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1. Introduction

Let M(r, n) be the moduli space of framed torsion free sheaves on P? with rank r and second Chern class ¢, equal to n. It
is a smooth irreducible quasi-projective variety of dimension 2rn. In the case r = 1, it is isomorphic to the Hilbert scheme of
n points on the plane. The moduli space M (r, n) has a simple quiver description and we recall it in Section 2.1. In principle,
one can use this description as a definition of M (r, n). We refer the reader to [1,2] for a more detailed discussion of the
moduli space M(r, n).

There is a natural action of the (r + 2)-dimensional torus T = (C*)"*2 on M (r, n). It is induced by the (C*)2-action on
PP? and by the action of (C*)" on the framing. Consider a vector

w = (wy, Wy, ..., w,) € Z

and integers «, 8 > 1, such that gcd(«, 8) = 1. Let Tgf P be the one-dimensional subtorus of T defined by

Tgfﬁ = {(tot’ l’ﬂ, tw1’ th’ e tu,vr) e T|t € (C*}.
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For0 < m < r,let w(m) be the vector (1, ...,1,0,...,0) € Z". We denote by hy(X) the number of connected components
——

m times
of a manifold X. We will use the classical g-series notations:

(@n=(a;@)n=(1—a)(1—ag)---(1—aqg""),
(a1, a2, ..., 4 Poo = (a1; PDoo(@2; Poo * -+ * (Ak; Poo-
Now we can state our main result.

Theorem 1.1. Forany 0 < m < r we have

w(m)
> ho (M(nn)fm )q" = CDox gmit grome groz griy (1)
=0 (oo

In the case of odd r the right-hand side of (1) up to the factor (—q). coincides with a certain Virasoro character. We
discuss it in Section 1.2. In Section 1.4 we formulate a conjecture in the case of arbitrary «, 8. We also give a conjectural

formula for the two-variable generating function of the Betti numbers of M (2, n)Tﬁg ) form=0,1.

A connection between the moduli space M(r, n) and the Virasoro characters (or more generally W,,-characters) was also
found in [3]. It appears in a different context and we do not know how to relate it to our work. However in Section 1.3 we
review briefly the paper [3], because we use the characters defined there in our Conjecture 1.2.

Our proof of Theorem 1.1 is combinatorial but we can propose another way to prove it using the representation theory of
the toroidal Yangian. These ideas are under development and we briefly discuss them in Section 1.6. We are going to write
the details in the forthcoming paper.

This work is a continuation of [4,5]. In [4] the first author studied cohomology groups of M (1, n)"«# . In [5] the first author
computed Betti numbers of M (T, n)(c*)2 and showed that they coincide with certain coefficients in a generalization of the
MacMahon's formula.

1.1. Moduli space of sheaves on P?

The moduli space M(r, n) is defined by

E : atorsion free sheaf on P?
M(r,n) = 1 (E, D) rank(E) =r, ca(E) = n /isomorphism,
@: E|i,, — O : framing at infinity
where L, = {[0 : 1 : 2] € P?} C P? is the line at infinity.
LetT be the maximal torus of GL; (C) consisting of diagonal matrices and let T = (C*)? x T. The action of T on M(r,n)
is defined as follows. For (t;, t;) € (C*)? let Fi, +, be the automorphism of IP? defined by
Fi, (20 1 21 1 22]) = [20 : t1z7 : ta2o].

For diag(ey, ..., e;) € T let Ge,,

.....

¢, denote the isomorphism of Offor given by
OF 3 (s1,...,8) > (€151, ..., eSp).

Then for (E, @) € M(r, n) we define
(ti.ta.e1,....e) - (E,®) = ((F})E, &),

where @’ is the composition of the homomorphisms
-1

(Ft1 tz)* e ..... er or
(F b ) El, ——— (F 1) 02 = 027 =5 o

1.2. Virasoro characters

We recall several results from the representation theory of the Virasoro algebra. There are modules M(p, p’), that are
called the Virasoro minimal models and labelled by coprime integers p and p’ for which 1 < p < p’. They contain irreducible
modules labelled by randswith1 <r <pand1 <s < p’.In[6,7], the characters of these modules were computed to be
=p.p'

Krs = qAr s xr P, " where ijf/ is called the normalized character and is given by:
=P 1 A2pp/+A(p'r=ps) _ (p+r)(hp/+s)
Xr ( ) q k]
Do A=—00

and the number A‘r’jf is called the conformal dimension and is given by:
(@'t —ps)’ — (@' — p)?

p.p _
Ars = 4pp’
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Now let us return to Theorem 1.1. The right-hand side of (1) is known to be equal to (—q)oofi;“fl when r is odd (see
e.g. [8]). Thus we have the following equation

w(m)
> ho (M(zk +1,m"i ) "= (DX 1ot

n>0
1.3. Quantum continuous gl,,

In [3] the authors study representations of the associative algebra which they denote by & and call quantum continuous
gl This algebra depends on parameters q; and g,. They construct representations #1(u;) ® - - - ® F;(us) that depend on
parameters q1, ¢, Uy, .. ., Us. In [3] these representations are constructed purely algebraically but they have the following
geometrical meaning. The space F1(u1) ® - - - ® Fs(us) can be identified with the equivariant K-theory of [ .., M (s, n) and
the algebra & acts there through a slight generalization of the correspondences from [9].

The authors of [3] impose the following conditions on the parameters q1, gz, U1, . . ., Us:

n>0

a;j+1 _bj+1 . p p
U =1upqy q, , i=1,...,s—1, a9, =1,

whered = (a;, ..., 0a5_1) € Zi’ol andb = (b, ..., bs_1) € ZS;(; are arbitrary vectors and p, p’ € Z> are integers such that
p #p'and

s—1 s—1
p—1-Y @+1)=0, p—1-Y (bi+1)>0.
i=1

i=1

They construct a new &-module as a subquotient of £1(u;) ® - - - ® F;(us). This module is denoted by CMS’E/ and its character

is denoted by x§ ’Z’: /. These characters are connected with the Virasoro characters in the following way. In [3] it is proved that
ifp >p>1,gcd(p/,p) = 1and s = 2, then
/ 1 /
p.p  __ —P.p
th b — (q)oo Xﬂ1+1,b1+1 .
Let us make a remark about the symmetries of the character Xap 'ﬁ’ .For a vector ¢ € Z*~! and an integer m we define the
vectors t(¢, m) = (¢ (¢, )1, ..., T(¢, m)s_1) and o (¢, m) = (o (¢, m)1, ..., o (C, m)s_1) as follows:
T(C, m); = Ciy1, o (C, m); = Cop1-is

wherec; =m — s — Z:]] ¢;. Then we have (see [3])

p.p p.p p.p
s = o - = = - . 2
Xa.b Xr(a,p).r(b,p’) er(a,p),a(b,p’) (2)

1.4. Conjecture 1: arbitrary o, B

Consider a vector w € Z" and numbers o, 8 > 1suchthat0 < w; < o + 8 and gcd(«, B) = 1. Let g; be the number of j
such that wj = i, i.e. ; = #{jlw; = i}. The numbers « and « + B are coprime, therefore there exists the unique number o’

suchthat 0 < o’ < @ + B and ¢’a = 1(mod « + B). We define the vector a= (ap, di, ..., afwﬁq) as follows
a; = Ug/i(mod a+p)-

We define the vector a” € Z2#~1 as the vector @ without the last coordinate. Let 0 = 0,0,...,0) € z*tA-1,

Conjecture 1.2.

2 ho (M(r’ ")Ta’ﬁ> q" = (1P By LA

0 a//
n>0

Remark 1.3. We used the multiplication by oo ~!(mod « + B) in the definition of @’. If one uses the multiplication by
B~ '(mod « + B), then the character x will be the same. It follows from (2) and the fact that 87! = —a~(mod o + B).

1.5. Conjecture 2: Betti numbers

We denote by P,(X) the Poincare polynomial Zizo dim H;(X )q% of a manifold X.
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In [4] we proposed the following conjecture

. 1 1
ZPQ (M(lv n)Tu.ﬂ)t = 1_[ 1—t¢i 1_[ 1— qt(a+ﬂ)i' (3)

n>0 i>1 i>1
(Pt

We conjecture an analogue of (3) for thecaser =2 anda =8 = 1.

Conjecture 1.4.

Tl(OiO) n_ 1 1
b (M) e =l a=ma—w Ul azma—gm

n>0 44 i>1
T(O’l) 0 (1 _ t4n72)
qu ('M(Z’ O ) = ]_[ (1 — £20=1)2(1 — qt4n—2)2(1 — g2t4n—2)(1 — qt4n)2’

n>0 n>1

1.6. The toroidal Yangian

For simplicity in this section we consider the case w = 0. .
At the moment we cannot relate the varieties M (r, n)™«# to gl,-toroidal algebra. However we can see a relation with the
toroidal algebra Qa +p- Let Iy, g be the subgroup of C* x C* defined by

Fa+ﬁ:{(§5,§_5)|S:0,1,...,0{+,B—],§:e%}.

In[10]itis proved that the toroidal Yangian acts on the equivariant homology groups €D, Hf* xC* (M (r,n) rﬂ+ﬁ). We want to

consider the localized homology groups P, HI‘”} (M (r, n)wa) and a filtration in them given by a dimension of a support.

This filtration is increasing and the lowest level of it has a basis enumerated by the irreducible components of M (r, n)Tes,
The toroidal Yangian also has a filtration such that the lowest level is isomorphic to sl,4 . The filtration on the Yangian
induces a filtration on the representation and we suppose that it is exactly the filtration given by a dimension of a support.
Then the lowest level of this filtration is the irreducible integrable representation of sl, g of level r. Suppose ¢ = 8 = 1.

It is well-known that the characters of the integrable az—modules of level r in the principal grading coincide (up to the
factor (—q)s) With the characters of the irreducible representations of the Virasoro algebra that come from (2, r + 2)-
models. Thus we get (1). Conjecture 1.2 corresponds to the case of general «, . There is also a possible way to apply the
representation theory of the toroidal Yangian to the proof of the other conjectures in this paper. We hope to develop these
ideas in a forthcoming paper.

1.7. Organization of the paper

In Section 2 we recall the quiver description of the moduli space M (r, n) and find a sufficient condition for the varieties
i w(m)
M(r, n)TclflJj to be compact. Compactness of the varieties M (r, n)TL1 is important in the proof of Theorem 1.1. In Section 3

w(m)
we construct a cellular decomposition of M (T, n)TL1 and obtain a combinatorial formula for the number of the irreducible
components. In Section 4 we analyse this combinatorial formula and give a proof of Theorem 1.1.

2. Moduli space of sheaves on P?

Here we recall the quiver description of the moduli space M (r,n) and find a sufficient condition for the varieties
T
M(r, n) «Ff to be compact.

2.1. Quiver description of M(r, n)

The variety M (r, n) has the following quiver description (see e.g. [1]).

(1) [B1,B]+ij=0
(2) (stability) There is no subspace /GL ©
C C"suchthatB,(S) CS (¢ =1,2) nA=
andIm(i) C S

where B1, B, € End(C"), i € Hom(C", C") and j € Hom(C", C") with the action of GL,(C) given by
g (B, By, i,j) = (gB1g ', gBog ' gi.jg ")
forg € GL,(C).

M(rm) = (B, Bayi ) g
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In terms of Section 2.1 the T-action on M(r, n) is given by (see e.g. [2])
(t1,t, €1, €, ..., e) - [(B1, By, i, j)] = [(t:B1, &2By, ie™ ", titz€))].

2.2. Compactness of M(r, n)Tﬂlfljﬁ

Proposition 2.1. Suppose that maxj<j<r Wi — MiNj<i<; W; < « + B, then for any n the variety M(r, n)Ta&fﬁ is compact.
Proof. By definition, a point [(By, B;,1,j)] € M(r,n) is fixed under the action of Tlffﬂ if and only if there exists a
homomorphism A: C* — GL,(C) satisfying the following conditions:
t“By = A()'BiA(0),
t7By = 2.(6)"'Bo(0), (4)
iodiag(t¥, t¥2,..., t*)" 1= A)7 Y,
t* Pdiag(t™1, t¥2, ..., t"r) o = jA(t).

Suppose that [(By, By, i, j)] is a fixed point. Then we have the weight decomposition of C" with respect to A(t), i.e. C" =
Drcz Vi, where Vi = {v € C"[A(t) - v = tkv}. We also have the weight decomposition of C", i.e. C" = Dz Wk, where

W = {v € C"|diag(t"1, ..., t¥r) - v = t*v}. From the conditions (4) it follows that the only components of B, B,, i and j
that might survive are
By: Vi = Vi, (5)
By: Vi = Vi, (6)
i Wk d Vk,
JiVie = Wig—g. (7)

From the stability condition it follows that

Vi =0, ifk > max w;.
1<i<r
Then from the condition max<j<, w; — Minj<j<; w; < @ + B and (7) it follows thatj = 0.
Consider the variety Mg(r, n) from [2]. It is defined as an affine algebro-geometric quotient

Mo(r, ) = {(B1, B2, i, )|[B1, B2]1 + ij = 0}//GLy (C).
It can be viewed as the set of closed orbits in {(B1, Bz, i, j)|[B1, B2] + ij = 0}. There is a morphism 77 : M(r, n) — Mo(r, n).
It maps a point [(B1, By, i, j)] € M(r, n) to the unique closed orbit that is contained in the closure of the orbit of (By, B, i, J)
in {(By, B2, i, j)|[B1, B2] + ij = 0}. The variety My (r, n) is affine and the morphism 7 is projective (see e.g. [2]).
By [11] the coordinate ring of Mq(r, n) is generated by the following two types of functions:

(@) tr(BgyBgy_; * -+ Bay; : C* — C"), where a; = 1or 2.
(b) x(BayBay_; - - - Bayi), where a; = 1 or 2, and yx is a linear form on End(C").

From (5) and (6) it follows that the equation
=0 (8)

a* @
flM(r,n)T“«ﬁ
holds for any function f of type (a). We observed that for any point [(By, B2, i, j)] € M(r, n)Tau:ﬁ we have j = 0. Hence, (8)
holds for any function f of type (b).

We see that the image of M (1, n)Tﬂlﬁf‘ under the map 7 is a point. Therefore the variety M(r, n)T;ﬁ iscompact. O
e TRm)
3. Cellular decomposition of M (1, n) 1.1

In this section we construct a cellular decomposition of M(r, n)Tﬁm) and obtain a combinatorial formula for the number
of the irreducible components.

For a partition A = Aq, Ao, ..., A, Ay = Ay > --- > A > Olet|A| = 25;1 XAiand [(A) = k. We denote by & the set of
all partitions and by D % the set of partitions with distinct parts.

Let S(r, m) be the set of r-tuples (A", 2@, ..., A®) of partitions A € D such that 1 < ILFV) + &, for
1<i<r—1.lLet

S(r,m), = {(A“), Ay esar,m)

r .
> 0= n}.
i=1
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ly(s) = number of &
ay (s) = number of ©

» <333

Fig. 1.
Proposition 3.1.

hg (M(r, n)Tl"‘j;m)> = #S(r, m),.

Proof. The set of fixed points of the T-action on M(r, n) is finite and is parametrized by the set of r-tuples D =
(D1, Dy, ..., D;) of Young diagrams D;, such that ZL] |Di] = n(seee.g.[2]).
For a Young diagram Y let
n(Y) = {(G,)) € Dlj = B},
a(Y) ={@i,j) € Dli =1}|.
For a point s = (i, ) € Z2, let
ly(s) =r(Y) —i—1,
ay(s) =c(¥Y) —j—1,
see Fig. 1. Note that Iy (s) and ay (s) are negative if s ¢ Y.
Let p be the fixed point of the T-action corresponding to an r-tuple D. Let R(T) = Z[t]', ', 7', 3", ..., eF'] be the

representation ring of T. Then the weight decomposition of the tangent space T, (M (r, n)) of the variety .M (r, n) at the point
p is given by (see e.g. [2])

L ~Ip; () ap, (s)+1 Ip; ()+1 —ap;(s)
TP(M(r, n)) = Z ejef1 Ztl Dj t;ln,(s>+ n tlD,(s)+ 6, Dj ) 9)
ij=1 seD; seD;
Consider an integer y and an integer vector v = (vy, ..., v;) such that
VI V> -y >y > 1 (10)

w(m

B )
Itis easy to see that M(r, n)T = M(r, n) 7. For a fixed pointp € M(r, n)T letC, = {z € M(r, )"0 [lim, ety 2= p}.
’ Y

w(m)
By Proposition 2.1 the variety M (r, m1 s compact, hence it has a cellular decomposition with the cells C, (see [12,13]).
From (10) and (9) it follows that the complex dimension of the cell C, is equal to

Y lfs € Dilap,(s) + 1 =Ip, ()} + Y s € Dilwj — wi — Ip;(s) + ap,(s) + 1 = 0}
i=1

ri>j>1
+ > lfs € Dilwj — wi + Ip,(s) + 1 — ap;(s) = 0},
r>i>j>1
where (w1, ..., w;) = w(m). Therefore, the dimension of the cell G, is equal to 0 if and only if the following three conditions
hold
{s € Dilap;(s) +1=1Ip,(s)} =0, VI<ic<r, (11)
{s € Dilwj —wi — Ip;(s) +ap,(s) +1=0} =¥, Vr=i>j=>1, (12)
{s € Djlw; — wi +Ip;(s) + 1 —ap(s) =0} =¥, Vr=i>j>1. (13)
It is sufficient to prove that these equations are equivalent to the following system
D€ D2, (14)
co(Di) < 1o(Dit1) + Sim, (15)

where D; € £ means that nonzero lengths of columns of a Young diagram D; are distinct.
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Suppose that Eqs. (11)-(13) hold. Condition (14) easily follows from (11). Suppose that co(D;) > 19(Di+1) + &im. For a
point s = (0, ¢o(D;) — 1) we have

8im +Ip,, (8) + 1 —ap,(s) = 8im +Ip,,(s) +1>0. (16)
For a point s = (0, 0) we have

dim + Ip,1 () + 1 —ap,(s) = &im +ro(Diy1) — (D) +1 < 0. (17)
Note that for two points s; = (0, y) and s, = (0,y + 1), where 0 <y < cy(D;) — 1, we have

(I, (52) + 1 —ap,(s2)) — (I, (51) + 1 —ap,(s1)) = Ip,,(s2) — Ip,, (s1) + 1 < 1. (18)

From (16)-(18) it follows that there exists a number 0 < y < ¢o(D;) — 1 such that for a point s = (0, y) we have
Sim + Ip, () +1—ap,(s) = 0.

This contradicts (13). Thus, we have proved (15).
Suppose that Eqgs. (14), (15) hold. It is easy to see that (11) follows from (14). Let us prove (13). Consider a point
s=(x,y) € Djandletr >i>j> 1.Lets; = (x, 0) and s, = (0, 0), we have

by (14)
wj — wi + Ip;(s) + 1 —ap;(s) = wj —wi+Ip(s1) +1—ap(s1)

by (14)
> wj—wi+Ip(s2) + 1 — ap(sz)

by (15)
= wj—wi+rD)—c®d)+1 > 0.

Let us prove (12). Suppose s € D;andr > i > j > 1. From (14) and (15) it follows that
Ip;(s) < Ip,(s) + wj — w;.

Thus

by (14)
wj — wi — Ip;(s) +ap,(s) + 1= —Ip(s) +ap(s) +1 > 1.

This completes the proof of the proposition. O

4. Proof of Theorem 1.1

In this section we prove Theorem 1.1. By Proposition 3.1 we have

i(m) i 2@
Z ho (M(r, n)'1 ) q = Z q=1 .

n>0 M, AM)es(r,m)

In Section 4.1 we obtain fermionic expressions for the right-hand side of this equation. The main idea is to transform them to
a known fermionic formula for the second infinite product on the right-hand side of (1). In Section 4.2 we use the Gordon’s
generalization of the Rogers—Ramanujan identities to finish the proof of the theorem in the case when r is odd. The case of
even r is covered by an identity from [14], we do it in Section 4.3.

i(r) W(0)
Clearly, S(r, r) = S(r, 0). Therefore we have hy (,M (r, n)TH ) = hy (,M(r, n)TH > It is also obvious that in the case
m = r the right-hand side of (1) is the same as in the case m = 0. Thus it is enough to prove the theorem in the case
0O<m<r—1.

4.1. Fermionic expressions for the generating series

Let . = Aq, Aa, ..., As be a partition. We will use the standard notation

@5 = @r1=ny - @iy =25 (D -

Proposition 4.1. Let 0 < m < r — 1. Then we have

"2+ .
roo > = i
a0 = m=1 % (pr—mpj+1)

gi=1 — Z 1+Zqi:0

AWM, A0)es(r,m) 1z Zpr @ i=0
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Proof. The g-binomial coefficients are defined by

(M ] &, ifM >N >0,
Nl = (ON@Du-n
L™ g 0, in other cases.
We have (see e.g. [15])
M7 M-1 M-1
:[ } +qM‘”[ ] , (19)
LN, N q N-1],
M+ N
Z q\M — |: N :| . (20)
AEP q

A1 =M,I() <N
From (20) it follows that

W g (M
> -]
Nq

rEDP
I()=N,A1 <M

Therefore, we have

i [l ) pi2+'0f r—1 pi+8

2 i i,r—m
q=1 = qi=1 |: ' ] ,
> DRI [

D aMyesr,m) P1seees Pr i=0

where we define pg to be equal to co. Using (19), we get
r 2+ i
Z qx pl - ﬁ |:pl+6lrm]
i—0 Pi+1

r /J +0i r—1

r "‘*’”lr 1 » y 4
l Pr—m—Pr—m+1 i=
Z 1 1_[|:pl+1]+q ' Z - l_[[pz+1_ i r— m:|

Plseees P i=
r l’zﬂ’t r—1 u /712+ﬂ, r—1
Pi +1 Pi+ Sir—m+1
— qx _|_ q/’r m q, |:
X L e 2 e
r P~2+,Di
P m—1 i
qi=1 > (Or—myj+1)
= = [n— ‘1 + q}_O

2w E
The proposition is proved. O
Proposition 4.2. Let 0 < m < r — 1. Then we have

T2 T2y

X m-1 3y X m'—1

qi:l — 'Z()Lr—erj"’l) qi:l Z()&r 1— 2]“’1)
— | 1+ q=° = — |1 -I— q’* s

where m’ = min(m, r — m).
Before proving this proposition we introduce the following notation. Suppose P(xq, ..., X;,q) and Q(xq, ..., X;, q) are
polynomials in x1, . .., x, and g. We will write P ~ Q if

A2

P

i=1
Z qi(l)(q)tl’“.’qkr’q)_Q(q)bl’“_’q)\r’q)):0

. (q)l

Proposition 4.2 says that

min(m,r—m)—1

m—1 i i

i i
E q | |Xr—m+j% E q | |Xr7172j-
i—0  j=0 j=0

i=0

We will prove a more general statement.
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Proposition 4.3. Suppose0 <s <[|— 1and!l < r.Then

s—1 ) i min(s,l—s)—1 ) i
(z d n) Pean ) ~ ( S n) P a). @

i=0  j=0 i=0 j=0
where P(x>, q) is any polynomial that does not depend on xq, . .., X|_1.

Proof. We adopt the following conventions, x_.; = 0 and x., = 1.

Lemma4.4. For 1 < s < r we have
Xs(1 4+ g5 1)P (Xoz5, @) = Xs1 (1 + qXs—1)P (X5, @),
where P(x.s, q) is a polynomial that does not depend on xs.

Proof. We have

Uy

q1§1 ’ P Y Aothsiqt]  hsqthspq 1 A

o G D C i)
S AR

LY I
i
q= _
=— g (1 — g T)P(g, q) (22)
> >Ar (q))\.
é xl?;-,\i
T Y ) I (a'} (23)
A==y (@3
In (22) we make the shift A; — A;+1fori =1, ..., sand in the sum (23) we make the shift A; — A;+1fori=1,...,s—1.
We get
T2
qi; 2 >+

_ (CITq)\H»l qi:1 P(q)»1+1’ o (])»571_'.17 q)‘ZS+1 7 q)
A==y

-5 s—1
i=1 > (hi+1)
+ Z q gsHstlgisi P(@ Y, ..., gt giesh gy = 0.

The lemma is proved. O

Lemma 4.5. Supposethat | <rand0 <s < '_72 then

S S
A+ ) [ [ro12iPGan @) ~ A+ qxias2) [ [xeaP (e 9).

i=0 i=0

Proof. By Lemma 4.4

(1 + gx)xi—1X1-3 - - - Xj—1—25P (X=1, @) =~ x((1 + qX1_2)X1_3X|_5 - - - X|_1-2sP (X1, @)
xiX—2 (1 + qX1—a)X|_5 - - - X_1-2sP (X>1, @)
SR XXy - Xi—as (1 + qXi—a—25) P (X5, Q).

%

%

The lemma is proved. O

We will prove (21) by induction on s. The case s = 1 is trivial and the case s = 2 follows from Lemma 4.4. Suppose s > 3.
We have

s—1 i s—2 i s—3 i
(Z q Hxls+j> P(x>1,q) = ((1 + qxi—1) Z q l_[XFSH — X1 Z q 1_["15+j> P(x=1, @).
=0 =0 j=0 =0 j=0

i=0



A. Buryak, B.L. Feigin / Journal of Geometry and Physics 62 (2012) 1652-1664 1661

Suppose that 2s < I+ 1, then

s—2 i s—3 i
((1 +ax) ) d [ [xsy—axa Y d]] XISH) P(X1, q)
=0 j=0 i=0  j=0

by the induction s—2 i

" s—2 i
aSSUmpt]Oﬂ .
~ ((1 +qxi—1) E q | |Xl—2—21 E ql Xl—1—2j> P(x>1, q)
=0 j=0

m
N

byLemma45 $=2 . i J
(Z( + qxi_3-20)q' ]_[Xl—1—2] Z q Xl—1—2;‘> P(x>1, q)

i=0 j=0 i=1 j=0

1

P 2j> P(x>1, q).

(ST

We see that we have done the induction step in the case 2s < L. If 2s = [ + 1, then it remains to note that

s—1 i s—2 i
(Z q l_[X2322j> P(X>25-1,9) = (Z HXZs 2- 21> P(X=25—1, Q).
i—0  j=0 i—0  j=0

Suppose that 2s > [ + 2, then

s—2 i s—3 i
((1 +ax) ) d ] [xsy—axnay l_[Xl—s+j> P(x=1,q)
im0 j=0 im0 j=0

by the induction

" I—s—1 i
assumptloﬂ
° (qu, I 0] ) CEEE 37y ) (A 2,)p<x>,,q>
i=0 j=0 i=1 j=0
by Lemma 4.5 ink
~ ZU‘HJXI 3-21)q" HXI 1-2j — Zq sz 1-2j | P(x=1, @)
i=1 Jj=0
I—s—1 ) i
_ (z d nxm) Pl )
=0 j=0

The proposition is proved. O

From Proposition 4.2 it follows that

Tiv(m) i (r—m)
ho | M(r,n) 1.1 =ho [ M(r,n) 1.1 .

We can also see that the substitution m +— r — m does not change the right-hand side of (1). So in the rest of the proof of

the theorem we assume that m < %

4.2. Thecaser = 2k + 1
Wehave0 <m < k.

Proposition 4.6.

i
m—1 Z()\r 1- 2}+1)

3 qT 14 ¢ (24)

i=0

i
m=1 % (oj+1)

—con ¥ T (1417 . (25)

A=Ay ( ))\. i—0
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Proof. We have the following equation

o HED PEED

3 949 _ B(ﬁ+l)%.
= @a-i(Di-p (Do—p

(26)
It can be easily derived from the g-binomial formula (see e.g. [15]).
We can fix Ay, A4, ..., Ay in(24) and sum over Aq, A3,

. s Aak+1 using (26). Then we get exactly the sum (25). O
Proposition 4.7.

k
> (24 o
Z qi=1 - ”125 qEO(Ak_jH) (g1, qrhm2 | g2kt g2k3y
A== (@ i=0 (@ oo

Proof. Consider the functions Jj ;(a, X, q) from Ch. 7 of the book [15]. We only need the following two properties of Jy ;
(see [15, Ch. 7]).

o 3 T
.]k,i 07 Xv q - X ’
A==Ak—q @
Jei(0,%,@) — Ji-1(0, X, @) = X)'" Jek—i+1(0, X, q).
We have

(27)
Jer1m+1(0, 1, @) = Jig1.m(0, 1, @) + §"Jk1,k-m+1(0, ¢, @)

= Jit1m-100, 1, @) + @™ Uip1.k-m+2(0, @, @) + " Jes 1,k-m+1(0, 4, q)

m—1
= =Jt110. 1.9 + > ¢ ir14-i(0. ¢, Q)
i=0
k
2 . i
qi;()»i +X) m—1 Z ()\k—j‘H)
Y (e
S C) i

i=0

On the other hand we have (see [15, Ch. 7])
(qm+l7 qZk—m+2’ q2k+3; q2k+3)

Jer1,mr1(0,1,q) = -

Do

This completes the proof of the proposition.

O

Propositions 4.6 and 4.7 conclude the proof of the theorem in the case when r is odd.

4.3. The caser = 2k

We have0 <m < k.

Proposition 4.8.
Tk . A4a K )
> 5 mei LY (a24a) 4
q=1 2 Q12+ (—9)3,q i=2 m 2 Ot D)
S e )= NG
A= =Ar (q))\. i=0 A=A (q))\ i=0
Proof. Similar to the proof of Proposition 4.6. O
Proposition 4.9. We have
)%4%1 k 5 ) )%,)L] k ) k
a1 AL A i—1 m—1 ——+ )Li + A
—ng +i§2( P ST S ot T2 >
1 2 Z q}:O + q1:0 —
A== (q))\. i=0

_ Z (_q))q q i=2 i=m+1

Azezhk @
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Proof. Suppose P(xy, ..., X, q) and Q(x1, ..., Xk, q) are polynomials in variables x1, . . ., x, and q. We will write P ~, Q if
Moy ko,
LN
(=@, q i=2

(P@™,....¢" 9 —Q@".....q", @) =0

Pt (@
The proposition says that
k m—1 ) k k k
1_[ X; Ry <2Zq’ 1_[ X +q" 1_[ x,—) Hxi. (28)
i=m+1 i=0  j=k—i+1 i=k—m+1 i=1
The proof of (28) is based on the following three lemmas. We adopt the conventions, x.; = 0and x., = 1.
Lemma 4.10. Suppose 1 < s < k, then we have
X5 (1 + qxsXs . 1)P (X, @) 2 Xs1 (1 + GXs—1X)P (X, @), if s = 2,

x1(1+ X + qx1x2)P(X>2, @) 2 %P (%22, q), if s=1.
Proof. Similar to the proof of Lemma 4.4. O

Lemma 4.11. Suppose 1 <s <l < k+ 1, then

k

(1= x5) ]_[ Xi ]_[ X~ qxy — X 1)1—[)(11_[)(,2» ifs>2, (29)

i=s+1 i=Il+1 i= i=l
k
(x,—xo]"[xl ]"[ X~ (14 gu- 1)1"[x11"[x,2, ifs=1. (30)
i=2  i=l+1 i=l

Proof. Let us prove (29). Using Lemma 4.10 we have

1-1 k 1-1 k

A+ qrexdxeer | | & ] [8 ~2 %+ @xxe)xe [ 2] [%

i=s+2 i=l i=s+3 =l

k

~ ~ 2
Ry« Ry XgXsy1 - ~X[_1(1 + qX1—1Xl)Xl 1_[ X

i=I+1
Thus, (29) is proved. Eq. (30) can be proved similarly. 0O
Lemma 4.12. Forany 1 < s < k we have
k—s+1 k
(1—x,) ]_[ X~ ¢ (14 qXisi1) ]_[ x [] %
i=s+1 i=k—s+2
Proof. By Lemma 4.11 we have
k—1
(1—xy) ]_[ Xi X q(Xk — Xs1) sz Xy (X1 — Xs—2) ( [] x,-> X
i=s+1 i= i=s—1
k—s+2
Ny o~ 0 (e s+2_xl)l_[xl ]_[ X
i=2 i=k—s+3

k—s+1

k
~ (14 qXiss1) ]_[ x [] *
k—s+2

i=

The lemma is proved. O
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We are ready to prove (28). We have

k
l_[ Xi = Z(l — Xm— l) l_[ X + Hxl

i=m+1 i=m—i+1
byLemma412 m-1
E Q(1+qu i) 1_[ x+1 l_le
Jj=k—i+1
m—1 k k k
i m
= (234 T s+ IT )1
i=0  j=k—i+1 i=k—m+1 i=1

This completes the proof of the proposition. O

Proposition 4.13.

A2+A1

+Z(A2+A) i
(=99 i=2 ml Y iyt (—q) )
Z 19 o 1+ 2 :q,,o = 2 (g, gm g2k, q2kH2)
A==y 9. i=0 q)o

Proof. Consider the functions &1 i(a, q) from the paper [14]. It is proved there that

22 +A] 5
A Ai
q +122 +1 %ﬂ (_l)k att
- a
Errimir(@,q) = Y , (31)
Mzez @

= 1 (9o
8k+l,m+1 (q’ q> (q) 0 (( m+1 q2k m+1 q2k+2 2k+2) + (q q2k m+2 q2k+2 2k+2) ) (32)

o0

Combining (31), (32) and Proposition 4.9 we get the proof of the proposition. O

Propositions 4.8 and 4.13 complete the proof of the theorem in the case of even .
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