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1. BBegenue

Knaccudeckas sajgada JUHEMHOTO TPOTPAMMUPOBAHUA CO-
CTONT B MUHUMU3a1I NN

m
> ¢
j=1

PN YCIOBUAX

m

Zaijijbi, izl,...,l, (1)

j=1
rae a;j, bj, ¢; — DENCTBUTeIbHbIe 4HCIA. MHOXECTBO TOUEK
x=(1,...,2y) € R™, 111 koTOpBIX BBIOMHIETCA yeaosue (1),
HA3BIBAETCS IOIYCTUMBIM MHOXKECTBOM. B Kiraccudeckon 3aaatde
JUHENHOTO TPOTPAMMUPOBAHUA TOMYCTAMOE MHOXKECTBO SABJIS-
eTCs, OYEeBUIHO, BBIMTYKJIBIM MHOXKECTBOM.

Ho Bo MHOrmX IpuKIaIHBIX HCCIETIOBAHUAX G;j, b;, ¢; He W3-
BECTHBI TOYHO. [[JIf BKAOYEHUS B MATEMATUIECKYIO MOIEJTb DTON
HEONPEIENeHHOCTH MOXKET ObITh MCIOJb30BAaH annapaT Teopun
BEPOATHOCTeU. PasaudnHbie TUIHI 33,181 CTOXACTUIECKOTO JHHeH-
HOT'O MPOT'PAMMHUPOBAHUA PACCMATPUBAIOTCS, HATPUMED, B KHUTE
[5].

B Tou 3amade cToxacTUIeCKOTO JUHEMHOT'O MPOTPAMMUPOBA-
HUS C BEPOATHOCTHBIMU OTPAHUIEHUAMHI, KOTOPAs PACCMATPU-
BaeTCsA B HACTOSAIIEN paboTe, YCIOBUSA, 3aMAIONIMe TOMYyCTHMOE
MHOXECTBO B MpocTpaHcTBe R™, MPUHUMAIOT BUJ OCPDAHUICHUH
HA BEPOATHOCTH HEKOTOPBIX COOBITUU:

P Z(aij+77ij)xj EmeCz Z 1—82', ZZI,,Z (2)

j=1

31ech 1;j, ¢; — CIyIaWHBIe BEIMYUHBL, £; — (PUKCHPOBAHHBIC TeN-
CTBUTEJIbHBIE YMCIA, Jexamue Mexay 0 m 1.
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ABasgerca au MHOXKeCTBO Todek ¥ € R, yI0BIeTBOPAIONIIX
YCIOBUAM (2), BBITYKIBIM MHOXKeCTBOM? OTpUIATEIBHBIN OTBET
HA DTOT BOMPOC MOXKET MOCTABUTH MO COMHEHUE CaMy MPUTO-
HOCTH TAKOW MaTeMaTudeckou mogeau. [losToMy Ha m3ydeHume
DTOrO BOMPOCA OBLIN 3aTPAdYeHBI 3HAYUTEIbHBIE YCUIAA MaTeMa-
TUKOB (CCBLIKM Ha paboTh cM. B [5], [6]). OkaseiBaeTcs, 4TO OT-
BET 3aBUCUT OT BUAA PACIPEIEJIEHUSA CIYIAUHBIX BEJUIUH, BXO-
AAmux B (2).

[TocTaBIeHHBIN BOTIPOC MOXKHO HECKOIBKO YIIPOCTUTH U Or'Pa-
HUYIUTHCSA PACCMOTPEHHEM TOMYyCTUMBIX MHOXKecTB B R, 3ama-
BAEMBIX YCJIOBUAMMU

m
P Z(aj+77j)xj Zb 2 ]_—6, (3)
j=1
rie a;, b — IenCTBUTEIBHBIE TUCIA, 1); — CIyIalHbIC BETTTINHBI, £
— IEeNCTBUTEILHOE THCIO, Jexkarnee Mexay 0 m 1.

Ecan BBIIYKIOCTH TOMYCTHEMOTO MHOXKECTBa OyIeT yCTaHO-
BIeHa mpu [ = 1, ToO TeM caMbIM OyJeT TaH TMOJOXKUTEIb-
HBI OTBET W MPU MPOU3BOJBLHOM [, TOCKOJBKY ME€PECevIeHrne BbI-
OYKJIBIX MHOXECTB — DTO BBIYKJIO€ MHOXeCTBO. HeTpynHo yBu-
JeTh TaKXKe, 9TO UCCJIeJOBaHUE BBIMYKJIOCTU OOIIYyCTUMOT'O MHO-
KeCTBa A OTpAHUYeHd: BUAA (2), Tae CIyYauHOCTb MPUCYT-
CTBYeT W B JEBOU, U B IIPABOU YACTAX HEPABEHCTB, CBOJIUTCA K
NCCACTOBAHUIO BHEIMIYKJAOCTU JOIIYCTUMOI'O MHOXKECTBa IIPU OI'pa-
HUYEHUAX, [I€ CIYIalHOCTh HPUCYTCTBYET TOJBKO B JEBOU Ha-
cru (mogpobGHee M. B KOHIle maparpada 2).

B macrosmen pa6oTe geJaeTCA TPeaIoNoKeHne, ITO CIyIal-
HBII BEKTOD 1) = (71, ..., 7y,) UMEET HEIPEPHIBHOE CUMMETPU-
HOe pactupegenerue. Torga amd GyHKINE IIOTHOCTH (0 DTOTO CIY-
YAWHOT'O BEKTOPA BBIMOTHAETCS YCIOBUE

©(n) = ¢(—n) mupmBcex n € R™.
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1
Kpowme Toro, 6ymem cauTaTh, 9T0 0 < £ < 3
Caenyromuu mpuMep MOKA3BIBAET, 9TO W TPU HEIMPEPHIBHOM

CUMMETPUIHOM DPACIPEIENCHAN CIyIANHOIO BEKTOPA 1) MHOXKE-
CTBO TOYEK T, 3aJaBAEMBIX yCJIOBUEM (3), MOXKET He ObITH BBI-
nykaeiM. [lycts m = 2 u orpanudenue (3) uMeeT B

P(mzy + mpze > —1) > 0.75.

o

o e
)

Puc. 1. I'paHUIBI TOTYIPOCTPAHCTB 1)1 + 12X2 > —1 1pn;
pasIuYHbIX (1, T3)

DyuKIUA (0 TPUHUMAET HEHYJIEBbIE 3HAYCHUSA TOJBKO BHYTpU
JeThIpexX Kpyros pajgumyca 0.5 KaxIb ¢ MeHTpaM#d B TOYKAX
(3, 0), (0, 3), (=3, 0), (0, —3), cm. puc. 1. BeposraocTs m0-
HajaHuA B KaXIbIM Kpyr paBHa (.25, BHyTpH JOO0r0 M3 DTHUX
KPYTOB pacipeeneHne paBHOMEPHOE.

Touku (1, 0) u (0, 1) BxogAT B gomycTumoe MHOKeCTBO. Ho
rouka (0.5,0.5) B 1omycTuMoe MHOXKECTBO HE BXOIWT,

P -05+n,-05> —1) = 0.5,

TO €CTh OOIIYyCTUMOE€ MHOXKECTBO HE ABJIAECTCA BBIIIYKJIBIM.



M3BecTHO, 9TO €Cau CIYYAMHLIE BEKTOP 1) UMEET HEBBIPO-
K IEHHOE MHOMOMEPHOE HOPMAJILHOE PACIIPEIeIEHUE I HEBBIPO-
KIEHHOEe MHOTOMEpPHOE pacnpegenenune Kormm, TO IOMycTHMOE
MHOXKeCTBO, ONpeIeNsieMoe yeaoBueM (3), SBIAETCS BBILYK/IBIM
(eMm., manpumep, [5, ¢. 102, 110]).

B pa6ore [6] mokazaHo, 9TO IpU U3Y9IE€HUN BLIMTYKIOCTH TOIY-
CTUMOI'O MHO2KECTBa B 3aJa49¢ CTOXaCTUICCKOI'O JIPIHeﬁHOFO Ipo-
rPaMMUPOBAHUA BAXKHYIO POJb UIPAET ILTABAOIIEe MHOXKECTBO
CIYYIalHOT'O BEKTOPA 1).

[ycts S™ ! — equnmanas cdepa mpocTpancTBa R™ (¢ ko-

OPAMHATAMMY 7)1, . . ., N)p; B HACTOAMIECH paboTe PAKTUIECKH PaC-
CMaTPHUBAIOTCA [IBa MpOoCcTpaHcTBa R™, 0IHO ¢ KOOpAMHATAMHE
Tl vy Ty APYTOE — C KOOPAUHATAME 1y, . . . s Ny )-

[pw xaxgom u € S™~! gepes L, 0603HaIIM 3aMKHYTOE ITI0-
JYIPOCTPAHCTBO mpocTparcTBa R™ ¢ rpanunen 0L, Takoe, 9TO

1. runepmrockocTs 0L, OPTOrOHAJIBLHA BEKTOPY U, IIPU DTOM
(v,u) > 0 mas mo6oro v € OLy;

2. Pm € L,) = 1 —¢, u L, - HaumeHbllee U3 IIO-
JYIPOCTPAHCTB, YAOBIETBOPAIONINX YCIOBUIO 1, mId KOTOPOTO
BBHIMIOJMHACTCA TaHHOE PABEHCTBO.

U3 ycroBus 2 u CMUMMETPAIHOCTH PACIPENETeHNA CIYIAnHOrO
BeKTOpa 1) caegyer, aro 0 € L, mpu mo6om u € S™ 1L

[TraBatomee MHOXECTBO F CIy9IamHOrO BEKTOPA 1) OMPEILIs-
eTCA CAeTyIomuM 006pa3oM:

F.= () Lu

ue Sm—1

OdeBugno, uTo F, — 3aMKHYTO€ BBIIYKJIOEe MHOXeCcTBO, 0 € F.

PaccMoTpeHHBIN BEHIIIE IpUMEp CIYIAMHOIO BEKTOPA 7], PaB-
HOMEPHO pacCIpeeJeHHOIO BHYTPHU dYeThIpeX KPYroB, IMOKa3bI-
BaeT, ITO, BOOOIIE TOBOPS, HE JI06as u3 runepraockocren 0L,
ABJIAETCA OMOPHOM s MHOXKecTBa, F.

6



* | B
e

Pwuc. 2. I'paHubl morynpocTpancTB L,, OpeaeaaionnX
IJIaBalolIee MHOXECTBO, IIPU PA3JUIHBIX U € Sm—1

Ha puc. 2 mia e = (.25 mokasaHbl TMIOEPILIOCKOCTH (TpH
m = 2 — apameie) 0L, nis

1 1
V)

O4eBUIHO, 9TO IJIA TPETHErO U3 DTUX BEKTOPOB U MpsAMas L, He
MEePECeKAeTCA ¢ MHOXKECTBOM F., TO eCcThb He ABIAETCA OMOPHOU

u=(-1,0), uw=(0,—-1), u=

I TAHHOTO MHOXKECTBA.

B maparpade 2 nacrosmen paboThI, CIeIysa U3BECTHOU CXEMe,
HO C HEKOTOPBIMU YIPOIIEHUAME, YCTAHABIUBAETCA, UTO ECIU
npu mo6om v € S™ ! runepmiockocTs 0L, ABIAETCA OMOPHOH
1A MHOXKeCTBa Fy, TO IOIIyCTHMOE€ MHOXKECTBO, OIMperelaeMoe
yeaoueM (3), Boimykaoe. [TokaszaHo Takike, 9TO BePOATHOCTHOE
orpanutenue (3) mpu 5TOM MOXKeET OBITh 3aMEHEHO Ha DKBUBA-
JEHTHOE JeTEPMUHUPOBAHHOE OIDAHUYEHIUE.
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B maparpade 3 comepkuTca OCHOBHOU MAaTEMATUIECKUN Pe-
3yJabTaT paboOThl. DTO HOKA3ATEAbCTBO TOTO, 9TO €CIN (PYHKITUA

IIOTHOCTH (p ABAAETCSA (-BOCHYTOU, (v > T TO J100ad u3
m

TUNEPILIOCKOCTER OL,, ONpegeqaionyX MLIABAINIIECE MHOKECTBO
CIyIaWHOT'O BEKTOPA 1), OMOPHASA IJIA DTOT'0 MHOXKeCTBa. B moka-
3aTeMLCTBE HE WCIOIB3YIOTCA TEOPUA (-BOTHYTHIX MEp U CBOW-
CTBAa HOPMHUPOBAHHBIX MPOCTPAHCTB ¢ HOPMOU, HE MOPOXK JEHHON
CKAJIAPHBIM MPOM3BEIEHNEM, XOTA OHO W OCHOBAHO HA TeX XKe
UIeqaX, YTO U OPUTIHAILHOE JOKA3aTeIbCTBO. OpUTHHAILHOE 10~
Ka3aTelbCTBO DTOTO PE3yJIbTaTa IMPUBOIUTCA B paborax 7] (mis
a = 0) u [3]. [Ipu 5ToM, Kak ykaseiBaeTcsa B paboTe [7], aBTOpOM
noKazaTeabcTBa ABageTca bomar. Ho cymecrByomue B paboTax
[7] u [3] OTCBLIKM K TEOPHU (-BOTHYTBHIX Mep TEIAI0T JOKa3a-
TeILCTBO JOCTYIMHBIM JAIIb T4 Y3KAX CHEnuaIucToB. /Jokasa-
TeIbCTBO, IPUBOAUMOE B HACTOAIIEH paboTe, OPUEHTUPOBAHO HA
3HAYUTEIBHO 0OJee MUPOKUN KPYT MATEMATHKOB.

2. Beinmyka0ocTh JOMYCTHMOI'O MHOXK€ECTBA

PaccmarpuBaemas 3agada cTOXaCTUIECKOTO JUHEMHOTO MTPO-
IPAMMUPOBAHUS IPU OFPaHUIeHNH (3) COCTOUT B MUHUMU3ALUY

m
Z Cjxj
j=1

Ipu yCIOBUU
P(neQ(z)) >1—c¢,

rie
m

Q(x) =nc R™ . Z(aj —|—7’]j)$j > b

J=1
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[pu z = 0 60 Q(r) = R™, 6o Q(x) = () B 3aBUCHMOCTH
or 3Haka b. [Tpu z # 0 MHOXKecTBO (Q(Z) — 5TO HOIYIPOCTPAHCTBO
npocTpaHcTBa R™.

[IpenmosoxuM, 9T0 mpu d060M u € S™! runepmIocKocThb
0L, ABIAETCA OMOPHOU I MHOXKeCTBa F.

Jlemma. [Iyctes x € R™. Torga

PheQ(r) >1-¢

B TOM M TOJbKO TOM CJIydae, KOr'aa

Loxazameavbcmaso. YTBepKIAeHUE JEeMMBI OYEBUIHO MPH
x = 0. B arom cayugae mbo Q(z) = R™ u P(n € Q(z)) = 1,
60 Q(z) =0 u P(n € Q(x)) =0.

[Iycte x #0 m

m
Z ajxj =b.
j=1

Torga rpanuna noaynpoctpancTsa Q(z) comepxur 0. B cumry
CUMMETPUIHOCTY U HEMPEPHLIBHOCTY PACIPEIENEHUS CJIYIanHOTO
BEKTOpa 1)

P(n € Q(x)) = 0.5.

HeTpyaHo moka3aThb, 4TO B 5TOM cIydae F, He ABIgeTCA 10 IMHO-

xecTBoM Q(7). [eicTBuTeabro, ecan u € S™ ! — BekTOp, OpTO-

POHAJTBHBIA TPAHUIE TOIYIPOCTPAHCTBA (), TO TUIEPILIOCKO-

cru 0L, n OL_, uMmeror o0mme TOYKKA C MHOXKECTBOM F,, u 5T

TOYKHM JI€XKAT MO Pa3Hble CTOPOHLI OT TPAHUILI MOLYIIPOCTPAH-

crBa QQ(z). To ecTh yTBEpK IEHNUE JEMMBI BEDHO U B DTOM CIY4Aae.
[Iycts x #0 m

Z ajxj §£ b.
j=1
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Torga rpanuuna moaynpocTpancTsa () He comepxur 0. ITo-
STOMY MOXKHO BBIOpATBH BEKTOD U € Sm-t TAKOW, ITO MPU He-
koTopoM 7 > 0 106as TOYKA TPAHUIBI HOIYIpOoCcTpancTBa ()

1
npencTaBuMa B Bujge — u + v, rae (u,v) = 0.

Eciu P(n € Q(z)) > 1—¢, 0o L, C Q(z), u, crieqoBaTeabHo,
F. C Q(x).

Ecin F. C Q(z), TO MOXKHO BOCIHOIB30BATHCA Te€M, UTO I'H-
HePILIOCKOCTh 0L, ABIAETCA OMOPHOU AJAA MHOXKecTBa F.. JTO
ozuadaer, uto L, C Q(z). Ho Toraa

PneQ(x) >1—c¢.

Jlemma gokasama.
3 ompegensenus MHOX)ecTBa (Q(r) BUAHO, 9TO HPHU JHOOBIX
r € R™, y € R" u npu ao6om A, 0 < A < 1,

Qr) NQy) € @Az + (1 = A)y).

Ecmn P(n € Q(z)) > 1—¢, P(n € Q(y)) > 1 —¢, T0o B cuy
JEMMBI

F. € Q(x) NQ(y).

CaemoBaTeabHO,
F. CQ(Az + (1= N)y).
[TosTomy 1o emme
PheQMr+(1=Ny))>1—e.

SHAYUT, MHOXKECTBO NONMYCTUMBLIX 3HAYEHUN B 3ajade CTO-
XaCTUIECKOr O JUHEMHOTO TTPOrPAMMUPOBAHUS C BEPOITHOCTHBIM
OT'PAHUIEHUEM BHIMTYKJIOE.
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3 neMMBI caefyer, 9To orpaHutdenue (3) MOKeT GbIThH 3aMe-
HEHO Ha DKBUBAJEHTHOE MTeTEPMUHUPOBAHHOE OTDAHUYCHUE

m

Z(aj +n;)z; >b VneF,

j=1
KOTOPOEe TaK¥XKe MOXeT ObITH 3alrCaHO B BUIE

i >
(a,) + inf () 2 b

rae a = (ay, ..., ay).

B kavecTBe mpumepa paccMOTPUM CIyIaUHBIT BEKTOD 1) PaB-
HOMEPHO PaCHpeIeleHHBIN BHYTPHA M-MEPHOTO IIapa ¢ MeHTPOM
B 0. Torga, oueBuaHO, F, — 5TO Takke M-MEPHBLIN AP PAJILYCa
R. c neaTpom B 0. YcroBue Ha BEKTOP & NPUHAMAET BU

(a,z) + inf (n,z) >0,
n: [[nl|< Re

win
(a,2) > b+ Re[|z|]

[MaHHOE OrpaHWYeHHe OTINYAeTCA OT orpaHwdeHus Buga (1)
sk craraeMbiM R ||z|]. Takon xe pesyibrar OygeT MmOXydeH,
ecau pacrnpegeqeHne CIydalHoro BEKTOpa 1) O MHAKOBO IIA BCEX
HAIPaBJICHNN, BEIXOAAMNX 13 0, 1 He 00A3aTEILHO ABIACTCA PaB-
HOMEPHBIM BHYTPH IIapa ¢ meHTpoM B 0.

[TpoBepka BBIMYKIOCTH MHOXKECTBA JOMYCTUMBIX 3HAYCHUN,
KOr1a npaBas 9acTh B (3) umeer Bug He b, a b+(, rjae ¢ — caydan-
Hadg BeJWYNHA, MOXKET OBITh CBEHA K PACCMOTPEHHOMY CIyYalo.
[MonoxuMm a1 = b, N1 = (. Ecam ycranoBIeHO, 9TO MHOKe-
CTBO JONYCTUMBIX 3HadYeHWH, JexKalee B IpocTpaHcTBe R™T!
JUIA 330291 MAHAMU3AIAN

m
Z CjTy
j=1
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IpH YCJIOBUH
P(neQ(x)) >1—c¢,

rie
m+1
_ m+1 .
Q(z)={neR™" : > (a;+nj)z; >0,
J=1
BBIMTYK.JIO€, TO BBIMYKJIO UM MepecetdeHrne 3TOT0 MHOXKECTBA C T'H-
HePILIOCKOCTBIO Xyt = —1, ITO U HEOOXOAUMO.

3. IL1aBaroree MHOXKECTBO A
(-BOTHYTBIX (PYHKIIUU ILIOTHOCTHU

I[lyctb s > 0,1 > 0,0 < A < 1 — meucTBUTEIBHLIE YHCIA,
—o0 < a < 0. IToroxum

(M A mpu  «a =0
As®+ (1=t mpn —oco<a <0,
Mo (s, \) = ecm st >0
T 0 npu —oo < a <0,
ectm st=0
([ min(s, ?) npu o = —oo
[Ilyctrb B C R™ -~ BHIOYKJIOE MHOXECTBO. DPYHKINUA

F : B — R Ha3wIBaeTCA (-BOCHYTOM, €CJAU IPH JOOBIX T,y € B
u pu a06oM A, 0 < A < 1, BEINOJTHsAETCA HEPABEHCTBO

F(Az+ (1= Ny) > Mo(F(x), F(y); A).

OrmeTnm, 910 0-BOrHYTBIE (DYHKIWM HA3BIBAIOTCA TAKKE JO-
rapugMudecku BOrHyTHIMEA (hYHKIUAME. /|15 KpaTKOCTU MBI HC-
Krounan u3 paccmorpenus caydan 0 < a < oo. OgHako, ecan
MOJOKUTh

Mi(s,t;\) = As+ (1 — M)t

TO 1-BOorHyTBIe (DYHKIIUN — 3TO OOBIYHBIE BOIHYTHIE (DYHKIIUN.
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OrmeTum, 910 ecin —o0 < ap < (g < 00, TO HIpPU JIOOBIX
s>0,t>0,0< <1

My, (s,t;X) < My, (s, t; M),

cM., Hampumep, (1, ¢. 250 — 251]. Tlosromy J06as (p-BOrHYTasA
(DYHKIUS SBAAETCA TAKXKE (V1-BOTHYTOU (DYHKIHEH.

B mamnom maparpade m1oKasbpBaeTCs yTBEPXK eHue, ITO eCan

o 1
(PYHKIINA MIOTHOCTH @ ABAAETCA (-BOTHYTOU TPUA (v > —m,

To npm o6oM u € S™ ! runepmiockocts 0L, — omopHag AIA
MHOXKecTBa F.
HamomunwMm, ato ecim A, B CR", 0 < A < 1, To 4epes

A+ (1—-)N)B

0603HAYAETCA MHOKECTBO, COCTOAIIECE U3 TeX U TOJIBKO TeX DJe-
MEHTOB, KOTOPBIE IpeIcTaBUMEL B Buge A x+ (1 — )y, rae z € A,
y € B.
[l1s1 mokazaTerhCTBA OCHOBHOT'O yTBEPXKAEHUs maparpada
HyXKHa CleIyiomas Teopema (cM., Hanpumep, [4, Teopema 2]).
Teopema. Ilycts f u ¢ — HEOTpUIIATEIBHBIE, U3MEPUMBIE U
nHTerpupyemele pyuknun Ha R” ¢ HocuTenamu A u B, cooTBeT-

crBerHo; 0 < A < 1, —— < a < 0. [Iycts h — HEOTpULIATETHHAA

n
m3MepuMasa GpyHKuda Ha R” Takas, 1T0

h(Az + (1= N)y) > Mo(f(x), g(y); A)
npu a00sx ¢ € A, y € B. Toraa

/ h(x)dxz > Mg ( /f(x)dx,/g(x)dx; )\) ,

AA+(1-)\)B
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rie

@ L 0<o
— IIpn _— — (8]

g={ l+na p . -
—00 npum o = ——.

[TepexoamM K 10Ka3aTEIbCTBY OCHOBHOI'O YTBEPK IEHUA DTOTO
naparpada.
[ycTs npu u € S™™! HoM0KUTETLHOE IUCIO T, OMPEeIeIAeTCA

YCIOBHEM
1
oL, = {v eER™: (v,u) = —},
Ty
1
TO ecTb v € 0L, TOr1a 1 TOIBKO TOrAa, KOrjIa v = — 4+ w, TIe
’ru
(w,u) =0.

Yepes K 00603HaMUM MHOXECTBO »dJaeMeHToB x € R, ko-
TOpBIE MOTYT OBITH MPEACTABJIEHBI B BUIE & = 7T U, TIPU HEKO-
TopoM u € S a0 <r <r,.

[Ipegmonoxenne 1. IIpenmomoxum, 9TO MHOXKECTBO K BEHI-
IyK.JI0€.

W3 »Toro mpemmoJoxeHus caeiyeT, ITO MHOXecTBO K 3a-
MKHYTOE€. BaMKHYTOCTI) MHOXeECTBa K OveBUaHa, €CJIN U3BECTHO,
910 To4YKka ( BXOAUT B MHOXKeCTBO K BMecTe ¢ HEKOTOPOU
okpecTHOCTRIO. CylnecTBOBaHME TAKOW OKPECTHOCTH TOYKH ()
TakXke HeCJIOXKHO MoKa3aThb. Buibepem map Br B R™ pammyca
R > 0 Ttaxoun, 4T0

P(?’]EBR)>1—6.

1

YcaoBue — > R npotuBopedmno 661 TOMY, 4TO L, — HaAMMEHb-
Ty

[ee u3 MOJIYIPOCTPAHCTB ¢ MPAHUIEN OPTOTOHAJIBLHON U, I KO-

TOPBIX

PnelL,)=1-c¢.
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[TosToMmy mpu KaxkaoM u € S™ ! JOMKHO BBIIOIHATHCA Hepa-

BeHcTBO — < R. Ho mamHOe HepaBeHCTBO MOXKeT OBITH 3aIllu-
'ru
1 ,
CaHO B BUJE T > T YTO U O3HAYAET CYNIECTBOBaHUE TpedyeMon
OKPECTHOCTH.
Paccmorpum nospy muoxecTa K

K'={yeR":(y,x) <1 Vze K}.

OweBuaHO, 9TO

1

K*:{yERm:(y,u>§ VuESml},

u

TO ecTb K* = F.
Paccmorpum Takixke moaapy MHoxecTBa K*:

K*={zeR":(z,y) <1 VyeK*}.

[Tockoabky MHOXecTBO K BHITYKJIOE, 3aMKHYTOe U comepxkuT 0,

JTOKHO BBRINOMHATHCA K™ = K (cMm. [1, Teopema 6.4]).
[Ipemoa0KIM, 9TO IPH HEKOTOPOM Uy € S™ 1 omopron mia

MHOXKecTBa F, aBagercsa He runepmiockocts 0L, , a runepiioc-

1
KOCTh (Y, ug) =, 0 <y < —. DT0 0O3HAYAET, YTO /s JOOOrO0
ug

y ek,
(y, ug) < .
Bes orpanuntvenus oOmHOCTU B MOCTEIHEM HEPABEHCTBE MOXKHO

Ug
canrark, uto 7 > 0. Torgza — € K**. Ho »To mporuBopeduT

1
OllpeJeIeHNI0 MHOXKeCTBa K, MOCKOIBKY — > Ty, .
fy

Takum o6pasom, ecim GygeT TOKa3zaHO, IYTO MHOXKECTBO K
ABJIAETCA BHIMYKJIBIM, TO OyIeT T0Ka3aHO W TO, YTO MPHU JTIOOOM

15



uw € S™ ! runepniockocts 0L, ABIgeTCA ONOPHOU IIS MHOMKE-
crBa F..
HepeXOﬂ;HM K TOKa3aTeJIbCTBY BBINMYKJIOCTU MHOXKECTBa K
[Tpu x € R™ paccmoTpuMm cion

Alx) ={v eR": [{(v,z)| <1}
7 ONpeaesuM BepoATHOCTH
G(r) = P(ne ).

[Iycts © = ru, rae v € S™ ', r > 0. Torga opu x # 0
rpaHunbl caoa A(r) mapamienabHel runepriockoctu 0L,. Pac-
cMoTpuM rpauiy ciaos A(x)

{vER’”:(v,u):%}. (4)

Ecmnz € K, 100 < r < r, ¥ THOEPILIOCKOCTH (4) 1160 JeKUT
BHE TIOTYIPOCTPAHCTBA Ly, MO0 COBNATAET ¢ TUIEPILIOCKOCTHIO
OL,. B sTom cayuae G(z) > 1 — 2¢.

Ecan z ¢ K, T0 r > r, ¥ PUIEPILIOCKOCTD (4) JI€KUT BHYTPH
noaynpocrpascTsa L,. B arom cayuae G(r) < 1 — 2¢.

[Iycts 2 € R™, y € R™. Oynkiua

F:R" >R

HA3BIBAETCA KBAa3WBOTHYTOU Ha OTPE3Ke [x, y], ecIu Tpu JI00M
A< A<,

FAz+ (1 —A)y) > min(F(x), F(y)).

dyukumsa F' HasweiBaeTcs KBa3uBoruyTou wHa R™, ecaum mpu Jro-
opix r € R™, y € R™. ¢pyukuusa F' KBa3uBOrHyTa Ha OTPE3Ke

16



[, y]. (Cormacuo onpenenenuto cpeguaux M,, TAHHOMY B HATAJe
naparpada, KBa3uBOIHYTOCTb ABIAETCS (—00)-BOMHYTOCTHIO. )
[Tpexmonoxenune 2. [Ipexmonoxum, aro ¢pyuknus G KBa3u-
BoruyTa Ha R™.
Ecin z,y € K, ro G(x) > 1—2¢, G(y) > 1 — 2¢. Torga npu
ao6om A, 0 < A\ < 1,

GAz+(1—-Ny) >1—2e.

D10 o3nagaer, 9To (Ax + (1 — \)y) € K, To ecTs MHOXKeCTBO K
BBITTYKJIOE.

Taxum obpasom, ecau 6ymeT TOKa3zaHo, ITO GpyHKIUI (G KBa-
suBorHyTa Ha R, TO OymeT mMOKa3aHO W TO, ITO MHOXKeCTBO K
SABJIAECTCA BBITYKJIBIM.

[TokaxeM, 49TO ecau (HYHKIUA IIOTHOCTH (1)) ABIAETCA
<—%)—BOI“HyTOI;I dyukunen Ha R™, To G(r) — KBa3UBOrHY-

m +
tad ¢pyukuusa Ha R”.

OTMeTHM, 9TO eCIN T U §j KOLIHHEAPHBI, TO KBA3UBOTHY TOCTh
¢yukunu G HA OTpe3Ke [z, Y| OUeBUIHA, TIOCKOIBKY B DTOM CJIY-
qae oauH u3 caoeB A(x) min A(y) comepxkuTcs B IPyTroM.

[ycrs = u y He KormHeapusl. [Tlomoxuwm (cp. [7, c. 150 — 151])

o= (l2Plyl” — (2.)°)"".

o= ((wy)o—lely), b=
P

OweBuaHO, 9TO

(lyPz = (=, 9)y) -

I

(x,a) =0, (y,b)=0.

Taxxe 1erko yo6eauThCs, 9TO
|a|2 = |l‘|2, |b|2 = |y|27 <CL, b> = <«T,y>
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U3 Beipaxkenuu aias a, b, p cregyer, ITO
(a,y) =—p, (b,z)=0p.
Orcioga BeITEKAET, ITO
(a,2 —y)=(bx —y) =p. (5)
[Tycts 0 < p < 1. Ioxoxum
z=pr+ (1 —pn)y, c=pa+(1—p)b.
Torga, KaK HETPYIHO YBUIETH,
(z,¢) =0, |[cP =]z, (cz—y)=p
PaccmoTpuMm runeprniockocTsb
H={veR": (v,x—y)=0}.

[TycTb
D={veH:|vuz)|<1}.

Od4eBuIHO, 9TO MOXKHO onpeneauTs [ u mo- apyromy
D={veH:|vy) <1}.
W3 ycroBus, aro maa v € H
(v,2) = p(v,z) + (1= p)(v,y) = (v,2) = (v, y),
cleryeT, 9TO MHOXKeCTBO [) MOXKHO ONpEIeJUuTh U TaK
D={veH:|vz)|<1}.

Taxum obpazom, D ssasercs cedenneMm cioeB A(x), A(y) u A(z)
TUTEPILTIOCKOCThIO H.

18



CoraacHo caelaHHBIM OTpeIeJeHIAM

— €AMHNYIHas1 HOPpMaJb K I'MIEPILIOCKOCTHU H.

[z — y]
C yderom (5) BbICOTA Cpe3a, PACIOIOKEHHOrO B cioe A(z)
mexay D +tau D+ (t+ At)a, t € R, At > 0, paBusercs

At<a, x_y>:At P
lz — y| lz — y|

B cuny cummeTpudHOCTH pachpeneseHusd

G(z) = //go v + ta)dvdt. (6)
u—m
Anasoruano
2 o
Gy P | [ et + myvat, (7)
M—MOD
G(z //¢v+mth (8)
u—m

BBemem o603HaYMeHNA Mad BHYTPEHHUX WHTEPAJOB

s) = /gp(v + sa)dv, I(t) = /gp(w + th)dw,

1) = [ (€ + ae)de,

D
st

rae s > 0, t > 0 ¢pukcupoBaHbl, § = ——————.
A puxcup q i+ (= )s
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Onpegenum QyHKITIT

f) = +sa), g(w)=op(w+tb), h(&)=pE+qc)

npu v € D, w € D, £ € D. Bue muoxkecrsa D pyukuuu f u g

paBHEI 0.

t
IIpu A = S .S nMeeM

pt + (1= p)s
h(Av+ (1 = Nw) = (A + (1 = N)w + qc) =

st
:90(,\U+(1_A)w+m(ua+(l—u)b)>:
_ v — Nw pt sa 1 p)s -
—90<)‘ M Tt (- s +ut+(1—ﬂ)5tb>

=p(Mv+sa)+ (1 = N)(w +tb)) >
> Mo (¢ (v+sa), 0 (w+1th); A) = Mo (f(v), g(w); A)
1

m-+1
[Tpumenss Teopemy, chopMyIUPOBAHHYIO B Hada e maparpada,
npu n = m — 1, moaydaem

opu o = —

Ic(Q) > Mﬁ ([a(s)ajb(t); )‘)

1
npu 3 = —3

Onpenenum pyHKIANA

Torma mokaszaHHOe HEPABEHCTBO 3AMMCHLIBACTCA B BUIE

A(As+ (1= X)) = Ma(f(s), g ), o= 5.
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3aMeTHuM, 9TO B MOCTEeTHEM HEPABEHCTBE A 3aBUCUT OT S U t.
YT06Br yUTH OT 3TOr0, UCHOJIB3YETCA CAEAYIONIAS 3aMeHa mepe-

MEeHHBIX U3 pabor [2, c. 74 — 76], [3 , c. 309 — 310].
1 1
Ecau BBECTH HOBBIE IEPEMEHHBIE 0 = —, T = > TO
s
P
po + (1= p)7

As+ (1 =Nt =1/(po + (1 — p)7). Ilosromy moxaszanzoe Hepa-

BEHCTBO 3allUChIBaCTCA B BUIEC
1 1 1
h| ———= zMa<f<—>,g(—>;>\>
po + (1 — p)r o T

1
npu o = ——. Vcnoab3ysa onpenenerue cpenaero M, mocaennee

HEPaBEHCTBO MOXKHO 3aIICaTh B BUIEC

h(ﬁ) -

. . e N
2 (! G+ s o ())

1
npu o« = ——. Cumraercsa, 4TO mpaBasg dacThb paBHa 0, ecan

1 1
f ( ) g < ) = 0. HepaBeHCTBO MOXHO 3amuCaTh B CJIeIYIOMIEM

o+ (=) (o) >
1

(el Q) +0-n ) o=
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Ecau BBecTn pyukmmnm

roy=ai (L), s =rea(t). wio=cen(l).

TO IIOJAYYI€HHOE€ HEPABEHCTBO MOXKHO 3allCaThb B BUIE

1

W(po+ (1= p)r) 2 Ma(f(0). g7(7)s 1), a=—3.

[IpuMmenaa TeopeMy, choOpMyIMPOBAHHYIO B HadaJ e maparpada,
npu n = 1, morydaem

[ > ( [ Foyin. [ oy u)

npu [ = —1. 3amMeTum, 9TO BHIMOJHAECTCA PABEHCTBO

[ oo = [o27 (LYao = [ risyis

0

1 aHAJOTUYHBIE PABEHCTBA MJIA ABYX APYTUX MHTErpagaoB. Boc-
MOTB30BABIINCH ONpeneIeHueM cperaero M, moay<daem

fh(q)dq > | (?f(s)cw) + (1= p) (79(t)dt>

C yuerom (6), (7), (8) sTo o3HadaeT, 4TO

1 —1
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Ksasusoruayrocts Gyukinnu G(r) ma R™ ycranosrena. Ta-
KM 00pa30M, BHINOJHAETCA mpenmoaoxenue 2. CienoBaTerbHO,
BBITIOJMHAECTCA W TPEANoJOXKeHne 1, W OCHOBHOE YTBEPXKIEHUE
naparpada T0Ka3aHO.

B s3ak1r0veHre 0CTaHOBUMCA €Ile Ha OTHOM CBOUCTBE MHOMKE-
crBa F.. IlokaxeM cHadaga, YTO MHOXeCTBO K ABIsSeTCA orpa-
HU9IeHHBIM. [IpeamonoxnumM, 9T0 5TO He Tak. lTorga CyImecTByer

MOCIeTOBATEILHOCTD {Uy }oo , U, € S™ !, Takas, 1To

Tw, —» OO TIpH N — OO.

U3 sroul mocaeroBaTeabHOCTH {U,,}, ., MOXKHO BHIOPATH IIOIO-

CIeJOBATETLHOCTD, CXOAAIYIOCA K TOUKe 1y € S™ . Brimme 66110

1
MOKAa3aHO, YTO MHOXKECTBO K COMEpXKUT MIap pagnyca — C IeH-

R

TpoM B 0. U3 cmesaHHOTO MPEANOJOXKeHud CIeIyeT, ITO CYIIe-
CTBYyeT TOYKA
3ru,o +v € K,

1
rae || v|] < I Bocnonp30BaBIIMCh BEITYKJIOCTHIO MHOXKeCTBa, K

3
u TeM, uro (—v) € K, monydaem 5 Tt € K. Ho sTo mporu-

BODEUUT ONpPENeJIeHuIO Ty,. OrpaHnvIeHHOCTh MHOKecTBA K 1MO-
kazaHa. Ecim K — KOMIAKTHOE BBIMYKIOE MHOXKECTBO, BHYTPEH-
HOCTH KOTOPOIr'o NpUHAMLICKUT 0, TO MO CACACTBUIO U3 TEOPEMBI
6.6 w3 [1] m K* — KOMIaKTHOE BBIMYKJIOE MHOXKECTBO, BHYTDEH-
HOCTH KOTOporo mnpuHamtexur (. Boime ycTaHoBIeHO, €TO
K* =F..
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