
Nonlinear Analysis 63 (2005) 1–22
www.elsevier.com/locate/na

A Banach algebra of functions of several variables
of finite total variation and Lipschitzian

superposition operators. II�

Vyacheslav V. Chistyakov∗
Department of Mathematics, State University Higher School of Economics, Bol’shaya Pechërskaya Street 25,

Nizhny Novgorod 603600, Russian Federation

Received 31 March 2004; accepted 24 March 2005

Abstract

We characterize superposition Nemytskii operators, which map the Banach algebra of functions of
n real variables with finite total variation in the sense of Vitali, Hardy and Krause into itself and satisfy
the global Lipschitz condition. Our results extend previous results in this direction by Matkowski and
Mi ś in [Math. Nachr. 117 (1984) 155–159] forn=1 and the author in [Monatsh. Math. 137(2) (2002)
99–114] forn = 2.
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1. Main results of Part II

This paper is a continuation of[5, Part I]. In order to make the presentation as independent
of Part I as possible, here we briefly recall definitions, lemmas and main theorems of[5]
and present the main results of this paper.
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Let N be the set of positive integers,n ∈ N be fixed andN0 = {0} ∪ N. Givenx ∈ Rn,
we writex = (xi | i ∈ {1, . . . , n}) = (x1, . . . , xn) and ify ∈ Rn, we say thatx = y, x�y,
y�x or x <y (in Rn) if and only if xi = yi , xi �yi , yi �xi or xi < yi for all i ∈ {1, . . . , n},
respectively. We setx ± y = (x1 ± y1, . . . , xn ± yn). If x�y in Rn, then-dimensional
rectangleI y

x with the endpointsx andy is defined byI y
x = [x1, y1] × · · · × [xn, yn] = {z ∈

Rn | x�z�y}.
In what follows we fixa, b ∈ Rn with a <b and the rectangleI b

a , called thebasic
rectangle, which will be the domain of most functions under consideration.

Greek letters will designatemultiindices, i.e., elements ofNn
0 = (N0)

n. Given� ∈ Nn
0

andx ∈ Rn, we set|�| = �1 + · · · + �n and�x = (�1x1, . . . , �nxn) ∈ Rn. We write 0
for (0, . . . ,0) ∈ Nn

0 and 1 for(1, . . . ,1) ∈ Nn
0; each time the dimension of the zero or

unit multiindex will be clear from the context. We also setA0(n) = {� ∈ Nn
0 | ��1} and

A(n) = A0(n)\{0}.
A summation over multiindices will be understood overn-dimensionalmultiindices, the

range of the summation will be specified under the summation sign. Thus, the sum
∑

�∈A(n)

will be written as
∑

0�=��1.

TheVitali nth mixed difference off :I b
a → R on the subrectangleI y

x ⊂ I b
a , where

a�x <y�b, is the quantity[10]:

mdn(f, I
y
x ) =

∑
0���1

(−1)|�|f (x + �(y − x)).

TheVitali nth variation [7,10] of f : I b
a → R is defined by

Vn(f, I
b
a ) = sup

P

∑
1����

|mdn(f, I
x[�]
x[�−1])|, (1.1)

where the supremum is taken over all multiindices� ∈ Nn and all partitionsP={x[�]}��=0
of I b

a ; here by a (net) partitionP of I b
a we understand a collection of points of the form

x[�] ≡ (x1(�1), . . . , xn(�n)) fromI b
a indexed by�=(�1, . . . ,�n) ∈ Nn

0 with ���, written
as{x[�]}��=0, and satisfyingx[0] = a, x[�] = b andx[� − 1]<x[�] in Rn for all � ∈ Nn,
1����.

The lower order (Hardy and Krause) variation off : I b
a → R is introduced as follows.

Let � ∈ A(n). Given x ∈ Rn, we define thetruncation of x by� by x�� = (xi | i ∈
{1, . . . , n}, �i = 1) ∈ R|�| andI b

a �� = I
b��
a�� . If z ∈ I b

a , we define thetruncated function

f z
� : I b

a �� → R with the base at zby

f z
� (x��) = f (z + �(x − z)), x ∈ I b

a .

The |�|-variation of f, denoted byV|�|(f a
� , I b

a ��), is the value (1.1) wheren on the left is
replaced by|�|, f — by f a

� andI b
a — by I b

a ��.
The total variationof f : I b

a → R in the sense of Hildebrandt[6, III.6.3] and Leonov
[7] (see also[5]) is defined by

TV(f, I b
a ) =

∑
0�=��1

V|�|(f a
� , I b

a ��). (1.2)
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We set BV(I b
a ; R) = {f : I b

a → R|TV(f, I b
a )<∞} and equip it with the norm ([6, III.6.3]

if n = 2, [7] for all n ∈ N):

‖f ‖ = |f (a)| + TV(f, I b
a ), f ∈ BV(I b

a ; R). (1.3)

The main result of Part I is the following:

Theorem 1 (Chistyakov[5, Theorem 1]). The spaceBV(I b
a ; R) is a Banach algebra with

respect to the usual pointwise operations and norm(1.3),and the following inequality holds:
‖f · g‖�2n ‖f ‖ · ‖g‖ for all f, g ∈ BV(I b

a ; R).

Let RI be the algebra of all functionsf : I → R from I = I b
a into R equipped with the

pointwise operations andh : I × R → R be a given function. Thesuperposition operator
H = Hh : RI → RI generated byh is defined by

Hf (x) ≡ H(f )(x) = h(x, f (x)), x ∈ I, f ∈ RI . (1.4)

As a consequence of Theorem 1 we get: ifh : I × R → R is given byh(x, u) = h1(x)u +
h0(x), x ∈ I b

a , u ∈ R, for some functionsh0, h1 ∈ BV(I b
a ; R), then the superposition

operatorH, generated byh, maps BV(I b
a ; R) into itself and is Lipschitzian: there exists a

nonnegative constantL (actually,L = 2n‖h1‖) such that

‖Hf 1 − Hf 2‖�L ‖f1 − f2‖ for all f1, f2 ∈ BV(I b
a ; R). (1.5)

It is the aim of this paper to show that the last assertion can be (at least partially) reversed, so
that it is almost a characterization of Lipschitzian superposition operatorsH on BV(I b

a ; R)

(see Theorem 3 and Corollary 4 below).
Givenf ∈ BV(I b

a ; R), we define theleft regularizationf ∗ : I b
a → R of f as follows: for

anyy ∈ I b
a , a <y�b, and any� ∈ A0(n) we set

f ∗(a + �(y − a)) = lim
x→(a+0)+�((y−0)−(a+0))

f (x). (1.6)

It is to be noted that “x → · · ·” under the limit sign in (1.6) means thatx=(x1, . . . , xn) ∈ I b
a ,

xi < yi for thosei ∈ {1, . . . , n} for which �i = 1, ai < xi for thosei for which �i = 0 and
x tends toa + �(y − a) in Rn (that is,xi → yi − 0 if �i = 1 andxi → ai + 0 if �i = 0,
i ∈ {1, . . . , n}). The existence of all the limits in (1.6) will be proved in Lemma 12 in
Section 4.

A functionf : I b
a → R is said to beleft continuousif f ∗(y) = f (y) for all y ∈ I b

a with
a <y�b. We denote by BV∗(I b

a ; R) the subset of BV(I b
a ; R) of those functions which are

left continuous.
The main results of Part II are the following two theorems.

Theorem 2. If f ∈ BV(I b
a ; R), thenf ∗ ∈ BV∗(I b

a ; R) and we have

V|�|((f ∗)a�, I b
a ��)�

∑
����1

V|�|(f a
� , I b

a ��), � ∈ A(n) (1.7)
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and, in particular,

Vn(f
∗, I b

a )�Vn(f, I
b
a ) and TV(f ∗, I b

a )�(2n − 1)TV(f, I b
a ). (1.8)

Theorem 3. LetH : RI → RI be the superposition operator generated by a function
h : I × R → R according to(1.4)with I = I b

a . If H mapsBV(I b
a ; R) into itself and is

Lipschitzian(in the sense of(1.5)), then the family{h(x, ·)}x∈Ib
a

: R → R is uniformly

Lipschitzian and there exist two functionsh0, h1 ∈ BV∗(I b
a ; R) such that

h∗(x, u) = h1(x)u + h0(x), x ∈ I b
a , u ∈ R, (1.9)

whereh∗(x, u) is the left regularization of the functiony �→ h(y, u) at the pointx ∈ I b
a for

each fixedu ∈ R.

This theorem contains as particular cases the results of[9] (for n=1) and[2] (for n=2).
As a corollary, we get:

Corollary 4. Suppose the generatorh : I b
a × R → R of a superposition operator H is

such thath∗ = h on I b
a × R. Then the following two conditions(i) and(ii) are equivalent:

(i) Hmaps the spaceBV(I b
a ; R) into itself and is Lipschitzian; (ii) there exist two functions

h0, h1 ∈ BV∗(I b
a ; R) such thath(x, u) = h1(x)u + h0(x) for all x ∈ I b

a andu ∈ R.

This paper (Part II) is organized as follows. In Section 2, we study properties of the total
variation. In Section 3, we establish properties of totally monotone functions. Theorem 2
will be proved in Section 4. In Section 5, we prove Theorem 3 and construct an example
showing the sharpness of Theorem 3 in the sense that in general one cannot replaceh∗ by
h in the representation (1.9). Finally, Section 6 is devoted to certain generalizations of the
main results when functions under consideration have their values in normed linear spaces.

The main results of this paper were announced in[3,4].
To end this section, we recall some facts concerning properties of mixed differences of

all orders established in[5] and needed below. Lemmas 5–7 below are respective Lemmas
5–7 from[5].

Lemma 5. If f : I b
a → R, x, y ∈ I b

a , x�y, z ∈ I b
a and� ∈ A(n), then

md|�|(f z
� , I

y
x ��) =

∑
0����

(−1)|�|f (z + �(x − z) + �(y − x)). (1.10)

In particular, if z = a or z = x, we have, respectively,

md|�|(f a
� , I

y
x ��) = md|�|(f a+�(x−a)

� , I
y

a+�(x−a)��), (1.11)

md|�|(f x
� , I

y
x ��) =

∑
0����

(−1)|�|f (x + �(y − x)). (1.12)
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Lemma 6. Givenf : I b
a → R, x, y ∈ I b

a , x <y, and� ∈ A(n), we have

f (x + �(y − x)) − f (x) =
∑

0�=���

(−1)|�|md|�|(f x
� , I

y
x ��).

Lemma 7. If f : I b
a → R, x, y ∈ I b

a , x <y, and� ∈ A(n)\{1}, then
md|�|(f x

� , I
y
x ��) = (−1)|�| ∑

����1

(−1)|�|md|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��).

2. Properties of the total variation

The fundamental well-known property of mdn andVn (and consequently, ofV|�| for each
� ∈ A(n), taking into account obvious modifications) is theadditivity, i.e., ifP={x[�]}��=0
is a partition ofI b

a andf ∈ BV(I b
a ; R), then

mdn(f, I
b
a ) =

∑
1����

mdn(f, I
x[�]
x[�−1]) and Vn(f, I

b
a ) =

∑
1����

Vn(f, I
x[�]
x[�−1]).

From Lemma 6 and definition (1.2) we get the following inequality due to Leonov
([7, Corollary 5]):

|f (y) − f (x)|�TV(f, I
y
x ), f ∈ BV(I b

a ; R), x, y ∈ I b
a , x�y, (2.1)

which generalizes the well-known property of functions of bounded variation of one variable
onto BV functions of several variables. In the following lemma we present one more property
of this type, which is classical forn = 1 and known forn = 2 (cf. inequality (22) from[2]
if n = 2).

Lemma 8. If f ∈ BV(I b
a ; R) andx, y ∈ I b

a , x�y, then

TV(f, I
y
x )�TV(f, I

y
a ) − TV(f, I x

a ).

Proof. 1. We start with the following observation: givenf : I b
a → R, x, y ∈ I b

a , x�y,
and� ∈ A(n),

if xi = yi and�i = 1 for somei ∈ {1, . . . , n}, thenV|�|(f a
� , I

y
x ��) = 0. (2.2)

In fact, if � ∈ A0(n), ���, we set� = (�1, . . . , �i−1,1 − �i , �i+1, . . . , �n) and employ
formula (1.10) withz = a. Since�i = 1, we have���. The multiindices� and� are of
different evenness and, moreover, because

ai + �i (xi − ai) + �i (yi − xi) = xi = ai + �i (xi − ai) + �i (yi − xi),

we havea+�(x−a)+�(y−x)=a+�(x−a)+�(y−x). It follows that the sum of two terms
from (1.10) corresponding to� and� vanishes, and since such pairs� and� exhaust the
set{� ∈ A0(n) | ���}, we infer that md|�|(f a

� , I
y
x ��) = 0. Now if x′, y′ ∈ I

y
x , x′ �y′, are
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arbitrary, sincex′
i =xi =yi =y′

i , similar arguments apply to show that md|�|(f a
� , I

y′
x′ ��)=0.

Then the definition of|�|-variation impliesV|�|(f a
� , I

y
x ��)=0, which ends the proof of (2.2).

In what follows we will prove the following assertion equivalent to the inequality in our
lemma: iff ∈ BV(I b

a ; R), x, y ∈ I b
a , x <y, and� ∈ A(n), then

TV(f, I
x+�(y−x)
x )�TV(f, I

x+�(y−x)
a ) − TV(f, I x

a ).

2. Let us show that if� ∈ A(n), then

V|�|(f x
� , I

y
x ��)�

∑
����1

V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��). (2.3)

Note that ifx�x <y, then (1.11) witha replaced byx andx—by x and Lemma 7 withx
replaced byx + �(x − x) imply

md|�|(f x
� , I

y

x ��) = md|�|(f x+�(x−x)
� , I

y

x+�(x−x)��)
= (−1)|�| ∑

����1

(−1)|�|md|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��). (2.4)

LetP={x[�]}��=0 be a partition ofI y
x , so that� ∈ Nn,x[0]=x,x[�]=y andx[�−1]<x[�]

for all � ∈ Nn, ���. We have⋃
���

I
x+�(x[�]−x)
a+�(x[�−1]−a) = I

x+�(y−x)

a+�(x−a)

is the union of nonoverlapping rectangles taken only over those�i in the range 1��i ��i ,
for which�i = 1, i ∈ {1, . . . , n}. Settingx = x[� − 1] andy = x[�] in (2.4) and taking into
account the additivity property ofV|�| we get∑

���
|md|�|(f x

� , I
x[�]
x[�−1]��)|�

∑
���

∑
����1

|md|�|(f a
� , I

x+�(x[�]−x)
a+�(x[�−1]−a)��)|

�
∑

����1

∑
���

V|�|(f a
� , I

x+�(x[�]−x)
a+�(x[�−1]−a)��)

=
∑

����1

V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��)

from which (2.3) follows.
3. Taking into account that

I
yi
ai

= [ai, yi] = [ai, xi] ∪ [xi, yi] =
⋃

�i=0,1

I
xi+�i (yi−xi )

ai+�i (xi−ai )
, i = 1, . . . , n

for each� ∈ A(n) we have the following union of nonoverlapping rectangles:

I
x+�(y−x)
a �� =

⋃
0�����

(I
x+�(y−x)

a+�(x−a) ��) = (I x
a ��) ∪

⋃
0�=����

(I
x+�(y−x)

a+�(x−a) ��). (2.5)
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This and the additivity property ofV|�| imply

V|�|(f a
� , I

x+�(y−x)
a ��) = V|�|(f a

� , I x
a ��) +

∑
0�=����

V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��). (2.6)

Now we estimate the total variation off overI x+�(y−x)
x . If � ∈ A(n) and���, then�i = 1

and�i =0 for somei ∈ {1, . . . , n} or,xi + �i (yi −xi)=xi and�i =1, and so, by (2.2) with

a=x,V|�|(f x
� , I

x+�(y−x)
x ��)=0. Moreover, we note that if���, then(x+�(y−x))��=y��.

These remarks together with (1.2), (2.3) and (2.6) yield:

TV(f, I
x+�(y−x)
x ) =

∑
0�=���

V|�|(f x
� , I

x+�(y−x)
x ��)

=
∑

0�=���

V|�|(f x
� , I

y
x ��)

�
∑

0�=���

∑
����1

V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��) (2.7)

=
∑

0�=��1

∑
0�=����

V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��)

=
∑

0�=��1

(V|�|(f a
� , I

x+�(y−x)
a ��) − V|�|(f a

� , I x
a ��))

= TV(f, I
x+�(y−x)
a ) − TV(f, I x

a ) (2.8)

and the desired inequality follows.�

3. On totally monotone functions

Recall that a functionf :I b
a → R is said to betotally monotone(e.g., [7,11]) if

(−1)|�|md|�|(f x
� , I

y
x ��)�0 for all � ∈ A(n) and x, y ∈ I b

a , x�y. In this casex�y

implies V|�|(f x
� , I

y
x ��) = (−1)|�|md|�|(f x

� , I
y
x ��), so that, by Lemma 6 with� = 1,

f (x)�f (y) and TV(f, I y
x ) = f (y) − f (x).

Givenf ∈ BV(I b
a ; R), the function�(x) ≡ �f (x) = TV(f, I x

a ), x ∈ I b
a , is called the

total variation functionof f. We have

Lemma 9. If f ∈ BV(I b
a ; R), � ∈ A(n), andx, y ∈ I b

a , x�y, then

(−1)|�|md|�|(�x�, I
y
x ��) =

∑
����1

V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��).
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Proof. By (1.12) and definitions of� and TV, we get

md|�|(�x�, I
y
x ��) =

∑
0����

(−1)|�|�(x + �(y − x))

=
∑

0�=��1

∑
0����

(−1)|�|V|�|(f a
� , I

x+�(y−x)
a ��). (3.1)

Let us show that the sum over� ∈ A(n) can be replaced by the sum over� ∈ A(n) with
��� or, in other words, if� ∈ A(n) and���, then∑

0����

(−1)|�|V|�|(f a
� , I

x+�(y−x)
a ��) = 0. (3.2)

In fact, #{� ∈ A0(n) | ���} = 2|�| is an even number, and since���, there existsi ∈
{1, . . . , n} such that�i = 0 and�i = 1, and so, in the union

{� ∈ A0(n) | ���} = {� ∈ A0(n) | ���, �i = 1} ∪ {� ∈ A0(n) | ���, �i = 0}
the sets on the right are disjoint and have the same number of elements equal to 2|�|−1. If
� ∈ A0(n), ���, we set�=(�1, . . . , �i−1,1−�i , �i+1, . . . , �n), so that� ∈ A0(n), ���
and||�|− |�||= 1. Since�i = 0, we have(x + �(y − x))��= (x + �(y − x))��, and so, the
sum of the two terms on the left in (3.2) corresponding to� and� vanishes, and equality
(3.2) follows.

By virtue of (2.6) (with� replaced by� ∈ A0(n)),

V|�|(f a
� , I

x+�(y−x)
a ��) =

∑
0�����

V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��)

and so, (3.1) yields (note that in the third sum below conditions���, ��� and��� imply
���)

md|�|(�x�, I
y
x ��) =

∑
����1

∑
0����

(−1)|�| ∑
0����

V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��)

=
∑

����1

∑
0����


 ∑

�����

(−1)|�|

V|�|(f a

� , I
x+�(y−x)

a+�(x−a) ��).

Let us denote the quantity in square brackets byc�. If ����� andj =|�|, then|�|�j � |�|,
and since

#{� ∈ A0(n) | �����, |�| = j} = C
j−|�|
|�|−|�|, whereCi

m = m!
i!(m − i)! (3.3)

(with the usual convention that 0! = 1), we have:

c� =
|�|∑

j=|�|
(−1)jCj−|�|

|�|−|�| =
{
(−1)|�|(1 − 1)|�|−|�| = 0 if � �= ���,
(−1)|�| if � = �,

which completes the proof of Lemma 9.�
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As a corollary, we get the following result due to Leonov[7, Theorem 3]:

Corollary 10. If f ∈ BV(I b
a ; R), then the total variation function� = �f and the function

� = � − f are totally monotone.

Proof. That � is totally monotone is a consequence of Lemma 9 and the definition of
monotonicity. The total monotonicity of� is a consequence of (1.12) and Lemmas 9 and 7:
if � ∈ A(n) andx, y ∈ I b

a , x�y, then

(−1)|�|md|�|(�x
�, I

y
x ��) = (−1)|�|md|�|(�x�, I

y
x ��) − (−1)|�|md|�|(f x

� , I
y
x ��)

=
∑

����1

[V|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��) − (−1)|�|

× md|�|(f a
� , I

x+�(y−x)

a+�(x−a) ��)]�0. �

Corollary 11. If f ∈ BV(I b
a ; R) and� ∈ A(n), then

V|�|(�a�, I b
a ��) =

∑
����1

V|�|(f a
� , I a+�(b−a)

a ��)

and, in particular, Vn(�, I b
a ) = Vn(f, I

b
a ) andTV(�, I b

a ) = TV(f, I b
a ).

Proof. Givenx, y ∈ I b
a ,x�y, applying (1.11) and Lemma 9 withxreplaced bya+�(x−a),

we get

(−1)|�|md|�|(�a�, I
y
x ��) = (−1)|�|md|�|(�a+�(x−a)

� , I
y

a+�(x−a)��)
=

∑
����1

V|�|(f a
� , I

a+�(y−a)

a+�(x−a) ��).

LetP = {x[�]}��=0 be a partition ofI b
a . The additivity ofV|�| gives:∑

���
|md|�|(�a�, I

x[�]
x[�−1]��)| =

∑
���

(−1)|�|md|�|(�a�, I
x[�]
x[�−1]��)

=
∑

����1

∑
���

V|�|(f a
� , I

a+�(x[�]−a)
a+�(x[�−1]−a)��)

=
∑

����1

V|�|(f a
� , I a+�(b−a)

a ��).

It remains to note that, by virtue of (2.7)–(2.8) with� = 1, x = a andy = b,

TV(�, I b
a ) =

∑
0�=��1

V|�|(�a�, I b
a ��)

=
∑

0�=��1

∑
����1

V|�|(f a
� , I a+�(b−a)

a ��) = TV(f, I b
a ). �
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4. The left regularization

In order to prove the first main result of Part II (Theorem 2 in Section 1), we first show
that the limits on the right in (1.6), defining the left regularizationf ∗ of a functionf ∈
BV(I b

a ; R), do exist.

Lemma 12. If f ∈ BV(I b
a ; R), the functionf ∗ : I b

a → R given by(1.6) is well defined.

Proof. For the sake of clarity we divide the proof into four steps.
Lety ∈ I b

a , a <y�b, � ∈ A0(n) andx ∈ I b
a be such thatxi < yi for thosei ∈ {1, . . . , n}

for which �i = 1 andai < xi for the remainingi’s.
1. Given� ∈ A(n), (1.10) and the change of variables� �→ � − � yield:

md|�|(f a+�(y−a)
� , I

x+�(y−x)

a+�(x−a) ��)
=

∑
0����

(−1)|�|f (a + �(y − a) + (� − �)�(x − y) + �(1 − �)(x − a))

= (−1)|�| ∑
0����

(−1)|�|f (a + �(y − a) + ��(x − y)

+ (� − �)(1 − �)(x − a)). (4.1)

2. We have the following counterpart of Lemma 6:

f (x)−f (a+�(y−a))=
∑

0�=��1

(−1)|�(1−�)|md|�|(f a+�(y−a)
� , I

x+�(y−x)

a+�(x−a) ��). (4.2)

In order to prove it, we note (see (4.1)) that, given	, 
 ∈ A0(n), 0�	��, 0�
�1 − �
and� ∈ A(n), the system of equations{�� = 	, (� − �)(1− �) = 
} has a unique solution
� ∈ A0(n), ���, if and only if ��	 ∨ 
 ≡ max{	, 
}; moreover, this solution is given
by � = �(1 − �) + 	 − 
 = �(1 − � + 	 − 
) and we have|�| = |�(1 − �)| + |	| − |
|.
Consequently, the right-hand side of (4.2) can be rewritten, by virtue of (4.1), as the sum
of terms of the form

c(	, 
) · f (a + �(y − a) + 	(x − y) + 
(x − a))

over all multiindices 0�	�� and 0�
�1−�. To evaluate the factorc(	, 
), we set�=	∨

and note that (cf. (3.3))

#{� ∈ A(n) | ���, |�| = i} = C
i−|�|
n−|�| if max{1, |�|}� i�n

and so, the right-hand side of (4.2) and (4.1) imply

c(	, 
) = (−1)|	|+|
|
n∑

i=max{1,|�|}
(−1)iCi−|�|

n−|�|.

The binomial formula gives:c(0,0)=−1 (which corresponds tof (a+�(y −a))), c(�,1−
�) = 1 (which corresponds tof (x) ), andc(	, 
) = 0 otherwise.
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3. The following equality is a variant of Lemma 7: ifx, y ∈ I b
a , x <y, and� ∈ A(n),

we have

(−1)|�|md|�|(f a+�(y−a)
� , I

y

x ��)=
∑

�����∨�

(−1)|�|md|�|(f a+�(x−a)

� , I
y+�(y−y)

a+�(x−a) ��),

(4.3)

where� ∨ � ≡ max{�, �} = � + � − ��.
In fact, according to (1.10) the left-hand side of (4.3) is equal to

(−1)|�| ∑
0����

(−1)|�|f (a + �(1 − �)(y − a) + �(x − a) + �(y − x)) (4.4)

and the right-hand side of (4.3) is the expression∑
�����∨�

(−1)|�| ∑
0�
��

(−1)|
| f (a + �(x − a) + 
[y − a + �(y − y − x + a)])︸ ︷︷ ︸
f (···)

.

(4.5)

Clearly, (4.5) can be written as the sum of terms of the formc
 ·f (· · ·) over all
 ∈ A0(n),

��∨�. Let 0�
��∨�, and let us calculatec
. We set�=�∨
 and note that�����∨�,
since

��� = � + (1 − �)
�� + (1 − �)(� + � − ��) = � ∨ (� ∨ �) = � ∨ �.

It follows that|�|� |�|� |� ∨ �|. If |�|� i� |� ∨ �|, then, again by (3.3),

#{� ∈ A(n) |����� ∨ �, |�| = i} = C
i−|�|
|�∨�|−|�|

and so, (4.5) implies

c
 = (−1)|
|
|�∨�|∑
i=|�|

(−1)iCi−|�|
|�∨�|−|�| = (−1)|
|+|�|

|�∨�|−|�|∑
j=0

(−1)jCj
|�∨�|−|�|

=
{
(−1)|
|+|�| if |�| = |� ∨ �|,
0 if |�|� |�|< |� ∨ �|.

We have:|�|= |�∨ �| if and only if �=�∨ � if and only if there exists a unique� ∈ A0(n)

such that��� and
 = �(1 − �) + �. Indeed, if
 ∈ A0(n) and� ∨ 
 = � ∨ � (recall
that� = � ∨ 
), then
�� ∨ 
 = � + �(1 − �), and so,
 − �(1 − �)��; also, equality
� ∨ 
 = � ∨ � yields
��(1− �), for otherwise there existsi ∈ {1, . . . , n} such that
i = 0
and�i (1 − �i ) = 1, so that�i ∨ 
i = �i �= �i + 1 = �i ∨ �i . It remains to define 0����
by � = 
 − �(1 − �).

Now, let� ∈ A0(n), ��� (as in (4.4)). Setting
 = �(1 − �) + �, we find

|
| = |�(1 − �)| + |�| and |�| = |� ∨ 
| = |� ∨ �| = |�| + |�(1 − �)|
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and so,c
 = (−1)|�|(−1)|�|; it also follows that

a + �(x − a) + 
[y − a + �(y − y − x + a)]
= a + �(1 − �)(y − a) + �(x − a) + �(y − x).

On the other hand, if
 ∈ A0(n), 
�� ∨ � and
 �= �(1 − �) + �, thenc
 = 0. In this way
we have proved that (4.5) is equal to (4.4).

4. Supposef : I b
a → R is totally monotone. Given� ∈ A(n), we put

I� = {I = I
y

x �� | x, y ∈ I b
a , x < y}

and define a function (on rectangles)Q� : I� → R as follows: ifI ∈ I� is of the form
I = I

y

x �� for somex, y ∈ I b
a with x <y, we set:

Q�(I ) = (−1)|�|md|�|(f a+�(y−a)
� , I

y

x ��).
Sincef is totally monotone, it follows from (4.3) thatQ� is nonnegative, i.e.,Q�(I )�0 for
all I ∈ I�. On the other hand, (4.4) implies thatQ� is additive in the sense that if a rectangle
I ∈ I� is a finite union of nonoverlapping rectanglesIj ∈ I�, thenQ�(I ) =∑

j Q�(Ij ).
Consequently,Q� is monotone, i.e., ifI ′, I ′′ ∈ I� andI ′ ⊂ I ′′, thenQ�(I

′)�Q�(I
′′).

LetI�(a + �(y − a)) be the subset ofI� of all rectanglesI of the formI = I
x+�(y−x)

a+�(x−a) ��,

wherex ∈ I b
a is such thatxi < yi if �i = 1 andai < xi if �i = 0, i ∈ {1, . . . , n}. All

rectanglesI ∈ I�(a + �(y − a)) have the point(a + �(y − a))�� as a common vertex
and, asx → (a + 0) + �((y − 0) − (a + 0)), the rectanglesI x+�(y−x)

a+�(x−a) �� shrink to the
point(a + �(y − a))��. ConsideringI�(a + �(y − a)) as a directed set, the rectangles in it
being directed by inclusion, we find, due to the monotonicity ofQ�, that the Moore–Smith
limit (e.g., [6, Chapter 1]) of Q�(I ) over rectanglesI ∈ I�(a + �(y − a)) shrinking to
(a + �(y − a))�� exists and is equal to

q�(a + �(y − a)) ≡ lim
I∈I�(a+�(y−a))

Q�(I ) = inf {Q�(I ) | I ∈ I�(a + �(y − a))}.

It follows that

lim
x→(a+0)+�((y−0)−(a+0))

(−1)|�|md|�|(f a+�(y−a)
� , I

x+�(y−x)

a+�(x−a) ��) = q�(a + �(y − a))

and so, by (4.2), the desired limitf ∗(a + �(y − a)) exists and is equal to

f ∗(a + �(y − a)) = f (a + �(y − a)) +
∑

0�=��1

(−1)|�(1−�)|+|�| · q�(a + �(y − a)).

Now, if f ∈ BV(I b
a ; R), then, by Corollary 10, the total variation function� of fand�=�−f

are totally monotone, and so, as we have just seen, they admit the limits�∗(a + �(y − a))

and�∗(a + �(y − a)), respectively, and it remains to note thatf ∗(a + �(y − a)) = �∗(a +
�(y − a)) − �∗(a + �(y − a)). �

Proof of Theorem 2. First we show thatf ∗ is left continuous. It is known ([1], [6, III.5.4],
[11]) that the set of discontinuity points of any totally monotone function onI b

a lies on at
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most a countable set of hyperplanes of dimensionn − 1 parallel to the coordinate axes. By
Corollary 10, the same is true for our functionf. Therefore for eachy ∈ I b

a with a <y�b

there exists a sequence{xk}∞k=1 ⊂ I b
a of points of continuity off such thatxk < y for all

k ∈ N andxk → y in Rn ask → ∞. It then follows that

lim
x→y−0

f ∗(x) = lim
k→∞ f ∗(xk) = lim

k→∞ f (xk) = lim
x→y−0

f (x) = f ∗(y).

Now we prove inequalities (1.7) and (1.8). Let� ∈ A(n) andP= {x[�]}��=0 be a partition
of I b

a , so that� ∈ Nn, x[0] = a, x[�] = b andx[� − 1]<x[�] for all � ∈ Nn, 1����.
We set�� = ��1

1 · · ·��n
n . By definition off ∗, for each� ∈ Nn

0, 1����, we have:

f ∗(a + �(x[�] − a)) = lim
x→(a+0)+�((x[�]−0)−(a+0))

f (x)

and

f ∗(a) = lim
x→a+0

f (x)

and so, given
>0, there existx′[�] ∈ I b
a , x[� − 1]<x′[�]<x[�] anda′ ≡ x′[0] ∈ I b

a ,
a <a′ <x′[1] (note thatx′[�] anda′ depend on� and
) such that

|f ∗(a + �(x[�] − a)) − f (a′ + �(x′[�] − a′))|�
/(2|�|��),

|f ∗(a) − f (a′)|�
/(2|�|��). (4.6)

Taking into account (1.10) we have:

|md|�|((f ∗)a�, I
x[�]
x[�−1]��)|

=
∣∣∣∣∣∣
∑

0����

(−1)|�|f ∗(a + �(x[� − 1] − a) + �(x[�] − x[� − 1]))
∣∣∣∣∣∣

�

∣∣∣∣∣∣
∑

0����

(−1)|�|[f ∗(a + �(x[� − 1] − a) + �(x[�] − x[� − 1]))

−f (a′ + �(x′[� − 1] − a′) + �(x′[�] − x′[� − 1]))]
∣∣∣∣∣∣

+
∣∣∣∣∣∣
∑

0����

(−1)|�|f (a′ + �(x′[� − 1] − a′) + �(x′[�] − x′[� − 1]))
∣∣∣∣∣∣ . (4.7)

Noting that for��� the expressiona + �(x − a) + �(y − x) in the arguments off ∗ andf
can also be written in the form

a + �(x − a) + �(y − x) = [a + �(x − a)] + �([a + �(y − a)] − [a + �(x − a)])



14 V.V. Chistyakov / Nonlinear Analysis 63 (2005) 1–22

(and so, inequalities (4.6) apply) and that, by (1.10),

∑
0����

(−1)|�|f (a + �(x − a) + �(y − x)) = md|�|(f a
� , I

y
x ��),

applying (4.6) and (1.11), we proceed from (4.7) as follows:

�


 ∑

0����



2|�|��


+ |md|�|(f a′+�(x′[�−1]−a′)

� , I
x′[�]
a′+�(x′[�−1]−a′)��)|

≡ (
/��) + M�(�). (4.8)

By Lemma 7 withx = a′ + �(x′[� − 1] − a′) andy = x′[�], we get

M�(�)�
∑

����1

|md|�|(f a
� , I

a′+�(x′[�]−a′)
a+�(x′[�−1]−a)

��)|.

Taking this into account, summing inequalities (4.7)–(4.8) over all��� (i.e., over those�i ,
1��i ��i , for which�i = 1) and using the additivity property ofV|�| in the last inequality
below, we find∑

���
|md|�|((f ∗)a�, I

x[�]
x[�−1]��)|

�
∑
���



�� +

∑
����1

∑
���

|md|�|(f a
� , I

a′+�(x′[�]−a′)
a+�(x′[�−1]−a)

��)|

�
 +
∑

����1

∑
���

V|�|(f a
� , I

a′+�(x′[�]−a′)
a+�(x′[�−1]−a)

��)

= 
 +
∑

����1

V|�|(f a
� , I

a′+�(x′[�]−a′)
a+�(x′[0]−a)

��)

�
 +
∑

����1

V|�|(f a
� , I

a′+�(b−a′)
a+�(a′−a)

��),

whence, taking the supremum over all partitionsP of I b
a ,

V|�|((f ∗)a�, I b
a ��)�
 +

∑
����1

V|�|(f a
� , I b

a ��)

and (1.7) follows due to the arbitrariness of
>0. The first inequality in (1.8) follows from
(1.7) with � = 1 and the second inequality in (1.8) is a consequence of (1.7), (1.2) and
the facts that the right-hand side of (1.7) does not exceed the total variation TV(f, I b

a ) and
#A(n) = 2n − 1. �
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5. Lipschitzian superposition operators

This section is devoted to the proof of Theorem 3 and construction of an example (cf.
Theorem 14) showing that one cannot in general replaceh∗ byh in the representation (1.9).

Proof of Theorem 3. SinceH : BV(I b
a ; R)→ BV(I b

a ; R) is Lipschitzian, there exists a
constantL=L(H)>0 such that for allf1, f2 ∈ BV(I b

a ; R)we have‖Hf 1−Hf 2‖�L‖f1−
f2‖ or, more explicitly, using definitions (1.3) and (1.2),

|(Hf 1 − Hf 2)(a)| +
∑

0�=��1

V|�|((Hf 1 − Hf 2)
a
�, I

b
a ��)

�L


|(f1 − f2)(a)| +

∑
0�=��1

V|�|((f1 − f2)
a
�, I

b
a ��)


 . (5.1)

Givenr, s ∈ R, r < s, we define an auxiliary Lipschitz function�r,s : R → [0,1] by

�r,s(t) =
{0 if t �r,

(t − r)/(s − r) if r� t �s,

1 if t �s.

1. First we show that the family{h(x, ·) | x ∈ I b
a } is uniformly Lipschitzian:

|h(x, u1) − h(x, u2)|�2L|u1 − u2|, x ∈ I b
a , u1, u2 ∈ R. (5.2)

Givenx ∈ I b
a , we consider two cases: (i)x �= a, and (ii)x = a.

Case(i): There exista <x�b and� ∈ A(n) such thatx = a + �(x − a). If u1, u2 ∈ R,
we define two functionsf1, f2 ∈ BV(I b

a ; R) by

fj (y) = uj

|�|
n∑

i=1

�i�ai ,xi
(yi), a�y = (y1, . . . , yn)�b, j = 1,2. (5.3)

Let us calculate‖f1 − f2‖ (cf. (5.1)). Clearly,fj (a) = 0, j = 1,2, and if we setv(�) =
V|�|((f1−f2)

a
�, I

b
a ��) for � ∈ A(n), thenv(�)=�i |u1−u2|/|�| if |�|=�i =1, i=1, . . . , n

(note thatv(�) for |�| = 1 is the usual Jordan variation of the function(f1 − f2)
a
� of one

variable on the closed intervalI b
a ��). Also, v(�) = 0 if |�|�2; in fact, givenp, q ∈ I b

a ,
p <q, by (1.12) and (5.3) forj = 1,2 we have:

md|�|((fj )
p
� , I

q
p ��) = uj

|�|
n∑

i=1

�i
∑

0����

(−1)|�|�ai ,xi
(pi + �i (qi − pi))

and so, ifi ∈ {1, . . . , n} and�i = 0, then�i = 0 and the last sum
∑

0���� · · · is equal to
 ∑

0����

(−1)|�|

�ai ,xi

(pi) =

 |�|∑

k=0

(−1)kCk|�|


�ai ,xi

(pi)

= (1 − 1)|�|�ai ,xi
(pi) = 0
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and if i ∈ {1, . . . , n} and�i = 1, then it is equal to
 ∑

0����,�i=0

(−1)|�|

�ai ,xi

(pi) +

 ∑

0����,�i=1

(−1)|�|

�ai ,xi

(qi)

=

|�|−1∑

k=0

(−1)kCk|�|−1


�ai ,xi

(pi) +

 |�|∑

k=1

(−1)kCk−1
|�|−1


�ai ,xi

(qi) = 0.

Thus,

‖f1 − f2‖ =
n∑

i=1

�i |u1 − u2|/|�| = |u1 − u2|.
Noting that(Hf 1)(a) = (Hf 2)(a) andfj (x) = fj (a + �(x − a)) = uj , j = 1, 2, applying
Lemma 6 and taking into account (5.1) we get:

|h(x, u1) − h(x, u2)| = |h(x, f1(x)) − h(x, f2(x))| = |(Hf 1 − Hf 2)(x)|
= |(Hf 1 − Hf 2)(a + �(x − a)) − (Hf 1 − Hf 2)(a)|

=
∣∣∣∣∣∣
∑

0�=���

(−1)|�|md|�|((Hf 1 − Hf 2)
a
�, I

x
a ��)

∣∣∣∣∣∣
�

∑
0�=���

V|�|((Hf 1 − Hf 2)
a
�, I

b
a ��)

�TV(Hf 1 − Hf 2, I
b
a ) = ‖Hf 1 − Hf 2‖

�L‖f1 − f2‖ = L|u1 − u2|
and inequality (5.2) follows.
Case(ii): Given u1, u2 ∈ R, we set

fj (y) =
(

1 − 1

n

n∑
i=1

�ai ,bi
(yi)

)
uj , a�y = (y1, . . . , yn)�b, j = 1,2

and note thatfj (a) = uj , j = 1, 2 and so,|(f1 − f2)(a)| = |u1 − u2|. We also have (see
Case (i) for the definition ofv(�)): v(�) = |u1 − u2|/n if |�| = 1, andv(�) = 0 if |�|�2.
Thus,‖f1 −f2‖=2|u1 −u2|. Since(Hf 1)(b)= (Hf 2)(b), it follows from Lemma 6 (with
� = 1) and (5.1) that

|h(a, u1) − h(a, u2)| = |(Hf 1 − Hf 2)(b) − (Hf 1 − Hf 2)(a)|
�

∑
0�=��1

|md|�|((Hf 1 − Hf 2)
a
�, I

b
a ��)|

�
∑

0�=��1

V|�|((Hf 1 − Hf 2)
a
�, I

b
a ��)

�2L|u1 − u2|,
which completes the proof of (5.2).
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2. Now we prove the validity of the representation (1.9). For this, we fixx ∈ I b
a , so

that x = a + �(x − a) for somea <x�b and� ∈ A0(n). We letm ∈ N, and fork ∈
{1, . . . , m} we setx[k] = (x1(k), . . . , xn(k)) andy[k] = (y1(k), . . . , yn(k)), where, given
i ∈ {1, . . . , n}, the ith coordinates ofx[k] and y[k] satisfy the following inequalities:
ai < xi(1)< yi(1)< xi(2)< yi(2)< · · ·<xi(m − 1)< yi(m − 1)< xi(m)<yi(m)<bi +
�i (xi − bi). Also, we definen auxiliary Lipschitz functions�i

m : [ai, bi] → [0,1] (i =
1, . . . , n) as follows:

�i
m(t) =




0 if ai � t �xi(1),

�xi (k),yi (k)(t) if xi(k)� t �yi(k), k = 1, . . . , m,

1 − �yi (k),xi (k+1)(t) if yi(k)� t �xi(k + 1), k = 1, . . . , m − 1,

1 if yi(m)� t �bi.

For arbitrary numbersu1, u2 ∈ R andj = 1, 2 we set

fj (y) = uj

n

n∑
i=1

�i
m(yi) + (2 − j)u2, a�y = (y1, . . . , yn)�b

and note thatf1, f2 ∈ BV(I b
a ; R), (f1−f2)(y)=u2 for all y ∈ I b

a and so,‖f1−f2‖=|u2|.
SettingH = Hf 1 − Hf 2, let us estimate the sum of|H(y[k]) − H(x[k])| over all

k = 1, . . . , m. Applying (2.1), Lemma 8 and (5.1), we get:

m∑
k=1

|H(y[k]) − H(x[k])|�
m∑

k=1

[TV(H, I
y[k]
a ) − TV(H, I x[k]

a )]

= TV(H, I
y[m]
a ) − TV(H, I x[1]

a )

−
m−1∑
k=1

[TV(H, I x[k+1]
a ) − TV(H, I

y[k]
a )]

�TV(H, I
y[m]
a )�TV(H, I b

a )

�‖Hf 1 − Hf 2‖�L|u2|.
Since, fork ∈ {1, . . . , m},

f1(y[k]) = f1(y1(k), . . . , yn(k)) = u1

n

n∑
i=1

�i
m(yi(k)) + u2 = u1 + u2,

f2(y[k]) = u1, f1(x[k]) = u2 andf2(x[k]) = 0, we have:

H(y[k]) = h(y[k], f1(y[k])) − h(y[k], f2(y[k])) = h(y[k], u1 + u2) − h(y[k], u1)

and similarly,H(x[k]) = h(x[k], u2) − h(x[k],0), and so, the last inequality implies

m∑
k=1

|h(y[k], u1 + u2) − h(y[k], u1) − h(x[k], u2) + h(x[k],0)|�L|u2|. (5.4)
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Because constant functions onI b
a lie in BV(I b

a ; R) and the operatorH maps BV(I b
a ; R)

into itself, the functionh(·, u) = [z �→ h(z, u)] also belongs to BV(I b
a ; R) for all u ∈ R,

and hence, by Theorem 2, its left regularizationh∗(·, u) is in BV∗(I b
a ; R) for all u ∈ R.

Passing to the limit as

y[m] + �(x[1] − y[m]) → (a + 0) + �((x − 0) − (a + 0))

(i.e.,xi(1) → xi−0 if i ∈ {1, . . . , n} and�i=1, andyi(m) → ai+0 for thosei ∈ {1, . . . , n}
for which �i = 0) in the inequality (5.4) and noting that

x[1]�x[k]<y[k]�y[m], k = 1, . . . , m

so thatx[k] andy[k] tend to(a + 0) + �((x − 0) − (a + 0)) = x as well, we find

m|h∗(x, u1 + u2) − h∗(x, u1) − h∗(x, u2) + h∗(x,0)|�L|u2|.
Due to the arbitrariness ofm ∈ N for all x ∈ I b

a andu1, u2 ∈ R, we have:

h∗(x, u1 + u2) − h∗(x, u1) − h∗(x, u2) + h∗(x,0) = 0. (5.5)

The rest of the proof of (1.9) is standard (cf.[2,8]). For the reader’s convenience we recall the
details. Givenx ∈ I b

a , we define the functionTx : R → R by Tx(u) = h∗(x, u) − h∗(x,0),
u ∈ R, so that equality (5.5) can be written asTx(u1+u2)=Tx(u1)+Tx(u2) for all u1, u2 ∈
R, which shows thatTx is an additive function. By (5.2) and the definition ofh∗(·, u), we
have|Tx(u1)−Tx(u2)|�2L|u1−u2| for allu1, u2 ∈ R, and so,Tx is (Lipschitz) continuous
onR. Therefore there exists a functionh1 : I b

a → R such thatTx(u)=h1(x)u for all x ∈ I b
a

andu ∈ R. Settingh0(x)= h∗(x,0), x ∈ I b
a , we obtain the representation (1.9). It remains

to note that, sinceh0(·) = h∗(·,0) andh1(·) = h∗(·,1) − h∗(·,0), then, by Theorem 2,
h0, h1 ∈ BV∗(I b

a ; R). �

Remark 13. A theorem similar to Theorem 3 holds for the right regularization ofh(·, u),
u ∈ R (the definition of the right regularization of a functionf ∈ BV(I b

a ; R) is analogous
to (1.6)).

In general the left regularizationh∗ in (1.9) cannot be replaced byh itself. The first
example in this direction forn= 1 was constructed in[9, p. 157]; it was extended forn= 2
in [2, Theorem 3]. Here we present an example of a general nature forn ∈ N. Also, the next
theorem shows that a general Lipschitzian superposition operatorH from BV(I b

a ; R) into
itself need not be generated byh(x, u) of the formh1(x)u+h0(x), x ∈ I b

a , u ∈ R, for some
h0, h1 ∈ BV(I b

a ; R) (cf. the characterization in Corollary 4 and the sufficient condition in
[5, Corollary 3]).

Theorem 14. Let{pi(k)}∞k=1beasequenceof all distinct rational numbers from the interval
[ai, bi], i =1, . . . , n. Let the functionh : I b

a ×R → R be defined forx = (x1, . . . , xn) ∈ I b
a

andu ∈ R by

h(x1, . . . , xn, u) =
{

2−(%1+···+%n) sin u if xi = pi(%i) with %i ∈ N, i = 1, . . . , n,
0 otherwise.
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Then the superposition operator H generated by h satisfies the conditions:

(a) ‖Hf ‖�3n for all f ∈ BV(I b
a ; R), i.e., H mapsBV(I b

a ; R) into itself;
(b) ‖Hf 1 − Hf 2‖�3n‖f1 − f2‖ for all f1, f2 ∈ BV(I b

a ; R), i.e., H is Lipschitzian;
(c) the left regularization of h is given byh∗(x, u) = 0 for all x ∈ I b

a andu ∈ R, i.e., it is
of the form(1.9).

Proof. (a) Given% = (%1, . . . , %n) ∈ Nn, we setp[%] = (p1(%1), . . . , pn(%n)). Let P =
{x[�]}��=0 be a partition ofI b

a . Taking into account (1.10), for anyf ∈ BV(I b
a ; R) and

� ∈ A(n) we have (below the sum over 1���� means, as usual, the sum only over those
�i ∈ {�1, . . . ,�n} in the range 1��i ��i for which �i = 1, and the same applies to the
sum over 0����, but in the range 0��i ��i):∑

1����
|md|�|((Hf )a�, I

x[�]
x[�−1]��)|

�
∑

1����

∑
0����

|(Hf)(a + �(x[� − 1] − a) + �(x[�] − x[� − 1]))|.

Note that theith component in the argument ofHf is equal toai if �i = 0 (so that�i = 0),
xi[�i − 1] if �i = 1 and�i = 0, andxi[�i] if �i = 1 and�i = 1. And so, since #{� ∈
A0(n) | ���} = 2|�|, we can proceed the above inequality in the following way:

�2|�| ∑
0����

|(Hf )(a + �(x[�] − a))|

= 2|�| ∑
0����

|h(a + �(x[�] − a), f (a + �(x[�] − a)))|

�2|�|
∞∑

1�%��
|h(a + �(p[%] − a), f (a + �(p[%] − a)))|

�2|�|
∞∑

1�%��
2−|%��|| sin f (a + �(p[%] − a))|

�2|�|
∞∑

1�%��
2−|%��| = 2|�|

and it follows that

V|�|((Hf )a�, I
b
a ��)�2|�|, � ∈ A(n).

Since #{� ∈ A(n) | |�| = j} = C
j
n , 1�j �n, we find

TV(Hf , Ib
a ) =

∑
�∈A(n)

V|�|((Hf )a�, I
b
a ��)�

∑
�∈A(n)

2|�|

=
n∑

j=1

2jC
j
n = (2 + 1)n − 1 = 3n − 1.

Noting that|(Hf )(a)|�1, we get‖Hf ‖�3n.
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(b) Givenf1, f2 ∈ BV(I b
a ; R), � ∈ A(n) and a partitionP= {x[�]}��=0 of I b

a , we have
(cf. the calculations in (a) and take into account (1.3) and (2.1)):∑

1����
|md|�|((Hf 1 − Hf 2)

a
�, I

x[�]
x[�−1]��)|

�2|�| ∑
0����

|(Hf 1 − Hf 2)(a + �(x[�] − a))|

�2|�|
∞∑

1�%��
|h(a + �(p[%] − a), f1(a + �(p[%] − a)))

− h(a + �(p[%] − a), f2(a + �(p[%] − a)))|

�2|�|
∞∑

1�%��
2−|%��|| sin f1(a + �(p[%] − a)) − sinf2(a + �(p[%] − a))|

�2|�|
∞∑

1�%��
2−|%��||(f1 − f2)(a + �(p[%] − a))|

�2|�|
∞∑

1�%��
2−|%��|‖f1 − f2‖ = 2|�|‖f1 − f2‖.

It follows that

V|�|((Hf 1 − Hf 2)
a
�, I

b
a ��)�2|�|‖f1 − f2‖, � ∈ A(n).

Finally, noting that

|(Hf 1 − Hf 2)(a)| = |h(a, f1(a)) − h(a, f2(a))|� | sin f1(a) − sin f2(a)|
� |(f1 − f2)(a)|�‖f1 − f2‖,

we conclude that‖Hf 1 − Hf 2‖�3n‖f1 − f2‖.
Since item (c) is clear, the proof is complete.�

6. More generalizations

1. LetN ∈ N and(RN)I
b
a =(RIb

a )N be the algebra of all functionsfmappingI b
a into RN .

If h : I b
a ×RN → R is a given function ofn+N variables,h=h(x1, . . . , xn, u1, . . . , uN),

we denote byHh : (RN)I
b
a → RIb

a thesuperposition operatordefined by

(Hhf )(x) = h(x, f1(x), . . . , fN(x)), x ∈ I b
a , f = (f1, . . . , fN) ∈ (RN)I

b
a .

The Cartesian product

BV(I b
a ; R)N = BV(I b

a ; R) × · · · × BV(I b
a ; R)︸ ︷︷ ︸

N times
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is endowed with the product norm‖f ‖N =∑N
i=1 ‖fi‖ for f =(f1, . . . , fN) ∈ BV(I b

a ; R)N ,
in which case it is a Banach algebra with respect to the componentwise pointwise operations,
and, by virtue of Theorem 1, the following inequality holds:‖f · g‖N �2n‖f ‖N‖g‖N for
all f, g ∈ BV(I b

a ; R)N . We have the following converse to Corollary 13 from[5]:

Corollary 15. If Hh maps the spaceBV(I b
a ; R)N into BV(I b

a ; R) and is Lipschitzian(in
the obvious sense), then for the left regularization ofh(·, u1, . . . , uN) we have: h∗(x, u1,

. . . , uN)= h0(x)+∑N
j=1 hj (x)uj for all (u1, . . . , uN) ∈ RN andx ∈ I b

a where functions

h0, h1, . . . , hN belong toBV∗(I b
a ; R).

2. Let(U, |·|U)and(V, |·|V)be normed linear spaces.The definition of the corresponding
space BV(I b

a ; U) of functionsf : I b
a → U of bounded variation in the sense of Vitali,

Hardy and Krause is straightforward (cf. Section 1). Let us denote byL(U; V) the normed
linear space of all linear continuous operators fromU into V, and letUI be the set of all
functions mappingI = I b

a into U. Givenh : I × U → V, the superposition operator
H : UI → VI is defined as in (1.4) withf ∈ RI replaced byf ∈ UI . Furthermore, let
Pi ([ai, bi]; U) be the family of functions from[ai, bi] intoU having the following property:
if m ∈ N, u1, u2 ∈ U andai < xi(1)< yi(1)< xi(2)< yi(2)< · · ·<xi(m)<yi(m)<bi ,
then the polygonal function[ai, bi] � t �→ �i

m(t)u1 + u2 ∈ U belongs to Pi ([ai, bi]; U),
i = 1, . . . , n (for the definition of�i

m see step 2 in the proof of Theorem 3). We have:
P(I b

a ; U) = ∑n
i=1 Pi ([ai, bi]; U) is a subspace of BV(I b

a ; U), which we endow with the
norm‖ · ‖ from BV(I b

a ; U). The analysis of the proofs of Theorems 2 and 3 shows that the
following counterpart and generalization of Theorem 3 holds:

Theorem 16. Suppose that the superposition operatorH : UI → VI is generated by
a functionh : I × U → V with I = I b

a . If U is a real normed linear space, V is a
Banach space and H maps the spaceP(I b

a ; U) into BV(I b
a ; V) and is Lipschitzian(in

the sense of the norms in these spaces), then there exists a constantL0 >0 such that
|h(x, u1) − h(x, u2)|V �L0|u1 − u2|U, x ∈ I b

a , u1, u2 ∈ U, and there exist two functions
h0 ∈ BV∗(I b

a ; V) andh1 : I b
a → L(U; V) with the property thath1(·)u ∈ BV∗(I b

a ; V)

for all u ∈ Usuch thath∗(x, u) = h1(x)u + h0(x) in V for all x ∈ I b
a andu ∈ U.

The proof of Theorem 16 is the same as that of Theorem 3, except the last paragraph:
sinceU is real, the additivity and continuity of the mappingTx imply Tx ∈ L(U; V) for all
x ∈ I b

a , and so, if we seth1(x)u= Tx(u), x ∈ I b
a , u ∈ U, then we find thath1 mapsI b

a into
L(U; V) andh0, h1(·)u ∈ BV∗(I b

a ; V) for all u ∈ U. For the partial converse of Theorem
16 cf. [5, Theorem 14].
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