
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 436, 2015 Ç.á. ò. íÉÎÁÂÕÔÄÉÎÏ×áóéíð�ï�éþåóëïå òáúìïöåîéå ðïìéîïíï÷ëòá÷þõëá
§1. ÷×ÅÄÅÎÉÅðÕÓÔØ ÚÁÄÁÎÙ ÞÉÓÌÁ p, 0 < p < 1, q = 1−p, Á ÔÁËÖÅ ÎÁÔÕÒÁÌØÎÏÅ ÞÉ-ÓÌÏN . îÅÎÏÒÍÉÒÏ×ÁÎÎÙÅ �ÏÌÉÎÏÍÙ ëÒÁ×ÞÕËÁ ÄÉÓËÒÅÔÎÏÊ �ÅÒÅÍÅÎÎÏÊx ÍÏÇÕÔ ÂÙÔØ Ï�ÒÅÄÅÌÅÎÙ Ó �ÏÍÏÝØÀ ÓÌÅÄÕÀÝÅÇÏ ÒÁ×ÅÎÓÔ×Á:Kn(x; p;N) = 2F1[−x; −n−N ; 1p]; (1)ÇÄÅ x É n { �ÅÌÙÅ ÞÉÓÌÁ, �ÒÉÎÁÄÌÅÖÁÝÉÅ ÍÎÏÖÅÓÔ×Õ {0; 1; : : :N}, Á2F1 { ÇÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÁÑ ÆÕÎË�ÉÑ çÁÕÓÓÁ. ëÌÁÓÓÉÞÅÓËÉÅ (ÎÏÒÍÉÒÏ-×ÁÎÎÙÅ) �ÏÌÉÎÏÍÙ ëÒÁ×ÞÕËÁ ÍÏÇÕÔ ÂÙÔØ Ï�ÒÅÄÅÌÅÎÙ ÓÌÅÄÕÀÝÉÍ ÒÁ-×ÅÎÓÔ×ÏÍ: k(p)n (x;N) = (−p)n(Nn)Kn(x; p;N): (2)îÉÖÅ, ÇÄÅ ÜÔÏ ×ÏÚÍÏÖÎÏ, ÍÙ ÉÓ�ÏÌØÚÕÅÍ ÓÏËÒÁÝÅÎÎÏÅ ÏÂÏÚÎÁÞÅÎÉÅ,Ï�ÕÓËÁÑ ×ÔÏÒÏÊ ÁÒÇÕÍÅÎÔ N , É �ÉÛÅÍ k(p)n (x) ×ÍÅÓÔÏ k(p)n (x;N). ðÏ-ÌÉÎÏÍÙ ëÒÁ×ÞÕËÁ ÎÁÈÏÄÑÔ ÛÉÒÏËÏÅ �ÒÉÍÅÎÅÎÉÅ × ÔÅÏÒÉÉ ×ÅÒÏÑÔÎÏ-ÓÔÅÊ, ÓÔÏÈÁÓÔÉÞÅÓËÉÈ �ÒÏ�ÅÓÓÁÈ, ÔÅÏÒÉÉ ÍÁÓÓÏ×ÏÇÏ ÏÂÓÌÕÖÉ×ÁÎÉÑ, ÔÅ-ÏÒÉÉ ËÏÄÉÒÏ×ÁÎÉÑ É ËÒÉ�ÔÏÇÒÁÆÉÉ, ÓÍ., ÎÁ�ÒÉÍÅÒ, ÒÁÂÏÔÕ [2℄. ïÎÉÏÂÒÁÚÕÀÔ ÏÒÔÏÇÏÎÁÌØÎÕÀ ÓÉÓÔÅÍÕ ÆÕÎË�ÉÊ, ÚÁÄÁÎÎÙÈ ÎÁ ÍÎÏÖÅÓÔ×Å

{0; 1; 2; : : : ; N}; Ó ×ÅÓÏ×ÏÊ ÆÕÎË�ÉÅÊ�(x) = N ! pxqN−x�(1 + x)�(N + 1− x)É ÓÏÏÔÎÏÛÅÎÉÅÍ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉN∑x=0 k(p)i (x)k(p)j (x)�(x) = (Nj )(pq)jÆij ; i; j = 0; 1 : : : ; N:ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÏÌÉÎÏÍÙ ëÒÁ×ÞÕËÁ, ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÅ ÒÁÚÌÏÖÅÎÉÑ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ ÇÒÁÎÔÁ òææé 14-01-00373.174



áóéíð�ï�éþåóëïå òáúìïöåîéå ðïìéîïíï÷ ëòá÷þõëá 175äÁÎÎÙÅ �ÏÌÉÎÏÍÙ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÓÌÅÄÕÀÝÅÊ ÆÏÒÍÕÌÅ òÏÄÒÉÇÁ(ÓÍ., ÎÁ�ÒÉÍÅÒ, [5, ÇÌ. 2, (22a)℄):k(p)n (x) = (−q)nn! �n(�(x)xn)�(x) ; (3)ÇÄÅ �f(x) = f(x + 1) − f(x) É yk = y(y − 1) : : : (y − k + 1). äÁÎÎÁÑÆÏÒÍÕÌÁ ÍÏÖÅÔ ÂÙÔØ ×ÚÑÔÁ ÚÁ Ï�ÒÅÄÅÌÅÎÉÅ �ÏÌÉÎÏÍÏ× ëÒÁ×ÞÕËÁ, ÓÍ.,ÎÁ�ÒÉÍÅÒ, ÓÔÁÔØÀ [8℄. ÷ÁÖÎÏ ÏÔÍÅÔÉÔØ, ÞÔÏ ×ÙÒÁÖÅÎÉÅ (3) �ÏÚ×ÏÌÑÅÔÒÁÓÓÍÁÔÒÉ×ÁÔØ �ÏÌÉÎÏÍÙ ëÒÁ×ÞÕËÁ ËÁË ÁÎÁÌÉÔÉÞÅÓËÉÅ ÆÕÎË�ÉÉ ÎÁÉÎÔÅÒ×ÁÌÅ [0; N ℄:îÁËÏÎÅ�, ÏÔÍÅÔÉÍ, ÞÔÏ × ÒÁÂÏÔÅ [4℄ ÂÙÌÏ �ÏËÁÚÁÎÏ, ÞÔÏ �ÏÌÉÎÏÍÙ(−2p)nKn(k; p;N) ÚÁÄÁÀÔ ÜÒÇÏÄÉÞÅÓËÉÅ ÓÕÍÍÙ ×ÄÏÌØ ÂÁÛÅÎ �N;k Á×-ÔÏÍÏÒÆÉÚÍÁ ðÁÓËÁÌÑ ÄÌÑ ÆÕÎË�ÉÉ1 wpt , ÇÄÅ n ÒÁ×ÎÏ ÓÕÍÍÅ �ÉÆÒ ×Ä×ÏÉÞÎÏÊ ÚÁ�ÉÓÉ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ t.èÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ (ÓÍ. ÒÁÂÏÔÕ [3℄), ÞÔÏ × �ÒÅÄÅÌÅ (�ÒÉ �ÏÄÈÏÄÑÝÅÊÎÏÒÍÉÒÏ×ËÅ) �ÏÌÉÎÏÍÙ ëÒÁ×ÞÕËÁ ÓÈÏÄÑÔÓÑ Ë �ÏÌÉÎÏÍÁÍ üÒÍÉÔÁ:limN→∞

( 2Npq)n=2n! k(p)n (x̂) = Hn(x); (4)ÇÄÅ x̂ = Np+ (2Npq)1=2x É Hn(x) = (−1)nex2 dndxn e−x2 .äÁÎÎÙÊ ÒÅÚÕÌØÔÁÔ ÂÙÌ ÕÓÉÌÅÎ ûÁÒÁ�ÕÄÉÎÏ×ÙÍ × ÒÁÂÏÔÅ [8℄, × ËÏ-ÔÏÒÏÊ ÏÎ �ÏÌÕÞÉÌ ÓÌÅÄÕÀÝÕÀ ÁÓÉÍ�ÔÏÔÉÞÅÓËÕÀ ÆÏÒÍÕÌÕ:(2Npq�n!)1=2(Npq)−n=2�(x̂)ex2=2k(p)n (x̂)= e−x2=2(2nn!)−1=2Hn(x) +O(n7=4N−1=2); (5)ÇÄÅ x̂ = Np+ (2Npq)1=2x; n = O(N1=3); x = O(n1=2):ðÕÓÔØ A > 0. úÁÄÁÞÅÊ ÄÁÎÎÏÊ ÒÁÂÏÔÙ Ñ×ÌÑÅÔÓÑ �ÏÉÓË ÒÁ×ÎÏÍÅÒ-ÎÏÇÏ �Ï v ∈ [−A√N;A√N ℄ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÇÏ ÒÁÚÌÏÖÅÎÉÑ �ÏÌÉÎÏÍÏ×ëÒÁ×ÞÕËÁ ×ÉÄÁk(p)n (x̂) = M∑j=0 
j+1(v)N [n=2℄−j + o(N [n=2℄−M ); (6)1æÕÎË�ÉÉ {wqt }t>0 Ñ×ÌÑÀÔÓÑ ÒÅÚÕÌØÔÁÔÏÍ �ÒÉÍÅÎÅÎÉÑ ÁÌÇÏÒÉÔÍÁ ÏÒÔÏÇÏÎÁÌÉ-ÚÁ�ÉÉ çÒÁÍÁ{ûÍÉÄÔÁ Ë ËÌÁÓÓÉÞÅÓËÉÍ ÆÕÎË�ÉÑÍ õÏÌÛÁ{ðÜÌÉ {wt}t>0 ÄÌÑ ÍÅÔÒÉ-ËÉ, ÚÁÄÁ×ÁÅÍÏÊ (p; q)-ÍÅÒÏÊ âÅÒÎÕÌÌÉ.



176 á. ò. íéîáâõ�äéîï÷ÇÄÅ x̂ = Np+ v; n = O(1); M ∈ N ∪ {0}, Á [t℄ ÏÂÏÚÎÁÞÁÅÔ �ÅÌÕÀ ÞÁÓÔØÎÅÏÔÒÉ�ÁÔÅÌØÎÏÇÏ ÞÉÓÌÁ t. çÌÁ×ÎÙÍ ÒÅÚÕÌØÔÁÔÏÍ ÒÁÂÏÔÙ Ñ×ÌÑÅÔÓÑ ÔÅ-ÏÒÅÍÁ 2, × ËÏÔÏÒÏÊ �ÏÌÕÞÅÎÏ ÒÁ×ÎÏÍÅÒÎÏÅ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ ÒÁÚÌÏÖÅ-ÎÉÅ ÆÕÎË�ÉÉ �(x̂)k(p)n (x̂) × ÔÅÒÍÉÎÁÈ �ÏÌÉÎÏÍÏ× üÒÍÉÔÁ. îÁÛ �ÏÄÈÏÄÏÓÎÏ×Ù×ÁÅÔÓÑ ÎÁ ÒÅÚÕÌØÔÁÔÅ ðÅÔÒÏ×Á ( [6℄), ÕÔÏÞÎÑÀÝÅÍ ÌÏËÁÌØÎÕÀ�ÒÅÄÅÌØÎÕÀ ÔÅÏÒÅÍÕ.÷ ÏÓÏÂÅÎÎÏÓÔÉ ÎÁÓ ÉÎÔÅÒÅÓÕÅÔ Ñ×ÎÏÅ ×ÙÒÁÖÅÎÉÅ ÄÌÑ ÎÁÉÍÅÎØÛÅÊ�Ï ÎÏÍÅÒÕ j ÎÅ�ÏÓÔÏÑÎÎÏÊ �Ï ÁÒÇÕÍÅÎÔÕ v ÆÕÎË�ÉÉ 
j(v) ÉÚ ÒÁÚÌÏÖÅ-ÎÉÑ (6), × Ó×ÑÚÉ Ó ÉÚÕÞÅÎÉÅÍ ÜÒÇÏÄÉÞÅÓËÉÈ ÓÕÍÍ Á×ÔÏÍÏÒÆÉÚÍÁ ðÁÓËÁ-ÌÑ × ÒÁÂÏÔÅ [4℄. ïËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ ÚÎÁÞÅÎÉÅ j ÚÁ×ÉÓÉÔ ÏÔ ÞÅÔÎÏÓÔÉ ÉÎ-ÄÅËÓÁ n �ÏÌÉÎÏÍÁ ëÒÁ×ÞÕËÁ. ÷ ÓÌÅÄÓÔ×ÉÉ 1 �ÒÉ ÄÏ�ÏÌÎÉÔÅÌØÎÏÍ �ÒÅÄ-�ÏÌÏÖÅÎÉÉ v = o(N1=3) �ÏÌÕÞÅÎÙ Ñ×ÎÙÅ ÆÏÒÍÕÌÙ ÄÌÑ ÆÕÎË�ÉÊ 
1(v) É
2(v) ÄÌÑ, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÞÅÔÎÙÈ É ÎÅÞÅÔÎÙÈ ÚÎÁÞÅÎÉÊ n.ïÔÍÅÔÉÍ, ÎÁËÏÎÅ�, ÞÔÏ ÉÓÓÌÅÄÏ×ÁÎÉÀ ÁÓÉÍ�ÔÏÔÉË �ÏÌÉÎÏÍÏ× ëÒÁ×-ÞÕËÁ �ÏÓ×ÑÝÅÎ ÒÑÄ ÎÅÄÁ×ÎÉÈ ÒÁÂÏÔ, ÓÍ., ÎÁ�ÒÉÍÅÒ, ÒÁÂÏÔÕ [1℄ É ÓÓÙÌËÉ× ÎÅÊ. ÷ ÒÁÂÏÔÅ [1℄ Á×ÔÏÒÙ ÒÁÓÓÍÁÔÒÉ×ÁÌÉ × ÔÏÍ ÞÉÓÌÅ ÓÌÕÞÁÊ x = O(1)�ÒÉ N → ∞: ïÄÎÁËÏ ÏÎÉ ÉÓËÌÀÞÁÌÉ ÓÉÔÕÁ�ÉÀ, �ÒÉ ËÏÔÏÒÏÊ n ≈ Np.ïÔÍÅÔÉÍ, ÞÔÏ ÉÚ Ó×ÏÊÓÔ×Á ÓÁÍÏÄ×ÏÊÓÔ×ÅÎÎÏÓÔÉ �ÏÌÉÎÏÍÏ× ëÒÁ×ÞÕËÁKx(n; p;N) = Kn(x; p;N) ×ÙÔÅËÁÅÔ, ÞÔÏ ÇÌÁ×ÎÙÊ ÞÌÅÎ ÁÓÉÍ�ÔÏÔÉËÉ ×ÜÔÏÍ ÓÌÕÞÁÅ ÍÏÖÎÏ �ÏÌÕÞÉÔØ ÕÖÅ ÉÚ ÓÏÏÔÎÏÛÅÎÉÑ (4).á×ÔÏÒ ×ÙÒÁÖÁÅÔ ÇÌÕÂÏËÕÀ ÂÌÁÇÏÄÁÒÎÏÓÔØ á. í. ÷ÅÒÛÉËÕ Éá. á. ìÏÄËÉÎÕ ÚÁ ×ÎÉÍÁÎÉÅ Ë ÒÁÂÏÔÅ É �ÏÌÅÚÎÙÅ ÏÂÓÕÖÄÅÎÉÑ.
§2. ïÓÎÏ×ÎÏÊ ÒÅÚÕÌØÔÁÔéÓ�ÏÌØÚÕÑ ÔÏÖÄÅÓÔ×Ï �sxn = nsxn−s, ÆÏÒÍÕÌÕ òÏÄÒÉÇÁ (3) ÍÏÖÎÏ�ÅÒÅ�ÉÓÁÔØ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:�(x)k(p)n (x) = (−q)nn! �n[�(x)xn]= (−q)nn! n∑k=0 (nk)�n−k�(x)�k(x+ n− k)n= (−q)nn! n∑k=0 (nk)nk (x+ n− k)(n−k)�n−k�(x): (7)äÁÌÅÅ ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÆÕÎË�ÉÉ �s�(x); s > 0; ÉÚ ÔÏÖÄÅÓÔ×Á (7)�Ï ÏÔÄÅÌØÎÏÓÔÉ. ðÕÓÔØ�hf(x)=f(x+h)−f(x);�nhf(x)=�h(�n−1h f(x));n > 2: óÌÅÄÕÑ ÒÁÂÏÔÅ [8℄, ÍÙ �ÏÌÁÇÁÅÍ h ÒÁ×ÎÙÍ 1√2Npq , ÞÔÏ �ÏÚ×ÏÌÑÅÔ



áóéíð�ï�éþåóëïå òáúìïöåîéå ðïìéîïíï÷ ëòá÷þõëá 177ÚÁ�ÉÓÁÔØ2 �s�(x̂) = �sh �(x̂(x)); (8)ÇÄÅ x̂ = Np + (2Npq)1=2x. æÁËÔÉÞÅÓËÉ, ÁÓÉÍ�ÔÏÔÉËÁ (4), ËÁË É (5),ÍÏÖÅÔ ÂÙÔØ �ÏÌÕÞÅÎÁ3 ÉÚ ÔÏÖÄÅÓÔ×Á (7) Ó �ÏÍÏÝØÀ ÌÏËÁÌØÎÏÊ �ÒÅ-ÄÅÌØÎÏÊ ÔÅÏÒÅÍÙ, �ÒÉÍÅÎÅÎÎÏÊ Ë ÆÕÎË�ÉÉ �(x̂), É ×ÁÒÉÁÎÔÁ ÔÅÏÒÅÍÙÏ ÓÒÅÄÎÅÍ �nhf(x) = hn dndxn f(x + nh�); � ∈ (0; 1); ÄÏ�ÏÌÎÅÎÎÙÈ �ÏÄ-ÈÏÄÑÝÅÊ Ï�ÅÎËÏÊ ÏÓÔÁÔËÁ (ÓÍ. �ÏÄÒÏÂÎÏÓÔÉ × [8℄). þÔÏÂÙ �ÏÌÕÞÉÔØÁ��ÒÏËÓÉÍÁ�ÉÀ ÂÏÌÅÅ ×ÙÓÏËÏÇÏ �ÏÒÑÄËÁ, ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÆÕÎË�ÉÀ�(x) ËÁË ×ÅÒÏÑÔÎÏÓÔØ x ÕÓ�ÅÈÏ× × �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ÉÚ N ÎÅÚÁ×ÉÓÉ-ÍÙÈ ÉÓ�ÙÔÁÎÉÊ âÅÒÎÕÌÌÉ Ó ×ÅÒÏÑÔÎÏÓÔÑÍÉ ÉÓÈÏÄÏ× p É q É ÉÓ�ÏÌØÚÕÅÍÔÅÏÒÅÍÕ 13 ÉÚ §3 ÒÁÂÏÔÙ [6℄ ÄÌÑ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ âÅÒÎÕÌÌÉ.4�ÅÏÒÅÍÁ 1. ðÕÓÔØ M { �ÅÌÏÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÅ ÞÉÓÌÏ É �2 = pq.�ÏÇÄÁ
√N�(x̂) = 1√2�� e−x2 M∑�=0 q̃�(x)N�=2 + o( 1NM=2) (9)ÒÁ×ÎÏÍÅÒÎÏ �Ï x, ÔÁËÉÍ, ÞÔÏ Np + (2Npq)1=2x ∈ Z. úÄÅÓØ t̂ = Np +(2Npq)1=2t, Á ÆÕÎË�ÉÉ q̃� Ï�ÒÅÄÅÌÅÎÙ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:q̃�(x) = ∑ 12(�=2+s)H�+2s(x) �∏m=1 1km!( 
m+2(m+ 2)!�m+2)km ; (10)ÇÄÅ 
i; i > 0; { ËÕÍÕÌÑÎÔÙ (p; q)-ÒÁÓ�ÒÅÄÅÌÅÎÉÑ âÅÒÎÕÌÌÉ, ÓÕÍÍÉÒÏ-×ÁÎÉÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ ×ÅÄÅÔÓÑ �Ï ×ÓÅÍ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍ ÒÅÛÅÎÉÑÍ(k1; k2; : : : ; k�) ÕÒÁ×ÎÅÎÉÑ k1+2k2+ · · ·+�k� = �, Á s = k1+k2+ · · ·+k� :2úÄÅÓØ � { Ï�ÅÒÁÔÏÒ ÒÁÚÎÏÓÔÉ �Ï �ÅÒÅÍÅÎÎÏÊ x̂, Á �h { Ï�ÅÒÁÔÏÒ ÒÁÚÎÏÓÔÉ ÓÛÁÇÏÍ h �Ï �ÅÒÅÍÅÎÎÏÊ x.3äÒÕÇÏÊ �ÏÄÈÏÄ ÏÓÎÏ×Ù×ÁÅÔÓÑ ÎÁ ÓÈÏÄÉÍÏÓÔÉ ÒÁÚÎÏÓÔÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ Ó �ÏÌÉ-ÎÏÍÉÁÌØÎÙÍÉ ÒÅÛÅÎÉÑÍÉ, Ï�ÒÅÄÅÌÑÀÝÉÍÉ �ÏÌÉÎÏÍÙ ëÒÁ×ÞÕËÁ, Ë ÄÉÆÆÅÒÅÎ�É-ÁÌØÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ, ÚÁÄÁÀÝÅÍÕ �ÏÌÉÎÏÍÙ üÒÍÉÔÁ; �ÏÄÒÏÂÎÏÓÔÉ ÓÍ., ÎÁ�ÒÉÍÅÒ,× [5℄. �ÁËÖÅ ÜÔÏÔ ÒÅÚÕÌØÔÁÔ ÍÏÖÎÏ �ÏÌÕÞÉÔØ, �ÏÌØÚÕÑÓØ ÓÈÏÄÉÍÏÓÔØÀ �ÒÏÉÚ×ÏÄÑ-ÝÉÈ ÆÕÎË�ÉÊ, ÓÍ. [7℄.4÷ ËÎÉÇÅ [6℄ ÉÓ�ÏÌØÚÏ×ÁÎÏ ÎÅÓËÏÌØËÏ ÏÔÌÉÞÎÏÅ Ï�ÒÅÄÅÌÅÎÉÅ �ÏÌÉÎÏÍÏ× üÒÍÉ-ÔÁ: Hen(x) = (−1)nex2=2 dndxn e−x2=2: üÔÉ �ÏÌÉÎÏÍÙ Ó×ÑÚÁÎÙ Ó Hn(x) ÓÌÅÄÕÀÝÉÍÓÏÏÔÎÏÛÅÎÉÅÍ: Hen(x) = 2−n=2Hn( x

√2 ).



178 á. ò. íéîáâõ�äéîï÷þÔÏÂÙ �ÏÌÕÞÉÔØ Á��ÒÏËÓÉÍÁ�ÉÉ Ï�ÅÒÁÔÏÒÁ �sh, ÍÙ ÉÓ�ÏÌØÚÕÅÍ ÆÏÒ-ÍÁÌØÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ �h = ehD − 1, ÇÄÅ D = ddx { Ï�ÅÒÁÔÏÒ ÄÉÆÆÅ-ÒÅÎ�ÉÒÏ×ÁÎÉÑ. üÔÏ �ÏÚ×ÏÌÑÅÔ ÚÁ�ÉÓÁÔØ�sh = (ehD − 1)s = ∞∑i=s as;i−s+1(hD)i: (11)äÌÑ �ÒÏÉÚ×ÏÌØÎÏÇÏ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÇÏK É ×ÓÑËÏÊ ×ÅÝÅÓÔ×ÅÎÎÏÚÎÁÞ-ÎÏÊ ÁÎÁÌÉÔÉÞÅÓËÏÊ ÆÕÎË�ÉÉ f ÍÙ ÍÏÖÅÍ ÒÁÓÓÍÏÔÒÅÔØ ÎÁÞÁÌØÎÙÊ ÏÔ-ÒÅÚÏË ÒÑÄÁ, ÒÁ×ÎÏÍÅÒÎÏ Ï�ÅÎÉ× ÏÓÔÁÔÏË:�shf(x) = K∑i=0 as;iDs+if(x)hs+i + o(hK+s): (12)ëÏÜÆÆÉ�ÉÅÎÔÙ as;j ÍÏÇÕÔ ÂÙÔØ Ï�ÒÅÄÅÌÅÎÙ Ó �ÏÍÏÝØÀ ÍÕÌØÔÉÎÏÍÉ-ÁÌØÎÏÊ ÔÅÏÒÅÍÙ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:as;j = ∑ s! j+1∏r=1 1kr!( 1r!)kr ; (13)ÇÄÅ s É j { ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÅ �ÅÌÙÅ ÞÉÓÌÁ, ÓÕÍÍÉÒÏ×ÁÎÉÅ × �ÒÁ×ÏÊ ÞÁ-ÓÔÉ ÆÏÒÍÕÌÙ (13) �ÒÏÉÚ×ÏÄÉÔÓÑ �Ï ×ÓÅÍ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍ ÒÅÛÅÎÉÑÍ(k1; k2; : : : ; kj) ÕÒÁ×ÎÅÎÉÑ k1+2k2+ · · ·+ jkj = j, Á s = k1+k2+ · · ·+kj .÷ ÞÁÓÔÎÏÓÔÉ, ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏas;0 = 1; as;1 = s2 ; as;2 = s(3s+ 1)24 É Ô.Ä. (14)�ÅÏÒÅÍÁ 1 É ÆÏÒÍÕÌÁ (12) �ÏËÁÚÙ×ÁÀÔ, ÞÔÏ, ÄÌÑ ÔÏÇÏ ÞÔÏÂÙ �ÏÌÕ-ÞÉÔØ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ ÒÁÚÌÏÖÅÎÉÅ ÒÁÚÎÏÓÔÉ �sh �(x̂), ÎÅÏÂÈÏÄÉÍÏ �Ï-ÌÕÞÉÔØ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ ÒÁÚÌÏÖÅÎÉÅ ÄÌÑ �ÒÏÉÚ×ÏÄÎÙÈdrdxr (e−x2 q̃�(x)); � > 0; r > 0:ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ b�;s ËÏÜÆÆÉ�ÉÎÔÙ 12(�=2+s) �∏m=1 1km!( 
m+2(m+2)!�m+2 )km, ×ÏÚ-ÎÉËÁÀÝÉÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ ÆÏÒÍÕÌÙ (10). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ ÍÏÖÅÍÚÁ�ÉÓÁÔØ q̃�(x) = ∑ b�;sH�+2s(x). ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ g̃�;r(x) ÓÌÅÄÕÀÝÅÅ×ÙÒÁÖÅÎÉÅ: ex2 drdxr e−x2 q̃�(x). äÌÑ ÆÕÎË�ÉÉ ex2 dsdxs (e−x2Hn(x)) ×Ù�ÏÌ-ÎÅÎÏ ÔÏÖÄÅÓÔ×Ïex2 dsdxs (e−x2Hn(x)) = (−1)nex2 dsdxs ( dndxn e−x2) = (−1)sHn+s(x); (15)



áóéíð�ï�éþåóëïå òáúìïöåîéå ðïìéîïíï÷ ëòá÷þõëá 179ÉÚ ËÏÔÏÒÏÇÏ ÓÌÅÄÕÅÔ, ÞÔÏg̃�;r(x) = ex2 drdxr e−x2 q̃�(x) = ∑(−1)rb�;sH�+2s+r(x);ÇÄÅ �ÒÅÄÅÌÙ ÓÕÍÍÉÒÏ×ÁÎÉÑ × �ÒÁ×ÏÊ ÞÁÓÔÉ { ÔÅ ÖÅ, ÞÔÏ É × ÆÏÒÍÕÌÅ(10). ðÕÓÔØ A > 0, Á r { �ÅÌÏÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÅ ÞÉÓÌÏ. ÷ÏÚÍÏÖÎÏÓÔØÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÔØ5 ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ ÒÁÚÌÏÖÅÎÉÅ (9) Ó ÓÏÈÒÁÎÅÎÉÅÍÒÁ×ÎÏÍÅÒÎÏÊ ÎÁ ÉÎÔÅÒ×ÁÌÅ x ∈ [−A;A℄ Ï�ÅÎËÉ ÏÓÔÁÔËÁ Ñ×ÌÑÅÔÓÑ ËÌÀÞÅ-×ÙÍ ÆÁËÔÏÍ ÄÌÑ ÄÁÎÎÏÊ ÒÁÂÏÔÙ6:drdxr√N�(x̂(x)) = 1√2�� e−x2 M∑�=0 g̃�;r(x)N�=2 + o( 1NM=2); (16)ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÜÔÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ �ÒÉ×ÅÄÅÎÏ × §3.ïÔÍÅÔÉÍ, ÞÔÏ ÉÎÔÅÒÅÓÎÏ ÓÒÁ×ÎÉÔØ ÎÁÛ ÒÅÚÕÌØÔÁÔ (16) Ó ÔÅÏÒÅÍÏÊ 7ÇÌÁ×Ù 6 ÒÁÂÏÔÙ [6℄, ÇÄÅ ÁÎÁÌÏÇÉÞÎÙÊ ÒÅÚÕÌØÔÁÔ �ÏÌÕÞÅÎ ÄÌÑ ÄÏÓÔÁÔÏÞ-ÎÏ ÇÌÁÄËÉÈ ÆÕÎË�ÉÊ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ.úÁÍÅÞÁÎÉÅ 1. �ÁË ËÁË �ÁÒÁÍÅÔÒM × ÔÅÏÒÅÍÅ 1 É ÆÏÒÍÕÌÅ (16) ÍÏÖÎÏ×ÚÑÔØ �ÒÏÉÚ×ÏÌØÎÙÍ �ÏÌÏÖÉÔÅÌØÎÙÍ, ÍÙ ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ ÏÓÔÁÔÏÞÎÙÊÞÌÅÎ ËÁË O( 1N(M+1)=2 ) ×ÍÅÓÔÏ o( 1NM=2):éÓ�ÏÌØÚÕÑ ÒÁÚÌÏÖÅÎÉÑ (16) É (12) É ÕÞÉÔÙ×ÁÑ, ÞÔÏ7 h ∼ N−1=2, �Ï-ÌÕÞÁÅÍ ÓÌÅÄÕÀÝÅÅ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ ÒÁÚÌÏÖÅÎÉÅ ÄÌÑ �s�(x̂):�sh �(x̂(x)) = K∑i=0 as;i ds+idxs+i �(x̂)hs+i + o(N−(K+s)=2)= e−x2√2�N�( K∑i=0 as;i M∑�=0 g̃�;r(x)N�=2 hs+i + o(N−(K+s−1)=2)); (17)ÇÄÅ K = M + 1; x = O(1) É x̂(x) = Np + (2Npq)1=2x: óÌÁÇÁÅÍÙÅ ×�ÒÁ×ÏÊ ÞÁÓÔÉ (Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ e−x2√2�N� ) �ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÊÌÉÎÅÊÎÕÀ ËÏÍÂÉÎÁ�ÉÀ �ÏÌÉÎÏÍÏ× üÒÍÉÔÁ, ÎÏ �ÒÁ×ÕÀ ÞÁÓÔØ ÍÏÖÎÏ ÚÁ-�ÉÓÁÔØ É ÞÅÒÅÚ ÆÕÎË�ÉÉ �ÁÒÁÂÏÌÉÞÅÓËÏÇÏ �ÉÌÉÎÄÒÁ Dn(x), ÉÓ�ÏÌØÚÕÑÉÈ ÓÏÏÔÎÏÛÅÎÉÅ Ó �ÏÌÉÎÏÍÁÍÉ üÒÍÉÔÁ: Dn(x) = 2−n=2e−x2=4Hn( x√2 ),n ∈ N ∪ {0}.5äÌÑ s = 0 ÍÙ ÉÓ�ÏÌØÚÕÅÍ ÓÏÇÌÁÛÅÎÉÅ dsdxs f(x) ≡ f(x).6ïÔÍÅÔÉÍ, ÞÔÏ ÔÅÏÒÅÍÁ 1 ÕÔ×ÅÒÖÄÁÅÔ ÜÔÏ ÔÏÌØËÏ �ÒÉ r = 0 É ÚÎÁÞÅÎÉÑÈ x ÉÚÄÉÓËÒÅÔÎÏÇÏ ÍÎÏÖÅÓÔ×Á.7þÅÒÅÚ ∼ ÍÙ ÏÂÏÚÎÁÞÁÅÍ �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÏÓÔØ.



180 á. ò. íéîáâõ�äéîï÷ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ  Ks (x) ÓÕÍÍÕ K∑i=0 as;i K−i−1∑�=0 g̃�;s+i(x)N�=2 hs+i; ÇÄÅ ËÏÜÆ-ÆÉ�ÉÅÎÔÙ as;j �ÒÉ j; s ∈ N∪{0} Ï�ÒÅÄÅÌÅÎÙ �ÏÓÒÅÄÓÔ×ÏÍ ÆÏÒÍÕÌÙ (13).éÓ�ÏÌØÚÕÑ ÒÁÚÌÏÖÅÎÉÅ (7) ×ÍÅÓÔÅ Ó (17), ÍÙ �ÒÉÈÏÄÉÍ Ë ÇÌÁ×ÎÏÍÕÒÅÚÕÌØÔÁÔÕ ÄÁÎÎÏÊ ÒÁÂÏÔÙ.�ÅÏÒÅÍÁ 2. ðÕÓÔØ A { �ÏÌÏÖÉÔÅÌØÎÏÅ ×ÅÝÅÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ, M É n{ �ÅÌÙÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÅ ÞÉÓÌÁ, É �ÕÓÔØ k1 = max(n −M; 0). ðÒÅÄ-�ÏÌÏÖÉÍ, ÞÔÏ x̂−Np = (2Npq)1=2x. �ÏÇÄÁ ÒÁ×ÎÏÍÅÒÎÏ �Ï x ∈ [−A;A℄Ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ ÒÁÚÌÏÖÅÎÉÅ:�(x̂)k(p)n (x̂)= e−x2√2�N� (−q)nn! n∑k=k1(nk)nk (x̂ + n− k)(n−k) Mn−k(x) + o(N n−M2 ): (18)äÏËÁÚÁÔÅÌØÓÔ×Ï. �ÁË ËÁË h = 1√2pqN−1=2, ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏe−x2√2�N� Ms (x) = O(N−(s+1)=2)É (x̂ + s)s = O(Ns); ÏÔËÕÄÁ (x̂ + s)s e−x2√2�N� Ms (x) = O(N (s−1)=2):æÏÒÍÕÌÁ (18) �ÏÌÕÞÁÅÔÓÑ ÎÁ�ÒÑÍÕÀ ÉÚ ÆÏÒÍÕÌÙ òÏÄÒÉÇÁ (7) ÚÁÍÅ-ÎÏÊ �sh�(x̂(x)) ÎÁ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ �ÒÉÂÌÉÖÅÎÉÑ e−x2√2�N� Ms (x), �ÏÌÕ-ÞÅÎÎÙÅ × ÆÏÒÍÕÌÅ (17). �÷ ÞÁÓÔÎÏÍ ÓÌÕÞÁÅM = 0 ÔÅÏÒÅÍÁ 2 ÄÁÅÔ ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÕÀ ÆÏÒÍÕÌÕk(p)n (x̂) = (Npq2 )n=2Hn(x)n! + o(N n2 );ÕÖÅ �ÒÉ×ÅÄÅÎÎÕÀ ×ÙÛÅ × ÆÏÒÍÕÌÅ (4) (ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ ÚÄÅÓØ ÒÁÚÌÏ-ÖÅÎÉÅ �(x̂) = 1√2�N� e−x2 + o(1) ÉÚ ÔÅÏÒÅÍÙ 1).÷ ÏÂÝÅÍ ÓÌÕÞÁÅ ×ÙÒÁÖÅÎÉÅ (18) �ÏÚ×ÏÌÑÅÔ �ÏÌÕÞÉÔØ ×ÙÒÁÖÅÎÉÅ ×É-ÄÁ8 (6). åÇÏ �ÒÁ×ÁÑ ÞÁÓÔØ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ e−x2√2�N� ÓÏÄÅÒÖÉÔÌÉÛØ �ÅÌÙÅ ÓÔÅ�ÅÎÉ �ÅÒÅÍÅÎÎÙÈ N É v = x√2Npq, ÎÏ ÎÅ √N ∼ h−1.þÔÏÂÙ �ÏËÁÚÁÔØ ÜÔÏ, ÚÁÍÅÔÉÍ, ÞÔÏ × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÞÅÔÎÏÓÔÉ ÞÉÓÌÁn �ÏÌÉÎÏÍÙ üÒÍÉÔÁ Hn ÓÏÄÅÒÖÁÔ ÌÉÂÏ ÔÏÌØËÏ ÞÅÔÎÙÅ, ÌÉÂÏ ÔÏÌØËÏ8ëÏÎÅÞÎÏ, ÉÍÅÅÔ ÓÍÙÓÌ ÂÒÁÔØ M 6 n.



áóéíð�ï�éþåóëïå òáúìïöåîéå ðïìéîïíï÷ ëòá÷þõëá 181ÎÅÞÅÔÎÙÅ ÓÔÅ�ÅÎÉ �ÅÒÅÍÅÎÎÏÊ x, �ÒÉ ÜÔÏÍ ×ÙÒÁÖÅÎÉÅ (10) ÎÅ ÉÚÍÅÎÑ-ÅÔ ÞÅÔÎÏÓÔÉ ÉÎÄÅËÓÏ× �ÏÌÉÎÏÍÏ× üÒÍÉÔÁ, × ÔÏ ×ÒÅÍÑ ËÁË ×ÙÒÁÖÅÎÉÅ(15) ÏÚÎÁÞÁÅÔ, ÞÔÏ (12) ÔÁËÖÅ ÓÏÈÒÁÎÑÅÔ ÞÅÔÎÏÓÔØ.äÌÑ ÓÌÕÞÁÑ M = 2 É v = x̂ − Np = o(N1=3) ÍÙ ÍÏÖÅÍ �ÏÌÕÞÉÔØÑ×ÎÏÅ, ÎÅ ÉÓ�ÏÌØÚÕÀÝÅÅ �ÏÌÉÎÏÍÙ üÒÍÉÔÁ ×ÙÒÁÖÅÎÉÅ ×ÍÅÓÔÏ ×ÙÒÁ-ÖÅÎÉÑ (18) ÉÚ ÔÅÏÒÅÍÙ 2. äÌÑ ÜÔÏÇÏ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÔÅÍ, ÞÔÏ �ÏÌÉÎÏÍÙüÒÍÉÔÁ ÍÏÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ (ÓÍ., ÎÁ�ÒÉ-ÍÅÒ, [5℄): H2l(x) = (−1)l2l(2l − 1)!!(1 + l∑j=1 4j(−l)�j(2j)! x2j);H2l+1(x) = (−1)l2l+1(2l + 1)!!(x+ l∑j=1 4j(−l)�j(2j + 1)!x2j+1);ÇÄÅ l { ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÅ �ÅÌÏÅ ÞÉÓÌÏ. åÓÌÉ �ÒÅÄ�ÏÌÏÖÉÔØ, ÞÔÏ x → 0,ÔÏ ÍÙ �ÒÉÈÏÄÉÍ Ë ÓÌÅÄÕÀÝÉÍ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÍ ÓÏÏÔÎÏÛÅÎÉÑÍ:H2l(x) = (−1)l2l(2l− 1)!!(1− 2lx2)+ o(x2); l = 1; 2 : : : ;H2l+1(x) = (−1)l2l+1(2l + 1)!!x+ o(x2); l = 0; 1; : : : : (19)ðÕÓÔØ l;m É C { �ÅÌÙÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÅ ÞÉÓÌÁ. äÌÑ �ÁÄÁÀÝÅÊ ÓÔÅ-�ÅÎÉ (m+ C)l Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÒÁÚÌÏÖÅÎÉÑ �ÒÉ m→ ∞:(m+ C)l = ml + (lC − l(l − 1)2 )ml−1 +O(ml−2): (20)óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ x = Np + v: äÌÑ ×ÓÑËÏÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ"(N), ÔÁËÏÊ, ÞÔÏ limN→∞
"(N) = 0, ÒÁ×ÎÏÍÅÒÎÏ �Ï v, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÍÕÓÌÏ×ÉÀ |v| 6 "(N)N1=3, Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÒÁÚÌÏÖÅÎÉÑ:k(p)2l (Np+ v) = (−1)l (2l − 1)!!(pqN)l(2l)! (1− 9v2 + t1v + t29pqN l)+ o(N l−1);ÇÄÅ t1 = 6(p− 12 )(4l − 1) É t2 = (l − 1)(1 + 4l+ (16l− 5)pq), Á l ∈ N;k(p)2l+1(Np+ v) = (−1)l (2l − 1)!!(pqN)l(2l)! 4l(p− 12 ) + 3v3 + o(N l);ÇÄÅ l ∈ N ∪ {0}:



182 á. ò. íéîáâõ�äéîï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ  (x) ÆÕÎË�ÉÀ √2�N�e−x2 . ðÕÓÔØ k{ �ÅÌÏÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÅ �ÅÌÏÅ. ðÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ 1 ÄÌÑ K = 2 ÉÉÓ�ÏÌØÚÕÑ ×ÙÒÁÖÅÎÉÅ (15), ÍÙ �ÏÌÕÞÁÅÍ (x) dkdxk �(x̂) = (−1)k(Hk(x) + 
323=2�3 H3+k(x)3!√N+ 
4�4H4+k(x) + 13!( 
3�3 )2H6+k(x)4 · 4!N )+ o( 1N );ÇÄÅ 
3 = pq(1− 2p) É 
4 = −pq(6pq − 1): ðÒÉ ÄÏ�ÏÌÎÉÔÅÌØÎÏÍ �ÒÅÄ�Ï-ÌÏÖÅÎÉÉ9 v := x̂−Np = o(N1=3) ÍÙ �ÏÌÕÞÁÅÍ Õ�ÒÏÝÅÎÎÏÅ ×ÙÒÁÖÅÎÉÅ: (x)�( v√2N�) = 1− 1− pq − 6v(p− q)12pqN + o( 1N ): (21)áÎÁÌÏÇÉÞÎÏ ÄÌÑ �ÒÏÉÚ×ÏÄÎÙÈ, ÉÍÅÀÝÉÈ ÎÅÞÅÔÎÙÊ �ÏÒÑÄÏË, �ÏÌÕÞÉÍÓÏÏÔÎÏÛÅÎÉÅ (x) d2l+1dx2l+1 �(x̂) = (2l − 1)!!(−2)l(1 + 36lv2 + �1v + �236pqN )+ o( 1N );ÇÄÅ �1 = 6(1− 2p)(2l+3)(2l+1); �2 = (2l+1)(2l+3)(1+ l− (1+ 4l)pq),Á ÄÌÑ �ÒÏÉÚ×ÏÄÎÙÈ ÞÅÔÎÏÇÏ �ÏÒÑÄËÁ { (x) d2ldx2l �(x̂) = (−1)l+1(2l + 1)!!2l √2√Npq (v + (1− 2p)(2l+ 3)6 ) + o( 1N );ÇÄÅ l ∈ N. éÓ�ÏÌØÚÕÑ ×ÙÒÁÖÅÎÉÑ (19) É (20) É ÏÔÂÒÁÓÙ×ÁÑ ÞÌÅÎÙ �Ï-ÒÑÄËÁ ÍÅÎØÛÅ [n−12 ℄, ÍÙ �ÏÌÕÞÁÅÍ ÉÚ ÒÁÚÌÏÖÅÎÉÑ (18) ÔÒÅÂÕÅÍÏÅ ×Ù-ÒÁÖÅÎÉÅ. �ðÒÉ ÎÅÏÂÈÏÄÉÍÏÓÔÉ, ÅÓÌÉ ×ÚÑÔØ ÒÁÚÌÏÖÅÎÉÑ ÂÏÌÅÅ ×ÙÓÏËÏÇÏ �ÏÒÑÄËÁ× ÆÏÒÍÕÌÁÈ (19) É (20), Á ÔÁËÖÅ M > 3, ÍÏÖÎÏ �ÏÌÕÞÉÔØ ×ÙÒÁÖÅÎÉÑÄÌÑ 
j ; j > 1; ÉÚ ÒÁÚÌÏÖÅÎÉÑ (6).÷ ÚÁËÌÀÞÅÎÉÅ ÍÙ �ÒÉ×ÏÄÉÍ ÎÅËÏÔÏÒÕÀ ÍÏÄÉÆÉËÁ�ÉÀ ÓÌÅÄÓÔ×ÉÑ 1ÄÌÑ ÆÕÎË�ÉÉ Kn(x; p;N1), ÇÄÅ N1 = N − i; v = x − Np = o(N1=3),i = O(1).óÌÅÄÓÔ×ÉÅ 2. ðÕÓÔØ x = Np + v: äÌÑ ×ÓÑËÏÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ"(N), ÔÁËÏÊ, ÞÔÏ limN→∞
"(N) = 0; ÒÁ×ÎÏÍÅÒÎÏ �Ï v, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÍ9÷ ÞÕÔØ ÂÏÌÅÅ ÓÌÁÂÏÍ �ÒÅ�ÏÌÏÖÅÎÉÉ v = O(N1=3) ÎÅÏÂÈÏÄÉÍÏ ÄÏÂÁ×ÉÔØ ÄÏ�ÏÌ-ÎÉÔÅÌØÎÏÅ ÓÌÁÇÁÅÍÏÅ 16 v3(q−p)(pq)2N2 × �ÒÁ×ÏÊ ÞÁÓÔÉ ÆÏÒÍÕÌÙ (21).



áóéíð�ï�éþåóëïå òáúìïöåîéå ðïìéîïíï÷ ëòá÷þõëá 183ÕÓÌÏ×ÉÀ |v| 6 "(N)N1=3, Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÒÁÚÌÏÖÅÎÉÑ:K2l(x; p;N − i)= (
− qp)l (2l− 1)!!N l (1− 9(v + ip)2 + t̃1(v + ip) + t̃29pqN l)+ o(N−l−1);ÇÄÅ t̃1 = 6(p− 12 )(4l−1) É t̃2 = (l−1)(1+4l+(16l−5)pq)−9pq(i+2l−1),Á l ∈ N;K2l+1(x; p;N − i)= (

− qp)l (2l + 1)(2l− 1)!!N l+1 · 4l(p− 12 ) + 3(v + ip)3p + o(N−l−1);ÇÄÅ l ∈ N ∪ {0}:äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÅÄÓÔÁ×ÉÍ ÆÕÎË�ÉÀ Kn(x; p;N1) × ×ÉÄÅKn(x; p;N1) = Kn(Np+ v; p;N1) = Kn(N1p+ v1; p;N1)= (−p)n(N1n ) k(p)n (N1p+ v1; N1);ÇÄÅ v1 = v + ip. éÓ�ÏÌØÚÕÑ (20) É ×ÙÒÁÖÅÎÉÅ (N − i)−l = (N)−l +il (N)−l−1+O(N−l−2), ÍÙ ÌÅÇËÏ �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅÒÁÚÌÏÖÅÎÉÅ ÎÁ�ÒÑÍÕÀ ÉÚ ÓÌÅÄÓÔ×ÉÑ 1. �òÁ×ÎÏÍÅÒÎÙÅ ÒÁÚÌÏÖÅÎÉÑ ÉÚ ÓÌÅÄÓÔ×ÉÊ 1 É 2 �ÏÌÕÞÅÎÙ × �ÒÅÄ�ÏÌÏ-ÖÅÎÉÉ |v| 6 "(N)N1=3: îÏ ÍÙ ÍÏÖÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÜÔÉ ÖÅ ÒÁÚÌÏÖÅÎÉÑ�ÒÉ |v| 6 "(N)N1=2; "(N) → 0. ÷ ÜÔÏÍ ÓÌÕÞÁÅ, ÅÓÌÉ N1=3 = O(v), Ï�ÅÎ-ËÉ ÏÓÔÁÔËÏ× × ÜÔÉÈ ÆÏÒÍÕÌÁÈ ÎÅÏÂÈÏÄÉÍÏ ÕÍÎÏÖÉÔØ ÎÁ √N .
§3. áÓÉÍ�ÔÏÔÉÞÅÓËÏÅ ÒÁÚÌÏÖÅÎÉÅ �ÒÏÉÚ×ÏÄÎÏÊ÷ ÄÁÎÎÏÍ �ÁÒÁÇÒÁÆÅ ÂÕÄÅÔ ÄÏËÁÚÁÎÁ ÆÏÒÍÕÌÁ (16). ðÕÓÔØ ÆÕÎË�ÉÑSMN (�) ÔÁËÏ×Á, ÞÔÏ

√N�(�̂) = eSMN (�)�M (�);ÇÄÅ �M (�) = 1√2�� e−�2 M∑�=0 q̃�(�)N�=2 É �ÏÌÉÎÏÍÙ q̃� Ï�ÒÅÄÅÌÅÎÙ × ÔÅÏÒÅ-ÍÅ 1, Á ÔÁËÖÅ, ËÁË É ×ÙÛÅ, ŝ = Np+√2Npqs. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ �Ms (�)



184 á. ò. íéîáâõ�äéîï÷�ÒÏÉÚ×ÏÄÎÕÀ dsd�s�M (�) = (−1)s 1√2�� e−�2 M∑�=0 q̃�+s(�)N�=2 . éÓ�ÏÌØÚÕÑ ÉÎÔÅ-ÇÒÁÌØÎÕÀ ÆÏÒÍÕÌÕ ëÏÛÉ, ÍÙ �ÏÌÕÞÁÅÍ
√N dsdxs �(x̂(x)) = √Ns!2�i ∫Cx �(�̂)d�(x − �)s+1= s!2�i[ ∫Cx �M (�)d�(x− �)s+1 + ∫Cx (√N�(�̂)− �M (�))d�(x− �)s+1 ]= �Ms (x) + s!2�i ∫Cx �M (�)(eSMN (�) − 1)d�(x− �)s+1 ;ÇÄÅ Cx { ÚÁÍËÎÕÔÙÊ ËÏÎÔÕÒ, ÏÈ×ÁÔÙ×ÁÀÝÉÊ ÔÏÞËÕ x. ÷ ÄÁÌØÎÅÊÛÅÍ ÍÙ�ÏÌÁÇÁÅÍ, ÞÔÏ ËÏÎÔÕÒ Cx Ñ×ÌÑÅÔÓÑ ÅÄÉÎÉÞÎÏÊ ÏËÒÕÖÎÏÓÔØÀ Ó �ÅÎÔÒÏÍ× ÔÏÞËÅ x: Cx = {� | � = x+ ei'; ' ∈ [0; 2�℄}:ìÅÍÍÁ 1. ðÕÓÔØ M { �ÅÌÏÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÅ, Á A { �ÏÌÏÖÉÔÅÌØÎÏÅ×ÅÝÅÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ. �ÏÇÄÁ ÄÌÑ x ∈ [−A;A℄ É � ∈ Cx Ó�ÒÁ×ÅÄÌÉ×ÁÒÁ×ÎÏÍÅÒÎÁÑ Ï�ÅÎËÁ

∣∣eSMN (�) − 1∣∣ = o(N−M=2):äÏËÁÚÁÔÅÌØÓÔ×Ï. æÏÒÍÕÌÁ óÔÉÒÌÉÎÇÁ ÄÌÑ ÇÁÍÍÁ-ÆÕÎË�ÉÉ üÊÌÅÒÁ(ÓÍ., ÎÁ�ÒÉÍÅÒ, [9, Ó. 34, �ÒÉÍÅÒ 1.2℄ ÉÌÉ [10, Ó. 83℄) ÍÏÖÅÔ ÂÙÔØ ÚÁ�É-ÓÁÎÁ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:ln �(z) = (z − 12) ln(z)− z + ln(2�)2 + Fm(z) +O(|z|−2m−1); (22)ÇÄÅ |z| → ∞; |arg z| 6 � − " < �, Fm(z) = ∑mk=1 B2k2k(2k−1)z2k−1 , Á Bk,k > 1; { ÞÉÓÌÁ âÅÒÎÕÌÌÉ. ó �ÏÍÏÝØÀ ÄÁÎÎÏÇÏ ×ÙÒÁÖÅÎÉÑ × ÒÁÂÏÔÅ [8℄(ÓÍ. ÆÏÒÍÕÌÕ (17)) ÂÙÌÏ �ÏËÁÚÁÎÏ, ÞÔÏln �(z) = − N2pq( zN − p)2 − 12 ln(2�Npq) + S0N( z −Np√2Npq); z → ∞;



áóéíð�ï�éþåóëïå òáúìïöåîéå ðïìéîïíï÷ ëòá÷þõëá 185�ÒÉÞÅÍ ÄÌÑ ×ÓÑËÏÇÏ �ÅÌÏÇÏ m > 0 ×Ù�ÏÌÎÅÎÏ10 ÓÏÏÔÎÏÛÅÎÉÅ S0N (�) =�m(�) +O(N−2m−1), Á ÆÕÎË�ÉÉ �m(�) Ï�ÒÅÄÅÌÅÎÙ ÒÁ×ÅÎÓÔ×ÏÍ�m(�) = Fm(N)− Fm(�̂)− Fm(N − �̂)−Nr( �̂N )
− 12D( �̂N );ÇÄÅ r(�) = � ln �p +(1− �) ln 1−�q − 12pq (� −p)2; D(�) = ln(1+ (p−�)(�−q)pq ).æÕÎË�ÉÉ �m(�) ÁÎÁÌÉÔÉÞÎÙ × ÏÂßÅÄÉÎÅÎÉÉ ⋃xBx ÅÄÉÎÉÞÎÙÈ ÛÁÒÏ×Bx, ÏÇÒÁÎÉÞÅÎÎÙÈ ÏËÒÕÖÎÏÓÔÑÍÉ Cx; x ∈ [−A;A℄. äÌÑ ÆÕÎË�ÉÉ S0N (�)× ÒÁÂÏÔÅ [8℄ (ÓÍ. ÆÏÒÍÕÌÕ (27)) �ÏËÁÚÁÎÏ, ÞÔÏ |S0N (�)| 6 C√N ÄÌÑ � ∈ CxÉ x ∈ [−A;A℄. ðÏÓËÏÌØËÕ ÉÚ ÔÅÏÒÅÍÙ 1 ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÄÌÑ ×ÓÑËÏÊ ÔÏÞËÉx, ÔÁËÏÊ, ÞÔÏ x̂ = Np+ (√2Npqx) ∈ Z, ×Ù�ÏÌÎÅÎÏ ÓÏÏÔÎÏÛÅÎÉÅ

∣∣eS0N (x) − M∑�=0 q̃�(x)N�=2 ∣∣ = o(N−M=2);ÄÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ
∣∣e�m(�) − M∑�=0 p̃�(�)N�=2 ∣∣ = o(N−M=2)ÄÌÑ ÎÅËÏÔÏÒÙÈ m = m(M); � ∈ Cx, x ∈ [−A;A℄ É ÎÅËÏÔÏÒÙÈ �Ï-ÌÉÎÏÍÏ× {p̃�(�)}M�=0. åÓÌÉ ÜÔÏ �ÒÏ×ÅÒÅÎÏ, ÔÏ, ×ÙÂÉÒÁÑ N ÄÏÓÔÁÔÏÞÎÏÂÏÌØÛÉÍ, ÍÙ ×ÉÄÉÍ, ÞÔÏ p̃�(�) = q̃�(�); 0 6 � 6 M; ÄÌÑ ×ÓÅÈ � × ÓÉ-ÌÕ ÓÏ×�ÁÄÅÎÉÑ ÚÎÁÞÅÎÉÊ �ÏÌÉÎÏÍÏ× �Ï ËÒÁÊÎÅÊ ÍÅÒÅ × [√N ℄ ÔÏÞËÁÈ.áÎÁÌÉÚÉÒÕÑ ÆÕÎË�ÉÉ Fm(�̂); r( �̂N ); D( �̂N ) ËÁË ÆÕÎË�ÉÉ ÏÔ 1√N �ÒÉ ÚÁ-ÄÁÎÎÏÍ �ÁÒÁÍÅÔÒÅ x, ÍÙ ×ÉÄÉÍ, ÞÔÏ ÄÌÑ ËÁÖÄÏÊ ÉÚ ÜÔÉÈ ÆÕÎË�ÉÊÍÏÖÎÏ ÚÁ�ÉÓÁÔØ ÒÑÄ �ÅÊÌÏÒÁ11 �ÒÉ 1√N → 0 ×ÉÄÁ ∞∑j=0 
j(√N)j �j+h ÄÌÑ ÎÅ-ËÏÔÏÒÏÇÏ �ÅÌÏÇÏ h. �ÁË ËÁË x ∈ [−A;A℄, ÍÙ ÍÏÖÅÍ ÏÂÏÒ×ÁÔØ ËÁÖÄÙÊÉÚ ÒÑÄÏ×, ÚÁ�ÉÓÁ× m∑j=0 
j(√N)j xj+h + f(N), ÇÄÅ |f(N)| 6 CNm ÒÁ×ÎÏÍÅÒ-ÎÏ �Ï � ∈ ⋃xBx. äÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ m ÒÁ×ÎÙÍ 2M . áÎÁÌÏÇÉÞÎÙÍÏÂÒÁÚÏÍ, ÏÂÒÙ×ÁÑ ÒÑÄÙ �ÅÊÌÏÒÁ ÄÌÑ ÆÕÎË�ÉÊ e�m(�), ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏ

|e�m(�) − m∑�=0 p̃�(�)N�=2 | = o( 1N−M=2 ) ÄÌÑ p0(�) ≡ 1 É ÎÅËÏÔÏÒÙÈ �ÏÌÉÎÏÍÏ×p�(�), ÇÄÅ � ∈ Cx É x ∈ [−A;A℄.10üÔÏ, ËÏÎÅÞÎÏ ÖÅ, ÓÌÅÄÕÅÔ ÉÚ Ó×ÏÊÓÔ× ÏÓÔÁÔËÁ × ÆÏÒÍÕÌÅ óÔÉÒÌÉÎÇÁ (22); �Ï-ÄÒÏÂÎÅÅ ÓÍ., ÎÁ�ÒÉÍÅÒ, × [10℄.11îÁÞÁÌØÎÙÅ ÞÌÅÎÙ ÒÑÄÁ �ÒÅÄÓÔÁ×ÌÅÎÙ × ÚÁÍÅÞÁÎÉÉ 2 ÎÉÖÅ.



186 á. ò. íéîáâõ�äéîï÷÷ ÓÉÌÕ ÔÏÇÏ, ÞÔÏ SMN (�) ÒÁ×ÎÏ S0N (�)−�m(�)+o(N−m), ÍÙ �ÏÌÕÞÁÅÍ,ÞÔÏ |SMN (�)| 6 o(N−M=2), É, ÉÓ�ÏÌØÚÕÑ ÔÅÏÒÅÍÕ ìÁÇÒÁÎÖÁ, ÚÁËÌÀÞÁÅÍ,ÞÔÏ ∣∣eSMN (�) − 1∣∣ = o(N−M=2) ÄÌÑ � ∈ Cx É x ∈ [−A;A℄. �úÁÍÅÞÁÎÉÅ 2. ï�ÅÎËÕ |e�M (�) − M∑�=0 q̃�(�)N�=2 | = o(N−M=2) ÄÌÑ ÍÁÌÙÈ ÚÎÁ-ÞÅÎÉÊM ÍÏÖÎÏ �ÏÌÕÞÉÔØ, ÎÅ ÉÓ�ÏÌØÚÕÑ ÔÅÏÒÅÍÕ 1, Á ÎÁ�ÒÑÍÕÀ ÁÎÁÌÉ-ÚÉÒÕÑ ÆÕÎË�ÉÀ S0N . îÁ�ÒÉÍÅÒ, ÍÙ ÍÏÖÅÍ �ÏÌÕÞÉÔØ ÓÌÅÄÕÀÝÉÅ ÁÓÉÍ-�ÔÏÔÉÞÅÓËÉÅ ÒÁÚÌÏÖÅÎÉÑ �ÒÉ N → ∞:r( x̂N ) = −
√23 (2 p− 1)√(1− p) p x3N3=2 +O (N−2) ;D( x̂N ) = √2 (2p− 1)√(1− p) p xN1=2 +O (N−1) :äÌÑ ÆÕÎË�ÉÉ Fm �ÒÉ m = 2 ÍÙ ÉÍÅÅÍ F2(z) = 1= (12z) : áÎÁÌÏÇÉÞÎÏ�ÏÌÕÞÁÅÍ ×ÙÒÁÖÅÎÉÑF2(x̂) = 112Np +O (N−3=2) ;F2(N − x̂) = 112 (1− p)N +O (N−3=2) ;F2(N) = 1=12N−1 +O(N−3=2):íÙ ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ �ÅÒ×ÙÊ ÞÌÅÎ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ÆÕÎË-�ÉÉ e�M (x), ÉÓ�ÏÌØÚÕÑ ÔÏÌØËÏ �ÅÒ×ÙÅ ÞÌÅÎÙ �ÒÅÄÓÔÁ×ÌÅÎÎÙÈ ×ÙÛÅ ÒÁÚ-ÌÏÖÅÎÉÊ:e�M (x) = (1− 2p)23=2(pq)1=2 8x3 − 12x3!√N +O( 1N ) = q̃1(x)N1=2 +O( 1N ):üÔÏ ÄÁÅÔ �ÒÑÍÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 1 �ÒÉ M = 1. âÙÌÏ ÂÙ ÉÎÔÅ-ÒÅÓÎÏ ÎÁÊÔÉ �ÒÑÍÏÅ É ËÏÒÏÔËÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 1, ÎÅ ÉÓ�ÏÌØÚÕ-ÀÝÅÅ ÔÅÏÒÅÍÕ 1, �ÒÉ �ÒÏÉÚ×ÏÌØÎÙÈ ÚÎÁÞÅÎÉÑÈ �ÁÒÁÍÅÔÒÁ M .ìÅÍÍÁ 2. ðÕÓÔØ M { �ÅÌÏÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÅ, Á A { �ÏÌÏÖÉÔÅÌØÎÏÅ×ÅÝÅÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ. �ÏÇÄÁ ÄÌÑ x ∈ [−A;A℄ É ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ NÓ�ÒÁ×ÅÄÌÉ×Á ÒÁ×ÎÏÍÅÒÎÁÑ Ï�ÅÎËÁs!2�i ∫Cx ∣∣∣

�M (�)(x− �)s+1 ∣∣∣|d�| = O(1):



áóéíð�ï�éþåóëïå òáúìïöåîéå ðïìéîïíï÷ ëòá÷þõëá 187äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÚÁÄÁÎÎÏÇÏ M , ÒÁ×ÎÏÍÅÒÎÏ �Ï x∈ [−A;A℄, ÄÌÑ×ÓÅÈ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ N = N(A;M) ×Ù�ÏÌÎÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï
|
M∑�=0 q̃�(x+ ei')N�=2 | 6 2:ðÏÜÔÏÍÕ ÍÙ ÍÏÖÅÍ ÎÁ�ÉÓÁÔØ ÓÌÅÄÕÀÝÕÀ Ï�ÅÎËÕ:

∫Cx ∣∣∣
�M (�)(x− �)s+1 ∣∣∣|d�| 6 2 2�∫0 e−(x+2
os('))2=2d' < Ce−x2=4;É ËÏÎÓÔÁÎÔÁ C ÎÅ ÚÁ×ÉÓÉÔ ÏÔ x. �éÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 1 É ÌÅÍÍÕ 2, ÍÙ ÍÏÖÅÍ Ï�ÅÎÉÔØ ÉÎÔÅÇÒÁÌ ËÁË
∣∣∣
s!2�i ∫Cx �M (�)(eSMN (�) − 1)d�(x− �)s+1 ∣∣∣ = o(N−M=2)ÄÌÑ � ∈ Cx; x ∈ [−A;A℄, ÞÔÏ ÚÁ×ÅÒÛÁÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Ï.ìÉÔÅÒÁÔÕÒÁ1. D. Dai, R. Wong, Global asymptoti
s of Krawt
houk polynomials { a Riemann{Hilbert approa
h. | Chin. Ann. Math. Ser. B 28, No. 1 (2007), 1{34.2. ç. é. é×ÞÅÎËÏ, à. é. íÅÄ×ÅÄÅ×, ÷. á. íÉÒÏÎÏ×Á, íÎÏÇÏÞÌÅÎÙ ëÒÁ×ÞÕËÁ É ÉÈ�ÒÉÍÅÎÅÎÉÑ × ÚÁÄÁÞÁÈ ËÒÉ�ÔÏÇÒÁÆÉÉ É ÔÅÏÒÉÉ ËÏÄÉÒÏ×ÁÎÉÑ. | íÁÔ. ×Ï�Ò. ËÒÉ-�ÔÏÇÒ. 6, ×Ù�. 1 (2015), 33{56.3. M. Krav
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