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Hayunas nutepaTypa no npuHsITUIO pElIeHUH Mo-
CBSIIIICHA B OCHOBHOM 3ajiayaM BbIOOpa OJHOTO Hau-
ay4diiero 00 beKTa, B 3HAUNTEIbHO MEHBIIIEH cTene-
HU — 3afjauyaM yIopsiioueHus: 00 beKTOB MO MPerno-
yreHuto. OHAKO Ha MPAKTHUKE YacTO BCTPEYAIOTCS U
3alauu BbIOOpA HECKOJILKUX (3a/laHHOTrO uucnia [ > 1)
ayummmx o0bekToB. [Ipumep: BbIOpaTh HECKOILKO
JTy4YIUX WHBECTUIMOHHBIX TPOEKTOB U3 BCEX MOJIaH-
HBIX Ha KOHKYpC 3a4BOK. [Ipu 3TOM He Bce 0O BEKTHI
MOTYT OBITh CPaBHUMBLIMHU IO MPEANOYTEHUIO, UTO
THNAYHO, HATIPUMED, JIJIS 3ajay MHOTOKPHUTEPUAIb-
HOro BbIOOpa. O030p COBPEMEHHOT'O COCTOSIHUS Ma-
TEeMaTUYECKON TEOpUHU BbIOOpA [ Myymux 060 bEKTOB
mad B [1]. Tam moka3zano, 9T0 XOTd elle B [2] ObLIN
BBeJIeHbI 6a30Bble OIpENeNIeHus] [-ONMTUMAIIBFHOTO
(l-HanbonplIero) u [-HefOMHUHUPYEMOTO (/-MakcH-
MaJlbHOr0) OOBEKTOB, a B [3] ObLIM NMpPUBEEHBI HE-
KOTOpbIe WX BaKHbIE CBOWCTBA, YPOBEHb PA3BUTHS
yKa3aHHO TEOPUH SIBHO HEIOCTATOUYEH 1 OTPENIEIIEHO
HalpaBlICHHUE €€ JalibHelell pa3padoTku. B fanHOM
COOOIIeHNN TPUBOMATCS OCHOBHBIE PE3YJbTAaThI, TI0-
JydeHHbIE TIPU BBIIOTHEHNN pabOT B 3TOM aKTyallb-
HOM HalpaBJICHUU.

1. OIITUMAJIBHBIE 1 HEHOMWHWPYEMbBIE
HABOPBI OB BEKTOB

Bynem paccmaTpuBaTth 3aady BeIOOpa [ TydIInX
00BEKTOB U3 KOHEYHOI'O MHOXECTBA OOBEKTOB X,
|X|=n>1> 1. Ha MHOXecTBe X 3a/laHO OTHOIIIEHUE
HECTPOTOro NpeAnouTeHus: R nuia, NpUHUMAaIoIIero
pewenue (JITIP): xRy o3HauaeT, 4T0 OOBEKT X HE Me-
Hee MpeanoyYTUTeseH, ueM y. OTHolleHre R nopox-
JaeT OTHOULICHHUS (CTPOroro) mpeamnoutreHus P, 6e3-
pasimunsd I 1 HecpaBHUMOCTH N: xIy BEpPHO, Korjaa
cpaseiuBo xRy u yRx; xPy BBINOJHIETCS TOrA, KO-
rpa xRy BepHO, HO YRx HEBEPHO; XNy UMEET MECTO,
Korja HeBepHO HU xRy, HU yRx. [Tonaraem, 4To OTHO-
meHne R ecTb KBa3UMOPSoK (T.e. OHO peIIeKCUBHO

T'ocyoapcmeennbiil yHugepcumem —
Bovicuiaa wkonaa saxkonomurku, Mocksa

U TPaH3UTHUBHO), HO JIUIIb YACTUYHbIN, UM HECBS3-
HBIIi: OTHOLIEHUE N HENYCTO.

Beenem B paccMoTpeHre MHOXeCTBO L HaGOpOB
13 [ 00 bEKTOB. DTO MHOXKECTBO TaKKe KOHEYHO: Ta-

KUX HaOOpOB BCETO CL . Joist HabopoB u3 L OyaeM uc-

noNb30BaTh 0003HaueHus tuna A = {a', a, ..., da'}.
ITycts I1 MHOXKECTBO IIEPECTAHOBOK MHOKECTBA
{1,2, ..., I}. Ilog nepecranoBkoit HaGopa A = {a',
a’, ..., a'}, coorsercrByromeil © € Il, monuMaeTcs
koprex T(A) = (a™V, @, ..., a™V). Hanpumep, eciu

I=3umn=(3,1,2), 0 1) ={d? d', a?).

ITockonbKy HOPSANOK OGBEKTOB B BBIICICHHOM
Habope HUKAKOI POJIU HE UTPAET, TO B COOTBETCTBUM
C CYyTBIO pacCMaTpUBaeMON 3aJjayll BbIOOpa 3a/jafiM
Ha MHOKeCTBe L OMHApHOE OTHOLIEHHE R, MOKa3bI-
Baroljee, KOrja Ipy IONapHOM CpaBHEHUU HAOOpPOB
OJJYH U3 HUX MOKHO II0JIaraTh HE MEHee NPEeANoYTH-
TEJIbHBIM, YEM JIPYTOM.

Ounpenenenne 1. Coornomenue AR'B BbI-
MIOJIHEHO TOTfia U TOJBKO TOTAA, KOTAA CYIIECTBYIOT
NepecTaHoBKH T, p € I1, Takue, 4TO cripaBenyiuBO

a""RO"Y, i =1,2,..,1. (1)

Omnpepenenne 1 paBHOCHIBHO KaXX/IOMY U3 CIIEAy-

FOLINX OTNpe/eICHUN:

ARBeIne M d'RV™Y, i=1,2,...1. (1)

ARBeIne : d"RY, i=1,2,..,1. (1"

OTHOILIEHHE HECTPOrOro npegnodreHus R spisi-
eTcs KBa3UIOPSIAKOM U MOPOKAAEeT Ha L OTHOIIEHNE
(cTpororo) mpeanovTeHus] — (YaCTUYHBIN) TOPSIOK
P' v oTHOIIEHHE GE3pa3INUKst — IKBUBAIEHTHOCTS I,
3ameTuMm, uto AI'B Beinonusercs, korga B (1) [unu B
(1Y, (1")] mpu kaxxIOM { BMECTO R MOXHO TOJICTaBUTh
I, u AP'B BepHo, xorpa B (1) [umu B (1'), (1")] x0Ts1 GBI
IIPU OJHOM I BMECTO R MOXKHO MOJCTaBUATH P.

Onpenenenune 2. HaGop A Ha3biBaeTcs
CTPOTO ONTHUMAJbHbI M, €CIIH JIJIs1 1I0060T0 Ha-
6opa B, oTau4HOro ot A, BepHo AP'B.
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Onpenenenne 3.Habop A Ha3bIBaeTCA OI -
TUMaJbHBIM, eCliu I JroO6oro Habopa B BepHO
AR'B.

Onpepgenenue 4. Ha6op A Ha3bIBaeTCA H e -
NOMUHUPYEMBIM, eclu Ais jJrodoro Habopa B
HeBepHO BP'A.

Iycrs PI(L), R(L), Q'(L) — MHOXECTBa CTPOTO OII-
THMaJILHBIX, ONTUMAJIBHBIX W HEJOMUHUPYEMbIX Ha-
60pOB COOTBETCTBEHHO. CIIPaBEINBLI COOTHOILCHUS

P(L)cR(L)c Q'(L). )

Ecnu crporo ontuManbHbll HAOOp CYIIECTBYET,
TO OH €MHCTBEH — MCYEPIBIBAET MHOXKECTBO P'(L)
(pu aToM 00a C B (2) BBIOTHAIOTCS KaK =) U UCKO-
Mble [ Ty4IInX 0OBEKTOB ONPEAEIAIOTC OJHO3HAY-
HO — 3TO Bce 00'bEKTHI U3 Takoro Habopa. IlycTs Ta-
KOro Habopa HeT, HO CYIIECTBYET ONTUMAaJbHbIN Ha-
6op (mpu o>TOM BTOpoe (mpaBoe) < B (2)
BBITIOJIHSIETCS KakK =). [laske eclii OH HEEJUHCTBEH, TO
BCE ONTHMAaJIbHble Ha0OPbl 9KBUBAJIEHTHBI (10 ).
ITosTOMy 110001 U3 HUX MOXKHO paccMaTpUBaTh KakK
HaWIy4dInui, a oopa3yromue ero 00 beKThl CUNTATh
g 1000709078

Haxkosen, eciau 1 onTUManbHbIX HAOOPOB HET, TO
B CHMJIy KOHEYHOCTH MHOKecTBa L 006s13aTelbHO Oy-
IyT CyIIeCTBOBAaTh HEJOMHUHHpYyeMble Habopbl. Bo-
Jlee TOr0, MHOXKECTBO BCEX TaKWX HaGOpOB OymeT
BHEIIHE YCTOMYMBLIM: JIst JTr060r0 B € INQ!(L) Haii-
nercsi A € Q(L), Takoii, yto BepHo AP'B. Cneposa-
TEeJILHO, TPETEHICHTAM: Ha ONTHMAabHBIA HaboOp
MOTYT OBITH JINITb HEIOMAHUPYEMbIEe HAOOPHI, a Ha
OB JIYUIIAX MOTYT IPETEHAOBATH JUIIbL OO0 bEKTHI
13 TaKuX HaGOPOB.

2. - OIITUMAIJIbHBIE
1 -HEITOMWHWPYEMBIE
OB'BEKTHEI

ITockonbky (popMupoBaTH ONTHMAalbHbIE WU
HEJJOMUHUpPYeMble HaOOpbl HENMOCPENCTBEHHO Ha
OCHOBaHUMU WX ompefeieHnii 2—4 BecbMa obpeMe-
HUTEJIBHO Ja)Ke IpU He OYEHb LIMPOKOM MHOXKeE-
CTBEe O0OBEKTOB X, TO BCTAET BONPOC O IOUCKE KOH-
CTPYKTHBHBIX CIIOCOOOB pELICHUS BO3HHUKAIOUEH
npo6iemMsl. [ 3TOro OKa3bIBaIOTCS IOJIE3HBIMU
CIIEYIOLLUE TTOHSTHUSI.

Onpepgenenne 5. OOBEKT x Ha3bIBaeTCd
CTPOTO [-ONTHUMAJbHBbIM, €ClI XPy BEpHO JIJ1s1
BCeX OOBEKTOB Y, OTIMYHBIX OT X, KpOME, OBITH MO-
>KET, HEKOTOPOTr'0 MX YKCiIa, MEHBIIIETO, YeM /.
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Onpenenenne 6. OOBEKT Xx Ha3bIBaeTCA
[-onmTHMa b HBIM, ecii XRy BEpHO It BceX 00b-
€KTOB Yy, KpOMe, ObITh MOXET, HEKOTOPOTO UX UHCIIa,
MEHBLIETO, YeM L.

Onpegenenue 7. OOBEKT X Ha3bIBACTCI
[{HETOMUHUPYEMBIM, €CITU YUCIO OOBEKTOB Y,
IS KOTOPBIX BEpHO yPx, MEHbIIE, 4yeM /.

Ecnu skBUBaIeHTHOCTH / €CTh OTHOIIICHNE PaBeH-
CTBa, TO MOHSITHS CTPOTO [-ONTUMANIBLHOTO | [-ONTH-
MaJIbHOTO OO'BEKTOB COBMAJIAIOT.

ITycte P(X), R(X), Q(X) — MHOXecTBa CTpPOro
[-onTUMAaNBHBIX, [-ONTUMAJIBHBIX U [-HEJOMUHHUpYeE-
MBIX 00BEKTOB COOTBETCTBeHHO. HenocpencTBeHHO
u3 onpefeseHuil 5—7 BbITEKaeT, YTO

Pi(X) € R(X) € Qi(X);
ecnn k <[, to P(X) € P(X), Ry(X) < R(X),
OX) € Q(X).
Teopema 1. Cnpasedausbt caedyrouue ymeep-

IHCOCHUA:

1.1. Yucao cmpozo l-onmumanvhvix 06wexmos
He Moxcem npesocxooums I.

1.2. Yucao kaaccos sxsusarenmuocmu I 6 R(X)
He boabuue wem l.

1.3. MHroxcecmeo I-HeOomunupyemovix 06vexkmos
Henycmo u 6Heutre l-ycmoiinuso:

(1.3.1) ecau x ¢ QiX), mo 6 Q(X) Hailoemcs He
menee | 06vexkmos y, maxux, umo yPx;

(1.3.2) ecau x', X2, ..., x* ¢ O(X), x**!, ..., x' e
€ O0(X), 20e s < I, mo 8 Q)X) Haiioemcs s nonapHo

pasauinblx 06vexmos x°1, x%%, ..., x%, omauunvix om
U *2 L xu makux, umo x°'PxY, ..., xOSPx’.

1.4. Muowecmea P(X), R(X) u Q(X) samxHymuwt
ceepxy no R:

(1.4.1) ecau x € P(X) u yRx, moy € Py(X);

(1.4.2) ecau x € R(X) u yRx, mo y € R(X);

(1.4.3) ecaux € QX) u yRx, moy e Q(X).

1.5. Ob6wvexmbt U3 pasHbix MHONCECE COOMHO-
CAMCA CACOVIOUUM 0OPA3OM:

(1.5.Decauxe Q(X)uye Q(X), mo xNy uau xPy;
(1.52)ecauxe R(X)uye Q(X), mo xPy;

(1.53)ecaux e R(X) uy ¢ Qi XN\R(X), mo xNy
uau xPy;

(1.5.4) ecau x € P(X) uy e R(X\NP(X), mo xNy
uau xPy.

1.6. Paserncmesa |Q)X)| = I, |P(X)| =1 u O(X) =

= P(X) pasrocuavhwLl.

1.7. Ilycmob axeusasenmuocmo I ecmv omHoute-
Hue pasercmaa. Toz0a:

(1.7.1) cnpasedauso pasencmso R(X) = P(X);
(1.7.2) uucao sapuanmos 8 R(X) ne 6oavuue I,

(1.7.3) ecau |R(X)| = [, mo eepHo pasencmso R(X) =
= 0i(X)
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1.8. Ecau keasunopaook R ceasnwiil (noawwlii,
m.e. N = @), mo eepro pasercmeo R(X) = Q(X).

1.9. Ilpu k < [ cnpasedausvt ymaeprcoeHus:
(1.9.1) ecau P(X) c P(X), mo |P,(X)| <[-1;
(1.9.2) ecau R(X) c R(X), mo |P(X) U R(X)| <1 1.

3. UCITIOJIbBOBAHMUE [-OITTUMAIJIbHBIX
N [-HEJOMUWHUWPYEMBIX OB’ BEKTOB
IJIs1 ®OPMHUPOBAHNSA HABOPOB
[-[JIYHIIMX OB'BEKTOB

Teopema 2.
ymaeepicOeHus:

2.1. Cywgecmeosarue u ceoiicmea cmpoz20 onmu-
MAABbHO20 Habopa:

(2.1.1) cmpozo onmumanvhwLii HAOOP MOXceM CO-
CMoAmMb MOALKO U3 cmpo20 l-onmumanbHbix 06o-
eKmos;

(2.1.2) cmpozo onmumanvhbili HAOOP cyuiecmay-
em moz20a u Mmoabko mozoa, koz0a |P(X)| = [,

2.2. Cyujecmeosanue u c80licmea ONMUMAAbHBIX
Habopos:

(2.2.1) 8 onmumanabHwlii HAOOP MOYM 8XOOUMD
MOAbKO [-onmumanbhble 06veKmbl,

(2.2.2) onmumanavhbll HabOp 6KaAOHAEM 8ce
cmpozo l-onmumanbhvle 006veKMbL,

(2.2.3) ecau |R(X)| = I, mo onmumanvHblii Habop
cyugecmsayem moz0a U MoaAbKO moz0d, Ko0d 8bl-
noanero pasercmeo R(X) = Q(X); npu smom ece
l-onmumanvrble 00BEKMbL COCMABAAIOM ONMU-
maavuwlii nabop u RY(L) = P(L);

(2.2.4) ecau |R(X)| > I, mo onmumanvuwtit Habop
cyugecmsayem moz0a U MoaAbKO mo20d, Ko20d 8bl-
noaneHo paseHcmso R(X) = Q[(X) u 6 R(X) cywe-
cmgyem Haumenvuiuii no R obwvexm (m.e. makoti
006eKM Xz, 4Mo 045 1106020 x € R(X) sepro xRxy);

(2.2.5) ecau sxsusanenmuocmo I asaaemca om-
HOUWleHUEeM PABEHCIBA, MO BbINOAHEHUE DABCHCMEA
|R/(X)| = [ ecmb Heobx00umoe u docmamouHoe ycao-
8lUe CYyUeCme08aHUs ONMUMAABHO20 HAOOpa, npu-
yem €20 cocmasasiom ace l-onmumanvHole 00veK-
mut u R(L) = P/(L);

(2.2.6) ecau k<1, R(X) C R(X) u o6vexm x € Ry(X)
He eKato4eH 6 Habop A € L, mo amom Habop He A8-
AAEMCA ONMUMANBHBIM;

Cnpasedausbl  caeoywujue
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2.3. Cywecmsosarue u c80lcmsea HeOOMUHUDYe-
MbLX HAOOPO8:

(2.3.1) mHOMECMB0O HEOOMUHUDYeMbIX HAOOPO8
HEenycmo u 8HeluHe YCmou4ugo;,

(2.3.2) Kancowtit HeOOMUHUPYembLil HAOOP cOCMO-
um moavKo u3 l-HeOOMUHUPYeMbLX 06BEKMOo8;

(2.3.3) Kkaxncowlii HeOOMUHUDPYembLLL HAOOD BK.AIO-
uaem 8ce cmpoz0 l-onmumanvHvie 06veKMbL,

23.4)ecauxe A,y € A uesepro xPy, mo nabop A
He A6AACMCA HEOOMUHUDYEMBLM.

IIpuBenem BhITeKaromue U3 TeopeM 1 u 2 pexo-
MEHJaIMN 10 BeIOOPY / my4mmx o0beKTOB. [Ipexnae
BCErO M3 PACCMOTPEHUS JOJKHBI ObITh UCKITIOUEHBI
Bce [-moMHUHHUpYEMbIE (T.€. HE SBISIOIIMEcs [-Heo-
MHUHHUPYEMBIMHI) OO BEKTHI.

Ecnu crporo /-Hamnyummx o0beKTOB POBHO [/, TO
OHM COCTAaBJISIFOT CTPOrO ONTHMAJIBHBIA HAabOp U
TOJIBKO OHHM JOJIXKHBI CUUTAThCS [-TyUIIMMU OOBEK-
TaMH.

Ecnu o6 bekToB B R)(X) OGonbliie /[ 1 BbINOTHEHBI
yciioBus u3 (2.2.4), To BHavyalie HyXKHO B35ITh U3 R(X)
BCE O0BEKTHI, HE SIBJISIONIMECS HAMMEHBITNME (IX HE
oonee [ — 1), a 3aTeM moGaBUThL HemoOcTaroliee N0 [
YHICIIO JIOOBIX HAMMEHBIINX 00 BEKTOB (BCe OHU O€3-
pa3IMYHbI MEXAY cob6oit). Ecnu ke yka3aHHbIE yCllo-
BHS HE BBINOJIHEHBI, TO ONTUMAJILHBII HAGOp HE cy-
IIECTBYET U HY>KHO BBIACIUTHL OOBEKTHI, KOTOPbhIE
3aBEIOMO JIOJIKHBLI ObITh OTHECEHbI K 4ucay [ jayd-
mux. 9To Bce 00beKThI U3 MHOXKeCTBa Pi(X) U Ry (X),
rne k — Hambonbllee 4Yucio k < [, Takoe, 4YTO
R(X) c R(X). Takux o6bekToB He Oonee [ — 1.
OcranbHble OOBEKTHI SIBISIFOTCS JIUIIL MPETEH/CH-
TaM# Ha POJb [ JTyUIINX.

Pa6ora BbIONHEeHa Ipy (PUHAHCOBOM MOAAEPXKKE
Hayunoro ¢donpa I'Y-BIID (unpuBuayanabHbIA HC-
cnepoBatenbekuit rpanT 2008 r. Ne 08-01-0032).
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