and only if A(Fy,Fy) <
(d) if r> 0 and W,.(Fy, F2) =1, then A(F1, Fy) =1

(

e) if F' € BVep(I;Pc(X)) (n € N) and D(F}* (), Fj(t)) —0 as n— oo
(t € I) Jj=1,2, then A(Fy, Fy) < hmsupn_)C>o A(Fln,FQ")

Proof. (a) Ift, s € I, t # s, then using (5.7)—(5.9) we have:

@(D(Fl(t) + Fy(s), Fo(t) + Fi(s))
|t —s|r

>|75— s| < Wi (Fy, ko) <1

for all » > A(Fi, Fy), whence
D(Fy(t) + Fy(s), Fy(t) + Fi(s)) < |t — s|®7L(1/]t — s|)A(Fy, Fy).
Since, by virtue of (5.11),
D(Fi(t), Fa(t)) < D(Fi1(t) + Fa(s), F2(t) + F1(s)) + D(F1(s), Fa(s)),

it suffices to interchange the variables t and s.
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(b) First, let us show that if conditions of Lemma 5.2(e) hold and
lim,, .o 7, = r where r,, > 0 and r > 0, then

W, (Fy, ) < liminf W, (F', F3). (5.12)
Observe that if t, s € I, then

Jim D(FT'(0)+F5'(s), F3' () +FT'(s)) = D(F1(t)+ Fa(s), Fa(t) + Fi(s)),

(5.13)
since the triangle inequality for D and (5.11) imply that the absolute
value of the difference between the left and right hand sides of (5.13)
is not greater than

D(FT' () +F5'(s), Fr(t)+ Fa(s)) + D(F3'(0) + ' (s), Fa(t) + F1(s)) <
<D(F{'(t),F1(8))+ D(F5'(s),F2(5)) + D(F3' (£), Fo () + D(FY (5), F1 (s)),

and the latter expression tends to zero as n — oco. Now, if T' = {t;}I
is a partition of I, by (5.8) we have:

ZUr“ (titi1) < W, (FI'F),  neEN.
Taking into account (5.7), (5.8), the continuity of ® and (5.13) we get:

m
Z Uf17F2(ti7ti—1) < h%ngf W, (F1' B3, T ={t:}i% € T(I),
i=1

from which (5.12) follows.

To prove (b), let 7, > A(Fy, F») =: r (n € N) be such that r, — r
as n — oo. Since, by (5.9), W, (Fi, F2) < 1, inequality (5.12) yields:
W, (F, Fy) < 1.

(c) It suffices to show only that if A(F, Fy) < r, then W,.(Fy, Fy) <1.
In fact, if A(Fy, Fp) = 0, then W,.(Fy, F3) = 0 by Lemma 5.2(a), (5.7)
and (5.8). If A(Fy, F) > 0, then by the convexity of ® and (b) we have:

Wi (F1, F2) < (A(FL, F2) /r)War,m) (1, F2) < A(F ) /r < 1.

(d) is an easy consequence of (c).

(e) We may assume that the values a = limsup,, ., A(F", F}') and
Q= Supys, A(FF, F¥), n € N, are finite. Since for any ¢ > 0 we have
an +e > A(FP, FY), (5.9) implies W, 1o (F', F&) < 1, and so (5.12)
gives: Wyio(F1, Fy) < 1. Hence, A(Fy, F3) < a+ ¢ for all € > 0. a

LEMMA 5.3. Let X be a normed linear space and ® € N. Then the
mapping Dg defined by (5.7)—(5.10) is a metric on BVe(I; Pee(X)).
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Proof. Let Fj € BVa(I;Pee(X)), j = 1,2,3. If Do(F1,F2) = 0, it
follows from (5.10) and Lemma 5.2(a) that

D(Fi(t), F2(t)) = D(Fi(a), F2(a)) = 0, tel, t>a,

and hence, Fi(t) = Fy(t) for all t € I.
It is clear that Dg is symmetric: D@(Fl, Fg) = D@(FQ, Fl)
To prove the triangle inequality for Dg, it suffices to show that

A(Fy, Fy) < A(Fy, F3) + A(Fy, Fy).
Note that, thanks to (5.11) and (5.6), the following inequality holds:
D(F1(t) + Fa(s), Fa(t) + Fi(s)) < D(F1(t) + F(s), F3(t) + Fi(s))+
+D(Fy(t) + F3(s), F5(t) + Fa(s)), t,sel. (5.14)
Assume that A(Fy, F3) = 0. By Lemma 5.2(a), for all ¢, s € I we have:
D(Fi(t) + F3(s), Fy(t) + Fi(5)) =0,

and hence, (5.14), (5.7) and (5.8) imply W,.(F1, Fa) < W,(F3, F3) for all
r > 0, so that A(Fy, Fy) < A(Fh, F3). An analogous argument applies
in the case when A(Fy, F3) = 0, so that A(Fy, Fy) < A(Fy, F).

Now, let r1 =A(Fy, F3) >0 and ro=A(F», F3)>0. By Lemma 5.2(b)
we have: W, (F1,F3) <1 and W,,(Fy, F3) < 1. Taking into account
(5.14), (5.7), (5.8), the monotonicity and convexity of ®, we get:

r1 r2
Wy, (F1, F3) +
Tt n(fL F5) 1+

which proves that A(Fl,FQ) <ri+mry= A(Fl, Fg) + A(FQ, Fg) O

Wr1+r2(FlaF2) < WTQ(F2,F3) < 1,

5.3. MULTIVALUED COMPOSITION OPERATORS

The aim of this section is to obtain multivalued versions of Theorems
4.1, 4.3 and 4.5 for mappings of bounded generalized variation.

We assume that (X, ||-]|) and (Y, ||-]|) are normed linear spaces and
that K C X is a convexr cone, i.e. K+ K C K and rK C K, r € RT.
A multivalued operator S : K — P..(Y) is said to be linear if

S(z+2')=8(zx)+ S(2"), S(rz)=rS(z), Vz, 2’ € K,VreR".

Denote by L(K;P.(Y)) the set of all linear continuous multivalued
operators from K into P..(Y). In what follows D designates the Haus-
dorff metric on P..(Y).
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THEOREM 5.4. Suppose that H : K! — P..(Y)! is the composition
operator generated by a multivalued mapping H : I x K — P..(Y') via:

(Hf)(t) = H(f)(t) = H(t, £(1)), tel, fekK! (5.15)
Let ®, W € N. If H maps GV (I; K) or COYI; K) into BVy (I; Pee(Y))

and is Lipschitzian, then there exists a function pg : I — RY such that
D(H(t,xl),H(t,xg)) S/L()(t)Hxl —1‘2“, tel, x1,x€K, (5.16)

and there exist two multivalued mappings Hy € BVy(I;Pe(Y)) and
Hy € L(K; Pe(Y)) such that H(t,x) = Ho(t)+H(t)(z),t €I,z € K.

Moreover, if H : GVo(I; K) — BVy(I;Pc(Y)) is Lipschitzian and
O 4 W, then H(t,z) = H(t,0), (t,z) € I x K (and so H is constant).

Proof. Denote by F(I; K) either GVg(I; K) or C%(I; K) and the
generic norm there—by | - ||#. Since H : F(I; K) — BVy(I; Pe(Y)) is
Lipschitzian, there exists a constant p > 0 such that

Dy(Hf1,Hf2) < pllfs = follrs  f1, f2 € F(I; K),

so that the definition of Dy (see (5.9) and (5.10)) implies, in particular,

Ay (Hf1, Hf2) < pllfi = foll#

If || f1 — f2ll7 > 0, by Lemma 5.2(c) this inequality is equivalent to

WH”fl*fQ”}'(Hfla Hf?) S 15

and so definitions (5.7) and (5.8) yield: if a, § € I and « < 3, then

\I,(D((Hfl)(ﬁ) + (Hf2) (), (Hf2)(B) + (Hf1)(a))
B—a)ulfi = foll7

Applying U1 and taking into account (5.15) we arrive at the inequality
which is the counterpart of (4.4):

)(ﬁ—a)gl.

D(H(B, [1(8)) + H(a, f2(0)), H(B, f2(8)) + H(a fi(e)) <
< pllfi = foll (8 = )¥1(1/(B = ). (5.17)

To prove (5.16), we follow the arguments in step 2 of the proof of
Theorem 4.1 with z; € K in (4.5) and (4.9), use (5.17) instead of (4.4)
and take into account the translation property (5.6) of D. Consequently,
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setting we(r) = r®~1(1/r) and wo1(r) = r, ® € N, 7 > 0, we obtain
inequality (5.16) with

)= { pws(b=a)l+1jwr(b-a) i t=a,

po(t) = -
pwy(t —a)/wr(t —a) if a<t<b,
where wr = wg if F = GV and wr = wp 1 if F = oL,
For a < a < 8 < b and x1, vo € K define Lipschitzian mappings
fj - K by

1

£i(t) = 5(77@,@(75)(3;1 —m) o),  tel, j=1,2

where 7, 3 is defined in (4.3). Substituting them into (5.17) we have:

(0 + Hioa B3 E52) 4 (2 252))

< plli(@r — 22) /2] we (B — o). (5.18)

Since H maps F(I; K) into BVg(I;P..(Y)) and constant mappings
belong to F(I; K), H(-,z) = H(z) € BVy(I;Pc(Y)) for all x € K,
so that, by Lemma 2.1(d), H(-,z) is absolutely continuous. Letting
B —a — 0in (5.18) in such a way that [, 3] 5 ¢, where t € I, we get,
by virtue of (4.13),

D(H(t,scl) + H(t,w), H (1, 2 ;“) +H (1,2 ;“)) =0,

and so, since D is a metric and H takes convex values,

(1) + () = H (1 7572 0 (1 7 ) = 0m (1, ),

Hence, for every ¢ € I the multivalued operator H(¢, - ) : K — Pu.(Y)
satisfies the Jensen equation:

T +$2)

1(H(t,ah)—i-H(tvUU?)) :H(t’ 2

5 .’L‘l,.%'QGK.

It follows (cf. [40, Thm. 5.6]) that for every ¢ € I there exists a set
Hy(t) € Pe(Y) and an additive multivalued operator Hi(t)(-) : K —
PCC(Y), i.e. Hl(t)(fbl + .’EQ) = Hl(t)(:cl) + Hl(t)(fbg) for all z1, zo € K,
such that

H(t,z) = Ho(t) + Hi(t)(x), z € K. (5.19)

In view of (5.16), the operator Hj(t)(-) is continuous, and since it
is additive, it is also linear (cf. [40, Thm. 5.3]), i.e. H; maps I into

POST94.tex; 15/04/2006; 11:27; no v.; p.34



Generalized Variation of Mappings, Composition Operators and Multifunctions 35

the space L(K;P.(Y)). Hence, Hi(t)(0) = {0} for all ¢t € I and,
therefore, (5.19) implies H(t,0) = Ho(t) for all t € I. Consequently,
Ho € BVy(I; Pe(Y)).

If ® 9 ¥, note that the counterpart of (4.7) is the inequality:

D(H(B,z1), H(B,22)) < pl|r1 — 22|lwe (8 — ) /we (8 — ),  (5.20)

which holds for all a < a < 8 < b and x1, x9 € K. Setting § =t for
a<t<b xry=2x¢c K and xo = 0 and passing to the limit as « — t—0
in (5.20) and applying Lemma 4.2 we get: D(H(t,z), H(t,0)) = 0.
Hence, H(t,x) = H(t,0) for all a <t < b and = € K, and it suffices to
take into account the continuity of H(-,x). O

Remark 5.1. Observe that a theorem similar to Theorem 4.3 is valid
for multivalued composition operators. We omit the details.

Remark 5.2. If K is a linear subspace of X, then, due to its additiv-
ity, the operator Hy(t)(-) in (5.19) is single-valued for all ¢ € I: in fact,
if x € K, then (—z) € K, and so Hy(t)(x) + H1(t)(—z) = {0}.

Finally, we extend Theorem 4.5 onto multivalued composition oper-
ators. Let Y be a Banach space. The set BVi(I;P..(Y)) is a met-
ric space with the metric Dy defined by (5.7)—(5.10) with ®(p) = p.
Suppose that a multivalued mapping H : [ x K — P..(Y) is such
that H(-,z) € BVi(I;P..(Y)) for all x € K. Since Y is complete,
(Pe(Y), D) is a complete metric space (cf. [3, Thm. II-14]), so that any
mapping from BVi(I;P..(Y)) has one-sided limits at each point of I.
The left regularization H* : I x K — P..(Y') of H is defined by

H*(t,x) = lim H(s,z), a<t<b, H*(a,z)= lim H*(t,z),
s—t—0 t—a+0

for all x € K, where the limits are taken with respect to the Hausdorff
metric D on P..(Y). Then H*(-,z) € BVi(I; P..(Y)) is left continuous
on (a,b] for all z € K.

THEOREM 5.5. Let X be a normed linear space, K C X a convex
cone, Y a Banach space and ® € N'. Suppose that H : K — Pu..(Y)!
18 the composition operator generated by a multivalued mapping H :
Ix K —TP..(Y) according to (5.15). If H maps GV (I; K) or C*Y(I; K)
into (BV1(1;Pec(Y)), D1) and is Lipschitzian, then there exists a func-
tion po : I — RT such that

D(H*(t,xl),H*(t,xg)) S,U,Q(t)Hxl—.%'QH, tel, x1,x€ K,

and there exist a multivalued mapping Hy € BVi(I; P..(Y)), left con-
tinuous on (a,b], and a mapping Hy : I — L(K;P..(Y)) such that

H*(t,xz) = Ho(t) + H1(t)(x), te(a,b], zekK.

P0OST94.tex; 15/04/2006; 11:27; no v.; p.35



36 V. V. Chistyakov

The proof of this theorem can be easily compiled from the proofs of
Theorems 4.5 and 5.4 with ¥(p) = p, and so we omit it. The only new
ingredient consists of replacing mappings f; from (4.26) by Lipschitzian
mappings fj : I — K defined by

1 .
fj(t)=§(nn(t)(x1—x2)+xj +x2), tel, z; €K, j=1,2,

and taking into account the (continuity) equality similar to (5.13) while
passing to the limit as ac; — t—0 (cf. step 2 in the proof of Theorem 4.5).

Acknowledgements

This work was done in part when the author was a visiting scien-
tist at the Moscow State (Lomonosov) University, Moscow, Russia,
September-December 1998. The author is grateful to M. G. Eroshenkov,
0. G. Smolyanov, P. L. Ul’yvanov and S. A. Vakhrameev for their kind
hospitality and support. The author is also indebted to the unknown
reviewer for valuable critical comments which led to complete revision
of the initial version of this paper.

References

1. Aubin, J.-P. and Cellina, A.: 1984, Differential Inclusions: Set-Valued Maps and
Viability Theory. Grundlehren der math. Wissenschaften Vol. 264, Springer-
Verlag, Berlin, Heidelberg, New York.

2. Barbu, V.: 1976, Nonlinear Semigroups and Differential Equations in Banach
Spaces. Noordhoff Intern. Publ., Leyden, The Netherlands.

3. Castaing, C. and Valadier, M.: 1977, Convexr Analysis and Measurable Multi-
functions. Lecture Notes in Math. Vol. 580, Springer-Verlag, Berlin.

4. Chistyakov, V. V.: 1997, On mappings of bounded variation. J. Dynam. Control
Systems 3 (2), 261-289.

5.  Chistyakov, V. V.: 1998, On the theory of set-valued maps of bounded varia-
tion of one real variable. (in Russian) Mat. Sbornik 189 (5), 153-176. English
transl.: Sbornik: Mathematics 189 (5), (1998), 797-819.

6. Chistyakov, V. V.: 1998, Set-valued mappings of bounded variation and
their regular selections. Intern. Confer. Dedicated to the 90th Anniversary of
L. S. Pontryagin. Abstracts: Optimal Control and Appendices. Moscow State
(Lomonosov) University, Moscow, 44-46.

7. Chistyakov, V. V.: 1999, Selections of set-valued mappings of bounded Riesz
p-variation and their differentiability properties. (in Russian) Mat. Sbornik (to
appear).

8. Chistyakov, V. V.: 1998, Banach algebras of functions of bounded ®-variation
and composition operators. Preprint. Moscow State Univ., November, 1-19.

9. Chistyakov, V. V. and Galkin, O. E.: 1998, On maps of bounded p-variation
with p > 1. Positivity 2 (1), 19-45.

10. Chistyakov, V. V. and Galkin, O. E.: 1998, Mappings of bounded ®-variation
with arbitrary function ®. J. Dynam. Control Systems 4 (2), 217-247.

POST94.tex; 15/04/2006; 11:27; no v.; p.36



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.

Generalized Variation of Mappings, Composition Operators and Multifunctions 37

Coban, M. M.: 1968, Multivalued mappings and Borel sets. (in Russian) Dokl.
Akad. Nauk SSSR 182, 514-517. English transl.: Soviet Math. Dokl. 9 (1968),
1175-1178.

Day, M. M.: 1958, Normed Linear Spaces. Springer-Verlag, Berlin.

Dunford, N. and Schwartz, J. T.: 1958, Linear Operators. Part 1. General
Theory. Wiley-Interscience, New York.

Helly, E.: 1912, Uber lineare Funktionaloperationen. S.-B. Akad. Wiss. Wien
121, 265-297.

Hermes, H.: 1969, Existence and properties of solutions of & € R(t, ). Studies
in Appl. Math., SIAM Publications (5), 188-193.

Hermes, H.: 1971, On continuous and measurable selections and the existence of
solutions of generalized differential equations. Proc. Amer. Math. Soc. 29 (3),
535-542.

Jordan, C.: 1881, Sur la série de Fourier. C. R. Acad. Sci. 92 (5), 228-230.
Kikuchi, N. and Tonita, Y.: 1971, On the absolute continuity of multifunctions
and orientor fields. Funkcial. Ekvac. 14 (3), 161-170.

Knop, J.: 1990, On globally Lipschitzian operator in the space Lip C"[a, b].
Fasc. Math. 21, 79-85.

Komura, Y.: 1967, Nonlinear semi-groups in Hilbert spaces. J. Math. Soc.
Japan 19, 493-507.

Komura, Y.: 1969, Differentiability of nonlinear semigroups. J. Math. Soc.
Japan 21, 375-402.

Krasnosel’skii, M. A. and Rutickii, Ya. B.: 1961, Convex Functions and Orlicz
Spaces. Noordhoff, Groningen, The Netherlands.

Kuratowski, K. and Ryll-Nardzewski, C.: 1965, A general theorem on selectors.
Bull. Acad. Polon. Sci., Sér. Sci. Math. Astronom. Phys. 13, 397-403.

Lang, S.: 1993, Real and Functional Analysis. Graduate Texts in Math.
Vol. 142, Third Edition, Springer-Verlag, New York, Berlin.

Luxemburg, W. A. J.: 1955, Banach function spaces. Thesis. Technische
Hogeschool te Delft, The Netherlands.

Matkowska, A.: 1984, On characterization of Lipschitzian operators of substi-
tution in the class of Holder functions. Sci. Bull. £L6dZ Tech. Univ. 17, 81-85.
Matkowski, J.: 1982, Functional equations and Nemytskii operators. Funkcial.
Ekvac. 25 (2), 127-132.

Matkowski, J.: 1984, Form of Lipschitz operators of substitution in Banach
spaces of differentiable functions. Sci. Bull. L6dZ Tech. Univ. 17, 5-10.
Matkowski, J.: 1988, On Nemytskii operator. Math. Japon. 33 (1), 81-86.
Matkowski, J. and Merentes, N.: 1992, Characterization of globally Lipschitzian
composition operators in the Banach space BVP2 [a,b]. Archivum Math. 28
(3-4), 181-186.

Matkowski, J. and Mi$, J.: 1984, On a characterization of Lipschitzian operators
of substitution in the space BV {a,b). Math. Nachr. 117, 155-159.

Medvedev, Yu. T.: 1953, A generalization of a theorem of F. Riesz. (in Russian)
Uspekhi Mat. Nauk 8 (6), 115-118.

Merentes, N.: 1991, On a characterization of Lipschitzian operators of substi-
tution in the space of bounded Riesz ¢-variation. Ann. Univ. Sci. Budapest.
Eotvés Sect. Math. 34, 139-144.

Merentes, N. and Nikodem, K.: 1992, On Nemytskii operator and set-valued
functions of bounded p-variation. Rad. Mat. 8 (1), 139-145.

Merentes, N. and Rivas, S.: 1995, On characterization of the Lipschitzian com-
position operator between spaces of functions of bounded p-variation. Czecho-
slovak Math. J. 45 (4), 627-637.

Michael, E. A.: 1956, Continuous selections. I. Ann. Math. 63 (2), 361-382.
Mordukhovich, B. Sh.: 1988, Approximations Methods in the Problems of Opti-
mization and Control. (in Russian). Nauka, Moscow.

P0OST94.tex; 15/04/2006; 11:27; no v.; p.37



38

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

V. V. Chistyakov

Nadler, S. B.: 1969, Multi-valued contraction mappings. Pacific J. Math. 30,
475-488.

Natanson, I. P.: 1965, Theory of Functions of a Real Variable. Frederick Ungar
Publishing Co., New York.

Nikodem, K.: 1989, K-convex and K-concave set-valued functions. Zeszyty
Nauk. Politech. Lédz Mat. 559, Rozprawy Naukowe 114.

Radstrom, H.: 1952, An embedding theorem for spaces of convex sets. Proc.
Amer. Math. Soc. 3 (1), 165-169.

Riesz, F.: 1910, Untersuchungen iiber Systeme integrierbarer Funktionen.
Math. Ann. 69, 449-497.

Riesz, F. et Sz.-Nagy, B.: 1972, Le¢cons d’Analyse Fonctionnelle. Akadémiai
Kiadd, Budapest.

Smajdor, A. and Smajdor, W.: 1989, Jensen equation and Nemytskii operator
for set-valued functions. Rad. Mat. 5, 311-320.

Szigeti, F.: 1987, Composition of Sobolev functions and application. Notas de
Matematicas, Univ. Los Andes, Venezuela 86, 1-25.

Zawadska, G.: 1990, On Lipschitzian operators of substitution in the space of
set-valued functions of bounded variation. Rad. Mat. 6, 279-293.

Zhu Qiji: 1986, Single valued representation of absolutely continuous set-valued
mappings. Kezue Tongbao 31 (7), 443-446.

Address for correspondence:

Vyacheslav V. Chistyakov
Department of Mathematics,
University of Nizhny Novgorod,
23 Gagarin Avenue,

Nizhny Novgorod, 603600 Russia

e-mail: chistya@mm.unn.ac.ru

P0OST94.tex; 15/04/2006; 11:27; no v.; p.38



