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Abstract—Within the framework of the Lagrangian approach a method for describing a wave packet
on the surface of an infinitely deep, viscous fluid is developed. The case, in which the inverse Reynolds
number is of the order of the wave steepness squared is analyzed. The expressions for fluid particle
trajectories are determined, accurate to the third power of the steepness. The conditions, under which
the packet envelope evolution is described by the nonlinear Schrédinger equation with a dissipative term
linear in the amplitude, are determined. The rule, in accordance with which the term of this type can be
correctly added in the evolutionary equation of an arbitrary order is formulated.
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The evolution of the packet of potential gravity surface waves is governed by the nonlinear Schrodinger
equation in the third order of the perturbation theory [1] and by the Dysthe equation in the fourth ap-
proximation. To allow for viscosity it is conventional—purely phenomenologically, that is, from general
considerations,—to add a linear-in-amplitude term in these evolutionary equations [3, 4]. The conditions,
at which the introduction of an additional term into these equations may be correct, are not discussed.
The value of the coefficient of the amplitude represents an arbitrary parameter and its physical meaning
is not explained. In this connection, the question arises about the validation of the dissipative equations
employed.

The main problem in describing waves in a viscous fluid is connected with the boundary condition on the
free surface. In the solution of the linear approximation, in which the boundary condition is transferred onto
the horizontal surface, a new spatial scale, namely, the boundary layer thickness, arises. It depends on the
wave frequency and for actually observable gravity waves is not greater than a few centimeters [5]. In this
layer the vortical component of the wave field decreases exponentially. For this reason, in the quadratic and
higher approximations the boundary condition can be transferred onto the horizontal level only if the wave
amplitude is of the same order or smaller than the boundary layer thickness. Otherwise, the formulation
of the surface boundary conditions on the undisturbed level seems inadequate (see [6, §3.4]). Because
of this, in the Eulerian description of weakly-decaying quasistationary waves an orthogonal curvilinear
coordinate system with the free surface as a coordinate line is used [6, 7]. However, the situation becomes
fundamentally simpler, if the Lagrangian coordinates are used [8—12]. In this case. the free surface shape is
known, although the form itself of the equations of fluid motion becomes considerably more intricate.

In this study, on the basis of the Lagrangian approach the problem of the packet of gravity surface waves
in an infinitely deep, viscous fluid is considered. It is assumed that the inverse Reynolds number based on
the high-frequency filling parameters is of the order of the wave steepness squared. As a result, the fluid flow
is potential. However, starting from the third approximation, the boundary conditions on the free surface
involve viscous terms.

On the free surface of a viscous fluid two conditions must be fulfilled, namely, that of continuity for
the vertical and horizontal components of the momentum flux. The nonlinear Schrédinger equation with a
dissipative linear term is obtained from the former condition, whereas the latter condition cannot be satisfied.
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224 ABRASHKIN, BODUNOVA

This is due to the fact that near the free surface viscosity cannot be disregarded in principle. The non-
vanishing of the horizontal component of the momentum flux means that near the free surface the mean
flow determined in the process of the problem solution is actually different from that given by the potential
solution. However, the flow itself does not enter in the evolutionary equation for the packet amplitude. For
this reason, it can be said that under approximations adopted the nonlinear Schrodinger equation with linear
dissipation is fairly validated. From the process of solution construction there follows the rule of correct
introduction of the dissipative linear term into a evolutionary equation of order n: the inverse Reynolds
number must be of the order of the wave steepness to the power n — 1.

1. FORMULATION OF THE PROBLEM

The complete system of equations of the dynamics of an incompressible viscous fluid in the Lagrange
variables for two-dimensional plane-parallel flow in the Earth’s gravity field is as follows [13, 14]
D(X,Y)

XY= b py =1

Xo=—pp, ¥] + v{X, (X, X]] + 1Y, 1%, X)), (b

Yo=—g¢ — p '[X, p] + v{IX, [X, %] + [¥, [v, ¥]]}.

Here, X (a, b, t) and Y (a, b, t) are the coordinates of fluid particle locations, a and b are its Lagrangian
coordinates, p is the density, p is the pressure, g is the gravity acceleration (the y axis is directed vertically
upwards), and Vv is kinematic viscosity. The brackets mean the operation of calculating the Jacobian with
respect to the variables a and b. The first equation of system (1.1) is the continuity equation and reflects the
fact that at the initial moment of time the fluid particle coordinates are a and b.

The system of equations (1.1) must be supplemented with boundary conditions. In the case of free gravity

waves on an infinitely deep water these are the impermeability condition on the bottom (¥; =0 at b = —eo)
and the absence of viscous stresses from the free surface
Y, X,
Tyng = —pon, Il{l’lx, ny} = Il{ - 5 }7 b= 07
\/)(a2 + Ya2 \/XL% + Ya2 (12)

TLo=—-p+ 2Vp[Xt7 Y]a Tyy =D - 2vp[Yt> X]> Txy: vp([Yh y] - [Xl> X])

Here, T} is the viscous stress tensor, pg is the constant external pressure, and n is the outward normal to
the free surface.

We will introduce the complex coordinates W =X + i¥ and W =X — iY, where the bar denotes a
complex-conjugate quantity. Then system (1.1) takes the form:

W, W] =20, W =—ig + ip~'[p, W] + J{[W, W, W] + W, W, W[J}. (13)

In studying wave motions of fluids it is convenient to go over to the modified Lagrangian coordinates
g =a + ot, b, t [10], where the quantity ¢ is constant. This is equivalent to going over into a reference
frame in motion at a velocity 6. As becomes clear in what follows, it coincides with the phase velocity of
the high-frequency packet “filling”. In the new coordinates system (1.3) can be written as follows:

DW, W
W, W] = W, ):21',
D(q, b)
i\p, W
W + 20W,, + 02 W,, = i, Wl _ ig (1.4)

p
+ (W WL W+ oW+ W W, W+ oW}
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PACKET OF GRAVITY SURFACE WAVES 225

Here, the brackets mean the operation of taking the Jacobian with respect to the variables ¢ and b.
We will now non-dimensionalize this system by introducing new variables

W=IW,, q=Lg,, t=(L/O)tx, p=p0°pa, (1.5)

where L is a scale length (in what follows, the subscripts are omitted). Then the system of equations (1.4)
takes the form:

D
w,wy =Wy
D(q, b)
gL .
Wi + 2Wiy + Wyy = i + i[p, W] (1.6)
1
+ o AW W, W Wl + (W, (W, Wi+ Wl

The equation of motion contains two dimensionless parameters, namely, the Reynolds number R, =
oL/v and the quantity gL/o>.

In the formulas for the boundary conditions (1.2) we will go over to the complex coordinates of a fluid
particle trajectory; then, with account for Eq. (1.5) we obtain

i

Ta=—p = p (W + Wy, W] — [W; + Wy, W)),
i
Ty=—p+ o Im (W + Wo, W] + W, + Wy, W]), (1.7)

Ty = —Rl* Re [W, + W,, W].

We will consider the behavior of a weakly-nonlinear wave train with slowly varying parameters (ampli-
tude, frequency, and wavenumber). For this purpose, we will use the method of expansion of a derivative
(multiscale method [15]).

We will assume that the function W depends on the spatial gy = ¢, 1 = €¢, g» = €2¢, and b and temporal
1) = et and t, = €°t variables (¢ is a small parameter of the wave steepness) and can be represented in the
form of the expansion

W(q07 qi, 92, b7 tla t2) =4qo + ib + EwWy + SZWZ + £3W3 + 0(84)7

(1.8)
Wi :Wj(q07 q1, 92, b7 I, t2)7
while the pressure in the fluid is determined by the relation
p=po — b+ ep + &py + p3 + 0(eY),
(1.9)

pi="rj(qo, 91, @2, b, t1, 12).

The substitution of the first two terms determining the hydrostatic pressure in the second equation of
system (1.6) makes it possible to obtain the value of the second dimensionless parameter: gL/c? = 1. If it
assumed that L = k~!, while 6 = ® /k is the phase velocity of the wave, then this relation coincides with the
dispersion equation of waves on deep water.

In the general case, the problem of describing the packet evolution in a viscous fluid is exceptionally
complicated. However, we will make a simplifying assumption. We will assume that the Reynolds number
is fairly high, so that R;! = oe?, where o is a numerical coefficient of the order of unity. This relation is
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226 ABRASHKIN, BODUNOVA

equivalent to the assumption that the carrying wave length A = (v/ Ocsz\/g)z/ 3. The chosen restriction on
the Reynolds number means that the viscosity effects exhibit themselves only in the cubic approximation.

In any approximation, apart from the consideration of the wave component of the motion, the mean flows
should also be determined. These can be conveniently determined using the Helmholtz equation, which
follows from the equations of motion but does not involve the pressure. In the Lagrangian coordinates it
takes the form:

aa? V(Y [, Q) + [X, X, Q}, Q=X X] + [V Y]. (1.10)

Here, € is the plane flow vorticity, while the brackets mean the operation of taking the Jacobian with
respect to the Lagrangian variables a and b.
In the variables introduced above this equation can be rewritten as follows:

1

J
Wi+ W, W] —

Re{a W, + W, W] + 9

ot W, W, W + W, W]]]}ZO. (1.11)

In this equation all the quantities are dimensionless, while the Jacobians are now taken with respect to
the variables g and b. In the complex representation the vorticity Q = Re [Wt + W, W]. It can also be

represented in the form of a series in the small parameter of wave steepness: 2 = 2 e'Q,.
n=1

2. LINEAR APPROXIMATION

The calculations can be conveniently performed in accordance with the following procedure. First, the
system of equations consisting of the continuity and Helmholtz equations is solved. Then from the known
form of the complex coordinate W, the pressure p, is determined from the equation of motion. Thereupon all
the expressions thus determined are substituted in the boundary conditions, whence evolutionary equations
for the wave packet envelope are derived.

Substituting expansions (1.8) and (1.9) in the hydrodynamics equations (1.6) and (1.11) yields the sys-
tems of equations for the corresponding approximations. In the linear case the continuity and Helmholtz
equations are as follows:

Im(wip, + iwig,) =0, Re (wip + iwige)gogo = —Li1g = 0.
Their solution diminishing with the depth can be written as follows:
wq :A(ql, tl)exp(b + iC]()) + l//l(ql, b, ll), [>1. (2.1)

In this equation the first term describes the oscillatory motion of fluid particles and the second term is
the drift flow. The wave amplitude A is a function of “slow” variables. The function v is real; it depends
on both the slow coordinates and the vertical Lagrangian coordinate.

The distinctive feature of the motion under consideration is that the drift flow y; arises already in the
first approximation. Mathematically, this is due to the fact that in the linear approximation the solution is
determined accurate to an arbitrary function dependent on the fast coordinates ¢; and #; and independent of
the slow coordinate gg. In studying the stationary potential wave on the fluid surface (Stokes wave) the so-
lution is sought as a function of the coordinates gy and b only [10]. For this reason, the linear approximation
does not include the drift flow but this flow appears in the quadratic approximation.

In the most general case it would be well to add a purely imaginary constant determining the mean fluid
level to solution (2.2). It is convenient to let it be equal to zero, thus fixing this level at the horizon, ¥ = 0.
The vorticity €2; = 0. The equation for p; is obtained from the second equation (1.6)

Plgo + ip1b = iW1q0 — Wlgogo- (2.2)
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PACKET OF GRAVITY SURFACE WAVES 227

In accordance with solution (2.1), the right side of the above expression is zero; therefore, the quantity
p1 is constant. In the problem under consideration viscous forces start to play a role only in the cubic
approximation; because of this, in the first two approximations it is the pressure constancy condition on the
free surface (cf. Egs. (1.2) and (1.7)) that is taken for the boundary condition. For the sake of simplicity, we
can let p;|,_, = 0. Thus, from the first approximation it follows that p; = O for any arbitrary b.

Comparing expression (2.2) with Eq. (1.4) in the dimensional variables it can readily be seen that the
vanishing of the right side of Eq. (2.2) is the consequence of the dispersion equation for the waves on deep
water which was used before for writing the equations in the dimensionless variables.

3. QUADRATIC APPROXIMATION

In the second approximation the continuity and Helmholtz equations are as follows:

Im (wap + iwag, — WigWip + iwig, ) =0,
3.1
Re (W2qob + iWagogy T Wiger, + 2iWigig0 + Wigih + Winy — [W1q07 W]) = =0.

Here, the second equation was singly integrated with respect to gg. Here and in what follows the Jacobian
is taken with respect to the variables gg and b. Also in the second approximation the flow is potential
(Qy =0).

Substituting solution (2.2) in relations (3.1) we arrive at the following system of equations

Im(wop + iwag, — i(Ay1s — Ay, )exp(b + igo) — i|A[*exp2b + iyn,,) =0,
RC(quob + inquO — (Aql — Al//lb)exp(b + iq()) + Vigs + Yiyp + 2|a|zexp2b) =0.
Its solution can be conveniently written in the form:

wa = Qax(q1, b, t7)exp(b + iqo) + va(qi, b, ;) + ifa(qr, b, 1), 1>1, (3.2)

where v, and f, are real functions of slow variables.
The conditions on the choice of the functions O, and f, and the equation for the mean displacement y;
are as follows:

Q> =i(Ayy — bAy), fu=I|A"exp2b — Wig, Winp + Wign = —2|A[ exp2b. (3.3)

The function y, can be arbitrary and in this approximation is not calculated. In the second approximation
the oscillation amplitude is determined accurate to an arbitrary function independent of the coordinate b. We
will let it zero, since otherwise the amplitude A could be overdetermined by including this function in it.
The mean vertical particle displacement f, is determined from the known function of the drift flow in the
first approximation Y. In view of the fact that on the bottom there are no vertical displacements of fluid
particles, for the function f, the following distribution in the depth is valid

b
1
= 2|A|2exp2b - J W4, db.

As b — 0, the both terms of this formula vanish. On the free surface the function f, can be other than
zero. This means that in the second approximation the mean level generally does not coincide with the
surface ¥ = 0 and deviates from it by the quantity f>(0). Integrating the last equation (3.3) with respect to
b we obtain

Vig + Wi, = —|A|*exp2b.
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The integration constant is zero, since on the bottom the fluid is at rest. The minus sign means that both
the mean flow and the wave move in the negative direction of the X axis. The function y; is determined
from the known wave amplitude. In the second approximation the drift flow form (function y») should be
determined from the third-approximation equations.

In the quadratic approximation Eq. (1.6) takes the form:

Wogogo — W2gy + D2go + IDP2b = Wig, — 2Wigeq — 2Wigon -
In view of Egs. (3.2) and (3.3), we obtain
P2q + ipr = _i(Aq1 + 2All)exp(b + iCIO) + illflql-

Here, the pressure constancy condition on the free surface is taken as the boundary condition for the
above equation. In view of this, we obtain that the wave packet amplitude satisfies the equation

1
Ay =0. (3.4)

At1+2

The expression for the pressure takes the form:

b
p2 = Jqul db.
0

From Eq. (3.4) it follows that the packet envelope travels in the negative direction of the X axis at a
velocity half as large as the phase velocity. If a new coordinate & = g; — #;/2 is introduced, then the wave
amplitude is a function of this variable, that is, A = A(&;, ¢, 1;), [ > 2. The function y; and, therefore, the
pressure p> do not possess this property.

We will emphasize that for the two first approximations the solutions are constructed as in the case of
an inviscid fluid: the fluid flow is potential, while on the free surface the pressure constancy condition is
satisfied. The viscosity effect manifests itself only in the third approximation.

4. CUBIC APPROXIMATION

The third-approximation equations are as follows:

Im (W3}, + iwzgy + Wiy, + iwag, + wipwig, + Wi, wz]) =0,
— Q3= Re{iW3q0q0 + W3gob —+ i(WZthl —+ 2W2qoq1 + Wigots

+ 2Wigegy T Wiy + Wigigr) + Wanb + Wagib + Wins + Wigyp

D(qum Wl) } —0
D(Qh b) ’

4.1)

— [Wiges wa] — [Wagy, wi] — [Wigy, wi1] — [Wig, wi] —

Wigoq0 — iW3q0 + P3gy t+ ip3p :iW1q2 + iwqu - P2 + i[p2> Wl]
— Winn — Wigigi — 2Wigin — 2Wigen — 2W2gorn — 2Wigegs — Z2Waoqi -

Also in this approximation the fluid flow is potential (€23 = 0). This is attributable to the fact that we
consider the high-Reynolds-number approximation and in the n-th approximation the viscous term in the
Helmholtz equation is determined by the lower-order vorticities. If these are identically zeros, then Q, = 0.
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PACKET OF GRAVITY SURFACE WAVES 229

Physically, this means that vorticity diffusion into the fluid depth is neglected. Thus, the viscosity effect is
realized only via the boundary conditions on the free surface.

Substituting the expressions for w; and w, in the two first equations of system (4.1) we obtain the
following equations

Im{imqo + w3p + 2(1 + b)Ay,Aexp2b + (Yig, + Woq) + exp(b + iqo)
. . 1
X [lqu + bAgiq — (bY1 + vi)pAy — <lllf2 + f - 2W12> A} } =0,
b
Re{iW3qu0 + Wigehp + 2i(b + 3)Aq1Aexp2b + (II/Ztl + Yoq + Vi, + Wl@)h - eXp(b + iCIO)

o2
X |:Aq2 — ibAqlql + l(bl[/l + Wl)bAql + <lf2 — Yy — lll2/1> A+ 41|A|2Aexp2b} } =0.

b

From the second equation of this system it follows that

i
Vo + Yoq + Vi, + Yig, = 4(2b + 5)(AgA — AgA)e”. (4.2)
The expression for the third-approximation solution is as follows:
: 1 : :
ws = Qzexp(b + iqy) + 2\A|2Aexp(3b — iqo) + y3 + ifs, (4.3)
i b? 2
0; = <iq/2 + fH - 21>A + (1 + b)y1A,, — ibA,, — 5 Aaar + |A|“Aexp2b,

“4.4)
fir=1i(1 + b)(AgA — Ay A) — Wiy, — Vg,

The function y; is determined in considering the next approximation. The calculation of the mean flow
is a separate problem. From Egs. (4.2)—(4.4) it can be seen that it has both horizontal and vertical velocity
components, namely, f3(—oo) =0, f>(0), and f3(0) # 0. The packet in motion entrains fluid particles in not
only the horizontal motion but also in the vertical motion determined by the form of the envelope amplitude
and the horizontal flows of the first and second approximations. In this case, along with the near-surface
drift of fluid particles, there exists also a flow named the irrotational return flow [16]. However, our purpose
is to derive the evolutionary equation for the wave packet envelope.

Substituting the solutions for the three first approximations in the last equation of system (4.1) we obtain
the equation for determining the pressure

. . 1 .
P3g + ip3p = — [21,4,2 + 2/|A]PAe* + 4A%} exp(b + iqo)

+ |A]PAexp(3b — iqo) + i(Wig + Wag)

Integrating this equation we obtain an expression for the pressure.

1 1
P3 =2Re |:—At2 + lAélél + 2i|A|2Ae2b:| exp(b + lq0)

8
4.5)

b
+ J(Wqu + Wqu)db + p;(Qh tl)a 12 17 51 =41 — t1/2-
0
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The function pj3 is determined from the boundary conditions
(Tyll’ll)3 =—p3 — 2aReiw1q0h = 0, b= 0, (46)
(7}1711)3 = oRe (quob — iwlqoqo) =0. (4.7)

Equations (4.6) and (4.7) correspond to the conditions of the equality of the vertical and horizontal
momentum fluxes to zero on the free boundary. The subscript “3” for the force components that act on the
surface means that only the third-order terms are taken into account. Substituting expression for the pressure
(4.5) in Eq. (4.6) yields the evolutionary equation for the wave packet amplitude envelope

1 1
A + S APA + LAz, + iaA =0. (4.8)

The function p3 = 0. Equation (4.8) is the nonlinear Schrodinger equation with the linear dissipative
term. In the dimensional variables it takes the form:

, 1 1o .
A, + , OIC[APA + g 2Aag T icoA=0. (4.9)

It should be noted that it is the wave frequency that plays the role of the amplitude decrement.
Equation (4.9) can be written returning to the original variables ¢ and & = ¢ — or. We will introduce a
new function A* = A/¢; then the evolutionary equation is brought into the form:

lo NeZ0X
8k2A55 + lR*A =0. (4.10)

A + ;a)k2|A*|2A* +

An important feature of Eqs. (4.8)—(4.10) is that they do not include the drift flow ;. This is the
consequence of the fact that the case of fairly high Reynolds numbers is considered. If the inverse Reynolds
number is of the order of the wave steepness or of the order of unity, then the evolutionary equation will
include the mean flow.

We will now note a shortcoming of the solution constructed. It can easily be seen that the boundary
condition for the tangential component of the momentum flux (4.7) is not fulfilled. This is due to the
fact that viscosity is important only within a very narrow surface layer. Accordingly, the flow within this
layer possesses large gradients and, generally speaking, the viscous terms in the equations of motion cannot
be disregarded. Equations (4.3) to (4.5) describe a potential flow and are valid outside the near-surface
boundary layer. Within the layer they should be refined with account for viscosity. Since the condition for
the tangential component of the momentum flux is not fulfilled, the variations will primarily concern the
mean flow. However, it does not enter in the evolutionary equation for the amplitude. On the basis of this
it may be inferred that Egs. (4.8) to (4.10) are a fairly good approximation for studying the wave packet
damping at high Reynolds numbers.

The method of constructing the solution is so organized that the viscosity effect is taken into account
only in the boundary condition for the normal component of the momentum flux. The linear dissipative
term appears in the n-order evolutionary equation if it coincides with the least order of the nonzero viscous
term. This means that the quantity 1/R, must be of the order of €"~!. Thus, the greater the order of
the evolutionary equation the greater the Reynolds number at which the use of the nonlinear Schrédinger
equation with linear dissipation is validated.

Summary. The method of modified Lagrangian coordinates is developed for describing the packet
of gravity surface waves at high Reynolds numbers. The conditions of applicability of the nonlinear
Schrodinger equation with a linear-in-amplitude dissipative term are determined. The algorithm for con-
structing the solution tested for the three first approximations can be applied to an analysis of the higher-
order flows.
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