
Journal of Mathematical Sciences, Vol. 177, No. 2, August, 2011

OPTIMAL CONTROL PROBLEMS FOR WAVE EQUATIONS

L. A. Manita UDC 517.977

Abstract. The problem on minimizing a quadratic functional on trajectories of the wave equation

is considered. We assume that the density of external forces is a control function. A control problem

for a partial differential equation is reduced to a control problem for a countable system of ordinary

differential equations by use of the Fourier method. The controllability problem for this countable

system is considered. Conditions of the noncontrollability for some wave equations were obtained.
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Control problems for wave equations have wide applications in robotics, control of space construc-

tions, etc. In particular, problems of the controllability and construction of optimal control are of

important significance [8]. For many applications, it is natural to consider external effects that are

pointwise or are distributed along a boundary. The problem of optimal control of an oscillating ho-

mogeneous rectangular membrane was considered in [1]. It was assumed that the force-type controls

were distributed along its boundary. With the use of the Fourier method, an initial-boundary-value

problem was solved and a problem of moments was formulated. For the problem of steering the system

from a given initial state to a given terminal state in finite time, an effective approximate solution

was proposed. In [3, 4], optimal conditions in the form of a variational inequality for the problem

of pointwise control of the wave equation were obtained. In [3], the controllability conditions for the

problem of minimization of the mean square deviation of the string from the equilibrium position at

a fixed time moment were obtained by use of the smoothness of the solution of the corresponding

boundary problem.

In the present paper, we consider the problem on minimizing the mean square deviation of the wave

equations from the equilibrium position. We assume that the density of external forces is a control

function. For control problems for rectangular and round membranes with δ-like density of external

forces, the noncontrollability conditions are obtained. For the control problem for string oscillations,

we prove that the optimal control has an infinite number of switchings on a finite time interval for the

initial data from a small neighborhood of the equilibrium position.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applica-
tions), Vol. 69, Optimal Control, 2011.
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1. Control Problem for the Wave Equation.

Fourier Method. Control Problem for Countable System

of Ordinary Differential Equations

Consider the control problem for the wave equation

ytt − a2Δy = u(t)f(x) (1.1)

with the initial conditions

y(x, 0) = y0(x), yt(x, 0) = y1(x), x ∈ Ω, (1.2)

(Ω is a bounded domain in R
n with a piecewise smooth boundary S) and the boundary condition

y
∣
∣
∣
S
= 0, t ≥ 0. (1.3)

Here q(x, t) = u(t)f(x) is the density of external forces. We assume that the force profile function

f(x) is given and the control function u(t) is bounded:

−1 ≤ u(t) ≤ 1. (1.4)

We consider the problem of minimizing the mean-quadratic deviation from the equilibrium state

∞∫

0

∫

Ω

y2(x, t)dxdt→ inf . (1.5)

Using the Fourier method, we reduce the control problem for a partial differential equation to a

control problem for a countable system of ordinary differential equations. We seek a solution y(x, t)

of problem (1.1)–(1.5) in the form of a formal series in the eigenfunctions of the operator L = −Δ.

The operator L with the domain

DL =

{

v ∈
◦
H1(Ω),Δv ∈ L2(Ω)

}

is a positive, self-adjoint operator (see [6]). The system of eigenfunctions {hj(x)}∞j=1, hj ∈
◦
H1(Ω), of

the operator L forms an orthonormal basis in L2(Ω). Let {λj}∞j=1 be the corresponding sequence of

eigenvalues of the operator L. Each eigenvalue has a finite multiplicity, so we have

0 < λ1 ≤ λ2 ≤ . . . , λj → ∞, j → ∞.

We expand the solution y(x, t) in the series with respect to the system {hj(x)}∞j=1:

y(x, t) =
∞∑

j=1

sj(t)hj(x), sj(t) = (y, hj)L2(Ω) (1.6)
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where the Fourier coefficients sj depend on time. Assume that y0(x), y1(x), f(x) ∈ L2(Ω). Expand

these functions in series with respect to the system {hj(x)}∞j=1:

f(x) =
∞∑

j=1

cjhj(x), cj = (f, hj)L2(Ω) , (1.7)

y0(x) =
∞∑

j=1

αjhj(x), αj = (y0, hj)L2(Ω) , (1.8)

y1(x) =
∞∑

j=1

βjhj(x), βj = (y1, hj)L2(Ω) . (1.9)

Substituting (1.6)–(1.7) in (1.1) yields
∞∑

j=1

(

s̈j(t) + a2λjsj(t)− cju(t)
)

hj(x) = 0.

By virtue of the orthogonality of the system of eigenfunctions, we obtain a countable system of ordinary

differential equations

s̈j(t) + a2λjsj(t) = cju(t), j = 1, 2, . . . . (1.10)

Using (1.8)–(1.9), we obtain the initial conditions for (1.10):

sj(0) = αj , ṡj(0) = βj . (1.11)

The cost functional (1.5) takes the form
∞∫

0

∞∑

j=1

s2j (t)dt→ inf . (1.12)

Thus, we have the problem of the minimization of (1.12) on trajectories of the control system

ṡj = τj , τ̇j = −ω2
j sj + cju, (1.13)

sj(0) = αj , τj(0) = βj , j = 1, 2, . . . , (1.14)

−1 ≤ u(t) ≤ 1. (1.15)

Here τj(t) = ṡj(t) and ω
2
j = a2λj , j = 1, . . .. Note that (1.12) implies

lim
T→∞

s(t) = lim
T→∞

τ(t) = 0.

Introduce the notation

s(t) = (s1(t), s2(t), . . .) , τ(t) = (τ1(t), τ2(t), . . .) ,

α = (α1, α2, . . .) , β = (β1, β2, . . .) , c = (c1, c2, . . .) .

Since f, y0, y1 ∈ L2(Ω), we have α, β, c ∈ l2.

Assume that cj �= 0, j = 1, 2, . . ., and

|ωj+1| − |ωj | ≥ δ, |ωj | ≤ K · j, j = 1, 2, . . . ,

where K and δ are some positive constants. It is known (see [2]) that the set of trajectories of system

(1.13), for which integral (1.12) converges, is nonempty. This implies the existence of solutions of

problem (1.12)–(1.15) for arbitrary initial conditions (α, β) from certain open neighborhood of the

origin in the space l2 × l2. The uniqueness of an optimal trajectory follows from the strict convexity

of functional (1.12) on solutions of system (1.13).
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We apply a formal generalization of the Pontryagin maximum principle to problem (1.12)–(1.15).

Let us define the Pontryagin function

H (ψ1, ψ2, s, τ, q) =
∞∑

j=1

(

ψ1jτj − ψ2jω
2
j sj + ψ2jcju− 1

2
s2j

)

.

Here we denote by ψi, i = 1, 2, the vector (ψi1, ψi2, . . .). In the space l2 × l2 × l2 × l2, let us consider

the Hamiltonian system

ψ̇1j = ψ2jω
2
j + sj , ṡj = τj ,

ψ̇2j = −ψ1j , τ̇j = −ω2
j sj + cj û(t),

j = 1, 2, . . . , (1.16)

where

û(t) = arg max
u∈[−1,1]

H = sgnH1(t), H1(t) =
∞∑

j=1

ψ2j(t)cj . (1.17)

It was proved in [2] that the conditions of the Pontryagin maximum principle are the necessary and

sufficient optimal conditions in problem (1.12)–(1.15). Namely, the following assertions hold.

Lemma 1.1 (sufficient optimal condition). Let (ψ1(t), ψ2(t), s(t), τ(t)) be an arbitrary solution of sys-

tem (1.16)–(1.17) with the boundary conditions s(0) = α, τ(0) = β, s(t) = 0, and τ(t) = 0. Then

(s(t), τ(t)) is a solution of the problem (1.12)–(1.15).

Let u∗(t) be an optimal control of problem (1.12)–(1.15) and (s∗(t), τ∗(t)) be an optimal trajectory.

Lemma 1.2 (necessary optimal condition). There exists a nontrivial function (ψ1(·), ψ2(·)) with val-

ues in l2 × l2 satisfying the adjoint system of equations

ψ̇1j = ψ2jω
2
j + s∗j , ψ̇2j = −ψ1j , j = 1, 2, . . . ,

such that the following maximum condition holds:

max
−1≤u(t)≤1

⎛

⎝

∞∑

j=1

ψ2j(t)cju(t)

⎞

⎠ =

∞∑

j=1

ψ2j(t)cju
∗(t).

If H1(t) �= 0 along the trajectory, the optimal control is uniquely defined as a function of time from

the maximum condition. Assume that there exists an interval (t1, t2) such that

H1(t) ≡ 0 ∀t ∈ (t1, t2).

We will differentiate the identity H1(t) ≡ 0 by virtue of system (1.16) until a control with a nonzero

coefficient occurs in the resulting expression. Assume that the series in (1.18) are convergent. We
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have

d

dt
H1(t)

∣
∣
∣
(1.16)

=
d

dt

⎛

⎝

∞∑

j=1

ψ2j(t)cj

⎞

⎠ =

⎛

⎝−
∞∑

j=1

cjψ1j

⎞

⎠ ,

d2

dt2
H1(t)

∣
∣
∣
(1.16)

=
d

dt

⎛

⎝−
∞∑

j=1

cjψ1j

⎞

⎠ = −
∞∑

j=1

cj
(

ψ2jω
2
j + sj

)

,

d3

dt3
H1(t)

∣
∣
∣
(1.16)

= − d

dt

∞∑

j=1

cj
(

ψ2jω
2
j + sj

)

= −
∞∑

j=1

cj
(−ω2

jψ1j + τj
)

,

d4

dt4
H1(t)

∣
∣
∣
(1.16)

=
∞∑

j=1

cjω
2
j

(

ψ2jω
2
j + 2sj

)− u
∞∑

j=1

c2j .

(1.18)

Introduce the notation

H2 = −
∞∑

j=1

cjψ1j , H3 = −
∞∑

j=1

cj
(

ψ2jω
2
j + sj

)

, H4 = −
∞∑

j=1

cj
(−ψ1jω

2
j + τj

)

.

From (1.18) it follows that

H1(t) = H2(t) = H3(t) = H4(t) = 0, t ∈ (t1, t2).

Let us define singular solutions of (1.16)–(1.17) lying on the surface H1 = H2 = H3 = H4 = 0.

Then the singular control is defined from (1.18):

u0(t) =

∞∑

j=1
cjω

2
j

(

ψ2jω
2
j + 2sj

)

∞∑

j=1
c2j

. (1.19)

For problem (1.12)–(1.15), the following theorem holds.

Theorem 1.3 (see [2]). Let cj �= 0 for all j and
(

c1ω
3
1, c2ω

3
2, . . .

) ∈ l2. Assume that there exist

positive constants δ and K such that

|ωj+1| − |ωj | ≥ δ, |ωj | ≤ K · j, j = 1, 2, . . . .

Then there exists an open neighborhood of the origin of the space (s, τ) such that the following state-

ments hold for all initial conditions of problem (1.12)–(1.15) from this neighborhood.

(1) The optimal trajectory exists and is unique in the problem (1.12)–(1.15).

(2) In the space (s, τ, ψ1, ψ2), there exists a surface Σ of codimension 4 given by the equations
∞∑

j=1

ψ2jcj = 0,
∞∑

j=1

cjψ1j = 0,

∞∑

j=1

cj
(

ψ2jω
2
j + sj

)

= 0,
∞∑

j=1

cj
(−ψ1jω

2
j + τj

)

= 0,

which is filled in by singular extremals of problem (1.12)–(1.15), the control on singular extremals

of which are defined by (1.19).

(3) For all initial conditions that do not belong to the projection of the singular surface Σ on the

space (s, τ), the optimal trajectories arrive at Σ in a finite time with countable many control

switchings.
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2. One-Dimensional Wave Equation. Control of an Oscillating String

Consider the problem on minimizing the mean-quadratic deviation from the equilibrium position

for a homogenous string with fixed ends:

∞∫

0

1∫

0

y2(x, t)dxdt→ inf, (2.1)

ytt(x, t)− a2yxx(x, t) = u(t)f(x), |u(t)| ≤ 1, x ∈ (0, 1), t ≥ 0, (2.2)

y(0, t) = y(1, t) = 0, t ≥ 0, (2.3)

y
∣
∣
∣
t=0

= y0(x), yt

∣
∣
∣
t=0

= y1(x), x ∈ (0, 1). (2.4)

Let us consider the boundary-value problem for the elliptic operator − d2

dx2 on the interval (0, 1):

− d2

dx2
v = λv, x ∈ (0, 1), v(0) = v(1) = 0. (2.5)

Problem (2.5) has the eigenfunctions

hj(x) =
√
2 sin(πjx), j = 1, 2, . . . , (2.6)

and the eigenvalues

λj = (πj)2, j = 1, 2, . . . (2.7)

(see [6]).

For problem (2.1)–(2.4), the following statement was proved in [5].

Theorem 2.1. Let the functions f(x), y0(x), and y1(x) satisfy the conditions

f ∈ KC3(0, 1), f(0) = fxx(0) = 0, f(1) = fxx(1) = 0,

y0 ∈
◦
H2(0, 1), y1 ∈

◦
H1(0, 1),

and all Fourier coefficients of the function f with respect to system (2.6) are nonzero. Then there

exist positive constants γ0 and γ1 such that if

‖y0‖L2(0,1) < γ0, ‖y1‖L2(0,1) < γ1,

then for problem (2.1)–(2.4), the following assertions hold :

(1) there exists a unique optimal control u∗(x, t):

u∗(x, t) ∈ H2
(

(0, 1)× (0, T )
) ∀T > 0;

(2) optimal trajectories are chattering trajectories ; this means that an optimal control has an infinite

number of switchings in a finite time interval.

Assume that an external force is applied at the point x0 ∈ (0, 1). Namely, let g(x) be a positive,

even, continuous, finite function:

g(−x) = g(x), x ∈ (−ε, ε), g(−ε) = g(ε) = 0, g(x) = 0, |x| > ε,

where 0 < ε < 1 and
ε∫

−ε

g(x)dx = 1.
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Take a point x0 ∈ (0, 1) and a parameter ε, 0 < ε < 1, such that

(x0 − ε, x0 + ε) ⊂ (0, 1).

Consider the function fx0(x) : [0, 1] → R defined as follows:

fx0(x) =

{

g(x− x0), |x− x0| ≤ ε,

0, |x− x0| > ε.
(2.8)

Lemma 2.2. If x0 ∈ Q, then there exists a countable sequence of trivial Fourier coefficients of the

function fx0(x) with respect to system (2.6).

Proof. We denote by Aj(x0) the Fourier coefficient of the function fx0(x) with respect to the sys-

tem (2.6):

Aj(x0) =
(

fx0(x), hj(x)
)

L2(0,1)
.

Then

Aj(x0) =

x0+ε∫

x0−ε

√
2 sin(πjx)g(x− x0)dx =

ε∫

−ε

√
2 sin(πj(x+ x0))g(x)dx

=
√
2

ε∫

−ε

(

sin(πjx) cos(πjx0) + cos(πjx) sin(πjx0)
)

g(x)dx = I
(1)
j (x0) + I

(2)
j (x0),

where

I
(1)
j (x0) =

√
2 cos(πjx0)

ε∫

−ε

sin(πjx)g(x)dx,

I
(2)
j (x0) =

√
2 sin(πjx0)

ε∫

−ε

cos(πjx)g(x)dx.

Since the function g(x) is even, we obtain

I
(1)
j (x0) = 0.

If x0 ∈ Q(x0 ∈ (0, 1)), then there exists j0 ≥ 1, j0 ∈ N, such that j0x0 ∈ N. Hence sin(πj0x0) = 0 and

I
(2)
j0

(x0) = 0. Therefore,

Aj0(x0) = 0.

We obviously have Amj0 = 0, m ∈ N. The lemma is proved.

For m ∈ N, x0 ∈ (0, 1), 0 < ε < 1 ((x0 − ε, x0 + ε) ⊂ (0, 1)), we consider the function

fm,x0(x) =

{

Em,x0

(

cos π
2ε(x− x0)

)2m
, |x− x0| ≤ ε,

0, |x− x0| > ε,
(2.9)

where Em,x0 is a positive constant such that

x0+ε∫

x0−ε

fm,x0(x)dx = 1.

If x0 ∈ Q, then Lemma 2.2 holds for the function (2.9); therefore, system (1.13) is uncontrollable. But

for the function fm,x0(x), we prove the following improved result.
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Lemma 2.3. All Fourier coefficients of the function (2.9) with respect to system (2.6) are nonzero if

and only if x0 /∈ Q and ε /∈ Q.

Proof. Let x0 ∈ (0, 1). We denote by cj(m,x0), j = 1, 2 . . ., the Fourier coefficient of the function

fm,x0(x) with respect to the system {√2 sin(πjx)}∞j=1:

cj(m,x0) =
(

fm,x0(x),
√
2 sin(πjx)

)

L2(0,1)
=

√
2Em,x0p

(m)
j (x0),

where

p
(m)
j (x0) =

x0+ε∫

x0−ε

(

cos
π

2ε
(x− x0)

)2m
sin(πjx)dx.

Find Em,x0 and p
(m)
j (x0):

p
(m)
j =

A
(m)
j

B
(m)
j

sin(πjε) sin(πjx0), A
(m)
j = (2m)! · 2(1−2m),

B
(m)
j = πj

m∏

k=−m
k �=0

(k + jε), Em,x0 =

√
πΓ(1 +m)

2εΓ
(
1
2 +m

) =
(2m)!!

2ε(2m− 1)!!
.

Thus,

cj(m,x0) =
((2m)!!)2 sin(πjε) sin(πjx0)

ε22mπj
m∏

k=−m
k �=0

(k + jε)

. (2.10)

Therefore,

cj(m,x0) = 0 ⇐⇒ sin(πjε) sin(πjx0) = 0 ⇐⇒ jε ∈ Z or jx0 ∈ Z.

Hence the assertion holds.

Corollary 2.4. Assume that y0 ∈
◦
H2(0, 1), y1 ∈

◦
H1(0, 1), and the function fm,x0(x) is defined by

(2.9), where x0 /∈ Q, ε /∈ Q, and m ≥ 2. Then for problem (2.1)–(2.4), Theorem 2.1 holds.

3. Two-Dimensional Wave Equation. Control of Membrane Oscillations

Consider the problem of minimizing the mean-quadratic deviation from the equilibrium position for

a homogenous membrane with a fixed boundary:

∞∫

0

∫∫

Ω

y2(x, t)dxdt→ inf,

ytt(x, t)− a2Δytt(x, t) = u(t)f(x), |u(t)| ≤ 1,

x = (x1, x2) ∈ Ω ⊂ R
2, t ≥ 0,

y
∣
∣
t=0

= y0(x), yt
∣
∣
t=0

= y1(x), x ∈ Ω,

y
∣
∣
S
= 0, t ≥ 0.
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3.1. Oscillations of a rectangular membrane. Consider oscillations of a rectangle membrane

with a fixed boundary:

y
∣
∣
x1=0

= y
∣
∣
x1=a

= y
∣
∣
x2=0

= y
∣
∣
x2=b

= 0, t ≥ 0.

The initial conditions are as follows:

y
∣
∣
t=0

= y0(x1, x2), yt
∣
∣
t=0

= y1(x1, x2), x1 ∈ (0, d), x2 ∈ (0, b).

Eigenfunctions and the corresponding eigenvalues of the boundary-value problem for the operator

−Δ have the form

hjk(x1, x2) =
2√
db

sin
πj

d
x1 sin

πk

b
x2, (3.1)

λjk =

(
πj

d

)2

+

(
πk

b

)2

(3.2)

(see [7]).

Let ε1, ε2 > 0. Consider a positive, even, continuous, finite function g(x1, x2):

g(−x1, x2) = g(x1, x2), g(x1,−x2) = g(x1, x2), |x1| < ε1, |x2| < ε2,

ε2∫

−ε2

ε1∫

−ε1

g(x1, x2)dx1dx2 = 1,

and g(x1, x2) = 0 if |x1| ≥ ε1 or |x2| ≥ ε2. Let α ∈ (0, d), β ∈ (0, b), and

(α− ε1, α+ ε1) ⊂ (0, d), (β − ε2, β + ε2) ⊂ (0, b).

Consider the following function on (0, d)× (0, b):

fα,β(x1, x2) =

{

g(x1 − α, x2 − β), |x1 − α| ≤ ε1, |x2 − β| ≤ ε2,

0, otherwise.

Lemma 3.1. Let α/d ∈ Q or β/b ∈ Q. Then the sequence of the Fourier coefficients of the function

fα,β(x1, x2) with respect to system (3.1) contains infinitely many zeros.

Proof. We denote by

Ajk(α, β) =

(

fα,β(x1, x2),
2√
db

sin
πj

d
x1 sin

πk

b
x2

)

L2(0,d)×(0,b)

the Fourier coefficient of the function fα,β(x1, x2) with respect to the system (3.1). We have

Ajk(α, β) =

β+ε1∫

β−ε1

α+ε1∫

α−ε1

g (x1 − α, x2 − β)
2√
db

sin
πj

d
x1 sin

πk

b
x2dx1dx2

=

+ε2∫

−ε2

+ε1∫

−ε1

g(x1, x2)
2√
db

sin

(
πj

d
(x1 + α)

)

sin

(
πk

b
(x2 + β)

)

dx1dx2 = J
(1)
jk + J

(2)
jk ,
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where

J
(1)
jk =

2√
db

cos

(
πjα

d

) +ε2∫

−ε2

+ε1∫

−ε1

g(x1, x2) sin

(
πj

d
x1

)

sin

(
πk

b
(x2 + β)

)

dx1dx2,

J
(2)
jk =

2√
db

sin

(
πjα

d

) +ε2∫

−ε2

+ε1∫

−ε1

g(x1, x2) cos

(
πj

d
x1

)

sin

(
πk

b
(x2 + β)

)

dx1dx2.

Since the function g(x1, x2) is symmetric, we have

+ε1∫

−ε1

g(x1, x2) sin

(
πj

d
x1

)

dx1 = 0.

Hence J
(1)
jk = 0 for all j, k = 1, 2 . . ..

If α/d ∈ Q, then there exists j0 ∈ N such that j0
α

d
∈ N implies sin

(
πj0α

d

)

= 0, hence J
(2)
j0k

= 0 for

all k = 1, 2 . . .. The case β/b ∈ Q is considered similarly. The lemma is proved.

3.2. Oscillations of s round membrane. Consider the control problem of oscillations of a round

membrane. The equation of oscillations in the polar coordinate system (r, ϕ) with the origin at the

center of the membrane has the form

ytt(r, ϕ, t)− a2
(
1

r

∂

∂r

(

r
∂y (r, ϕ, t)

∂r

)

+
1

r2
∂2y (r, ϕ, t)

∂ϕ2

)

= u(t)f(r, ϕ),

0 ≤ r < ρ, 0 ≤ ϕ < 2π, t ≥ 0,

where ρ is the radius of the membrane. We assume that the boundary edge is fixed:

y
∣
∣
r=ρ

= 0.

The initial conditions are as follows:

y
∣
∣
t=0

= y0(r, ϕ), yt
∣
∣
t=0

= y1(r, ϕ), 0 ≤ r < ρ, 0 ≤ ϕ < 2π.

The eigenfunctions of the boundary-value problem for the operator

−Δ = −
(
1

r

∂

∂r

(

r
∂y

∂r

)

+
1

r2
∂2y

∂ϕ2

)

with the domain
{

h ∈ C2(Kρ) : h(r, ϕ+ 2π) = h(r, ϕ), 0 ≤ ϕ < 2π, 0 < r < ρ, h
∣
∣
r=ρ

= 0, |h(0, ϕ)| <∞
}

have the form

djkJk

(√

λ
(k)
j r

)

sin kϕ,

djkJk

(√

λ
(k)
j r

)

cos kϕ,

k = 0, 1, . . . , j = 1, 2, . . . , (3.3)

(see [7]), where Jk(z) is the Bessel function:

Jk(z) =
∞∑

n=0

(−1)n

Γ(n+ 1)Γ(n+ k + 1)

(z

2

)2n+k
,

266



and

d2jk =
2√
π
ρ−2

(

J ′
k

(

μ
(k)
j

))−2
;

here μ
(k)
j is the jth positive root of the Bessel function Jk(z). The corresponding eigenvalues have the

form

λ
(k)
j =

(

μ
(k)
j

ρ

)2

.

Consider the function

f(r, ϕ) = g(ϕ− ϕ0)R(r), (3.4)

where 0 < ϕ0 < 2π, R(r) is a continuous function, and g(ϕ) is a continuous finite function:

g(ϕ) = 0, |ϕ| ≥ ε, ε > 0. (3.5)

We consider two cases:

(1) g(ϕ) is an even function:

g(−ϕ) = g(ϕ), ϕ ∈ [−ε, ε]; (3.6)

(2) g(ϕ) is an odd function:

g(−ϕ) = −g(ϕ), ϕ ∈ [−ε, ε]. (3.7)

Let (ϕ0 − ε, ϕ0 + ε) ⊂ (0, 2π).

Lemma 3.2. Assume that the function f has the form (3.4) and the function g(ϕ) satisfies (3.5) and

(3.6) or (3.5) and (3.7). Then the sequence of the Fourier coefficients of f with respect to the system

(3.3) contains infinitely many zeros.

Proof. Consider the system of eigenfunctions of the boundary-value problem for the operator −Δ:

⎧

⎪⎪⎨

⎪⎪⎩

hjk(r, ϕ) = djkJk

(√

λ
(k)
j r

)

sin k(ϕ− ϕ0),

h̃jk(r, ϕ) = djkJk

(√

λ
(k)
j r

)

cos k(ϕ− ϕ0),

k = 0, 1, . . . , j = 1, 2, . . . . (3.8)

We denote by

Cjk(ϕ0, ε) =
(

f(r, ϕ), hjk(r, ϕ)
)

, C̃jk(ϕ0, ε) =
(

f(r, ϕ), h̃jk(r, ϕ)
)
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the Fourier coefficients of the function f with respect to the system (3.8):

Cjk(ϕ0, ε) =

ρ∫

0

ϕ0+ε∫

ϕ0−ε

g(ϕ− ϕ0)R(r)djkJk

(√

λ
(k)
j r

)

sin k(ϕ− ϕ0)dϕdr

= djk

ρ∫

0

ψ
(1)
jk (ε)R(r)Jk

(√

λ
(k)
j r

)

dr,

ψ
(1)
jk (ε) =

+ε∫

−ε

g(ϕ) sin kϕ dϕ,

C̃jk(ϕ0, ε) =

ρ∫

0

ϕ0+ε∫

ϕ0−ε

g(ϕ− ϕ0)R(r)djkJk

(√

λ
(k)
j r

)

cos k(ϕ− ϕ0) dϕdr

= djk

ρ∫

0

ψ
(2)
jk (ε)R(r)Jk

(√

λ
(k)
j r

)

dr,

ψ
(2)
jk (ε) =

+ε∫

−ε

g(ϕ) cos kϕ dϕ.

If the function g satisfies the conditions (3.5) and (3.6), then we have ψ
(1)
jk (ε) = 0 for all j and k. If

the function g satisfies the conditions (3.5) and (3.7), then we have ψ
(2)
jk (ε) = 0 for all j and k. The

lemma is proved.
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