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from its market value becomes noticeable and significant. In effect, it is the 
point where the financial bubble emerges, hence, it might be called as” the 
Minsky” point. As learned from the history of finance, the failure to depict 
properly the Minsky point would have had ominous consequences for the 
market: after it has passed over to reverse the avalanche of financial assets 
value seems virtually impossible. Economists debated this issue for a long 
time: it is enough to recall the critique of Greenspan’s policy by 
P. Krugman (Krugman, 2008) for its inability to prevent the bubble growth 
in the housing and credit markets.  

It is reasonable to identify the Minsky point with intersection 
tween  !(!!) or !(!!) with trajectory of the debt protection, !(!!). Assum-
ing that equation 

(48)  ! !! = ! !!  
takes place then the Minsky point !! = !! might be found as the solution to  

(49)  ! = 2  ! !! . 
On the other hand, if there is an equation 
(50)  ! !! = ! !!  

then its solution might be found as 
(51)  ! + !(!!) = 2  ! !! . 
Evidently, the discrepancy between (49) and (51) is rather small since 

the option to buy new debt is out of the money for the small liquidity issu-
ance. 

 
Another view on system singularity  

 
The system singularity which is aftermath of zero equity condition at the 

critical point, ! !∗ = 0, might be deduced alternatively, via investors’ 
expectations, along the following reasoning. Remind, that according to 
equation (1) at any point of time the sum of expected values for money and 
debt is given by 

  (52)  !(!) = !(!) + !(!) . 
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The expected money aggregate, !(!) , at time ! is equal, by definition, 
to 

(53) !(!) = !! !" = !! exp !  ! !" = !!
!

(exp !" − 1)!
!

!
!  

due to expected money issuance given by equation (9). At the same time, 
by taking the expected debt value from (27) we get  

(54)  !(!) = !
!

!! = !
!

!! exp !  ! .  

Hence, by adding (53) and (54), the expected asset value at time ! be-
comes to be expressed as follows: 

(55)   !(!) = !!
!

(!
!

exp !" − 1). 

Taking the time of a crisis as !∗ = 0 , which takes place at the critical 
point of money issuance, !∗ = !!, we get the total asset value (55) as 

(56)  !(!∗) = !(!∗) = !(!∗) . 
Hence, analysis of investors’ expectations leads to the same result as be-

fore: the value of total assets at the critical point (due to herding) consists of 
expected debt only. As such, the result (56) would have suggested also the 
ergodic character of financial processes but this assertion is in need of the 
further exploration. 

Yet one more important comment should be made with regard to the 
“absolute” quantities of debt, money and value of total assets. Comparing 
equation (1) being evaluated at the time of a crisis !∗ = 0  

(57)  !(!∗) = !(!∗) + !(!∗)   
with equation (17) evaluated at the critical point    ! = !∗ 

(58)   ! !∗ = ! !∗ + ! !∗  
we have to conclude that  

(59)  !(!∗) = ! !∗ = 0  
since ! !∗ = 0 due to (38). Since total money aggregate is a nonzero 
quantity, equality (59) being taken literally, forms a logical contradiction. 
In fact, this controversy is a spurious one, and it could be explained as a 
mere manifestation of the system singularity. Any financial crisis, or event, 
that takes place at the critical point, is a crisis of liquidity. Hence equality 
!(!∗) = ! !∗ = 0 is just a demonstration of the fact that at the critical 
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point amount of liquidity is negligible comparing to the total debt value. 
Money expectation is zero at the critical point while the random quantity of 
money is not. Crisis, by definition, destroys the system which becomes sin-
gular at the critical point which is manifested by “zero-money” condition 
(59).  

 
Numerical primer  

 
The model described above is illustrated numerically using the follow-

ing, quite realistic, parameters. Assume a system with nominal debt of 400 
billion of dollars, ! = $400!", riskless rate of return per annum, ! = 0.05, 
and annual risk-adjusted interest rate, ! = 0.07. The latter equals to the 
sum of current yield,  ! = 0.045, and annual capital gain, ! = 0.025. 
Amount of risks (per annum) in the system being measured by its volatility 
is equal to the quantity, ! = 0.15.  

The characteristic equation of such a system: 
0.5×  0.15!! ! − 1 + 0.05 − 0.045 ! − 0.05 = 0 

has two distinct real roots: !! = −0.099, and !! = 2.404 > 1 of which 
only the positive root has an economic meaning. It is shown in Fig. 6. It is 
interesting to note that in general case financial processes in the model are 
fractals and are not too far from the so called “cubic law” (Lux, 2006).  

The graph depicted in Fig. 7 demonstrates the system behavior and its 
major characteristics. The critical point of money issuance being defined as 
in (32) is equal in our example to 

!∗ = !.!
!.!

×0.045×400 = $30.86!". 

This quantity defines the expected value of a debt at the critical point: 

! !∗ = !
!.!"#

×30.86 = $685.75!", 

and the value of new debt: 
! !∗ = 0.0761×30.86!.! = $285.74!" 
where constant ! = 0.0761. Hence at the critical point !∗ = 30.86  (billion 
of dollars) the expected value of debt equals to $685.75 bn, the latter being 
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the sum of the nominal debt ($400bn) plus new debt ($285.7bn) with a 
small error. 

 

 
Fig. 6. Characteristic equation and roots 

 
Were total assets !(!∗) to be comprised of nominal debt, ! = $400!", 

and equity, ! !∗ = $285.7!", that is totaling to the same amount as be-
fore, $685.7bn, the system though being fragile would have survived with 

probability of Pr[ !"!] = !"#.!
!"#.!"

= 0.42. Alternatively, the same magnitude 

of the “distance-to-default” probability could be given by the quantity 
Pr !"! = !

!
= 0.42. 

At the critical point with zero total equity, ! !∗ = 0, being a direct 
consequence of herding, investors would expect their debt at the amount of 
$685.7bn. In this case, the system’s default would have happened for sure 
with probability of 1.0.  

In the model the system’s losses, incurred as a result of a crisis, are 
amounted to the nominal debt, ! = $400!". It is due to the model defini-
tion of a crisis which is associated with no debt guaranties, ! !∗ = 0. Af-
ter the crisis the shocked investors resumed their activity very slowly and 
cautiously. These features are reflected in Fig. 7 via rapid growth of debt 
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guaranties in the crisis aftermath. Hence the value of owners’ equity at the 
point ! = ! becomes equal to the total asset value: 

(60) ! ! = ! ! = ! ! + !(!) 
which is an evident exaggeration. While being in no contradiction to the 
reality it nevertheless reflects some crudeness of the model as well. 
 

 
Fig. 7. The Minsky phases in finance 

 
The Minsky point, !! = !! is defined by the equality of debt guaranties 

to the market (49) or the expected (51) debt value, and equals to either 9.8 
bn or 9.3 bn , respectively. Note, that in (Cassidy, 2009) the so called Min-
sky point was identified with the beginning of financial market meltdown. 
As shown in Fig. 7 the system approaches the Minsky point through specu-
lation (phase II). At this point rational behavior of investors is being trans-
formed into reckless Ponzi game (phase III in the Minsky parlance) and the 
process becomes autocatalytic eventually ending up in total crisis. Phases II 
and III together form financial bubble that burst at the point of the critical 
money issuance ! = !∗. 
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Interesting feature of the model proposed is that it gives the same 
amount of assets at the critical point ! = !∗ the latter being evaluated by 
different methods. Thus from equation (40), being evaluated at the critical 
point, we estimate financial assets ! !∗  which (for the numerical primer 
parameters) is amounted to $685.74bn: 

 ! !∗ = $400 + $285.74 = $685.74!". 
Using the same numerical parameters, we get the total asset value at the 

moment of crisis via equation (51) being evaluated at the moment of crisis, 
!∗ = 0, as 

!∗ =
30.86
0.025

0.07
0.045

− 1 = $685.78 

which is virtually the same. This similarity of numerical results might be 
argued as an indication of the model consistency.  

The model reveals important feature of a crisis aftermath: the central 
bank has to increase liquidity further in order to overcome “zero money” 
condition (59). This corresponds closely to monetary policy of central 
banks during the current financial meltdown. Total losses in the model are 
equal to the debt par value due to the zero guaranties, !∗ = 0 . After the 
collapse, behavior of investors becomes very cautious: they prefer to form 
debt guaranties in the first place thus making the system safer than before 
the crisis. Gradually investors’ confidence improves while their actions be-
come more arrogant, and the cycle repeats itself. It is easy to find the strik-
ing resemblance of the model behavior to the well known cycle in finance 
as described by H. Minsky (2008). 

 
Financial bubble singularity 

 
It should be noted that the proposed model described just an emergence 

of a financial bubble. The origins of the latter have been hidden in the nor-
mal conditions that allow for the investors’ exercising the appropriate call 
and put options implying persistent substitution of the market debt value, 
!(!!), for its expected value, !(!!). At the critical point the market might 
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arrive dually depending upon the existence of herding. Without herding 
investors would orient themselves around the market debt value (41), hence 
the probability of a total default is strictly less than unity (44). The herding 
process has an important implication: to be consistent, investors have to use 
the expected instead of the market debt value, as a guideline, because the 
former serves as a better benchmark in the atmosphere of everybody’s fren-
zy being fed by accelerating price increases. Asset prices bifurcate at the 
Minsky point that initiates the process of asset prices deviation. At the criti-
cal point, where the price divergence reaches its maximum (40), investors, 
all of a sudden, realize that their own capital becomes zero because ex-
pected debt becomes equal to the total asset value (45). That awareness 
smashes everybody’s confidence in a system: market participants start to 
sell en masse, asset prices drop dramatically, and the system collapses.  
A posteriori probability of a total default (crisis) becomes equal to one (46) 
while financial leverage starts to grow indefinitely, and the system col- 
lapses.  

By implying persistent substitution of the market debt value for its ex-
pected value, the model characterizes an emergence of a financial bubble. 
The author believes that its origins are rooted in the normal market condi-
tions as was noted by (Cooper, 2008). Since investors are allowed for exer-
cising the appropriate call and put options, the model suggests the existence 
of the finite, however large, value of the debt outstanding at the critical 
point of money issuance. In the model the important feature of such a pro-
cess is the existence of the finite, however large, amount of the debt, !(!∗), 
at the critical point of money issuance, !! = !∗. This feature, though empir-
ically quite correct since in reality debt outstanding is always a finite 
amount, theoretically poses the main deficiency of the model.  

Looking at this angle, linear function ! !!  serves as a poor representa-
tion of asset prices dynamics near the critical point since the latter is a high-
ly nonlinear one being chosen by the herd of investors. Hence, formally, it 
seems to be more preferable to represent asset prices dynamics near the 
critical point as a singular process. Such an approach implies that the es-
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sence of herding is not only in the asset prices overvaluation but in the 
transformation of investors’ behavior into a highly nonlinear process of 
autocatalytic type. Thus, the epicenter of all events has to be focused on the 
new debt acquiring where investors compete and mimic each other in the 
process of herding. The pronounced mimicry of investors forces both the 
debt value and its derivatives (both in financial and mathematical sense of 
this term) to increase which explains its ultimate singularity.  

Historically, financial bubbles were always precursors of crises which 
emerged almost always in the aftermath of a bubble burst (Kindleberger, 
2000). Bursting bubble, in its turn, could be represented formally via debt 
singularity that appears due to herding. Singularity takes place for the sys-
tems of the infinite dimension while empirically all the systems are of finite 
dimensionality. Such a contradiction, well known in the natural sciences, 
manifests itself in the instable characteristic scale while samples are in-
creasing.  

Theoretically, the essence of herding is shown up not only as asset pric-
es overvaluation but primarily through the transformation of investors’ be-
havior into a highly nonlinear process of autocatalytic type. Their pro-
nounced mimicry not only forces the debt value to increase but increases its 
speed (first derivative) as well. The asset prices start to behave both in non-
linear and almost deterministic manner. The stock quotations become a 
commonplace: the story goes that in 1929 Joe Kennedy (the father of the 
future US President) liquidated his portfolio when he heard that a shoeshine 
boy was giving stock tips. The trajectory of the blown asset prices becomes 
the only one along which the singularity might take place. In other words, 
in the process of herding, more precisely, in the small neighborhood of the 
critical point, investors completely ignore the possibility of the “normal” 
debt reimbursement which is implied by finite amount of the par debt. 
Thus, the epicenter of all events shifts to the process of acquiring of the 
new debt where investors compete and mimic each other. Such a process 
becomes a wholly irrational one for investors completely ignore the mere 
notion of the fair price of an asset. Taking these considerations into ac-
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count, the new debt function (34) has to be modified in order to describe the 
singular process. The simplest modification of this sort is the following: 

(61) !! = !!!
! + ℎ ∗ (!∗ − !!)!! , 

where the herding parameter is 

ℎ =
1, !"  ℎ!"#$%&;

  0, !"  !"  ℎ!"#$%&;  

and ! = 2.39 is one of the percolation invariant constants (Stauffer,2009). 
As it might be seen from Fig. 8, herding modifies the new debt function 
(34) significantly only in the small neighborhood of the critical point !∗. 

 

 
 

Fig. 8. The new debt function singularity 
 
In our numerical example the new debt function was taken as 
! !! = 0.076!!

!.! + ℎ ∗ (30.81 − !!)!!.!" . 
It adds to the new debt value just 0.000276 at !! = 0, 1.473 at !! = 30 

and 11.493 at !! = 30.5 , but afterwards increases very fast. Thus in the 
vicinity of the critical point the new debt function (61) dominated entirely 
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by its second component and thus loses completely all the qualities of the 
call option. Ignoring in (61) the first component and differentiating we get 

(62) !"
!"
~(!∗ − !!)!!!! 

where (~) is the sign of asymptotic equality. According to (62) the process 
of acquiring the new debt is accelerated quickly in the small neighborhood 
of the critical point at which singularity takes place. 

Bubbles occur when investors develops an enthusiasm for particular 
class of assets like stocks in the late 1990ties or houses in the beginning of 
2000ties. Quickly blowing financial bubbles could be studied via models of 
financial percolation. Percolation is a huge body of knowledge with a large 
spectrum of applications from physics to chemistry, to earthquakes to ava-
lanches to forest fires (Stauffer, 2009). In finance percolation models are 
useful in describing interactions of investors via geometric configurations 
of sites being formed randomly on a large 2D grid. Monte Carlo simulation 
of percolation models shows that in the vicinity of a critical point these in-
teractions might lead to formation of a huge spanning cluster of sites that 
transforms the quality of the financial system. The latter is due to a sudden 
increase of the “connectedness” among the hitherto independent financial 
investors (Smirnov, 2007, 2010). It follows that near the critical point fi-
nancial bubble starts to expand in a highly nonlinear manner, probably first 
noticed by J.M. Keynes in his description of “speculation” and “enterprise” 
in financial market (Keynes, 1936). The model demonstrates that since in-
vestors acquire new debt unboundedly, the total debt value at the critical 
point becomes infinite, and the bubble bursts very quickly.  

It follows that near the critical point ! = !∗ financial bubble starts to ex-
pand in a highly nonlinear manner which bursts very quickly as represented 
in Fig. 9. Being stimulated by herding investors acquire all new debt un-
boundedly, hence the total debt value at the critical point becomes infinite. 
In reality that signifies the burst of a bubble or the system singularity at the 
critical point. Looking at the different angle, however large amount of 
money becomes, in fact, negligibly small comparing to the infinitely large 
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debt value. The shortage of liquidity which is a financial crisis per ce, is a 
result of the eventual bursting of a financial bubble that takes place at the 
critical point of money issuance. To overcome the consequences of a crisis, 
the money issuance in the model should be increased even further than be-
fore the crisis. That precisely had been done by major central banks in the 
aftermath of credit crunch 2007–2009.  

 

 
 

Fig. 9. Financial bubble and crisis 
 
The trajectory of the blown bubble becomes the only one, and asset 

prices increase along it in nonlinear and almost deterministic manner. In the 
process of herding investors, quite in accordance with “the greater fool the-
ory”, completely ignore possibilities of “normal” reimbursement of the par 
debt finite amount. Volumes and prices of the new debt acquiring quickly 
accelerate, especially in the small neighborhood of the critical point. These 
considerations could be implemented as a new debt function being a solu-
tion to a Bernoulli differential equation. As it is well known, a simple Ber-
noulli process contains singularity. The latter represents the bubble burst 
which is inevitable result of herding. The bubble singularity can be ex-
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plained alternatively via growing leverage in the market characterized by 
increasing asset prices. This phenomenon was thoroughly explained in 
(Adrian and Shin, 2008).  

Looking from the different angle, singularity could be explained as a 
natural consequence of interactions between debt and money. At the critical 
point however large, but finite amount of money becomes negligibly small 
comparing to the infinitely large debt value. The subsequent acute shortage 
of liquidity which, in effect, is a financial crisis per ce, appears as a result 
of eventual bursting of a financial bubble that takes place at the critical 
point. In the model to overcome the consequences of a crisis, money issu-
ance should be increased even further than before the crisis. In that aspect, 
as it seems, the model could explain paradoxical, at first glance, behavior of 
major central banks during the credit crunch 2007-09. In spite of the fact 
that “excess liquidity” had been considered as one of the major causes of 
the crisis, instead of evaporating its amount they dramatically increased 
asset side of their balance sheets in a prolonged process of “quantitative 
easing“. 
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