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ABSTRACT

A trisymplectic structure on a complex 2n-manifold is a three-dimensional space {2
of closed holomorphic forms such that any element of €2 has constant rank 2n, n or
zero, and degenerate forms in 2 belong to a non-degenerate quadric hypersurface. We
show that a trisymplectic manifold is equipped with a holomorphic 3-web and the Chern
connection of this 3-web is holomorphic, torsion-free, and preserves the three symplectic
forms. We construct a trisymplectic structure on the moduli of regular rational curves
in the twistor space of a hyperkahler manifold, and define a trisymplectic reduction
of a trisymplectic manifold, which is a complexified form of a hyperkahler reduction.
We prove that the trisymplectic reduction in the space of regular rational curves on
the twistor space of a hyperkédhler manifold M is compatible with the hyperkahler
reduction on M. As an application of these geometric ideas, we consider the ADHM
construction of instantons and show that the moduli space of rank r, charge ¢ framed
instanton bundles on CP? is a smooth trisymplectic manifold of complex dimension 4rc.
In particular, it follows that the moduli space of rank two, charge c instanton bundles on
CP? is a smooth complex manifold dimension 8¢ — 3, thus settling part of a 30-year-old

conjecture.
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1. Introduction

1.1 An overview
In our previous paper [JV11]|, we introduced the notion of holomorphic SL(2)-webs, and
argued that manifolds equipped with a holomorphic SL(2)-web structure may be regarded as
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TRIHYPERKAHLER REDUCTION AND INSTANTON BUNDLES ON CP3

the complexification of hypercomplex manifolds. We showed that manifolds M carrying such
structures have a canonical holomorphic connection, called the Chern connection, which is
torsion-free and has holonomy in GL(n,C), where dim¢ M = 2n.

The main example of holomorphic SL(2)-webs are given by twistor theory: given a
hyperkahler manifold M, then the space of regular holomorphic sections of the twistor fibration
7 : Tw(M) — CP! is equipped with a holomorphic SL(2)-web. We then exploited this fact
and the Atiyah—Drinfeld-Hitchin—-Manin (ADHM) construction of instantons to show that the
moduli space of framed instanton bundles on CP? is a holomorphic SL(2)-web.

The present paper is a sequel to [JV11]. Here, we expand in both aspects of our previous
paper. On the one hand, we describe a new geometric structure on complex manifolds, called a
trisymplectic structure. The trisymplectic structure is an important special case of a holomorphic
SL(2)-web. For a trisymplectic structure, we define reduction procedure, allowing us to define a
trisymplectic quotient. Applying these new ideas to the ADHM construction of instantons allows
us to give a better description of the moduli space of framed instanton bundles on CP3, and to
prove its smoothness and connectness. This allows us to solve a part of a 30-year old conjecture
regarding the moduli space of rank-two instanton bundles on CP3.

To be more precise, we begin by introducing the notion of trisymplectic structures on complex
manifolds (see Definition 4.1 below), and show that trisymplectic manifolds carry an induced
holomorphic SL(2)-web. Our first main goal is to introduce the notion of a trisymplectic quotient
of a trisymplectic manifold, which would enable us to construct new examples of trisymplectic
manifolds out of known ones, e.g. flat ones.

Next, we introduce the notion of trihyperkdihler quotient Seco(M)/J/G for a hyperkéhler
manifold M, equipped with an action of a Lie group G by considering the trisymplectic quotient
of the space Secy(M) of regular holomorphic sections of the twistor fibration of M.

Our first main result (Theorem 5.11) is compatibility between this procedure and the
hyperkéhler quotient, which we denote by M J/G. We show that, under some reasonable
conditions, the trihyperkéhler reduction Seco(M)/J/G admits an open embedding to the space
Seco(M JJG) of regular sections of the twistor fibration of the hyperkéhler quotient M J/G.
This shows, in particular, that (similarly to the smoothness of the hyperkéhler reduction) the
trihyperkahler reduction of M is a smooth trisymplectic manifold.

Our second main result provides an affirmative answer to a long-standing conjecture
regarding the smoothness and dimension of the moduli space of rank-two instanton bundles
on CP3, also known as mathematical instanton bundles (see §8 for precise definitions). More
precisely, the moduli space of mathematical instanton bundles with second Chern class (or
charge) c is conjectured to be an irreducible, nonsingular quasi-projective variety of dimension
8¢ — 3 (cf. [CTTO03, Conjecture 1.2]). The truth of the conjecture for ¢ < 5 was established by
various authors in the past four decades: Barth settled the ¢ = 1 case in 1977 [Bar77]; Hartshorne
established the case ¢ = 2 in 1978 [Har78]; Ellingsrud and Stromme settled the ¢ = 3 case in
1981 [ES81]; the irreducibility of the ¢ = 4 case was proved by Barth in 1981 [Bar82], while
the smoothness is due to Le Potier [LeP83] (1983) and Coanda—Tikhomirov—Trautmann (2003).
More recently, Tikhomirov has shown in [Tik12] that irreducibility holds for odd values of c.

In the present paper, we apply the geometric techniques established above to the ADHM
construction of instantons, and show that the moduli space of rank r, charge ¢ framed instanton
bundles on CP? is a smooth, trisymplectic manifold of complex dimension 4rc (see Theorem
8.3 below). It then follows easily (see §8.3 for details) that the moduli space of mathematical
instanton bundles of charge ¢ is a smooth complex manifold of dimension 8¢ — 3, thus settling
the smoothness part of the conjecture for all values of c.

1837



M. JARDIM AND M. VERBITSKY

1.2 3-webs, SL(2)-webs and trisymplectic structures

Let M be a real analytic manifold equipped with an atlas {U; < R"} and real analytic transition
functions ;;. A complezification of M (see [Gra58]) is a germ of a complex manifold, covered
by open sets {V; — C"} indexed by the same set as {U;}, and with the transition function w;cj
obtained by analytic extension of 1);; into the complex domain.

Complexification can be applied to a complex manifold, by considering it as a real analytic
manifold first. As shown by Kaledin and Feix (see [Fei0l], [KKVO01] and the argument in
[JV11, §1]), a complexification of a real analytic Kéhler manifold naturally gives a germ of a
hyperkéahler manifold. In the paper [JV11] we took the next step by looking at a complexification
of a hyperkahler manifold. We have shown that such a complexification is equipped with an
interesting geometric structure which we called a holomorphic SL(2)-web.

A holomorphic SL(2)-web on a complex manifold M is a collection of involutive holomorphic
sub-bundles Sy C TM, rk S; = %dim M, parametrized by ¢t € CP!, and satisfying the following
two conditions: first, S; NSy = 0 for ¢ # ¢'; and second, the projector operators II; ; of TM onto
Sy along S; generate an algebra isomorphic to the algebra Mat(2) of 2 x 2 complex matrices
(cf. Definition 2.1 and §3.1 below).

This structure is a special case of a notion of 3-web developed in 1930s by Blaschke and Chern.
Let M be an even-dimensional manifold, and Sy, 52,53 a triple of pairwise non-intersecting
involutive sub-bundles of T'M of dimension %dim M. Then Si, 59,853 is called a 3-web. Any
3-web on M gives a rise to a natural connection on TM, called a Chern connection. A Chern
connection is one which preserves S;, and its torsion vanishes on S7 ® So; such a connection
exists, and is unique.

Let a,b,c € CP! be three distinct points. For any SL(2)-web, S,, Sp, S, is clearly a 3-web.
In [JV11] we proved that the corresponding Chern connection is torsion-free and holomorphic;
also, it is independent from the choice of a,b,c € CP'. We also characterized such connections
in terms of holonomy, and characterized an SL(2)-web in terms of a connection with prescribed
holonomy.

Furthermore, we constructed an SL(2)-web structure on a component of the moduli space
of rational curves on a twistor space of a hyperkéhler manifold. By interpreting the moduli
space of framed instanton bundles on CP? in terms of rational curves on the twistor space of
the moduli space of framed bundles on CP?2, we obtained a SL(2)-web on the smooth part of the
moduli space of framed instanton bundles on CP3.

In the present paper we explore this notion further, studying those SL(2)-webs which appear
as moduli spaces of rational lines in the twistor space of a hyperkahler manifold.

It turns out that (in addition to the SL(2)-web structure), this space is equipped with the
so-called trisymplectic structure (see also Definition 4.1).

DErFINITION 1.1. A weakly trisymplectic structure on a complex manifold M is a
three-dimensional subspace Q of Q2M generated by a triple of holomorphic symplectic forms
Q1, 9,83, such that any linear combination of 21,9, Q23 has rank n = dim M, %n, or zero. If
the set of degenerate forms in €2 belongs to a non-degenerate quadric, €2 is called a trisymplectic
structure, and (M, Q) a trisymplectic manifold.

In differential geometry, similar structures known as hypersymplectic structures were studied
by Arnol’d, Atiyah, Hitchin and others (see, e.g., [Arn01]). The hypersymplectic manifolds
are similar to hyperkéhler, but instead of quaternions one deals with an algebra Mat(2,R)
of split quaternions. As one passes to complex manifolds and complex-valued holomorphic
symplectic forms, the distinction between quaternions and split quaternions becomes irrelevant.
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Therefore, trisymplectic structures serve as complexifications of both hypersymplectic and
hyperkahler structures.

Consider a trisymplectic manifold (M, Qq,Qs,Q3). In Theorem 4.4 we show that the set of
degenerate linear combinations of €2; is parametrized by CP! (up to a constant), and the null-
spaces of these 2-forms form an SL(2)-web. We also prove that the Chern connection associated
with this SL(2)-web preserves the 2-forms 2; (Theorem 4.6). This allows one to characterize
trisymplectic manifolds in terms of the holonomy, similarly as it is done in [JV11] with SL(2)-
webs.

CrLaMm 1.2. Let M be a complex manifold. Then there is a bijective correspondence between
trisymplectic structures on M, and holomorphic connections with holonomy which lies in G =
Sp(n, C) acting on C?" @¢ C? trivially on the second tensor multiplier and in the usual way on
c?n,

Proof. This follows immediately from Theorem 4.6. O

1.3 Trisymplectic reduction

In complex geometry, the symplectic reduction is understood as a way of constructing the
geometric invariant theory (GIT) quotient geometrically. Consider a Kéhler manifold M equipped
with an action of a compact Lie group G. Assume that G acts by holomorphic isometries, and
admits an equivariant moment map M BN g*, where g* is the dual of the Lie algebra of G. The
symplectic reduction M J/G is the quotient of 4~1(0) by G. This quotient is a complex variety,
Kahler outside of its singular points. When M is projective, one can identify M /G with the GIT
quotient of M by the action of the complexified Lie group G¢. For more details on GIT and its
relation to the symplectic quotient, please see [MFK94].

A hyperkéhler quotient is defined in a similar way. Recall that a hyperkadhler manifold is a
Riemannian manifold equipped with a triple of complex structures I, J, K which are Kahler and
satisfy the quaternionic relations. Suppose that a compact Lie group acts on (M, g) by isometries
which are holomorphic with respect to I,J, K; such maps are called hyperkdahler isometries.
Suppose, moreover, that there exists a triple of moment maps puy, py, pr : M —> g* associated
with the symplectic forms wy,wy,wg constructed from g and I, J, K. The hyperkdhler quotient
[HKLR8T7] M /G is defined as (,u;l(O) Nust(0) Nyt (0))/G. Similarly to the Kéhler case, this
quotient is known to be hyperkéahler outside of the singular locus.

This result is easy to explain if one looks at the 2-form Q := w; + v/—1lwg. This form
is holomorphically symplectic on (M, I). Then the complex moment map puc := py ++v/—1pk is
holomorphic on (M, I), and the quotient M JJ/G := g 1// G is a Kdhler manifold. Starting from
J and K instead of I, we construct other complex structures on M J/G; an easy linear-algebraic
argument is applied to show that these three complex structures satisfy the quaternionic relations.

Carrying this argument a step farther, we repeat it for trisymplectic manifolds, as follows.
Let (M,Q1,$2,Q3) be a trisymplectic manifold, that is, a complex manifold equipped with a
triple of holomorphic symplectic forms satisfying the rank conditions of Definition 1.1, and G¢ a
complex Lie group acting on M by biholomorphisms preserving 21,22, and 3. Let p1, po, and
i3 be the triple of holomorphic moment maps, associated to €21, s, and 3, which are assumed
to be equivariant.!

The trisymplectic reduction is the quotient of p;'(0) N uy ' (0) N uz(0) by Ge.

! Equivariance of a moment map is sometimes assumed in the definition, but we consider it as an additional
constraint; please see §4.3 for more details and a precisely worded definition.
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Under some reasonable non-degeneracy assumptions, we can show that a trisymplectic
quotient is also a trisymplectic manifold (Theorem 4.9).

Note that since G¢ is non-compact, this quotient is not always well-defined. To rectify this,
a trisymplectic version of GIT quotient is proposed (§5.3), under the name of trihyperkdhler
reduction.

1.4 Trihyperkahler reduction

Let M be a hyperkihler manifold, and Tw(M) — CP! its twistor space (§2.2). A holomorphic
section of 7 is called regular if the normal bundle to its image is isomorphic to a sum of dim M
copies of O(1). Denote by Seco(M) the space of regular sections of 7 (cf. Definition 2.10).

One may think of Seco(M) as of a complexification of a hyperkadhler manifold M. It is the
main example of a trisymplectic manifold used in this paper.

The trisymplectic structure on Seco(M) is easy to obtain explicitly. Let L be a complex
structure on M induced by the quaternions (§2.2), and € the corresponding holomorphic
symplectic form on (M, L). Let

evy, : Seco(M) — (M, L)

be the evaluation map sending a twistor section s : CP! — Tw(M) to s(L) (we use the standard
identification of the space of induced complex structures with CP!). Let € be the three-
dimensional space of holomorphic 2-forms on Sec(M) generated by evj(Qr), ev’(2;), and
evi (k). Then € defines a trisymplectic structure (Claim 5.4).

In this particular situation, the trisymplectic quotient can be defined using a GIT-like
construction as follows.

Let G be a compact Lie group acting on a hyperkahler manifold M by hyperkahler isometries.
Then G acts on Seco(M) preserving the trisymplectic structure described above. Moreover, there
is a natural K&hler metric on Seco(M) constructed in [KV98] as follows. The twistor space
Tw(M) is naturally isomorphic, as a smooth manifold, to M x CP!. Consider the product
metric on Tw(M), and let v : Seco(M) — R™ be a map associating to a complex curve its
total Riemannian volume. In [KV98] it was shown that v is a Kéhler potential, that is, dd“v is
a Kéahler form on Seco(M).

Let © be the standard three-dimensional space of holomorphic 2-forms on Secy(M),

Q = (evi(Qr),evi(Qy),evi (Qxk)).

Then the corresponding triple of holomorphic moment maps is generated by ,u(IC oevy, MS oevy,
,u(lc( oevy, where u% is a holomorphic moment map of (M, L). This gives a description of the zero
set of the trisymplectic moment map ¢ : Seco(M) — g* @ C3,

As follows from Proposition 5.5, a rational curve s € Seco(M) lies in pg'(0) if and only
if s lies in a set of all pairs (m,t) € M x CP' ~ Tw(M) satisfying u&(m) = 0, where u’ :
(M,t) — g* ®p C is the holomorphic moment map corresponding to the complex structure ¢.

Now, the zero set u(El(O) of the trisymplectic moment map is a Kéahler manifold, with
the Kahler metric dd“v defined as above. Therefore, one could define the symplectic quotient
[,L(EI(O)//G. This quotient, denoted by Seco(M)/)/G, is called the trihyperkdhler quotient of
Seco(M) (see Definition 5.9 for further details).

One of the main results of the present paper is the following theorem relating the
trihyperkahler quotient and the hyperkahler quotient.
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THEOREM 1.3. Let M be flat hyperkédhler manifold, and G a compact Lie group acting
on M by hyperkdhler automorphisms. Suppose that the hyperkadhler moment map exists,
and the hyperkédhler quotient M JJG is smooth. Then there exists an open embedding

Seco(M) )G N Seco(M J)G), which is compatible with the trisymplectic structures on
Seco(M) )G and Seco(M ) G).

Proof. This is Theorem 5.11. a

The flatness of M, assumed in Theorem 1.3, does not seem to be necessary, but we were
unable to prove it without this assumption.

1.5 Framed instanton bundles on CP3
In §8, the geometric techniques introduced in the previous sections are applied to the study of
the moduli space of framed instanton bundles on CP3.

Recall that a holomorphic vector bundle E — CP3 is called an instanton bundle if c1(E) = 0
and HY(E(-1)) = HY(E(-2)) = H?(E(-2)) = H3(E(-3)) = 0. The integer ¢ := c3(FE) is called
the charge of E.

This nomenclature comes from the fact that instanton bundles which are trivial on the lines
of the twistor fibration CP3 — S* (also know as real lines) are in one-to-one correspondence, via
twistor transform, with non-Hermitian anti-self-dual connections on S* (see [JV11, §3]). Note,
however, that there are instanton bundles which are not trivial on every real line.

Moreover, given a line £ C P3, a framing on E at / is the choice of an isomorphism ¢ : E|, —
OgBrkE . A framed instanton bundle is a pair (E, ¢) consisting of an instanton bundle F restricting
trivially to ¢ and a framing ¢ at ¢. Two framed bundles (E,¢) and (E’,¢') are isomorphic if
there exists a bundle isomorphism ¥ : E — E’ such that ¢/ = ¢ o (¥]).

Frenkel and the first named author established in [F.J08] a one-to-one correspondence between
isomorphism classes of framed instanton bundles on CP3 and solutions of the complex ADHM
equations (also known as the one-dimensional ADHM equation) in [Jar08]).

More precisely, let V and W be complex vector spaces of dimension ¢ and r, respectively,
and consider matrices (k = 1,2) Ay, By, € End(V), I, € Hom(W, V) and J; € Hom(V, W). The
one-dimensional ADHM equations are

[A1, B1] + I J; =0,
[A2, Ba] + IJ2 = 0, (1.1)
[Al,BQ] + [AQ,Bl] + 11 Jy + Iy J; = 0.

One can show [FJ08, Main Theorem| that the moduli space of framed instanton bundles on
CP? coincides with the set of globally regular solutions (see Definition 8.1 below) of the one-
dimensional ADHM equations modulo the action of GL(V).

It turns out that the three equations in (1.1) are precisely the three components of a
trisymplectic moment map pc : Seco(M) — u(V)* @r I'(Ocp1(2)) on (an open subset of) a flat
hyperkahler manifold M, so that the moduli space of framed instanton bundles coincides with
a trihyperkéahler reduction of a flat space (Theorem 8.2). It then follows that the moduli space
of framed instanton bundles on CP?3 of rank  and charge c is a smooth trisymplectic manifold of
dimension 4rc.

On the other hand, a mathematical instanton bundle is a rank-two stable holomorphic vector
bundle E — CP?3 with ¢;(E) = 0 and H'(E(—2)) = 0. It is easy to see, using Serre duality and
stability, that every mathematical instanton bundle is a rank-two instanton bundle. Conversely,
every rank-two instanton bundle is stable, and thus a mathematical instanton bundle. We explore
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this fact to complete the paper in §8.3 by showing how the smoothness of the moduli space of
framed rank-two instanton bundles settles the smoothness part of a conjecture on the moduli
space of mathematical instanton bundles; for its precise formulation, see [CTT03, Conjecture 1.2].

2. The SL(2)-webs on complex manifolds

In this section, we repeat basic results about SL(2)-webs on complex manifolds. We follow [JV11].

2.1 The SL(2)-webs and twistor sections
The following notion is based on a classical notion of a 3-web, developed in the 1930s by Blaschke
and Chern, and much studied since then.

DEFINITION 2.1. Let M be a complex manifold, dim¢ M = 2n, and S; C TM a family of
n-dimensional holomorphic sub-bundles, parametrized by ¢t € CP'. This family is called a
holomorphic SL(2)-web if the following conditions are satisfied:

(i) each S; is involutive (integrable), that is, [St, S¢| C Si;
(ii) for any distinct points ¢, € CP!, the foliations Sy, Sy are transversal: S; N Sy = @;
(ili) the projections P,y : TM — Sy — T'M of TM to Sy along Sy generate a four-dimensional
sub-bundle a within End(7'M), which is closed under multiplication;
(iv) each fiber of a is isomorphic to the algebra Mat(2) of two-dimensional matrices.

Since S; and Sy are mid-dimensional, transversal foliations, it follows that T,, M = Si(m) @
Sy (m) for each point m € M. According to this splitting, P, (m) is simply a projection onto
the first factor.

DEFINITION 2.2 (see, e.g., [Ati57]). Let B be a holomorphic vector bundle over a complex
manifold M. A holomorphic connection on B is a holomorphic differential operator V :
B — B ® QM satisfying V(fb) = b® df + fV(b), for any holomorphic function f on M.

Remark 2.3. Let V be a holomorphic connection on a holomorphic bundle, considered as a map
V:B— B®AYM, and 9 : B— B ® A%'M the holomorphic structure operator. The sum
Vi=V+ 0 is clearly a connection. Since V is holomorphic, VO + 9V = 0, hence the curvature
V? is of type (2,0). The converse is also true: a (1,0)-part of a connection with curvature of type
(2,0) is always a holomorphic connection.

PROPOSITION 2.4 [JV11]. Let S, t € CP! be an SL(2)-web. Then there exists a unique torsion-
free holomorphic connection preserving Sy, for all t € CP!.

DEFINITION 2.5. This connection is called a Chern connection of an SL(2)-web.

THEOREM 2.6 [JV11, Theorem 2.13]. Let M be a manifold equipped with a holomorphic
SL(2)-web. Then its Chern connection is a torsion-free affine holomorphic connection with
holonomy in GL(n,C) acting on C?" as a centralizer of an SL(2)-action, where C*" is a direct
sum of n irreducible GL(2)-representations of weight one. Conversely, every connection with such
holonomy preserves a holomorphic SL(2)-web.

2.2 Hyperkahler manifolds
DEFINITION 2.7. Let (M,g) be a Riemannian manifold, and I,.J, K endomorphisms of the
tangent bundle T'M satisfying the quaternionic relations

P=J2=K’=1JK = —17.
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The triple (I, J, K) together with the metric g is called a hyperkdhler structure if I, J and K are
integrable and Kéahler with respect to g.

Consider the Kahler forms wy,wy,wg on M:

wl('v') = g('7l')) OJJ(‘,‘) = g("‘]')v wK('ﬂ') = g('7K‘)' (2‘1)
An elementary linear-algebraic calculation implies that the 2-form
Q:=wyj+vV—-1lwg (2.2)

is of Hodge type (2,0) on (M, I). This form is clearly closed and non-degenerate, hence it is a
holomorphic symplectic form.

In algebraic geometry, the word ‘hyperkahler’ is essentially synonymous with ‘holomorphically
symplectic’, due to the following theorem, which is implied by Yau’s solution of Calabi conjecture
[Bea83, Bes87].

THEOREM 2.8. Let M be a compact, Kahler, holomorphically symplectic manifold, w its Kdhler
form, dim¢ M = 2n. Denote by  the holomorphic symplectic form on M. Assume that | M w2 =
[ (Re )", Then there exists a unique hyperkihler metric g within the same Kéhler class as
w, and a unique hyperkahler structure (I, J, K, g), with w; = ReQ, wg = Im Q.

Every hyperkéhler structure induces a whole two-dimensional sphere of complex structures
on M, as follows. Consider a triple a,b,c € R, a®> +b*> +¢®> =1, and let L := al + bJ + cK be
the corresponding quaternion. Quaternionic relations imply immediately that L? = —1, hence L
is an almost complex structure. Since I, J, K are Kéhler, they are parallel with respect to the
Levi-Civita connection. Therefore, L is also parallel. Any parallel complex structure is integrable
and Kéhler. Complex structures of the form L = al + bJ + cK are called the complex structures
induced by the hyperkdhler structure. The corresponding complex manifold is denoted by (M, L).
There is a two-dimensional holomorphic family of induced complex structures, and the total space
of this family is called the twistor space of a hyperkahler manifold; it is constructed as follows.

Let M be a hyperkiihler manifold. Consider the product Tw(M) = M x S?. Embed the
sphere S? C H into the quaternion algebra H as the subset of all quaternions J with J? = —1.
For every point x = m x.J € X = M x S? the tangent space T,, Tw(M) is canonically decomposed
T, X =T,,M ®Ty5?. Identify S? with CP', and let I; : T7S? — T;52 be the complex structure
operator. Consider the complex structure I, : T, M — T,,,M on M induced by J € S§? C H.

The operator Ity = I, ® Iy : T, Tw(M) — T, Tw(M) satisfies Iy o ITy = —1. It depends
smoothly on the point x, hence it defines an almost complex structure on Tw(M ). This almost
complex structure is known to be integrable (see, e.g., [Sal82]).

DEFINITION 2.9. The space Tw(M) constructed above is called the twistor space of the
hyperkéhler manifold M.

2.3 An example: rational curves on a twistor space

The basic example of holomorphic SL(2)-webs comes from hyperkahler geometry. Let M be a
hyperkéhler manifold, and Tw(M) its twistor space. Denote by Sec(M) the space of holomorphic
sections of the twistor fibration Tw(M) — CP', also known as twistor sections.

We consider Sec(M) as a complex variety, with the complex structure induced from the
Douady space of rational curves on Tw(M ). Clearly, for any C' € Sec(M), TcSec(M) is a subspace
in the space of sections of the normal bundle No. This normal bundle is naturally identified with
T Tw(M)| ., where T Tw(M) denotes the vertical tangent bundle.
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For each point m € M, one has a horizontal section C, := {m} x CP! of 7. The space
of horizontal sections of 7 is denoted by Secpo (M ); it is naturally identified with M. It is
easy to check that NC,, = O(1)3mM hence some neighbourhood of Secpo (M) C Sec(M) is a
smooth manifold of dimension 2dim M. It is easy to see that Sec(M) is a complexification of
M ~ Secpo (M), considered as a real analytic manifold (see [Ver99)); in fact, the real analytic
structure on M is constructed by identifying a germ of Sec(M) with a complexification.

DEFINITION 2.10. A twistor section C' € Sec(M) whose normal bundle N¢ is isomorphic to
O(1)dmM g called regular.

Let Seco(M) be the subset of Sec(M) consisting of regular twistor sections. Clearly, Seco(M)
is a smooth, Zariski open subvariety in Sec(M ), containing the set Secyo, (M) of horizontal twistor
sections.

PROPOSITION 2.11. The space Seco(M) of regular twistor sections admits the structure of a
holomorphic SL(2)-web.

Proof. A holomorphic SL(2)-web on Seco(M) can be constructed as follows. For each C €
Secog(M) and t € CP! = C, define S; C TC = I'c(N¢) as the space of all sections of N¢
vanishing at ¢t € C.

It is not difficult to check that this is a holomorphic SL(2)-web. Transversality of S; and
Sy follows easily from the fact that a section of O(1) vanishing at two points must be zero.
Integrability of S; is also clear, since the leaves of S; are fibers of the evaluation map ewv; :
Sec(M) —> Tw(M), mapping C : CP! — Tw(M) to C(t).

Moreover, let S be a complex vector space of dimension dim M, so that No ~ S ® O(1).
Note that T'c¢(N¢) ~ S ®@c C? and that the projection maps P,y act on V ®c¢ C? only through
the second component; it is then easy to see that conditions (iii) and (iv) in Definition 2.1 are
also satisfied. O

The space Seco(M) is the main example of an SL(2)-web manifold we consider in this paper;
the structure defined in the proof above is called the standard holomorphic SL(2)-web structure
on Seco(M).

3. Trisymplectic structures on vector spaces

3.1 Trisymplectic structures and Mat(2)-action
This section is dedicated to the study of the following linear algebraic objects, which will be the
basic ingredient in the new geometric structures we will introduce later.

DEFINITION 3.1. Let €2 be a three-dimensional space of complex linear 2-forms on an even
dimensional complex vector space V. Assume that:

(i) © contains a non-degenerate form;
(ii) for each non-zero degenerate Q2 € €2, one has rkQ = 2 dim V.
Then Q is called a weakly trisymplectic structure on V., and (V,€2) a weakly trisymplectic space.

The pair (V, Q) is called a trisymplectic space if, in addition, the set S of all degenerate forms
Q € Q lies in a non-degenerate quadric R C 2.

Remark 3.2. If V' is not a complex, but a real vector space, this notion defines either a
quaternionic Hermitian structure, or a structure known as hypersymplectic and associated with
a action of split quaternions, cf. [Arn01].
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Ezample 3.3. Let V =V, & V}* be a 2n-dimensional vector space (n > 1) equipped with a scalar
product (-, -) in a usual way, C1(V') = Mat(WW) its Clifford algebra, h the standard metric on the
spinorial representation W := A*Vj, and V < so(W, h) the Clifford action. Identifying so(WW)

with A2W, we obtain a map V &4 A2W. Tt is easy to see that rk ¢(v) = dim A2W unless v € V}

or v € V¥, and in the latter case rk ¢(v) = %dim A2W . If L is a non-isotropic three-dimensional
subspace V', then the pair (V, ¢(L)) yields an example of a weakly trisymplectic space. Moreover,

if the restriction (-,-)| is non-degenerate, then the pair (V, ¢(L)) is a trisymplectic space.

LEMMA 3.4. Let (V, Q) be a trisymplectic space, and 1, € € two non-zero, degenerate forms
which are not proportional. Then the annihilator Ann(2;) does not intersect Ann(2s).

Proof. Let €1 and s be non-proportional elements in € with a common vector v in their
annihilators. Then any linear combination of {2; and Q9 annihilates v. This implies that a set R
of degenerate ) € 2 contains a line, hence it cannot be a smooth quadric. O

Given two non-proportional, degenerate forms Q1,Qo € €, one has that V = Ann(Q;) ®
Ann(€) by the previous Lemma. Thus one can consider projection operators Ilg, o, of V' onto
Ann(€;) along Ann(£2). It turns out that the Clifford algebra action used in Example 3.3 can
be reconstructed from the trisymplectic structure.

ProprosITION 3.5. Let (V,Q) be a trisymplectic vector space, and let H C End(V) be the
subspace generated by projections Ilg, o, for all pairs of non-proportional, degenerate forms
Q1,89 € Q. Then H is a four-dimensional subalgebra of End(V'), isomorphic to a matrix algebra
Mat(2).

Proof. Step 1. We prove that the space H C End(V) is an algebra, and satisfies dim H < 4.

Let Q1,9 € @ be two forms which are not proportional, and assume €2y is non-degenerate.
Consider the operator ¢q, o, € End(V), defined by ¢q, 0, := Q1 o Qy', where Q1,Qy are
understood as operators from V to V*. As in the proof of Lemma 3.4, consider an eigenvector v
of ¢, a,, with the eigenvalue A. Then Q (v, z) = AQa(v, z), for each x € V, hence v lies in the
annihilator of Q := Q1 — AQs. Since (); are non-proportional, 2 is non-zero, hence rk {2 = % dim V.
This implies that each eigenspace of ¢q, o, has dimension % dim V. Choosing another eigenvalue
A\ and repeating this procedure, we obtain a 2-form Q' := Q; — N'Qs, also degenerate. Let S and
S’ be the annihilators of Q and €, respectively. Let also IIg ¢ and IIg/ g be the projections of
V onto S or S" along S’ or S. It follows that

QﬁQl’QQ = )\HS’,S + )\/H&S/ (3.1)

and ¢q, o, can be expressed in an appropriate basis by the matrix

A0 O ... 0 00
0AX0 ...0 00
00X ... 0 00

R N A K (3.2)
000 ...XN 00
000 ... 0 XN 0
000 ..0 0 X

From (3.1) it is clear that the space H is generated by all ¢q, q,. It is also clear that when
25 is also non-degenerate, the operator ¢q, o, can be expressed as a linear combination of ¢, o,
and Qle’Ql = Idv.
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Since non-degenerate forms constitute a dense open subset of €2, one can choose a basis
41, €9, 23 consisting of non-degenerate forms. Since ¢q, o is expressed as a linear combination
of ¢a,o, and Idy, and ¢q o, is linear in (2, the vector space H is generated by ¢, o, < j, and
Idy . Therefore, H is at most four-dimensional. From (3.1) it is clear that for any non-degenerate
1, Q9, the operator ¢o, n, can be expressed through ¢q, o, = (;5511702 and Idy:

¢92,Ql = a¢QQ,Q1 + bIdV (33)
Since
(bQi,Qj o ¢Qj,Qk = ¢Qi,ﬂk7 (34)

the space H is a subalgebra in End(V') (to multiply some of ®q,.0; and (ﬁQi,’Qj,, you would have
to reverse the order when necessary, using (3.3), and then apply (3.4)).
We proved that H is an algebra, spanned by ¢q, o, and dim H < 4.

Step 2. We prove that a general element of H can be written as h = ¢q o, for some Q,Q € Q.
Indeed, as we have shown, a general element of H has form

h = aqthQQ =+ ngSQl’QS + C¢QQ7Q3 + dIdv, (3.5)

where €21, Q5,23 is a basis of non-degenerate forms for €2. Since ¢ is linear in the first argument,
this gives
h = angl,QQ + ¢le+CQQ,Qg + dc IdV (36)

If the form 082y + €22 is non-degenerate, we use the reversal as indicated in (3.3), obtaining

!/
¢le+CQQ,Qg = A¢Q3,b91+CQ2 + )\ IdV?

write, similarly,
a¢91,92 = ﬂ¢ﬂl,b91+cﬂz + M,)\, Idy,

then, adding the last two formulae, obtain

h= (1 + 1)h0, 104,601 4c0s + (N + 1/ + d) Idy.

Finally, ¢q o + cldy = ¢q ar4cq. This implies that a general h € H can be written as ¢q o/, for
appropriate , Q).

Step 3. We prove that H is a quotient of a Clifford algebra. From Step 2 and (3.2) it follows
that a characteristic polynomial of any A € H has form

chary,(t) = Py (t)*", (3.7)

where 4n = dim V, and P, (t) = t?> +a(h)t + b(h) is a quadratic polynomial with roots A, . The
map h —> b(h) is a homogeneous polynomial function of degree two on H, and a(h) is linear,
a(h) = —=Tr(h)/2n. From (3.2) the following analogue of Cayley—Hamilton theorem is apparent:
Py, (h) = 0, giving h? — a(h)h + b(h) = 0. Applying this to h = = + y, we obtain

(z+1)* = (a(z) + a(y)) (@ +y) + b(z +y) = 0. (3.8)

Denote by ¢(z,y) the bilinear form ¢(z,y) := b(z +y) — b(x) — b(y). Consider the homogeneous
part of the (3.8) of homogeneity one on z and y. We obtain that the following equation holds
for all x,y € H:

zy +yz = (a(v)y + a(y)z — q(z,y)). (3.9)
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Choose now z,y € H in such a way that a(z) = a(y) = 0. We pick z = ¢q, 0, and y = ¢q, s,
for linearly independent, non-degenerate €2;. Then adjust 2 and 23 by replacing it with 2 + {9
and Q3-+¢'Qy in such a way that a(z) = a(y) = 0 (this is possible, as follows from (3.2)). Then (3.9)
gives zy +yx = —q(x,y). We have shown that x,y satisfy relations for the Clifford algebra. Also,
x and y generate H (Step 2). This gives a surjection ¥ : CL(W, q) — H, where W = (z,y).

Step 4. We have constructed a surjective homomorphism ¥ : CI(W,q) — H. Since 2 is a
trisymplectic structure, g us non-degenerate. Therefore, the corresponding Clifford algebra is
Mat(2). Since it is simple, ¥ is also injective.

We proved Proposition 3.5. O

Remark 3.6. Let (V,€2) be a trisymplectic vector space, and let H = Mat(2) be the algebra
constructed in Claim 3.5. Then € is invariant under the Lie algebra action induced by H.
Moreover, there exists a non-degenerate, g-invariant quadratic form @ on €2, unique up to a
constant, such that 2 € Q is degenerate if and only if Q(£2, 2) = 0. Indeed, the space of degenerate
forms in €2 is a non-degenerate quadric.

In a similar way, we obtain the following useful corollary.

Cramm 3.7. Let (V,€2) be a trisymplectic space, and W C V' a complex subspace. Then Q|W is
a trisymplectic space if and only if the following two assumptions hold:

(i) the space W is H-invariant, where H = Mat(2) is the subalgebra of End (V') constructed in
Proposition 3.5;

(ii) a general 2-form ) € 2 is non-degenerate on W.

Proof. Let Z C H be the set of idempotents in H. Consider the standard action of g 2 s[(2) on V'
constructed in Proposition 3.5. Clearly, V is a direct sum of several two-dimensional irreducible
representations of sl((2).

It is easy to see that for every Il € Z there exists a Cartan subalgebra h C g such that II
is a projection of V onto one of two weight components of the weight decomposition associated
with h. If W C V is an H-submodule, then H|W is a projection to a weight component Wy C W of
dimension § dim W. From (3.1) it is also clear that for any degenerate form Q € €2, an annihilator
of a restriction Q\W is equal to the weight component Wy, for an appropriate choice of Cartan
subalgebra. Therefore,

dim(Ann Q| ) = 3 dim W.

Similarly, (3.1) implies that a non-degenerate form is restricted to a non-degenerate form. We
obtain that the restriction Q|W to an H-submodule is always a trisymplectic structure on W.
To obtain the converse statement, take two non-degenerate, non-collinear forms 1,y € €,
and note that there exist precisely two distinct numbers ¢ = A, X' for which € +tQs is degenerate
(see Proposition 3.5, Step 1). Let S, S’ be the corresponding annihilator spaces. By construction,
the algebra H is generated, as a linear space, by the projection operators Ilg g/, projecting V'
to S along S’. For any W C V such that the restriction Q|W is trisymplectic, one has W =
SNW @ S"NW, hence Ilg g preserves W. Therefore, W is an H-submodule. O

DEFINITION 3.8. Let (V,€2) be a trisymplectic space, and W C V a vector subspace. Consider
the action of H ~ Mat(2) on V induced by the trisymplectic structure. A subspace W C V is
called non-degenerate if the subspace H - W C V is trisymplectic.
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Remark 3.9. By Claim 3.7, W is non-degenerate if and only if the restriction of (2 to H - W is
non-degenerate for some ) € €.

3.2 Trisymplectic structures and invariant quadratic forms on vector spaces with

Mat(2)-action
Let V be a complex vector space with a standard action of the matrix algebra Mat(2), i.e. V =
Vo ® C? and Mat(2) acts only through the second factor. An easy way to obtain a trisymplectic
structure is to use non-degenerate, invariant quadratic forms on V.

Consider the natural SL(2)-action on V' induced by Mat(2), and extend it multiplicatively to
all tensor powers of V. Let g € Sym%(V) be an SL(2)-invariant, non-degenerate quadratic form
on V, and let {I, J, K} be a quaternionic basis in Mat(2), i.e. {Idy, I, J, K} is a basis for Mat(2)
and I? = J? = K* = IJK = —1. Then

g(z, Iy) = g(Iz, I*y) = —g(Ix,y),

hence the form Qg(-,-) := g(-,I-) is a symplectic form, obviously non-degenerate; similarly, the
forms Q(-,-) :=g(-,J-) and Qx(+,-) := g(-, K+) have the same properties. It turns out that this
construction gives a trisymplectic structure, and all trisymplectic structures can be obtained in
this way.

THEOREM 3.10. Let V' be a vector space equipped with a standard action of the matrix algebra
Mat(2) -2 End(V), and {I, J, K} a quaternionic basis in Mat(2). Consider the corresponding
action of SL(2) on the tensor powers of V.

(i) Given a non-degenerate, SL(2)-invariant quadratic form g € Sym?(V'), consider the space
Q C A%V generated by the symplectic forms Qr,Q;, Qi defined as above,

Q[('v') = g(-,f), QJ(':') = g(-,J-), QK(ﬂ) = g(-,K-). (3'10)

Then € is a trisymplectic structure on V', with the operators QI_{I oy and Ql_(l o)y, generating
the algebra H = Mat(2) := Im (p) C End(V') as in Proposition 3.5.

(ii) Conversely, for each trisymplectic structure Q inducing the action of H = Mat(2) on V
given by p, there exists a unique (up to a constant) SL(2)-invariant non-degenerate quadratic
form ¢ inducing Q as in (3.10).

Proof. First, consider the three-dimensional subspace of A2V generated by Qy,Q;, Qx. Regard
Q5 as an operator from V to V*,  — Qj(x,-), and similarly for Q; and Qg; let h := Ql_(l o)y €
End(V). Then

h(z) = Qt (—g(Jz,)) = —K Ja = Iz,

hence h = I. Similarly, one concludes that Ql}l o{); = J, hence Qf_(l o)y and Qf_(l o 2 generate
H as an algebra.

To complete the proof of the first claim of the theorem, it remains for us to show that €
is a trisymplectic structure. To show that €2 is weakly trisymplectic, it would suffice to show
that any non-zero, degenerate form 2 € 2 has rank %dim V. Consider V as a tensor product
V =V ® C2, with Mat(2) acting on the second factor. Choose a basis {z,y} in C2, so that
V=Vy®x®Vy®y. From SL(2)-invariance it is clear that g(vo ® () = g(vg ® &) for any non-zero
¢,€ € C%. Therefore, Vo @ x C V and Vy ® y C V are isotropic subspaces, dual to each other.
Denote by 2y, the corresponding bilinear form on Vj:

Qy(0,0) = gl @ 2,0 @ ).
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Since the group SL(2) acts transitively on the set of all ¢,& € C? satisfying ( A& =z Ay, we
obtain
QVO(U7 Ul) =glv®uw, v’ ® y)=—g9(v® yavl Q)= _QVO(U/)U)'

Therefore, Qy; is skew-symmetric. Conversely, g can be expressed through {2y, as follows. Given
2’y € C? such that 2’ Ay # 0, and v®@ 21, w®y; € V, we find h € SL(2) such that h(z') = \z
and h(y') = Ay with A = (21 Ay1)/(x A y). Since g is SL(2)-invariant, one has

g0 &7, wey) = Xgveswey).
Therefore, for appropriate symplectic form Q2 on C2, one would have
gver,wey) = Qyv,w) - Qe(z,y). (3.11)

This gives us a description of the group St(H,g) C End(V') which fixes the algebra H C
End(V) and g. Indeed, from (3.11), we obtain that St(H, g) = Sp(Vp, Qy,) acting on V = V@ C?
in a standard way, i.e. trivially on the second factor.

Since all elements of € are by construction fixed by St(H, g) = Sp(Vo, Qy; ), for any 2 € Q,
the annihilator of Q is Sp(Vp, Qy; )-invariant. However, V' = Vj; & V} is isomorphic to a sum of
two copies of the fundamental representation of Sp(Vp,Qy;), hence any Sp(Vp, Qy; )-invariant
space has dimension zero, %dim V, or dim V. We have shown that €2 is weakly trisymplectic.
To show that it is trisymplectic, we note that €2 is equipped with an SL(2, C)-action compatible
with the trisymplectic structure, and the set of degenerate elements of €2 is homogeneous, hence
non-singular. Therefore, it is a smooth quadric. We have finished the proof of Theorem 3.10(i).

The proof of the second part of Theorem 3.10 is divided into several steps. The idea is to
emulate over complex numbers a linear-algebraic argument which is used to obtain a quaternionic
Hermitian metric from a triple of symplectic structures inducing a quaternionic structure.

Step 1. Let I € Mat(2) be such that I? = —Idy. Consider the action p; : U(1) — End(V)
generated by t —> costIdy +sintp([). As shown in Remark 3.6,  is an SL(2)-subrepresentation
of A%2V. This representation is by construction irreducible. Since it is three-dimensional, it
is isomorphic to the adjoint representation of SL(2); let ¢ : sl(2) — Q be an isomorphism.
Therefore, there exists a 2-form 2; € € fixed by the action of py, necessarily unique up to a
constant multiplier. Write g;(z,y) := —Qj(x, Iy). Then

gl(yax) = Q](Z/,Il‘) = —Q[(Il‘,y) = —Q[(I2$,Iy) = Q(l‘,[y) = g[('rvy)’
hence gr is symmetric, i.e. gr € Sym (V).

Step 2. Now let {I,J, K} be the quaternionic basis for Mat(2). We prove that the symmetric
tensor gy constructed in Step 1 is fixed by the subgroup {£1,+I,+J,+K} C SL(2) C Mat(2),
for an appropriate choice of Q; € 2.

Using the SL(2)-invariant isomorphism ¢ : s[(2) —> €2 constructed in Step 1, and the
identification of s[(2) with the subspace of Mat(2) generated by I, J and K, we fix a choice
of 1 by requiring that ¢(I) = Q. Then, J and K, considered as elements of SL(2), act on
by —1:

QI(J'vJ'>:_QI('7')7 QI(KWK'):_QI(W')'

This gives
gz(J-,J-) = Q](J-,IJ-) = _Ql(j.“]].) = QI(',I') = g(.’ )
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We have shown that J, considered as an element of SL(2), fixes g;. The same argument applied
to K implies that K also fixes g;. We have shown that g¢; is fixed by the Klein subgroup
R:={£1,+],+£J,+K} C SL(2).

Step 3. We prove that g7 is SL(2)-invariant.

Consider Sym?V as a representation of SL(2). Since V is a direct sum of weight-one
representations, Clebsch-Gordon theorem implies that Sym? V is a sum of several weight-two and
trivial representations. However, no element on a weight-two representation can be f-invariant.
Indeed, a weight-two representation Ws is isomorphic to an adjoint representation, that is, a
complex vector space generated by the imaginary quaternions: Wy := (I, J, K) C Mat(2) Clearly,
no non-zero linear combination of I, J, K. can be K-invariant. Since g; is K-invariant, this implies
that g7 lies in the SL(2)-invariant part of Sym2 V.

Step 4. We prove that g; is proportional to gy, for any choice of quaternionic triple I’,.J’,
K’ € Mat(2). The ambiguity here is due to the ambiguity of a choice of Q; in a centralizer of p;.
The form €); is defined up to a constant multiplier, because this centralizer is one-dimensional.

The group SL(2) acts transitively on the set of quaternionic triples. Consider h € SL(2) which
maps I, J, K to I', J', K’ € Mat(2). Then h(g;) is proportional to gj.

Step 5. To finish the proof of Theorem 3.10(ii), it remains to show that the SL(2)-invariant
quadratic form ¢ defining the trisymplectic structure €2 is unique, up to a constant. Indeed, let
g be such a form; then g = Q(-, I-), for some Q € © and I € Mat(2), satisfying I? = —1. Since g
is SL(2)-invariant, the form 2 is p;-invariant, hence g is proportional to the form g; constructed
above.

We have proved Theorem 3.10. a

4. The SL(2)-webs and trisymplectic structures

In this section we introduce the notion of trisymplectic structures on manifolds, study its
reduction to quotients, and explain how they are related to holomorphic SL(2)-webs.

The trisymplectic structures and trisymplectic reduction were previously considered in a
context of framed instanton bundles by Hauzer and Langer [HL11, §§7.1 and 7.2]. However,
their approach is significantly different from ours, because they do not consider the associated
SL(2)-web structures.

4.1 Trisymplectic structures on manifolds

DEFINITION 4.1. A (weakly) trisymplectic structure on an even dimensional complex manifold M
is a three-dimensional space Q C Q2M of closed holomorphic 2-forms such that at any 2 € M, the
evaluation (x) gives a (weakly) trisymplectic structure on the tangent space T, M. A complex
manifold equipped with a (weakly) trisymplectic structure is called a (weakly) trisymplectic
manifold.

Clearly, trisymplectic manifolds must have even complex dimension. Note also that
Theorem 3.10 implies the equivalence between the definition above and Definition 1.1.

A similar notion is called a hypersymplectic structure by Hauzer and Langer in [HL11,
Definition 7.1]. A complex manifold (X,g) equipped with a non-degenerate holomorphic
symmetric form is called hypersymplectic in [HL11] if there are three complex structures I,
J, and K satisfying quaternionic relations and g(Iv, [w) = g(Jv, Jw) = g(Kv, Kw) = g(v, w).
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Clearly, one can then define three non-degenerate symplectic forms wi(v,w) = g(lv,w),
wa(v,w) = g(Jv,w), and wz(v,w) = g(Kv,w) which generate a three-dimensional subspace of
holomorphic 2-forms © C Q*°X. If every non-zero, degenerate linear combination of wy, wo
and w3 has rank dim X/2, then (X, ) is a weakly trisymplectic manifold. Furthermore, if in
addition every degenerate form in Q belong to a non-degenerate quadric hypersurface in Q20X
then (X, Q) is a trisymplectic manifold.

We prefer, however, to use the term ‘trisymplectic’ to avoid confusion with the
hypersymplectic structures known in differential geometry (see [AD06, DS08]), where a hyper-
symplectic structure is a three-dimensional space W of differential 2-forms on a real manifold
which satisfy the same rank assumptions as in Definition 4.1, and, in addition, contain a
non-trivial degenerate 2-form (for complex-linear 2-forms, this last assumption is automatic).

DEFINITION 4.2. Let n be a (p,0)-form on a complex manifold M. The set
Null, = {v € T"°M | nsv = 0},

where 1 denotes the contraction, is called the null-space, or an annihilator, of 7.

LEMMA 4.3. Let n be a closed (p,0)-form for which Null, is a sub-bundle in T*°(M). Then
Null,, is holomorphic and involutive, that is, satisfies

[Null,, Null,] C Null,.

Proof. The form 7 is closed and hence holomorphic, therefore Null,, is a holomorphic bundle.
To prove that Null, is involutive, we use the Cartan’s formula, expressing de Rham differential
in terms of commutators and Lie derivatives. Let X € T'9(M), Y, Z € Null,. Then Cartan’s
formula gives 0 = dn(X,Y, Z) = n(X, [Y, Z]). This implies that [Y, Z] lies in Null,,. O

Lemma 4.3 can be used to construct holomorphic SL(2)-webs on manifolds, as follows.

THEOREM 4.4. Let M be an even dimensional complex manifold, and let Q C Q2°(M) be a
trisymplectic structure on M. Then there is a holomorphic SL(2)-web (M, S;), t € CP! on M
such that each sub-bundle S; is a null-space of a certain £y € €.

Proof. Theorem 4.4 follows immediately from Proposition 3.5, Claim 3.5, and Lemma 4.3. Indeed,
at any point € M, the three-dimensional space Q(x) € A?9(T, M) satisfies assumptions of
Claim 3.5, hence it induces an action of the matrix algebra H = Mat(2) on T, M. Denote
by Z C €2 the set of degenerate forms. From Remark 3.6 we obtain that the projectivization
PZ C P is a non-singular quadric, isomorphic to CP'. For each ¢t € Z, the corresponding
zero-space Sy C T'M is a sub-bundle of dimension % dim M, and for distinct ¢, the bundles S; are
obviously transversal. Also, Lemma 4.3 implies that the bundles S; are involutive. Finally, the
projection operators associated to S, S} generate a subalgebra isomorphic to Mat(2), as follows
from Claim 3.5. We have shown that S, t € PZ = CP! is indeed a holomorphic SL(2)-web. O

In particular, every trisymplectic manifold has an induced holomorphic SL(2)-web.

DEFINITION 4.5. Let (M, S;), t € CP!, be a complex manifold equipped with a holomorphic
SL(2)-web. Assume that there is a trisymplectic structure Q@ C Q2%(M) such that for each
t € CP! there exists () € € satisfying S; = Nullg,. Then €2 is called a trisymplectic structure
generating the SL(2)-web S, t € CPL.
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4.2 Chern connection on SL(2)-webs and trisymplectic structures

The following theorem is proven in the same way as one proves that the K&hler forms on a
hyperkahler manifold are preserved by the Obata connection. Indeed, a trisymplectic structure
is a complexification of a hyperkahler structure, and the Chern connection corresponds to a
complexification of the Obata connection on a hyperkéhler manifold.

THEOREM 4.6. Let € be a trisymplectic structure generating a holomorphic SL(2)-web on a
complex manifold M. Denote by V the corresponding Chern connection. Then V) = 0, for each
Qe

Proof. Let (M, €2) be a trisymplectic manifold, and

p:sl(2) — End(A*M)

~

the corresponding multiplicative action of s[(2) associated to the Lie algebra g = sl(2) C
End(TM), g = [H,H]|, where the algebra H = Mat(2) is constructed in Claim 3.5. By
Remark 3.6, © is an irreducible sl(2)-module. Choose a Cartan subalgebra in s[(2), and let
QM) = D, =i (M) be the multiplicative weight decomposition associated with this

Cartan subalgebra, with Q!(M) := A*°(M). We write the corresponding weight decomposition
of Q as
Q — QZ,O D Ql,l D QO,Z'

Clearly
QM) = P @°(M) @ %(M), (4.1)
ptq=i

since QP0(M) @ QY4(M) = QP4 (M).
Consider the Chern connection as an operator
QM) -5 QI(M) @ QM)

(this makes sense, because V is a holomorphic connection), and let

ara(M) Y5 Qra(M) @ QWO(M),  QPI(M) T QPa(M) @ Q1 (M)
be its weight components. Since V is torsion-free, one has
on = Alt(Vn), (4.2)
where 0 is the holomorphic de Rham differential, and
Alt : QY(M) @ QY(M) — QL (M)

the exterior multiplication. Denote by g2, 20 generators of the one-dimensional spaces
020 Q%2 c Q. Since 9020 = 0, and the multiplication map Q%' (M) @ Q>O(M) — Q3 (M)
is injective by (4.1), (4.2) implies that V%1(Q) = 0. Similarly, V19(Qq 1) = 0. However, since
Q is irreducible as a representation of sl(2), there exist an expression of form Qg = g(Q0,2),
where g € Uy is a polynomial in g. Since the Chern connection V commutes with g, this implies
that

0= g(vl’OQO’g) = Vl’o(gQO,Q) = Vl’OQZo.

We have proved that both weight components of V{23 g vanish, thus V3o = 0. Acting on {239
by s[(2) again, we obtain that VQ = 0 for all Q € €. O
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4.3 Trisymplectic reduction

DEFINITION 4.7. Let G be a compact Lie group acting on a complex manifold equipped with a
trisymplectic structure €2 generating an SL(2)-web. Assume that G preserves Q. A trisymplectic
moment map pc : M — g* @r QF takes vectors Q € 2,9 € g = Lie(G) and maps them to a
holomorphic function f € Oyy, such that df = Q 1g, where (2 1 g denotes the contraction of {2
and the vector field g. A moment map is called equivariant if it is equivariant with respect to
the coadjoint action of G on g* Further on, we shall always assume that all moment maps we
consider are equivariant.

Since dQ? = 0, and Lie, = 0, Cartan’s formula gives 0 = Lie,(2) = d(©2 - g), hence the
contraction §241g¢ is closed. Therefore, existence of a moment map is equivalent to exactness of
this closed 1-form for each Q € Q, g € g = Lie(G). Therefore, the existence of a moment map is
assured whenever M is simply connected. The existence of an equivariant moment map is less
immediate, and depends on certain cohomological properties of G (see, e.g., [HKLR8T7]).

DEFINITION 4.8. Let (M, €2) be a trisymplectic manifold. Assume that M is equipped with an
action of a compact Lie group G preserving €2, and an equivariant trisymplectic moment map

pe: M — g" @r Q.

Consider a G-invariant vector ¢ € g* ®g 2% (usually, one sets ¢ = 0), and let u(El(c) be the
corresponding level set of the moment map. Consider the action of the corresponding complex
Lie group G¢ on u(El (c), obtained as a complexification. Assume that u(El (¢) is smooth, and that

the action of G¢ on pg'(c) is free and proper, so that the quotient pg'(c)/Gc is Hausdorff and
smooth.? Then the quotient u(El(c) /Gc is called the trisymplectic quotient of (M, €2), denoted

by M J)|G.

As we shall see, the trisymplectic quotient is related to the usual hyperkahler quotient
in the same way as the hyperkdhler quotient (denoted by //) is related to the symplectic
quotient, denoted by /. In heuristic terms, the hyperkdhler quotient can be considered
as a ‘complexification’ of a symplectic quotient; similarly, the trisymplectic quotient is a
‘complexification’ of a hyperkéhler quotient.

The non-degeneracy condition of Theorem 4.9 below is necessary for the trisymplectic
reduction process, in the same way as one would need some non-degeneracy if one tries to
perform the symplectic reduction on a pseudo-Kéahler manifold. On a Kéhler (or a hyperkéhler)
manifold it is automatic because the metric is positive definite, but otherwise it is easy to
obtain counterexamples (even in the simplest cases, such as S!-action on C? with an appropriate
pseudo-Kéhler metric).

THEOREM 4.9. Let (M,Q) be a trisymplectic manifold. Assume that M is equipped with an
action of a compact Lie group G preserving € and a trisymplectic moment map pc : M — g*®p
Q*. Assume, moreover, that the image of g = Lie(G) in T'M is non-degenerate at any point
(in the sense of Definition 3.8). Suppose that the quotient pg'(c)/Ge is Hausdorff. Then the
trisymplectic quotient M JJJG defined as M JJjG := uél(O)/G(c is naturally equipped with a
trisymplectic structure.

For a real version of this theorem, please see [DS08].
The proof of Theorem 4.9 takes the rest of this section. First, we shall use the following
definition and observation.

?In this case pz'(c)/Gc is a complex manifold: see, e.g., [Huy05, Example 2.1.12].
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DEFINITION 4.10. Let B C T'M be an involutive sub-bundle in a tangent bundle to a smooth
manifold M. A form n € Q*M is called basic with respect to B if for any X € B, one hasn1X =0
and Liex n = 0.

The following claim is clear.

CrAM 4.11. Let B C T'M be an involutive sub-bundle in a tangent bundle to a smooth manifold
M. Consider the projection M —> M’ onto its leaf space, which is assumed to be Hausdorff.
Let n € Q'M be a basic form on M. Then n = 7*1/, for an appropriate form ' on M.

Return to the proof of Theorem 4.9. Let I, J, K be a quaternionic basis in Mat(2), Q; € Q
a pr-invariant form chosen as in Theorem 3.10(ii), and g := (-, I-) the corresponding non-
degenerate, complex linear symmetric form on M. By its construction, g is holomorphic, and by
Theorem 3.10(ii), SL(2)-invariant. Let N C M be a level set of the moment map N := pg'(c).
Choose a point m € N, and let g,,, C T,y M be the image of g = Lie G in T, M. Then, for each
vV € @gm, one has

dlu’f(va ) = QI(U’ ')a (43)
where py : M — g* is the holomorphic moment map associated with the symplectic form ;.
On the other hand, Q(v,-) = —g(Iv,-). Therefore, T,,N C T,,M is an orthogonal

complement (with respect to g) to the space (Igm, J@m, Kgm) generated by I(gp), J(gm), K(gm):

TonN = (Igm, Jgm, Kgm)y - (4.4)

By (4.3), for any v € g,,, and w € T,, N, one has Q;(v,w) = 0. Also, G preserves all forms from
Q, hence Lie, 2; = 0. Therefore, € is basic with respect to the distribution V' C TN generated
by the image of Lie algebra g — T'N.

Consider the quotient map N —> N/G¢ = M’. To prove that M’ is a trisymplectic manifold,
we use Claim 4.11, obtaining a three-dimensional space of holomorphic 2-forms Q' c A>?(M’),
with Q|N = 1*Q. To check that €' is a trisymplectic structure, it remains only to establish the
rank conditions.

Let W C T,y N be a subspace complementary to g, C T, IN. Clearly, for any 2 € €2, the rank
of the corresponding form €' € Q' at the point m’ = m(m) is equal to the rank of Q| .

Let Wi C T,,, M be a subspace obtained as H - g,,,, where H = Mat(2) C End(7,,M) is the
standard action of the matrix algebra defined as in §3.1. By the non-degeneracy assumption
of Theorem 4.9, the restriction g[wl is non-degenerate, hence the orthogonal complement I/VlL

satisfies T}, M = W1 @ Wi-. From (4.4) we obtain Wi- C T;, N, with Wi- ©g,, = T;,,N. Therefore,
W := Wi is complementary to g,, in T}, N. The space (W, Q[ ) is trisymplectic, as follows from
Claim 3.7. Therefore, the forms £’ C A>0(M’) define a trisymplectic structure on M’. We have
proved Theorem 4.9.

5. Trihyperkahler reduction

5.1 Hyperkahler reduction
Let us start by recalling some well-known definitions.

DEFINITION 5.1. Let G be a compact Lie group acting on a hyperkdhler manifold M by
hyperkihler isometries. A hyperkéihler moment map is a smooth map p : M — g* ® R? such
that:

(1) w is G-equivariant, i.e. u(g-m) = Adj_,pu(m);
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(2) (dui(v),&) = wi(&*,v), for every v € TM, £ € g and i = 1,2,3, where p; denotes one of
the three components of p, w; is one the Kéahler forms associated with the hyperkahler
structure, and £* is the vector field generated by &.

DEFINITION 5.2. Let §; € g* (i = 1,2, 3) be such that Ady¢; = &;, so that G acts on pl(€q, &9, 63);
suppose that this action is free. The quotient manifold M J/G := u~'(&1,€2,€3)/G is called the
hyperkdhler quotient of M.

THEOREM 5.3. Let M be a hyperkihler manifold, and G a compact Lie group acting on M by
hyperkéahler automorphisms, and admitting a hyperkdahler moment map. Then the hyperkéahler
quotient M }JJG is equipped with a natural hyperkéhler structure.

Proof. See [HKLR87] and [Nak99, Theorem 3.35]. O

5.2 Trisymplectic reduction on the space of twistor sections

Let M be a hyperkihler manifold, L € CP! an induced complex structure and evy :
Sec(M) —> (M, L) the corresponding evaluation map, mapping a section s : CP! — Tw(M)
to s(L) € (M, L) C Tw(M). Consider the holomorphic form €, € Q*>°(M, L) constructed from
a hyperkéhler structure as in (2.2). Denote by € the space of holomorphic forms on Sec(M)
generated by ev () for all L € CP!L.

CrAIM 5.4. We claim that €2 is a trisymplectic structure on the space Seco(M) of regular twistor
sections. It generates the standard holomorphic SL(2)-web, constructed in Proposition 2.11.

Proof. Consider the bundle O(2) on CP!, and let 7*O(2) be its lift to the twistor space
Tw(M) = CP'. Denote by Q2 Tw(M) the sheaf of fiberwise 2-forms on Tw(M). The bundle

Q2 Tw(M) can be obtained as a quotient
02 Tw(M)
T QICPI A QI Tw(M)'

Q2 Tw(M) :=

It is well known (see, e.g., [HKLRS87]), that the fiberwise symplectic structure depends on
t € CP! holomorphically, and, moreover, Tw(M) is equipped with a holomorphic 2-form
Qi € ™0O(2) ® Q2 Tw(M) inducing the usual holomorphic symplectic forms on the fibers,
see [HKLR87, Theorem 3.3(iii)].

Given S € Sec(M), the tangent space TsSec(M) is identified with the space of global sections
of a bundle T Tw(M)| . Therefore, any vertical 2-form Q € 02 Tw(M) ® 7*O(i) defines a
holomorphic 2-form on Seco(M) with values in the space of global sections I'(CP!, O(i)).

Denote by A the space I'(CP!, O(2)). A fiberwise holomorphic O(2)-valued 2-form gives a
2-form on NS, for each S € Sec(M), with values in A. Therefore, for each o € A*, one obtains
a 2-form Qy, (o) on Sec(M) as explained above. Let € be a three-dimensional space generated
by Qu(a) for all a € A*.

Consider a map e, : A—> O(2)], = C evaluating v € I'(O(2)) at a point L € CP!. By
definition, the 2-form Q,(er) is proportional to ev} €. Therefore, £ contains evj 2, for all
LeCP.

Counting parameters, we obtain that any element x € A* is a sum of two evaluation maps: x =
a€r, +ber,. When a, b # 0 and Ly, Ly are distinct, the corresponding 2-form aevy €, +bevy €,
is clearly non-degenerate on Seco(M ). Indeed, the map

ele X eVL2

SGCO(M) (M, Ll) X (M, LQ)
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is étale, and any linear combination af)r, + b2, with non-zero a, b is non-degenerate on (M, L)
X (M, Ly). When either a or b vanish, the corresponding form (if non-zero) is proportional to
evy, §r,, hence its rank is dim M = 3 dim Sec(M).

Finally, note that the degenerate forms on €2 are those pulled back via the evaluation maps;
it follows that they form a non-degenerate quadric.

We have thus shown that € is a trisymplectic structure. Clearly, the annihilators of ev} (Qr,)
form the standard 3-web on Sec(M). Therefore, the trisymplectic structure €2 generates the
standard SL(2)-web, described in §2.3 above. O

Now let G be a compact Lie group acting on M by hyperkahler isometries; assume that
a hyperkdhler moment map for the action of G on M exists. Let Seco(M) be the space of
regular twistor sections, considered with the induced SL(2)-web and trisymplectic structure.
The previous Claim immediately implies the following proposition.

PROPOSITION 5.5. Consider a hyperkahler manifold M equipped with an action of a group G
and a hyperkédhler moment map (tacitly assumed to be equivariant). Let € be the trisymplectic
structure on the space Seco(M) of regular twistor sections constructed in Claim 5.4. Given any
L € CP!, let py, : (M,L) — g* ®g C denote the corresponding holomorphic moment map,
obtained from the hyperkahler moment map, and consider the composition

pr = proevy : Sec(M) — g* @ C.

Then
pe = pp & py ® py - Seco(M) — g* @g C?

is a trisymplectic moment map on Seco(M), for an appropriate identification C3 = Q.

Proof. Clearly, p; is a moment map for the action of G on Seco(M ) associated with a degenerate
holomorphic 2-form evj (€2r,). Indeed, for any g € g = Lie(G), one has dur(G) = Qr, 1 g, because
pr, is a moment map form G acting on (M, L). Then dpy (g) = (evy Q1) 4 g.

However, by Claim 5.4, 2 = ev; Q; @ ev’ Q; @ evy (g, hence the moment map p associated
with € is expressed as an appropriate linear combination of pr, p 7, g O

5.3 Trihyperkihler reduction on the space of twistor sections

Let Tw(M) = M x CP! be the twistor space of the hyperkihler manifold M, considered as a
Riemannian manifold with its product metric. We normalize the Fubini-Study metric on the
second component of Tw(M) = M x CP! in such a way that Jep1 Volgp1 of the Riemannian
volume form is 1.

CLAIM 5.6. Let ¢ be the area function Sec(M) 2, R0 mapping a curve S € Sec(M) to its
Riemannian volume | g Vols. Then ¢ is a Kéhler potential, that is, dd°¢ is a Kéahler form on
Sec(M), where d€ is the usual twisted differential, d° := —IdI.

Proof. See [KV98, Proposition 8.15]. O

Claim 5.6 leads to the following proposition.

PROPOSITION 5.7. Assume that G is a compact Lie group acting on M by hyperkéhler
automorphisms, and admitting a hyperkahler moment map. Consider the corresponding action
of G on Secy(M), and let wge. = dd°¢p be the Kéhler form on Seco(M) constructed in Claim 5.6.
Then the corresponding moment map can be written as

pg(T) == Avicepr Mﬂf(l‘)a
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where Avccp1 denotes the operation of taking average over CP!, and u : (M, L) — g* is the
Kéhler moment map associated with the action of G on (M, L).

Proof. Let (X, I,w) be a Kéhler manifold, ¢ a Kéhler potential on X, and G a real Lie group
preserving ¢ and acting on X holomorphically. Then an equivariant moment map can be written
as

where g € Lie(G) is an element of the Lie algebra. Indeed, w = dd“¢p, hence

Liey(g) ¢ = dp 2 (I(g)) = (d°¢) 2 g,

where 1 denotes a contraction of a differential form with a vector field, and

dLierg) ¢ = d((d°¢) 2 g) = Liey(d“¢) — (dd°¢) 1 g = —w g

by Cartan’s formula. Applying this argument to X = Sec(M) and ¢ = Area(S), we obtain that
pr(S)(g) is a Lie derivative of ¢ along I(g).

To prove that pp(g) is equal to an average of the moment maps p%(g), we notice that (as
follows from [KV98, (8.12) and Lemma 4.4]), for any fiberwise tangent vectors x,y € T Tw(M),
one has

dd°é(, Ty) — / (2,9) 1 Voleps,
S

where Volgp1 is the appropriately normalized volume form, and (-, ) the standard Riemannian
metric on Tw(M) = M x S%. Taking g = y, we obtain

d(prg)(r) = /S (z,9)m Volgpr = /S d(pg)(z) Volgp:.

The last formula is a derivative of an average of du5 (g) over L € CP!. O

From Proposition 5.7 it is apparent that a trisymplectic quotient of the space Seco(M) can
be obtained using the symplectic reduction associated with the real moment map pr. This
procedure is called the trihyperkdhler reduction of Seco(M).

DEFINITION 5.8. The map p := pg @ pc : Seco(M) — g* @ R7, where p¢ is the trisymplectic
moment map constructed in Proposition 5.5 and pp is the Kéhler moment map constructed in
Proposition 5.7, is called the trihyperkdhler moment map on Secy(M).

DEFINITION 5.9. Let ¢ € g* ® R7 be a G-invariant vector. Consider the space Seco(M) of the
regular twistor sections. Then the quotient Seco(M) JJ/G := pu~1(c)/G is called the trihyperkdhler
reduction of Seco(M). The space p~1(c)/G is naturally identified with the Kihler quotient
pe'(c) /G, hence the space Seco(M)/J/G is a complex manifold.

Remark 5.10. Note that the trihyperkihler reduction pu~!(c)/G of Seco(M) coincides with the
trisymplectic quotient [,L(EI(C) /Gc, provided this last quotient is well-defined, i.e. all G¢-orbits
are closed, and the orbit space is Hausdorff and equipped with a complex structure compatible
with one on ,u(El(c). Here the action of G¢ on pg L(¢) is obtained by complexifying the action
of G on the complex manifold pg'(c). Indeed, (uc @ pur)~'(c)/G is precisely the space of stable
Gc-orbits in pg'(c).
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It follows from Theorem 4.9 that Seco(M ) /)G is equipped with an SL(2)-web generated by a
natural trisymplectic structure €2, provided that the image of g = Lie(G) in T'M is non-degenerate
at any point, in the sense of Definition 3.8.

We are finally ready to state the main result of this paper.

THEOREM 5.11. Let M be flat hyperkédhler manifold, and G a compact Lie group acting on
M by hyperkiahler automorphisms. Suppose that a hyperkédhler moment map exists, and the

hyperkahler quotient M JJ/G is smooth. Then there exists an open embedding Seco(M) /)G N
Seco(M JG), which is compatible with the trisymplectic structures on Seco(M)/))G and
Seco(M ) G).

In particular, it follows that if M is a flat hyperkéhler manifold, then the trihyperkahler
reduction of Seco(M) is a smooth trisymplectic manifold whose dimension is twice that of the
hyperkahler quotient of M.

The flatness condition is mostly a technical one, but it will suffice for our main goal, which
is a description of the moduli space of instanton bundles on CP? (see §8 below).

We do believe that the conclusions of Theorem 5.11 should hold without such a condition.
The crucial point is Proposition 6.1 below, for which we could not find a proof without
assuming flatness; other parts of our proof, which will be completed at the end of § 7.2, do work
without it.

6. Moment map on twistor sections

In this section, we let M be a flat hyperkédhler manifold. More precisely, let M be an open subset
of a quaternionic vector space V, equipped with a flat metric; completeness of the metric is not
relevant. Thus, Tw(M) is isomorphic to the corresponding open subset of Tw(V) =V ® Ocp1 (1),
and Seco(M) = Sec(M) is the open subset of Sec(V) =V ®@¢ I'(O¢p1 (1)) ~ V ®g C? consisting
of those sections of V' ® Ocp1(1) that take values in M C V.

More precisely, let [z : w] be a choice of homogeneous coordinates on CP!, so that
I'(Ocpi(1)) ~ Cz & Cw. A section o € Seco(M) will of the form o(z,w) = 2X;1 + wX2 such
that o(z,w) € M for every [z : w] € CPL.

Let G be a compact Lie group acting on M by hyperkéhler automorphisms, with u: M —
" ® (I, J,K) being the corresponding hyperkdhler moment map; let MIIR, MH}, ,ul}% denote its
components. By definition, these components are the real moment maps associated with the
symplectic forms wr,wy, wx, respectively. Given a complex structure L = al + bJ + cK, a® +
b2 4+ ¢ = 1, we denote by ,U,IE the corresponding real moment map,

WE = apr + byl + e (6.1)

The components g, .7, pr of the hyperkédhler moment map can be regarded as real-valued,
quadratic polynomials on V. The corresponding complex linear polynomial functions py, oy, tex
generate the trisymplectic moment map for Seco(M). Consider the decomposition V ®g C? =
VILO @ VIO’l, where I € EndV acts on VII’O C V ®gC as v/—1 and on VIO’1 as —v/—1. We may
regard the trisymplectic moment map g : Seco(M) — g* ® C? as a quadratic form @ on
Seco (M) ~ Vll’0 & VIO’l, and express it as a sum of three components,

QO,2 . ‘/10,1 ® V[O,l SN g* ® (C
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For each L € CP!, let 1% be the real moment map, depending on L € CP! as in (6.1), and

evy,

consider the evaluation map Seco(M) — (M, L) (see Claim 5.4 for the definition). Let also
% = evi ¥ be the pullback of p¥ to Seco(M).

From Proposition 5.5, the following description of the moment maps on Sec(M) can be
obtained. This result will be used later on in the proof of Theorem 5.11.
PROPOSITION 6.1. Let G be a real Lie group acting on a flat hyperkédhler manifold M by
hyperkéhler isometries, Sec(M ) Fe g* ® C3 the corresponding trisymplectic moment map.
We consider the real moment map s as a g*-valued function on Tw(M) = M x CP!. Let
S € Sec(M) be a point which satisfies puc(S) = 0. Then /ﬂ,ﬂs is constant.

Proof. We must show that for each S € Sec(M) satisfying pc(S) = 0, one has (d/dL)u%(S) = 0.
We express S € V@rCas S = le’O + SOL’I, with le’O € VL1’0 and sOL’1 € VLO’I. Then

ni(S) = Qr' sy s1) (6.2)

where Q}l’l denotes the (1,1)-component of u® taken with respect to L. This clear, because Q!
is obtained by complexifying uﬂf (this is an L-invariant part of the hyperk&hler moment map).
For an ease of differentiation, we rewrite (6.2) as

HE(S) = Q(sy", 51°) = Re(Q(s®, 517))-

This is possible, because le’O € VL1 0 and si’o € V[(,) ’1, hence QlL’l is the only component of () which

1,0 1,0
L:Iﬂ . (6.3)

is non-trivial on (s, s;” ). Then
However, dle’O /dL[ _ is clearly proportional to s?’l (the coefficient of proportionality depends

d R 1,0 dSi’O
L)), = Re|Q(sp, BL

on the choice of parametrization on CP! > L), hence (6.3) gives

4 R

TR, = ARelQ(s". 571)]

and this quantity vanishes, because

Qsp”,s7h) = QV(S) = uE(S). O

7. Trisymplectic reduction and hyperkahler reduction

7.1 The tautological map 7 : Seco(M) )G —> Sec(M ) G)

Let M be a hyperkédhler manifold, and G a compact Lie group acting on M by hyperkahler
isometries, and admitting a hyperkdhler moment map. A point in Seco(M)/)/G is represented
by a section S € Seco(M) which satisfies puc(S) = 0 and pr(S) = 0. The first condition, by
Proposition 5.5, implies that for each L € CP!, the corresponding point S(L) € (M, L) belongs
to the zero set of the holomorphic symplectic map ,u(% : (M, L) — g* ®g C. Using the evaluation
map defined in Claim 5.4, this is written as

ui(evi(S)) = 0.
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By Proposition 6.1, the real moment map u]l}f is constant on S
& (evy (S)) = const.

By Proposition 5.7, the real part of the trihyperkdhler moment map pp(S) is an average of
1 (evr,(9)) taken over all L € CPL. Therefore, pue(S) = 0 implies

pg(S) =0< uS(evy(S) =0 VL e CPL

We obtain that for each S € Seco(M) which satisfies pg(S) = 0, uc(S) = 0, and each L € CP!,
one has
C _ R _

pr(x) =0, pr(z) =0, (7.1)
where x = evp(S). A point = € (M, L) satisfying (7.1) belongs to the zero set of the
hyperkiihler moment map p : M — g* ® R3. Taking a quotient over G, we obtain a map S/G :
CP! — Tw(MJ/G), because M /G is a quotient of p~!(0) by G. This gives a map
T @ Seco(M) )G —> Sec(M JJJG) which is called a tautological map. Note that Seco(M) /)G
has a trisymplectic structure by Theorem 4.9, outside of the set of its degenerate points (in the
sense of Definition 3.8), and Seco(M JJ/G) is a trisymplectic manifold by Proposition 5.5.

PROPOSITION 7.1. Let M be a flat hyperkahler manifold, and G a compact Lie group acting on M
by hyperkahler isometries, and admitting a hyperkahler moment map. Consider the tautological
map

7 : Seco(M) JJ)G —> Sec(M )| G) (7.2)

defined above. Then 7(Seco(M) /J)G) belongs to the set Seco(M JJG) of regular twistor sections
in Tw(M JJG). Moreover, the image of g is non-degenerate, in the sense of Definition 3.8, and T
is a local diffeomorphism, compatible with the trisymplectic structure.

Proof. Step 0. We prove that for all points S € pc 1(0), the image of g is non-degenerate, in the
sense of Definition 3.8. This is the only step of the proof where the flatness assumption is used.
We have to show that the image gg of g in TisSec(M) is non-degenerate for all S € p 1(0). This
is equivalent to

Tsps'(0) N Mat(2)gs = gs- (7.3)

Indeed, gs is non-degenerate if and only if the quotient T'sSec(M)/Mat(2)gg is trisymplectic
(Claim 3.7). By (4.4), Tguél(O) is an orthogonal complement of Igs + Jgs + Kgs with
respect to the holomorphic Riemannian form B associated with the trisymplectic structure,
where I,J, K is some quaternionic basis in Mat(2). If gg is non-degenerate, the orthogonal
complement of Mat(2)gs is isomorphic to Tsug'(0)/gs, which gives (7.3). Conversely, if (7.3)
holds, the orthogonal complement of Igs+ Jgs+ Kgs does not intersect Igs+ Jgs+ Kgg, hence
the restriction of B to Igs + Jgs + Kgg is non-degenerate. Therefore, non-degeneracy of gg is
implied by Remark 3.9.

Now, let S € Seco(M) be a twistor section which satisfies pr(S) = pc(S) = 0. By Proposition
6.1, for each L € CP', the corresponding point (L,Sr) of S satisfies pni(Sz) = 0, where
pne M —> R3 ® g* denotes the hyperkdhler moment map. Let ¢ € Mat(2)gg N Tsu(El(O) be
a vector obtained as a linear combination ) H;g;, with g; € gs and H; € Mat(2,C). At each
point (L, Sr) € S, g is evaluated to a linear combination | HZL giL with quaternionic coefficients,
tangent to ,u}:kl(()) However, a quaternionic linear combination of this form can be tangent to
,u;kl(O) only if all HZL are real, because for each hyperkahler manifold Z one has a decomposition
Ty (py (0)) @ Ig® Jg @ Kg = TwZ. We have proved that any g € Mat(2)gs N Tspa' (0) belongs
to the image of g at each point (L, Sy) € S. This proves (7.3), hence, non-degeneracy of gg.
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Step 1. We prove that the image 7(Seco(M)/)/G) belongs to Seco(M JJG) C Sec(M J)G). Given
S € Seco(M)J))G, consider its image 7(5) as a curve in Tw(M J/G), and let N(7(5)) be its
normal bundle. Denote by S € Seco(M) the twistor section which satisfies pp(S) = 0, pe(S) = 0
and gives S after taking a quotient. Then

T, (g)(Ma L)

. evy,
NS, = (g+Ig+Jg+ Kg)’

(7.4)

where evy, : Sec(M) — (M, L) is the standard evaluation map.

A bundle B = @,,, O(1) can be constructed from a quaternionic vector space W as follows.
For any L € CP!, considered as a quaternion satisfying L? = —1, one takes the complex vector
space (W, L) as a fiber of B at L. Denote this bundle as B(W). Now, (7.4) gives

N(S)
B({g+Ig+ Jg+ Kg))’

giving a quotient of By; O(1) by P,; O(1), which is also a direct sum of O(1). Therefore, 7(5)
is regular.

N(7(5)) =

Step 2. The tautological map 7 : Seco(M)J))/G —> Sec(M JJG) is a local diffeomorphism. This
follows from the implicit function theorem. Indeed, let S € Seco(M)/)/G be a point associated
with S € Seco(M), satisfying pug(S) = 0, ue(S) = 0 as in Step 1. Then the differential of 7 is a
map

~ T(NS)
T Mat(2,C) - g

where g = Lie(G) € TTw(M). Let N,S be a sub-bundle of NS spanned by the image of
(9 +1g+ Jg+ Kg). By Step 1, N,S = O(1)*, and, indeed, a subspace of T'(NS) generated
by Mat(2,C) - g coincides with T'(N,S). Similarly, T(N7(S)) = T'(NS/N,S). We have shown
that the map (7.5) is equivalent to

d S T(NT(S)), (7.5)

[(NS)
L(N,S)

— T(NS/N,S).

By Step 1, the bundles NS and Ngg are sums of several copies of O(1), hence this map is an
isomorphism.

Step 3. We prove that 7 is compatible with the trisymplectic structure. The trisymplectic
structure on Sec(M //G) is induced by a triple of holomorphic symplectic forms (evy(€2r), ev(€y),
evy (Qg)) (Claim 5.4). From the construction in Theorem 4.9 it is apparent that the same
triple generates the trisymplectic structure on Seco(M)/)/G. Therefore, T is compatible with the
trisymplectic structure. We proved Proposition 7.1. 0O

7.2 Trihyperkihler reduction and homogeneous bundles on CP1!

Let M be a hyperkidhler manifold, and G a compact Lie group acting on M by hyperkahler
isometries, and equipped with a hyperkdhler moment map. Consider the set Z C Tw(M)
consisting of all points (m, L) € Tw(M) such that the corresponding holomorphic moment map
vanishes on m: u§(m) = 0. By construction, Z is a complex subvariety of Tw(M). Let G¢ be a
complexification of G, acting on Tw(M) in a natural way, and G¢ - (m, L) its orbit. This orbit
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is called stable, if G¢ - m C (M, L) intersects the zero set of the real moment map,
Ge-mn (ug) ' (0) # 0.

As follows from the standard results about Kéhler reduction, the union Zy C Z of stable orbits
is open in Z, and the quotient Zy/Gc is isomorphic, as a complex manifold, to Tw(M J/G).
Consider the corresponding quotient map,

P:Zy— Zy/Gc = Tw(MJ|G). (7.6)

For any twistor section S € Sec(M JJ/G), consider its preimage P~1(S). Clearly, P~1(S) is a
holomorphic homogeneous vector bundle over S = CP'. We denote this bundle by Ps.

PROPOSITION 7.2. Let M be a flat hyperkahler manifold, and G a compact Lie group acting on M
by hyperkéhler isometries, and admitting a hyperkahler moment map. Consider the tautological
map T : Seco(M) JJ)G —> Seco(M /) G) constructed in Proposition 7.1. Given a twistor section
S € Seco(M JJG), let Ps be a holomorphic homogeneous bundle constructed above. Then:

(i) the point S lies in Im 7 if and only if the bundle Pg admits a holomorphic section (this is
equivalent to Ps being trivial);

(ii) the map 7 : Seco(M) JJ)G —> Seco(M JJG) is an open embedding.

Proof. A holomorphic section S} of Ps can be understood as a point in Sec(M). Since S} lies in
the union of all stable orbits, denoted earlier as Zy C Z C Tw(M), the real moment map 5 is
constant on S; (Proposition 6.1). By definition of Zy, for each (z, L) € Zj, there exists g € G¢
such that p5(g2) = 0.

Therefore, pr(gS1) = 0 for appropriate g € Gc. This gives 7(S2) = S, where Sy €
Seco(M) JJJG is a point corresponding to ¢S;. Conversely, consider a point Sy € Seco(M) /)G,
such that 7(S2) = S, and let S1 € Sp(M) be the corresponding twistor section. Then S gives a
section of Pg. We proved Proposition 7.2(i).

To prove Proposition 7.2(ii), it would suffice to show the following. Take S € Seco(M J/G),
and let S1,S2 € Sec(M) be twistor sections which lie in Zy and satisfy pg(S;) = 0. Then there
exists g € G such that g(S1) = S2. Indeed, 771(9) is the set of all such S; considered up to an
action of G. P

Let Ps —> S be the homogeneous bundle constructed above, and P its fiber, which is a
complex manifold with transitive action of G¢c. Using Sp, we trivialize Pg =P x S in such a way

that S; = {p} x S for some p € P. Then S is a graph of a holomorphic map CP! N P; to
prove Proposition 7.2(ii) it remains to show that ¢ is constant.

Since all points of (u)71(0) lie on the same orbit of G, the image #(CP!) belongs to
Gp := G - {p} C P. However, G), is a totally real subvariety in P = G¢/St(p). Indeed, G, is
fixed by a complex involution which exchanges the complex structure on G¢ with its opposite.
Therefore, all complex subvarieties of G, are zero-dimensional, and ¢ : CP* — G, C P is
constant. We have finished the proof of Proposition 7.2. O

The proof of Theorem 5.11 follows. Indeed, by Proposition 7.1, the tautological map
7 : Seco(M) JJ)G —> Seco(M JJG) is a local diffeomorphism compatible with the trisymplectic
structures, and by Proposition 7.2 it is injective.

In particular, we have the following result.

COROLLARY 7.3. Let M be a flat hyperkahler manifold equipped with the action of a compact
Lie group by hyperkéahler isometries and admitting a hyperkahler moment map. Suppose that
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the hyperkahler quotient is smooth and the trisymplectic quotient ,u(El(c)/G(c is well-defined.
Then the trihyperkéhler reduction of Seco(M) is a smooth trisymplectic manifold of dimension
2dim M. O

8. Case study: moduli spaces of instantons

In this section, we give an application of the previous geometric constructions to the study
of the moduli space of framed instanton bundles on CP3. Our goal is to establish the
smoothness of the moduli space of such objects, and show how that proves the smoothness
of the moduli space of mathematical instanton bundles on CP3. That partially settles the long
standing conjecture in algebraic geometry mentioned at the Introduction: the moduli space of
mathematical instanton bundles on CP? of charge c is a smooth manifold of dimension 8¢ — 3,
cf. [CTT03, Conjecture 1.2].

8.1 Moduli space of framed instantons on R*
We begin by recalling the celebrated ADHM construction of instantons, which gives a description
of the moduli space of framed instantons on R* in terms of a finite-dimensional hyperkihler
quotient.

Let V and W be complex vector spaces of dimension ¢ and r, respectively.

B =B(r,¢) := End(V) @ End(V) @ Hom(W, V) @ Hom(V, W).

A point of B is a quadruple X = (A, B,I,J) with A,B € End(V), I € Hom(W,V) and J €
Hom(V, W). Together with its natural complex structure, the anti-linear involution X — X* :=
(BT, —AT gt T T) provides B with the structure of a quaternionic vector space; in particular,
B becomes a flat hyperkéhler manifold.

A quadruple X = (A, B,1,J) it is said to be:

(i) stable if there is no subspace S G V with A(S), B(S),I(W) C S;
(ii) costable if there is no subspace 0 # S C V with A(S), B(S) C S C ker J;
(iii) regular if it is both stable and costable.

Let B'™® denote the (open) subset of regular data. The group G = U(V') acts on B™® in the
following way:
9-(A,B,1,J) = (gAg~',gBg ™", gI,Jg~"). (8.1)

It is not difficult to see that this action is free and preserves the hyperkahler structure provided
above. The hyperkiihler moment map g : B™® — u(V)*®@R? can then be written in the following
manner, cf. [Nak99, §3.2]. Using the decomposition R3 ~ C @ R (as real vector spaces), we
decompose p = (uc, pr) with pc and pg given by

pc(A, B, I,J) = [A,B] +1J (8.2)
and
pr(A, B, I,J) = [A, AT + [B,BT] + IT" — J'.J. (8.3)

The first component pc is the holomorphic moment map B — gl(V)* ®g C corresponding to the
natural complex structure on B.

The so-called ADHM construction, named after Atiyah, Drinfeld, Hitchin, and Manin
[ADHMT78], provides a bijection between the hyperkéhler quotient M(r,c) := B™8(r,c)JJU(V)
and the moduli space of framed instantons on the Euclidean four-dimensional space R*; see
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[Don84] or [Nak99, Theorem 3.48], and the references therein for details. Moreover, Maciocia
has shown in [Mac91] that such bijection is a hyperkéhler isometry between M(r,c) and the
moduli space of framed instantons on R* provided with its L?-metric.

Let us now consider the trisymplectic reduction of Seco(B™®). As noted in the first few
paragraphs of §6, Seco(B) = Sec(B) ~ B ® I'(O¢p1 (1)), and Seco(B™#) is the (open) subset of
Seco(B) consisting of those sections ¢ such that o(p) is regular for every p € CP!.

DEFINITION 8.1. A section 0 € BRI (Ocp1(1)) is globally regular if o(p) € B is regular for every
p € CP! (cf. [FJO8, pp. 2916-2917], where such sections are called C-regular).

To be more precise, let [z : w] be homogeneous coordinates on CP!; such choice leads to
identifications

[(Ocp1(1)) ¥ Cz @ Cw~C%? and T(Ogp(2)) ~ C22 @ Cw? & Czw ~ C3. (8.4)

It follows that Seco(B) ~ B @ B, so a point X e Secp(B) can regarded as a pair (X1, X2) of
ADHM data; X is globally regular (i.e. X € Seco(B™#)) if any linear combination zX; + wXjs is
regular.

The action (8.1) of GL(V) (hence, also of U(V')) on B*8 extends to Secy(B™8) by acting
trivially on the I'(Ocp1 (1)) factor, i.e. g- (X1, X2) = (9 X1,9 - X2).

Using the identification C* ~ T'(Og¢p1(2)) above, it follows that the trisymplectic moment
map

pe : Seco(B™8) — u(V)* @r I'(Ocp1(2))

constructed in Proposition 5.5 satisfies pc(0)(p) = pc(o(p)) for o € Seco(B*8) and p € CP1.

More precisely, let X1 = (A1, By,11,J1) and X9 = (Ag, Be, 2, J2); consider the section
o(z,w) = 2X1 + wXs € Secy(B™®8). The identity pc(o)(p) = pc(o(p)) means that pc(o) =0 if
and only if uc(2X; +wXz) = 0 for every [z : w] € CPL. Note that

[A, Bi]+ 11 J1 =0,
,u,(c<ZX1 + ’U)XQ) =0« [AQ, BQ] + I Jo =0, (8.5)
[Al,BQ] + [AQ,Bl] + I Jy+ IsJ; = 0.

The three equations on the right-hand side of (8.5) are known as the one-dimensional
ADHM equations; they were first considered by Donaldson in [Don84] (cf. equations (a)—(c) in
[Don84, p. 456]) and further studied in [FJO8] (cf. (7)—(9) in [FJO8, p. 2917]) and generalized
in [Jar08, Equation (3)].

One can show that globally regular solutions of the one-dimensional ADHM equations are
GIT-stable with respect to the GL(V)-action, see [HL11, §3] and [HIM12, §2.3]. Therefore,
according to Remark 5.10, the trihyperkédhler quotient Seco(B™8)//U(V) is well-defined and
coincides with pa'(0)/GL(V).

8.2 Moduli space of framed instanton bundles on CP3
Recall that an instanton bundle on CP? is a locally free coherent sheaf E on CP? satisfying the
following conditions:
[ C1 (E) = O;
o H(BE(-1)) = H'(B(-2)) = HA(E(~2)) = HY(E(~3)) = 0.
The integer ¢ := co(F) is called the charge of E. One can show that if F is an instanton bundle
on CP3, then c3(E) = 0.

Moreover, a locally free coherent sheaf E on CP? is said to be of trivial splitting type if there
is a line £ C CP3 such that the restriction E|, is the free sheaf, i.e. E|; ~ O?rkE . A framing on
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E at the line 7 is the choice of an isomorphism ¢ : E|, — (’)EerkE . A framed bundle (at ¢) is a pair
(E, ¢) consisting of a locally free coherent sheaf E of trivial splitting type and a framing ¢ at
¢. Two framed bundles (F, ¢) and (E’,¢’) are isomorphic if there exists a bundle isomorphism
U : E — E'such that ¢ = ¢o (¥|s). Let Fy(r, ¢) denote the moduli space of isomorphism classes
of rank 7, charge ¢ instanton bundles on CP? framed at a fixed line .

PROPOSITION 8.2. The moduli space Fy(r, ¢) is naturally identified, as a complex manifold, with
the trihyperkéhler reduction Seco(B™8(r,c))/JU (V).

Proof. According to [HJM12, Theorem 4.2] (see also [HL11, Theorem 5.3]) the quasi-projective
algebraic variety pg'(0)/GL(V) is a fine moduli space for the isomorphism classes of rank-r
framed instantons bundles of charge ¢ on P3. It follows that F(r,c) is naturally identified with
H(EI(O)/GL(V) as a complex manifold. In the last paragraph of §8.1, we identified the latter
space with Seco(B™e(r,¢)) U (V). O

We are finally in position to use Theorem 5.11 to obtain the second main result of this paper.

THEOREM 8.3. The moduli space F;(r,c) of rank r, charge c instanton bundles on CP3 framed
at a fixed line ¢, is a smooth trisymplectic manifold of complex dimension 4rc.

Proof. The moduli space M(r,c) := B™8(r ¢)JJU(V) of framed instantons of rank r and charge
¢ is known to be a smooth, connected, hyperkahler manifold of complex dimension 2rc; it follows
that Seco(M(r,c)) is a smooth, trisymplectic manifold of complex dimension 4rc (cf. §2.3). By
the ADHM construction of framed instanton bundles, a point in F;(r,c¢) can be regarded as a
pair (X1, X2) € B @ B satisfying (8.5). Therefore, we have a map

Fi(r,c) —> Sec(M(r,c)) (8.6)
given by
(X1, X9) = o(z,w) = 2X1 + wXo,

with o : P! — M(r,c) being a twistor section. By [JV11, Theorem 3.9], this map is an
isomorphism (without the condition of regularity, which implies smoothness).

It follows from Proposition 8.2 that F(r, ¢) is the trihyperkéhler reduction of Seco(B*8(r, c)).
From its construction, it is clear that the map (8.6) coincides with the map

Fi(r,c) = Seco(B*8(r, ¢)) JJU (V) —> Sec(B™8(r,c) JJU (V) = Sec(M(r,c)) (8.7)
constructed in Theorem 5.11 (cf. §7.1); it then follows that (8.7) is, in fact, an open embedding
to Seco(M(r,c)). Since (8.6) is an isomorphism,

Seco(M(r, ¢)) = Sec(M(r, c)).
This former space is smooth, which proves smoothness of Fy(r, ). O
Remark 8.4. Note that Theorem 5.11 in itself only shows that the space Fy(r,c), which is a
trihyperkéhler reduction of Seco(B*8(r,c)), is openly embedded to Seco(M(r,c)). This already

proves that Fy(r,c) is smooth, but to prove that this map is an isomorphism, we use [JV11,
Theorem 3.9].

8.3 Moduli space of rank-two instanton bundles on CP3

Let us now focus on the case of rank-two instanton bundles, which is rather special. Recall that
a mathematical instanton bundle on CP? is a rank-two stable bundle E — CP? with ¢;(E) =0
and H'(E(-2)) = 0.
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PROPOSITION 8.5. Rank-two instanton bundles on CP? are precisely mathematical instanton
bundles.

Proof. If E is a mathematical instanton bundle, then H°(E(—1)) = 0 by stability. Since A’E =
Ocps, there is a (unique up to a scalar) symplectic isomorphism between F and its dual E*; one
can then use Serre duality to show that H?(E(—2)) = H3(E(-3)) = 0, thus F is a rank-two
instanton bundle.

Conversely, every instanton bundle can be presented as the cohomology of a linear monad
on CP3 [Jar06, Theorem 3]. It is then a classical fact that if F is a rank-two bundle obtained as
the cohomology of a linear monad on CP3, then F is stable. It is then clear that every rank-two
instanton bundle is a mathematical instanton bundle. a

Let Z(c) denote the moduli space of mathematical instanton bundles and Zy(c) the open
subset of Z(c) consisting of instanton bundles restricting trivially to a fixed line £ C CP3.

Let also G(c) denote the moduli space of S-equivalence classes of semistable torsion-free
sheaves E of rank-two on P3 with ¢;(E) = 0, ca(E) = ¢, and c3(E) = 0; it is a projective variety.
Z(c) can be regarded as the open subset of G(c) consisting of those locally free sheaves satisfying
HY(E(-1)) =0.

For any fixed line £ C CP3, Z(c) is contained in Z;(c), where the closure is taken within G(c).
Thus Z(c) is irreducible if and only if there is a line ¢ such that Zy(c) is irreducible.

Using a theorem due to Grauert and Miihlich we can conclude that every mathematical
instanton bundle must restrict trivially at some line £ C CP? (see [JV11, Lemma 3.12]). Therefore,
Z(c) is covered by open subsets of the form Z;(c), but it is not contained within any such sets,
since for any non-trivial bundle over CP? there must exist a line ¢ such that the restricted sheaf
E|p is non-trivial. Thus, Z(c) and Zy(c) must have the same dimension, and one is non-singular
if and only if the other is as well.

We are now ready to prove the smoothness of the moduli space of mathematical instanton
bundles on CP3.

THEOREM 8.6. The moduli space Z(c) of mathematical instanton bundles on CP?3 of charge c is
a smooth complex manifold of dimension 8¢ — 3.

Proof. The forgetful map F;(2,¢) — Zy(c) that takes the pair (E,¢) simply to E has as fibers
the set of all possible framings at ¢ (up to equivalence). Since E|; ~ W ® Oy (see [FJO08,
Proposition 13]), a choice of framing corresponding to a choice of basis for the two-dimensional
space W, thus all fibers of the forgetful map are isomorphic to SL(W). Since F;(2, ¢) is smooth
of dimension 8¢, we conclude that Z;(c) is also smooth and its dimension is 8¢ — 3. The theorem
follows from our previous discussion. O

The irreducibility of Z(c) for arbitrary ¢ remains an open problem; it is only known to hold for
codd [Tik12] or ¢ = 2,4 (see [CTTO03] and the references therein). Clearly, if (2, ¢) is connected,
then it must be irreducible, from which one concludes that Zy(c¢), and hence Z(c), are irreducible.
Since Fi(2, ¢) is a quotient of the set of globally regular solutions of the one-dimensional ADHM
equations, it is actually enough to prove that the latter is connected.

It is also worth mentioning a recent preprint of Markushevich and Tikhomirov [MT10], in
which the authors prove that Z(c) is rational whenever it is irreducible. Thus, one also concludes
immediately that F;(2, c) is also rational whenever it is irreducible.

1866



TRIHYPERKAHLER REDUCTION AND INSTANTON BUNDLES ON CP3

ACKNOWLEDGEMENTS

The first named author is partially supported by the CNPq grant number 302477/2010-1 and
the FAPESP grant number 2011/01071-3. He thanks Amar Henni and Renato Vidal Martins
for several discussions related to instanton bundles. The second named author was partially
supported by the FAPESP grant number 2009/12576-9, AG Laboratory SU-HSE, RF government
grant, ag. 11.G34.31.0023, RFBR grant 12-01-00944, NRU-HSE Academic Fund Program in
2013-2014, research grant 12-01-0179, and a Simons-IUM fellowship. We are grateful to Alexander
Tikhomirov for his insight and comments, and to Andrei Soldatenkov for his suggestion to use
the Clifford algebra in our treatment of trisymplectic structures. The referee’s remarks were very
valuable in straightening up the arguments, especially in §3.1.

REFERENCES

ADO6 A. Andrada and I. G. Dotti, Double products and hypersymplectic structures on R*™, Comm.
Math. Phys. 262 (2006), 1-16.

ADHM78 M. F. Atiyah, V. G. Drinfel’d, N. J. Hitchin and Yu. I. Manin, Construction of instantons,
Phys. Lett. A 65 (1978), 185-187.

Arn01 V. 1. Arnold, The Lagrangian Grassmannian of a quaternion hypersymplectic space, Funct.
Anal. Appl. 35 (2001), 61-63.

Atib7 M. F. Atiyah, Complex analytic connections in fibre bundles, Trans. Amer. Math. Soc. 85
(1957), 181-207.

Bar77 W. Barth, Some properties of stable rank-2 vector bundles on P,, Math. Ann. 226 (1977),
125-150.

Bar82 W. Barth, Irreducibility of the space of mathematical instanton bundles with rank 2 and co = 4,
Math. Ann. 258 (1981/82), 81-106.

Bea&3 A. Beauville, Varietes Kdahleriennes dont la premiere classe de Chern est nulle, J. Differential
Geom. 18 (1983), 755-782.

Bes87 A. Besse, Finstein manifolds (Springer, New York, 1987).

CTTO03 I. Coanda, A. S. Tikhomirov and G. Trautmann, Irreducibility and smoothness of the moduli
space of mathematical 5-instantons over P2, Internat. J. Math. 14 (2003), 1-45.

DS08 A. Dancer and A. Swann, Hypersymplectic manifolds, in Recent developments in pseudo-
Riemannian geometry, EST Lectures in Mathematics and Physics (European Mathematical
Society, Ziirich, 2008), 97-111.

Don84 S. Donaldson, Instantons and geometric invariant theory, Comm. Math. Phys. 93 (1984),
453-460.

ES81 G. Ellingsrud and S. A. Stromme, Stable rank 2 vector bundles on P? with ¢, = 0 and co = 3,
Math. Ann. 255 (1981), 123-135.

FeiO1 B. Feix, Hyperkdhler metrics on cotangent bundles, J. Reine Angew. Math. 532 (2001), 33-46.

FJO8 I. B. Frenkel and M. Jardim, Complex ADHM equations, and sheaves on P3, J. Algebra 319
(2008), 2913-2937.

Grab8 H. Grauert, On Levi’s problem and the imbedding of real-analytic manifolds, Ann. of Math.
(2) 68 (1958), 460-473.

Har78 R. Hartshorne, Stable vector bundles of rank 2 on P3, Math. Ann. 238 (1978), 229-280.

HL11 M. Hauzer and A. Langer, Moduli spaces of framed perverse instantons on P3, Glasg. Math.
J. 53 (2011), 51-96.

HJIM12 A. A. Henni, M. Jardim and R. V. Martins, ADHM construction of perverse instanton sheaves,

Glasg. Math. J., to appear, Preprint (2012), arXiv:1201:5657.

1867


http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657
http://www.arxiv.org/abs/1201:5657

HKLRS87

Huy05
Jar06
Jar08

JV11

KKVo01

KV98

Mac91

MT10

Mar81
MFK94

Nak99

LeP83

Sal&2
Tik12

Ver99

M. JARDIM AND M. VERBITSKY

N. J. Hitchin, A. Karlhede, U. Lindstrom and M. Rocek, Hyperkéihler metrics and
supersymmetry, Comm. Math. Phys. 108 (1987), 535-589.

D. Huybrechts, Complex geometry: an introduction, Universitext (Springer, Berlin, 2005).
M. Jardim, Instanton sheaves on complex projective spaces, Collect. Math. 57 (2006), 69-91.

M. Jardim, Atiyah—Drinfeld—Hitchin—Manin construction of framed instanton sheaves, C. R.
Acad. Sci. Paris, Ser. I 346 (2008), 427-430.

M. Jardim and M. Verbitsky, Moduli spaces of framed instanton bundles on CP3 and twistor
sections of moduli spaces of instantons on R*, Adv. Math. 227 (2011), 1526-1538.

D. Kaledin, D. Kaledin and M. Verbitsky, Hyperkdhler structures on total spaces of
holomorphic cotangent bundles, in Hyperkahler manifolds (International Press, Boston, 2001).

D. Kaledin and M. Verbitsky, Non-Hermitian Yang—Mills connections, Selecta Math. (N.S.)
4 (1998), 279-320.

A. Maciocia, Metrics on the moduli spaces of instantons over Euclidean 4-space, Comm. Math.
Phys. 135 (1991), 467-482.

D. Markushevich and A. S. Tikhomirov, Rationality of instanton moduli, Preprint (2010),
arXiv:1012.4132.

M. Maruyama, The Theorem of Grauert-Milich-Spindler, Math. Ann. 255 (1981), 317-333.

D. Mumford, J. Fogarty and F. Kirwan, Geometric invariant theory, third edition, Ergebnisse
der Mathematik und ihrer Grenzgebiete, vol. 34 (Springer, Berlin, 1994).

H. Nakajima, Lectures on Hilbert schemes of points on surfaces (American Mathematical
Society, Providence, RI, 1999).

J. Le Potier, Sur l’espace de modules des fibrés de Yang et Mills, in Mathematics and physics,
Progress in Mathematics, vol. 37 (Birkhauser, Boston, MA, 1983), 65-137.

S. Salamon, Quaternionic Kdhler manifolds, Invent. Math. 67 (1982), 143-171.

A. S. Tikhomirov, Moduli of mathematical instanton vector bundles with odd cy on projective
space, Izv. Math. 76 (2012), 991-1073.

M. Verbitsky, Hypercomplex Varieties, Comm. Anal. Geom. 7(2) (1999), 355-396.

Marcos Jardim mbjardim@hotmail.com

IMECC - UNICAMP, Departamento de Matematica,
Rua Sérgio Buarque de Holanda, 651, 13083-859 Campinas, SP, Brazil

Misha Verbitsky verbit@verbit.ru

Laboratory of Algebraic Geometry, Faculty of Mathematics,
NRU HSE, 7 Vavilova Street, Moscow, Russia

and

Institute for the Physics and Mathematics of the Universe,
University of Tokyo, 5-1-5 Kashiwanoha, Kashiwa, 277-8583, Japan

1868


http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132
http://www.arxiv.org/abs/1012.4132

	1 Introduction
	1.1 An overview
	1.2 3-webs, SL(2)-webs and trisymplectic structures
	1.3 Trisymplectic reduction
	1.4 Trihyperkähler reduction
	1.5 Framed instanton bundles on CP3

	2 The SL(2)-webs on complex manifolds
	2.1 The SL(2)-webs and twistor sections
	2.2 Hyperkähler manifolds
	2.3 An example: rational curves on a twistor space

	3 Trisymplectic structures on vector spaces
	3.1 Trisymplectic structures and Mat(2)-action
	3.2 Trisymplectic structures and invariant quadratic forms on vector spaces withMat(2)-action

	4 The SL(2)-webs and trisymplectic structures
	4.1 Trisymplectic structures on manifolds
	4.2 Chern connection on SL(2)-webs and trisymplectic structures
	4.3 Trisymplectic reduction

	5 Trihyperkähler reduction
	5.1 Hyperkähler reduction
	5.2 Trisymplectic reduction on the space of twistor sections
	5.3 Trihyperkähler reduction on the space of twistor sections

	6 Moment map on twistor sections
	7 Trisymplectic reduction and hyperkähler reduction
	7.1 The tautological map τ: Sec0(M)//// G -3mu→Sec(M/// G)
	7.2 Trihyperkähler reduction and homogeneous bundles on CP1

	8 Case study: moduli spaces of instantons
	8.1 Moduli space of framed instantons on R4
	8.2 Moduli space of framed instanton bundles on CP3
	8.3 Moduli space of rank-two instanton bundles on CP3

	Acknowledgements
	References



