Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 61, Issue 1, January 2011

(This is a sample cover image for this issue. The actual cover is not yet available at this time.)

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Journal of Geometry and Physics 61 (2011) 2419-2435

Contents lists available at SciVerse ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Apparent singularities of Fuchsian equations and the Painlevé property
for Garnier systems

R.R. Gontsov ™, I.V. Vyugin

Institute for Information Transmission Problems of the Russian Academy of Sciences, Bolshoi Karetny per. 19, Moscow, 127994, Russia

ARTICLE INFO ABSTRACT
Article history: We study movable singularities of Garnier systems using the connection of the latter with
Received 29 June 2009 Schlesinger isomonodromic deformations of Fuchsian systems. Questions on the existence

Received in revised form 5 June 2011
Accepted 6 August 2011
Available online 22 August 2011

of solutions for some inverse monodromy problems are also considered.
© 2011 Elsevier B.V. All rights reserved.

MSC:
34M50
34M55
32A20
14H60

Keywords:

Inverse monodromy problems
Fuchsian systems

Schlesinger deformations
Painlevé type equations
Movable singularities

1. Introduction

In the middle of the XIXth century, B. Riemann considered the problem of the construction of a linear differential equation

pu p_l

L by(2)tt = 0 1
Fris 1(Z)W+“'+ p(D)u = (1)
with the prescribed regular singularities ay, . . ., a, € C(which are the poles of the coefficients) and prescribed monodromy.

Recall that a singular point g; of Eq. (1) is said to be regular if any solution of the equation is of no more than a polynomial
(with respect to 1/|z — g;|) growth in any sectorial neighbourhood of the point a;.

By Fuchs’s theorem [1] (see also [2, Th. 12.1]), a singular point g; is regular if and only if the coefficient b;(z) has at this
point a pole of order j or lower (j = 1, ..., p). Linear differential equations with regular singular points only are called
Fuchsian.

Poincaré [3] has established that the number of parameters determining a Fuchsian equation of order p with n singular
points is less than the dimension of the space M of monodromy representations, if p > 2,n > 2orp = 2,n > 3 (see also
[4, pp. 158-159]). Hence in the construction of a Fuchsian equation with the given monodromy there arise (besides
ai, ..., a,) the so-called apparent singularities at which the coefficients of the equation have poles but the solutions are
single-valued meromorphic functions, i. e., the monodromy matrices at these points are identity matrices. Below by apparent
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singular points of an equation we mean these very singularities. Thus, in general case the Riemann problem has a negative
solution.

A similar problem for systems of linear differential equations is called the Riemann-Hilbert problem. This is the problem
of the construction of a Fuchsian system

dy u B;
—=(Y_——]y. y@ e, B eMatp,0), (2)
dz =1 —a
with the given singularities aq, . . ., a, (if oo is not a singular point of the system, then Z,’;l B; = 0) and monodromy
x :m(C\{ai, ..., a,},20) — GL(p, C). (3)

A counterexample to the Riemann-Hilbert problem was obtained by Bolibrukh (see [4, Ch. 5]). The solution of this
problem has a more complicated history than that of the Riemann problem for scalar Fuchsian equations (before Bolibrukh
it had long been wrongly regarded as solved in the affirmative; for details see [5]).

Alongside Fuchsian equations consider the famous non-linear differential equations—the Painlevé VI equation (Py;) and
Garnier systems.

The equation Py, («, B8, y, 8) is the non-linear differential equation

d2u 11 1 1 du\? 1 1 1\ du

F=5(a+u_1+u_t)<a> ‘(?ﬂ_—ﬁu_t)a
u@u— 1w —1t) t—1 +8t(t—1)>
t2(t — 1)2 (u—1)2 (u—t)2

of second order with respect to the unknown function u(t), where o, 8, y, § are complex parameters. This equation has three
fixed singular points, 0, 1, co. Its movable singularities (which depend on the initial conditions) can be poles only. In such a
case one says that an equation satisfies the Painlevé property. The general Py; equation (4) was first written down by Fuchs [6]
and was added to the list of the equations now known as the Painlevé 1-VI equations by Painlevé’s student Gambier [7].
Among the non-linear differential equations of second order satisfying the Painlevé property, only the equations of this list
in general case cannot be reduced to the known differential equations for elementary and classical special functions. The Py,
equation is the most general because all the other P,_y equations can be derived from it by certain limit processes after the
substitution of the independent variable t and parameters (see [8]).

The Garnier system §4,,(9) depending on n + 3 complex parameters 04, . .., 6,12, 0 is a completely integrable system
of non-linear partial differential equations of second order obtained by Garnier [9]. It was written down by Okamoto [8] in
an equivalent Hamiltonian form

<a+ﬁut—2+y 4)

8Lli BHJ av,» 8H] L.

o = o = T 17J=]a"'7n9 (5)

Baj 8111- Baj 8u,-
with certain Hamiltonians H; = H;(a, u, v, ) rationally depending on a = (a;,...,a,),u = (U, ...,Uy), V =
(V1 ..., 0p),0 = (01, ...,0h12,0).Inthe case n = 1 the Garnier system § (61, 62, 63, 6) is an equivalent (Hamiltonian)
form of Py(«, B, y, 8), where

1 1 1 1

o= 5930, B = —5922, y = 5032, §= 5(1 —603).

There exist classical results [6,9] on the connection of scalar Fuchsian equations of second order with Py; equations and
Garnier systems. Let us consider a scalar Fuchsian equation of second order with singular pointsay, .. ., @y, @, 1 = 0, dpyy =
1, a,r3 = oo and apparent singularities u4, . . ., u, whose Riemann scheme has the form

a; 00 U

0 o 0), i=1,....,n+2, k=1,...,n, 6; ¢Z

0 a+0, 2
(o depends on the parameters 6; according to the classical Fuchs relation Z?:lz 0;+000+2a+2n = 2n+1). There is freedom
of choice of such an equation. Its coefficients b(z), b,(z) depend on a, u, 6 and n arbitrary parameters vy, ..., v, (v; =

resy;b,(2)).

Fix a set 8 (6; ¢ Z) and consider an (n-dimensional) integral manifold M of the system §,(6). Due to Okamoto’s
theorem [8], Fuchsian equations corresponding to points (a, u, v) € M have the same monodromy.! Inversely, points (a, u, v)
corresponding to Fuchsian equations with the same monodromy lie on the integral manifold of the system §,(0).

T This property is defined precisely in Section 3.
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Using the above relationship between Fuchsian and non-linear differential equations one can deduce the known
properties of the latter as well as some new ones. In particular, we study movable singularities of Garnier systems and give
estimates for pole orders of the elementary symmetric polynomials o;(u1, . . ., u,) depending on solutions to these systems
(see Theorem 3). For this end Bolibrukh’s estimate for orders of movable poles of solutions to the Schlesinger equation
are essentially used. We also consider the Riemann problem for some class of GL(2, C)-representations proving that any
element of this class for almost all locations of points aq, ..., a, (n > 4) is realized by a scalar Fuchsian equation of second
order that has (besides ay, . .., a,) exactly n — 3 apparent singularities (see Propositions 3 and 4) (earlier Ohtsuki [10] has
established that the number of apparent singularities is at most n — 3). This fact is based on Bolibrukh’s formula for the
number of apparent singularities arising in the construction of a scalar Fuchsian equation with the prescribed irreducible
monodromy.

2. Method of solution of the Riemann-Hilbert problem

In the study of problems related to the Riemann-Hilbert problem a very useful tool is provided by linear gauge
transformations of the form

y =Ty (6)

of the unknown function y(z). The transformation (6) is said to be holomorphically (meromorphically ) invertible at some point
z = a, if the matrix I"(z) is holomorphic (meromorphic) at this point and det I"(a) # 0 (det I"(z) = 0). This transformation
transforms system (2) into the system

/

dl — B’(z)y’, B/(Z) — Cll_I;F—l +r <Z B; ) F_l, (7)

dz ~z—uq

which is said to be, respectively, holomorphically or meromorphically equivalent to the original system in a neighbourhood
of the point a.

An important property of meromorphic gauge transformations is the fact that they do not change the monodromy (being
meromorphic, the matrix I"(z) is single-valued, therefore the ramification of the fundamental matrix I"(z)Y (z) of the new
system coincides with the ramification of the matrix Y (z)).

Locally, in a neighbourhood of each point ay, it is not difficult to produce a system for which a; is a Fuchsian singularity
and the monodromy matrix at this point coincides with the corresponding generator Gy = y ([y«]) of the representation
(3). This system is

d E 1
_y == k y7 Ek = _.lnGkv (8)
dz z—a 2mwi

with fundamental matrix (z — a;)% := ef"@=a%)_ The branch of the logarithm of the matrix G is chosen such that the

eigenvalues py; of the matrix Ej satisfy the condition

0<Repf <1. (9)
Indeed,

d

—(z — ) = (z — a’,

dz Z—a

and a single circuit around the point a; counterclockwise transforms the matrix (z — a)® into the matrix

eEk(ln(z—ak)+2m) — eEk ln(z—ak)eZmE;< — (Z _ ak)Eka'

Of course, not any system with the Fuchsian singularity a, and the local monodromy matrix G is holomorphically
equivalent to the system (8) in a neighbourhood of this point.
Let Sy be a non-singular matrix reducing the matrix E; to a block-diagonal form E, = SkEkSk_1 = diag(E,}, L ED,

where each block Ef; is an upper-triangular matrix with the unique eigenvalue pf;. Consider a diagonal integer-valued matrix

Ay = diag(A}, ..., A} with the same block structure and such that the diagonal elements of each block A],; form a non-
increasing sequence. Then according to (7) the transformation

Y =T@y, T'@=@z-a)*S,

transforms the system (8) into the system

dy’ A E.
Y _ ( L p a2 - ak)Ak> Y, (10)
dz Z—ay Z — ag
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for which the point a; is also a Fuchsian singularity? and the matrix G, is the monodromy matrix. We call a set
{Aq1,..., Ay, Sq, ..., Sy} of matrices having the properties described above, a set of admissible matrices.

According to Levelt’s theorem [11], the Fuchsian system (2) is holomorphically equivalent to a system of form (10) (with
some matrix Ay) in a neighbourhood of the singular point ay, i.e., the system has a fundamental matrix

Yi(2) = Ur(@)(z2 — @)z — ),

where the matrix Ui (z) is holomorphically invertible at z = a,. The matrix Y, (z) is called the Levelt fundamental matrix (its
columns form the Levelt basis).

The eigenvalues /3{( of the residue matrix By, are said to be the exponents of the Fuchsian system (2) at the point a,. They
are invariants of the holomorphic equivalence class of this system. From (10) it follows that the exponents coincide with
the eigenvalues of the matrix Ay + E;. The matrix Ay is said to be the valuation matrix of the Fuchsian system (2) at the

singularity ay. According to (9), its diagonal elements coincide with the integer parts of the numbers Re ,Bff.

The Riemann-Hilbert problem has a positive solution if one can pass from the local systems (10) to a global Fuchsian
system defined on the whole Riemann sphere. The use of holomorphic vector bundles and meromorphic connections proves
to be effective in the study of this question.

From the representation (3) one constructs over the Riemann sphere a family # of holomorphic vector bundles of
rank p with logarithmic (Fuchsian) connections having the prescribed singular points ay, ..., a, and monodromy (3). The
Riemann-Hilbert problem for the fixed representation (3) is solved in the affirmative if some bundle in the family # turns
out to be holomorphically trivial (then the corresponding logarithmic connection defines a Fuchsian system with the given

singularities ay, . . ., a, and monodromy (3) on the whole Riemann sphere). We now briefly present the construction of the
family & (see details in [4, Sect. 3.1, 3.2 and 5.1]). .
1. First, from the representation (3) over the punctured Riemann sphere B = C \ {a;y,...,a,} one constructs a

holomorphic vector bundle F of rank p with a holomorphic connection V that has the given monodromy (3). The bundle
F over B is obtained from the holomorphically trivial bundle B x CP over the universal cover B of the punctured Riemann
sphere after identifications of the form (z, y) ~ (0Z, x (0)y), where Z € B, y € CP and ¢_is an element of the group of deck
transformations of B which is identified with the fundamental group 771(B). Thus, F = B x C?/ ~and & : F —> Biis the
natural projection. It is not difficult to show that a gluing cocycle {g,4} of the bundle F is defined by constant matrices g,
after some choice of a covering {U,} of the punctured Riemann sphere.

The holomorphic connection V can now be given by the set {w, } of matrix differential 1-forms w, = 0, which obviously
satisfy the gluing conditions

w0y = (A8ap)8op + Bup@p8ap (11)
on the intersections U, NUg # @. Furthermore, it follows from the construction of the bundle F that the monodromy of the
connection V coincides with .

2. Next, the pair (F, V) is extended to a bundle F® with a logarithmic connection V° over the whole Riemann sphere.
For this, the set {U,} should be supplemented by small neighbourhoods Oy, ..., O, of the points ay, ..., a,, respectively.
An extension of the bundle F to each point a; looks as follows. For some non-empty intersection 0; N U, one takes
8iw(2) = (z — a;)F on this intersection. For any other neighbourhood Ug that intersects O; one defines gig(z) as the analytic
continuation of the matrix function gj, (z) into O; N Ug along a suitable path (so that the set {g,4, giv ()} defines a cocycle
for the covering {U,, O;} of the Riemann sphere). An extension of the connection V to each point g; is given by the matrix
differential 1-form w; = E;jdz/(z — a;), which has a simple pole at this point. Then the set {w,, w;} defines a logarithmic
connection V in the bundle F°, since along with the conditions (11) for non-empty U, N Ug, the conditions

Ei

(dgia)gi;1 +giawagi;] = Z—a dz = wy, 0iNU, # 2,
— Ui

also hold (see (8)). The pair (F°, V°) is called the canonical extension of the pair (F, V).

3. In a way similar to that for the construction of the pair (F°, V°), one can construct the family # of bundles F4 with
logarithmic connections V4 having the given singularities a;, . . ., a, and monodromy (3). For this, the matrices g, (z) in
the construction of the pair (F°, V°) should be replaced by the matrices

8h @) = (z — a)"iSi(z — ap)™,

and the forms w; by the forms

ol = (A + (2 — ) NE{(z — a))~)

z—a
where {Aq, ..., Ay, S1, ..., Sy} are all possible sets of admissible matrices. Then the conditions

(dgi) Ei) ™" + ginwa (g) ™' = o' (12)
again hold on the non-empty intersections O; N U, (see (10)).

2 As follows from the form of the matrices Ay and Ej,, the matrix (z — a) ¥ E(z— ay)~“ is holomorphic.
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Remark 1. Strictly speaking, the bundle F4 also depends on the set S = {S;,...,S,} of the matrices S; reducing the
monodromy matrices G; to an upper-triangular form. In view of this dependence the bundles of the family & should be
denoted by FA°, But in the following two cases all bundles F4-* with a fixed A are holomorphically equivalent.

(i) All points a; are non-resonant, i. e., for each valuation matrix A; all its blocks A{ are scalar matrices.
(ii) Resonant points exist, but each resonant point a; has the following property: for its monodromy matrix G; and any A € C
one has the inequality rank(G; — AI) > p — 1.

In particular, in the two-dimensional case (p = 2) if all monodromy matrices G; are non-scalar, then bundles of the family
F depend on sets A only.

The exponents ,B{ of the local Fuchsian system dy = w{'y are called the exponents of the logarithmic connection V4 at the
point z = q;.

According to the Birkhoff-Grothendieck theorem, every holomorphic vector bundle E of rank p over the Riemann sphere
is equivalent to a direct sum

EZ0(k) @ - ® O(ky)
of line bundles which has a coordinate description of the form
(Uo =C,Usx = C\ {0}, Zooo = zK) , K =diag(ky, ..., kp),

where k1 > --- > kjp is a set of integers which is called the splitting type of the bundle E. The bundle E is holomorphically
trivial if and only if it has the zero splitting type.

The number degE = Zle k; equals the degree of the bundle E. For the pair (F4, V4) the degree of the bundle F4
coincides with the sum ) ', le Bl = YL, tr(A; + E;) of the exponents of the connection V4.

If some bundle F4 in the family # is holomorphically trivial then the corresponding logarithmic connection V4 defines
a global Fuchsian system (2) that solves the Riemann-Hilbert problem. On the other hand, in view of Levelt’s theorem
mentioned above, the existence of a Fuchsian system with the given singular points a4, . . ., a, and monodromy (3) implies
the triviality of some bundle in the family .

Thus, the Riemann-Hilbert problem is soluble if and only if at least one of the bundles of the family ¥ is holomorphically trivial
(see [4, Th. 5.1.1]).

3. Isomonodromic deformations of Fuchsian systems

Let us include a Fuchsian system

dy ~ B 0
&=<Zz_ao Y ZB':O’ )
1 1=

i=1

of p equations into a family

b _ (s~ B@ o 0y o
dz_<2z—a,.)y’ ;B,(a)_o, Bi(a®) = B, "

i=1

of Fuchsian systems holomorphically depending on the parameter a = (ay, ..., a,) € D(a®), where D(a°) is a disc of small
radius centred at the point a® = (a?, R ag) of the space C" \ Ui#{a,- = aj}.

One says that the family (14) is isomonodromic (or it is an isomonodromic deformation of the system (13)), if for all
a € D(a®) the monodromies

x :m(C\{ay, ..., a,}) — GL(p, C)

of the corresponding systems are the same. (Under small variations of the parameter a there exist canonical isomorphisms
of the fundamental groups 71 (C \ {ay, ..., a,}) and 71 (C\ {a?, ..., a%}) generating canonical isomorphisms

Hom (7r1(C \ {a1, ..., a,}), GL(p, C)) /GL(p, C) = Hom (71 (C \ {a}, ..., a)}), GL(p, C)) /GL(p, C)

of the spaces of conjugacy classes of representations for the above fundamental groups; this allows one to compare yx for
various a € D(a®).) This means that for every value of a from D(a) there exists a fundamental matrix Y (z, a) of the system
(14) that has the same monodromy matrices for all a € D(a®). This matrix Y(z, a) is called an isomonodromic fundamental
matrix.

For any isomonodromic family ( 14) there exists an isomonodromic fundamental matrix that analytically depends on both
variables z and a. An isomonodromic deformation preserves not only the monodromy but also the exponents of the initial
system (thus, the eigenvalues of the residue matrices B;(a) of the family (14) do not depend on the parameter a; see [12] on
the two latter statements).
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Isitalways possible to include the system (13) into an isomonodromic family of Fuchsian systems? The answer is positive.
For instance, if the matrices B;(a) satisfy the Schlesinger equation [13]

aB = Y BBy g

g G

then the family (14) is isomonodromic (in this case it is called the Schlesinger isomonodromic family).

A Schlesinger isomonodromic family has the following property: connection matrices between some fixed isomon-
odromic fundamental matrix Y(z, a) and local Levelt’s bases at singular points do not depend on a. Among all isomon-
odromic deformations of Fuchsian systems with this property, the Schlesinger ones are distinguished by the condition
(dyY(z,a) Y '(z, a)|;—00 = O (see [12]).

It is well known that for arbitrary initial conditions B;j(a®) = B? the Schlesinger equation has a unique solution
{B1(a), ..., By(a)} insome disc D(a®), and the matrices B;(a) can be extended to the universal cover Z of the space C" \ Ui#{ai =
a;} as meromorphic functions (Malgrange’s theorem [ 14]). Thus, the Schlesinger equation satisfies the Painlevé property.

Recall, that a function f (a) is meromorphic on Z, if it is holomorphic on Z \ P, it cannot be extended to P holomorphically
and is presented as a quotient f (a) = ¢(a)/v (a) of holomorphic functions in a neighbourhood of every point a’ € P (hence,
¥ (a®) = 0). Thus, P C Z is an analytic set of codimension one (it is defined locally by the equation v (a) = 0), which is
called the polar locus of the meromorphic function f. The points of this set is divided into poles (at which the function ¢ does
not vanish) and ambiguous points (at which ¢ = 0).

One can also define a divisor of a meromorphic function. Denote by A = N U P the union of the set N of zeros and polar
locus P of the function f. Any regular point a° of the set A can belong to only one irreducible component of N or P. Thus, one
can define the order of this component as the degree (taken with “+”,ifa® € N, and with“—”,ifa® € P) of the corresponding
factor in the decomposition of the function ¢ or i into irreducible factors. Then the divisor of the meromorphic function
f is the pair (A, k), where k = k(a) is an integer-valued function on the set of regular points of A (which takes a constant
value on each its irreducible component, this value is equal to the order of a component). The pair (P, «) is called the polar
divisor of the meromorphic function f. By (f ), we will mean the restriction of ¥ on regular points of P.

Notation. For the polar locus P of the function f, and a® € P, let us denote by X0 (f) the sum of orders of all irreducible
components of P N D(a°).

Example. (a) The function f (a) = 1/a;a, is meromorphic on C2. Its polar locus is P = {a;a, = 0} (all points are poles), the
order of each component {a; = 0} is equal to —1 (thus, (f)o, = —1),and Xo(f) = —2.

(b) The function g(a) = a;/a, is meromorphic on C2. Its polar locus is P = {a, = 0} (0 is an ambiguous point, all the others
are poles), the set of zeros is N = {a; = 0} \ {0}. The order of the component {a; = 0} is equal to 1, the order of the
component {a, = 0} is equal to —1 (thus, (g)sc = —1),and Xy(g) = —1.

Let us return to the Schlesinger equation. The polar locus ® C Z of the extended matrix functions B;(a), ..., B,(a) is
called the Malgrange ®@-divisor? (© depends on the initial conditions B;(a®) = B?). Near a point a* € © it is defined by the
equation t*(a) = 0, where t*(a) is a holomorphic function in a neighbourhood of the point a* called a local t-function of
the Schlesinger equation. According to Miwa'’s theorem [15] (see also [16]) there exists a function 7 (a) holomorphic on the
whole space Z whose set of zeros coincides with @. In a neighbourhood of the point a* € @ the global t-function differs
from the local one by a holomorphic non-zero multiplier, and

1 ¢ UGi@Bi@)
dlnr(a)_zz > Py d(a; — ay).

=1 j=1ji

If we consider system (13) as an equation for horizontal sections of the logarithmic connection Va/(‘) (with singularities

a?, ..., a%) in the trivial bundle F ;‘) (where A is a set of valuation matrices of the system), then the set & corresponds to
those points, where the bundle F associated to the parameter a in the isomonodromic deformation of (F aAO Va/(‘)) is not
holomorphically trivial.

In what follows, we will use the theorem describing a general solution of the Schlesinger equation near the ®-divisor in

the case p = 2.

Theorem 1 (Bolibrukh [17,5]). If the monodromy of the two-dimensional family (14) is irreducible, then X+ (B;) > 2 — n for any
ade®(i=1,...,n).

Further we present a simplified proof of this theorem based on the technique of the paper [16], but first we recall this
technique in the proof of Proposition 1.

3 In view of the above definition of a divisor, here the term “divisor” is not precise enough.
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Consider an irreducible two-dimensional representation
Xa : ﬂl(@\ {al9 ceey an}) — GL(Z, C)o

a e D(a®) c C™\ Ui#{ai = g;}, and the family (F/, vaA)aeD(aO) of holomorphic vector bundles with logarithmic connections
constructed by the corresponding representations y, and a set A of admissible matrices.

Proposition 1. If degF* = 0 (recall that the degree does not change along the isomonodromic deformation (F, V;‘)aeD(ao)),
then for all a € D(a®), may be, with the exception of an analytic subset of codimension one, the bundle F2 is holomorphically

trivial (i.e., for almost all a € D(a®) there exists a Fuchsian system with the given singular points a, . . ., a,, monodromy x, and
set A of valuation matrices).

We should note that this proposition for connections with sl(2, C)-residues contains in Corollary 1 from the paper of
Heu [18]. She considers universal isomonodromic deformations of irreducible tracefree meromorphic rank 2 connections
over compact Riemann surfaces using a geometrical approach. Here we give an analytical proof.

Proof. Choose an arbitrary point a* = (a7, ..., a}) € D(a®). Suppose the corresponding bundle Fa/i is not holomorphically
trivial:

FA=Z0(=k®ok), k=>1.

at —

Let us show that the set of points a, for which the corresponding bundle F is not holomorphically trivial, is given by an
equation t*(a) = 0 in a neighbourhood of the point a*, where 7*(a) # 0 is a holomorphic function.
Consider an auxiliary system

dy B
dz (Zz—a;‘)y

i=1

with the monodromy x+, valuation matrices A, ..., A, at the points a7, ..., a; respectively but also with the apparent
Fuchsian singularity at the infinity.

As follows from Bolibrukh’s permutation lemma (Lemma 2 from [19]), a fundamental matrix of the constructed system
has the form Y (z) = U(z)zX near the infinity, where

1 1
U@ =T+Ui_+U5+-.  K=dag(—kk.

Therefore, the residue matrix at the infinity is equal to —K,and Y, Bf = K.
We need the following proposition which will be also used further.

Proposition 2 (Bolibrukh [19]). Consider the Fuchsian system (2) with the singularities a4, .. ., a,, apparent singularity oo,
monodromy (3) and set A = {Aq, ..., Ay} of valuation matrices; furthermore 2?21 Bi = K' = diag(ky, ..., kp), where
ki < --- < kp are integers.

The matrix K’ defines the splitting type of the bundle F4 if and only if the transformationy’ = z‘K/y transforms this system
into the system that is holomorphic at the infinity.

Due to this proposition the transformationy’ = z Xy transforms our auxiliary system into the system that is holomorphic
at the infinity, hence

U@z)Z* = 2%V (2)

for some matrix V (z) holomorphically invertible at the infinity. The latter relation implies that the upper-right element u}z
of the matrix U, equals zero.

Using the theorem of existence and uniqueness for the Schlesinger equation, the constructed Fuchsian system was
included into the Schlesinger isomonodromic family

dy (<~ Bi(@ - S
E‘(Zz—a,-)y’ Bi(a*) = B, ;B,(a)_K. (15)

i=1

As shown in [16], there exists an isomonodromic fundamental matrix Y (z, a) of this family of the form

1 1
Y(z,a) =U@z,0)z", U(z,a) =1+ U@ + U@ 5+, (16)
at the infinity, U(z, a*) = U(z) and

U (a)
aa,-

= —Bia), i=1,...,n. (17)
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Since the monodromy 4 is irreducible, among the upper-right elements b}z(a) of the corresponding matrices B;(a) there
exists at least one that is not identically zero. Hence, in view of (17), the similar element u}z (a) of the matrix U;(a) does not
equal zero identically (while u}?(a*) = uj* = 0).

Further, whereas

dY(z,a) _, "\ Bi(a) 1<~ Bi(0)
Y ) = = - "
dz @0 ;Z_a" 21:11_%

from (16) one gets the relation

1 . 1 Nk (k[ 1 . 1 »
—U1(a)z—2+o(z ) + (I+U1(a);+o(z )) ; = ;"‘ ZBi(a)ai Z_2+O(Z ) I+U1(G)Z+O(Z ) ].
i=1

Hence,
—U1(0) + [U1(@), K1 = ) _ Bi(a)a;.
i=1

Therefore,

n

2k — Du*(e) = Y b*(@)a.
i1
Denote by b;(a) the sum "¢, b}*(a)a;. Then

bi(a) = 2k — 1uj?(a) £ 0, bi(a*) = 0.

Consider the matrix

1 0
I(z,a) = 12k ,
bi(a)
holomorphically invertible (in z) off the infinity. One can directly check that the matrix U’(z, a) = I'{U(z, a) has the form
bi(a)
U'(z,a) = <U{,(a) + U{(a)g 4. ) Zdiag(L—l)’ U(’,(a) =1 2}((;)1 ’
bi(a)  bi(a)
where f(a) is a holomorphic function at the point a*. Thus, the gauge transformation y; = I7(z,a)y, I'1(z,a) =
Uy (a)*lF{(z, a), transforms a system of the family (15) into the Fuchsian system with the fundamental matrix Y'(z, a) =
I'1(z, @)Y (z, a) of the form (16) at the infinity (and does not change valuations at the points ay, ..., a,), where all involved

matrices are equipped with the upper index 1, and K! = diag(—k + 1, k — 1). This expansion is valid only in the exterior of
some analytic subset of codimension one which is the set of zeros of the function b, (a) = 0.

Note also that the transformed family is a Schlesinger isomonodromic family. Indeed, its connection matrices do not
depend on a (the transformation does not change those of the Schlesinger family (15)), and (d,Y'(z, a))Y'(z, @) ;200 =
(dU'(z, a))U'(z, @)~ '|,20 = 0 according to the form of the matrix U'(z, a).

After k steps of the above procedure of Bolibrukh we will get a Fuchsian family holomorphic at the infinity. It is defined
in a neighbourhood of the point a* outside of the analytic subset {t*(a) = 0}, t*(a) = by(a) . . . bx(a), where b;(a) appears
at the j-th step of the Bolibrukh procedure in the same way as b;(a) does. This means that for all a € {t*(a) = 0} from the
neighbourhood of the point a* there exists a Fuchsian system with the singularities ay, . . ., a,, monodromy x, and set A of
valuation matrices. O

Definition. Recall that if all generators G; of the two-dimensional representation y are non-scalar matrices, then bundles
of the family ¥ depend on sets A only (see Remark 1). One calls such representations non-smaller. In the opposite case, if |
monodromy matrices are scalar, y is called I-smaller.

Corollary 1. If y, is an irreducible non-smaller SL(2, C)-representation with generators Gy, ..., Gy, then for almost all a €
D(a®) there exists a family (depending on the parameter m = (my, ..., m,) € Z1)

dy “ B™(a) N _
&_<ZZTCH)% ;Bi (a) =0,

i=1
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of Fuchsian systems with the singularities a4, . . . , a,, monodromy x and exponents &(m+ pi), Where py is one of the eigenvalues
of the matrix Ex = (1/2mi) InGy(k = 1, ..., n). Furthermore, BY*(a) = diag(m, + o, —M, — pn) are diagonal matrices.
Proof. Ifaset A = {A4, ..., A,} of admissible matrices satisfies the conditions tr(A, + Ex) = 0, k = 1, ..., n, then by

Proposition 1 for all a € D(a®), may be, with the exception of an analytic subset ® 4 of codimension one, the corresponding
bundle F is holomorphically trivial and the logarithmic connection V/* defines a Fuchsian system with the singularities
ai, ..., a,, monodromy x, and set A of valuation matrices.

By the relations ™k = G, det G; = 1, the sum p,} + p,f of the eigenvalues of the matrix E, is an integer, and it equals

0 or 1 by condition (9). Fix an order of the eigenvalues p}}, p? and put p, = p;.

(1) If p} + p} = 0, then one can take A, = diag(my, —my), my € Z; (butif p, = 0, then m,, € N).
(2) If p} + p} = 1, then one can take A, = diag(my, —my — 1), my € Z.

Thus, for all a € D(a®) \ ®p the representation y, can be realized by a Fuchsian system with the singular points
ai, ..., a, and exponents +=(my; + p1), ..., £(m, 4+ p,). Moreover, the residue matrix at the point a, is diagonalizable
(because its eigenvalues +(m,, + p,) do not equal zero by the construction). Then the statement of the corollary is valid for
alla e D@\ U, Om. O

Proof of Theorem 1. For a* € © the corresponding vector bundle Fa‘i = 09(—k) ® 0(k) is not holomorphically trivial
and, as shown in the proof of Proposition 1, the ®-divisor of the family (14) in a neighbourhood of the point a* is the set
of zeros of the function t*(a) = b1(a) ... by(a) constructed by the auxiliary family (15). Let us denote by B} (a) the residue
matrices of the latter (to tell them from those B;(a) of the initial family (14)). They are holomorphic in a neighbourhood of the
point a*.

The functions b;(a) are irreducible at a*, since db;(a*) # 0. For instance,

db(a) = 2k — Dduj*(a) = (1 - 2k) > b*(a)da;
i=1

in view of (17), and the equality db;(a*) = 0 implies b}?(a*) = --- = b}*(a*) = 0, which contradicts the irreducibility of
the monodromy.

One can assume that t*(a) = b'lnl (@)...b"(a), m; + --- + m, = k (some factors are equal). Now let us show that
the order of each component {b;j(a) = 0} is not less than —2m;. It is sufficient to consider the first step of the Bolibrukh
procedure. The transformation y; = I'1(z, a)y transforms the auxiliary family into the family with the coefficient matrix of
the form

where
f(a) bi(a) 0 f(a) , bi(a)
T S — _ b1(a) 1—2k _ _ b] (Cl) 1—2k
I'(z,a) =Uy(a)” I(z,a) = M1 1b 2kz = M — 1 .
a
bi(@) 1@ bi(@)
Thus, the residue matrices B} (a) of the transformed family have the form
f(@ b1(a) f(@ bi(a) \
h@ Y T2k bi@ O T— 2k
1 _ 1 *
Bi@=1"2-1 Br@| -1 :
0 0
b1(a) b1(a)

i.e., the matrices by (a)?B] (a) are holomorphic in D(a*).

After the final (k-th) step of the procedure we get the Schlesinger isomonodromic family with the residue matrices Bf.‘ (a)
which are simultaneously conjugated to the corresponding B;(a) of the initial family (14) by some constant matrix S (this
follows from the uniqueness of a solution to the Schlesinger equation). Therefore, X¢+ (B;) > —2m;—---—2m, = —2k > 2—n
(see(18)). O

In the case of dimension p > 2 one can also apply a similar procedure to find a local T-function t*(a) = b1(a) . .. bs(a).
We cannot assert that the functions b;(a) are irreducible at the point a*. But if for each b;(a) all its irreducible factors are
distinct (this is the case when the discriminant of the Weierstrass polynomial of each b;(a) is not identically zero), then one
can estimate the order of each irreducible component of the ®-divisor as follows (see [20]):

(n—2)p(p—-1)

(Bi)oo > 2
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if the monodromy of the family is irreducible, and
p(p 1)
(B)oo > Z(M

in the case of reducible monodromy, where u; < M; are integers that bound real parts of the eigenvalues of the residue
matrix B;(a).
Conclude this section by the following auxiliary lemma.

Lemma 1. Consider a two-dimensional Schlesinger isomonodromic family of the form

d B;
é - <,Z i@ ) ZB(a) — diag(6, —6), 6 € C,

and the function b(a) = Y_[_, b!?(a)a;, where b}?(a) are the upper-right elements of the matrices B;(a), respectively. Then the
differential of the function b(a) is given by the formula

db(@) = 20 + 1) > _ b*(a)da.

Note that we cannot directly apply calculations of Proposition 1, because an isomonodromic fundamental matrix of the
family not necessary has the form (16) (the monodromy at the infinity can be non-diagonal).

Proof. The differential db(a) has the form
n n
db(@) = > aidb*(a) + Y _ b/*(a)da;.
i=1 i=1
To find the first of the two latter summands, let us use the Schlesinger equation

dB,‘(a) = — Z —[Bi(a)’ Bj(a)] d(a,‘ — (1]')

g GG

for the matrices B;(a). Then we have

Yads@=-Y Y a @By ) - S S s B - g
i=1 i— 4

i=1 j=1,j#i i=1 j>i
n
= — Z[B (a), Z B»(a)i| da; = — Z[B,-(a), K]da;.
Jj=1,j#i i=1
The upper-right element of the latter matrix 1-form is equal to Y[, 20b/?*(a)da;, hence Y i, a;db/*(a) = 26

> b2 (a)da;,and db(a) = (20 + 1) >, b}*(a)da;. O

4. The Riemann-Hilbert problem and the Painlevé VI equation

As mentioned earlier, the problem of constructing a Fuchsian differential equation (1) with the given singularities
ai, ..., a, and monodromy (3) has a negative solution in general case. In the construction there arise apparent singular
points. In the case of irreducible representation Bolibrukh [19] obtained the formula for the minimal number of such
singularities. It is given below.

We consider the family # of holomorphic vector bundles F4 with logarithmic connections V* constructed from the
representation (3). The Fuchsian weight of the bundle F* is defined as the quantity

p
y(FY) =Y (ki — k)
i=1

where (ki, . .., k) is the splitting type of F*.
If the representation (3) is irreducible, then the splitting type of the bundle F4 satisfies the inequalities

ki—kipy<n—2, i=1,...,p—1 (18)
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(see [19, Cor. 3]). Therefore, the quantity
(n—2)p(p—1)
2

is defined for such a representation, and is called the maximal Fuchsian weight of the irreducible representation yx.
The minimal possible number mg of apparent singular points emerging in the construction of a Fuchsian equation (1)
with the irreducible monodromy (3), is given by the formula

(n—=2)p(p—-1
my= ——

Ymax(X) = max V(FA) <
FAeF

5 — Vmax(X)- (19)
In the case of reducible representation there exists the estimate mg < 14 (n + 1)p(p — 1)/2 obtained in [21].
In particular, it follows from the formula (19) that a set of singular points a;, a,, as(n = 3) and irreducible two-

dimensional representation (p = 2) can always be realized by a Fuchsian differential equation of second order, since in
this case y (F) = 1 for any bundle F* of odd degree.

APy equation appears when one solves the problem of constructing a Fuchsian differential equation of second order with
four given singularities and an irreducible monodromy. Further we recall this fact.

Let us consider the four points t, 0, 1, co (t € D(t*), where D(t*) C C \ {0, 1} is a disc of small radius centred at the
point t*) and an irreducible non-smaller representation

x*:m(C\{t,0,1}) — GL(2,0C) (20)

generated by matrices G1, G, G3 corresponding to the points t, 0, 1 (recall that in this case bundles of the family # depend
on sets A of valuation matrices only).
Depending on the location of the point t, there are two possible cases.

(1) Every vector bundle F* in the family ¥ constructed with respect to the given four points and representation x*, such that
deg F* = 0, is holomorphically trivial (as follows from Proposition 1, this is the case for almost all values t € D(t*)). _

(2) Among the elements of the family ¥ there exists a non-trivial holomorphic vector bundle F# of degree zero. (Denote by ®
the set of values of the parameter t that correspond to this case.)

It follows from the inequalities (18) that ymax(x*) < 2; therefore, in the first case the splitting type of a non-trivial
holomorphic vector bundle F4 (of non-zero degree) can be (k, k — 1) or (k, k) only. The case (k + 1, k — 1) is impossible,
since then the bundle F ® O (—k) constructed with respect to the set of valuation matrices A1 — kI, Ay, Az, Ao has degree
zero, i.e., it is holomorphically trivial, but at the same time its splitting type is (1, —1). Consequently, ynax(x*) = 1in the
first case.

In the second case, the splitting type of the non-trivial holomorphic vector bundle of degree zero equals (1, —1), and
Ymax(x ™) = 2 in this case.

Thus, in view of formula (19), for almost all values t € D(t*) the set of points t, 0, 1, co and representation x* can
be realized by a Fuchsian differential equation of second order with one apparent singularity. We denote this singularity
by u(t) regarding it as a function of the parameter t. It turns out that the function u(t) satisfies Eq. (4) for some values of
the constants o, 8, y, 8, if x* is an SL(2, C)-representation. Let us explain this interesting fact by using isomonodromic
deformations of Fuchsian systems.

By Corollary 1, we can choose a value t = t° € D(t*) for which the representation x * is realized by Fuchsian systems
dy ( B BY B

az \z_p "7 +ﬁ)y, m = (m;, my, m3, Me) € Z4, (21)

with the singular points t°, 0, 1, co (the eigenvalues of the matrices B are £(my + pi), and the matrices By, = —B' —
BY' — BY' are diagonal).

Any system of the form (21) can be included into the Schlesinger isomonodromic family
d B™(t B™(t BY\(t
dy _(BRO BRI |, BYO
dz z—t z z—1

>y, B (t°) = B, (22)

of Fuchsian systems with the singularities t, 0, 1, oo which depends holomorphically on the parameter t € D(t°).
Furthermore, B'(t) 4+ BY'(t) + BY'(t) = —B% = diag(—Ms — Poos Moo + Poc)-

Denote by B (z,t) = (b};‘(z, t)) the coefficient matrix of the family (22). Since the upper-right element of the matrix
B (t) + BY'(t) + BJ'(t) = —BY, is equal to zero, for every fixed t the same element of the matrix z(z — 1)(z — t)Bm(z, t) is
a polynomial of first degree in z. We define i, (t) as the unique root of this polynomial. Next we use the following theorem
(see, for instance, [15]).

4 The Py; equation was obtained by Fuchs precisely as a differential equation that is satisfied by the apparent (fifth) singularity A(t) of some Fuchsian
equation of second order with the singular points 0, 1, t, oo and SL(2, C)-monodromy independent of the parameter .
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Theorem 2. The function iy (t) satisfies Eq. (4), where the constants «, 8, y, § are connected with the parameter m =
(mq, my, M3, Myo) by the relations

_ (2Mm +2p00 — 1)?
B 2

o

1
) B = —2(my + p2)°, y = 2(m3 + p3)?, d= 37 2(my + p1)%.

Let us consider the row vectors
m

dh
HY = (100 K0 = S+ Bz, ) = B B

and the matrix composed from them,

h 1 0
Fm(z» t) = (h%) = (bllnl blll;) s

which is meromorphically invertible on C x D(t°), since det Iy(z,t) = bf3(z,t) # 0 by the irreducibility of the
representation x *. We define functions py(z, t) and gm(z, t), meromorphic on C x D(t°), so that the relation

hy'(z, t) .= e + h7Bm(z,t) = (—qm, —Pm) Im(z, t)
holds. Then
dfm _ d (p™\ _ (h™ h _(0 1
v—&(h‘;‘)‘@“ ~\np ) Bme D= g, —pp, ) T = [imBm(z. D).
whence,
0 1 dim .
= —1T I'mB I .
(_qm _pm> dz m tim m(Z, ) m

The latter means that for every fixed t € D(t°) the gauge transformation y’ = I'y(z, t)y transforms the corresponding
system of the family (22) into the system

@& (o0 1.,
dz  \—9m —Pm Vv

the first coordinate of whose solution is the solution of the scalar equation

d*w dw
dz? dz

This (Fuchsian) equation has the singular points t, 0, 1, oo and monodromy y *, but it also has the apparent singularity iy, (t)
which is a zero of the function det Iy (z, t) = bf}(z, t), as follows from the construction of the functions pm(z, t), qm(z, t).
By Theorem 2, the function uy, (t) satisfies an equation Py;.

Thus, we can formulate the following statement.

Proposition 3. (i) The set of the pointst, 0, 1, oo and any irreducible non-smaller SL(2, C)-representation (20) can be realized
by the faim'ly (depending on the parameter m € Zi ) of scalar Fuchsian equations (23) with one apparent singularity.’

(ii) Theset ® D (U, {t € D(t*)|um(t) = t,0, 1, or oo} is a countable set of parameter values for which the Riemann-Hilbert
problem for scalar Fuchsian equations under consideration is soluble without apparent singularities.

Being solutions of Py; equations, the functions uy,(t) have only poles as movable singularities (in other words, they can

be extended to the universal covering H of the space C \ {0, 1} as meromorphic functions). What one can say about their

ole orders?
b Denote by b{'(t), b5'(t), bY'(t) the upper-right elements of the matrices BJ'(t), B (t), BY'(t), respectively (recall that
b (t) + b (¢) + bT'(t) = 0). Since
(tbT + b3z + by

z(z—1)(z —1)
the function uy, (t) is given by the relation

(tbT" + b3 um = —tb3',

from which it follows that poles of the function upy(t) are poles of the function b}'(t) or zeros of the function tb"(t)
+ b3 (0).

b (z,t) =

5 The apparent singular point up, (t) of every equation from this family, as a function of the parameter t € D(t*), satisfies the equation Py; with the
constants «, $, y, § given by Theorem 2.
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By Theorem 1 (with n = 4), a pole order of the function b (t) does not exceed two. Applying Lemma 1 to the family (22),
where (aq, a, as) = (t, 0, 1), one gets

d
PO +B50) = (~2mag — 205 + DET(0).

If (Meo, Poo) # (0,1/2),then 8 = —2my — 2psc + 1 # 0. In this case, a pole of the function b}'(t) is also a pole for
tb' (t) + bY'(t), since

t—1d
I (£) + b5'(6) = Y'(0) + b5'(6) + (¢ = DBY(6) = —b3(6) + —— - (b7 (©) + b3'(1)).

From this relation it also follows that any zero ¢, of the function tb{*(t) 4 b§'(t) can be simple only. Indeed, if tob{" (to) +
b§'(to) = Oand %(tb'{‘(t) + b'3“(t))|t=t0 = 0, then bj'(tp) = 0and b*(tx) = b§'(to) = 0, which contradicts the irreducibility
of the representation (20).

If (Moo, ps) = (0, 1/2), then —2my — 2p5 + 1 = 0 and tb(t) + bJ'(t) = ¢ = const. Hence up(t) = —tbY'(t)/c.
Note that ¢ # 0, since in the opposite case for all t € D(t*) the function bf}(z, t) has no zeros and the Riemann-Hilbert
problem for scalar Fuchsian equations under consideration is soluble without apparent singularities, and ymax(x*) = 2 (but
this contradicts the above construction).

Thus, if (Mo, Po) # (0, 1/2), then the poles of the function uy, (t) can be simple only, and if (M4, pso) = (0, 1/2), then
pole orders of the function uy, (t) do not exceed two.

Remark 2. Alongside formulae for the transition from a two-dimensional Schlesinger isomonodromic family with si(2, C)-
residues to an equation Py, there also exist formulae for the inverse transition (see [15] or [22]).

Hence, the latter reasonings prove the well known statement about movable poles of the equation Py («, 8, v, §).In the
case o # 0 they can be simple only, and in the case « = 0 their orders do not exceed two or u(t) = oc.

Indeed, if a solution u(t) of Eq. (4) corresponds to a two-dimensional Schlesinger isomonodromic family with irreducible
monodromy, then the statement follows from the above construction (¢ # 0 = (M, Po) # (0,1/2); 0 = 0 —
(Moo, Pxo) = (0, 1/2), furthermore the case « = 0, u(t) = oo is possible, if the monodromy is 1-smaller). If the monodromy
of the corresponding family is reducible, then u(t) satisfies a Riccati equation (as shown by Mazzocco [23]), whose movable
poles are simple.

5. The Riemann-Hilbert problem and Garnier systems

The arguments given above can be extended to a general case of n 4 3 singular points ay, ..., Gy, ay+1 = 0, dpyo = 1,
a,+3 = oo and an irreducible non-smaller representation

Xo :m(C\{ay,...,a,0,1}) — GL(2, C), (24)

a=(ay,...,a,) € D(a*),where D(a*) is adisc of small radius centred at the point a* of the space (C\ {0, 1})”\Ui¢j{ai = qj}.

(Continuing investigations of Fuchs) Garnier [9] obtained for n > 1 the system of non-linear partial differential equations
of second order that must be satisfied by apparent singularities A{(a), ..., A,(a) of some Fuchsian differential equation of
second order with singular points ay, ..., a,, 0, 1, co and SL(2, C)-monodromy not depending on the parameter a. We
supplement these results by the reasonings following after Lemma 2.

Lemma 2. One has ymax(x;) = 1 for almost all a € D(a*).

Proof. For an arbitrary set A of admissible matrices consider the family FaA of holomorphic vector bundles constructed by
the corresponding representations x.* and the set A. It is sufficient to prove that y (F) < 1 for all a € D(a*), may be, with
the exception of an analytic subset of codimension one.

If Fa‘(‘J = 9(ky) ® O(ky), k; — ky > 1, for some a®° € D(a*), then we can apply Bolibrukh’s procedure (which was used in
the proof of Proposition 1) to get a Schlesinger isomonodromic family of the form (15) with an isomonodromic fundamental
matrix Y (z, a) of the form (16), where

K = diag(k}, k), Ky — K, < 1.

This family is defined in the exterior of some analytic subset ®, C D(a*) of codimension one.

In view of the form of the matrix Y(z, a), the transformation y' = z Xy transforms this family into the family that
is holomorphic at the infinity. Hence, due to Proposition 2, the matrix K defines the splitting type of the bundles F* for
a e D(@*)\ ®,(and y(FaA) < 1for these values ofa). 0O

Thus, in view of the formula (19), for almost all a € D(a*) the set of points ay, ..., a,, 0, 1, oo and representation y; can
be realized by a Fuchsian differential equation of second order with n apparent singularities u(a), ..., u,(a). Let us recall
how they are connected with a Garnier system in the case when yx; is an SL(2, C)-representation.
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Applying again Corollary 1, let us choose a value of the parameter a = a° = (a‘l), e ag) € D(a*) for which the
representation X:() is realized by Fuchsian systems
dy - Bm n+3
&=<Zz_a Yo m=(my, ..., My, M) € 231, (25)
with the singular points al, ..., a, ad,; = 0,a>,, = 1, al, , = oo (here the eigenvalues of the matrices B™ are +(m; + ),
and the matrices Bl = Zﬁz B™ are diagonal).
Every system of the form (25) can be included into the Schlesinger isomonodromic family
- = , Bm aO = Bm’ 26
= <12]:z—a,y (%) = B, (26)
of Fuchsian systems with singularities a4, ..., a,, 0, 1, co which depends holomorphically on the parameter a = (ay, ...,

a,) € D(a); furthermore, 312 B™(a) = —B™ = diag(—Mao — Poo Moo + Poo)-
By Malgrange’s theorem the matrix functions

c™(@) b™(a) )
B!‘“ a) = i i
i (@ (d;“(a) —c"(a)
can be extended to the universal covering Z of the space (C\ {0, 1})"\ |, 7,éj{ai = a;} as meromorphic functions (holomorphic
off the analytic subset of codimension one).

Denote by B (z, a) the coefficient matrix of the family (26). Since the upper-right element of the matrix By}, equals zero,
for every fixed a the same element of the matrixz(z — 1)(z — a1) ... (z — a,)Bm(z, a) is a polynomial Py, (z, a) of degree n
in z. We denote by u(a), .. ., ul"(a) the roots of this polynomial and define the functions v{"(a), ..., vi"(a):

% c™(@) + mi + p;

u]?“(a) — a;

vj‘“(a)z , j=1,...,n.
i=1
Then the following statement takes place: the pair (u™, v™) = (T, ..., uy, vf, ..., vy") satisfies the Garnier system (5) with

the parameters 2mq + 2p1, ..., 2Mu12 + 20n42, 2Mee + 2ps — 1 (see proof of Proposition 3.1 from [8], or [24, Cor. 6.2.2

(p.207)]).
Thus, using arguments analogous to those given in the case n = 1, we get the following statement.

Proposition 4. The set of the points aq, . .., a,, 0, 1, oo and any irreducible non-smaller SL(2, C)-representation (24) can be

realized by the family (depending on the parameter m € Z”++3 ) of scalar Fuchsian equations

2
+ Pm(z, a)— +dm(z, 0w =0

dz?
with n apparent singularities.

Recall that, due to Okamoto’s theorem, the apparent singular points uf'(a), ..., ul'(a) of every equation from the
above family and the functions v{"(a) = resqm(z, a)|Z:uT, <o (@) = resqm(z, a)|,—ym,a € D(a*), form a solution
(u™(a), v™(a)) of the Garnier system (5) with the parameters 2m; + 2p1, ..., 2My12 + 20n42, 2Moo + 2000 — 1.

One can express the coefficients of the polynomial Py (z, a) in terms of the upper-right elements b (a) of the matrices
B™(a). Let

n+2

o@=Y a o@= Y ag....onn@=a...0q
i=1

1<i<j<n+2

be the elementary symmetric polynomialsinay, ..., Gy, ayy1 =0, 0442 = 1,and Q(z) = ]_["+2 (z — a;). Then

n+2
Pm(Z, a) me( ) Q(Z) = m(a)zn +f]m(a)zn_1 4. _’_f’:n(a)

(recall that Z"+2 b (a) = 0). By the Viéte theorem one has

n+2 n+2

bm(a) =Y b (@)(— al<a>+az>—2b"‘(a)al me<a>a,+bm(a),

i=1

n+2 n+2
@) =) bMa) <02(a) - > a,»a,-> =— Y M@+ bM@)ag.
i=1

Jj=1,j#i 1<i<j<n+2
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In the similar way,

ROEICI) > (b™(@) + - - - + b

e (@)aj, ... a,,

1<iy < <ipy1<n+2

foreachk=1,...,n.

It immediately follows from the above formulae and Malgrange’s theorem that the elementary symmetric polynomials
o, ... u)) = (—1)"fkm (a)/bm(a), depending on solutions of the Garnier system extended to Z, are meromorphic functions.

For n > 1, a Garnier system generically does not satisfy the Painlevé property (coordinates (uq, ..., u,) are defined
as roots of a polynomial of degree n), but it can be transformed by a certain (symplectic) transformation (u, v, a, H) —
q,p,s, K), Z?:l(pidq,- — Kids;)) = Z,’;l(vidui — Hida;), into a Hamiltonian system satisfying the Painlevé property (see
[24, Ch. III, Section 7]).

By Theorem 1, for each function f®(a) extended to Z and any point a* of the @-divisor of the family (26) one has
X (fi") > —n — 1. Similarly to the case n = 1, here we can tell something about the behaviour of the function by (a)
along ©.

Lemma 3. Consider the family (26) with the irreducible non-smaller monodromy (24), and the function by, (a) constructed by
the residue matrices B[ (a). Then

(i) in the case (My, Po) = (0, 1/2) one has by (a) = const # 0O;
(ii) in the case (My, Poo) Z (0, 1/2) the set {a € Z | by (a) = 0} is an analytic submanifold of codimension one in Z, and if the
function by, (a) is holomorphic at a point a® € Z, so are the functions fit(a).

Proof. By Lemma 1, we have dby(a) = (—2mu — 20 + 1) Y1, b™(a)da;.

(i) In the case (Myo, Poo) = (0, 1/2) one has dby (a) = Oforalla € D(a*), hence by, (a) = const # 0.Indeed, if b, (@) = 0,
then Py (z, a) is a polynomial of degree n — 1 in z. Therefore, for every a € D(a*) the representation ' is realized by a scalar
Fuchsian equation with at most n — 1 apparent singularities (which are the roots of Pp(z, a)) and ymax(x;) > 1, which
contradicts Lemma 2.

(ii) In the case (Myy, Poo) # (0, 1/2) one has @ = —2my, — 2000 + 1 # 0, and

1 dbm(a)

b (a) = ) oq i=1,...,n;
n n
BT (@) = bm(a) = Y b (@a;, b, (@) = —bT,(@) — > b(a). (27)
i=1 i=1
Thus, if the function by, (a) is holomorphic at some point a® e Z, so are the functions b™(a),i = 1,...,n+ 2, and hence,
the functions f"(a).
If for some a° € {bm(a) = 0} one has db(a®) = 0, then ) ., b™(a’)dg; = 0 and bP(a®) = --- = b™(a®) = 0. Taking

into consideration the relations (27), one gets also bf", ,(a°) = 0 and b}"",, (a°) = 0. This contradicts the irreducibility of the
representation X:()- O

As a consequence of Theorem 1 and Lemma 3, one gets the following statement.

Proposition 5. Denote by A; the polar loci of the functions o;(u"(a), ..., ul'(a)) extended to Z, respectively (in the conditions
of Proposition 4). Then

(a) in the case (Mo, Poo) = (0, 1/2) one has X4+ (0;) > —n — 1 for any point a* € A;;
(b) in the case (My, pos) # (0, 1/2) one has Xy« (0;) > —n for any point a* € A; \ A° where A C A; is some subset of
positive codimension (or the empty set);

() in the case (Mo, pos) # (0, 1/2), a* € AP, one can estimate the order k of each irreducible component of A; N D(a*) as
follows: k > —n.

Proof. Recall that o;(uf", ..., uy) = (—1)"f,-m(a)/bm(a) and Y (f™) > —n — 1 for any point a* of the ®@-divisor of the
family (26).

Therefore, the statement (a) of the proposition is a consequence of Lemma 3, (i).

(b) As follows from Lemma 3, (ii), the points a* € A; can be of two types: such that by, (a*) = 0 (then Xy« (0;) > —1) or
that belong to the polar locus A C ® of the function by, (a).

Denote by A C A the set of ambiguous points of by, (a). Then in a neighbourhood of any point a* € A\ A each function
f™(a) can be presented in the form
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fim(a)=%, ki +---+k <n+1, (28)
7, (a). .. (a)
where t;(a), g(a) are holomorphic near a*; furthermore, 7;(a) are irreducible at a*, just as
h(a)
'(a)... 7@

where h(a) is holomorphic near a*, h(a*) # 0. Thus,

bm(a) = i+ =1, (29)

@ s@  h@  _ g@/h@

bm(@  '@)...7"@ P'@...d@ 7@..." @
therefore,

Yge(0i)) = —(ky —j1) — -+~ — (kr — jr) > —n.

(c) In a neighbourhood of a point a* € A° the decompositions (28), (29) take place for the functions f™(a), bm(a),
respectively, but h(a*) = 0. However, due to Lemma 3, (ii), all irreducible factors of h(a) in its decomposition h(a) =
hi(a) ... hs(a) near a* are distinct (we can assume also that none of h; coincides with some of 7;). One also has k; = 0, if
Jji = 0 (bm(a) is holomorphic along {r;(a) = 0} = f™(a) is holomorphic along {;(a) = 0}). Therefore, k; — j; < n, and the
statement (c) follows from the decomposition

@ _ g(a)
bm(@)  hi(a)...h(@T 7 (@)... T T ()

Alongside formulae for the transition from a two-dimensional Schlesinger isomonodromic family with sl(2, C)-residues
to a Garnier system, there also exist formulae for the inverse transition (see [8, Prop. 3.2]). Hence, the latter proposition
implies some addition to Garnier’s theorem [9] (which claims that the elementary symmetric polynomials of solutions of a
Garnier system are meromorphic on Z).

Theorem 3. Consider a solution (u(a), v(a)) of the Garnier system (5), that corresponds to a two-dimensional Schlesinger
isomonodromic family with irreducible monodromy, and the polar loci A; of the functions o;(u,(a), ..., u,(a)) meromorphic
onZ. Then

(a) in the case 65 = 0 and the non-smaller monodromy one has X (0;) > —n — 1 for any point a* € A;;
(b) in the case 8 # 0 one has (0i)c > —n; moreover, X« (0;) > —n for any point a* € A;, may be, with the exception of some
subset A C A, of positive codimension.

Remark 3. Mazzocco [25] has shown that the solutions of the Garnier system (5), that correspond to two-dimensional
Schlesinger isomonodromic families with reducible monodromy, are classical functions (in each variable, in sense of
Umemura [26]) and can be expressed via Lauricella hypergeometric equations (see [24, Ch. III, Section 9]). Thus, Theorem 3
can be applied, for example, to non-classical solutions of Garnier systems.
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