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Abstract: In this paper we consider the first boundary value problem for
elliptic systems, defined on unbounded domains 2 C R”, which solutions satisfy
a condition of finiteness of the Dirichlet integral, also known as the energy
integral

/|Vu|2d:c < 0.
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1. Introduction

Let 2 be an unbounded open subset of R, n > 2. As is customary, by Wy ()
we denote the space of functions which are locally Sobolev, i.e.,

Wi 10e(Q) = {f: fEWHQNBY)Yp>0, Vo e R,
where B the open ball in R™ of radius p centered at the point x [9]. If

x = 0, we write B, instead of Bpm. In this case, denote by Vc[)/%,loc(Q) the
subset of Wy, (R™) which is the closure of C§°(£) in the system of seminorms
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lullwi@ns,)>p > 0. Further, following [10, Subsec. 1.1], denote by L(92) the
space of distributions (“generalized functions”) whose first derivatives belong
to La(€); in other words,

LYQ) = {feD(Q): /\Vf\de < oo}
Q

Let w € R™ be an open set and let £ C w be a compact set. Denote by
P, (IC,w) the set of functions ¢ € C°(w) such that ¢» = ¢ in a neighborhood
of I, or, in other words, ¢ — ¢ € I/f/% e R\ ). Write (K, ,w) = {¢ €
C§°(w) : ¢ =1 in a neighborhood of K.

The quantity

cap (K, w) 1nf /|V¢|2d:c
w6<1>

is referred to as the capacity of the compact set K with respect to an open set
w [10, Subsec. 7.2]. The capacity of an arbitrary closed subset £ C w of R™ is
defined by the rule
cap ,(F,w) = sup cap,(K,w),
KCE
where the supremum on the right-hand side is taken over all compacta K C FE.
If w = R™, then we write cap ,(£) instead of cap ,(£,R").
We also need the following capacity [10, Subsec. 9.1]:

Ye V(K w)

Cap(C.Whw) = _int | [1voltdzs [ oo
w w
As above, the capacity of an arbitrary set F C w closed in R™ is given by the
rule
Cap(B, Wy (w)) = sup Cap(K, Wy (w)),
KCFE

where the supremum on the right-hand side is taken over all compacta K C E.

Finally, denote by W, ' the space of continuous linear functionals on W.).

A set E C R" is said to be (2,1)-polar if the only element of W{l supported
by E is zero [10, Subsec. 9.2].
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2. Statement of the Problem

Here and below, L stands for the divergence operator of the form

5 o)

7]_

where measurable bounded coefficients a;; satisfy the uniform ellipticity condi-
tion

c1|§|2 < Z az] fz f] < 62|f|2 € Rn’ c1,c2 > 0.
i,j=1
By a solution of the Dirichlet problem

Lu =0 on{)
(1)
uloo =,
where ¢ € W21 1oc(R™), we mean a function u € W21 1oc(€2) such that
Hu—ype WQ,lOC(Q), e, (u—p)u € Vf/%(Q) for any function p € Cg°(R"™);
2) the function u has the bounded Dirichlet integral
/ |Vul|?dz < oo;
Q

= ax] ox;
Q )

for any function ¢ € C§°(Q2).

3. Main Results
Theorem 1. Let cap,_.(R" \ ) < oo for some constant ¢ € R. Then

problem (1) has a solution.

Theorem 2. Let problem (1) have a solution, and let
/ |V|2da < oco.
R7\Q

Then there is a constant ¢ € R such that cap,_.(R" \ Q) < oo
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Theorem 3. For any function ¢ € Wy, (R™), the condition cap ,_ .(R™\
Q) < oo is equivalent to the inequality

Z Capgofc((ETkJrl \ Brkfl) N (Rn \ Q)v Brk+2 \Emfg) < o0,
k=1

where

2k | ifn >3
T =
P 22 ifn=2.

Let w C R™ be a bounded Lipschitz domain, and let © be a measure on w
such that

sup pl_”u(B,f Nw) < oo.
z€R™, p>0

In this case, for any function v € W3 (w), there is a ¢ € R such that

U(w,,u)Hv - CHLQ(W,M) < HVUHLQ(M)7 (2)

where the constant o(w, ;1) > 0 does not depend on v [10, Subsec. 1.4.5].

Theorem 4. Let problem (1) have a solution, and let py be a family of
measures on wy, where wy, k = 1,2, ..., are pairwise disjoint Lipschitz domains
in R™ such that

sup  p' " u(By Nwg) < 00

zeR™, p>0
and
o
Z / IV|?de < oc. (3)
kzlwk\ﬂ
Write
m(p) = égﬂfg [0 = el Ly i\ Qupan)-
Then

> 0wk, ) mi () < o0, (4)
k=1

where o(wy, k) stands for the coefficient in inequality (2).

To prove the Theorems 1 — 4 we need a number of auxiliary results.

An inequality from the following lemma is fairly well-known [e.g., 5 p. 288,
p. 398] and occurs in various forms. However, for the sake of completeness, we
give a detailed proof of this inequality.
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Lemma 1 (Special Hardy inequality). Let ¢ € C3°(R™) and n > 3. Then

[v?
/\wy?d >k e o dz,
where constant k doesn’t depend on u.

Proof. Let’s pass to the polar coordinates. Hence, the integral in the right-

hand side takes the form
2
/dS/ % r"dr,
r
0

where first integral is taken over all angular coordinates. Let’s fix angular
coordinates and obtain a chain of transformations

|7/)|2 n—1 g, _ 2| =3 g _ 1 2 (pn=2Y dp —
PRkl r= [ [¢¥7[r r=-— (|7 (r"77) dr =
0 0 0

[e. o]

~ [ttt 2

0

1 n—2
n—2 "

r=0

The first term in the final bracket, obviously, equals zero, as v is a sampling
function. Let s estimate the modulus of the second term, using the inequality

ab<ea®+ 102 considering a = |¢| "z T b=r1" llw’].

o0 [e. 9]

[ 2wlermar| <2 [l <
0 0

o0 1 oo
5/|1/)|2r"3dr+g/|1//|2r"1dr
0 0

Thus, we obtain a chain of inequalities

/W " 3dr<—/wuwr” ar <

2
: /W L T /w "y
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Consequently, by transferring of the first term to the left-hand side, we obtain
following inequality

|2n3d7”< /|¢|2n1dr

Given that |2 < |V¢|2 and that 7”1 represents the Jacobian of the trans-
formation to the polar coordinates, after returning to the initial coordinates,
we obtain )

W

/|vw|2d >k [ s

R
O

Remark. Taking a sequence {¢;} € C§°(R"™), which is fundamental in

L, ie. in seminorm
1
2
2
I Nzymny = (R/V?/) dr |
n

by the special Hardy inequality, we immediately obtain a fundamentality of this
sequence in the metric

T,Z)2
/|V1,Z)|2d + || ||2d
Rn

Therefore, the special Hardy inequality is also fair for ¢ € 2§ (R™).

Lemma 2 (General Hardy inequality). Let u € L3(R™) and n > 3. Then
there is a constant c¢ such that the following inequality is fair

2
/\Vuﬁdxzk/%dx
]Rn ]Rn

where constant k doesn’t depend on u.

Proof. The fact that u belongs to the space L%(R”) is equivalent to the
following condition

/|Vu|2 dr < 0.
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Let’s decompose the space L1(R™) into a direct product of the space z%(R”)

and its orthogonal complement. Let ug be a projection of u on E,%(R"), and h
is a component from the orthogonal complement. Considering that the space

lo;%(R") is Hilbert and separable, we find out that for any v € E,% (R™) it is true
that

/VvVh dz = 0.

Hence, Ah =0 in R™. From the Parseval’s identity, we obtain that
/ \Vh|? da + / \Vug|? dz = / |Vul|® d.
R” R” R®

Due to the finiteness of the right-hand side, we have the finiteness of each term
on the left-hand side. In particular, we obtain that

/ |Vh|? dx < oc.
R
Recalling the ellipticity of h, we obtain that h is constant. Then, using the

special Hardy inequality with respect to uy9 = u — h = u — ¢, we obtain the
general Hardy inequality. O

Lemma 3. In case of n = 2, the general Hardy inequality takes the form
2
\Vul|® dx > k B de,
|| In? lz|
R2 |z|> 26 0

for any function u € L(R?) and for any constant § > 0, where constant k
doesn’t depend on u, which is equivalent to the inequality

2
v 2d / ‘U’ z,
/' uPdr =k e ¢

for any function u € L3(R?) such that u = 0 almost everywhere in a neighbor-
hood of zero, and where constant k doesn’t depend on u.

Proof. At first let’s prove this proposition for a function u € C*°(R?).
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Let’s pass to the polar coordinates. Hence, the integral in the right-hand

side takes the form
"”\UIQ
d
/ ¢/ 21p2 r

Let’s fix angular coordinates and obtaln a chain of transformations
[l ] P f(Ly
rlu u
d’r—/—d’r——/ — | |u?dr =
/?”211127“ rin?r (111T> [
0 0 0
o0 o0 1
|ul? + / — 2 |ul|u|dr.
=0 Inr

The first term in the final bracket, obviously, is zero, as u vanishes in a neigh-
borhood of zero. Let s estimate the modulus of the second term, using the

Inr

inequality ab < ea® + £ L2 considering a = Jl‘ b—r2|u| .
r2lnr
2% fuluf r
/—2|u|| (dr / rijullul <2/7|“”“|drg
rzlnr ) r2lnr
2 1 7
2 5/ ’uL d’r—l——/’r\u’\er
rln“r €
0 0

Thus, we obtain a chain of inequalities

/ |u|2 dr < 25/ |u|2 dr + —/r|u/|2dr.
rin®r rin®r €
0 0 0

Consequently, by transferring of the first term to the left-hand side, we obtain
the following inequality

(1— 25)/ |u|2 dr < —/r|u/|2dr.
rin“r €
0 0

Given that |u/|?> < |Vu|? and that 7 represents the Jacobian of the transfor-
mation to the polar coordinates, after returning to the initial coordinates, we

obtain
|ul?

/]Vu\Q de >k

|]? In? |2
R2 2
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Then, using the passage to the limit and the fact that C* is dense in L3 [10,
p. 18], we obtain the proof of the Lemma. O

Lemma 4. Let E be a (2,1)-polar set. Then u‘E = 0 for any function
ue W), (R"), ie pu€ V?/%(R” \ E) for any function p € C3°(R"™).

loc

Proof. It is known [10, p. 331, Theorem 1] that the space D(f2) is dense in
W if and only if R™\ Q is a (2, 1)-polar set. That implies the statement of the
Lemma. O

Lemma 5. Let Cap((R™\ Q)N B,,, W3 (R")) > 0 for some 1. Then

1o llLas,) < AVl 5.)

for any r > 2rq and for any ¢ € W},  (R™) such that

loc

@ =0,
(RM\Q)NBr,

where constant A doesn’t depend on .

Proof. Let’s suppose the contrary. Then for any constant A thereisr > 27q
and a function ¢ € Wi, (R") such that

P =0,
RM\Q)N B,
and besides it is true that

1o llzs(50) > AV,

Let’s choose a sequence A; = s, s = 1,2,... There is a sequence 4 such that
s lLo(B,) > 5 IVeps [l Ly (,)- Denote

TR L.
llos ”LQ(BT)

It is obvious that [[1)s ||, (p,) = 1, while

HV¢5 HLQ(BT) — 0 as s — 0.
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Consequently, ||k—sl|yy;(p,) tends to zero as s — oo for some constant k. Thus,
taking the function (k — 15)n, where n € C§°(Ba,,), n = 1 in a neighborhood
of B,,, we obtain that

Cap((R™ \ Q) A By, W (R™) /yv ) 2dz < const ||k — by w5,

Taking the limit as s — oo, it follows that Cap((R™ \ Q) N B,,, W3 (R")) =0
This contradiction proves the Lemma. O

Proof of the Theorem 1. {r;}}'_, and {p;};_, are infinitely increasing sequences
of real numbers. Let r; < p; for all ¢, and

— 1
cap ,_ ((R"\ Q)N By, By,) < cap,_.(R"\ Q) + 50 1=1,2,...
It is obvious [11] that capacity cap,_.((R™\ ©)N B,,, B,,) is achieved by the

function v; EVCI)/%(BM) such that

Avi =0 By, \ (R"\ Q)N By,)
(5)

Vi =p—6

RMN\Q)NBy,

where the last equality means that (v;—(¢—c))u EIX/%(BM \ ((R"\Q)NB,,)) for
any pu € C3°(B,,). Along with the problem (5), let’s consider another problem:

Lui =0 on By \ (R"\ Q)N B,,)
(6)

Uy =p—C

(RM\Q)NB,,

where u; EV([)/%(BPZ.).
The following statement takes place: let function u; be a solution of the
problem (6), and function v; is a solution of the problem (5). Then

/]Vvi\deg/\Vui\degc/\Vvide, (1)

By, By, By,

k3 k3 7

where ¢ is a non-negative constant, which doesn’t depend on u; and v;. Let’s
prove this fact. The left-hand inequality, obviously, follows from the definition
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of capacity. Let’s prove the right-hand inequality. Given that the function w;
is a solution of the problem (6), it is true that

from where the following estimates are obtained

6uz 8uz 3uz Ov;
< <
/ ]Vuz\ du / Z 3(13m 6:1:1 / Z 3(13m oxy d <

I,m=1 I,m=1

2 :
const / |V [2da / |Vl ?de |
Q

B

7

that prove the right-hand inequality in (7).
It is obvious that

cap,_ ((R"\ Q)N B,,) < / ]sz\ dx < cap,_.(R"\ Q) +
BP

1
9i"

7

At the same time, from the inequality (7), it follows that

1
/]VuZIde <c<cap<p JRM\ Q)+ 21).

pz

If Cap(R™\ Q,W3(R™)) = 0 then the set R\ Q is (2,1)-polar [10, p. 331],
what means, according to the Lemma 4, that the function 1 — ¢ is zero on
R™\ . Thus, taking the unit function, we obtain the required solution of the
problem (1).

Now let Cap((R™ \ Q) N B,,, Ws(R")) > 0 for some r;. Then, from the
Lemma 5, we obtain that the sequence {u;}} ; is bounded both in Ly(B,) and
W(B,) for any r. Indeed, for sufficiently large 1,7 it is true that

wi =5 € Wi 1R\ (R*\Q)NB,)), i,5 > .
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Thus, fixing j, we have

1 1
HUiH%; + HuiH%/Vgl(K) Sa (‘|UJ'HI2/I/21(K) + cap o— (R™\ Q) + 57 2_]>

for any compacta K C R", where constant a > 0 doesn’t depend on w;.

Due to the compactness of the embedding W4 (B,) in Ly(B,), we can choose
a subsequence of the sequence {u;}?" ; which is fundamental in Ly(B,). In order
not to overload the indexes, we denote this subsequence also as {u;}" ;. Let’s
take a function n € C§°(B,) such that 7 = 1 in an open neighborhood of the set
B, /2. Due to the fact that u; satisfies (6), for the difference u; — u; we obtain
that N . 5

/ > azm(x)(Tm) L. 0,

821?1
B, I,m=1

where ¢ = 1? (u; — u;). In other words,

— uj) on?
/ Z alm axm 821?1 ( )d.ﬁlf +

I,m=1

O(u; —uj) O(u; —uy)
/ Z (T R ) dxr = 0.

I,m=1

Let’s rewrite the last relation in the form

/77|V( —uy)|*dz < 2/2%1 Oui —u;) ann(ui—uj)dx,

ox ox
k=1 ! k

whence, in view of the inequality ab < i a +3 L 42, we obtain that

/nQ\V(ui — uj)\de <c / |V (u; — uj)\Qnde + ¢ / \Vn]Q(ui — uj)2 dz,
By By

By

where c1, co are non-negative constants, which don’t depend on w;. Thus, we

have
/]V —u]]dx<ﬁ/ —u] x,

'r/2

where constant 8 > 0 doesn’t depend on wu;. Last inequality proves that the
sequence {u;}!; is fundamental in Wy (B, 2) for any 7 > 0. Therefore, there
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is a function u € W ,,.(R™) such that for any r > 0 the sequence {u;}?_; tends

to u in W4 (B,). It is obvious that the function u is the desired solution of the
problem (1). ]

Proof of the Theorem 2. Let’s suppose that the function w is a solution of the
problem (1). Let’s extend w on R™\ © with value ¢. Let n > 3, then there is a
constant ¢ € R such that for the function u the general Hardy inequality takes

place. Denote
VR =T |x| (’U, - C)v
R

where 7 € C§°(B) and 1 = 1 in an open neighborhood of the set B;. Hence,
we obtain

VRl mm\@)nBg =~ ¢

The Dirichlet integral for the function v can be estimated

)0
(oG-l f (G-

Let’s notice that

2
dz <

2
dx

|| 1 4
‘ ( _Eadﬁ§||2f0r$€B2R,

where p > 0 is a constant. Then, considering the Hardy inequality, we obtain

/‘Vn(%‘)(u—c)2d:c§%22 / lu — c|?dz <

Bsar BzR\BR

2
4p* / Ju = ¢ dx <— / \Vu|?dz.
|z[?

Bar\Br

Thus,

cap R"\ Q)N Bg) < Vg 2d:1:<fy Vqu:):<oo,
w—c —= —=
BQR BQR
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where v > 0 is a constant, which doesn’t depend on vg. Proceeding to the limit
as R — 0o, we obtain

cap ,_ (R"\ Q) < ’y/ |Vu|?dz < oo,
Rn

that proves the Theorem 2 for n > 3.

In case of n = 2, denoting
In 12l
oo 2).

where n € C§°(R?), n = 0 in a neighborhood of zero and 7 = 1 in a open
neighborhood of By, we obtain

_ ¢
(RM\Q)NB 2

VR

The Dirichlet integral for the function vz can be estimated

In lz|

R
[ 1ok ) )

By g2

In lz|

R
dr + / n<IHR>Vu

Let’s notice that

ln%‘ ?
VIl g )"
B2r2 Byp2
In 2l 2q 1 m
‘Vn (ﬁ)' < and < for z € Bype,

2
dr <

2
dx

|/
= |z|In R? In? R2 ~ In? |z

where ¢, m > 0 are some constants. Then, considering the Hardy inequality, we

obtain
2
hrlm 4q2
i i ) / A ar <
/ vn(th)u o |z|2 In? R2 ful”d <
By p2 Byp2\Bp2
2 4q°m
44 / e < / Vu|2dz.
o EETS [Vul*ds

2R2 \BR2 B g2
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Thus,

cap ,(R*\ Q) N Bpe) < / Vurlde < / Vulde < oo,

B B

2R2 2R2

where v > 0 is a constant, which doesn’t depend on vg. Proceeding to the limit
as R — 0o, we obtain

capw(R2 \ Q) < ’y/ |Vu|?dz < co.

R2
Thus, the Theorem 2 is completely proved. O

Proof of the Theorem 3. Let cap,_ (R \ Q) < co. Then, by the Theorem 2,
there is a function w, which is a solution of the problem (1). Let n > 3. Let’s
consider a shearing function 7, € C§°(R"™) such that ng(z) = 1 on Bokt1 \ Bok—1
and supp ng(x) C Bgk+2 \ Bgk—2, k = 1,2,..., which is constructed as follows.
Let n(z) is a monotone non-decreasing function from C°°(R"™), which is equal
to zero on the interval [—oo, 1] and is equal to one on the interval [2,+o00].

Further, we denote by n(z) the following function

Tl —Tk-2 . -
n (||7> ) ifz € By, _, \Brk72

Tk—1 —Tk—2 o
"71»:(95) =41, ifz e BT’k+1 \BT’k—1

Tk+2 — |$| . -
() e B

We have the estimate .
V() ? <

_Wv

where ¢ doesn’t depend on k. Then, considering the Hardy inequality, we obtain
a chain of inequalities

Capcp—c((ET’k+1 \ BT’k—l) N (Rn \ Q)? BTk+2 \Erk—z) S

/ IV (me(w)ula)) [ de < 2 / Vi (a)u(@)|? dat
B"k+2\§7'k—2 BTk+2\§Tk—2

Ju(z)?

) / () V() 2 s < 2 / e

B"k+2 \BTk—2 B"k+2 \Brk72
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b / V()2 da,

B’“k+2\§’“k—2

where by is a positive constant, which doesn’t depend on u. Thus,

Z cap tp—c((ETk+1 \BTk—l) N (Rn \ Q)’ BT’k+2 \ETk—Q) S
k=1

.- Ju(x)|” N 2
2 / P d:c—l—];bl |Vu(x)|® dz.

Brk+2 \B'rk72 Brk+2 \B'rk72

k=1

Due to the fact that each point € R™ belongs to no more than three areas
BTk+2 \Brk_Q, we obtain

= uE@)P :
2 de+ ) b |Vu(z)|” dx <
oo [ Hh 2.0 /

k=1 - _
BTIH-Q\B%—Q BTIH-Q\B%—Q

2
bg/ |u|(:c|;| dac—i—bg/|Vu(:c)|2d:c§b4/|Vu(:c)|2d:c<oo,
x
R™ R™ Rn

where by, b3, by are positive constants, which don’t depend on u.
Now let n = 2. Denote

7

In ——
Thk— . )
n 1 r:_j ) ifre Brk—l \BT’k—z
Tk—2
(@) =141, ) if v € By, \ By, ,
Iy T2
|| : o
n(lné) ’ 1fx€B7‘k+2\B7'k+17
\ Tk+1

where 7)(z) is a monotone non-decreasing function from C*°(R"), which is equal
to zero on the interval [—oo, 1] and is equal to one on the interval [2, +-00]. We
have the estimate .

Vie(z))? < ————,
where ¢ doesn’t depend on k. Then, considering the Hardy inequality, we obtain
a chain of inequalities

Capgofc((ET’kﬁ-l \ BT’k—l) N (Rn \ Q)? BTk+2 \ET’k—Q) S
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/ I (@) de < 2 / V(o)) P -+

BTk+2\§Tk_2 Brk+2\§rk—2
2
2 [ vt [ P,
B - |z|2 In” |z]
Brk+2\BTk_2 Brk+2\Brk—2

wo [ Vu@)P s,

Brk+2\§%—2

where by is a positive constant, which doesn’t depend on u. Thus,
i JE—
Z cap gofc((BrkJrl \ Brkfl) N (Rn \ Q)v BTk+2 \ BTk—Q) <

iQ /_ ufa dx+Zb1 / IVu(z)|? dz.

k=1 |2 1n2 || =
a Brk+2\B’“k—2 BT}Q.},—Q\BTk;_Q

Due to the fact that each point x € R™ belongs to no more than three areas
By, \ Br,_,, we obtain

iQ /_ fufa dx—l—Zbl / \Vu(x)* de <

P |z ? ln2 ] _
- B’“k+2\B% 2 Bry15\Brj_y

/ 2 dx+b3/\vu y2dx<b4/\vu )|? dx < oo,
le21 ||

where by, b3, by are positive constants, which don’t depend on u.
The converse. Let

Z cap gofc((ErkJrl \ Br,_,) N (R™\ ), By, s \Erk—Q) <0

and n > 3. Let’s consider a shearing function

p (BT iy <
0 _ Tk — Tk—1
Yila) k1 — |2 :
n\l———), iffz[=m
Th+1 — Tk
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Denote

Obviously,
> t(z) =
k=1

From the condition on the capacity, we have functions ug(x), which implement
the capacity and equal to ¢ —con B, ., \ B and with supports from B;, ,\
B Let’s notice that

Tk—1

Tk—2"
N2

S un@)n(@) = ¢ - o,

k=N1

if x is from a neighborhood of the set (B \ B N (R™\ Q). Then we

obtain

TNgy—1 7'N1+1)

N2
I |3 V@@ + 3w i) <
k=N1 k=N k=N,

2 2
No

Z Vur(@)ye(x)| +2| > ur(z)Vipy(z)

k=N1 k=N1

Since for each z € R"™ there are no more than three natural numbers k €
{N1,..., N2} such that ¢ (z) # 0, then we obtain

N2
> Vug(a)y(x)| <9 Z |V (@) ().
k=N1 k=N1

Similarly,
No 2 N2
> up(@) V()| <9 Jup() P Vipr() .
k=N k=N

As a result, we obtain
2

Na
\Y% Z up(x)Pr(z)| <18 Z Vg ()| (2) > + 18 Y [Vug(@) P [yr(2) >

k=N k=N1 k=N1
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Therefore,

N2 2 N2
[ X wwn || ws| S [ Fu@nwPa
R k:Nl k:NlBTk+2\BTk_2

No
> / () Vi ()2 da

k:NlBrk+2\Brk_2

The first term in the last expression can be estimated as follows

Ny No
> [ uweies > [ Vel

k=N k=N
BT}C-"—Q \BTIC—Q BT}C-"—Q \BTIC—Q

since | (z)| < 1. Using the fact that

Tk+1 — Tk
V()] < P
and Friedrichs’ inequality, we estimate the second term as follows

N2 Nz r — )2
S / (@) Vi ()P < 3 et ) / g () 2

4
k=N k=N1
"Bri o \Bry,_s Bry 2 \Brj,_y

IN

Na
c1 Z / (Vg (z)|*de,
B L\

where c; is a positive constant, which doesn’t depend on u; and ;. We obtain
a chain of inequalities

2
No
capy_ o((Bry, \ Bry,) O (R Q) < / V(S w@) || ar<
Rn k=N

No
C2 Z / |Vug(z)|*de =
PN o \Bry

No
Z Capzp—c((BTk+1 \ BTk—l) N (Rn \ Q)7B7’Ic+2 \BTk—2)7
k=N1
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where ¢y is a positive constant, which doesn’t depend on uy and .. As No
tending to infinity, we obtain

cap o (R"\ Q) \ Bry, ) <

[oe)
Z cap gofc((ErkJrl \ Brkfl) N (Rn \ Q)v BTk+2 \Erk—Q) < o0,
k=N1

what implies that

cap ,_ o(R™\ Q) < oo.

Now let n = 2. Then let’s consider a shearing function

In 2L

Thk— .

n s | ks
@Z)k(x): Tk—1

In
x .
"7 Tk+1 Y lf |x| Z Tk’
(ln e

and let ~
Yula) = 2
2, vil@)
Obviously,

> () = 1.
k=1

From the condition on the capacity, we have functions ug(x), which implement
the capacity and equal to ¢ —con B, ., \ B

re_, and with supports from B, ., \
B,, ,. Let’s notice that
Na
> ugl@)r(z) = o — ¢,
k=N1

if z is from a neighborhood of the set (Byy, , \ Bry, ;) N (R"\ Q). It is easy
to see that the functions 1 again satisfy the following relations

2
No N2
/ V(S w@w) || dr<is| Vg () (2) 2z +

k:NlBrk+2 \Brk72



ON THE EXISTENCE OF SOLUTIONS OF THE FIRST... 519

No
Z / ‘Uk(x)vwk(x)‘de

k:NlBrk+2 \BTk72

The first term in the last expression can be estimated as follows

No No
> [ VuewelasY [ VP,

k=N k=N
IBTk+2 \Brj,_y IBTk+2 \Brj,_y

t
since [¢(x)| < 1. Then, using the fact that |V (z)] < % and the Hardy
z|In|z

inequality, we estimate the second term as follows
S S ()]
2
3 / IRONOEDS / e <

k=N1 k=N1
Bry o \Bry_, Bri o \Bry_,
No
2
ad [ Nu@pd
k=N
B%-&-Q \B’“k—Q

where ¢y is a positive constant, which doesn’t depend on uj and . We obtain
a chain of inequalities

2

Na
capy_ o((Bry, \ Bry,) O (R ) < / V(S w@n) || dr <
Rn k:Nl

No
2 Z / Vg (z)|*de =

B o \Bry
N2
Z Ca‘pgofc((BrkJrl \ Br, ) N(R™"\ ), By, s \ Br, ),
k=N,

where ¢y is a positive constant, which doesn’t depend on uj and .. As No
tending to infinity, we obtain

cap ,— (R* \ Q) \ Bry, ) <

e8]
Z Capzp—c((ETk+1 \ BTk—l) N (Rn \ Q)7BTk+2 \ETk—Q) < 0,
k=N1
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what implies that
cap ,_ (R"\ ) < oo
O

Proof of the Theorem /. Let u is a solution of the problem (1). Let’s extend u
on R™\ Q with value ¢. Then, by the inequality (2), we obtain that

o (Wi )| = kIl Lo wpoin) < VU Lo )5
what implies that

UQ(Wkwu’k‘)HsO - ck”%g(wk\ﬂ,uk) = 02(“%;#14:)”“ - ck”%@(wk\ﬂ,uk) S Hvu||%2(wk)

Summing this relation, we obtain
o0
ZU (hs 1)1 = k117 5 o) < D IVElT 0y =

k=1 k=1
/|Vu|2d:c+z / \Vul?d.

=lopne =lu\a

Let’s notice that

Z / |Vul dx</]Vu\ dx < 00,

wkﬂﬂ Q
and
Z / ]Vu\Qd:L’:Z / IVe2dz < oco.
F=lone =l

Thus, we have

> %@ 1) = ekl @) < 201
k=1

which immediately implies (4). The Theorem is completely proved. O
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