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ABSTRACT   

 

Kurkina, O.; Pelinovsky, E.; Talipova, T., and Soomere, T., 2011. Mapping the internal wave field in the Baltic 
Sea in the context of sediment transport in shallow water. Journal of Coastal Research, SI 64 (Proceedings of the 
11th International Coastal Symposium), 2042 – 2047. Szczecin, Poland, ISSN 0749-0208  

The geographical and seasonal distributions of kinematic and nonlinear parameters of long internal waves 
obtained on a base of GDEM climatology in the Baltic Sea region are examined. The considered parameters 
(phase speed of long internal wave, dispersion, quadratic and cubic nonlinearity parameters) of the weakly-
nonlinear Korteweg-de Vries-type models (in particular, Gardner model), can be used for evaluations of the 
possible polarities, shapes of solitary internal waves, their limiting amplitudes and propagation speeds. The key 
outcome is an express estimate of the expected internal wave parameters for different regions of the Baltic Sea. 
The central kinematic characteristic is the near-bottom velocity in internal waves in areas where the density jump 
layers are located in the vicinity of seabed. In such areas internal waves are the major driver of sediment 
resuspension and erosion processes and may be also responsible for destroying the laminated structure of 
sedimentation regime (that frequently occurs in certain areas of the Baltic Sea). 

ADDITIONAL INDEX WORDS: density stratification, internal soliton, Korteweg-de Vries equation, Gardner 
equation  

 
INTRODUCTION 

Large-amplitude internal waves (IW) are often very energetic 
events in stratified and coastal marine environments. They have a 
significant role in particle transport and mixing of water masses, 
as well as affecting acoustic propagation. Understanding the 
impact of large IW is of key importance in the coastal marine 
environment. The regional aspect is essential in IW studies as the 
vertical stratification of the ocean is highly inhomogeneous in the 
horizontal direction. Here the attention is drawn t the Baltic Sea 
which is strongly influenced by wind forcing and buoyancy, that 
causes mesoscale variability of hydrological fields with horizontal 
scales of 5–20 km. The Baltic Sea is known as non tidal region 
and generation of IW is mainly accounts for the strong winds. The 
cyclones propagating with the winds of 10−15 m/s here cause the 
generation of IW with amplitudes of 11–15 m, while the current 
velocities in the upper layer are about 11–15 cm/s, and in the 
lower layer, they are about 5–8 cm/s (Chernysheva, 1987). The 
characteristics of IW measured in the Baltic Sea are given in 
(Kol’chitskii et al., 1996; Golenko and Mel’nikov, 2007). In 
particular, IW with periods of 0.1–1 h, observed in the central part 
of the Gotland Deep, formed internal wave trains with duration of 
several hours and current amplitudes of about 3 cm/s. IW in the 
inertial frequency range can induce wave currents with velocities 
reaching 20 cm/s. 

The horizontal variability of hydrological fields becomes 
evident in the weakly nonlinear internal wave theory (Talipova et 
al., 1998; Holloway et al, 1999; Pelinovsky et al, 2007) as spatial 
variability of the coefficients of the corresponding nonlinear 
evolution equations. These coefficients, such as propagation 
speed, quadratic and cubic nonlinearities and dispersion, represent 
the kinematic characteristics of internal wave field. Horizontal 

variability of vertical stratification is especially evident in the sea 
shelf zones and shallow-water basins of estuary type. 

When IW are modeled numerically, an important problem is to 
specify the hydrological conditions determining density variations 
with depth to initialize the numerical models. An adequate way is 
to use gridded temperature-salinity data from international 
hydrological atlases. This approach allows reproducing the 
internal “weather” of the considered basin, because hydrological 
atlases represent the long-term mean density stratifications.  

The aim of this study is to examine the geographical and 
seasonal distributions of kinematic parameters of long IW 
obtained on a base of GDEM (Generalized Digital Environmental 
Model) climatology in the Baltic Sea region. This data set reflects 
the global climatology of the temperature and salinity of the global 
oceans.  

The first such estimations for the Baltic Sea are given in 
(Talipova et al., 1998) for the region of the Gotland Basin. The 
considered kinematic parameters can be used for express-
evaluations of the possible polarities, shapes of solitary IW, their 
limiting amplitudes, propagation speeds, etc. They also can help to 
set-up and initialize more complex models for internal gravity 
waves (IGW, MIT GCM, POM). 

We present overview of spatial variability of the listed 
parameters and several interesting features of the underlying 
hydrophysical fields such as the depth of the maximal value in the 
Brunt-Vaisala frequency (BVF) profile and the maximal values of 
the BVF over such profiles for different months. The averaged 
values of coefficients of the Gardner equation allow producing the 
estimations of nonlinear IW shapes and limiting amplitudes before 
numerical simulations. 
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The key outcome of our calculations is an express estimate of 
the expected internal wave parameters for different regions of the 

Baltic Sea. The central IW field characteristic is the near-bottom 
velocity in IW in areas where the density jump layers are located 
in the vicinity of seabed. In such areas IW are the major driver of 
sediment resuspension and erosion processes and may be also 
responsible for destroying the laminated structure of 
sedimentation regime (that frequently occurs in certain areas of 

the Baltic Sea). As the pycnocline is in many cases located at a 
depth of only a few meters in some areas of the Baltic Sea during 
spring and summer (Leppäranta and Myrberg, 2009), the impact 
of IW on sedimentation processes frequently extends to the coastal 

zone and overlaps with the nearshore affected by surface waves. 
Such situation often happens in partially sheltered sub-basins of 
the Baltic Sea (Figure 1) such as the Gulf of Finland where the 
role of high near-bottom velocities, eventually created by high-
amplitude IW, has been systematically underestimated in 
engineering applications (Erm et al., 2010). 

INTERNAL WAVES IN STRATIFIED BASINS 
The weakly nonlinear theory of long IW in a vertical section of 

stratified basin assumes, that the internal wave field (in particular, 
the vertical isopycnal displacement ),,( txzζ ) can be expressed as 
a series (up to the 2nd in nonlinearity) (Pelinovsky et al., 2007): 

)(),()(),(),,( 2 zFtxztxtxz ηηζ +Φ=   (1) 
where x is horizontal axis, z is vertical axis directed upward, t is 
time, η(x,t) describes the transformation of a wave along the axis 
of propagation and its evolution in time. Function Φ(z) (the 
vertical mode) describes vertical structure of long internal wave, 
and F(z) is the first nonlinear correction to Φ(z). Φ(z) is a solution 
of an eigenvalue problem, which can be written in the form (in 
Boussinesq approximation usually valid for natural sea 
stratifications): 
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here eigenvalue c is the phase speed of long linear internal wave, 
H is the total water depth, N(z) is the Brunt-Väisälä frequency 
(BVF) determined by the expression: 
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g is gravity acceleration and ρ(z) is undisturbed density profile. It 
is well known, that problem (2) has an infinite number of 
eigenvalues c1>c2>c3>… and corresponding eigenfunctions Φ1, 
Φ2, Φ3,… We consider only the first (lowest) mode, when the 
function Φ has a single zero at z=0 and z=H. This mode is usually 
the most energetic in the internal wave spectrum. It is convenient 
to normalize the solution so that the maximum of Φ(z) is 

( ) 1maxmax =Φ=Φ z . 

In this case the leading order solution η(x, t) coincides with the 
isopycnal surface displacement at maxz : 

),(),,( max txtzx ης =    (4) 
Function F(z) can be found as a solution of the inhomogeneous 

boundary problem: 
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Figure 2. Maximal value in the BVF profile [s-1] (left panel: 
January, right panel: July). 

 

Figure 3. Depth [m] of maximal value in the Brunt-Vaisala 
frequency profile (left panel: January, right panel: July). 

 

Figure 1. Bathymetry of the Baltic Sea. The triangle shows the 
location of measurements presented in Fig. 12. 

 

Figure 4. Long linear IW speed [m s-1] (left panel: January, right 
panel: July). 
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0)()0( == HFF , 
where the auxiliary normalization condition F(zmax)=0 is used to 
determine the solution uniquely. 

In this model, the function η(x,t) satisfies the nonlinear 
evolution equation (extended Korteweg-de Vries (KdV) or 
Gardner equation): 
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This equation contains cubic nonlinearity, the presence of which 
provides better predictions of wave form, especially in the coastal 
zone. The coefficients of this equation are determined through the 
Φ(z) and F(z): 
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In the present paper we construct and discuss the geographical 
charts for parameters c, β, α and α1 of the Gardner equation (6) in 
the Baltic Sea region, using climatological oceanographic data and 
calculating Brunt-Väisälä frequency (3) from temperature and 
salinity profiles. 

KINEMATIC CHARACTERISTICS OF THE 
INTERNAL WAVE FIELD IN THE BALTIC 

SEA 
We use long-term mean temperature and salinity profiles from 

GDEM-V3.0 (Teague et al., 1990) to calculate density 
stratifications for the Baltic Sea. With these profiles speed of 
propagation, dispersive and both nonlinear parameters of the 
Gardner equation are computed and presented in the form of 
charts with a resolution of 10’×10’ along latitudes and longitude. 
We also discuss spatial and seasonal (July and January) variations 
of these parameters. GDEMs at 10 minute resolution have been 
developed for selected regions where data is sufficient to support 
the higher resolution; particularly, such data are available for the 
Baltic Sea. 

Visualization of results was done using the software Ocean Data 
View (Schlitzer, 2010). 

The bathymetry of the Baltic Sea (Figure 1) and charts 
representing the magnitude of seasonal variability of the density 

stratification (in terms of maxima of BVF (Figure 2) and the depth 
where the maximum of BVF occurs (Figure 3)) can help in the 
interpretation of obtained results and in explaining the features of 
the geographical distribution of kinematic parameters of the IW 
field. Figures 2 and 3 demonstrate that stratification data strongly 
depend on the particular season. Note the increase in the maximal 
BVF values during summer simultaneously with a decrease of 
their depths. So, in general one can expect an increase in the 
impact of IW upon the sediment transport in shallow-water 
regions of the Baltic Sea in late summer and autumn. 

Seasonal variations in the linear parameters c, β (Figures 4 and 
5) are not very significant. Also the main features of their 
geographical distribution do not change from season to season. 
The maximal value of c is about 90 cm/s. These parameters 
apparently are mostly determined by the bathymetry. However the 
nonlinear parameters α, α1 (Figures 6 and 7) are more sensitive to 
the fine structure of the density stratification. Their seasonal 
variability is significant, and they can even change their signs 
from season to season. The quadratic nonlinearity parameter 
changes from –0.02 to 0.03 s-1 and for July (Figure 6, right panel) 
it is mainly positive in the southern part of the Baltic Sea (the 
Arcona Basin, the Bornholm Basin and the Slupsk Furrow), in the 
central part (the Gotland Basin) there are the spots of different 
signs of α, and the Gulf of Finland and the Bothnian Sea are 
characterized by the negative value of this parameter. In winter 
season (Figure 6, left panel) the zone of positive values broadens 
including the central part of the Baltic Sea and most of the Gulf of 
Finland. The cubic nonlinear parameter (Figure 7), which changes 
from –0.003 to 0.004 m-1s-1, shows the spotty character of the 
zones with positive and negative values with the predominance of 
negative values in winter (Figure 7, left panel) the positive values 
in the Bothnian Sea in summer (Figure 7, right panel).  

SHAPES OF NONLINEAR INTERNAL WAVES 
Let us consider the single-soliton solution of Eq. (6): 
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where the soliton velocity 2βγ+= cV  is expressed through the 

inverse width of soliton, γ, and the soliton amplitude, a, or the 
extremum of the function (9), is 
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Let us consider in detail now the possible combinations of the 
signs of the nonlinear coefficients in the Gardner equation. 

 

Figure 5. Long linear IW dispersion parameter [m3⋅ s-1] (left 
panel: January, right panel: July). 

 

Figure 6. Quadratic nonlinearity parameter [s-1] (left panel: 
January, right panel: July). 
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Korteweg-de Vries soliton 
When the cubic nonlinearity vanishes (α1 = 0), the solution (9) 

is reduced to the classical Korteweg-de Vries (KdV) soliton: 
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It has only one polarity defined by the sign of quadratic 
nonlinearity α.  

Gardner soliton 
When the cubic nonlinear coefficient α1 is negative, soliton 

solutions of single polarity, with αη > 0, exist with amplitudes 
between zero and a limiting value 

.
1

lim α
α=a    (12) 

The soliton shapes for different combinations of signs of 
nonlinear parameters are discussed in details in (Pelinovsky et al, 
2007). The increase in the soliton amplitude to the limiting value 
(12) (B → 0) leads to the unlimited increase of its width. The 
solitary wave becomes “wide”, or “table-shaped.” It has a flat 
crest, and its slopes are shock-like waves, or kinks. 

If α1>0, soliton families of either polarity exist. One of these 
families with αη > 0 has 1 < B < ∞, and the amplitude is not 
bounded. For large amplitudes (B → ∞) the solution has the shape 
of the soliton of the modified KdV equation: 
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Another family of solitons (with αη < 0) corresponds to 
negative B (−∞ < B < −1). At B → −∞ such solitons are 
transformed into the modified KdV soliton (13). Waves of this 
family have a minimum amplitude 1alg /2 αα−=a . 

At near-critical amplitudes (B→ −1) soliton (9) tends to so-
called “algebraic” soliton: 
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Note that its speed is equal to linear long wave speed. In the gap 
between the zero and aalg there are no any solitons.  

Figures 8 and 9 illustrate geographical distributions of 
amplitudes alim (12) for the points with negative cubic nonlinearity 
and aalg (15) for the points with positive cubic nonlinearity values 
in the Baltic Sea. The range for the values of these amplitudes is 
about ±40 m.  

HORIZONTAL VELOCITY  
With the use of Eq. (1) the components of velocities of fluid 

particles (u, w) in the vertical section (x, z) can be expressed as 
follows: 
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The horizontal velocity component u gives the greatest 
contribution into the local current speed. This is typical for long 
waves and this characteristic of internal wave field must be 
considered in the analysis of near-bottom processes connected 
with sediment transport.  

The first terms in Eqs. (15) and (16) correspond to the leading 
order of the asymptotic expansion. The remaining additives reflect 
the first nonlinear correction in the asymptotic series. Thus, for the 
forecast of the local current speed one has to determine the 
isopycnal displacement η(x, t) at the level of zmax (see (4)), the 
vertical IW mode Φ(z) and its nonlinear correction F(z). The 
amplitude of η(x, t) is not known a priori, it depends upon a large 
number of background conditions of internal wave generation, and 
can be found by means of the detailed simulation. 

For the analysis of the geographical features of the near-bottom 
velocity distribution it is convenient to consider a normalized 
quantity u/η (Figure10). To the leading order, it is independent of 

 

Figure 8. Limiting amplitudes [m] of “top-table” solitary waves 
(for negative cubic nonlinearity values, left panel: January, right 
panel: July). 

 

Figure 7. Cubic nonlinearity parameter [m-1⋅s-1] (left panel:  
January, right panel: July). 

 

Figure 9. Amplitudes [m] of algebraic solitons (left panel:  
January, right panel: July). 
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η. The largest values of near-bottom velocities can be expected 
along all the coasts, especially in the eastern part of the Gulf of 
Finland and in the south-western part of the Baltic Sea (the 
Arcona basin and the Bornholm Basin) with the tendency to 
increase in the warm season. 

The contribution from second-order terms in the horizontal 
velocity (Eq. (19)) can be estimated for the model of a three-layer 
stratification – a situation that frequently occurs in the Baltic Sea. 
The water masses in its central part often consist of a mixed upper 
layer, well-defined seasonal thermocline at a depth about 20–40 
m, an intermediate layer and main halocline at a depth about 80–
100 m. In many cases the total depth is 120–140 m and density 
changes between the layers are more or less equal (Soomere, 
2003). We model this sort of three-layer density profile using the 
formula 

2

2
2
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1
10 tanhtanh

d

zz

d

zz −
∆−

−
∆−= ρρρρ  (17) 

where the parameters are chosen to reproduce the profiles 
presented in (Soomere, 2003): ρ0 = 1007 [kg/m3], ∆ρ1 = ∆ρ2 = 2 
[kg/m3], d1 = 3 [m], d2 = 10 [m], z1 = –20 [m], z2 = –80 [m], total 
depth is 130 m. Figure 11a presents the BVF profile and 

corresponding lowest vertical mode Φ(z) and the nonlinear 

correction F(z) profiles. Such background conditions give positive 
signs of both nonlinear parameters (α, α1), and the solitons of both 
polarities can exist. The isopycnal displacements and horizontal 
velocity contours induced by the passage of the lowest-mode 
solitons (9) of positive and negative polarities with approximately 
equal amplitudes (a ≅ 13.4 m) are demonstrated by Figure 11b-e 
(for the leading order of the Eqs. (1) and (15)) and by Figure 12 
(where the nonlinear correction terms are taken into account in 
Eqs. (1) and (15)). These figures show quasi-three-layer structure 
of horizontal velocity fields with thin transition layers of 
thicknesses d1 and d2. Notice that the velocity is positive when the 
fluid particles move in the direction of soliton propagation (to the 
right), and negative in the opposite case. The fields of horizontal 
velocities in elevation and depression solitons are positive and 
negative, respectively, in the lower near-bottom layer, and have 
the reversed in the middle and upper layer. Near-bottom and near-
surface velocities reach the greatest values whereas the velocity in 
the mid-layer is not significant. The influence of the nonlinear 
correction manifests itself firstly in the shape of the lines of zero 
horizontal velocity: they are curved oppositely to the soliton 
polarity while for the leading order wave field they are horizontal. 
Also the wavefield accounting for the nonlinear correction has 
smaller maximal absolute values of negative velocities (near-
surface for the soliton of elevation, and near-bottom for the soliton 
of depression) and larger maximal values of positive velocities. 

DISCUSSION AND CONCLUSIONS 
In essence, the performed research is a step on the way towards 

systematic incorporation of the information about internal wave 
fields into engineering applications. As typical for wave processes, 
propagation of IW provides a mechanism of the transfer of 
massive quantities of energy between different sea areas. This 
energy is mostly released in regions where the pycnocline is 
located so close to the sea surface or the bottom that the large-
amplitude IW will break. In the Baltic Sea conditions, this location 
may vary considerably and frequently occurs in areas where upper 
layers of soft sediments are substantially polluted (Verta et al., 
2007). 

Water velocities in breaking IW usually largely exceed the 

 

Figure 10. The value of leading-order near-bottom velocity in 
internal wave field divided by η (x, t) in [1/s] (left panel: 
January, right panel: July). 

                   a                                                                                     b                                  c                              d                                  e 

 

Figure 11. (a) Model of almost three-layer density stratification and corresponding profiles of Brunt-Väisälä frequency N(z), lowest 
vertical mode Φ(z) and its nonlinear correction F(z); leading order of isopycnal displacements (b, d) and horizontal velocity (c,e) contours 
while the soliton of positive/negative polarity propagates. In panels b, d contours are given with H/20 interval; in panels d, e solid/dashed 
lines correspond to positive/negative horizontal velocities, thick lines are the lines of zero horizontal velocity, the interval between 
contours is 0.025c. 
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threshold for suspension of such sediment. The dimensions of 
resulting plume are basically determined by the above-considered 
limiting parameters of large-scale IW. The frequently occurring 
process of upwelling (that has high chances to occur 
simultaneously with the presence of intense internal wave field) 
brings the pollution to the upper layers of the sea where surface 
currents redistribute it over a large sea area (Leppäranta and 
Myrberg, 2009). 

The largest uncertainty of this multi-step process is currently 
connected with insufficient knowledge about the internal wave 
fields in the Baltic Sea. Therefore, in connection with detailed 
studies into upwelling (Lehmann and Myrberg, 2008) and current-
drive transport of different adverse impacts (Soomere et al., 2011), 
our study paves the way towards much better understanding the 
functioning of key features of the entire Baltic Sea (eco)system 
and has a large potential to contribute into mitigation and 
management marine-induced hazards, especially problems 
connected with coastal pollution and coastal zone management. 
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Figure 12. Isopycnal displacements (a, c) and horizontal velocity (b,d) contours while the soliton of positive/negative polarity propagates. 
In panels a, c contours are given with H/20 interval; in panels c, d solid/dashed lines correspond to positive/negative horizontal 
velocities, thick lines are the lines of zero horizontal velocity, the interval between contours is 0.025c. 




