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Abstract

We present here continued fraction for Zeta(3) parametrized by
some family of points (F,G) on projective line. This family of points
can be obtained if from full projective line would be removed some no
more than countable nowhere dense exeptional set of finite points. A
countable nowhere dense set, which contains the above exeptional set
of finite points, is specified also.
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We say that two infinite continuous fractions are equivalent if the set of
their common convergents is infinite. We say that two infinite continuous
fractions are essentially distinct if the set of their common convergents is
finite or empty.

If 6, = 1,6, € C\{0},

b =16, al? = aVs,6,_4
for v € N, then easy induction show that P H O = oW 11 6.,
k=1
and continued fraction
, (4) (4) v
b1 by |bw

with i=1 is equivalent to continued fraction (0.1 with ¢ = 2. According to
the famous result of R. Apéry |[R.Apéry, 1981],

V
(0.2) ¢(3) = bV+W|+W|+ +|b—v|+
with
(03) b(\)/ = 07 bi/ = 57 a\l/ = 67 bl\//-‘rl =

34v° + 510° + 27w + 5, ay, = —1°,

for v € N. We denote by r4, the v-th convergent of continued fraction ((0.2]).
Yu.V. Nesterenko in [Yu.V. Nesterenko, 1996] has offered the following ex-
pansion of 2¢(3) in continuous fraction:

(0.4) 2¢(3) =2+ ‘+ ‘+ |+ 4

274 B 27
with
(05) bo—bl—ag—Q a1—1b2—4
(06) b4k+1 =2k + 2, A4p+1 = ]{7(]{7 + 1), b4k+2 =

2k + 4, agpro = (K + 1)(k +2)
for k € N,

(07) b4k+3 =2k + 3, A4k4+3 = (]{7 + 1)2, b4k+4 =

2k + 2, agpyq = (k +2)* for k € Ny.
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We denote by 7y, the v-th convergent of continued fraction (0.4). The
continued fractions (0.4]) and (0.2]) are equivalent because 274, = 7y 4,2 for
all v € N.

Elementary proof of Yu.V. Nesterenko result

can be found in [L.A.Gutnik,16, 2010].

Let me to formulate my result now. Let v and v are variables,

T=17v)=v+1l,0=0v)=7(r—-1)=v(v+1),

where v € N. Let further

(0.8) Cuwa(V) = —7(T + 1)%(27 — 1) x
(=3(27 — 1)%u® — (107% — 107 + 3)uv + 2(37* — 67° + 477 — 7)0* =
—3(40(v) + Du® — (100 (v) + 3)uv + 20(30(nu) + 1)v? € Nlu, v].
(0.9) Cuwa (V) = —12(687% — 457% + 1272 — 1)u®—
8(1577° — 1067 + 307% — 3)uv+
4(1027°% — 1707° + 897* — 2477 4 3)v? € Nu, v,
(0.10) Cuwo(V) = T(17 = 1)%(27 + 1) x

(3(47% + 47 + v + (107° + 107 + 3)uv — 2(37" + 67° + 472 + 7)0?) =
(7 — 1)%(27 + 1) x
(3(4o(v+1) + Du® + (106 (v + 1) + 3)uv — 20(v + 1) (3o (v + 1) + 1)v?).

(0.11) bun(V +1) = —cyu1(v) € Qu,v] for v € N,

(0.12) (V4 1) = —Cypo(V)Cupa(v — 1) for v >2, v €N,
(0.13) uw(2) = —Cupo(l),

(0.14) Pup(0) = bup(0) = 4(3u + 20), Que(0) =1,

(0.15) Quo(1) = byo(1) = (34u + 52v)/(u + v)

(0.16) P,.(1) = (327u + 5000)

(017> au,v(1> = Pu,v(1> = _bu,v(o)bu,v(1>‘
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Calculations described in [L.A.Gutnik,18, [2013] lead to the following contin-
ued fraction over the field Q(u,v) :

u,v 1 u,v 2 u,v 3

Gup(D] | (@) 0w

buw(1)  1buw(2)  [buw(3)

We denote by r,,(v) the v-th convergent of continuous fraction (0.I8). We

denote by P,,(v) and @Q,(v) the respectively nominator and denominator
of 7,,(v). Let further A(z) = 182%(2x + 1) + (7Tz + 3)?,

(0.18) buw(0) +

5z + 3+ (—1)F/A(x)
z(3z + 2) ’

pr(T) =

where z =2v(r+ 1), v € N, k =1,2, and let

A={pp(z):z=2v(r+1),reN, k=12}

B = { D) L) v e NO},

where

(0.19) ) () = 2:5 <(“ _1: 1) (“ Z k)f ok

Then we have

Theorem B. Let F'+ G # 0, (F—I—G)Gz 0,G/F ¢ BU, if F#0.
Then the specialization of (018) for u = F, v = G is well defined (i.e all
convergents 1, ,(v) are well defined for v = F,v = G) and the following
equality holds

+ ...

_ arc(l)] | arc(2)]  ara(3d)]
(0200 8F+E)XE) =braO) + 320y + 1@ Tra®)

moreover P, ,(v) and Q,.,(v) are homogeneous polynomials in Z[u,v], and

(0.21) max(2v, 1) = deg, (P,,(v)) = deg,(Pu,(v)) = deg(P,,(v)),

(022) maX(QV - 1’ O) = degu(Qu,v(V)) = degv(@u,v(y)) = deg(@u,v(y))a

where v € Ny.
Remark. The values pi(x) with & = 1,2 are zeros of the following
trinomial ag(x) + 2a1(z)p + as(x)p?, where

ap(z) = —6(2x + 1), a1(x) = —2(bz + 3), az(z) = z(3z + 2).

Since —ag(x)/az(x) = 3/x 4+ 3/(3x + 2), —a1(x)/azx(x) = 3/x + 1/(3z + 2),
decrease together with increasing of x > 0 it follows that

A(z)/(ax(2))* = (—ar(2)/ax(x))* — (—ao(x)/az(z)),
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and po(x) decrease with increasing of x. Moreover, 0 < —py(x) < pa(x) for
any z > 0 and lim ro(z) = 0. Consequently, for given F' > 0 and G > 0
T—00

the condition of the Theorem B must be checked for finite family of v; for
example, if G/F > r(4), then condition of the Theorem B is fulfilled. We
note that r(4) < 0, 36.

I prove Theorem B in sections 1 — 7. Initial variants of this article can be
found in [L.A.Gutnik,17, 2009], |L.A.Gutnik,18,2013].

§1. Introduction. Begin of the proof of Theorem B.
Let
(1.1) |z| > 1,=37/2 < arg(z) < 7/2,1log(z) = In(|z]) + i arg(2).

Clearly, log(—z) = log(z) — im, when $(z) > 0, and log(z) = log(—z) — i,
when R(z) < 0. Let

(1.2 i) = Z()(Zl)(“f)

(1.3) R(t,v) = (H(t —j)) / (H(t +j)> :
(1.4) f3(zv) => 2 v+ 1) (Rla,t,v)),
(15) fle) ==L+ 17 () (@)
(1.6) fi(z,v) = (log(2)) f5 (2,v) + fi(z,v),

(1.7) felzv) = fi(zv) /(v +1)?

where k =1, 2, 3, 4, v € Ny. Let

(1.8) T=1(W)=v+1, p=pv)=1"=v+1)>
(1.9) ay(z,v) = %(—5u + 31 — 6p2) — zp(1 + 18u)+

(3 + p2 + 2(Tp + 16p2)T,
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(1.10) aj,(z;v) = —8u — 4p® — 2(12p 4 20p°) + (2 + 104 + 2(2 4 26p)),
(1.11) ay3(z;v) = =1 = Mp+ 2(=1+ 2p) + (7 + 8u + 2(3 — 8u))T,
(1.12) ay4(z;v) = (z = 1)(2 + 12p — 107),

(1.13) a3 (zv) = —zp — 220p% — 2120° + 7(Tzp + 2624°),

211(24 — 220 + 50 + 28 — 2a),

(1.14) ayo(zv) = —p — 3p® + 2p(—13 — 38u)+

(3 + p® + 22 + 33zp + 162077,

(1.15)  aj4(zv) = —8u — 4p* — z — 6zp + 4zp” + (2 + 10p + 52 — 2z)7
(1.16) a3 4(z;v) = (L + 14p — 71 — 8ut)(2 — 1),

(1.17) az(zv) = —zp — 21zp® — 2620° + (Tzp + 332p° + 8z°) 7,
(1.18) a3o(z;v) = —1dzp — 58zp” — 1224° + (22 + 402 + 422%) 7,
(1.19) az3(zv) = —p — 3 — 2 — 17Tzp — 6z2p* + (3 + p + T2+ 17207
(1.20) az4(zv) = (Bu+4p” — 27 — 10p7) (2 — 1),

(1.21) ayq(zv) = —zp — 21zp® — 38zp® + (Tzp + 352p” + 182p°)T,

(1.22) ayo(zv) = =152p — T9zp° — 382+

(22 + 47zp + Thzp® + 82T,

(1.23)  ajs(z;v) = —z — 3lap — 48zp” — 4z + (92 + 53zp + 22zp4°)T,

(1.24)  aj4(zv) = —p —3p® — 2 — 9zp — 22p° + (Bu+ 4 + 5z + Tzp)T

We denote by A*(z;v) the 4 x 4-matrix with aj, (2;v) in its i-th row and k-th
column for i =1, ..., 4, k=1, ..., 4. Clearly,

(1.25) A (zv) =A"(Lv)+ (2 — DHV*(v),



L.A.Gutnik, An expansion of zeta(3) in continued fraction with parameter.

where the matrix V*(v) does not depend from z. Let

fr(z,v)
(1.26) Xp(z: ) = (fj;’;k((zyy)) L Xi(z0) = (v + 12 Xa (1)
5 Fo=0)
for k=1, 2,3, |z] > 1, v € Ny. Let further
(1.27) X(z:—v — 2) = X(2:0),

where v € Ny. Let us consider the row

(1.28) R(v) = (r1(v), ra(v), r3(v), r4(v)),

where
(1.29) r(v) = u(w)? ra(v) =0, 13(v) = —2u(v), r4(v) = 0.
We have the following equalities:

A (zv) = Al o(25v), Xi(25v) = Xiox(20),

R(V) = Rl,o(l/),

where A7, o(z;v), Xaox(z;v)

and R, o(v) are studied in |L.A.Gutnik,5, 2006] — [L.A.Gutnik,15, 2006].
We take o = 1 in (105), [L.A.Gutnik, 13, 2007], in (1), [L.A.Gutnik,15, 2006],
in §10.1, [L.A.Gutnik, 14, 2007], §11.3,[L.A.Gutnik, 15, 2006]. Then we have
the following Theorem:

Theorem 1. The column Xi(z;v) satisfies to the equation

(1.30) VP Xp(z3v — 1) = A*(2;v) Xi(2; v),

forv e M} = (—oo0,—2]U[l,+00))NZ, k =1, 2, 3, |z| > 1; moreover, the
matriz A*(z;v) has the following property:

(1.31) — VPV +1)°Ey = A*(z; —v — 1)A*(z;v),

where Ey is the 4 x 4 unit matriz, z € C, v € C. The Lemma 11.3.1 in
IL.A.Gutnik,15, [2006] have the following formulation for o =1 :
Theorem 2. The row R(v) has the following property:

(1.32) R(v —1)A*(1;v) = v’ R(v), where v € C.

§2. Transformation of the system considered in §1.
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In view of (L), (L.29)
(2.1) rv)=pw)? =W+ D =74 r(v) =0, rs(v) =

—2u(v) = —2(v + 1) = =277, ry(v) = 0.

Let E, denotes 4 x 4-unit matrix, and let C'(v) is result of replacement of
first row of the matrix £, by the row in (L28). Let further D(v) denotes the
adjoint matrix to the matrix C'(v). Then

ri(v) rav) r3(v) ra(v)
22 cor=| v o 1 o |

0 0 0 1

1 —ry(v) —r3(v) —ry(v)
(2:3) D) = 8 Tl(()y 7“1(()1/) 8

0 0 0 r1(v)
Clearly,

(24)  CW)DW) = (u(v)*Fs, C(—v — 2) = C), D(~v — 2) = D(v).

Let

(2.5) A" (zv) = C(v — 1) Al 4(2;v)D(v).

Then

(2.6) A z;—v—1)=C(—v —-2)A"(z;—v —1)D(—v —1) =

Cw)A*(z;—v —1)D(v — 1),

and, in view of (2.4), (L31)), (2.5),

2.7) A (35— — )AL (3:v) =
CWw)A*(z;—v—1)D(v —1)C(v — 1)A*(z;v)D(v) =

—(p)u(v —1))*(v(v +1))°Ey.
Let

(2.8) Yi(z;v) = C(v) Xi(z;v),

where k =1, 2,3, |2| > 1, v € M = ((—o0, —2] U [0, +00)) N Z. Then, in
view of (L.27), 4), (L.30),

(2.9) Yi(z; —v —2) = Yi(z;v),
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(2.10) A (z;0)Ye(zv) = Clv — 1) A" (z;v) D(v)C(v) Xk (25 v) =

p(v)?Cv = 1)A*(2;v) Xy (2,v) =
p)V°Cv = 1) Xi(zv — 1) = p(v) v Ya(zv = 1),

where k = 1,2, 3, 2| > 1, v € Mf = ((—o0, —2] U [1,4+00)) N Z. Replacing
in the equality (2I0) v € M; = ((—o00, —2] U [1, +0)) N Z by

vi=-—v—2¢eM” = ((—o0,-3]U[0,4+00)) NZ,
and taking in account (2.9)) we obtain the equality
(2.11) — A (2 —v = 2)Vi(z;v) = u(v)* (v + 2)°Ya(z;v + 1),
where k=1, 2, 3, |2] > 1, v € M{* = ((—o0, =3] U [0, 4+00)) N Z.
§3. Calculation of the matrix Ajj(z;v).

We denote by a;%(1; v), where i, j = 1,2, 3, 4, the expressions, which stand

on intersection of i-th row and j-th column in the matrix A" (1;v). Let
(3.1) V*(v)=Cv—1)V*(v)D(v).

Then, in view of (I.25),

(3.2) A" (zv) = A" (Lv) + (2 = DV (),

where the matrix V**(r) does not depend from z. Clearly, the first row of
the matrix C'(v — 1)A*(1,v) coincides with the row R(v — 1)A*(z,v) and,
according to the Theorem 2 coincides with the row v R(v), i.e. with the first
row of the matrix v°C/(v). Therefore, in view of ([2.4]), the first row of the

matrix A**(1,v) is equal to (u1(v)?)v°es1, where €, denotes the I-th row of
the matrix Fy for [ =1, 2, 3, 4. Hence

(3.3) apy(Lv) =741 —1)°, aj’(1;v) = 0, where k =2, 3, 4.

Clearly, the second, third and fourth row of the matrix C(v — 1)A*(1,v)
coincides with respectively the second, third and fourth row of A*(1,v).

In view of (LI3)), (LI7) and (L21)),
(34) a3y (Lv) =a5,(L;v) = —(127% = 267° + 207" — 77 + %) = —7?x

(1 —1)(127% = 1472 + 67 — 1) = —7%(7 — 1)(27 — 1)(67% — 47 + 1).

(3.5) a5 (L;v) = a5, (1;v) =877 — 267° +337° — 217" + 77° — 7° = 77X

(1 —1)(87" = 187° +157% — 67 + 1) = 72(1 — 1)*x
(87 — 107 + 57 — 1) = 7°(7 — 1)*(2r — 1) (477 — 37 + 1).



L.A.Gutnik, An expansion of zeta(3) in continued fraction with parameter.

(3.6) ayy(Lv) = —(r—132r-1)@2r*-2r+1) =

ay,(Lv) = —72 (1 —1)(47° — 147" +207° — 1572 + 67 — 1) =
—7(1 = 1)*(47" = 107° + 107° = 57 + 1) =
—7(r =134 — 672 +41r - 1).
In view of (22, (Z3), (Z3)
(3.7) ay;(Lv) = —r;(v)ag(Lv) + m(v)a; ;(1;v)

where j, k=2, 3, 4.
In view of (L), (LIRX), (L22), (LI6), (L20), (37) and (L29),

(3.8) ayy(Liv) = 1tas,(Lv) = 7°(r = 1)(177° — 2477 + 127 — 2) =

(1775 — 417* + 367° — 1472 + 27)7*

(3.9)  ayy(Liv) =7'a5 (L) = —27%(7 — 1)2(67° — 97 + 577 — 1) =
—(127° + 427° — 587* + 407° — 1477 + 27)7" =
—27°(67° — 217" +297° — 207% + Tr — 1) =
—27°(7 — 1) (67" — 157° + 1477 — 67 4 1),

(3.10) aih(Lv) =7la),(Lv) =7°(r = 1)’(87° — 147° + 97 — 2) =
(877 —387° + 757" — 797" 4 477° — 157° 4 27)7" =
(7 = 1)(87° = 307" +457° — 3477 + 137 — 2) =
(1 — 1)%(87" — 2277 4+ 237° — 117 + 2),

(3.11) QZT4(1§ v) = T4“T,0,k,4(15 v) =0
for k =2, 3. In view of (I.24), (3.1) and (T.29),
(3.12) ayy(l;v) = 7'4az74(1; V) =1*x

(17 = 57" +107° =107 + 57 — 1) = 7' (7 — 1)°.
In view of (LI,
(3.13) ay5(L;v) =87 — 1477 + 77 — 1 = (7 — 1)(87* — 67 + 1),

In view of (L.I9),
(3.14) aloss(Liv)=7"=97" +207° —187° + 77 — 1 =

10
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(=) =8+ 127 — 67+ 1 =
(r— DX =72 + 51 — 1),

In view of (L.23),
(3.15) a;g(l;v) = —47° +227° —487* +537% — 3177 + 97 — 1 =

(1 —1)(—47° + 187" = 307° + 237" — 87+ 1) =

(1 —1)*(—47" +147° = 167° + 77 — 1) =
(1 = 1)°(—47° + 107 — 67 + 1)

In view of (3.4), B.13), B.3), B.14), 3.6), B3.15), B.7) and (L.29),
(3.16) azg(l; V) = 2T2a§71(1; v)+ T4a§73(1; v) = (1 —1)x

(=278 (27 = 1)(67* — 47 + 1) + 7' (27 — 1) (47 — 1))
(1 —1)(21 —1)(=127% + 127 — 3) = 37" (21 — 1)°,

(3.17) azy(lv) = 27%a5, (Lv) + 'l 5(1;v) = (1 — 1)°x
(27%(87% —107° + 57 — 1) + 7(7° = T7* + 57 — 1)) =
(1 —1)*(A77° = 2772 + 157 = 3) = 7 (7 — 1)*(( — 1)> + 2(27 — 1)),
(3.18) ary(Liv) = 27%a5  (Lv) + 7l 5(1;v) = (T — 1)°x

(—27%(47° — 67 + 47 — 1) + 7 (—47° + 107° — 67 + 1)) =
—ri(r —1°(127° — 2277 + 147 - 3) =
—7Hr —1)}2r — 1)(67* — 87 + 3).

84. Properties of the functions considered in §1.

The function ¢"(R(t,v))? (see (L3)) is regular at ¢t = oo for r = 0, 1, 2,
and has a pole of first order at ¢t = oo for r = 3. So, in the case r = 0, 1, 2
we have the equalities

(4.1) Res(t"(R(t,v))?* t = 00) = —[r/3] for r =0, 1, 2, 3,
(4.2) lim 7 (R(t, v))>=0forr=0,1,2,3.
In view of (L4,

(4.3) O fi(zv) =) 27 v+ DX=t) (R(t ),
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where we consider r = 0, 1, 2, 3. Expanding (v + 1)*(=t)"(R(¢,v))? into
partial fractions relatively ¢, we obtain

(4.4) v+ DAt (R(Ev) = (Z B+ k)) ,

i=1 k=0

where v € Ng, r =0, 1, 2, 3,

(15) 8 = 04 0 lim () (7 (REE+ R

v+1
(4.6) > B, =—lr/3l(v+ 1) forr=0,1,2, 3.
k=0
In view of (4.4),
a v+1
J— 2— —_ prm—
(4.7) (v + 1) 2 (=) (R(t:0)) Z(Z it + k) )

where v € Ny, r =0, 1, 2, 3. Let

(4.8) Sip(v) = — < > 1//4') - ( Z 1/1{) +21//€

rk=k+1

where v € Ny, 1 € N, k € [0, v + 1] N Z. In particular,

(4.9) S10(0) = =1, 511(0) =1,

(4.10) Syo(1) = =5/2, S11(1) = —1/2, Sy5(1) = 7/6,
(4.11) S10(2) = —(1+1/2) = (1 +1/2+1/3) = —10/3,
(4.12) S11(2) = —(1/24+1/3) — (14+1/2) + 1 = —4/3
(4.13) S1a(2) = —(1/341/4) = 14 (1 +1/2) = —1/12,
(4.14) S1a(2) = —(1/4+1/5) + (1 +1/2 + 1/3) = 83/60.

In view of (LH), (L3) and (L)

2 2 2
) (v+k) v+1 v+ 1\ (v+k
(415)  Bas ( o S e l— k)l k ko)
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(4.16) B, =265 Siav),

where v € Ny, 1 € N, k € [0, v + 1] N Z. In particular,

(4-17) ﬁg,)g,o = 55?1),0 = 55?0),1 =1, 55?1),1 = 16, 55?2),1 =9,
(4~18) 55,0(2,1 =1, 6501)1 = 16, 55,02),1 =9,

(4.19) Bita =1, Biis = 81, 843, = 324, A1), = 100,
(4.20) Bya, = 324, B3, = 100.

In view of (£16), (£17) — (£I9) and (E9) — (£14),

(4.21) B s =285 1S1k(0) = =2 x 1 x (=1) for k=0, 1,

(4.22) Blon = 2B50.1510(1) =2 x 1 x (=5/2) = =5,
(4.23) B =265 1811(1) =2 x 16 x (~1/2) = —16,
(4.24) B =288 1S12(1) =2 x 9 x (T/6) = 21,
(4.25) Bioz = 2B502510(2) = 2(~10/3) = ~20/3,
(4.26) 8%, =28 ,5,1(2) = 2 x 81 x (—4/3) = —216,
(4.27) B, =288 ,512(2) = 2 x 324 x (—1/12) = —54,
(4.28) B8, = 288 ,515(2) = 2 x 100 x (83/60) = 830/3.

We put in ([4.4]) » = 0, and multiply both sides of obtained equality by (—t)"

for r =0, 1, 2, 3. Then we see that

2 v+1 (Ok) t— k4K
(4.29) —t+ DR =Y (E & vv((t i = * )> _
i=1 k=0

1% 0 v 0 0 v
i K\ iwiz,y—ﬁé,z,y _i 50
(t+ k)2 t+k e

k=0 k=0

13
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2 v+1 (k E—k
(4.30) (—t)*(v + 1)*(R(a, t; ) :Z<ZBZ V((zik) )>:

i=1

v+1 7.2 5(0) v+1 7.2 5(0) (0) vl
k=Bs k.., K28y, — 2kBy .,
<Z ; +2,]$2> + (Z 1,k,t — 2k, ) + E (5570,2,,, + (t — l{;)ﬁf?,z,y),
k=0

k=0 k=0

2 vl ), R k)
(431) (=)’ + DRl ) =D (Z A ((ti k)f ) ) -

=1
(VX—’—E kgﬁé,olz,u> + <V+Z(f k361 kv 31{3255?]2,1/) i
— (t + ]{5)2 — t+k
v+1 v+1
(Z(t - 2k)(5§?;3,u> =Y (P =kt +E)BY,,
k=0 k=0

The equality (Z.0) with r = 0 again follows from (£.2]) with » = 1 and (.29));
moreover, in view of (4] with r = 1, and (£.29),

(4.32) B, = kB, B = kB, — B,

for k =0, ..., v + 1. The equality (£.6)) with » = 1 again follows from (4.2))
with » = 2, ([@6]) with » = 0, (£30) and ([4.32); moreover, in view of (4.4)
with 7 = 2, and (£.30),

(433> /Bé,zlz,u = kzﬁé?lz,w 1 k v k2 iok v 2]{;52 v

for k=0, ..., v+ 1. The equality (£.0) with r = 2 again follows from (4.2)),

(4.6) with both r € {0, 1}, (4.31)), (£32) and from (£.33); moreover, in view
of ([A4) with r = 3, and (4.31)),

(434> /Bé,glz,u = kgﬁé?lz,w 1 k v kgﬁl kv 3k2 g)lz,l/
for k=0, ..., v+ 1. In view of (I.4)) - (LG,
(4.35) (6")f5 (2, v) = (log(2))(8)") f5 (2, v)+

r(8)" " f3 (2, v) + (0) fiz,v) = (log(2))(8)").f5 (=, v)+
d v +1) <r(—t)f—1 —~ (—t)T%) R (t,v) =

(log(2))(0)") 5 (=) — Zz v+ 1P~ R, v).

In view of (4.4), (471), ([4.3) and (@35,
(4.36) 0" f3y(zv) — j(log(2))d" f5(z;v) =
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> (5 (S st )) -

=1 t=1 k=0
2 v+1 +o0
> (Zu —j+if)B) (Zz—t—%w)—i—f)) =
=1 k=0 t=1
2 v k
Z( (1—j+i)B% 2 ( i (1/2) = 27 )) =
i=1 k=0 =1

2
(Zu —j+i)8 7z u)LiH(l/z)) B3 (),
=1

where j =0,1,r=0, 1, 2, 3, |2| > 1,

v+1

(4.37) Li(1/z) = 21/ Dz =3 8%,

k=0

for s € Z,i € {1,2}, v € Ny,

(4.38) B (zv) = (Z (1—j+if)B%, <Z z’f‘%f)—"—j)) =

i=1 T=1

v4+a—1 v+l—oc 2

>
o=0

1 —J +Zj ﬁz(a—i-ru( )_i_j'
=1 =1
In fiew of (L2,
(4.39) fi(zv) = 557 ().
In view of (£0) and [37), if » =0, 1, 2, then
(4.40) (=) = (=18 (=),

where 3. (z;v) € Q|z], when v € Ny. In view of (Z6) and (@37),

(4.41) )= - +1)2+ (2 — DB (z),
where 3;Y®(z;1) € Qz], when v € No. In view of [{@32) - {@34), {37),
(4.42) B;(l)(z; V) = 55;(0)@; v) =0f(z,v), ﬁf(l)(z; v) =

3810 (zv) — B3O (2 0),

(4.43) B (zv) = 8285 (z0) = 8 fi (2 v), BP (z0) =
32670 (z;v) — 2633 (2 ),

15
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(4.44) 3,9 (z50) = 8°3, 9 (z0), BV (550) = 8°8 9 (z0) - 3623, (5 0).

Clearly,

(4.45) (=0)*Ln(1/2) = Ln-i(1/2),

where k € [0, +00) NZ, n € Z, |z| > 1,

(4.46) Li(1/2) = —log(1 —1/z), =6Ly(1/2) = 1/(z — 1) =
Lo(1/2), 0°Li(1/2) = 1/(z = 1)+ 1/(z — 1)? =

L_1(1/2), =6*Li(1/2) = L_(1/2) = 1/(z = 1) +3/(z = 1) + 2/(2 — 1)°.

We apply the operator § to the equality (£30) for r = 0, 1, 2. Then, in view
of ([A45), we obtain the equality

(4.47) 0 [y (2 v) — j(log(2))8" f (2,v) = §67 f3 (25 v)+

(2«1 — 41508 (= V))Lm‘(l/z)) — 0 (2 v)—

i=1

(Za —j+i)B V)Lz'+j—1(1/2)> =

i=1

((Z AN 1/z>> NG u>) +

(Z«l — j+i5)08 (= u))Liﬂ-(l/z)) — 083\ ()~

i=1

(Zu —i+iNB u)LiH_l(l/z)) .

i=1

It follws from (4.47) with j = 0 that

(4.48) I 3 (zv) = =08 (2 0)+

(Z(aﬁz‘%; V)Li(1/2) = B (2 v) i_1<1/z>) =

(6657 (25 0)) La(1/2) + (88,7 (z50) — B3 (z0)) La(1/2) —
3857 (z;v) — B (5 v) Lo(1/2).
In view of (£30) with j = 0, (£4]), (4.40),
(4.49) 8,7 (zv) = 85,7 V(= 0) = 78, (z50),

(4.50) B () = 68"V (z0) = BT (z5w) =
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0757z v) = v B, (z50),

(4.51) 2 (z0) =087 V() + BV (2 0)) Lo(1/2) =

0857 V(2 v) + 87V (),

where r = 1, 2, 3. The equalities (£.42) — (4.44) follow from the equalities
(A49) and (A50) again. In view of (LIH), ([£37), (L2) and (4.49)

(452) 8" (z50) = 8" fi(zv) € N[2],
where v € Ny, r =0, 1, 2, 3. It follws from (4.47) with j = 1 that

(4.53) 0" f5 (2, v) = (log(2))0™ £ (2, v)+

((Z B '/>Lz'<1/z>> N m) +

<Zz’((5ﬁf(r)(z; V))Li—i-l(l/z)) 68 (2 )=
(Z if;" 1/Z)> = (log(2))0" 3 (z:v)+

(Z I8, (= u))Lmu/z)) =08, (=) -

By (2 0) La(1/2) — (857 (230) + 687 (2 0)) =
(log(2))0™" f3 (z:v) + 2(083" (23 1)) La(1/2)+
(6677 (z0) = B3 (230)) La(1/2) — (38,7 (230) + 537 (1)),
In view of (£30) with j = 1, ([@53)),

(4.54) 2 (@) = 60, () = 0B (),

(4.55) B (z0) = 085 (5 v) — B3 (25 v) =

0B (2 v) = 078 (),
where r = 0, 1, 2, and we obtain (£49) - (£.49) again. Moreover,

(4.56) Z(TH)(z; v) = 5@(”(2; v)+ BS(T)(z; v),

where r = 0, 1, 2. If we take now z € (1,400) and will tend z to 1, then, in
view of (I36), (£40), (AT) and (I16)

(457> 5rf;,0,2+j(17 V) = ZE?}_O 6Tf2* (Z7 V) =

17
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(1= +iNBI (L) +5) - 850 (1 v) =

(1+ )87 (L v)C2 +5) — B3 (15 v),
where r =0,1,2,1=2,5=0, 1,

: _ 3 r* —
(4.58) tim (2= 185 (z,0) = 0.
In view of (£37), (A38), (17— #24),
(4.59) I‘(O)( 2,0) = 5100"‘5110 = —2+ 2z,
(4.60) 5;(0)( 0) = 5200 52102 =1+ 2z,
(4.61) B30 (z0) = B0 + B o =
(4.62) B0 (20) = B + 2680, = 4,
(4.63) 81V (z1) =BG, + BY 2+

B 22 = =5 — 16242127 = (2 — 1)(21z + 5),

(4.64) 80 (z1) = 5201 5211 +5§?2),122:1+16Z+9227

(4.65) B30 (z1) = 89 + Y+

B121 5221+(ﬁ121 5221)

1 1 51
—16—1—16—}-5x21+1x9+(21+9)z:z+302,

(4.66) Z(O)( z;1) = 5111"'25211

1 o 1

1531 +2 X 85( (51 21T 2522 1)z =

1 1 A7
~16+2x 16+ 7 X 21+ 7 x 9+ (21 +18)z = 7 + 39z,

(4.67) T(O (2;2) = 5102 + /Bf?l),?z_'_

5 +6132 =

20 830
—= — 216z — 5d2* + —2°

; = (2 — 1)(830z% + 668z + 20)/3

18
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(4.68) B30 (2:2) = B, + B o2 + B39 527

Byn2® =1+ 812 + 32427 + 1002°.

(4.69) 850 (z;2) = 8O, + B o+
6122"’ 6222+ 5132"’ 6232

(5122"‘55,02),2)24‘( 5132+ 5232)Z+(5132 5232)

54 324 830+ 100
~216+ 81— o + = + O (324 — 54+ 415/3 + 100/4) =+

4 9
1 11

+100)2% = — + ——2+ ——2
930/3 1 100122 637 3300 330 )

470) B V(z2) = B0, + 280, + (1/4)8% ., +2 x (1/8)BY% o+
(1/9)8%, +2 x (172789, + (B9 + 260 ) =+

1 1
(Zﬁgg +2x 555?3,2) + (B, + 28 ,)2* = —216 + 162+

—54 + 324 n 830 + 200
4 27

(830/3 +200)2* = 2789/54 + 41292 /6 + 143022 /3.
In view of (£.49) — (4.51)), (4.56) and (£.59) - (£.10),

+ (=57 + 648 + (830/3 + 100)/4) 2+

(4.71) *W20) =68(20) - 80200 =22 —1—2=2—1,
(4.72) 81 (0) = 66, (2,0) = 2,

(4.73) 31(2:0) = 085 (230) + 87 (2;0) = 2

(4.74) 10 (20) = 0877 (,0) + 557 (2,0) = 3,

(4.75) B (1) = 681V (1) = B0 (251) = —162+

422 — (1 + 162+ 92%) = =1 — 322 + 3322 = (2 — 1)(332 + 1),

(4.76) BV (1) =689 (2 1) = 162 + 1822,

@.77) BV (z1) = 0859 (2;1) + 879 (2;1) = 302 + 212+ 5 = 512 4 5,

19
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. . \ 51 51
4.78) BV (1) =680z 1) + B (2:1) = 392 + o +302=060z+ —.

(4.79) B (22) = 687 (2:2) — B0 (%;2) =
—2162 — 1082% + 8302% — (1 + 81z + 3242% + 1002%) =
—1— 2972 — 4322% + 7302° = (2 — 1)(7302% 4+ 2982 + 1),

(4.80) B (22) = 6859 (2:2) = 81z + 64822 + 30022,
(4.81) BiW(2;2) = 6859 (2:2) + 879 (2;2) = 13002/3+
20
(22602 + 8302% + 6682 + 20)/3 = 10302* + 6562 + 5

(4.82) U (2,2) = 6879 (2;2) + 819 (2;2) = 41292/6 + 286022 /3+

(67 + 13002 + 11302%)/3 = 67/3 + 67292/6 + 133022,
In view of (4.49) — (4.51)), (4.56) and (A.71) - (4.82),

(4.83) 8% (20) =68 (2:0) = B,V (2:0) = 2 — 2 =0,
(4.84) B8, (20) = 683V (2:0) = 2,

(4.85) 3(2:0) = 98,17 (2:0) + 8,7V (2:0) = 1,
(4.86) B8:%(2:0) = 8,V (;0) + 8 (2;0) = 2
(4.87) B (1) =68 (1) - B (21) =

—322 4+ 6622 — (162 + 182%) = —482 + 4822 = 482(z — 1).
(4.88) B (2:1) =68V (2 1) = 162 + 3622,
(4.89) 3O(21) =08V (1) + 87V (2:1) =
5lz+332+1=84z+1,

(4.90) BiP(z1) =68,V (1) + 8V (1) =
69z + 51z + 5 = 120z + 5,

20
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(4.91) B (22) = 681 (2:2) — 85 (%2) =
—297z — 86427 4 21902° — (812 + 6482 + 3002%) =
2(—378 — 15122 + 18902?) = 378(z — 1)2(5z + 1),

(4.92) 352 (:2) = 685 (2:2) = 81z + 12962% + 90077,

(4.93) 20(2;2) = 6850 (2;2) + 8V (2) =

206022 + 6562 + 7302% + 298z + 1 = 279022 + 9542 + 1,

(4.94) Bi@(22) = 68;W (2:2) + 85 (2:2) = 67292/6 + 26602+

10302 + 6562 + 20/3 = 369022 + 35552/2 + 20/3,

§5. Auxiliary difference equation.

Let y; x(z; ) denotes i—th element of the column Yy (z;v) in (2.8). Then,

in view of (L26), 22), 23),
(51) yj-i-l—n,k(za V) = 5jfk(z> V)> y47k(z> V) = 53.fk(z> V)>

where j = 1,2, k=1, 2, 3, |2| > 1, v € Ny. We denote v;(v) the expression,

which stands in the matrix V**(v) in intersection of i-th row and j-th column,
where i =1, 2, 3,4, j =1, 2, 3, 4. Let

(5.2) D(z,v,w) = z(w* — p)? —w*, p=(v+1)>°

In view of (.29)

(5.3) (1/2)D(z,v,w) = (1= 1/2)w* + Y rea(v)uwk.
k=0

It follows from general properties of Mejer’s functions that
(54) D(Zu Vvé)fk(zv V) :07

where |z| > 1, -37/2 < arg(z) < 7/2,1og(z) = In(|z]) + iarg(2), k =1, 2, 3.

Therefore, in view of (L.26), 2.2)), (2.8),
65 (o) = (1= 1/2)8 fu(z,0)

where
|z| > 1,-37/2 < arg(z) < 7/2,

log(z) = In(|z]) + iarg(z), k=1, 2, 3.



L.A.Gutnik, An expansion of zeta(3) in continued fraction with parameter. 22

In view of (m) - (m)a (m)>

(5.6) ZE{I}_O(Z —1)0*fo(z,v) =

zE{r—ll—O(z -1D(O1)In(1-1/2)+1/(z—1)) =1,
(5.7) zgﬁo(z — 1) fu(z,v) =0,
ifh—2=+1,
65 T (os(:)5 () = Tim (== D ulz) =0,

ifi =0,1, 2, 3,k=1, 2, 3. Hence, if we tend z € (1, +00) to 1, then, in view
of (I.26), ([2:2)), we obtain the equalities

(59) yl,l(la I/) = yl’g(l, I/) = 0,y172(1, I/) = —]_
In view of (Z10), B3) — BI8), EI), (B3,

(5.10)  — a3 (L;v)(1—1/2)8" fu(z,v) <:£:<%+4j+4 (1; )8 fu(z, u)) —

(z = 1Dv1(v)(1 - 1/2)0% fr(z,v)+
(= 1) Z V)8 fi(z,v) = ()8 filz,v = 1),

where 1 = 1,2, k=1, 2,3, |z]| > 1, =37/2 < arg(z) < 7/2 and v run over
the set M; = ((—o0, —2]U[1, +00)) NZ. We tend z € (1,400) to 1 now and
obtain the equalities

(5.11)  aif (L) - (Z (1:0) (3 f)(1, >> -

:ul(y)2y55ifk(1a V= 1)7
where i =1,2, k=1, 2, 3and v € M| = ((—o0, —2]U[l,4+00)) N Z. Let are
given

(5.12) F={F@)} and G = {G(v)}]>

such that
(5.13) F(-v=2)=F(v),G(-v—-2)=G(v), F(v) eR,G(v) eR
for v € Z. Let further

(5.14) Yra(z,v) = F(v)ofu(z,v) + G(v)6? f(z,v)
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for k=1,2,3and v € M = ((—o0,—2] U [0,400)) N Z. Since F and G
have the property (5.13)), it follows from (2.9)) that

(5.15) ?JFTG(Z’ —v—2)= Z/FTG(Z’ 2)

for k=1,2 3 and v € M{* = ((—o0, —2] U [0, +00)) N Z. Let

(5.16) ape(zv) = Fv—1)ay;(zv) + Gv — 1)az;(z,v)

forv e Mf = ((—o0, =2]U[l,4+00))NZ, j =1, 2, 3. In view of (5.I1])

(5.17) apeq(Lv)(k—1)(k—3)+

2
< a?:*G,j-i-l(l; V)((ijLO,k)(]" l/)) = Ml(”)2V5y}TG(1, U 1)’

J=1

with v € M} = ((—o0, —2] U [1,+00))NZ, k=1, 2, 3.
Replacing v € My by v:= —v —2 € M = ((—o0, —3] U [0,+00)) NZ
in (5.17), and taking in account (2.9) we obtain the equalities

(5.18) ap (L —v—2)(k—1)(k —3)+

2
<Z ayi (1 —v = 2)(67 fi) (1, V)) = —m (V) (v +2)°yre(z, v + 1),
j=1
where k =1, 2, 3 and v € M}* = ((—o0, —3] U [0, +00)) N Z. Let

a}k;jaj+1(1; —v —2)
(5.19) Upe;v)=|FW)(2-j)+Gv)(i-1)],
a?&,jﬂ(l; V)

where j = 1,2, v € M = ((—o0, 3] U[1, +00)) N Z,

apGo(li—v —2) apg (1 —v —2)
(5.20) Wea(v) = F(v) G(v) =
a?fé;z(l; V) a?&,s(h v)

(raale) tinaalv)) ) = ((@)&11’,?)) |

pi(—v —2)*(—v = 2)°ypa(z, —v = 3)
(521) Y};'k,g:kk(y) = y}TG(Zv V) )
()P ypa(z v — 1)

where k=1, 3, v € M = ((—o0, —3] U [1, +00)) N Z. Let further

wF,G,3,1(V)
(5.22) Wras(v) = [ wrese(v) | = [Wrei(v), Uraa(v)].
wF,G,3,3(V)
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is vector product of wWr g 1(v) and Wr g2 (v).
Let Wpg3(v) = (Wrpas(v))! is the row conjugate to the column W g 3(v).
Then for scalar products (Wre3(v), Wrea (v)) we have the equalities

Wpas(V)Upe; (V) = (Upas(v), Wpae,;(v)) =0,
where v € M{*** = ((—o0, =3] U [1,4+00)) N Z, j = 1, 2. Therefore
(5.23) wRG,g(I/)WRGf(I/) = (0 0) ,

where v € M{*** = ((—o0, —3] U [1, +00)) N Z.
In view of (5.11) (5I8) and (5.23),

(5.24) WrG3(V)Yrer(V) = W0rea(V)Wres(v)Y, ™ (v) =0,

where k=1, 3 and v € M = ((—o0, —3| U [1, +00)) N Z.
In view of (5.16)), (5:22) - (5:20), (33) — B.I8), and

since 7_,_o = —v — 1 = —1, = —7, it follows that
(5:25)  apn.(iv) = F(v = Dags(1v) + G — Dz (1,v) =

—F(v— 171 — 1)(21 — 1)(67% — 47 + 1)+
Gv— 17t —1)*2r —1)4r* =37+ 1),

(5.26) apea(l;—v—2) =
Fv+1)a35(1, —v —2) + G(v + 1)az (1, —v — 2) =
—Frv+1 7‘2(7'—|—1)(27'+1)(67'2+47‘—|—1)—

)
G+ D7 (r +1)*2r + )4 + 37 + 1),

(5.27) apga(liv) =
F(V - 1)“1022(1 V) ‘I‘G(V - 1)“32(1>V) =
Flv—1D)7(r —1)(7* +2(27 — 1)*)—
2G(v — D7 (1 — 1?21 — 1)(7* — (7t — 1)%),
(5.28) Aoz —v—2) =

Fv+1)ay5(1, —v —2) + G(v + 1)azh(1, —v — 2) =
—Flv+ D+ 1)(r* +2027 + 1)) -
Glv+ 127 (t+ D22+ D((r +1)* = 77),

(5.29) Urga(l;v) =

F(v — 1)“23(1 v)+Gv— )a33(1 v) =
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3F(v -1t -1)2r -1+ Glv — D)1 (r — D*((r — 1)® +2(27 — 1)?),

(5.30) apca(z—v—2)=

F(v+ 1)a§j‘3(1, —v—=2)+Gv+ l)agfg(l, —v—2)=
3Fv+ D (r+ D) (27 +1)°—
Glv+ Dt +1)?Q2r + D((7 + 1> +2(27 + 1)%),

We consider the case now, when F' and G are constant sequences, or, equiv-

alently, real constants. In view of (5.19), (5.27) — (5.30)

ai (L —v —2)
(531) ’(l_J’l,OJ(V) = 2 —] y

kokk

al,o,j+1(1§ v),
where j = 1,2, v € My = ((—o0, —=3] U [1, +00)) N Z,

aiga(l; —v = 2)
(532) 11717071(1/) = 1 =
ai52(1;v)

—75(1 + 1)(3 +2(27 + 1)3)
1
(1 = D)(m* + 221 —1)3)

aigs(l —v —2)
(533) ’(171’072(1/) = 0 =
atgs(lv)

=3 (r +1)(21 +1)3
0 ;
=3 (r - 1)(21 — 1)3

&Sf‘ij+1(1; —v —2)
(534) ’u_])Q’Lj(l/) = j —1 s

koksk

ao,1,j+1(1§ v),
where j = 1,2, v € M = ((—o0, 3] U[1l,4+00)) N Z,
a8f1*,2(19 —v —2)

(535) 11707171(1/) = 0 =
aga(1;v)

—27°(r+ 1227+ (7 + 1)3 = 13)
0 ;
—275(1 = 1221 = 1)(73 = (1 — 1)?)
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(L —v —2)
(536) 1[707172(1/) = 1 =
ag13(1;v)

—(r+ 1227+ D)((r+ 1)+ 227 +1)3)
1
1= 1)%((r =12 +2(271 —1)3)

and,since I, G are constants now, it follows that

(5.37) Wpa (V) = Fih,;(v) + Gy, ()

where j = 1,2, v € M = ((—o0, =3] U [1, +00)) N Z. In view of (5.22]),
(5.38) Wpas(v) = F?[h 01 (v), W o2(v)]+

FG([h,0,1(v), Wo12(v)] + [Wo,11(¥), wh02(v)]) + G* o 1,1(v), Wo,1,2(v)].

For any
ay
d: = (05}
as

we put (d); = a; for i =1, 2, 3. Let further
(5.39) Wi ja(v) = [Wi1—i1(v), Wj1—2(V)],
with ¢ =0, 1, 7 =0, 1. In view of (5.39)),([5.27)— (5.30),

151,1,4(7/) = [151,0,1(7/)>7~l71,0,2(1/)] = 7151,0,3(7/)],

(5.40) (W11,4(v))1 = (W103(v)1 =

1 0
det Hokok *okok
( 102(1 V) alog(LV))
aros(Lv) = azs(1,v) = =37 (1 = 1)(21 — 1)°,

(5.41) (W11,4(v))2 = (W103(v))2 =
at’t, (1, —v—2) a1, —v — 2))
— det Lo, 2*** Lo, 3*** =
( 102(1 V) a103(171/)

e (T e ”) -

afz(h V)ajzﬁf?,(l; —v —2) — a; 3(1 v)a, 3( -2)=

(= 1) + 221 — 1)) (=37 (r + D) (21 + 1)*)—
(=37 (r =127 = D) (= (r + (P + 2(21 + 1)?)) =
=3P - D2 — 1)+ 2+ 1)) + 447 - 1)°) =
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—127°(7% = 1)(687° — 457" + 1277 — 1),

(5.42) (W114(v))s = (W103(v))s =

et (ai*o*z(l =) ol - u—2>)

1
—ai (1 —v —2) = —a3(1, —v — 2) == 37 (7 + 1) (21 + 1)°.
In view of (5.39),(E.27)- (E.30),

150,0,4(1/) = [1170,1,1(1/),150,1,2(7/)] = 150,1,3(7/),

(5.43) (Wo04(v))1 = (Wo13(v)) =

0 1
<a071,2(1; V) %13(15 V))
—agTo(1;v) = —azhy(1,v) = 27°(1 = 1)°(21 = 1)(7° = (7 = 1)),

(5.44) (@Wo,0,4())2 = (Wo1,3(V))2 =
aga(li—v —2) agis(li—v—2)\ _
‘det( azia (1) azi (1) ) B
_de a;’ H(1—v —2) a373(1; —v—2) _
det ( (L) ap(Lv) )
ay 2(1 V)a33(1, —2) - aj;,*g(l"/)a;*z(l' —v—2)=
—27%(1 — 1)2(27 — (7 = (1= 1)%)x
(= (T + D*((r+ 13 + 221+ 1)3)—
(=27°(r + 1?21 + D)((1 + 1) — 7)) x

(r(r = 1((r =1’ +2(2r = 1)°) =
479(1% — 1)3(1027°% — 687 + 2172 — 3),

(5.45) (Wo04(v))s = (Wo13(v))s =

ot (az;*lz(l-o v=2) aialli v = 2>)

a3,2)*(1;—v —2) = =27°(r + 1?27 + 1)((7 + 1) — 7)?),
In view of (5.39),([E.27)- (£.30),

U70,1,4(V) = [1170,1,1(7/)7 U71,0,2(V)],

(5.46) (Wo,1,4()1 = ([Wo,1,1(v), W1 02(V)])1 =
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0 0
det ok *okk = 07
<a0,1,2(1§ V) CL1,0,3(1§ V))

(5.47) (Wo,1,4(V))2 = ([Wo,1,1(v), W102(V)])2 =
 det (aéf‘ﬁz(l; —v—=2) aygs(l;—v— 2)) _
ap o (1;v) ayos(1;v)

—az,(1; —v = 2)ay;(Lv) + azs(1;v)ays(1; —v = 2) =

—12t°(7% — 1)(47% — 1)(127* — 672 + 1),

(5.48) (Wo,1,4())3 = ([Wo,11(¥), W102(V)])s,

dot (agj‘iz(l;o—u —2) a*{j‘ag(l;o—u - 2)) _

In view of (5.30),(5:27) - (5.30).

U71,0,4(V) = [1171,0,1(7/)7 U70,1,2(V)],

)

(5.49) (W1,0,4(¥)1 = ([W10,1(v), Wo12(¥)])

1 1
<a170,2(1; V) a07173(1; V))
az3(1;v) — a3y (liv) =

—t4(t — 1)(2t — 1)(10#* — 10t + 3),

(5.50) (W1,04(V))2 = ([w1,01(V), wo1,2(V)])2 =
_ det (a’{ﬁz(l% —v—=2) ag73(l;—v— 2)) _
ayoe(1;v) agts(1;v)

—agy (1 —v = 2)az’3(Lv) + azh (1 v)ags(l; —v — 2) =
—489(#* — 1)(170¢° — 104¢* + 30t — 3),

(5.51) (W1,04(v))3 = ([W01(), Do 2(V)])s =

da(@ﬁxn—u—m %Eﬂh—v—®>:
1 1

ay5(1; —v = 2) —agy(l; —v = 2) =

th(t + 1)(2t 4 1)(10t* 4 10t + 3),

(552) (’(170’174(1/))2 + (@170’4(V))2 =

—8t?(t* — 1)(157¢° — 106t* + 30t* — 3).
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Therefore,
(5.53) (Wpga(v)) = =3t —1)(21 — 1)*F*—

t(r — 1)(27 — 1)(107% — 107 + 3) FG+
2% (1 = 127 = 1)(7° = (7 = 1)°)G" =
(r—1)(27 —1)x
(=327 —1)*F? — (107> = 107 + 3)FG + 2(7 — 1)(37% = 37° + 7)G?) =
™ (r —1)(21 — 1) x
(=3(27 — 1)2F? — (107 — 107 + 3)FG + 2(37* — 67° + 47 — 7)G?,

(5.54) (Wras(v)), = —1277(1* — 1)(687° — 457 + 127% — 1) F*—

8t°(1? — 1)(157t5 — 106t* 4 30t* — 3) FG+
47°(1? — 1)%(1027° — 687" + 217° — 3)G* =
—1277(7% — 1)(687° — 457 + 1272 — 1) F*—
877 (7% — 1)(1577° — 1067* + 307% — 3) FG+
47°(7% = 1)(1027° — 1707° 4 897" — 247° + 3)G?,

(5.55) (Wpas(v)s = 34T + 1) (27 + 1)* F?+

tHt+ 1) (2t + 1)(1082 + 10t + 3) FG — 27° (1 + 1)’ (27 + 1)((7 + 1) — 7°)G?
™(r4+1)(27 + 1) x
327 + 1)2F% 4+ (1072 + 107 + 3)FG — 2(1 + 1)(37® + 372 + 7)G* =
™(r4+1)(27 + 1) x
3(47* + 47 + 1)F? + (107% + 107 + 3)FG — 2(37" + 67° + 47° + 7)G*.
According to (5.14), (5:24), (5:21), (5:53), (554), (B.553),

(5.56) — 7 (r + 1)5wF,G73,1(V)y}’fG,k(V + 1)+

wra32(V)Yrar(V) + (T - 1)5wF,G,3,3(V)y;TG,k(V —1)=0.

Since

fl,O,k(L V) = fik,O,k(lv V)/(V + 1)27
it follows from (B.56]), (0.8) — (0.I0) that

(5.57) crea(V)r(v+ 1)+ crpa1(v)z(v) + crao(v)z(v —1) =0
for x(v) = vpex(v), where

(5.58) rpox(v) = Fofi(1,v) + G fi(1,v)), k=1, 3.
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Let
(5.59) Faiz) = Fa0 (z0) + GBP (2 )
for i = 1,2. In view of (4.52]),
Fai(Liv) = Fa (L) + G5 (L) =
Fofi(1,v) + GO fi(1,v) = 2paa(v)
In view of (4.30) with j = 1 and (5.58)),
(5-60) !L"F,G,s(’/) = 2((3) FjG,l(l; V) - Fng(l; V)

Before to complete the proof of Theorem B, we want to check equality (5.57])
for v =1, k = 3. In view of (5.60), to check the equation (5.57) for v =1 it
is sufficient to check the equalities

crc2(1)Brci(2) + cre1(1)Brei(1) + creo(l)Bre,(0) = 0,
In view of (5.53) — (53,
craa(l) = —54(—27TF? — 23F G + 28G?),
craa(1l) = 12(=3679F° — 5646 F'G + 5459G?),
crao(l) = 10(7T5F? + 63FG — 228G?) = 30(25F% + 21FG — T6F?),
in view of (4.72) — (4.94),
Br05(1:2) = 1029, B10)(1:1) = 34, B,05(150) = 1,

14843

*(1 327
Broa(;2) = ——,

Broa(li1) = ==, Bi5A(1:0) =3,

Brh(1;2) = 2277, 810515 1) = 52, B105(1;0) = 1,
2 32845 .o (2
51,(0,)4(15 2) = T’ 51,(0,)4(1§ 1) = 125, 51,(0,)4(15 0) = 2,
7a1(1,2) = 1020F + 2277G,
(5.61) w1(1,1) = 34F 452G, B ,(1,0) = F + G,

02(1,2) = (14843 F + 32845G) /6,

(5.62) tao(1,1) = (327F + 500G) /4, By 5(1,0) = 3F + 2G.

Let further
A (F,G) = cpga(V)Braixx(v+ 1)+

crei(V)Braixx(V) + crao(V)Braixx(v — 1)
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for i = 1,2v € N. We check now that A;;(F,G) = 0 for ¢ = 1,2. We
note that A;;(F,G) is homogenous polynomial relatively variables F,G of
degree equal to 3. To establish the equalities A; ;(F,G) = Owith i = 1, 2 it
is sufficient to check them in four points

(F,G)=(0,1), (1,0), (1,1), (1,2).
We have
0071,2(1) = —5H4 x 28 = —12 x 126, 0071,1(1) = 12 x 5521,

co10(1) = —12 x 190,

o1(2) = 2277, 55,(1) = 52, i3, (0) = 1,
+70(2) = 32845/6, 57 ,(1) = 125, B35 ,(0) = 2,
A11(0,1) =12 x (=126 x 2277 4+ 5521 x 52 — 190) =
12(—287092 + 286902 — 190) = 0,

Ag1(0,1) =12 x (—21 x 32845 + 5521 x 125 — 190) =
60(—21 x 6569 + 5521 x 25 — 76) = 60(—137949 + 138025 — 76) = 0,
c102(1) = =54 x (—=27) =6 x 243, ¢101(1) = —12 x 3679 = —4 x 11037,
c100(1) =10 x 75,

i*o,l@) = 1029, 101(1) = 34, 101(0) =1,

Br0,2(2) = 14843/6, P102(1) = 327/4, B1,02(0) = 3,

Ay 1(1,0) = 6(243 x 1029 — 7358 x 34 + 125) =
6(250047 — 250172 + 125) = 0.

Ag1(1,0) = 243 x 14843 — 11037 x 327 + 2250 =
3606849 — 3609099 + 2250 = 3609099 — 3609099 = 0.
c112(1) = =54 x (—22) =36 x 33, ¢11,1(1) = —12 x 3804 = —36 x 1268,
c11,0(1) = =900 = —36 x 25,

11,1(2) =2 %1653, A7 1(1) =2 x 43, 77,(0) = 2,
f,*1,2(2) = 7948, 51 12( ) = 827/4, 112(0) =95,

Apq(1,1) = 72(33 x 1653 — 1268 x 43 — 25) =
72(54559 — 54524 — 25) = 0,

Agq(1,1) = 36(33 x 7948 — 317 x 827 — 125) =
36(262284 — 262159 — 125) = 0.
c122(1) = =54 x (39) = =18 X 117 ¢11(1) = 18 x 4742,
c110(1) = —18 x 395,

121(2) =3 x 1861, B3, (1) = 3 x 46, f15,(0) =3,
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12,2(2) = 80533/6, A5 ,(1) = 1327/4, 515, (0) =7,
Ay 1(1,2) = 54(—117 x 1861 + 4742 x 46 — 395) =
54(—217737 + 218132 — 395) = 0.
A 1(1,2) = —351 x 80533 + 9times2371 x 1327 — 63 x 790) =
9(—39 x 80533 4+ 271 x 1327 — 7 x 790) =
(—3140787 + 3146317 — 5530 = 0.
So A;1(F,G) =0 for any F' and G. Therefore the equality (5.57) holds
for v =1 and any {F,G} C R.

§6. Auxilliary continued fraction.

Let
(6.1) Crak(V) = Cupn(V)/(u+v)?,
for k=0, 1, 2,
(6.2) bro(v +1) = =, 1 (V) € Qu,v]/(u+v)*
for v € N,
(6.3) (v +1) = =€ (V)€ 0 (v = 1)

for v € 24 00) NN,

(6.4) 05,0(2) =~ (D).
(65)  Pu0)=b;,(0) = (Bu+20)/(u+v), Quu(0) = 1,
(6.6) Q1) =0, (1) = (34u + 52v)(u + v)

(6.7) P,,(1) = (327u + 5000) (4u + 4v)

(6.5) 05,0 (1) = P2, (1) = —b,(0)1, (1)

Let us consider the continued fraction,

ap, (D ap (2] a3 ay,(4)
(6.9) by (0)" + — + - + — + =
bi (1) bp,(2)  br,(3)  [bre(4)

Let 7, ,(v) be the v-th convergent of this continued fraction. Let P (v) and
Q;, ,(v) be respectively nominator and denominator of convergent r;  (v). Let

U,V

us consider the equations

(6.10) crea(V)tyi1 + crai(V)z, + crgo(V)e,—1 =0,
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where v € N. If F 4+ G # 0, then the equation [6.10] is equivalent to the
equation

610 chaast V) + b (W) + chagW)n 1 =0,
It follows from (5.57) that
T, = SL’F’G&(V) = Fdin’k(l, V) + G52f1’07k(1, I/)

satisfies to the equation (6.I0) for v € N and fixed k € {1, 3}.
If G # 0, then, in view of (O.8) — (010,

craa(v) = —1278G*(1 + o(1)) (1 — o0),
craa(v) =4087°G*(1 4 o(1)) (T — 00),
crao(v) = —1278G*(1 4 o(1)) (1 — o0).
If G =0, then, in view of ((0.8)) — (.10,
craa(v) = 247F*(1 + o(1)) (1 — o0),
craa(v) = =24 x 647° F2(1 + o(1)) (T — 00),
crao(v) = 247 F2(1 4 o(1))(1 — o).

In any case the equation ([6.10) is difference equation of Poincaré type with
characteristic polynomial A2—34\+1. Hence, if {x, } > is a non-zero solution
of (610), € € (0,1), then there are Cy(¢) > 0 and Cg( ) > 0 such that only
two possibilities exist:

(6.12) Cie) (1+2)
for all v € N or
(6.13) Ci(e) (1+ V) " <l < Cole) (1+\f)4” e

for all v € N. In view of ([£52), if z, = 8" (1;v) = 6" f;(1,v) withr = 0,1, 2,
then (6.12) is impossible. Therefore

6.14)  Ci(e) (1 + \/§>

forr=20,1,2, and all v € N.
Lemma 6.1. The following equalities hold:

—4v(1+ —4v(1—e)

' < |7, < Cy(e) (1 +xf>

4v(1—

4v(1—e)

< B0 (1; 1) < Cyle) (1 + f)4” e

(6.15)  lim BiGh(Liv)) = +oo, lim 557 (131)/68; (1;v) = +oc,

Proof. The first of equalities (6.15]) is obvious. We prove the second of
equalities (6.I5). According to Stirling’s formula:

log(n!) = (n+1/2)log(n+ 1) —n + O(1).

33



L.A.Gutnik, An expansion of zeta(3) in continued fraction with parameter. 34

Let 8> 0,n=pv+mn, € Z,
(6.16) ve[(2(8+41)/8,400)NZ, |n| < 2.

Then (for fixed f3)

(6.17) log(n!) = (Bv+mn, +1/2)log(fr+n, +1) — v+ O(1) =
(Bv+m, +1/2)log(Br) — Br + O(1) = (Br) log(Br) — Br + O(1) log(v).
Clearly,

log((v + 1)) = vlog(v) — v+ O(1) log(v + 1).

Let further v € (0,1), k = [yv], where v € [2(y + 1)/v,+00) N Z. Then,
in view of (6.16) — (617) with 8 = v and k in the role of n,

(6.18) log(k!) = yvlog(yv) —yv + O(1) log(v).

Further we have v+ 1 —k=v+1—yw+{w} =(1—-v)r+ 1+ {y}.

If ve2(2—7)/(1 —7),+00) NZ, then, according to (6.16) — (6.17)
with § =1 —~, and n 4+ 1 — k in the role of n, we have the equality

(6.19) log((r+1—k)) = (1 —~y)rlog((1—~)v)— (1 —v)v+ O(1)log(v).

Since v+ k =v + v — {yw} = (1 4+ v)v — {yv} it follows that,

if ve2(2+7)/(147),+00) NZ, then, in view of (6.16) — (6.17)
with =14~ and n + k in the role of n, we have the equality

(6.20)  log((v+k)!) = (1 +~)vlog((1+~)v) — (1 +~)v+ O(1)log(v).
Let v € [2(1/min(y,1 — ) 4+ 1). Then (GI8) — (€20) hold, and, moreover,
log((v + 1)) = vlog(v) — v+ O(1) log(v),

log( ) —v+0(1)log(v).
00), k = [yv], then

) =
7))+
log ((V + 1)) =vlog(v) — v — (yvlog(yv) — yv)—

(1 =y)vlog((1 —y)v) — (1 = y)v) + O(1) log(v) =
vlog(v) — (yvlog(yv) — (yvlog(v)—
(1 =)vlog(v) — (1 — y)vlog(l —v) + O(1) log(v) =
(vlog(1/7) + (1 —7)log(1/(1 —7)))v + O(1) log(v),

and, analogously,

log(v!
So, if v € [2/ min(y, 1 —

o ((7F1)) = (@4 ) 10149+ 91081/ + 01 ogtv)
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Therefore, if v € [2/ min(y,1 — ) + 2, +00), k = [yv], then

(6.21) log <<”Zl) (”Zk)) = ¢y (7)v + O(1) log(v),

where ¢1(7) = (14 7)log(1 +7) — (1 = 7)log(l — ) — 27)log(7). Clearly,

(iwl) (7) = log((1 = %) /7%)),

dry

and

i) <o (1/v2) =
tog ((1+1/v2) / (1-1/v2)) +
(1/v2)tog ((1+1/v2) (1-1/v2)) -
<1/\/§10g(1/2)) — 2log ((1 + \/§)> ,
if v # 1/v/2. We can rewrite (6.14) in the form

(6.22) Cile)exp (201 (1/v2) (1 = £)) < B (1) <
Cy(e) exp (2¢1 (1/\/§> v(l+ 5))

forr=20,1,2, and all v € N.
In view of (4.15]), let

Vou(R) = B3 s1,/ B5 = (v + k4 1) (v =k + 1)/ (k+1)°.
Then 15, (k) = 1 if and only if 2k? 4+ 2k — v(v + 2) = 0. Let

r(w) =—-1/2+/1/4+v(v +2)/2 = 1+ 0Q1)/v)v/V2

Clearly, 5570,27,/ increases together with increasing of k£ € [0, r(r)|NZ and 52 e
decreases together with increasing of k € (r(v),v + 1| N Z.
We fix v, € (O, 1/\/5) and vy, € (1/\/5, 1) . Clearly, there exists 1y € N
such that
7 <r()/v <

for all v € [vy, +00) NN. Let v > max(vy, 1/71,1/(1 — 72)). Then, in view

of (6.2I]) we have
Z Bglgu - Z k" 2ku fy V]T+1B2 Jmvly

0<k<yiv 0<k<miv
exp(2¢1(y1)v + O(1) log(v)),

and analogously

S© A, = exp(2n(12)v + O(1) log(v)).

yav<k<v+1
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Let
3 = min(yh (1/v2) — ¢1 (1), %1 (1/V2) — ¢ (72)).

Then, in view of (6.22)

ﬁ;’u,u):( 3 w;?,z,y)x

yv<k<yav

(14 O(1) exp(—2v3v 4+ O(log(v)).

Hence, there exists 11 € N such that for all v € [v, +00)capZ we have

AP, v) = ( 3 kzﬁé?,i,u) x
Tv<k<yav
(14 O(1) exp(—2v3v + O(log(v)) >

[%V]( > kﬁm)

Yv<k<vyav
(14 O(1) exp(—2v3v 4+ O(log(v)),

and

B8, v) = ( > kﬁm> (1+ O(1) exp(—2y3v + O(log(v)).

Yv<k<vyav

So, éz)(l,y) > [nv] (2)(1 v)(1+4 o(1)), when v — +o0. O.
Let conditions Theorem B are fulfilled. Then, in view of (0.19),

(6.23) Bre.(Liv) = (F+G)B0%Lv) + GB1a(1v) — BrA(Lv)) #0

for v € Ny, and therefore, in view of (6.15),

(624)  Brea(Liv) =B Lu)(F +GAP A)/60 (1 v) — oo,

when v — oo. Moreover, if F' # 0 and G/F ¢ B then (6.23)) and (6.24)) hold,
and, if in this case v, = rpg1(v) = BF ¢ (1;v), then (6.12) is impossible.

In view of (L3) with a = 1, (£3)) and (£36) with j =1,
8 fros(lv) = (v+ 1)’0(1);

hence, if z, = zpa3(v) = Foffos(1,v) + Go®fi5(1,v), then ([I3) is im-
possible. Therefore
01(5)/02(5) < |2c(3) - FG2(17V> < Cy(e )/Cl( )

(6.25)

36
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Let
v—1

(6.26) 05 () = [ i) for v € No.
j=1

S0, 07.c(1) = 65.¢(0) = 1. Let cpig (V) = ¢, (v) for all v € N, let

CFG,O(V) = C?,G,O(V)C?,G,o(’/ —1)

for all v € [2,+00) NN, and let ¢’ o(1) = cfo(1). If conditions Theorem
B are fulfilled, then dpg(v) # 0 far all the v € N, and the equation (6.10)
and the system

Yor1 + a1 (WYW) + g o(V)chgastv —Dy(v —1) =0
Y = 0pc(v)*z,, veN

are equivalent. Moreover, Py o(v) and 63 4(v)Brq(1,v)/Biq1(1,0) satisfy
to the first of equations (6.10) and the same initial conditions. Therefore

(6.27) Pro(v) = 0ra(v)Bra.(1,v)/Bra.(1,0),
Analogously, we have
(6.28) QrcW) = 0rc(V)Bra (1,v)/Braa(1,0),

7’;7(;(1/) = }TGQ(L V)/ﬁ}’fql(l, v), for all v € Ny. In view of (6.25])
Vh_{go rea(v) =20(3).
§7. End of the proof of Theorem B.
Lemma 7.1. The following equalities hold:
(7.1) ProW) = Py 1(v), Qo) = @1 (V) 0up(v) = 8duyu (V).

Proof. In view of (0.I6]) If v = 0, 1, then the equalities (Z.I]) directly
follows from (6.5) — (6.7) and ([6.26) In view of (6.1)),

(72> Cz,v,k(y) = CZ/U,l,k(V)

for k =0, 1, 2,v € N. Therefore the last equality in (Z1]) holds for all » € N.
In view (@6.8)), (6.9), [©.6), ([€.3), (6.2) and (Z.2),

au,v(y) = au/v,l(V)v bu,U(V> = bu/v,l(y)

for v € [2,+00) NZ. Let v € [2,400) N Z, and let () hold for all v — k
with k € [0, — 1] N Z. Then we have

P;,v(y> = bz,v(y)P;,v(V - 1) + CL;U(V)PU(’UI/ — 2) =



REFERENCES 38

b:/v,l(y)P;/v,l(V - ]') + a:/v,l(y)Pj/v,l(V - 2) = :/v,l(l/)
QZ,U(V) = b:,v(V)Qz,v(V - 1) + a:,v(y)Qz,v(V - 2) =
bZ/v,l(V)QZ/v,l(V - 1) + aZ/u,l(V)QZ/v,I(V o 2) = QU/UJ(V)'

O
Lemma 7.2. If conditions of the Theorem B are fulfilled, then

(7.3) 0o (V) = (V) /(w4 ) 2720
where 0y (V) is homogeneous polynomial in Z[u,v], and
(7.4) max(2v — 2,0) = deg, (0,,,(v)) = deg, (0un(v)) = deg(du(v)).

Proof. We have to prove the last equality in (7.4]), because other asser-
tions of the Lemma are obvious. In view of (0.10) and (0.8]),

creo(v) = —frac(t — D227 + 1)(7 + 1)%(27 — 1)x

T(T + 1)CF’G72(V + 1) 7A 0
for all v € Ny. Therefore the last equality in (7.4]) holds also.

In view of (5.61]) — (5:62), ([6:27) — (6:28) and (7.3)), the following equalities
hold:

Pyo(v) = 4P; ,(v)(u+ )" =
16(u + v)0u,0 (V) 81y 2 (1, 1),
Qua(v) = QW) (u+v)* ™" =
46, (V) By p1 (1, )
max(2v, 1) = deg, (Puy(v)) = deg,(Puo(v)) = deg(Puo(v)),
max(2v — 1,0) = deg, (Qu.,(v)) = deg,(Quo(v)) = deg(Qu.(v)),
where v € Ny. [
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