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ENERGY SPLITTING IN DYNAMICAL TUNNELING
E. V. Vybornyi*

We propose an operator method for calculating the semiclassical asymptotic form of the energy splitting
value in the general case of tunneling between symmetric orbits in the phase space. We use this approach
in the case of a particle on a circle to obtain the asymptotic form of the energy tunneling splitting related
to the over-barrier reflection from the potential. As an example, we consider the quantum pendulum in

the rotor regime.

Keywords: dynamical tunneling, tunneling splitting, Schrédinger equation, semiclassical approximation,
over-barrier reflection

1. Introduction

Tunneling is one of the basic quantum effects and is of interest in many fields of contemporary
physics [1], [2]. The basic manifestation of tunneling is particle penetration through a potential barrier
separating two domains of classical motion in the configuration space. It is well known that tunneling
leads to energy level splitting [3]-[7] in the case of a mirror-symmetric double-well potential, and a similar
effect is also possible in the absence of symmetry [8]-[11]. Another manifestation of the tunneling effect is
particle reflection in motion above the potential barrier, which can also be treated as tunneling through the
classically forbidden region (barrier) in the momentum representation [12], [13].

Tunneling can generally occur between two different trajectories in the phase space, i.e., this is the
so-called dynamical tunneling, which can arise in various quantum mechanical models and has been actively
studied in recent years [14]-[16]. Very interesting “dynamical” cases arise in the presence of a magnetic
field (see [17]-[19]). An important problem is to calculate the tunneling splitting of energies in the case
of dynamical tunneling. The influence of tunneling on the spectral structure was also investigated using
the methods of adiabatic approximation for the Schrédinger operator with a rapidly oscillating potential
(see [20], [21]).

The simplest example of dynamical tunneling is given by the problem of particle motion in a circle
under the action of a potential field V in the case where its energy is greater than the barrier max V()
(the rotor regime). A classical particle in such a situation rotates (runs through the entire circle) in one
of the two possible directions. In quantum mechanics, there can be a pair of states such that the particle
“rotates” simultaneously in two directions in each of these states, and the tunneling splitting of the energy
level corresponding to this pair thus arises.

Calculating the tunneling splitting of the discrete spectrum of a particle on a circle is equivalent to
calculating the widths of gaps, i.e., of distances between zones in the Bloch spectrum of the Schrodinger
operator on the straight line with a periodic potential (see, e.g., [22] or [23]). The case V(z) = cosz
corresponds to the quantum pendulum [24], and the corresponding Schrédinger equation is equivalent to
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the Mathieu equation. An asymptotic form of the gap width in the case where the potential is analytic and
the topology of Stokes lines has the same form as in the case of V() = cosz was obtained by Dykhne [25],
and the complete rigorous proof and an analysis of several additional cases were given by Simonyan [26]
(also see [27]). A general description of the spectral structure in this situation can be found in [17], and a
deep interpretation of the Dykhne-Simonyan formula in geometric terms of the complexified phase space
was given in [28].

There are several different asymptotic regimes in the problem of estimating the gap width (see the
corresponding remarks in [29], [30]). The gap number is a large parameter in many works, and the energy
(the gap centrum) then tends to infinity. An appropriate renormalization allows seeing that this regime
is semiclassical [4] but includes an additional assumption that the potential is small compared with the
total energy. It can be shown that under such an assumption, the Dykhne-Simonyan formula [25], [26]
implies the well-known Harrell-Avron—Simon formula [29], [30] for the width of instability regions of the
Mathieu equation. There are several deep results (see, e.g., [31]) about the relation between the smoothness
of the potential and the rate of decrease in the gap width as the energy increases. It is known that the gap
width decreases exponentially if the potential is analytic [32] and decreases according to a power law if the
potential has a finite smoothness [33].

Here, we propose a unique approach for calculating the energy splitting (see Sec. 2) in the general case
of tunneling between two symmetric orbits in the phase space; this approach generalizes the formulas for
a symmetric double well obtained in [4], [5]. We use this approach to obtain an asymptotic formula for
the energy splitting of the Schrodinger operator on a circle in the case of an arbitrary sufficiently smooth
potential (Theorem 1). In this problem of dynamical tunneling, the obtained formula can be regarded as
a momentum (integro-difference) analogue of the well-known (integro-differential) Lifshitz—Herring formula
[4], [34], which is used in problems of coordinate tunneling. The obtained formula gives an alternative proof
of the Dykhne-Simonyan formula in the case of an analytic potential (see Sec. 3) and permits obtaining
the estimates proposed in [33] in the case of a finitely smooth potential.

2. Tunneling splitting of energies

We consider the one-dimensional stationary Schrédinger equation on a circle

S EaY Vi =By, 1)
Yl +2m) = 6(), )

where h is a small parameter of the semiclassical approximation and V(z) € C%(R) is a periodic potential
such that V(x + 27) = V(z). The corresponding Schrodinger operator has the form

2

H = % + V(x).

The WKB method permits obtaining an asymptotic form of the fundamental system of solutions of
Eq. (1) for energies E greater than the maximum of the potential V(x) (see, e.g., [17], [27], [28]):

% exp(% / :p@;) da:) 1+ O(h),
(1

e1(x)
o2() M( L:p<x>dm)[1+0<h>1,
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where p(x) = \/2(E — V(x)) is the classical momentum, p(z) > 0, and w is the classical oscillation frequency

such that
1 [P odx
w = — —_—
2 Jo  p(x)

Asymptotic estimates (3) are uniform in x and can be differentiated. The states ¢ 2 are normalized, the
state 1 corresponds to the particle counterclockwise motion in a circle (in the positive direction of the x
axis), and s corresponds to clockwise motion.

We use periodicity condition (2) to obtain an analogue of the Planck—Bohr—Sommerfeld discretization
rule for a particle on a circle,

Lo 2(E — V(z)) dz = nh+ O(h?), (4)

2w 0

where n ~ 1/his an integer such that the corresponding energy FE is significantly greater than the maximum
of the potential. The over-barrier reflection from the potential (tunneling in the momentum representation)
generally leads to a small splitting of the energies satisfying rule (4). For the energies significantly greater
than the potential maximum, the spectrum of H therefore consists of pairs of nearby points, and the distance
between neighboring pairs is of the order of . The corresponding eigenfunctions are linear combinations
of the functions (1 and .

Let E; and Es be a pair of eigenvalues of the operator H , and let 11 and 12 be the corresponding
eigenfunctions:

Hyy = By, Hupy = Eyth.

Let ¢ be a self-adjoint operator. We then take the scalar product of the first equality by 619 from the right
and the scalar product of the second equality by 611 from the left, use the self-adjointness of the operators
H and &, and obtain

(GHG1,Y2) = Br(own, ), (HEbr,s) = Ba(dibr, o).
If the operator 6 is chosen such that (6511, 19) # 0, then

Gl, a)

. (A,
A=FEy— F = ERTAE (5)

where [H, 5] is the commutator of the operators H and 4.

Formula (5) is a generalization of classical formulas for calculating the tunneling splitting in different
problems of quantum mechanics. For example, formula (5) permits obtaining the Herring formula [34] for
the multidimensional symmetric double-well potential if we take & = o(Z), where the function o(z) is equal
to unity on one side of the plane of symmetry and to zero on the other side. We can similarly obtain the
classical formula for the splitting value in the one-dimensional symmetric double-well potential [4] and the
formula for the widths of the energy bands of the periodic Schrodinger operator with an energy below the
maximum of the potential (problem 3 in Chap. 6, 55, in [35]).

In the general case of tunneling between different domains of the phase space, the operator & must
separate the states localized in one domain of the phase space from the states localized in the other
symmetric domain. We then can easily show that the denominator in (5) satisfies the approximate formula

(01, 12) =

;o el =1,

I e}
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where the phase multiplier « is determined by the choice of the global phase factors of the states ;.
The expression in the numerator in (5) can be simplified using the known formulas for the commutator of
pseudodifferential operators [36].

As an example, we consider the problem of splitting in the symmetric double-well potential V(z) =
V(—z) on the straight line [4]. If we take & = 6(Z), where 6(z) is the Heaviside function, then

[ﬁﬁh:J§B%ﬂmﬂz—§(M@+2%w%>

where §(z) = 6'(x) is the Dirac delta function. Therefore,
7oA h? 17 T
([H, 8141, 92) = =5 (192 — D195)|,_o-
If 41 2(x) are real functions such that ¢ (x) is even and () is odd, then
~ h? , . 1
([H, 61, 12) = 7‘/’1(0)%(0); (01, 12) ~ 3
We use expression (5) to obtain the formula for the splitting value
A = 141 (0)15(0).

If we substitute the WKB asymptotic form of the states 11 » in this formula, then we obtain the classical
formula [4] for the splitting value in the symmetric double-well potential

A:w—hexp(—l/ |p|dx>,
s hJ_,

where a > 0 is the turning point and w is the frequency of classical oscillations.
Following the proposed method, we take 6 = o(p), where

1, p >0,
o(p) =41/2, p=0,
0, p <O,

in the considered problem for a particle on a circle. We substitute ¢ in formula (5), perform necessary
simplifying transformations, and obtain the following theorem.

Theorem 1. If E; 5 form a pair of close eigenvalues of the operator H corresponding to the rotor
regime and the corresponding eigenfunctions v o are chosen real and are normalized such that

dq(x)::vcgggcos(%tljzﬂx)dm> +O(h),

ale) = [ 25 [ jp@c) iz ) + O

p(z
then the energy splitting satisfies the asymptotic formula

140

A= (QT)(?h) /027T dxy /027T (V(z2) = V(a1)) COt($2 g xl)%(xl)%(ﬂ?z) dus. (7)
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Proof. Let m; be the operator of projection on the state with momentum p = kh,

1 2T

Therefore,

The commutation relations

T

[, mi] = e (mp — Th—1),

. 1.
T(mg—m_o1) = —56”(770 +7_1)
obviously hold. Because the potential V() is a periodic function, we can assume that V(z) = v(e®®). We
use the well-known formula for the commutator to obtain
~ , 1 3 2 14
[H,(fl'] = [V(ﬂ}),(ff] = [U(em)v&] = _5 e '(770 + 77—1) ’ 5U(ezw7em),
where dv(z1, 22) is the difference derivative of the function v(z),

0v(z1, 22) = 70@2 : Z£Z2)7

and the digits over symbols denote the order of action of the operators.
Because

1 2 2 ) )
<7Tk¢7(p> = (2—2/ dxl/ e*lkw1ezk12w(xl)@($2) dx,

™2 Jo 0

we obtain

~ 1 2m 2 . ) . .
([H, 61, 12) = —m/ dﬁfl/ e (1L + e e ) du(e™", e )1 (x1) a2 (22) dra.
0 0
We use the trigonometric formula

To — X1 ez 4 et
= {— -
2 e'LIz _ ezml

cot

and the relation

5U(€iw1,€m2) _ V(ﬁl) B V($2)
6111 — 6112
to obtain

!

. i 2m 2 Lo —
<[H,&]¢1,¢2> = 5#/0 dxl‘/o (V(ﬁg) — V((El)) C0t< 2 5 )wl(xl)’@[]2($2)d$2.

With formula (5) taken into account, to conclude the proof, it remains to show that

) i
(61,19) = B + O(h).
This estimate readily follows from (6). The theorem is proved.
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It is obvious that the WKB asymptotic expansions of form (6) are insufficiently exact for calculating
the integral in formula (7), but they can be used to characterize the integrand. The integral in (7) is
an integral of a rapidly oscillating function without stationary points. Therefore, if the potential V' (z) is
smooth, then the splitting tends to zero faster than any power of A.

If the potential V(z) is an analytic function, then the asymptotic expansion of integral (7) can be
obtained by the saddle-point method [37]. The stationary points are determined by the relation p(x;) =
p(z2) = 0, i.e., coincide with the complex turning points of Eq. (1). The main contribution to the splitting
value therefore comes from the complex turning points, which agrees well with the general theory of over-
barrier reflection [4], [38]—-[40].

We can pass from the x-representation to the p-representation in formula (7). We then obtain

n

A=2[1+0(h ImZV Z (1(n =k + 1)iha(k — 1) + 91 (n — k)iba(k)), (8)

k=1

where f(k) is the kth coefficient in the expansion of f(x) in the Fourier series

1 2m

- —ikx
5 f(z)e dzx.

f(k) =

Formula (8) implies that if the potential V() is a trigonometric polynomial or if the coefficients V' (n)

decrease sufficiently fast, then the main contribution to the splitting value comes from the terms with finite

n and correspondingly with the momenta p = nh close to zero. We note that the momentum p = 0 is the
center of the classically forbidden region in the p-representation.

3. Quantum pendulum

As an example of applying Theorem 1, we consider the quantum pendulum. The Hamiltonian of the
quantum pendulum has the form
~ h2 d?
H= 3 g + ycosz.
The quantum pendulum is one of the classic models in quantum mechanics [24], [41], [42], and stationary
Schrodinger equation (1) is equivalent to the Mathieu equation. In this section, we show how to obtain the
semiclassical Dykhne-Simonyan formula (see formula (19) below) from the general formula for the splitting
(see Theorem 1).
We consider a pair of close eigenvalues E 2 and assume that the corresponding eigenfunctions 1)y o are
chosen as in Theorem 1, i.e., the functions 1; o are real, 11 (x) is an even function, and s (z) is an odd

function. We then substitute the potential V(z) = v cosz in formula (8) and obtain

A =~y Im {11 (1)1h2(0) + 11 (0)dh2 (1) }H1 + O(R)], 9)
where o
P;(n) = % i Vi(x)e ™ dx, §=1,2. (10)

A splitting formula similar to formula (9) was used in [30] under the additional assumption that the potential
is small compared with the total energy, i.e., v ~ h.
Stationary Schrodinger equation (1) in the p-representation becomes

S0(n) + 5 (0 + 1) + b0 — 1)) = Ed(n), (11)



where p = nh. Equation (11) is a second-order recurrence relation with slowly varying coefficients. Formal
asymptotic solutions of this equation of the form

mexp(%/p:a:(p) dp).

can be found using the discrete WKB method [43], [44] or operator methods [36]. With the explicit form
of the potential taken into account, we obtain

wet = (- 2) ) e (sh [Marceon(E - D))o 0o

where uy(n) = u_(—n) and arccosh z = log(z + V22 — 1) > 0 for z > 1. Such asymptotic expressions were
rigorously justified in [44], [45]. Asymptotic formulas (12) hold in the region of classically forbidden values
of the momentum between two turning points, i.e., for n such that [nh| < pg — e, where £ > 0 is a fixed

number, £pg are turning points, and py = 1/2(F — 7).

The linearly independent solutions w4 (n) form a fundamental system of solutions of Eq. (11) for a
given energy F > . We expand the state 151,2 with respect to this system.

Proposition 1. The states 11 » in the p-representation become

di(n) = Cr(ur(n) +u—(n)),  da(n) =iCs(us(n) —u_(n)), (13)

where C; are real normalization constants,

wh 1 Po FE p2
Ci = m exp (_ﬁ/o arccosh(; - %>dp> [+ O(n)],
V (14)
B wh 1 Po E p2
Co = —4| I exp <_ﬁ/0 arccosh(; - —27>dp> [1+O0(h).

Remark 1. Because the fundamental system of solutions u4(n) depends on the energy E, the energy
E is equal to E; in decomposition (13) for 1;(n). We can set E = (E; + E»)/2 in asymptotic formulas (12)
and (14).

Proof. Because the functions 1 2(z) are chosen real such that ¢ (x) is even and 3 (z) is odd, their
Fourier coefficients satisfy the relations

di(n) =di(=n) = d1(n),  a(n) = —a(—n) = —Pa(n).

Decomposition (13) therefore holds.

The normalization constants C; can be determined by several methods. For example, we can construct
global asymptotic expressions in the p-representation using the rules for passing through a simple turning
point proposed in [43]. On the other hand, the normalization constants can be obtained by passing from
the z-representation to the p-representation. The states 11 2 in the z-representation are normalized and

have the form )
(p1(x) +a(x)),  thalx) = —=(p1(2x) — p2(x)). (15)

Y1(z) = e

Sl
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We pass to the p-representation and obtain

~ 1 2T

Y1(n) = o/, ﬁ(gol(x) + gag(a:))e_mr dz, "

~ 1 27 1 .
n)=— — x) — pa(x))e """ dx.
i) = 3= [ = (o)~ ea(a)
We use formulas (3) for ¢; 2(z) to obtain the asymptotic behavior of integrals (16). The integrand in (16)
oscillates rapidly, and the stationary points of the phase become complex if the momentum p = nh corre-
sponds to the classically forbidden region. We use the saddle-point method [37] to obtain

st (5 )

X exp <—% /po arccosh<% - §>dp> 1+ O(h)). (17)

nh

Because the complex integration contour arising in the saddle-point method must lie in the domain where
asymptotic formulas (3) hold, asymptotic formula (17) holds for n such that

e<hn<+2E-—-7)—c.

Matching asymptotic formulas (13) and (17), we obtain the expression for Cy. The formula for Cy can be
obtained similarly. The proposition is proved.

We substitute the asymptotic expressions for the states 1/3172 in (9) to obtain the final formula for the
value of tunneling splitting of the energies of the quantum pendulum

A= —%hexp <—% /m arccosh(% - f)d;;) [+ 0. (18)

—Po 27

The minus sign in this formula shows that the even state 11 (z) has a greater energy than the odd state
o(x), which agrees well with the general theory of the Hill equation with an even potential.

The integral in the exponent in (18) can be written in a different form. For example, if we pass from
x dp to pdx, we obtain

wh 1 arccosh(E/v)
A=——WWC€/‘ Vﬂfﬁﬁ@ﬁﬂ@g+0@L (19)

— arccosh(E /v)

where /2(FE — 7 coshz) is the tunneling momentum, i.e., the classical momentum

p=1/2(E-V(z))

for purely imaginary values of the coordinate x. The integral in (18) is thus taken over an instanton, i.e.,
a path is in the complexified Lagrangian manifold p?/2 + V(z) = E and connects two classical trajectories
of motion. The points +pg are the beginning and the end of the instanton and are on classical trajectories
of motion with the respective positive and negative momenta (see [28]).
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