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1. INTRODUCTION

The main purpose of this paper is to describe the (equivariant) in-
tersection cohomology of certain moduli spaces (“framed Uhlenbeck
spaces”) together with some structures on them (such as e.g. the Poincaré
pairing) in terms of representation theory of some vertex operator al-
gebras (“W-algebras”). In this introduction we first briefly introduce
the relevant geometric and algebraic objects (cf. Subsections 1(i) and
1(iii)) and then state our main result (in a somewhat weak form) in
Subsection 1(iv) (a more precise version is discussed in 1(ix)). In Sub-
section 1(v) we discuss the motivation for our results and relate them to
some previous works. In §1(viii) we mention earlier works from which
we obtain strategy and techniques of the proof.
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1(i). Uhlenbeck spaces. Let G be an almost simple simply-connected
algebraic group over C with Lie algebra g. Let also h be a Cartan sub-
algebra of g.

Let Buné be the moduli space of algebraic G-bundles over the pro-
jective plane P? (over C) with the instanton number d and with trivial-
ization at the line at infinity /... It is a non-empty smooth quasi-affine
algebraic variety of dimension 2dh" for d € Zsg, where h" is the dual
Coxeter number of G.

By results of Donaldson [23] (when G is classical) and Bando [/]
(when G is arbitrary) Bung is homeomorphic to the moduli space of
anti-self-dual connections (instantons) on S* modulo gauge transfor-
mations v with v(oo) = 1 where the structure group is the maximal
compact subgroup of G. We will use an algebro-geometric framework,
as we can use various tools.

It is well-known that Buné has a natural partial compactification
UZ, called the Uhlenbeck space. Set-theoretically, U2 can be described
as follows:

Ui = | | Bung xS(A%),
0<d'<d
where S%%(A?) denotes the corresponding symmetric power of the
affine plane AZ.

The variety UZ is affine and it is always singular unless d = 0. It has
a natural action of the group G' x GL(2), where G acts by changing
the trivialization at £, and GL(2) just acts on P? (preserving (). In
what follows, it will be convenient for us to restrict ourselves to the
action of G = G x C* x C* where C* x C* is the diagonal subgroup of
GL(2).

1(ii). Main geometric object. The main object of our study on the
geometric side is the G-equivariant intersection cohomology TH: (UZ).
By the definition, it is endowed with the following structures:

1) It is a module over H¢(pt). The latter algebra can be canonically
identified with the algebra of polynomial functions on b x C? which are
invariant under W, where W is the Weyl group of G. In what follows
we shall denote this ring by Ag; let also F denote its field of fractions.
We shall typically denote an element of h x C? by (a, &1, &s).

2) There exists a natural symmetric (Poincaré) pairing THg (U) @
Ag

TH:(U%) — Fg (this follows from the fact that (24%)7*C" consists of
one point).

3) For every d > 0 we have a canonical unit cohomology class [19) €
THE (US).
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The main purpose of this paper is to describe the above structures in
terms of representation theory. To formulate our results, we need to
introduce the main algebraic player — the W-algebra.

1(iii). Main algebraic object: W-algebras. In this subsection we
recall some basic facts and constructions from the theory of W-algebras
(cf. [28] and references therein). First, we need to recall the notion of
Kostant-Whittaker reduction for finite-dimensional Lie algebras.

Let g be as before a simple Lie algebra over C with the universal
enveloping algebra U(g). Let us choose a triangular decomposition
g=n,dhdn_ for g. Let y: n. — C be a non-degenerate character
of ny, ie. a Lie algebra homomorphism such that x|,, , # 0 for every
vertex i of the Dynkin diagram of g (here ny ; denotes the corresponding
simple root subspace). Then we can define the finite W-algebra of g
(to be denoted by Wy, (g)) as the quantum Hamiltonian reduction of
U(g) with respect to (n, x). In other words, we have

Win(g) = Homy)(U(g) ® Cy,U(g) ® Cy).
Uny) Uny)

A well-known theorem of Kostant asserts that

(1f) Wey(g) is naturally isomorphic to the center Z(g) of U(g).

In particular, we have

(2f) The algebra Wg,(g) has a natural embedding into S(h), whose
image coincides with the algebra S(h)".

(3f) The algebra Wy, (g) is a polynomial algebra in some variables
FO F® where ¢ = rank(g). Each F* is homogeneous as an
element of S(h)" of some degree d,, +1 > 2.

(4f) The algebra Wg,(g) is isomorphic to the algebra Wg,(g").
Feigin and Frenkel (cf. [28] and references therein) have generalized
the above results to the case of affine Lie algebras. Namely, let g((¢))
denote the Lie algebra of g-valued formal loops. It has a natural central
extension

0—-C—-g—g((t)—0
(this extension depends on a choice of an invariant form on g which we
choose so that the the squared length of every short coroot is equal to
2). The group C* acts naturally on g by “loop rotation” and the same
is true for its Lie algebra C. We let g.g be the semi-direct product of
g and C (for the above action).

For every k € C one can consider the algebra Uy(g) — this is the
quotient of U(g) by the ideal generated by 1 — k where 1 denotes the
generator of the central C C g.g. Let us also extend x to n,((¢)) by
taking the composition of the residue map n, ((t)) — ny with x : ny —
C. Abusing slightly the notation, we shall denote this map again by .
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The W-algebra Wy(g) is roughly speaking the Hamiltonian reduc-
tion of Uk(g) with respect to (n.((¢)),x). However, the reader must
be warned that rigorously this reduction must be performed in the
language of vertex operator algebras; in particular, Wy(g) is a vertex
operator algebra (cf. again [28] for the relevant definitions).

Unlike in the finite case, the algebra Wy(g) is usually non-commutative
(unless kK = —h"). The main results of Feigin and Frenkel about W(g)
can be summarized as follows (notice the similarities between (1f)-(4f)

and (1)-(4)):
Theorem 1.1.

(1) The algebra W_p,v(g) can be naturally identified with the center
of the (vertex operator algebra version of ) U_pv ().

(2) Let $eis(h) denote the central extension of h((t)) correspond-
ing to the bilinear form on b chosen above. Abusing the nota-
tion we shall use the same symbol for the corresponding ver-
tex operator algebra. Also for any k € C we can consider
the corresponding algebra $Heisy(h) ( “Heisenberg algebra of level
k7).} Then for generic k there exists a canonical embedding
Wk(g) — ﬁei5k+h\/(b>-

(3) The algebra Wy (g) is generated (in the sense of [28, 15.1.9])
by certain elements W), k =1,--- £ of conformal dimension
d.+ 1. This (among other things) means that for every module
M over Wy(g) and every k = 1,...,{ there is a well defined field
Y(W®, 2) = S Wi 2=t where W can be regarded as

nez
a linear endomorphism of M.

(4) Suppose k is generic. There is a natural isomorphism Wy (g) ~
Wi (g") where (k+ h))(kY + hyv) = where vV is the “lac-
ing number of g” (i.e. the mazximal number of edges between
two vertices of the Dynkin diagram of g). We shall call this
1somorphism “the Feigin-Frenkel duality”.

The representation theory of Wy(g) has been extensively studied
(cf. for example [2]). In particular, to any A € h* one can attach a
Verma module M(\) over Wy (g) and M (\;) is isomorphic to M () if
A1+ p and Ay + p are on the same orbit of the Weyl group. This module
carries a natural (Kac-Shapovalov) bilinear form, with respect to which
the operator W, is conjugate to WS”:L) (up to sign). This module can
be obtained as the Hamiltonian reduction of the corresponding Verma
module for g.

INote that for all k # 0 these algebras are isomorphic.
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1(iv). The main result: localized form. Let us set
Mg, (a) = IHz(Us) @ Fa; Mrg(a) = P Mz, ().
¢ d=0

It is easy to see that M _(a) is also naturally isomorphic to IH, .(U4g) ®
’ AG

F where the subscript .. stands for cohomology with compact support.
Let us also set
k=—h' -2
€1
Then (a somewhat weakened) form of our main result is the following:

Theorem 1.2. Assume that G is simply laced and let us identify b
with b* by means of the invariant form such that (o, ) = 2 for every
root of g. Then there exists an action of the algebra Wy(g) on Mg, (a)
such that

(1) The resulting module is isomorphic to the Verma module M(\)
over Wy (g) where

=2 p
€1
(here we take Fr = Frac(H}(pt)) as our field of scalars).

(2) Under the above identification a twisted Poincaré pairing on
Mg (a) goes over to the Kac-Shapovalov form on M(X). (The
twisting will be explained in §6(viii).)

(3) Under the above identification the grading by d corresponds to
the grading by eigenvalues of Ly.

(4) Letd > 1, n > 0. We have

(1.3) Wy {:I:al_lagh et ifﬂzé and n =1,

0 otherwise.
Remarks. 1) We believe that the sign in (1.3) is actually always
“+ 7, however, currently we don’t know how to eliminate the sign is-
sue. Note, however, that (1.3) still defines the scalar product (1%1%)
unambiguously. Also (assuming that the above sign issue can be set-
tled) it follows from (1.3) that if we formally set w = >, 1) then we

have
~1_—hV41

W(”)(w)— €1 &2 w ifk=~»Candn=1,
! )0 otherwise.

Sometimes we shall write wq ., ., to emphasize the dependence on
the corresponding parameters.
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2) The assumption that G is simply laced is essential for Theorem 1.2
to hold as stated. However, we believe that a certain modified version
of Theorem 1.2 holds in the non-simply laced case as well, although
at the moment we don’t have a proof of this modified statement (cf.
subsection 1(x) for a brief discussion of the non-simply laced case).

3) Since UY, is acted on by the full GL(2) and not just by C* x C*,
it follows that the vector space Mg, (a) has a natural automorphism
which induces the involution &1 <> ¢ on F (and leaves a untouched).
Note that changing £; to £, amounts to changing k = —h" — z—f to
kY = —h" — = and we have (k + h")(k" + h") = 1. Note also that we
are assuming that g is simply laced, so g is isomorphic to g* and the
above geometrically defined automorphism is in fact a corollary of the
Feigin-Frenkel duality (cf. Theorem 1.1).

1(v). Relation to previous works. We discuss previous works re-
lated to the above result here and later in §1(viii). This subsection is
devoted for those works related to statements themselves, and §1(viii)
is for those which give us a strategy and techniques of the proof.

First we discuss the statements (1),(2),(3). There are many previ-
ous works in almost the same pattern: We consider moduli spaces of
instantons or variants on complex surfaces, and their homology groups
or similar theory. Then some algebras similar to affine Lie algebras act
on direct sums of homology groups, where we sum over various Chern
classes.

The first example of such a result was given by the third-named au-
thor [44, 46]. The 4-manifold is C?/T" for a nontrivial finite subgroup
[' € SU(2), and the gauge group is U(r). The direct sum of homology
groups of symplectic resolutions of Uhlenbeck spaces, called quiver va-
rieties in more general context, is an integrable representation of the
affine Lie algebra gr ¢ of level . Here gr is a simple Lie algebra of type
ADE corresponding to I' via the McKay correspondence, and gr g is
its affine Lie algebra.

This result nicely fitted with the S-duality conjecture on the modular
invariance of the partition function of 4d N = 4 supersymmetric gauge
theory by Vafa-Witten [03], as characters of integrable representations
are modular forms. It was understood that the correspondence [14, 10]
should be understood in the framework of a duality in string theories
[61]. There are lots of subsequent developments in physics literature
since then.

In mathematics, the case I' = {e} was subsequently treated by [15]
and Grojnowski [32] for » = 1, and by Baranovsky [5] for general r.
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The corresponding gr ¢ is the Heisenberg algebra, i.e., the affine Lie
algebra associated with the trivial Lie algebra gl;, in this case.

For I' = {e}, the symplectic resolution Y% — U of the Uhlenbeck
space UZ is given by the moduli space of torsion-free sheaves on P?
together with a trivialization at /., of generic rank r and of second
Chern class d. We call it the Gieseker space in this paper. For general I,
we have its variant. All have description in terms of representations of
quivers by variants of the ADHM description, and hence are examples
of quiver varieties.

This result was extended to an action of the quantum toroidal algebra
U,(Lgras) on the equivariant K-theory of the moduli spaces when
[ # {e} [18, 50]. A variant for equivariant homology groups was given
by Varagnolo [65].

In all these works, the action was given by introducing correspon-
dences in products of moduli spaces, which give generators of the al-
gebra. In particular, the constructions depend on good presentations
of algebras. The case I' = {e} was studied much later, as we explain
below, as the corresponding algebra, which would be U, (L(gl,)ag), was
considerably more difficult.

Let us also mention that the second-named author with Kuznetsov
[26] constructed an action of the affine Lie algebra gl,. on the homology
group of moduli spaces of parabolic sheaves on a surface, called flag
Gieseker spaces or affine Laumon spaces when the surface is P2, the
parabolic structure is put on a line and the framing is added. (Strictly
speaking, the action was constructed on the homology group of the
fibers of morphisms from flag Gieseker spaces to flag Uhlenbeck spaces.
The action for the whole variety is constructed much later by Negut
[50] in the equivariant K-theory framework.)

Let us turn to works on the inner product (1¢/1%), which motivate
the statement (4). It is given by the equivariant integration of 1 over
UL, and their generating function

(14) Z(Q?a’>€1>€2) - Qd<1d|1d>

WE

%
Il

0

is called “the instanton part of the Nekrasov partition function for pure
N = 2 supersymmetric gauge theory” [57]. This partition function has
been studied intensively in both mathematical and physical literature.
In particular, a result, which is very similar to Theorem 1.2(1)~(4) (but
technically much simpler) was proved by the first-named author [14].
Namely, in the situation of [11] on the representation theory side one
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deals with the affine Lie algebra g.g instead of the corresponding W-
algebra, and on the geometric side one needs to replace the Uhlenbeck
spaces UZ by flag Uhlenbeck spaces Z&. 1In fact, it is important to
note that when the original group G is not simply laced, the main
result of [14] relates the equivariant intersection cohomology of the flag
Uhlenbeck spaces for the group G with the representation theory of
the affine Lie algebra g);, whose root system is dual to that of g.g.
A somewhat simpler construction exists also for the finite-dimensional
Lie algebra g¥ — in that case on the geometric side one has to work
with the so called space of based quasi-maps into the flag variety of g,
also known as Zastava spaces (cf. [15] for a survey on these spaces).

The Nekrasov partition functions are equal for Y% and for flag Uh-
lenbeck spaces at 5 = 0, and it is enough for some purposes, say
to determine Seiberg-Witten curves, but they are different in general.
Therefore it was clear that we must replace g}; by something else, but
we did not know what it is.

A breakthrough was given in a physics context by Alday-Gaiotto-
Tachikawa [1] (AGT for short). They conjectured that the partition
functions for G = SL(2) with four fundamental matters and adjoint
matters are conformal blocks of the Virasoro algebra. They provided
enough mathematically rigorous evidences, say numerical checks for
small instanton numbers, and also physical intuition that this corre-
spondence is coming from an observation that N = 2 4d gauge theories
are obtained by compactifying the underlying 6d theory on a Riemann
surface. They also guessed that the Virasoro algebra is replaced by the
Wh-algebra for a group G of type ADFE.

There is a large literature in physics after AGT, especially for type
A. We do not give the list, though those works are implicitly related
to ours. We mention only one which was most relevant for us, it is [30]
by Keller et al, where the statement (4) was written down for the first
time for general G. (There is an earlier work by Gaiotto for G = SL(2)
[30], and various others for classical groups.)

Around the same time when [1] appeared in a physics context, there
was an independent advance on the understanding of the algebra U, (L(gl; )as)
acting on the K-theory of resolutions of Uhlenbeck spaces of type A by
Feigin-Tsymbaliuk [25] and Schiffmann-Vasserot [60]. They noticed
that that U,(L(gl,)as) is isomorphic to various algebras, which had
been studied in different contexts: a Ding-lohara algebra, a shuffle al-
gebra with the wheel conditions, the Hall algebra for elliptic curves,
and an algebra studied by Miki [41]. Combined with the AGT picture,
we understand that U, (L(gl;).¢) is the limit of the deformed W(sl,),
or W(gl,) by the reason explained below, when r — oo.
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In [16] a similar result is conjectured (and proved in type A) for
finite W -algebras associated with a nilpotent element e € gV, which is
principal in some Levi subalgebra (in that case on the geometric side
one works with the so called parabolic Zastava spaces - cf. [15] for the
relevant definitions).

Finally Maulik-Okounkov [10] and Schiffmann-Vasserot [59] proved
Theorem 1.2 in the case when G = SL(r). More precisely, they work
with the equivariant cohomology of % rather than with equivariant
intersection cohomology of UZ, which is slightly bigger. As a result on
the representation theory side they get a Verma module over W(gl,.)
(this algebra is isomorphic to the tensor product of W(sl,) with a (rank
1) Heisenberg algebra). We should also mention that we use the con-

struction of [10] for r = 2 in a crucial way for the proof of Theorem
1.2.

1(vi). Hyperbolic restriction. One of the main technical tools used
in the proof of Theorem 1.2 is the notion of hyperbolic restriction. Let
us recall the general definition of this notion.

Let X be an algebraic variety endowed with an action of C*. Then
X% is a closed subvariety of X. Let Ax denote the corresponding
attracting set. Let i: X© — Ay and j: Ay — X be the natural em-
beddings. Then we have the functor ® = i*j' from the derived category
of constructible sheaves on X to the derived category of constructible
sheaves on X©". This functor has been extensively studied by Braden
n [12]. In particular, the main result of [12] says that ® preserves the
semi-simplicities of complexes.

Assume that we have a symplectic resolution 7: ¥ — X in the sense
of [10] and assume in addition that the above C*-action lifts to Y
preserving the symplectic structure. Let F = 7,Cy[dim X] (where Cy
denotes the constant sheaf on Y). Then we have

Theorem 1.5. (1) [64] ®(F) is isomorphic to m,Cyex[dim X].
(2) Maulik-Okounkov’s stable envelop [10] gives us a choice of an
isomorphism in (1).

See [53] for the proof. Though both ®(F) and m,Cyc+ [dim X©'] are
isomorphic semi-simple perverse sheaves, the proof of [64] only gives us
a canonical filtration on the former whose associated graded is canon-
ically isomorphic to the latter. Then the stable envelop [10] gives us a
choice of a splitting.

Now we specialize the above discussion to the following situation.
Let P C GG be a parabolic subgroup of G with Levi subgroup L. Let
us choose a subgroup C* C Z(L) (here Z(L) stands for the center
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of L) such that the fixed point set of its adjoint action on P is L
and the attracting set is equal to all of P. Let now X = U%. We
denote by U the fixed point set of the above C* on UZ and by U2 the
corresponding attracting set. It is easy to see that if L is not a torus,
then U¢ is just homeomorphic to Z/{[dL I (and if L is a torus, then U¢ is

just S4(C?)). Often we are going to drop the instanton number d from
the notation, when there is no fear of confusion. We let ¢ and p denote
the corresponding maps from U, to Up and from Up to U,. Also we
denote by j the embedding of U, to U,. We have the diagram

p .
(1.6) U, S Up > Uy,

Thus we can consider the corresponding hyperbolic restriction func-
tor &7 5 = i*j' (note that the functor actually depends on P and not
just on L, but it is easy to see that it doesn’t depend on the choice of
C* C Z(L) made above).

The following is one of the main technical results used in the proof
of Theorem 1.2:

Theorem 1.7. (1) Let Py C P be two parabolic subgroups and let
Ly C Ly be the corresponding Levi subgroups. Then we have a
natural isomorphism of functors @1, ¢ ~ ®r, 1, 0 Pr, ¢

(2) For P and L as above the complex @1, o(IC(UE)) is perverse and
semi-simple. Moreover, the same is true for any semi-simple
perverse sheaf on UZ which is constructible with respect to the
natural stratification.

Note that when G = SL(r), it is easy to deduce Theorem 1.7 from
Theorem 1.5(1), since in this case the scheme U% has a symplectic

resolution 9.

1(vii). Sketch of the proof. The proof of Theorem 1.2 will follow
the following plan:

1) Replace G = G x C* x C*-equivariant cohomology with T =
T x C* x C*-equivariant cohomology. Note that the former is just
equal to the space of W-invariants in the latter, so if we define an
action of Wy (g) on & [HR(UZ) 1? Fr (where Ar = Hi ¢oyc-(Dt) and

T

Fr is its field of fractions) and check that if commutes with the action
of W, we get an action of Wy(g) on @, HE(UL) ® Fg.
Ac

2) We are going to construct an action of $eisg, v (h) on @4 IHR(UL) @
Ar

Fr and then get the action of Wy (g) by using the embedding Wy(g) —
$eisgypv(h). It should be noted that the above $eisg, v (h)-action will
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have several “disadvantages” that will disappear when we restrict our-
selves to Wi(g). For example, this action will depend on a certain
auxiliary choice (a choice of a Weyl chamber).
3) The action of the Heisenberg algebra on @4 IH:(US) 1? Fr will
T

be constructed in the following way. Let us choose a Borel subgroup B

containing the chosen maximal torus 7. We can identify &4 IHH(UZ) @
Ar

Fr with ®,H:®7 (IC(UL)) @ Fr, so it is enough to define an action of
Ar

the Heisenberg algebra on the latter. For this it is enough to define the
action of Heis(Ca;’) for every simple coroot o) of G' (and then check the
corresponding relations). Let P; denote the corresponding sub-minimal
parabolic subgroup containing B. Let also L; be its Levi subgroup (it is
canonical after the choice of T'). Note that [L;, L;] >~ SL(2). Using the
isomorphism @7 (IC(UEL)) =~ Op 1, o P, o(IC(UL)) and Theorem 1.5,
we define the action of $eis(Ca) on ®qH:Pr o (IC(UL)) ,«? Fr using
T

the results of [10] for G = SL(2).

Here it is important for us to write down @, o(IC(UZ)) in terms
of IC(UY) (d < d) and local systems on symmetric products in a
‘canonical” way. In particular, we need to construct a base in the
multiplicity space of IC(L[L;) in &7, o(ICUZ)). For G = SL(r), this
follows from the stable envelop, thanks to Theorem 1.5(2). For general
G, this argument does not work, and we use the factorization property
of Uhlenbeck spaces together with the special case G = SL(2). A
further detail is too complicated to be explained in Introduction, so we
ask an interested reader to proceed to the main text.

4) We now need to check the relations between various $eis(Ca).
For this we have two proofs. One reduces it again to the results of [10]
for G = SL(3) (note that since we assume that G is simply laced, any
connected rank 2 subdiagram of the Dynkin diagram of G is of type A,).
The other goes through the theory of certain “geometric” R-matrices
(cf. Section 7). The proof of assertions (2) and (3) of Theorem 1.2
is more or less straightforward. The proof of assertion (4) is more
technical and we are not going to discuss it in the Introduction. Let us
just mention that for that proof we need a stronger form of the first 3
statements of Theorem 1.2 which is briefly discussed below.

1(viii). Relation to previous works — technical parts. Let us
mention previous works which give us a strategy and techniques of
the proof.

First of all, we should mention that the overall framework of the
proof is the same as those in [10, 59]. We realize the Feigin-Frenkel
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embedding of Wi(g) into $Heisg v (h) in a geometric way via the fixed
point (UZ)E = UY, as is explained the geometric realization in 3),4) in
§1(vii). This was first used in [10, 59] for type A.

What we do here is to replace the equivariant homology of Gieseker
spaces U2 by intersection cohomology of U as the former exists only in
type A. Various foundational issues were discussed in the joint work of
the first and second-named authors with Gaitsgory [20]. In particular,
the fact that the character of Mg (a) is equal to the character of a
Verma module over Wy(g) follows from the main result of [20]. (For
type A, it was done earlier in the joint work of the third-named author
with Yoshioka. See [17, Exercise 5.15] and its solution in [54].)

A search of a replacement of Maulik-Okounkov’s stable envelop [10]
was initiated by the third-named author [53]. In particular, the rele-
vance of the hyperbolic restriction functor ® and the statement Theo-
rem 1.5(2) were found. Therefore our technical aim is to find a ‘canon-
ical’ isomorphism between ®; (IC(UZ)) and a certain perverse sheaf
on UL,

Let us also mention that Theorem 1.5(1) was proved much earlier by
Varagnolo-Vasserot [(4] in their study of quiver varieties. The functor ®
realized tensor products of representations of gr .. (Strictly speaking,
only quiver varieties of finite types were considered in [64]. A slight
complication occurs for quiver varieties of affine types which give gr .g.
See [53, Remark 1] for detail.)

When we do not have a symplectic resolution like U/, we need an-
other tool to analyze ®. Fortunately the hyperbolic restriction functor
was studied by Mirkovié-Vilonen [12; 413] in the context of the geometric
Satake isomorphism, which asserts the category of G(C|[t]])-equivariant
perverse sheaves on the affine Grassmannian Grg = G(C((t)))/G(C[[t]])
is equivalent to the category of finite dimensional representations of the
Langlands dual GV of GG as tensor categories. The hyperbolic restriction
functor realizes the restriction from GV to its Levi subgroup.

In particular, it was proved that ® sends perverse sheaves to per-
verse sheaves. This was proved by estimating dimension of certain
subvarieties of Grg, now called Mirkovi¢-Vilonen cycles. The proof of
Theorem 1.7 is given in the same manner, replacing Mirkovi¢-Vilonen
cycles by attracting sets of the C*-action.

It is clear that we should mimic the geometric Satake isomorphism
from the conjecture of the first and second-named authors [17] which
roughly says the following: it is difficult to make sense of perverse
sheaves on the double affine Grassmannian, i.e., the affine Grassman-
nian Grg,, for the affine Kac-Moody group G,.s. But perverse sheaves



INSTANTON MODULI SPACES AND W-ALGEBRAS 13

on U (and more generally instanton moduli spaces on C?/I" with
I' = Z/kZ) serve as their substitute. Then they control the repre-
sentation theory of GY; at level k.

This conjecture nicely fits with the third-named author’s works [14,
16] on quiver varieties via I. Frenkel’s level-rank duality for the affine
Lie algebra of type A [29]. Namely in the correspondence between mod-
uli spaces and representation theory, the gauge group determines the
rank, and I' the level respectively in the double affine Grassmannian.
And the role is reversed in quiver varieties.

In [19], the first and second-named authors proposed a functor, act-
ing on perverse sheaves, which conjecturally gives tensor products of

J¢- This proposal was checked in [51] for type A, by observing that
the same functor gives the branching from gr.s to the affine Lie al-
gebra of a Levi subalgebra. The interchange of tensor products and
branching is again compatible with the level-rank duality.

Here in this paper, tensor products and branching appear in the
opposite side: The hyperbolic restriction functor ® realizes the tensor
product in the quiver variety side, as we mentioned above. Therefore
it should correspond to branching in the dual affine Grassmannian
side. This is a philosophical explanation why the study of analog of
Mirkovi¢-Vilonen cycles is relevant here.

1(ix). The main result: integral form. The formulation of The-
orem 1.2 has an obvious drawback: it is only formulated in terms of
localized equivariant cohomology. First of all, it is clear that as stated
Theorem 1.2 only has a chance to work over the the localized field
F = C(ey,e9) rather than over A = C[ey,e5]. The reason is that our
formula for the level k = —hY — z—f and the highest weight A = % —p
are not elements of A. For many purposes, it is convenient to have an
A-version of Theorem 1.2. In fact, technically in order to prove the
last assertion of Theorem 1.2 we need such a refinement of the first 3
assertions (the reason is that we need to use the cohomological grading
which is lost after localization). In earlier works [10, 59] for type A, the
A-version appears only implicitly, as operators W,S”’ are given by cup
products on Gieseker spaces. But in our case, Uhlenbeck spaces are
singular, and we need to work with intersection cohomology groups.
Hence W™ do not have such descriptions.

So, in order to formulate a non-localized version of Theorem 1.2 one
needs to define an A-version W (g) of the W-algebra (such that after
tensoring with F we get the algebra Wy(g) with k = —h" — £). We
also want this algebra to be graded (such that the degrees of £; and &5
are equal to 2); in addition we need analogs of statements (2) and (3) of
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Theorem 1.1. This is performed in the Appendix B. Let us note, that
although this A-form is motivated by geometry, it can be defined purely
in an algebraic way, following the work of Feigin and Frenkel. As far
as we know, this A-form does not appear in the literature before. As a
purely algebraic application, we can remove the genericity assumption
in Theorem 1.1(4). The third named author learns from Arakawa that
this was known to him before, but the proof is not written. After this
we prove an A-version of Theorem 1.2 in Section 8.

The non-localized equivariant cohomology groups also give us a re-
fined structure in our construction. We construct W (g)-module struc-
tures on four modules

G}IHGc U, @H'ﬁic (Pra(ICUE)))

@HT r o (ICUL))) @IHG ud),

where the subscript ¢ stands for cohomology with compact support.
They become isomorphic if we take tensor products with Fp, i.e., in
the localized equivariant cohomology. But they are different over Ag
and Ap. We show that they are universal Verma, Wakimoto modules
Ma(a), Na(a), and their duals respectively. Here by a Wakimoto
module, we mean the pull-back of a Fock space via the embedding of
W(g) in $Heis(h). They are universal in the sense that we can specialize
to Verma/Wakimoto and their duals at any evaluation Ag — C, Ay —
C. This will be important for us to derive character formulas for simple
modules, which will be discussed in a separate publication.

The importance of the integral form and the application to character
formulas were first noticed in the context of the equivariant K-theory
of the Steinberg variety and the affine Hecke algebra (see [22]), and
then in quiver varieties [18] and parabolic Laumon spaces (= handsaw
quiver varieties) [52].

1(x). Remarks about non-simply laced case. We have already
mentioned above that verbatim Theorem 1.2 doesn’t hold for non-
simply laced GG. However, we expect that the following modification of
Theorem 1.2 should hold.

First, let G be any affine Lie algebra in the sense of [35] with con-
nected Dynkin diagram. For example, G can be untwisted, and in this
case it is isomorphic to a Lie algebra of the form g,g for some simple
finite-dimensional Lie algebra. But in addition there exist twisted affine
Lie algebras. We refer the reader to [35] for the relevant definitions; let
us just mention that every twisted G comes from a pair (G', o) where
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G' = gag for some simply laced simple finite-dimensional Lie algebra g
and o is a certain automorphism of g of finite order.

The Dynkin diagram of G comes equipped with a special “affine”
vertex. We let Gg denote the semi-simple and simply connected group
whose Dynkin diagram is obtained from that of G by removing that
vertex.

To such an algebra one can attach another affine Lie algebra GV —
“the Langlands dual Lie algebra”. By definition, this is just the Lie
algebra whose generalized Cartan matrix is transposed to that of G. It
is worthwhile to note that:

1) If g is a simply laced finite-dimensional simple Lie algebra, then
9. is isomorphic to g.g (which is also the same as (g").¢ in this case).

2) In general, if g is not simply laced, then g;; is not isomorphic to
(g¥)ar. In fact, if g is not simply laced, then g/; is always a twisted
Lie algebra.

It turns our that one can define the Uhlenbeck spaces Ug for any
affine Lie algebra G in such a way that that Ug = UZ when G = g.q and
g = Lie(G) (the definition uses the corresponding simply laced algebra
g and its automorphism o mentioned above). We are not going to
explain the definition here (we shall postpone it for a later publication).
This scheme is endowed with an action of the group Gg x C* x C*.

In addition to G as above one can also attach a W-algebra W(G).
Then we expect the following to be true:

Conjecture 1.8. There exists an action of W(G) on @ THg gy cr o (UGv )
satisfying properties similar to those of Theorem 1.2.

Let us discuss one curious corollary of the above conjecture. Let
g be a finite-dimensional simple Lie algebra. Set G = gY,G2 =
(g¥)Ys. Then Conjecture 1.8 together with Feigin-Frenkel duality imply
that there should be an isomorphism between IHg g, ) xc- (UG, ) and
THE (g, xc- (UG,) which sends 2 and to r'Z. It would be interest-
ing to see whether this isomorphism can be constructed geometrically
(let us note that the naive guess that there exists an isomorphism
between ngl and ng2 giving rise to the above isomorphism between
THE 6,y e (UG,) and THE g, e o (UG,) is probably wrong). This
question might be related to the work [62] where the author explains
how to derive the 4-dimensional Montonen-Olive duality for non-simply
laced groups from 6-dimensional (2,0) theory.

1(xi). Further questions and open problems. In this subsection
we indicate some possible directions for future research on the subject
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(apart from generalizing everything to the non-simply laced case, which
was discussed before).

1(xi).1. VOA structure and CEFT. Our results imply that the space
Mp,(a) has a natural vertex operator algebra structure. It would be
extremely interesting to construct this structure geometrically.

The AGT conjecture predicts a duality between N = 2 4d gauge
theories and 2d conformal field theories (CFT). The equivariant inter-
section cohomology group Mg, (a) is just the quantum Hilbert space
associated with S, appeared as a boundary of a Riemann surface. We
should further explore the 4d gauge theory from CFT perspective, as
almost nothing is known so far.

1(xi).2. Gauge theories with matter. Our results give a representation-
theoretic interpretation of the Nekrasov partition function of the pure
N = 2 super-symmetric gauge theory on R*. For physical reasons it is
also interesting to study gauge theories with matter. Mathematically it
usually means that in the definition of the partition function (1.4) one
should replace the equivariant integral of 1 by the equivariant integral
of some other (intersection) cohomology class. However, when G is not
of type A even the definition of the partition function is not clear to
us. Namely, for G = SL(r) one usually works with the Gieseker space
ZZ?Z instead of UZ. In this case the cohomology classes in question are

usually defined as Chern classes of certain natural sheaves Z:I;fl (such as,
for example, the tangent sheaf). Since UY, is singular and we work with
intersection cohomology such constructions don’t literally make sense
for UZ.

1(xi).3. The case of C*/T. It would be interesting to try and generalize
our results to Uhlenbeck space of C?/T". Here we expect the case when
I is a cyclic group to be more accessible than the general case; in fact,
in this case one should be able to see connections with [17],[19] and
on the other hand with [9, 8]. On the other hand the theory of quiver
varieties deals with general I', but the group G is of type A, as we
mentioned in §1(v). The case when both I' and G are not of type A
seems more difficult. Note that we must impose €; = &5, therefore the
level k = —hY — ey /g1 cannot be deformed. In particular, the would-be
'Wh-algebra does not have a classical limit.

1(xi).4. Surface operators. As we have already mentioned in §1(v),
there are flag Uhlenbeck spaces parametrizing (generalized) G-bundles
on P? with parabolic structure on the line P'. A type of parabolic
structure corresponds to a parabolic subgroup P of GG. Generalizing
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results in two extreme cases, P = B in [11] and P = G in this paper, it
is expected that the equivariant intersection cohomology group admits
a representation of the W-algebra associated with the principal nilpo-
tent element in the Lie algebra [ of the Levi part of P. (We assume
G is of type ADE, and the issue of Langlands duality does not occur,
for brevity.) This is an affine version of the conjecture in [16] men-
tioned before. Moduli of G-bundles with parabolic structure of type
P is called a surface operator of Levi type [ in the context of N = 4
supersymmetric gauge theory [33].

However there is a surface operator corresponding to arbitrary nilpo-
tent element e in Lie G proposed in [21], which is supposed to have the
symmetry of W(g, e), the W-algebra associated with e. We do not un-
derstand what kind of parabolic structures nor equivariant intersection
cohomology groups we should consider if e is not regular in Levi.

1(xii). Organization of the paper. In Section 2 we discuss some
generalities about Uhlenbeck spaces. Section 3 is devoted to the gen-
eral discussion of hyperbolic restriction and Section 4 — to hyperbolic
restriction on Uhlenbeck spaces. In Section 5 we relate the construc-
tions and results of Section 4 to certain constructions of [10] in the case
when G is of type A. Section 6 is devoted to the construction of the
action of the algebra Wy (g) on Mg, (a) along the lines presented above.
Section 7 is devoted to the discussion of “geometric R-matrices”.

1(xiii). Some notational conventions.

(i) A partition A is a nonincreasing sequence \; > Ay > --- of
nonnegative integers with Ay = 0 for sufficiently large N. We
set |Al = DN, (A = #{i | \; # 0}. We also write A =
(1272 .. ) with ng = #{i | \; = k}.

(ii) The equivariant cohomology group H¢(pt) of a point is canon-
ically identified with the ring of invariant polynomials on the
Lie algebra Lie G of G. The coordinate functions for the two
factors C* are denoted by £, € respectively. We identify the
ring of invariant polynomials on g = Lie G with the ring of the
Weyl group invariant polynomials on the Cartan subalgebra b
of g. When we consider the simple root «; as a polynomial on
b, we denote it by a’.

(iii) For a variety X, let D’(X) denote the bounded derived category
of complexes of constructible C-sheaves on X. Let IC(Xy, L)
denote the intersection cohomology complex associated with a
local system L over a Zariski open subvariety Xy in the smooth
locus of X. We denote it also by IC(X) if £ is trivial. When X



18 A. BRAVERMAN, M. FINKELBERG, AND H. NAKAJIMA

is smooth and irreducible, Cx denotes the constant sheaf on X
shifted by dim X. If X is a disjoint union of irreducible smooth
varieties X, we understand Cx as the direct sum of Cy, .

(iv) We make a preferred degree shift for the Borel-Moore homology
group (with complex coefficients), and denote it by Hp(X).
The shift is coming from a related perverse sheaf, which is clear
from the context. For example, if X is smooth, Cy is a perverse
sheaf. Hence Hp,j(X) = Hyyaim x(X) is a natural degree shift,
as it is isomorphic to H *(X,Cx). More generally, if L is a
closed subvariety in a smooth variety X, we consider H,(L) =
H,iaimx (L) = H*(L,j'Cx), where j: L — X is the inclusion.

(v) We use the ADHM description of framed torsion free sheaves
on P? at several places. We change the notation (By, By, 1,7) in
(47, Ch. 2] to (By, By, I,J) as i, j are used for different things.
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2. PRELIMINARIES

A basic reference to results in this section is [20], where [3, 17] are
quoted occasionally.

2(i). Instanton number. We define an instanton number of a G-
bundle F over P2. It is explained in, for example, [3]. Since it is
related to our assumption that G is simply-laced, we briefly recall the
definition.

The instanton number is the characteristic class associated with an
invariant bilinear form (, ) on the Lie algebra g of G. Since we assume
G is simple, the bilinear form is unique up to scalar. We normalize it
so that the square length of the highest root 6 is 2.

When G = SL(r), it is nothing but the second Chern class of the
associated complex vector bundle.

For an embedding SL(2) — G corresponding to a root «, we can
induce a G-bundle F from an SL(2)-bundle Fgr2). Then the corre-
sponding instanton numbers are related by

2

(2.1) d(F) = d(Fsrz) (@)

Since we assume G is simply-laced, we have (a, a) = 2 for any root a.
Thus the instanton number is preserved under the induction.

2(ii). Moduli of framed G-bundles. Let Bunf, be the moduli space
of G-bundles with trivialization at /., of instanton number d as before.
We often call them framed G-bundles.

The tangent space of BundG at F is equal to the cohomology group
HY(P?, gr(—{s)), where gr is the vector bundle associated with F
by the adjoint representation G — GL(g) ([20, 3.5]). Other degree
cohomology groups vanish, and hence the dimension of H'! is given by
the Riemann-Roch formula. It is equal to 2dh" ([3]). Here h" is the
dual Coxeter number of G, appearing as the ratio of the Killing form
and our normalized inner product ( , ).

It is known that Bunf is connected, and hence irreducible ([20,
Prop. 2.25]).

It is also known that Bung is a holomorphic symplectic manifold.
Here the symplectic form is given by the isomorphism

(2:2) H' (P, g5 (—20s0)) = H'(P?, gi(—()),
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where g = g* is induced by the invariant bilinear form, and Op2(—{+,) —
Op2(—2(4,) is given by the multiplication by the coordinate zy corre-
sponding to f,. The tangent space Tr Bun, = H'(P? gr(—(y)) is
isomorphic also to H'(P? gz(—2(,,)) and the above isomorphism can
be regarded as T Bunf, — T% Bunf,. It is nondegenerate and closed.
(See [17, Ch. 2, 3] for G = SL(r). General cases can be deduced from
the SL(r)-case by a faithful embedding G — SL(r).)

2(iii). Stratification. Let U< be the Uhlenbeck space for G. It has a
stratification

(2.3) Us = |_|BundG17/\, BundGlA = Bun xS\A?,

where the sum runs over pairs of integers d; and partitions A with
dy +|\| = d. Here SyA? is a stratum of the symmetric product S*AZ2,
consisting of configurations of points whose multiplicities are given by
A, that is

(2.4) S A% = {Z Na; € SMA?| # x; for i # j}
for A= (A; > Ay > --+). We have
(2.5) dim Bunél’)\ = 2(d1h” +I(N)).

Let Z/{gf ) be the closure of Bunéﬁ - We have a finite morphism
(2.6) US x SHA? = UL,

extending the identification BundG1 xS\A? = BundG{ \» where S)A? is the
closure of SyA? in SIMAZ2,

2(iv). Factorization. For any projection a: A? — A! we have a nat-
ural map wl,: UG — SYA'. See [20, §6.4]. It is equivariant under
G = G x C* x C*: it is purely invariant under G. We also change the
projection a according to the C* x C*-action.

Let us explain a few properties. Let F € Buné. It is a principal
G-bundle over P? trivialized at {.,, but can be also considered as a
G-bundle over P! x P! trivialized at the union of two lines {co} x P*
and P! x {oco}. We extend a to P* x P' — P'. Then 7¢ ,(F) measures
how the restriction of F to a projective line a~!(z) differs from the
trivial G-bundle for « € P'. If x is disjoint from 7f ,,(F), then Fl,-1(y)
is a trivial G-bundle. If not, the coefficient of 2 in nf ,(F) counts
non-triviality with an appropriate multiplicity. (See [20, §4].)

On the stratum Bun% xS)AZ, Tl is given as the sum of WZ}G and
the natural morphism Sy\A? — SMA' induced from a. This property
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comes from the definition of the Uhlenbeck as a space of quasi-maps.
(See [20, §81,2].)

For type A, it is given as follows in terms of the ADHM description
(By, By, I, J) (see [17, Ch. 2]): let B, be the linear combination of
Bi, By corresponding to the projection a: A* — A'. Then il , is the
characteristic polynomial of B,. (See [20, Lem. 5.9].)

Moreover, most importantly, this map enjoys the factorization prop-
erty, which says the following. Let us write d = d; + dy with dy, ds > 0.
Let (S“AT x S%2AL), be the open subset of SUA! x S2A! where the
first divisor is disjoint from the second divisor. Then we have a natural
isomorphism

(2.7) U X gaps (STA" x S2AY)g =2 (i, x 782, ) TH(STAT x S=ZAY)).

See [20, Prop. 6.5]. We call 7¢  the factorization morphism. Often we
are going to make statements about Y% and we are going to prove them
by induction on d; (2.7) will usually allow us to say that the inductive
step is trivial away from the preimage under 7TiG of the main diagonal
in SYA!. In this case we are going to say that (the generic part of) the
induction step “follows by the factorization argument”.

3. LOCALIZATION

3(i). General Statement. Let 7" be a torus acting on X and Y be a

closed invariant subset containing X7. Let ¢: Y — X be the inclusion.

Let U L X\ Y and ¢): U — X be the inclusion. Let F € D4 (X). We

consider distinguished triangles
pe'F = F = YT T,
W'F = F = 00" F
Denote the Lie algebra of T" by t. Natural homomorphisms
(3.2) Hp(X,F) = Hp(X, p.0"F) = Hi (Y, 0" F),
(3.3)  Hi(Y.9'F) = Hi(X, pup'F) = Hy (X, p10'F) = Hp (X, F)

(3.1)

become isomorphisms after inverting an element f € C[t] such that

(3.4) {ret|f(z)=0}> [J Lie(Stab,).

zeX\Y
See [31, (6.2)]. These assertions follow by observing Hi(X;)'F) =
Hi(X,Y:;F) and Hj(X;¥.0*F) = Hy(U; F) are torsion in C[t]. The
same is true also for cohomology groups with compact supports. We
call these statements the localization theorem.
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We now suppose that we have an action of C* x C* commuting with
the T-action such that
(3.5) o XU *C" i5 a single point, denoted by 0.
o If ny, ny >0, (t",t"2) - x goes to 0 when t — 0.
In fact, it is enough to have a C*-action for the result below, but we
consider a C* x C*-action, as the Uhlenbeck space has natural C* x C*-

action.
Let T=T x C* x C*.

Lemma 3.6. The natural homomorphisms H3(X,F) — Hi(Y, ¢*F),
H: (Y, ¢'F) = Hj (X, F) are isomorphisms for F € Dy(X).

Proof. Let bY: {0} — X, bY: {0} — Y be inclusions, and ax: X —

{0}, ay: Y — {0} be the obvious morphisms. Since 0 is the unique

fixed point of an attracting action of C* x C* by our assumption, ad-

junction gives us isomorphisms (ayx), —» (bX)*, (ay). = (b¥)* on

equivariant objects by [12, Lemma 6. Therefore we have a diagram
Hy(X,F) —— Hy(Y,¢"F)

(3.7) =| 1=

HE((0)*F) == Hi((by)"¢*F),
where the lower horizontal equality follows from b} = by, If Fis a
sheaf, other three homomorphisms are given by restrictions, therefore

the diagram is commutative. Hence it is also so for ¥ € D%(X) by
a standard argument. Taking the dual spaces, we obtain the second

assertion. 0
3(ii). The case of Ext algebras. Let F, § € D5.(X). We claim that
(3-8) EXtDbT(X)(gja 9) — EXtDbT(Y)(QD!?a ©'9),
(3.9) ExtD%(X)(ff, g) — ExtD%(y)(w*?, ©*9)

are isomorphisms after inverting an appropriate element f. Taking
adjoint and considering (3.1), we see that it is enough to show that

(3.10) Extpy o) (000", ), Extpy x)(F,9)'G)

are torsion. Let us observe that

(3.11) EXtDbT(X) (V)" F, hu)p™F) = EXtDbT(U) (V"™ F, P F)

is torsion, as it is an equivariant cohomology group over U. Then mul-
tiplying the identity endomorphism of ¢,0*F to Ext D, ) (T, ),
we conclude that Extpy x) (", G) is torsion. The same argument
applies also to Exth}(X)(ff, V' g).
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3(iii). Attractors and repellents. Let X be a T-invariant closed
subvariety in an affine space with a linear T-action. Let A C T be a
subtorus and X denote the fixed point set.

Let X.(A) be the space of cocharacters of A. It is a free Z-module.
Let

(3.12) ag = X.(A) @ R

Let Stab, be the stabilizer subgroup of a point x € X. A chamber
¢ is a connected component of

(3.13) az\ | J X.(Stab,) @z R.

reX\XA

We fix a chamber €. Choose a cocharacter A in €. Let z € X4. We
introduce attracting and repelling sets:

- the map ¢t — A(t)(y) extends to a map
(3.14) A, = {y €X ' Al — X sending 0 to x ’

Rx:{yeX

the map ¢t — A(t71)(y) extends to a map
A!' = X sending 0 to « ’

These are closed subvarieties of X, and independent of the choice of
A € €. Similarly we can define Ax, Rx if we do not fix the point x
as above. Note that X4 is a closed subvariety of both Ay and Ry; in
addition we have the natural morphisms Ay — X4 and Ry — X4.

3(iv). Hyperbolic restriction. We continue the setting in the previ-
ous subsection. We choose a chamber in ag, and consider the diagram

» .

(3.15) X5 Ax L X,

where i, j are embeddings, and p is defined by p(y) = lim;_o A(t)y.
We consider Braden’s hyperbolic restriction functor [12] defined by

® = i*j'. (See also a recent paper [24].) Braden’s theorem says that

we have a canonical isomorphism

(3.16) it =2t g

on weakly A-equivariant objects, where i_, j_ are defined as in (3.15)
for Ry instead of Ax.

Note also that ¢* and p, are isomorphic on weakly equivariant objects,
we have ® = p,j'. (See [12, (1)].)

Let § € D5%(X). A homomorphism

(3.17) Hi(X",¢5'F) = Hp(X", p.j'F) = Hi(Ax, j'F) — Hi(X, T)
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becomes an isomorphism after inverting a certain element by the local-
ization theorem in the previous subsection, applied to the pair Ay C X.
We also have two naive restrictions

(3.18) Hy(X4, (jod)'F), Hp(X",(joi)'d).
For the first one, we have a homomorphism to the hyperbolic restriction
(3.19) H (X4, (j 0i)'F) = Hp(X4,i*5'F),

which factors through H*(Ax,j'F). Then it also becomes an isomor-
phism after inverting an element.
The second one in (3.18) fits into a commutative diagram

H;“(XAJ*]'?) B H;“(XA> (] © Z)*?)

(3.20) T T

Two vertical arrows are isomorphisms after inverting an element f.
The lower horizontal homomorphism factors through Hi;(X,F) and
the resulting two homomorphisms are isomorphisms after inverting an
element, which we may assume equal to f. Therefore the upper arrow
is also an isomorphism after inverting an element.

3(v). Hyperbolic semi-smallness. Braden’s isomorphism p,j' = (p_)ij*
implies that p,j' preserves the purity of weakly equivariant mixed
sheaves. ([12, Theorem 8]). In particular, p,j' IC(X) is isomorphic

to a direct sum of shifts of intersection cohomology complexes ([12,
Theorem 2J).

Braden’s result could be viewed as a formal analog of the decompo-
sition theorem (see [22, Theorem 8.4.8] for example). We give a suffi-
cient condition so that p,j'IC(X) remains perverse (and semi-simple
by the above discussion) in this subsection. This result is a formal
analog of the decomposition theorem for semi-small morphisms (see
[22, Proposition 8.9.3]). Therefore we call the condition the hyper-
bolic semi-smallness. This condition, without its naming, appeared in
[12, 43] mentioned in the introduction. We give the statement in a
general setting, as it might be useful also in other situations.

Let X, X# as before. Let X = | | X, be a stratification of X such
that i\, IC(X), 5, IC(X) are locally constant sheaves. Here i, denotes
the inclusion X, — X. We suppose that X, is the smooth locus of X
as a convention.

We also suppose that the fixed point set X4 has a stratification X4 =
| | Y5 such that the restriction of p to p~'(Y3) N X, is a topologically
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locally trivial fibration over Yz for any «, f§ (if it is nonempty). We
assume the same is true for p_. We take a point yg € Yj.

Definition 3.21. We say ® is hyperbolic semi-small if the following
two estimates hold

1
dimp~(y5) N Xo < =
(3.22) 2
dimp~*(y5) N X, < 5 (dim Xo — dim ¥s).

(dim X, — dim Yj),

—_

In order to state the result, we need a little more notation. We have

two local systems over Y, whose fibers at a point y3 are Haim x —dim v, (p~ (ys)N

Xo) and HE™ X5 (571 (1) N X,) respectively. Note that p~!(yz) N

Xy and p='(y5) N Xy are at most (dim X — dim Yj)/2-dimensional if ®
is hyperbolic semi-small. In this case, cohomology groups have bases
given by (dim X — dim Yj)/2-dimensional irreducible components of

p(ys)N Xy and p:l(yg) N X, respectively. Let Haim x—dimy, (P~ (y5) N
Xo), and g A AmY (p=*(ys) N Xo), denote the components corre-

sponding to a simple local system x on Yj.

Theorem 3.23. Suppose ® is hyperbolic semi-small. Then ®(IC(X))
1s perverse and it is isomorphic to

@ IC(Ys, X) @ Haim x—dimvs (P~ (¥s) N Xo)y-
Bix

Moreover, we have an isomorphism
Haim x—dimv; (0~ (ys) N Xo)y = HE A Y (p~*(ys) N Xo)y-

The proof is similar to one in [413, Theorem 3.5], hence the detail is
left as an exercise for the reader. In fact, we only use the case when
X7 is a point, and we explain the argument in detail for that case in
Theorem A.5.

The same assertion holds for IC(X,, £) the intersection cohomology
complex with coefficients in a simple local system £ over X, if we put
L also to cohomology groups of fibers.

Note that ®(IC(Xg, L3)) is also perverse for a local system Lg on
Xg, and isomorphic to

@ IC(Ys, X) ® Haim x5—aimvs (P~ (Ys) N Xp)y-
B:x

Conversely, if ®(IC(Xg)) is perverse, we have the dimension estimates
(3.22). It is because the top degree cohomology groups are nonvanish-
ing, and contribute to nonzero perverse degrees. See the argument in
Corollary A.9 for detail.
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3(vi). Recovering the integral form. We assume (3.5) and also that
X is affine. We consider the hyperbolic restriction with respect to 7.

Let Ar = C[Lie(T)] = Cley, €2, a] and Fr be its quotient field.

We further assume that Hy (X, J) is torsion free over Hi(pt) = Ar,
ie, H (X,TF) = Hf (X,F) @4, Fr is injective. This property for the
Uhlenbeck space will be proved in Lemma 6.5.

We consider a homomorphism

(3.24) H; (X, F) = Hp (XT,i'5'F) — Hp (XT,i%5'F)

for ¥ € Di(X). The first isomorphism is given in Lemma 3.6. By the
localization theorem, the second homomorphism becomes an isomor-
phism after inverting an element f € C[LieT] which vanishes on the
union of the Lie algebras of the stabilizers of the points x € Ax \ X7.

Theorem 3.25. Consider the intersection Hy (X, i*j'F)NHz (X7, i* jL F)
in Hy (X, F) @a, Fr. It coincides with Hy (X, ).

The proof occupies the rest of this subsection. We first give a key
lemma studying stabilizers of points in Ay \ X7.

Lemma 3.26. Suppose that (A\Y,ny,ns) is a cocharacter of T such that
either of the followings holds

(1) AV is dominant and ny, ny > 0.
(2) A\ is regular dominant and ny, ny > 0.

Then there is no point in Ax\ X" whose stabilizer contains (A, ny, ny)(C*).

Proof. Assume A is dominant and ny, ny > 0.
Suppose that x € Ax is fixed by (AY,ny,n2)(C*). Then we have

(3.27) N = (", 1"2) - 1.

Since AV is dominant, its attracting set contains Ay. Therefore the
left hand side has a limit when ¢ — co. On the other hand, the right
hand side has a limit when ¢ — 0. Therefore C* 3 ¢t — AV (t7!) -z € X
extends to a morphism P* — X. As X is affine, such a morphism must
be constant, i.e., (3.27) must be equal to x.

If ny, no > 0, x must be the unique C* x C* fixed point. It is
contained in X7.

If AV is regular, z is fixed by 7, that is x € X7T. O

Proof of Theorem 3.25. Let a be an element in Hy (X, F) which is not
divisible by any non-constant element of A7. Let J be two fractional

ideals of A7 consisting of those rational functions f such that fa €
Hi (XT,i*j'F) and fa € Hi (XT,i7 jLF) respectively. We need to
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show that Jf N J, = Ar. Note that a priori the right hand side is
embedded in the left hand side.

Let f € Ji. Then f = g/h where g, h € Ay and h is a product of
linear factors of the form (ju,mq, ms) such that

e (A, u) > 0 for a regular dominant coweight AV, and
e my, my > 0 with at least one of them nonzero.

In fact, we have (A, ny,ns), (u, my, ma)) # 0 for any (A, ny,ny) as in
Lemma 3.26. Taking a regular dominant coweight AV and n;, ny = 0,
we get the first condition. Next we take A\ = 0 and ny, ny > 0 and get
the second condition.

Similarly for f = ¢g/h € J,, h is a product of (u,my,my) with
(A, ) < 0 for a regular dominant coweight A\Y, and the same condi-
tions for (mq,ms) as above. Then there are no linear factors satisfying
both conditions, hence we have JI N J, = Ar. 4

4. HYPERBOLIC RESTRICTION ON UHLENBECK SPACES

This section is of technical nature, but will play a quite important
role later. Feigin-Frenkel realized the W-algebra Wy(g) in the Heisen-
berg algebra $eis(h) associated with the Cartan subalgebra b of g. (See
28, Ch. 15].)

We will realize this picture in a geometric way. In [10] Maulik-
Okounkov achieved it by stable envelops which relate the cohomology
group of Gieseker space to that of the fixed point set with respect to a
torus. The former is a module over Wy (g) and the latter is a Heisen-
berg module. In [59] Schiffmann-Vasserot also related two cohomology
groups by a different method.

We will take a similar approach, but we need to use a sheaf theo-
retic language, as Uhlenbeck space is singular. We use the hyperbolic
restriction functor in §3(iv), and combine it with the theory of stable
envelops. This study was initiated by the third author [53]. A new
and main result here is Theorem 4.20, which says that perversity is
preserved under the hyperbolic restriction in our situation.

We fix a pair T" C B of a maximal torus 7" and a Borel subgroup
B, and consider only parabolic subgroups P containing B, except we
occasionally use opposite parabolic subgroups P_ until §4(xiii). In
§4(xiii), we consider other parabolic subgroups also.

4(i). A category of semisimple perverse sheaves. Let IC(Bun‘é’)\, )
denote the intersection cohomology (IC) complexes, where p is a simple
local system on Bunda \» = Bunf, xS\A? corresponding to an irreducible
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representation of S,,, X Sy, X --- via the covering
(4.1) (A%)™ x (A*)™ x ...\ diagonal — Sy A?,
where A\ = (1"12"2...). (Recall S\A? is a stratum of SMA2 see (2.4).)

Definition 4.2. Let Perv(UZ) be the additive subcategory of the abelian
category of semisimple perverse sheaves on U2, consisting of finite di-
rect sum of IC(Bung, ,, p).

By abuse of notation, we use the same notation IC(Bun‘Cl;’)\, p) even
if p is a reducible representation of S, x S,, X ---. It is the direct sum
of the corresponding simple IC sheaves.

If p is the trivial rank 1 local system, we omit p from the notation
and denote the corresponding IC complex by IC(Buné, \)s Or IC(L[& \)-

Furthermore, we omit A from the notation when it is the empty
partition (). Therefore IC(UZ) means IC(BundGﬂ).

Objects in Perv(UZ) naturally have structures of equivariant perverse
sheaves in the sense of [10] with respect to the group action G =
G x C* x C* on UL. We often view Perv(UZ) as the subcategory of
equivariant perverse sheaves.

4(ii). Fixed points. Let P be a parabolic subgroup of G with a Levi
subgroup L. Let A = Z(L)® denote the connected center of L. Let
Bun{ denote the moduli space of L-bundles on P? with trivialization
at {, of ‘instanton number d’. The latter expression makes sense, since
the notion of instanton number, defined as in §2(i), corresponds to a
choice of a bilinear form on the coweight lattice, which is the same for
G and for L.

Suppose that F € Buné is fixed by the A-action. It means that
bundle automorphisms at ¢, parametrized by A extend to the whole
space P?. The extensions are unique. Therefore the structure group
G of F reduces to the centralizer of A, which is L. Hence (Bunf)* =

Bun%.
Let us consider the fixed point subvariety
(4.3) uy = Ug)*
in the Uhlenbeck space. Then we have an induced stratification
(44)  ui= || Bumf,, Bunf, =Bunj! xSA%

d1+do=d,\-d2

Strictly speaking, our U¢ depends on the choice of the embedding
L — G, therefore should be denoted, say by Uj' ;. We think that there
is no fear of confusion.
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Note that [L, L] is again semi-simple and simply-connected. (See
[11, Cor. 4.4].) Suppose that we have only one simple factor. Since we
assume G is simply-laced, L, L] is also. The instanton number is the
same for G and [L, L]. Otherwise we define the instanton number for
[L, L] by the invariant form on Lie([L, L]) induced from one on g.

Since we only have trivial framed L/[L, L]-bundles as P? is simply-
connected, we have

(4.5) Bun?" Bun[L -

Since [L, L] is a subgroup of G, we have the induced closed embedding
Z/{[dL = UL (see [20, Lem. 6.2]), which clearly factors as

(4.6) U, ) — UL

By (4.5), this map is bijective. Since both spaces are closed subschemes
of UZ, we have

Proposition 4.7. The morphism Z/{[dLL] — UL = UL)* is a homeo-
morphism between the underlying topological spaces.

We are interested in perverse sheaves on U¢, hence we only need
underlying topological spaces. Hence we may identify U¢ and Z/{[L -

We define the category Perv(U¢) in the same way as Perv(UZ).

Example 4.8. The case when L is a maximal torus 7" is most impor-
tant. We have

(4.9) Up = SUA% = | | SHiA”,

A-d

as we do not have nontrivial framed T-bundles.

4(iii). Polarization. Following [10, §3.3.2], we introduce the notion of
a polarization of a normal bundle of the smooth part of a fixed point
component.

Let us give a definition in a general situation. Suppose a torus A acts
on a holomorphic symplectic manifold X, preserving the symplectic
structure. Let Z be a connected component of X“ and N be its normal
bundle in X. Consider A-weights of a fiber of Nz. Let e(Nz)|w o)
be the H?(pt)-part of the Euler class of the normal bundle, namely
the product of all A-weights of a fiber of N;. Since A preserves the
symplectic form, Z is a symplectic submanifold, and weights of Ny
appear in the pairs (o;, —«;). Hence

H* (pt) H a;

(4.10) (_1)(codimZ)/2 (NZ




30 A. BRAVERMAN, M. FINKELBERG, AND H. NAKAJIMA

is a perfect square. A choice of a square root ¢ of (4.10) is called a
polarization of Z in X.

In the next subsection we consider attractors and repellents. We have
a polarization d,., given by product of weights in repellent directions.
However this will not be a right choice to save signs. Our choice of
the polarization §, which follows [10, Ex. 3.3.3], will be explained in
§5(iii) for Gieseker spaces, and in §6(ii) for Uhlenbeck spaces. Then
we understand 6 = +1, depending on whether it is the same as or the
opposite to dyep, in other words we identify § with §/6,ep, as drep is clear
from the context.

Note that a polarization does not make sense unless the variety X
is smooth. Therefore we restrict the normal bundle to Z N Bun¢, =
Z N BunCLl and consider a polarization there for Uhlenbeck spaces.

However a fixed point component Z, in general, does not intersect
with Bunf,. Say Z N Bunf, = 0 if L = 7. We do not consider a
polarization of Z in this case, and smooth cases are enough for our
purpose.

4(iv). Definition of hyperbolic restriction functor. We now re-
turn to the situation when X = UZ. We choose a parabolic subgroup
P with a Levi subgroup L as before.

We consider the setting in §§3(iii),3(iv) with A = Z(L)°. Then (3.13)
is the hyperplane arrangements induced by roots:

(4.11) ag \ [ {el,, =0},

where the union runs over all positive roots o which do not vanish on
ag. The chambers are in one to one correspondence to the parabolic
subgroups containing L as their Levi (associated parabolics). Therefore
the fixed P determines a ‘positive’ chamber.

We denote the corresponding attracting and repelling sets Ax, Rx
by UE and UL . Often we are going to drop the instanton number d
from the notation, when there is no fear of confusion. We let ¢ and
p denote the corresponding maps from U, to Up and from U, to Uj.
Also we denote by j the embedding of U to U,. We shall sometimes
also use similar maps ¢_, j_ and p_ where U is replaced with U .
We have diagrams

p j p- g
(4.12) U, SUp Sy, U SU, S U

71—

Definition 4.13. We define the functor ® o by i*5' = p.gh

We apply it to weakly A-equivariant objects, in particular on Perv(UZ).
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Warning. Of course, the functor ®; ¢ depends on P and not just on
L. When we want to emphasize P, we write ®7 ;. Otherwise P is
always chosen so that P D B for the fixed Borel subgroup B.

Let us justify our notation U for the attracting set. We have a one
parameter subgroup A: G,, — G such that

P = {g ed PI% At)gA(t)™! exists} ,
L=GNo) =145 G|\t)g=g\(t) for any t € G,,}.

(4.14)

Then we have
def.

L@:%e%

lim A(t) - = exists ¢,
(415) t—0 }
U, L UC) = {z €Uy | A(t) -z =a for any t € Gy}

We embed G into SL(N) and consider the corresponding space for
G = SL(N). We use the ADHM description for Ug, v, to identify it
with the affine GIT quotient as in [47, Ch. 3]. Then SL(N) = SL(W),
and Up coincides with the variety m(3) studied in [19, §3]. Here w
is Gieseker-Uhlenbeck morphism, and 3 is the attracting set in the
Gieseker space, which will be denoted by Up later.

In [19, Rem. 3.16] it was remarked that 3 parametrizes framed tor-
sion free sheaves having a filtration £ = E° > E' D ... D EF O
EFt = 0. If all ' = E'/E™! are locally free, E is a P-bundle.
Thus Up contains a possibly empty open subset p~!(Bun; ) consisting
of P-bundles.

Let us, however, note that U, NBun,, is not entirely consisting of P-
bundles, hence larger than p~!(Bun; ): Consider a short exact sequence

0 F? s E—=F'=T7, -0,

arising from the Koszul resolution of the skyscraper sheaf at a point
x € A?. Here Z, is the ideal sheaf for z. Then E € Up N Bung, but £
is not a P-bundle as F'! is not locally free. More detailed analysis will
be given in the proof of Proposition 5.45.

4(v). Associativity.

Proposition 4.16. Let () be another parabolic subgroup of G, con-
tained in P and let M denote its Levi subgroup. Let (), be the image
of Q in L and we identify M with the corresponding Levi group. Then
we have a natural isomorphism of functors

(4.17) PryrpoPra =Py
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Proof. 1t is enough to show that
as

Pg"ped’ = plpli"5t = ' o p")u(i 0 5"
in the diagram

Uy —— Up —— U,

(4.19)

The left hand side of (4.18) is just equal to p~' (U, ). By embed-
ding G into SL(NN) we may assume that G = SL(N). In this case, we
use the ADHM description to describe Up, Uy, Uy, . By [19, Proof
of Lemma 3.6], they are consisting of data (Bj, By, I,J) such that
JFE(By, By)I are in P, @), @ respectively, i.e., upper triangular in
appropriate sense, for any products F'(Bj, By) of By, By of arbitrary
order. Now the assertion is clear. O

4(vi). Preservation of perversity. The following is our first main
result:

Theorem 4.20. &, ;(IC(UL)) is perverse (and semi-simple, according
to [12, Theorem 2|). Moreover, the same is true for any perverse sheaf
in Perv(UZ).

The proof will be given in §A.

Let us remark that the result is easy to prove for type A, see [53, §4.4,
Lemma 3|. The argument goes back to an earlier work by Varagnolo-
Vasserot [64].

4(vii). Hyperbolic restriction on Bun?. Let us consider the restric-
tion of ®; (IC(UL)) to the open subset Bun} in this subsection.

For simplicity, suppose that [L, L] has one simple factor so that the
instanton numbers of L-bundles are the same as those of [L, L]-bundles.
In particular, Bun{ is irreducible. Then IC(U{) is a simple perverse
sheaf, and we study

(4.21) Hompery ) (ICUEL), L (ICWUE))).
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We restrict (4.12) to the open subsets consisting of genuine bundles:
p .
(4.22) Bun{ S p~ '(Bun?) % Bun, .

Let us take F € Bun¢. Then the tangent space of Bun¢ at F is
HY(P? [£(—(s)), where [ is the Lie algebra of L. This is the subspace of
HY(P? gr(—{s)) = Tr Bun%, consisting of Z(L)%fixed elements. The
normal bundle of Bun{ in Bun, splits into the sum of H'(P? nz(—())
and H'(P?, nz(—{s)), where n is the nil radical of p = Lie P, and n~
is its opposite. They correspond to attracting and repellent directions
respectively. Then p~'(Bun}) is a vector bundle over Bun}, whose
fiber at F is HY(P?,nr(—ls)). It parametrizes framed P-bundles.
The morphism p is the projection and 7 is the inclusion of the zero
section. Therefore we have the Thom isomorphism between 7*j !(CBuné )
and Cg,ug up to shift.

Note further that dimp~"(Bun?) is the half of the sum of dimen-
sions of Bun} and Bun%, as H'(P?%, nr(—(y)) and H'(P? nz(—(.))
are dual to each other with respect to the symplectic form. Hence a
shift is unnecessary, and the Thom isomorphism gives the canonical
identification i*j !(CBuné ) = Cpyne - Therefore we normalize the canoni-
cal homomorphism

(4.23) 196 € Hompey ) ICUL), D6 (ICWUE)))

so that it is equal to the Thom isomorphism on the open subset.

Note also that a homomorphism in (4.21) is determined by its restric-
tion to Bung, hence (4.21) is 1-dimensional from the above observation.
And 1%7(; is its base.

If [L, L] has more than one simple factors Gy, Go, .. ., Bun{ is not ir-
reducible as it is isomorphic to | | dytdote—d BundGl1 X BundG22 X -+-. Then
IC(U¢) must be understood as the direct sum
(4.24) B 1CBund xBund x---).

dy+da+=d

In particular, (4.21) is not 1-dimensional. But it does not cause us any
trouble. We have the canonical isomorphism for each summand, and
19 ; is understood as their sum.

4(viii). Space U and its base. We shall introduce the space U? of
homomorphisms from Cg,, 42 to ® £.c(IC(UE)) and study its properties
in this subsection. A part of computation is a byproduct of the proof
of Theorem 4.20 (see Lemma 4.39). The study of U? will be continued
in the remainder of this section, and also in the next section.
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Definition 4.25. For d > 0, we define a vector space
UL G = =’ Homperv(ud (CS(d)AQ Py G(IC(UG)))
= H*(S@A% £, c(ICUL))),

where (d) is the partition of d consisting of a single entry d, and
&: SyA? — U is the inclusion.

(4.26)

We use the notation U¢, when L, G are clear from the context.

Since the hyperbolic restriction ®, ¢ depends on P, the space U‘L{G
depends also on P. When we want to emphasize P, we denote it by
Ug:g or simply by U%.

We have a natural evaluation homomorphism
(4.27) U? @ Csyn> = Pra(ICUE)),

which gives the isotypical component of @ ;(IC(UZ)) corresponding
to the simple perverse sheaf CS( HA2-
By the factorization §2(iv) together with the Thom isomorphism

i* j!(CBun‘él> = CBun‘zl’ we get

Proposition 4.28. We have the canonical isomorphism

(4.29) O, cICUE)) = EPIC(BunT,, p)

Here p is the (semisimple) local system on BunL \ = Bunf' xSy\A? with
A= (1™2"2...) corresponding to the representation of Sn1 X Spy X -
on (UY)®¥™ @ (U*)®*"2 @ - -+ given by permutation of factors.

For example, the isotypical component for the intersection cohomol-
ogy complex IC(BunCLlf ,) for the trivial simple local system is
(4.30) Sym™ U' ® Sym™ U? @ - - -,
where Sym denotes the symmetric power.
Lemma 4.31. Suppose L =T. We have
(4.32) H*(S"A%, o76(ICUE))) = @D Sym™ U' @ Sym™ U* &

I\=d

where A = (1™2"2 ).
Proof. Since L = T, we have U = S4A?. See Example 4.8. Then
the assertion means that only trivial representation of S,, x S, x ---
contribute to the global cohomology group.

Let U be an open subset of (A?)™ x (A%)"2 x - .. consisting of pairwise

disjoint n; ordered points, ny ordered points, and so on in A2. Forget-
ting orderings, we get an (S, x S, X - - - )-covering p: U — S\AZ%. The
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pushforward of the trivial rank 1 system with respect to p is the regular
representation preg of (S, X Spy X -+ ).

Since p extends to a finite morphism (A2)™ x (A%)"2 x ... — S)AZ,
we have IC(S)\A?, preg) = Pu(Ciazymi x(a2yr2x...). By the Kiinneth the-
orem, the global cohomology group H*(e) of the right hand side is
H*((AY)™)® H*((A?)")®- - -. This is 1-dimensional, and corresponds
to the trivial isotypical component of p,,. Now the assertion fol-
lows. U

Let us continue the study of U?. Let us note that all of our spaces
UL, UL, UL have trivial factors A? given by the center of instan-
tons, or the translation on the base space A? except d = 0 where
UL =UY =UY = pt. We assume d # 0 hereafter. Let UZ denote the
centered Uhlenbeck space at the origin, thus we have U = UZ x A%
Let us compose factorization morphisms ﬁﬁ,G, ﬂﬁg for the horizontal
and vertical projections h: A? — A', v: A2 — Al with the sum map
o: SYA" — A'. Then UG = (onf o x onl ;)71(0,0). We use the nota-
tion UL, UL for U, UL cases. The diagrams (4.12) factor and induce
the diagrams for the centered spaces, and the factorization is compati-
ble with the hyperbolic restriction. Let us use the same notation for 7,
j, p for the centered spaces. Then we have

(4.33) U = H(&p.j IC(UE)).

where & is the inclusion of the single point d - 0 in “U¢. Here d - 0 is
the point in SiyA?, the origin with multiplicity d.
By base change we get

(4.34) U= H(p~'(d-0), 7 IC(UG)),

where j: p~'(d - 0) — U is the inclusion.

Note that the spaces of homomorphisms between objects in Perv (i)
are canonically isomorphic for equivariant category with respect to L x
C* x C* and non-equivariant one. (See [39, 1.16(a)]. ) Therefore (4.29)
is an isomorphism in the equivariant derived category, though we use
the factorization, which is not equivariant with respect to C* x C*.

We have

Lemma 4.35.
(4.36) dim U? = rank G — rank[L, L].

Proof. According to a theorem of Laumon [37] the Euler characteristic
of the stalk of IC(UZ) at a point of S(gA? is equal to the Euler charac-
teristic of the stalk of ®;, o(IC(UZ)) at the same point; the former was
computed in Theorem 7.10 in [20].
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First, let us give a proof in the case L = T. Then it is easy to
see that Proposition 4.28 implies that the stalk of &7 (IC(UZ)) at a
point of S(4A? is isomorphic to Sym®(®;Us. ;), where we regard @;U
as a graded vector space (with the natural grading coming from 1)
and the super-script d means degree d with respect to that grading.
Comparing it with Theorem 7.10 of [20] (and using induction on d), we
get dim Uf. ; = rank(G) for every d.

Let us now consider the case of arbitrary L. Again, it is easy to
deduce from Proposition 4.28 that the stalk of ®7 (P o(IC(UL))) ~
®r (ICUL)) at a point of SigA? is isomorphic to

B sym®(@:U} ;) @ Sym®(@,U7 ).
di+do=d

where the meaning of the super-scripts d; and ds is as above. In view of
the preceding paragraph, we get dim Uf ,, = rank(G)—rank([L, L]). O

The dimension estimate Corollary A.9 and the argument in [13,
Prop. 3.10] implies that

HO(p~!(d - 0), 5 1C(UE))
(4.37) >~ HO%p~Y(d-0) N Bund, j' IC(UL))
= Hip)(p~"(d - 0) N Bung, C).

Here we use the degree shift convention of the Borel-Moore homology
group (see Convention (iv)), which is shift by dim U = 2dh" — 2 in
this case.

Let us set

(4.38) Uy = pi(d-0).

The subscript 0 stands for d - 0, and this convention will be also used
later. More generally, we denote p~'(z) by Uf,, for z € Uf.

Then Ho)(Up N Bung, C) has a base given by (dh" — 1)-dimensional
irreducible components of Llfip NBunf. The dimension estimate Corol-

lary A.9 implies that U, N Bun, (d' < d) is lower-dimensional. There-
fore

Lemma 4.39. We have
(4.40) U? 2 Hi)(Upy)-

This space has a base given by (dh” — 1)-dimensional irreducible com-
ponents of Up,.
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4(ix). Irreducible components. Let us describe (dh”—1)-dimensional
irreducible components of Z/{fﬁ,o for P = B explicitly. We believe that
there is no irreducible component of smaller dimension (see Remark A.7),
but we do not have a proof.

First consider the case G = SL(2). By Lemma 4.35 we have dim U? =
1, and hence U , has only one (2d — 1)-dimensional irreducible compo-
nent. As we have observed in the previous subsection, it is the closure
of Ug 4 N Bun,. In §5(viii), it will be shown that U, N Bun{, consists
of rank 2 vector bundles E arising from a short exact sequence

(4.41) 0->0—->E—-7—-0

compatible with framing, where Z is an ideal sheaf of colength d.

For a general G, consider the diagram (4.19) with M =T, L = L, the
Levi subgroup corresponding to a simple root «;. Note that [L;, L;] =
SL(2), and hence Uf is homeomorphic to U‘SiL@). Therefore UjéLi o

Bun%l_ is irreducible of dimension 2d — 1 by the above consideration.

Proposition 4.42. The irreducible components of Z/{fBl7O of dimension
dhY —1 are the closures of p~' (Ug NBun{ ) fori € I. Let us denote
the closure by Y;.

Proof. Consider the upper right part of (4.19), which is (4.12). Its
restriction to the open subset BunCLli has been described in §4(vii). As
p is a vector bundle whose rank is equal to the half of the codimension
of Bun{ in Bunf, it follows that the inverse image pH (UL, NBunj,)
is irreducible and has dimension dhY — 1. Therefore the closure of
p_l(Z/{gLi oN Bun{ ) is an irreducible component of U .

Since dim U? = rank G by Lemma 4.35, it is enough to check that
p‘l(UgL“O NBun ) # p‘l(Ung on Bun‘zj) if i # 5. When G = SL(r),
Ug o N BunY, consists of vector bundles E having a filtration 0 = E C
E, C --- C E, = E compatible with framing. Moreover p—l(ugw N
Bun{ ) consists of those with cs(E;/E;_1) = d and ¢»(E;/E;_1) = 0 for
j # 1. Therefore p‘l(l/{g%o NBunf ) # p (UL N Bun‘]fj) for i # j.
(See §5(viii) for detail.) For a general G, we embed G into SL(N).
Then we need to replace B by a parabolic P, but p‘l(UgL“O N Bun‘Lli)

is embedded into a corresponding space, and the same argument still
works. 0

4(x). A pairing on U?. Let us introduce a pairing between U4* and
U%P= in this subsection.
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We combine Braden’s isomorphism (3.16) with the natural homo-
morphism & — & to get

(4.43) HO(€h* 5 1C(UE)) — HOE 57 1C(UL)).
The right hand side is dual to
(4.44) U= = HO(&ir 1 1C(UL)).

Thus we have a pairing between U%" and U%"-. Following the conven-
tion in [10, 3.1.3], we multiply the pairing by the sign (—1)dmU&/2 —
(=1)%"=1 Let us denote it by (, ). When we want to emphasize that
it depends on the choice of the parabolic subgroup P, we denote it by
< ) >P'

Since £Cyo — &;Cqo is obviously an isomorphism, this pairing is
nondegenerate.

The transpose of the homomorphism U%F — (U4F-)Y is a linear
map U4P- — (UBF)V. Tt is

(4.45) HO (&2 jL1C(UG)) — HO(&7 5 IC(UE)),

given by the transpose of the composite of & — & and Braden’s iso-
morphism i*j' — i' j*. They are the same as original homomorphisms
& — & and i* j° — i'j* respectively. It means that

(4.46) (u,v)p = (v,u)p_ foru € U v e U,

where ( , )p_ is the pairing defined with respect to the opposite para-
bolic, i.e., one given after exchanging i, 7 and 7_, j_ respectively.

4(xi). Another base of U¢. We next construct another base of U? =
Uf. for L = T, which is (rank G)-dimensional by Lemma 4.35. This
new base is better behaved under hyperbolic restrictions than the pre-
vious one given by irreducible components.

This subsection is preliminary, and the construction will be com-
pleted in §6(ii).

We study Uf{G7 using the associativity of the hyperbolic localization
(Proposition 4.16) for M = T', L = L; the Levi subgroup corresponding
to a simple root «;. Since various Levi subgroups appear, we use the
notation U%,G indicating groups we are considering.

Note that [L;, L;] = SL(2), and hence Uf is homeomorphic to U3 L)
We understand IC(Uf ) as IC(UZ L(2)) and apply Lemma 4.35 to see that

(447) U%,Li = HomPerV(L{%) (CS(d)AZ ) (I)lez‘ (Ic(ugl ) ))

is 1-dimensional. In the next section, we shall introduce an element 1%2,
in U, using the theory of the stable envelop in [10].
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Taking L = L; in the construction in §4(vii), we apply the functor
®r 1. By Proposition 4.16 we get an element

(4.48) @1, (17, ¢) € Hompeyy i) (Prr, (ICWUL,)), Pr.a(ICUE)))-

Composing with the element 1dLi in Ujdﬂ, 1, mentioned just above, we get

(4.49) Orp, (19 o) 019 € Uf .
We have (rank GG)-choices of i. Then we will show that
(4.50) {af S @r1, (01, 6) 0 11, )

gives a basis of U, in the next subsection. Here we will introduce an
appropriate polarization 6 = 41, using a consideration of rank 2 case.
See (6.6). Moreover, this will gives us an identification Uf. ; with the
Cartan subalgebra b of g such that a¢ is sent to the i*® simple coroot
a;. See a remark after Proposition 6.15.

We normalize the inclusion IC(Uf ) — @p, o(IC(UE)) by 617 4 as
above. Then the projection @, ¢(IC(UE)) — ICUY ) is also deter-
mined, as IC(U{ ) has multiplicity 1 in &7, o(IC(UZ)) (see §4(vii)).
Therefore we have the canonical isomorphism
(4.51) D1, (ICUL)) = ICWUE,) & 10U, )™,

where IC(U{ )+ is the sum of isotypical components for simple factors
not isomorphic to IC(Uy ). Applying @7, and using $rp,Pr, ¢ =
O, we get an induced decomposition

(452) Ug,G = U%,Li @ (Ug,Li)L'

This decomposition is orthogonal with respect to the pairing in §4(x)
in the following sense. We have the decomposition U;:g’ = Uf{i’mi 5]
(Ujd{i_’m")L for the opposite Borel B_, and

(4.58) (U, (UFETH)) = 0= (UF ) URE).

i o d,BNL; 7rd,B_NL; . .
Moreover the restriction of the pairing to Upy ™", Uy~ ™ coincides
with one defined via Uf .

4(xii). Dual base. Let @~ denote the element defined as @¢ for the
opposite Borel. We shall prove
(4.54) (IYj],677) = £6,(-1)*d

modulo the computation for G = SL(2), corresponding to the case
i = j in this subsection. The computation for G = SL(2) will be given
in Remark 5.95. This formula means that G~ is the dual base to the
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base given by irreducible components Y; with respect to the pairing
%( , ) up to sign.

Consider the diagram (4.19) for the centered version, where we take

M =T, L = L; as in §4(xi). Let us consider the open embedding of
¢ BunCLli to CZ/{gi. We have the corresponding restriction homomorphism
Utq=H(&W o p")(j 0 5") IC(UE))

= HO(&pg" 1,6 (IC(UG)))

= H(pH(d - 0), 7" P, c(IC(UG)))

— H(p(d-0) N Bung,, j"®L,c(IC(UG))),

where j' is the restriction of 5’ to p'~!(d-0). When we restrict ®1, o(IC(UL))

to the open set © Bun%i, the first summand IC(U{ ) in the decomposi-
tion (4.51) is replaced by the constant sheaf C.p,,q¢ , and the second

(4.55)

summand is killed. Therefore we have an isomorphism

HO(p'~(d- 0) N “Bunf,, 7' @1, o(IC(UE)))
where the second isomorphism is nothing but (4.37) for G replaced by
L;.

Thus the projection Uf ; — Uf. ;. to the first summand in (4.52) is
nothing but the restriction homomorphism we have just constructed.

Let us further consider the restriction of the upper right corner of
the diagram (4.19) to the open subset CBunj-fi. Then

p~ (P 7(d-0)N°Bung ) = p~ (Ug, oN°Bung)
has been studied in §4(ix): Its closure is an irreducible component of
U o By the base change the restriction to © Bun%l_ is replaced by one
to p~' (UL, o N °Bun},), and we can replace relevant IC sheaves by
i ~ 0
as in §4(vii). Note that the intersection of an irreducible component Y;
of Proposition 4.42 with the open subset p—l(ugw N¢Bung ) is lower-

constant sheaves. The Thom isomorphism gives us p,j'C

d d
Bung BunLi

dimensional if i # j, as p‘l(Z/{gLi 0N ¢Bunf ) is irreducible. Therefore
the fundamental class of Y; goes to 0 under the restriction. Hence
we have (4.54) for i # j by (4.53). In fact, we will see that Y; N
p i UE, N eBung ) = 0 for type A in §5(viii), and the same is true
for any G thanks to an embedding G — SL(N).

The Thom isomorphism sends [Y;] to [Ug, ] from the definition of
Y;. The sign in (4.54) appears as we multiply the Thom isomorphism by
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a polarization ¢ (see (6.6) below). Therefore the computation of (4.54)
for i = j is reduced to the case G = SL(2). The relevant computation
will be given in Remark 5.95 as we mentioned above.

4(xiil). Aut(G) invariance. Let Aut(G) be the group of automor-
phisms of G. Its natural action on Bun{, extends to Ug ([20, §6.1]).
Let us fix a cocharacter \: G,, — G, and consider our constructlon
with respect to oo\ for ¢ € Aut(G). Here L = GM®) is considered as
a fixed Levi subgroup. Substituting o o A into A in the formula (4.14),
we define a pair (P?,L7) of a parabolic subgroup and its Levi part.
The action ¢, : UL — UL induces @, : UL — UL., po: U — UL, , and
we have a commutative diagram

uiy —— ut —— Uus

(4.56) %J %J %J

Z/{go' e Z/{gg E— Z/{(d;,
lo Jo
where the subscript ¢ indicates morphisms between spaces for o €
Aut(G).
Since IC(UZ) is an Aut(G)-equivariant perverse sheaf, we have an
isomorphism ¢* IC(UZ) = IC(UL). Therefore we have an isomorphism
(4.57) "7 ICUE) = w3y jo IOWUG).-

The isomorphism (4.57) is equivariant in the following sense: The
right hand side is a T? = T x C* x C*-equivariant perverse sheaf, while
the left hand side is T-equivariant. The isomorphism (4.57) respects

equivariant structures under the group isomorphism o: T — T°. In
particular, we have an isomorphism

(4.58) 0o : Hi(Ug, 75 TCUL)) = Hi (UL, i2 5 ICWUL)),

which respects the Hi(pt) and Hi.(pt) structures via T = T7.
In the same way, we obtain a canonical isomorphism

(4.59) U —> UL o

which is denoted also by ¢, for brevity.
The pairing ( , ) in §4(x) is compatlble Wlth .. Let us denote by

~

(', )po the pairing between U%, ¢ and Uy G We have ¢, Uﬁféf —

szG as above, and the following holds

(4.60) (o (1), 0o (V) per = (u,v)p,  uweUbt,veUls.
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The decomposition (4.51) is transferred under ¢, to
(4.61) i5Jy IC(UG) = £ 1CUT,) ® ICUL, )™

Here the sign + means that we multiply the projection to IC(UZ) by

=+, according to whether o respects the polarization ¢ for L{gi and UYL,
or not. Our polarization will be invariant under inner automorphismsl,
so the sign depends on diagram automorphisms Aut(G)/Inn(G). The
decomposition (4.52) is mapped to

(4.62) Ul = Upore ' @ (U e )

Suppose ¢ € L. We have L = L, P = P, i, =i, j, = j. Then
i*5' IC(UY) is an L-equivariant perverse sheaf, and (4.57) is the isomor-
phism induced by the equivariant structure.

Let us further assume L = T. Then T acts trivially on U$ = S?A?,
and g00|u% = id. The equivariant structure of the T-equivariant per-
verse sheaf i*j' IC(UZ) is trivial. In particular, the isomorphism (4.57)
is the identity. Therefore (4.57) is well-defined for o € Aut(G)/(T/Z(G)),
where Z(G) is the center of G.

Note that chambers of hyperbolic restrictions for L = T are Weyl
chambers. They appear as a subfamily for W = Ng(T)/T in Aut(G)/(T/Z(G)).

Let us take o = wy, the longest element of the Weyl group. Then
B* = B_. We come back to B via (4.46), and hence we get

(4.63) (U, 0) 5 = (Puo (), Puy (V) B = (Puo (V), Puo (1)) B

for u € Ufrg,v € Upe .

We can take o € Aut(G), which preserves T' and the set of positive
roots, and induces a Dynkin diagram automorphism. Then B? = B.
Hence U;’g is a representation of the group of Dynkin diagram auto-
morphisn{s. The inner product is preserved.

We have LY = L,(;), where (i) is the vertex of the Dynkin diagram,
the image of 7 under the corresponding Dynkin diagram automorphism.
From (4.61) ¢, (ad) is equal to di(i) up to scalar. We will prove the
following in §5(xiv).

Lemma 4.64. We have
(4.65) 0o (0) = £a% ),

7

where £ is the ratio of the polarizations for BundLi and BundLg(i), com-
pared under @, .
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5. HYPERBOLIC RESTRICTION IN TYPE A

We shall study the case G = SL(r) in detail in this section.

We have the moduli space Z:I;fl of framed torsion free sheaves (E, ¢)
of rank r, second Chern class d over P2. It is called the Gieseker space.
We have a projective morphism 7 (the Gieseker-Uhlenbeck morphism)
from ZZ?Z to the corresponding Uhlenbeck space UZ. Tt is known that ZZ?Z
is smooth and 7 is a semi-small resolution of singularities. Therefore
we can study IC(UZ) via the constant sheaf Ciga Over U (See [47,
Ch. 3,5,6], where U<, U2 are denoted by M(n, ), My(n, ) respectively.
See also [54, Ch.3] for further detail.)

If = 1, we understand U¢ as the Hilbert scheme Hilb%(A?) of d
points on A2 while U2, | L) 18 the symmetric power S?A2.

5(i). Gieseker-Uhlenbeck. Let us first explain the relation between
IC(UE) and Cj, in more detail.
We have the Gieseker-Uhlenbeck morphism 7: Z:I;fl — UZ. Tt is semi-

small with respect to the standard stratification (2.3). All strata are
relevant and fibers are irreducible. Therefore

(51) W!ng = @ Htop(ﬂ-_l(xil)) ® IC(BunCClT‘l,A)v

di+|\|=d

where 7{' is a point in the stratum Bund . See [5, §3].

We identify Hiop (7~ (25")) = C by the fundamental class [r~(z]")].
And IC(L{g}, ,) is isomorphic to the pushforward of IC(UZ )RCs—5 a7 under
the finite morphism (2.6). Then we have

(52)  HPU = @I UL © Hop(r ' (2)) @ HY (SIA?).

We also have the corresponding isomorphism for the cohomology with
compact support.

5(ii). Heisenberg operators. For = 1, the third author and Gro-
jnowski independently constructed operators acting on the direct sum
of homology groups of U{ satisfying the Heisenberg relation (see [417,
Ch. 8]). It was extended by Baranovsky to higher rank case [5]. Let
us review his construction in this subsection.

We consider here both Hj[r*} U?) and Hj[r*}c(bl,fl), the equivariant coho-
mology with arbitrary and compact suppo}t, which is Poincaré dual to
Borel-Moore and the ordinary equivariant homology groups. To save
the notation, we use the notation H'][;((},c) (U?) meaning either of coho-
mology groups.
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For n > 0 we consider subvariety

(5.3) P, C |_|Z/77fl X UM x A?
d

consisting of triples (E;, Es, z) such that Fy D E, and E;/E, is sup-
ported at x. We have

Proposition 5.4. P, is half-dimensional in U% x U™ x A2 for each

d.

Let us denote the projection to the third factor by II. For a coho-
mology class a € Hﬂ[r*(],c) (A2), we consider P2, (a) = [P,) N1T*(a) as a
correspondence in ZZ?Z X Z:I;f”@ Then we have the convolution product

* ’ 7 *+deg al /7 7d4+n
(5.5) P2, (a): Hyl o @) = Hyo 3™ @),

Thanks to the previous proposition, the shift of the degree is simple
in our perverse degree convention. The reason why we put A in the
notation will be clear later.

We define P2(a) as the adjoint operator

* ) 7d4n s+deg al /1 7

(5.6) P (a): Hyl o @) — Hy 5@,
Here we have two remarks. First we follow the sign convention in [10,
3.1.3] for the intersection pairing

(5.7 (o.0) = (-1 [ aue

X
Second, we take a € H};L(Az) for H@U4) and o € HE(A?) for
Hq[r*]c(ljf) Then the operators are well-defined, though various pro-

jections are not proper. (See [17, §8.3].)
We have the commutator relation

(5.8) [Pr(@), PR (B)] = (a, B)mbmsnor.
If m+n =0, one of @ or 3 is in H}'(A?) and another is in H};L(Az).
Hence (a, ) is well-defined.

Since the construction is linear over Hz(pt), and H};L(A%, H(A2)
are free of rank 1, we can choose a to be their generators, i.e., the
Poincaré dual of [0] for HI*L(A?) and 1 (dual of [A2]) for HY(A2). We
assume these choices hereafter until §6. Note also that ([0],1) = —11in

our sign convention.
We take the direct sum over d in (5.2):

(5.9) P H U = PP UL) @ P Hiop(r (25)) ® HE (S3A2).
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Note that Hj[r*} (S\A2) = [H%(pt)-1, as SyA? is equivariantly contractible.
Here 1 € HY(S,A?) = HL *W(5,A%).

From the definition of the Heisenberg operators, it acts only on
the second factor of (5.9): X\ = ) are killed by P~([0]) (k > 0) and

the summand for A = (1™2"2...) is spanned by the monomial in
P_1(1)"™ /nq!- P_5(1)"2 /ny! - - - . The second factor is isomorphic to the
Fock space.

Let us give another representation of the Heisenberg algebra. Let 0
denote the point d-0 € S(4A?, and consider the inverse image 771(0) C
U?, and denote it by U,ffo. It is the Quot scheme parametrizing quotients

of (’)]f,?f of length d whose support is 0.
The following is known, and was already used in (5.1).

Proposition 5.10. ﬁ;i’o is an irreducible (dr — 1)-dimensional subva-

riety in Z:l;fﬂ unless d = 0.

It is needless to say that we have [/{00 = Z/{O = pt.
The convolution product by P£,. (o) sends H B (Z/{T‘fo) to H [E_ deg o] (Ur dik),
where o € Hy (A?) for k <0, o € Hy(A?) for k > 0. Therefore

(5.11) D HL;
d

is a representation of the Heisenberg algebra. It is known that ZZ?{O

is homotopy equivalent to Z:l;fl hence H[*} (Z/{ 0) is isomorphic to the

T

ordinary homology group of Z:I;fl, and hence to HL Te N (ﬁf) by the Poincaré
duality.

5(iii). Fixed points and polarization. Let us take a decomposition
r=1ry+7ry+---+7y. We have the corresponding (/N — 1)-dimensional
torus, which is the connected center A = Z(L)° of the Levi subgroup
L = S(GL(r) x --+ x GL(rn)) € SL(r). We have the corresponding
parabolic subgroup P consisting of block upper triangular elements.
Let us consider the fixed point set L{L = (UHA. Tt consists of framed

sheaves, which is a direct sum of sheaves of rank r{, ro, .. . Thus
we have
(5.12) up= || Un <y

d=dy+-+dy

We omit the superscript d, when there is no fear of confusion.
Following [10, Ex.3.3.3], we choose a polarization ¢ for each com-

ponent of Uy, as a quiver variety associated with the Jordan quiver.
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Let us review the construction quickly. See the original paper for more
detail: We represent Uy, as the space of quadruples (By, Bs, I, J) satis-
fying certain conditions. We decide to choose pairs, say (B, ), from
quadruples. The choice gives us a decomposition of the tangent bundle
of U, as

(5.13) TU, = T? + (T'/?)Y

in the equivariant K-theory with respect to the A-action on Zjﬁl We
also have the decomposition of TﬁL, and hence also of the normal
bundle. Then we choose a polarization ¢ of U in U, as product of
weights in the normal bundle part of (T/2)V.

Let us also explain another description of the polarization ¢ given in
[10, §12.1.5]. We consider the following Quot scheme

(5.14) Q, = {(E,¢) | 2,0%" c E c 0%} c U,

where x5 is one of coordinates of A2. This is a fixed point component
of a certain C*-action, and is a smooth lagrangian subvariety in U,.
In the ADHM description, it is given by the equation By = 0 = J.
Now (T/2)V is the normal direction to @, at a point in @Q,. Since any
component of ZL intersects with ()., and the intersection is again a
smooth lagrangian subvariety, (), gives us the polarization.

Note that the polarization is invariant under the action of G = SL(r)
on U, as we promised in §4(xiii).

We calculate the sign £ of the ratio of this polarization ¢ and the
repellent one e, of U xUY and UY xUZ in US for a later purpose. Here
L = S(GL(2) x GL(1)) in the first case and L = S(GL(1) x GL(2))
for the latter case.

Lemma 5.15. We have 8.ep/0 = 1 for UL x UL, 81ep/0 = (—1)7 for
U x Ug.

Proof. Both components U x U°, U" x ¢ intersect with the open set
W;é(S(ld)Al), the inverse image of the open stratum under the factor-
ization morphism. Since the normal bundle decomposes according to
the factorization, the polarization is of the form (41)?. Hence it is
enough to determine the case d = 1.

We factor out A? in Zj} and consider the centered Gieseker spaces.
We have

(5.16) UL = T*P?,
(517)  Us x U =T (2 =0), U x U =T (2 =0),
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where [z : 21 @ 23] is the homogeneous coordinate system of P2. The
polarization ¢ above is given by the base direction of the cotangent
bundle.

On the other hand, the repellent directions are base in the first case
and fibers in the second case. Therefore we have d,p,/0 = 1 in the first
case and —1 in the second case. ]

5(iv). Stable envelop. Recall we considered the attracting set U, in
the Uhlenbeck space U,,. Let us denote its inverse image 7 (i) in U,
by Up. This is the tensor product variety, denoted by ¥ in [53], where
Up is denoted by Fy. (In [19] T was denoted by 3.)

We have the following moduli theoretic description:
(5.18)

Z;{VP = {(Ev(p) eur

E admits a filtration 0 = Eg C By, C -+ C
Eyxy = E with rank E;/E; 1 = 1y, compati—} )

ble with .
See §4(iv). N N
We consider the fiber product Zp of Up and Uj, over U, :
(5.19) Zp = Up Xu, Uy,

where the map from Uy tol | is the restriction of 7, and the map from
Up to U, is the composition of the restriction Up — Up of m and the
map p in §4(iv). In the above description of Up, it is just given as
the direct sum (FE;/E;_1)"" plus the sum of singularities of E;/FE;_;.
One can show that Zp is a lagrangian subvariety in Z]T X ZJL. See [53,
Prop. 1]. (There are no lower dimensional irreducible components, as
all strata are relevant for the semismall morphism 7: U, — Ug.)
Maulik-Okounkov stable envelop is a ‘canonical’ lagrangian cycle
class £ in Zp:
(5.20) Le H[O}(ZP).

See [10, §3.5]. Note that £ depends on the choice of the parabolic
subgroup P as well as the polarization §. Since they are canonically
chosen, we suppress them in the notation L.

The convolution by £ defines a homomorphism
(5.21) Lx—=pups(—)NL): HyUy) — Hy(Up).
It is known that £x— is an isomorphism (see [53, §4.2]), and it does also
make sense for equivariant homology groups, as Hjg(Zp) = H E(T)](Z P)

We have Hy (Uy) = HH¥(U,) by the Poincaré duality. Then we have
(5.22) HY(Uy) — HY'(WU,)
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as the composite of £ * — and the pushforward with respect to the
inclusion ap - Z:I;. This is the original formulation of stable envelop
n [40, Ch. 3], and properties of L are often stated in terms of this
homomorphism there.

Let x € U;. Let LILx denote the inverse image of x under the
Gieseker-Uhlenbeck morphism L{L — U,. Similarly let Z/Ip@ denote
the inverse image of = under the composition Up — Up — U;. Then
the convolution £ % — also defines

(5.23) Lox—: H(Uy.) — H (Up.),

where T, is the stabilizer of x.

5(v). Tensor product module. Let 0 =d-0 as before and consider
the inverse image Z/{PO of 0 under L{P — UZ as in the previous subsec-
tion.

We consider the direct sum

(5.24) P HE W),

The Heisenberg algebra acts on the sum: This follows from a general
theory of the convolution algebra: it is enough to check that U, o
(P, NII7Y(0)) € UEL" (for k > 0). If (B, By, x) € P, N1171(0), then
m(Ey) = w(Ey) +n - 0. Therefore the assertion follows.

The stable envelop £ % — gives an isomorphism €D, H[T*} (Ug o) =

b, H [E} (aﬁ70), where the left hand side is the tensor product

(5.25) @ H[* (Uf»lllo) ‘® H (ugﬁo)

dy,dy

by (5.12). This is a representation of N copies of Heisenberg algebras.
Under the stable envelop, P4,([0]) on (5.24) is mapped to

(5.26) Zl®-~-®P_k([O])®-~-®1.

ith factor

This is [10, Th. 12.2.1]. Our Heisenberg generators are diagonal in
this sense, and hence we put A in the notation. This result is com-
patible with the decomposition W (gl,.) = W (sl,) ® $Heis, where W (sl,)
is contained in the tensor product of the remaining (N — 1) copies of
Heisenberg algebras, orthogonal to the diagonal one.
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5(vi). Sheaf theoretic analysis. By [53, §4, Lem. 4] we have a nat-
ural isomorphism

(5.27) H[o](Zp) = Homperv(uL) (p!j*mczjr, W!CZ/NIL)

where j, p are as in §4(iv) and we use the same symbol 7 for Gieseker-

Uhlenbeck morphisms for i, and Uy .
The Verdier duality gives us an isomorphism

(5.28) Hom(pj*mCpy , mCy, ) = Hom(mCﬁL,p*j!mCﬁr).
Therefore the stable envelop gives us the canonical isomorphism

(529) W;CaL é) (I)Lg(ﬂ'gczln) == p*jlﬂ'yczjr,

as m = m,. This is nothing but Theorem 1.5(2) in Introduction.
Let x € U; and i, denote the inclusion of z in U;. Then L €
Hom(mCy, , p.j° 'mCy ) defines an operator

H* (Z M Z/{L> I H*(i!gcp*jlmcﬁf.)
(5.30) H ‘
UL ) Hiy (ZIP@)'

This is equal to £ x — in (5.23) under the isomorphism (5.27). See [53,
§4.4].

5(vii). The associativity of stable envelops. Let us take parabolic
subgroups () C P C G and the corresponding Levi subgroup M C L
as in §4(v). (G is still SL(r).) Let @ be the image of @ in L.

Let us denote by L, ¢ the isomorphism given by the stable envelop
n (5.29):

L

(531) 7T|C —> CI)LG(mC )

We similarly have isomorphisms

Lp,L

T) (I)ML(THCM )

Ly,c

(5.32) 7T|C —> @MG(mC ), W!Ca

Then stable envelops are compatible with the associativity (4.17) of
the hyperbolic restriction:
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Proposition 5.33. We have a commutative diagram

W!CaM T_IG> SV RE (W!Cﬁr)
(5.34) | cars (4.17) H
¢M7L(W!CﬁL) Bat,zbe,6) (I)M,Lq)LG(W!CZj{}).

Let us check that this follows from the proof of [10, Lemma 3.6.1].
(To compare the following with the original paper, the reader should
note that the tori A D A’ were used in [10], which correspond to
Z(M)® > Z(L)° respectively in our situation.)

We consider

(535) Zp = Z;{Vp XuL Z;{VL, ZQ = Z;{VQ XZ’{M Z;{VM, ZQL = Z;?QL XuM Z]M

The stable envelops L1, ¢, Lar,c, L1 are classes in Hyg(Zp), Ho)(Zg),
Hy(Zg, ) respectively. We consider the convolution product

(5.36) Lra* Ly € Hyg(ZpoZg,).

Note that Zp o Zg, consists of (x1,23) € Up x Uy such that there
exists xy € &QL C U, with (x1,22) € Zp, (x9,23) € Zg, by definition.
This is nothing but Zg. Therefore £” % L9 is a class in Hyg(Zg). The
proof in [10, Lemma 3.6.1] actually gives L ¢ * Larr = L.

Therefore the commutativity of (5.34) follows, once we check that the
convolution product corresponds to the composition of homomorphisms
(Yoneda product) under the isomorphism (5.27). This is not covered
by [22, Prop. 8.6.35], as the base spaces of fiber products are different:
U; and U,;. But we can easily modify its proof to our situation.

5(viii). Space V¢ and its base given by irreducible components.
Let us write d for the instanton number again. Similarly to (4.26) we
define

VﬁG = Vd dgf' HOIIl(Cs(d)A2, (I)L7g(7T1Cﬁ;1))
= H*(S@)A%, € Pr,6(mCaa)),
where £: S(gA? — U is as before. We denote by Vl‘i’g or V&' when

we want to emphasize P.
As in Lemma 4.39 we have

(5.38) V? 2 Hg (U),

(5.37)

and V7 has a base given by (dh" — 1)-dimensional irreducible compo-
nents of Up,.
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On the other hand, Hy (1/71‘570) is isomorphic to Hi (Zjﬁo) by the stable
envelop. In the description (5.12), note that the fiber a,flj’o has dim =
dimUﬁ; /2 — 1 by Proposition 5.10 unless d; = 0. Therefore we can
achieve the degree [0] = dimUf — 2 = Y dimU% — 2 only when all
d; = 0 except one. There are N choices © = 1, ..., N. Therefore
dim V¢ = N.

Let us study V* = H (Z/{ ) in more detail. This will give the detail
left over from §4(ix). By [19, §3] we have a decomposition

(5.39) Upo= || Sdi,....dw).
di+---+dyn=n

where

(5.40)

FE admits a filtration 0 = Ey C E, C
T(dy,...,dn)o = {(Easo) - C Ex = E with Ej/E;, € Z/{ﬁlj’o}
compatible with ¢.

We have a projection

(541) T(dl, .. dN)() — L{ 110 X X leN

rn,0?

which is a vector bundle of rank dr — > d;r;. Note that

_ 0 if d; =0
5.42 dimU%, = T
(542) 0 {dm—l it d; 0.

(See Proposition 5.10.) Therefore
(5.43) dimS(dy, ... dy)o = dr — #{i | d; #0} < dr — 1.

The equality holds if and only if there is only one i with d; # 0.
Therefore Hip) (U ) is spanned by fundamental cycles

(5.44) [®(d,0,...,00), -+ ,[%(0,...,0,d)].

Thus it is N-dimensional, as expected.
In the remainder of this subsection, we study the corresponding space
Ut = Hy (UPO) for the Uhlenbeck space. Note that we have projective

morphism 7: upo — Up,, and the Quot scheme 7'(d - 0) = Uﬁo

is contained in upo The class of fiber L{ﬁlo is given by P_4([0])[U2],
and H (L{RO) is killed by Baranovsky’s Heisenberg operators by the
construction.

Proposition 5.45. Among N cycles in (5.44), the first one [%(d,0,...,0)o]
is [U]. The remaining cycles give a base of U = Hy (Up,) under .
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From the definition, this description of irreducible components of
UL, is the same as one in Proposition 4.42 when G = SL(r), P = B.

Proof. Suppose that £ € %(d,0,...,0)g. Then we have a short exact
sequence

546 0 — El — E N O@T2+"'+TN SN 0

(

with Ey € 7/7,‘,1170. Consider

(5.47) 00— Q%N o BY 5 BY — Ext! (0% O)

Since Ext'(OF2 -+~ O) = 0, the last homomorphism EV — EY is
surjective. Therefore this is a short exact sequence. Dualizing again,
we get

(5.48) 0— EI/V — BV _y %2ttt ).

The last homomorphism EYY — Q%2 "'~N g surjective as E —
Ozt HN s so. (Or, we observe EYY = 0% as By € U, and

Ext' (O O) = 0.) Therefore this is also exact. We have E)Y = O™
as by € L?ffp. Since the extension between the trivial sheaves is zero
on P2, we have EYY = O%". Therefore E € UY,.

Thus we have (d,0,...,0)p C ﬁ;{o. Since both are (dr—1)-dimensional,

and Z:{;fl’o is irreducible, they must coincide. This shows the first claim.
For the second claim, we need to show that any of ¥(0,d,0,...,0)o,
.., %(0,...,0,d)o contains a locally free sheaf. Then it it is enough to
consider the case N = 2 and check that T(0, d)o contains a locally free
sheaf, as an extension of a locally free sheaf by a locally sheaf is again

locally free. Furthermore we may assume r =2 and r; = o = 1.
We use the ADHM description. Let

01 0 ... 0
0 1 ... 0
Blz 732207
0 1
0 0
0 0
L (00 .0
I= 00 ’J_<1 0 ... O)'

10

We have [By,By] + IJ = 0. We see (By, Bs, I,J) is stable, i.e., a
subspace S C C? containing the image of I and invariant under B,
By must be S = C¢. We also see that (By, By, I,.J) is costable, i.e., a
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subspace S C C? contained in the kernel of J and invariant under Bj,
Bs must be S = 0. Therefore (By, By, I,J) defines a framed locally
free sheaf (F, ), i.e., an element in Bun‘éL@). We consider a subspace

{ (2) } € C?, which is the kernel of a. Taking 0 as a subspace in C¢, we

have a subrepresentation of a quiver. Therefore F contains the trivial
rank 1 sheaf Op:z correspondingly. The quotient £/Op: is given by the
data

0

r=1|:

0

1
and J = 0, By, B, the same as above. This is the ideal sheaf (2, ),
and hence in U{;. Thus E is a point in T(0, d)o. O

5(ix). A pairing on V<. In the same way as §4(x), we can define a
nondegenerate pairing between V4 and V4~
We have an isomorphism

(5.49) HO(&i"j'm.Coga) = HO(&5i 5" mC.iza).

where we also used m, = m as 7 is proper. By the base change and the
replacement 7*, i* to p,, (p_);, we can identify this with

(5.50) Hig (Upo) = HOWUE ).
and we have a pairing
(5.51) () HO](Z;{V]%O> ® HO](Z:ZIIi 0) —C.

Note that we also have the intersection pairing in the centered Gieseker
space Cl/{d As the intersection upo eIk b o consists of a compact space

Z/{LO, the pairing is well-defined, and takes values in C. We multiply
the sign (—1)3m /2 — (_1)d—1 a5 before.
Lemma 5.52. The pairing is equal to the intersection pairing.

Proof. The pairing is the restriction of that on equivariant cohomology
groups:

(553) ()¢ Hy(&i"j'mCoga) ® HA(&i" jLmiCoga) — Hy(pt).
By the localization theorem, natural homomorphisms

(5.54) HT(&')Z'J'W*Ccud) — Hy (&%) W*Ccud)

(5.55) HT(&)Z—J—W*CCW) — Hp(§iZjimCoja)
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become isomorphisms over the fractional field of Hf(pt). Then the
pairing between Hz (&' j'm.Coi7a) and Hi (&5 j* 7.Coiza) is equal to the
intersection pairing by [22, §8.5]. Therefore we only need to show that

the composition
(5.56) A A M

is equal to i'j' = 4" j' — 4" j*. This is a consequence of the follow-
ing general statement : Let T be a torus action on X and ¥ = X7
(more generally, it can be a closed invariant subset containing X7).
Let a: Y — X be the embedding. Let F' be a functor from Dy (X) to
Dr(Y). Assume that we have two morphisms of functors «, 8: a* — F.
Then o = f if and only if it is so on the image of a: Dr(Y) — Dp(X).
We apply this claim to a = ji, F = i' j*. In our case, « = (8 on
ayDr(Y') is evident, as all the involved morphisms are identities on the
fixed point set Y.

Let us give the proof of the claim. We consider a natural map
wa'F — F for F € Dy(X). It becomes an isomorphism if we ap-
ply @' by the base change. We set G = aa'F. We have ag = g,
as homomorphisms a'G — F(G), from the assumption. Then we have
ar = [r as the composition of ag = g and F(F) — F(G). O

5(x). Another base of V. Recall we have the canonical isomorphism
W!Cag % @ 6(mChqa) in (5.29). Thanks to the decomposition (5.12),
the morphism 7: ﬁg — UY is the composite of
(557)  mox X mUS X X US S UG X XU
with the sum map

. 744 d d
(5.58) K Ugpyy X o X Ugy 0 — UL

The latter is a finite birational morphism. Then ng decomposes under
(5.57) as in (5.1):

d
(5.59) mCha = @ mICBungy X -+ x Bungy ),
where Aj, ..., Ay are partitions with d = dy + |\| + -+ + dy + |An].
(These dy, ..., dy are different from above.) The image of the closure
of Bun?. X -+ x Bun® under « is the closure of
SL(r1),A1 SL(rn),AN

1 d
(5.60) Bung % --- X Bungy, x5,A%
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where 1 = Ay L --- U Ay. Let us denote this stratum by Bun%{ﬁ"’dN.

Then as « is a finite morphism, we have

1 ~ d ,...,d
(5.61) K IC(BunéL(n)’/\1 X e X Bung’z(m)’)\N) = IC(Bung ™, p),

where p is the local system corresponding to the covering
(5.62) Sy A% x -+ x Sy A%\ diagonal — S, A?

and g = A U---UAy. Taking sum over A\;, Ao, ... which give the same
L, we get

d d
(5.63) @ F IC(Bunigy )y, - x Bungy o 0)

AU-UAN=p
o IC(BunCﬁL“’dN, 0)s
where p is now given by the permutation representation
(5.64) (Vo & (V2o -

of Sp, X Sp, X -+ if = (1M2"2...) with dimV? = N. Let us un-
derstand that this V¢ is temporarily different from the previous one
(5.37). Here we define V% as the cohomology of the union of the fibers
of (5.62) for the special case when p is the partition (d) with the single
entry d, where the union runs over Ay, ..., Ay:

(5.65) o || SuA? x - x S\ A%\ diagonal — S(4)A%,

)\1|J~~~|J)\N:(d)

and
(5.66) V4= Hy(o7(d-0)).
If = (d), one of Ay, ..., Ay is (d) and others are the empty partition

(). Therefore we have dim V¢ = N.

Moreover Hompe,. 4y (Csya25 W!Cﬁg ) is given by the component IC(Bun%"dg) 0,
where p is the trivial representation of S; on V. Therefore we have a
canonical isomorphism
Vd = Hom erv(U? (Cs A2,7T!C~d)

(5.67) e
= Homperyg) (Cs a2, Pr.c(mCya)),
where the second isomorphism is given by the stable envelop £. Thus
our V% is canonically isomorphic to the previous one (5.37).
We have just shown

59 iy @Iy )

This is similar to Proposition 4.28, where we used the factorization
argument to construct an isomorphism. Our argument looks slightly
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different, as we have not used the projection a: A2 — Al. But the
isomorphism is the same as one given by the factorization argument
from the above construction, together with the observation that a, , j
commute with the projection W;l’? (?7=G,P,L).

Note that we have e; € V¢ = Hy(o~%(d - 0)) corresponding to the
component of o7!(d - 0) in

(5.69) SpA? X -+ x S A% x -+ x SHA”.
——
ith factor
Then e4, ..., ey gives a base of V4.
If we view V¢ as Hompe,y ) (Cs a2, W!Cﬁg)v e; is the composite of
homomorphisms
(5.70) Cs(d)AQ — W;Cagi — W;Cag,

where the left homomorphism is given by the fundamental class [7~!(d-
0)], and the right one is given by the inclusion of the component d; = d,
d; =0 (j # i) in the decomposition (5.12).

Example 5.71. For d = 1, U} (resp. U},) is isomorphic to the product
of A? and the cotangent bundle of P"~! (resp. the closure of the minimal
nilpotent orbit of sl,.). Further suppose N =r andr =---=ry = 1.
Then [10, Remark 3.5.3] gives us the relation:

(5:72) B0, .0, L 0 0) = (- Mer + cunr -+ ),

kR factor
Here the sign (—1)*~! comes from the polarization, mentioned in §5(iii).

Example 5.73. We know that [T(d,0,...,0),] = [ﬁﬁfo] (Proposition 5.45),
and hence

(574) [‘Z(d,o,,O)o] =e+---+en

by (5.26).

On the other hand, the opposite extreme [%(0,0,...,d)] is equal
to ey up to sign by the support property of the stable envelop [10,
Th. 3.3.4 (i)]. The polarization is opposite, therefore the sign is the
half of the codimension of the corresponding fixed point component.
We get

(5.75) [T(0,0,...,d)o] = (1) Vey.

If N =2, two elements exhaust the base.
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The transition matrix between two bases for d > 1, N > 2 can be
calculated from (4.54) together with (5.80) below. Though (4.54) deter-
mines [Z(0,---,0,d,0,---,0)] (dis in the k™ entry) up to C[Z(d, 0, ..., 0),
it is a linear span of ey, ..., ey thanks to the support property of the
stable envelop. Therefore we can fix the ambiguity.

5(xi). Computation of the pairing. Let us relate the pairing in
§5(ix) to the pairing defined on U¢ using the stable envelop

(5.76) L: Hy (U o) = Ho(Up).

Let us temporarily denote the stable envelop with respect to the
opposite parabolic by £7. Then we want to compute

(5.77) (L(a), L7(8)),

which is equal to the intersection pairing times (—1)3™ U by Lemma 5.52.

Suppose that «, 8 are classes on a component Z of Z/{ﬁo. Let us take
equivariant lifts of «, 8 to Z(L)%-equivariant cohomology. Since the
supports of L(«) and L (/) intersects along Z by one of characterizing
properties of the stable envelop [10, Th. 3.3.4(i)], we need to compute
the restriction of the (Poincaré dual of) L(«), L7 () to the fixed point
Z. Again by a property of the stable envelop [10, Th. 3.3.4(ii)], we
have L()|z = (0rep/d)e(N7) U v and L7(B)|z = (Oatt/0)e(NT) U S,
where dep, date are the polarizations given by attracting and repellent
directions. Then we have
(5.78)

Lla) UL () = Sepdan / o(N)UaU = (—1yedm 2 / QU B
cuf‘l

by the fixed point formula. Therefore if we multiply (—1)dimcuﬁl /2
get (~1) 702 [ a U § = (o, 5).

If «, 8 are supported on different components 7, Z’ of Z:IEO respec-
tively, we use a property [10, Th. 3.7.5], which says the restrictions of
L(a), L(F) to components other than Z, Z’ are zero. Then it is clear
that (L(«), L7(8)) = 0.

As an application of this formula, let us we compute (e;, ej_>, where
e; € V¢ as in the previous subsection, and e; € V4P- s defined in
the same way using the opposite hyperbolic restriction £7. This is re-
duced to the computation of the self-intersection number of the punc-
tual Quot scheme L?,ﬁi o in the centered Gieseker space Caﬁi . This is

given by (—1)""Ldr; = (—1)dimcﬁﬁi/2dm ([5, §4]). Therefore we get

, we
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Proposition 5.79. We have
(580) <6i7 €j_> = driéij.

5(xii). Relation between V¢ and U? Let us apply the decomposi-
tion (5.1) to (5.67). We have
(5.81)

Vd = Hom(Cg(d)Az, (I)L,G(W!ng))

= @ Htop(w—l(gjil))®Hom(C5(d)Az,(IDL,G(IC(BundGlA))).
di+|A\[=d

Then Hom(Cs, a2, @Lg(IC(Bunél’)\))) is nonzero only in either of the
following cases:

(1) dy =d and A = 0,

(2) dy =0 and A = (d).
In the first case, it is U? by definition. And in the second case, it is
(582) Hom(Cs(d)Az, (I)L,G(CS(d)A2)) = Hom(CS(d)Az, CS(d)A2) =Cid.
Thus
(5.83) V= (Hiop (7 (24)) © UY) ® Hygp(n™ (20y)))-

Note that ﬂ_l(xg) is a single point. Therefore we have the canonical
isomorphism Hyo, (77! (2{)) = C. Now the homomorphism 7, : V' =
Ho(Up,) — U = Hig(Up,) is identified with the projection to the
first component in (5.83). In particular, bases of U? and V¢ given
by irreducible components (see Lemma 4.39 and Proposition 5.45) are
related by the projection.

The subspace Hiop (ﬁ_l(x(()d))) is 1-dimensional space spanned by the
fundamental class [7 = (27,))], or equivalently P_4([0])-[Ug] where P_4([0])
is the Heisenberg operator, and [U2] = 1 € H2(U2). Recall that the
Baranovsky’s Heisenberg operator is mapped to the diagonal operator
under the stable envelop, see §5(v). It means that [W_l(l’(()d))] is equal
to

(5.84) e1+ -+ e,

where {e;} is the base of V¥ in the previous subsection.
And U? is the subspace killed by the Heisenberg operator Py(1).
Therefore

(5.85) Ut { ey + -+ Aven | A+ -+ Ay = 0}.

We have a base {€; — €;11}i=1

-----
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It is also clear that the decomposition (5.83) is orthogonal with re-
spect to the pairing in §5(ix). And the restriction of the pairing to U¢
is equal to one in §4(x). Therefore we can calculate the pairing between
U%P and U4P-. Let us consider the case P = B for brevity. We have

2d if 1 =7,
(5.86) (ei —eip1, e —ejyy) = —d if |i—j| =1,
0 otherwise

by Proposition 5.79. Thus the pairing between U%? and U%?- is iden-
tified with the natural pairing on the Cartan subalgebra b of sl,. mul-
tiplied by d, under the identification e; — e;;1 and e; — e;,; with the
simple coroot

5(xiii). Compatibility. Let us take L = T. We shall show that the
base {e; — e;11}; of U? is compatible with the construction in §4(xi) in
this subsection.

We fix the Borel subgroup B consisting of upper triangular matrices,
and let P; be the parabolic subgroup corresponding to a simple root
a; and L; be the Levi subgroup (i = 1,...r — 1). Recall that we have
taken

(5.87) 19, ¢ € Hompey e (ICUL), @1, cICUG))).

(See (4.23).)
Let us consider the corresponding fixed point set Uf = (U?)#=) in
the Gieseker space. The decomposition (5.12) in our case is

~ i S ds Sid,
(5.88) || UD - XU X US ) U - x U
di -+ dipr++dp=d

There is a distinguished connected component, isomorphic to Z]g with
d; =d, d; =0 for j # 4. Let us denote it by Z.

Recall that Z/{gi is equal to Z/{g L(2) s a topological space and the open
subvariety BundLi is equal to Bun‘éL@). The connected component Z is
characterized among all components of L?‘Lii, as it contains Bun‘zi.

We denote by ¢ the polarization of Z in Z:I;fl in §5(iii). We understand
it is 1, according to whether it is equal to the polarization given by
attracting directions or not, as in §4(iii). We correct 1¢_ by 61¢_ so
that it will be compatible with the stable envelop.
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Let us consider the diagram

d

514
ICUL) —% &p, o(IC(UL))

(5.89) | |

W!ng i) (I)th(ﬂ'!cz;d).
L; L;,G T

The upper arrow is given just above, and the bottom arrow is the stable
envelop. The right vertical arrow comes from the natural projection
to the direct summand m(Cpq) — IC(UZ) in (5.1), which is the iden-
tity homomorphism on the open subset Buné of UZ. The left vertical
arrow is defined as follows. We have the distinguished component Z
of ziigz isomorphic to #%. We have ICUi ) = IC(L{gL(Q)), and hence
have a natural projection W!ng — IC(L[‘Lii), as for the right vertical
arrow. Composing with the restriction to the distinguished component
Wgng_ — mCy , we define the left vertical arrow.

Proposition 5.90. The diagram (5.89) is commutative.

Proof. From the construction of the diagram, it is clear that we need
to check the commutativity on the open subset Bun‘zi. Then the com-
mutativity is clear, as two constructions 619, and Ly, ¢ are the same:
Both are given by the Thom isomorphism corrected by polarization.
See [10, Th. 3.3.4(ii)] for the stable envelop. O

Recall also that we have proposed that there exists a canonical ele-
ment

19 € Hom(Cs,, a2, P11, (ICUf)))

(5.91) d
=] HOm(Cs(d)A2> e 51,(ICUsL,)))

in §4(xi). We define it so that the following diagram is commutative:

14
Cs gy A2 ~ Dc- 5100y (ICUE L))

(5.92) l T

Wgng I (I)C*,SL(2) (Wgng),
C* Lcx 51(2) 2

where we choose the parabolic subgroup in SL(2) = [L;, L;] correspond-

ing to the chosen Borel subgroup B to define the hyperbolic restriction

L+ sr2)- The right vertical arrow is the projection to the direct sum-

mand as before. The left vertical arrow is e¢; — e; 41, where {e;, e;11}
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is the base of V(Cd*’SL@) = Hom(CS(d)Az,mCag*), i.e., e; corresponds to
UL x U c Ul = | U™ x U, and e,y corresponds to U x UL
We enlarge the bottom row as

14
CS(d)AZ i} @T,Ll(IC(Ugl))

(5.93) J/ei_ei+1 T

W!ng — (I)T,Li(ﬂ'!czjd )
T L7, L;

Here we identify ¢ with the distinguished component Z. We similarly
consider UZ. as a union of components of U¢, putting it in ¢ and (i+1)™"
components. The left vertical arrow is e; — e; 1, where {ey,...,e.} is
a base of Vf{G. Two bases are obviously compatible, so it is safe to use
the same notation.

We apply @7, to the commutative diagram (5.89) and combine it
with (5.93):

Q7,1 (011;,¢)

19
Csga2 — Op, (ICU)) Orc(ICUE))

(5.94) lei—eiﬂ T T

W!CZJ% ﬁ (I)T’Li (W'ngl) m q)T,G(ﬂ-!Caﬁl)'
The composite of lower horizontal arrows is L7 by the commuta-
tivity (5.34). Recall we made an identification of V¢ by L7 (see
(5.67)). Therefore ¢; — e;; € V@ considered as a homomorphism
Hom(Cs, a2, P1,¢(mCpa)) is the composition of arrows from the upper
left corner to the lower right corner.

It is also clear that the homomorphism V¢ — U? given by the com-
position of the rightmost upper arrow coincides with the projection in
(5.83).

We thus see that {af = ®7,1,(61¢ ;) 017 }i coincides with the base
{e; — e;41} of U4, This gives the construction promised in §4(xi) when
G is of type A.

Remark 5.95. Suppose G = SL(2). Thanks to Example 5.73, we have

[T(0,d)o] = (—1)%4. (Here r; = ry = 1.) Therefore we have
([0, d)ol, af™) = (=1)Heg, e —e5™) = (—=1)"'d
by Proposition 5.79. This completes the proof of (4.54).
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5(xiv). Aut(G) invariance. Recall that we have studied Aut(G) in-
variance of various constructions for 4% in §4(xiii). The same applies
also to the Gieseker space i{';l, if we restrict to the inner automorphism
Inn(G). This is because Inn(G) acts on U?, and hence the same applies.

Let us consider Aut(G)/Inn(G). It is {1} for type A, and is the
Dynkin diagram automorphism given by the reflection at the center. It
is represented modulo inner automorphisms by a group automorphism
g — tg~!. In terms of Buné, it corresponds to associate a dual vector
bundle. In particular, it does not extend to an action on the Gieseker
space U?, as the second Chern class may drop when we take a dual of
a sheaf.

In the ADHM description, the diagram automorphism is given by

(5.96) (By, By, I, J)] — [(BY, B, —J', I')].

This does not preserve the stability condition. Therefore we must be
careful when we study what happens under this automorphism.
Nevertheless we give

Proof of Lemma 4.64. Recall ¢ € Aut(G) preserves T', B, and corre-
sponds to a Dynkin diagram automorphism. Recall also &f = ®7,r, (019, ;)0
14 .

It is clear that @7y (1¢ ) is sent to @T,La(i)(lﬁa(i)@) under ¢, from
its definition.

Next consider 19 € Uf,; . Inview of Lemma 4.39, Uf. ; is Hio)(Upnp, o),
which is 1-dimensional space spanned by the irreducible component
UL, ol The class [Up;, o] is sent to [Up,, (i):O] under ¢,, as it is

induced from the isomorphism U . L0 U r (0"

On the other hand, U, o is the image of [(0, d)o] under 7, : Hy (U L.0) —
Hio)(Upnr, o). We have [Z(0,d)o] = (—1)%e; by Example 5.73. Hence
Ur, o) = (=1)%11¢ /2. Combining with the above observation, we
deduce the assertion. O

6. W-ALGEBRA REPRESENTATION ON LOCALIZED EQUIVARIANT
COHOMOLOGY

The goal of this section is to define a representation of the W-algebra
Wi (g) on the direct sum of equivariant intersection cohomology groups
IH;(UL) over d, isomorphic to the Verma module with the level and
highest weight, given by the equivariant variables by

(6.1) k+hY =22, )\:g—p, where a = (a',. .., ad")
€1 &1
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respectively. Here a is a collection of variables, but will be regarded
also as a variable in the Cartan subalgebra b so that a' = a;(a) for a
simple root «;.

Since the level is a rational function in e;, €5, we must be careful
over which ring the representation is defined. In geometric terms, it
corresponds to that we need to consider localized equivariant cohomol-
ogy groups. The equivariant cohomology group Hy( ) is a module over
Hi(pt) = C[Lie T] = Cley, €2, a]. Let us denote this polynomial ring
by Ar and its quotient field by Fr. In algebraic terms, it means
that our W-algebra is defined over C(e1,e2). Then the level k is a
generic point in A'. Moreover we consider a Verma module whose
highest weight is in h* ® Fp. This means that the highest weight is
also generic. More precisely, we regard a as a canonical element in
h* @ Fr = h* ® Frac(S(h*)[e1,€2]) given by the inner product on b.
Here we have used the Langlands duality implicitly : we first consider
a as an element in h ® Fr via the identity h ® h*. Then we regard the
first h as the dual of the Cartan subalgebra of the Langlands dual of
g. But the Langlands dual is g itself as we are considering ADE cases.

We will construct a representation on

(6.2) P 1 (Us) @a, Fr = @D Hi U, ICUE)) ®a, Fr.
d d

By the localization theorem and Lemma 3.6, natural homomorphisms
IH; (UG) = HE (U, i (ICUE)))

— Hy (Uf, Pro(ICUE)))

— Hi(Uf, D1, (ICUE)))

— Hy(Uf, 1" 5" (ICUE))) = THR(UG)

all become isomorphisms over Fr. Thus over Fr, we could use any of
these four spaces. Let us denote its direct sum by Mp(a):

(6.4) My (a) = @PIH; (UE) @4, Fr.

(6.3)

In fact, we will construct representations of integral forms (i.e., Ap-
forms) of Heisenberg and Virasoro algebras on non-localized equivariant
cohomology groups @, Hi (U}, ®r.a(IC(UE))) of hyperbolic restric-
tions in this section. This construction will be the first step towards a
construction of the W-algebra representation on non-localized equivari-
ant cohomology groups. To follow the remaining argument, the reader
needs to read our definition of an integral form of the W-algebra given
in §B. Therefore the whole construction will be postponed to §8(i).
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Let us denote the fundamental class 1 € IH}(US) = IHY (UE) =
H2(pt) by |a). It will be identified with the highest weight vector (or
the vacuum vector) of the Verma module. See Proposition 6.42 below.

We also use the following notation:

A:C[€1,€Q], F:C(€1,€2).

6(i). Freeness.
Lemma 6.5. Four modules appearing in (6.3) are free over Ar.

Proof. By Lemma 3.6 all four modules are pure, as (UZ)T is a single
point, and they are stalks at the point. Now freeness follows as in [31,

Th. 14.1(8)].
Or we have odd cohomology vanishing by [20, Th. 7.10]. So it also
follows from [31, Th. 14.1(1)]. O

In particular, homomorphisms in (6.3) are all injective.

6(ii). Another base of U?, continued. Let U? = Uf  be as in
84(viii). Let L; be the Levi subgroup corresponding to a simple root «;
and consider Uf. ; as in §4(xi). We identify IC(U{ ) with IC(Z/{gL(z)) by
the bijective morphism Z/{gL(z) — U{ (see Proposition 4.7). We have a
maximal torus and a Borel subgroup induced from those of G. Then
Ujdﬂ, 1, has the base in (5.85), where it consists of a single element as
N = 2. Let us denote the element by 1‘le_, as we promised in §4(xi).
Next consider 1¢_ given by the Thom isomorphism as in §4(vii). We
have the repellent polarization 0., of Bunj-fi in Bunf,. We modify it
to ¢ according to Lemma 5.15. We choose and fix a bipartite coloring
of the vertices of the Dynkin diagram, i.e., o: I — {£1} such that
o(i) = —o(y) if i and j are connected in the diagram. Then we set

(6.6) 5 = 0(1) 6 rep-

This is our polarization, which was promised in (4.50). Let us write

(6.7) al S dpp, (019 5) 014 .

2

This gives us a collection {a¢}; of elements in U? labeled by I. Thanks
to (4.54), it is a base of U¢. This will follow also from Proposition 6.15.
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6(iii). Heisenberg algebra associated with the Cartan subalge-
bra. We construct a representation of the Heisenberg algebra associ-
ated with the Cartan subalgebra b of g on the direct sum of (6.2) in
this subsection. It will be the first step towards the W-algebra repre-
sentation.

Let us first review the construction of the Heisenberg algebra repre-
sentation in §5(v) for the case r = 2 and L = S(GL(1) x GL(1)) = C*.
We consider Heisenberg operators P> = P2(1) associated with the
cohomology class 1 € HT[T*] (A?). We omit (1) hereafter. They are not

well-defined on @, H, [E} (UL if d > 0, but are well-defined on the local-
ized equivariant homology group @, H, [E} (ijﬁ) ®a, Fr, and satisfy the
commutation relations

1
(6.8) (P2, PR = —2mby,,_pn—o-.
€1€2

Via the stable envelop, we have the isomorphism
(6.9) D HyUp) = P HLWUE) = P H ") @ Hi ),
d d dy,dz
and we have the representation of the tensor product of two copies of
Heisenberg algebras, given by pY = P, ® 1 and P? =1 P, on

the localized equivariant homology group, where P, is the Heisenberg
generator for r = 1. The above Heisenberg generator P> is the diagonal

P 4+ P? . See 85(v).
We have

(6.10) HE, (Up) = Hi (U, p. 7'mCaa) = HyUe-, e s10)(mCpa))
by §5(vi) and m = m,. This homology group contains
(6.11) Hy(UE., Pev sp2) (IC U L2)))

as a direct summand, and the anti-diagonal Heisenberg algebra gener-
ated by P{" — P{? acts on its direct sum over d. (See §5(xii).)

Let us return back to general G. Let L; be the Levi subgroup as in
the previous subsection. We identify IC (/2 L(2)) with IC(L{gi) as before,

and we have a(n anti-diagonal) Heisenberg algebra representation on

(6.12) P Hi Wy, P, (1ICWUY))) ©a, Fr.
d

Using the decomposition (4.51) and @71, P, ¢ = Pr.g, we have an
induced Heisenberg algebra representation on Mg(a) in (6.4). Let us
denote the Heisenberg generator by P..
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By Lemma 4.31, the space Mg (a) is isomorphic to
(6.13) Sym((U' @ U?@® ---) ®c Fr),

where Sym denotes the symmetric power. (U? = Uf,, as before.)

Let us describe P! in this space. Recall that we have the orthogonal
decomposition U? = Uf & (Uf )" in (4.52). Then we have the
factorization

(6.14) Sym((U'eU?@® ---) @c Fr)
=~ Sym((Urp, ® Ui, @ ---) ®c Fr)®F,
Sym((U,) @ (Ui ) @ ---) @cFr)

The first factor of the right hand side is the usual Fock space associated
with the Cartan subalgebra by, of sly. In fact, using U, = C1{ , we
identify U, with bg,. The pairing is multiplied by —1/e1e5 from the
natural one. Then the factor is Sym(z71h,,[27']) and the Heisenberg
algebra acts in the standard way. From its definition, our Heisenberg
operator P! is given by the tensor product of the Heisenberg operator
for Sym(z71hg,[271]), and the identity.

The following means that the operators P! define the Heisenberg
algebra $eis(h) associated with the Cartan subalgebra b of g.

Proposition 6.15. Heisenberg generators satisfy commutation rela-

tions

(6.16) [P ) = —tmbyy (0, ) ——
£1&9

If we normalize the generator by hi, = £, P!, the relations match with
a standard convention with level —e9/e7 = k+ hY. See (B.6).

From the construction, P’ applied to the vacuum vector |a) €
HR (U, D1,c(ICUE))) is equal to @7y, (617 ;) 019 € U? divided by
€169, considered as an element in (6.13).

From the construction, (6.13) is the Fock space of the Heisenberg
algebra associated with the Cartan subalgebra b. It is Sym(z7'h[z71]),
where the base field is Fy. The element ¢ is a linear function, living
on z~7p.

Proof of Proposition 6.15. The case (o, ;) = 2, i.e., i = j is obvious
from the construction.

Next consider the case (o, ;) = —1. Then i and j are connected by
an edge in the Dynkin diagram. Let us take the parabolic subgroup P
corresponding to the subset consisting of two vertices ¢ and j, and the
corresponding Levi subgroup L. We have [L, L] = SL(3). Then from
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our construction and the compatibility of the stable envelop with the
hyperbolic restriction functor in §5(xiii), the assertion follows from the
SL(3)-case, which is clear as Heisenberg algebra generators are given
by

(617) PP=P,®1®1-1®P,®1, PI=19P,®1-101®P,.

Note also that our polarization ¢ in (6.6) was chosen so that it is the
same as the polarization for U‘SiL(?)) via Lemma 5.15 up to overall sign
independent of d.

Finally consider the case (o, ;) = 0. We argue as above by taking
the corresponding Levi subgroup L with [L, L] = SL(2) x SL(2). Then
it is clear that Heisenberg generators commute.

If a reader would wonder that SL(2) x SL(2) is not considered in
85, we instead take a type A subdiagram containing i, 7 and take the
corresponding Levi subgroup L with [L, L] = SL(k + 1). Then it is
clear that the Heisenberg generators P!, P/ commute for SL(k + 1).
Therefore they commute also for G. O

Let us consider Heisenberg operators P ([0]) = e169 P, coupled with

the Poincaré dual of [0] € HF(A?), and denote them by Pi. Then they
are well-defined on non-localized equivariant cohomology groups

(6.18) P Hi U, D1 (ICWUE))),

and satisfy the commutation relations
(6.19) (P! P = —mbp _n(0v, ;)e169.

The same is true for the non-localized equivariant cohomology with
compact supports.
We define the A-form $eisa (h) of the Heisenberg vertex algebra as

the vertex A-subalgebra of $ieis(h) generated by Pr,.

6(iv). Virasoro algebra. Let us introduce 0-mode operators ;. In
§5(i1) we did not introduce them. Since they commute with all other
operators, we can set them any scalars. We follow the convention in
[10, §13.1.5, §14.3.1], that is

CLi

6.20 Py = :
(6.20 i=
Here a’ is the i*" simple root, and should be identified with a; — ;1
in [10] in the Fock space F(a;) ® -+ ® F(a,) corresponding to the
equivariant cohomology of Gieseker spaces for rank r sheaves. We also
set PS = €1€2P8 = ai.
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We then introduce Virasoro generators by

(81'+'€2)25
48182

) 1 . n .
(621) L;’L = —18152 ; :P&Pg_m: — 5(81 + 82)PTZL + n,0-
See [10, (13.10),(14.10)]. Let us briefly explain how to derive the above
expression from [10]: The Virasoro field T'(y,k) = > L,(v,k)z™™ in
[10, (13.10)] is given by

(6.22) T(3,m) = 5303(7) + Oarlym) — (34,

where a(y) = > a,(y)z7" is the free field. Note that 7" and a are
different from the usual convention, as the exponents are not —n — 1,
—n — 2 respectively. Also 0 = z0,.

We take v = 1, the fundamental class of H2(A?). Next note that
a = a” /2 [10, (14.8)], and our P’ is identified with a~. This is the
reason we have 1/4 instead of 1/2. The remaining factor —e;£9 comes
from 14 = —1 ® pt in [0, §13.3.2].

For the second term, note x = h/v/2 (see [10, (14.8)]), h = —t; — t;
(see [10, §17.1.1,(18.10)] for example). We denote their ¢, t5 by €1, €2
instead.

For the last constant term, we have —yk? = —(g1 + €2)?/2 and
(1) = — [, 1= —1/e1e.

The Virasoro algebra commutation relations are

(623) (L, L] = (m—n)Li,,, + (14 28EE2) )5 o om
E1€92 12

See [10, §13.3.2]. And the highest weight is given by
' 1 i\2 2
(6.24) Lila) = — (m _ate) ) a).

4 £1€9 E1€2

See [10, §13.3.5].
In order to apply the result of Feigin-Frenkel to our situation later,
we shift P! in (6.21) as P! — (g1 +&2) /162050 (see [10, §19.2.5]) so that

. 1 - 1 .
(6.25) L= o0 > PP i e, 4 en)Pl.

This is a standard embedding of the Virasoro algebra in the Heisen-
berg algebra, given as the kernel of the screening operator (see [28,

§15.4.14]). We have
. 1 .
(6.26) Py =—(a’' = (e1+£2))
£1€9

in this convention.
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We modify (6.21) as

) 1 ’ €1+ &9 ; €1+ &
L= — = (P — Omo) (P — O ) e
n 46182; ( m 165 7(])( n—m €16, , )
1 . (61 +e9)?

— 5(51 + 62)Pn + %5n,0
, +&9)?2
6.27 _n €1+ &) P! 7(51 225,
1 : €1+ &2 ; €1 +&
= — — (P — (Sm PZ_ - 5mn :
48182; ( m €165 7(])( n—m €165 ) )
n+1 ; €1+ &2
— €1+ g9) (P! — O0no)-
5 (e1+e2)(F, c1o0 0)

Therefore if we replace P! by P! — (g1 + &9) /12050, We get the above
expression.

We denote by Dir; the Virasoro vertex subalgebra of $eis(h) gener-
ated by L.

Let us introduce a modified Virasoro generator L = e1e,Li. We
have

_ 1 I 1 -
(6.28) R D ”; (61 +22) P,

Hence L' is an element in $eisa(h). We denote the corresponding
vertex A-subalgebra by Uit; 4.

Note that the central charge 1 + 6(g; + £9)%/e169 is equal to that
of Virasoro algebras, appearing in the construction of the W-algebra
Wi (g) as the BRST reduction of the affine vertex algebra at level k, if
we have the relation

(61 +&2)? v
E1€2 _k+h 2+k’+hv’
see [28, §15.4.14] and Corollary B.59 below. In other words, k + hY =
—&y/e1 or —e1/ey. It is known that the W-algebra for type ADE has
a symmetry under k + hY < (k+ hY)™! [28, Prop. 15.4.16]. Therefore
either choice gives the same result. We here take k + hY = —&y /e,
see (6.1). Tt is remarkable that the symmetry k + hY < (k+ hY)™!
corresponds to a trivial symmetry €1 ¢+ €5 in geometry.

(6.29)

6(v). The first Chern class of the tautological bundle. Let us
explain a geometric meaning of the Virasoro generators in the previous
subsection. It was obtained in [40, Th. 14.2.3], based on an earlier work
by Lehn [38] for the rank 1 case. Let us first consider the rank 2 case.
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Consider the Gieseker space US of rank 2 framed sheaves on P? with
co =d. For (E,p) € U, consider H(P? E(—(,,)). Other cohomology
groups vanish, and hence it has dimension equal to d by the Riemann-
Roch formula. In the ADHM description, it is identified with the vector
space V. When we vary E, it forms a vector bundle over ¢, which
we denote by V. Its first Chern class ¢1(V) can be considered as an
operator on Hi(UY) acting by the cup product. Then its commutator
with the diagonal Heisenberg generator, restricted to IH} (U4 1,); is the
Virasoro generator up to constant:

(6.30) ), P s s, ) = "l

where we denote L! in the previous subsection by L, since G = SL,.
(See [10, Th. 14.2.3].)

Let us remark that ¢;(V) is defined on non-localized equivariant co-
homology groups IH} .(Ug). Therefore L,, = e1e5Ly, is also well-defined
on non-localized equivariant cohomology groups for n # 0. The oper-
ator Ly = e162Ly is also well-defined as it is the grading operator (|10,
Lem. 13.1.1}).

Returning back to general GG, we see that E; is well-defined on
(6.31) P H: W, 2L, c(ACUE)))
d

thanks to the decomposition (4.51). Namely this space is a module
over Uir; o. It lies in between the first two spaces in (6.3):
(6.32)

IH; (UG) — Hi (UL, @1,6(ICUG))) — Hi Uz, Pre(ICUG))).

The formula (6.28) relates operators E; and ﬁfl acting on the middle
and right spaces respectively via the second homomorphism.

6(vi). W-algebra representation. Let us consider the vertex algebra
associated with the Heisenberg algebra, and denote it by the same
notation $eis(h) for brevity. It is regarded as a vertex algebra over F.

We have the Virasoro vertex subalgebra *Uir; corresponding to each
simple root «; as in §6(iv). Consider the orthogonal complement ;" of
Ca; in b, and the corresponding Heisenberg vertex algebra $ieis(a;-).
It commutes with Wit;, and the tensor product Vir; ® Heis(a; ) is a
vertex subalgebra of $eis(h).
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By a result of Feigin-Frenkel (see [28, Th. 15.4.12]), the W-algebra
Wy(g) is identified with the intersection

(6.33) () Viv; ® Heis(o;")

in $Heis(h) when the level k is generic. More precisely, Uir; @ Heis(a;)
is given by the kernel of a screening operator on $eis(h), and Wy(g) is
the intersection of the kernel of screening operators.

Now Wy (g) has a representation on the direct sum of localized equi-
variant cohomology groups Mr(a) (see (6.4)), as a vertex subalgebra

of Heis(h).

6(vii). Highest weight. In this subsection we explain that we can
identify a with the highest weight of the Wy (g)-module Mg (a), where
the highest weight vector is |a).

Let us first briefly review the definition of Verma modules of the
Wh-algebra to set up the notation. See [2, §5] for detail.

Let $(Wg(g)) be the current algebra of the W-algebra as in [2, §4].
(The finite dimensional Lie algebra is denoted by g, while g is the corre-
sponding untwisted affine Lie algebra in [2].) We denote the current al-
gebra of the Heisenberg algebra by $($eis(h)). It is a completion of the
universal enveloping algebra of the Heisenberg Lie algebra. The embed-
ding Wi(g) C $eis(h) induces an embedding U(Wy(g)) — LU($Heis(h)).

We have decompositions U(Wy(g)) = P, U(Wk(g))a, H(Heis(h)) =
D, U($Heis(h))q by degree. Two decompositions are compatible under
the embedding. Let

(6. 34)
)20 = EP UMW (g )o0 S P UWi(g
d>0 d>0
The Zhu algebra of $4(Wy(g)) is given by
(6.35)  36(Wilg) = UWi(9))o/ > UWi(g))— (Wi (g)).-
r>0

Then it is isomorphic to the center Z(g) of the universal enveloping
algebra U(g) of g ([2, Th. 4.16.3]). We further identify it with the
Weyl group invariant part of the symmetric algebra of b ([2, (55)]):
(6.36) 36(Wi(g)) = Z(g) = S(h)".

We have an induced embedding 3H(Wy(g)) — 3h(LU($Heis(h))), where
the latter is the subalgebra generated by zero modes. We have

(6.37) 3b(U(Heis(h))) = S(b).
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Lemma 6.38. Under the identifications (6.36, 6.37), the embedding
3h(Wi(g)) — 3b(8l($eis(h))) is induced by

(6.39) h' — h' + (k+ hY),
where h is a simple coroot of b.

Proof. The assertion follows from [2, Th. 4.16.4], together with an iso-
morphism ¢_,v which sends the old Zhu algebra, denoted by H(3h(C(§)"q))
there, to a new one HO(BU(Ck( Jnew))- The zero mode is written as
J:(0) there. We can calculate t v (J3(0)) = J;(0) 4 k + hY by formulas
in [2, bottom of p.276]. O

We regard A € h* as a homomorphism S(h)" — C by the evaluation
at A+ p, where p is the half sum of positive roots of g. (It is denoted by
7 in [2, §5].) We further regard C as a 36H(Wy(g))-module by the above
1somorphlsm and denote it by C,. We extend it to a U(W(g))>o0-
module on which (W (g))~o acts trivially. Then we define

(6.40) M) = UWi(9)) Euni9)z0 Cn
This is called the Verma module with highest weight A.

Now we turn to our Wy(g)-module Mg(a). We identify h = LieT
with b* by the invariant bilinear form (, ). Then we have an identifi-
cation

(6.41) SV = ClLieT)" = H;(pt)"

We regard the collection @ = (a',...,a") as a variable in LieT by
considering a’ its coordinate. Hence a has value in h* by the above
identification.

Recall that |a) is the fundamental class 1 € TH}(U2). Since the
degree d corresponds to an instanton number, Y(Wy(g))so acts via a
homomorphism $(Wg(g))>o — Fr induced from 36(Wy(g)) — Fr on
Frla) = THL(US) ®a, Fr. Hence we have a W;,(g)-homomorphism
M(X\) — Mg(a), sending 1 € C, C M(M) to |a) € Mg(a). Here we
generalize the above definition to A: 3H(Wy(g)) — Fr.

Proposition 6.42. (1) The highest weight A is given by
(6.43) =2
€1

(2) Mg(a) is irreducible as a Wi (g)-module, and isomorphic to M (\).

Note that the Weyl group action on a corresponds to the dot action
on A\, wo A =w(A+p)—p.
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Proof. (1) Recall that our Heisenberg generators and standard genera-
tors are related by A% = e, P! Then the zero mode acts by
a' €2 a v
(6.44) - 1 o (v, - p)+k+h
thanks to (6.26).

We compare this formula with a realization of M(\) in [2, §5.2]. Our
B, is v (Ji(n)) € U(Cr(8)a), and Epv (Ji(0)) = Ji(0) + k + b as in
Lemma 6.38. Since J;(0) acts by A(J;) on M()), we obtain A = a/e;—p.

(2) It is well-known that M () is irreducible when X is generic. It
follows, for example, from the fact that the determinant of the Kac-
Shapovalov form is a nonzero rational function, hence the form is non-
degenerate if A\ is neither a zero nor a pole. (See below for the Kac-
Shapovalov form.) It also means that the form is nondegenerate when
one views A as a rational function like us. Therefore M (\) — Mp(a)
is injective.

Now we compare the graded characters. The character of M () is the
same as the character of S(th[t]) where deg(t) = 1. We have Mg(a) =
Do H (UE) @ Fr. According to [20, Theorem 7.10], the character
of Mg(a) (with grading by the instanton number) is the same as the
character of S(tg/[t]) where f is a principal nilpotent. Since dim g/ =
dim b, the graded characters of M(\) and Mg (a) coincide. O

6(viii). Kac-Shapovalov form. We shall identify the Kac-Shapovalov
form on M(\) with a natural pairing on Mg(a) given by the Verdier
duality in this subsection.

Let o be the Dynkin diagram automorphism given by —as) =
wo(a;). We denote the corresponding element in Aut(G) also by o.
We have an induced isomorphism

()OU()OUJO: IH:’]},C(UCCZ?) - IH'TT,C(“%)?

which is Ar = Hi(pt)-linear if we twist the Ap-structure on the second
IH} (UE) by composing the automorphism a +— —a of Ayp. This is
explained in the paragraph after (4.57).

Let us denote the natural perfect pairing by

(6.45) (,): IH; (UG) @a, THLUG) — A,

where we compose the above ¢,¢,, for the first factor. We also mul-
tiply it by (—=1)" as in (5.7). The notation conflicts with the pairing
between U%F and U%F- in §4(x). But the two pairings are closely re-
lated, so the same notation does not give us any confusion. (See §8(i)
for a more precise relation.)
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By the localization theorem and Lemma 3.6 we extend it to a perfect
pairing

(6.46) (,): Mp(—a) ® Mg(a) — Fr.

(cf. [14, §2.6].) Here the highest weight of the first factor is —a since
we compose the automorphism a — —a.

When we localize the equivariant cohomology groups, there is no
distinction between compact support and arbitrary support. We then
see that (6.46) is symmetric in the sense as in (4.46).

We also have the pairing
(6.47)

() ) Hy (Uf, rc(ICUG))) @ar Hi(Uf, Pr.o(ICWUE))) — Ar,

where we compose ¢, @, on the first factor as above. Since owy sends
B to the opposite Borel B_, the above is coming from the pairing
between Hj (Uf, q):]ﬁ,’G(IC(Z/{g))) and Hi(UL, &7.6(1C(UZL))). Therefore
it is a perfect pairing thanks to Braden’s isomorphism (3.16). This
pairing also extends to a pairing (6.46), which is the same as defined
above thanks to the compatibility between Braden’s isomorphism and
i'i' — i*j' as in the proof of Lemma 5.52.
The Heisenberg generator P! satisfies

(6.48) (u, Pyv) = (0(P,)u,v),
where # is an anti-involution on the Heisenberg algebra given by
. ) 2
(6.49) opiy— _pi - Hetel;
£1&2

Let us explain the reason for this formula of . Thanks to a standard
property of convolution algebras, the diagonal Heisenberg generator P2
in §5(ii) was defined so that P2 is adjoint to P2,. Since the intersection
pairing (5.7) is compatible with the above one, we change n to —n.
Moreover, since P! is defined via the stable envelop and we must use
the opposite Borel as in §4(x), we need to swap P and P in §6/(iii).
Therefore we need to change the sign of P’ . The zero mode Pi was
defined by hand as (6.26). We must also change the sign of a’, as the
A r-module structure is twisted by a — —a on the first factor. Then
we must correct —Pi by —2(g; + €2)/£160.

The Virasoro generator L’ is mapped to L' by 6. This is clear
from (6.30): ¢;(V) is self adjoint and §(P2) = P2, as we have just
explained. It can be also checked by the formula (6.25).

Therefore 6 preserves Wy (g), more precisely the associated Lie alge-
bra £(Wy(g)) and the current algebra (W (g)), thanks to (6.33). We
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have
(6.50) (u,zv)y = (O(x)u,v)

for z € £(Wi(g)), u,v € Mg(a). On the other hand, £(W(g)) has an
anti-involution as in [2, §5.5], denoted also by 6.

Proposition 6.51. Our 6 coincides with one in [2, §5.5].

Proof. We use the formula [2, Prop. 3.9.1] for the Heisenberg vertex
algebra. We follow various notation in [2].

Since J;(n) is a Fourier mode of the vertex operator Y(v,z) =
S Ji(n)z"! with v = J;(—1)|0), we have

(6.52) 0(Ti(n) = =("v) .
Here 7™ must be substituted by 77, in [2, (173)]. Using

(6.53) v =Ji(=1)|0) = J(=1)[0) = Y a(h)t_a(0)va(—1)|0)

aEA

(see [2, the beginning of §4.8]), we can check
(6.54) "o = Ji(=1)]0) +2(1 — (k4 h"))|0).
Therefore we get the same formula as (6.49) under the identification
Ji(—1) = &y P!, (This J;(—1) is in U(Cx(g)”,,,) and we do not need to
apply t_sv in the proof of Proposition 6.42, as it is in T}, .) O
Remark 6.55. We can identify the graded dual D(Mp(a)) of Mr(a)
with Mg(—a) via (, ). The graded dual has a Wy (g)-module structure
via 6 and the formula (6.50). This is the duality functor D in [2,
§5.5]. The isomorphism D(Mg(a)) = Mg(—a) respects Wy(g)-module
structures.

When A is generic and M () is irreducible, the dual module D(M (X))
is isomorphic to M (—wg(A)), where wy is the longest element in the

Weyl group by [2, Th. 5.5.4]. Under the correspondence in Proposi-
tion 6.42(1), we have

a
1
as wo(p) = —p. This means that the equivariant variable a is replaced

by —wg(a). Since the highest weight module is invariant under the
Weyl group action, we can omit wy. So the equivariant variable is —a
for D(Mg(a)). Therefore we have D(Mg(a)) = Mg(—a). This is what
we already observed in a geometric way above.

The pairing (-,-) is uniquely determined from (6.50) and the nor-
malization (—ala) = 1 for generic a. It is called the Kac-Shapovalov
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form. We thus see that the Poincaré pairing twisted by ¢,¢,, on
Mpg(a) coincides with the Kac-Shapovalov form.

7. R-MATRIX

Recall that our hyperbolic restriction ®;,  depends on the choice of
a parabolic subgroup P. Following [10, Ch. 4] (see also [18, §1.3]), we
introduce R-matrices giving isomorphisms between various hyperbolic
restrictions, and study their properties. They are defined as rational
functions in equivariant variables, and their existence is an immediate
corollary to localization theorem in the previous section.

As for the usual R-matrices for Yangians, they satisfy the Yang-
Baxter equation and are ultimately related to the W-algebra.

As an application, we give a different proof of the Heisenberg com-
mutation relation (Proposition 6.15) up to sign, which does not depend
on Gieseker spaces for SL(3). We hope that this proof could be gener-
alized to other rank 2 cases Bsy, (Gs.

Since the dependence on a parabolic subgroup is important, we de-
note the hyperbolic restriction by <I>IL)’G in this section.

7(i). Definition. Let us consider the diagram (4.12) with respect to
a parabolic subgroup P. Let us consider the homomorphism in (3.17)

(7.1) Ip: Hy(UL, F o(F)) — Hy (UL, 7°5"F) = Hx (UG, F)

for ¥ € D5(UZ). This is an isomorphism over the quotient field Fr of
A = C[Lie(T)]. When we want to emphasize F, we write Z3.

Definition 7.2. Let P, P, be two parabolic subgroups compatible
with (G, L). Let us introduce the R-matriz

(7.3) Rp.p, = (Ip) 'Ip,: HiU], 91°4(F)) ®a, Fr
- H’;Ik‘(ug> (bf,lG(g:)) QAr Fr

When we want to view Rp, p, as a rational function in equivariant
variables, we denote it by Rp p,(a). Dependence on £;, €5 are not
important, so they are omitted. When we want to emphasize JF, we
write RI%L Py

From the definition, we have

(7.4) Rp, p,Rp, py = Rpy,py-
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7(ii). Factorization. Suppose that (); C P be a pair of parabolic sub-
groups as in §4(v). Let M C L be the corresponding Levi subgroups.
We have @%LL o ®F , = ®%} , by Proposition 4.16.

We further suppose that there is another parabolic subgroup @
contained in P such that the corresponding Levi subgroup is also M:

(7'5) M C Q1,0 C P.

Then we also have the factorization @%LL 0o ®] 5 = @%G. It is clear
from the definition that we have

g _ p®le®
(7'6) RQLQz - RQ?,L7Q2,L'

Consider the case L = T. Note that Borel subgroups containing a
fixed torus 7T are parametrized by the Weyl group W. Let us denote
by B" the Borel subgroup corresponding to w € W, where B¢ = B is
one which we have fixed at the beginning. From (7.4) R%u g, factors
to a composition of R-matrices for two Borel subgroups related by a
simple reflection, i.e., y = ws;. Then we choose P = P D B, B
for the parabolic subgroup to use (7.6). We have

OF ()
(77) R%w7Bwsi - RBi’f,BZ,L’
where L is the Levi subgroup of P and B, By are images of BY,
B"siin L respectively. As [L, L] = SL(2), we are reduced to study the
SL(2) case. The R-matrix for SL(2) was computed in [10, Th. 14.3.1]
and will be explained in §7(v).

7(iii). Intertwiner property. Let F € D5(UZ). We have represen-
tations of the Ext algebra Ext DEUE )(F,F) on two cohomology groups

in (7.1). This is thanks to (3.8, 3.9). Since Z3 is defined by a natural
transformation of functors, it is a homomorphism of the Ext algebra.
Therefore

Proposition 7.8. The R-matriz Rl%l,Pz is a homomorphism of modules
over the Ext algebra Ext pp ) (F, F).

7(iv). Yang-Baxter equation. Take L = 7" and F = IC(UZ) in this
subsection.

By (4.58) we can map all cohomology groups in (7.3) to the fixed
one Hi(Uf, OF 4(ICUE))) @a, Fr = Mp(a) by ¢,. We conjugate the
R-matrix as

(7.9) ¢, Rpw peapu, € End(Hp(Usp, 7 6(ICUE))) ®ar Fr).
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Remark that Hj(pt)-structures are twisted by isomorphisms wy, wy: T —
T, as mentioned after (4.57). In practice, we change the equivariant
variable a according to w; ,ws.

Since Zp is p,-equivariant, (7.9) depends only on wywy, . Moreover
by (7.4) it is enough to consider the case wywy, ! is a simple reflection
s;. Therefore we define

(7.10) R ¢ Rpsi poe.
By the factorization (§7(ii)), this is the R-matrix for SL(2). Since
we only have two chambers, (7.4) implies

(7.11) Ri(s;a)Ri(a) = 1.

We change the equivariant variable to s;a, as it is the R-matrix from
the opposite Borel to the original Borel. In the conventional notation
for the R-matrix, we write u = («ay, @) for the variable. Then («y, s;a) =
—u, so this equation means the unitarity of the R-matrix.

Consider R-matrices R;, R;. By the factorization (§7(ii)), we con-
sider them as the R-matrices for the rank 2 Levi subgroup L containing
SL(2) for i and j. We compute the R-matrix from a Borel subgroup
of L to the opposite Borel by (7.4) in two ways to get

Theorem 7.12.
(713) Ri(sja)Rj(a) = Rj(sia)Ri(a) Zf (Oéi, Oéj) = 0,
(7.14)

Rj(sisja)Ri(sja)Rj(a) = Ri(SjSZ‘CL)Rj(SiCL)RZ’(a) Zf (Oéi, Oéj) = —1.
7(v). SL(2)-case. As we mentioned earlier, it is enough to compute
the R-matrix for SL(2), which was given in [10, Th. 14.3.1]. We briefly
recall the result, and point out a slight difference for the formulation.

By Proposition 7.8 and the observation that the left hand side of the
formula (6.30) is contained in the Ext algebra, we deduce that the R-
matrix is an intertwiner of the Virasoro algebra. This is a fundamental
observation due to Maulik-Okounkov [410].

The highest weight is generic, since we work over Fr. Therefore
the intertwiner is unique up to scalar, and we normalize it so that it
preserves the highest weight vector |a).

In [10] the R-matrix is given as an endomorphism on the localized
equivariant cohomology group of the fixed point set via the stable en-
velop. On the other hand, our R is an endomorphism on Hi (U, ®F ,(IC(UZ))).
Concretely
(7.15) R = P,RMO|

anti-diagonal part ’
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where Pj5 is the exchange of factors of the Fock space F®QF', as s; = Pis.
By [10, Prop. 4.1.3] we have

(7.16) R=—-1+0(a™), a — 0.

7(vi). G-equivariant cohomology. Recall that a larger group G =
G x C* x C* acts on U so that IC(UZL) is a G-equivariant perverse
sheaf. Therefore we can consider TH:(UL) = HE (UL, ICUL)). Tt is
related to the T-equivariant cohomology THA(UZ) as follows.

Let N(T) (resp. N(T')) be the normalizer of T (resp. T') in G (resp.
G). Then we have forgetful homomorphisms TH (4Z) — IHYy 1) ug) —
THA(UL). Tt is well-known that the first homomorphism is an isomor-
phism, as the cohomology of G/N(T) = G/N(T) is 1-dimensional (see
e.g., [34]). The Weyl group W = N(T')/T acts naturally on [H:(UZ),
induced from the N (T')-action on UZ. Moreover we have

(7.17) THE (US) = Ty (US) — THRUS)".
Let us consider the following diagram

H (U, ®F 5(ICUE))) @ap Fr —2 TH(UL) ®a, Fr

(7.18) Rl l
Hi(Us, 95 o (ICUE))) @ar Fr —2= TH(UY) ©a, Fr,

where s; is a simple reflection of the above W-action.

Lemma 7.19. The diagram (7.18) is commutative.

Proof. We have R; = wgilIgilInge. As an endomorphism of THL(UE)® 4 .
Fr, it is replaced by Zpp 'Z;!, as ¢, = id.

From the definition of Zp, and the commutativity of the diagram
(4.56), we have Zp, s, = s, I, where ¢, in the right hand side is
the action on UZ, the rightmost arrow in (4.56). Since the W-action is
induced from ¢,, the assertion follows. U

Proposition 7.20. The Weyl group action on Myp(a) = @, IH:(UL) @4,
Fr commutes with the Wy(g) action. Hence Wy(g) acts on the W-
invariant part My(a)" = @, IH; (UL) @4, Fo.

Proof. Since Wy,(g) is the intersection of Wir; @ Heis(a;-) (see (6.33)),
it is enough to show that Yir; ® Heis(a;) commutes with s;. By the
previous lemma, s; is given by the R-matrix.

Let us first factorize the hyperbolic restriction functors ®F,, ®Z
as

. By
B _ &P &b B __ Li &P
(I)T,G - (I)T,Liq)Li,G” qi)T,G - q)T,Li(I)Li,G
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by Proposition 4.16. Then the same argument as in Propos1t10n 7.8
shows that R; commutes with the action of the Ext algebra of ®1 (IC(UZL)).

Since the Virasoro generators L; are in this Ext algebra, the ﬁrst as-
sertion follows.
For the second assertion, we only need to check

(IHp(UG) @A, Fr)" 2 THE (UG) @a Fo.
By (7.17) we have a natural injective homomorphism form the right

hand side to the left. On the other hand, if m/f (f € Ar, m €
IH;(UL)) is fixed by W, we have

7o IW|Z<ff |W|<H"f) 2 oml]ef

occW occW T#O

This is contained in the right hand side. Therefore the above follows.
O

7(vii). A different proof of the Heisenberg commutation rela-
tion. Let us go back the point before Proposition 6.15.

Let df’_ be the element defined as in & for the opposite Borel. Since
the pairing can be computed from the SL(2) = [L;, L;] case, we already
know that

(7.21) (ad,a’") = 2d.
We generalize this to

Proposition 7.22.
(7.23) (ad,a%") = £d(oy, a;).

i) M
The following proof does not determine =+, though we know that it

is + by the reduction to the SL(3) case and the formula (5.86), which
has been proved via Gieseker spaces.

Proof. We consider the case (a;, ;) = —1. The proof for the case
(e, ;) = 0 is similar (and simpler).

Let us study the leading part of Yang-Baxter equation (7.14). We
consider R-matrices as endomorphisms of the space (6.13). By the
factorization (7.6), we can use the expansion (7.16) for SL(2). Then
‘—1" in (7.16) is replaced by the direct sum of (—1) on U, = by, and
the identity on (U )" in (6.14). Let us denote it by §;.

Since (Uf,;,,)" is the orthogonal complement of Ca®™, we have

ad
(7.24) Si(x) =2 — (x, o?c-l’_>j, for v € U,
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From the Yang-Baxter equation, we have the braid relation
Since we are considering the SL(3)-case, there is the diagram auto-

morphism o exchanging i and j. By Lemma 4.64, we have o, (ad) =
(—l)do?;l. Since ¢, preserves the inner product, we get

~d ~d—\ _ j~d ~d—
(7.26) (ag, Q; ) = <aj> @)
Now §; is the usual reflection with respect to the hyperplane &f’_ =0.

Hence we conclude (a, &?’_) = +d.
Note that & = £ are excluded thanks to (4.54), which has been
proved without using Gieseker spaces for SL(3). O

Once we compute the inner product, the Heisenberg relation is a
consequence of the factorization (6.14). The generator P! is the tensor
product of the Heisenberg generator for the first factor and the identity
in (6.14).

8. WHITTAKER STATE

8(i). Universal Verma/Wakimoto modules. Let us denote the di-
rect sum of four Ar-modules over d € Zs( in (6.3) by Ma(a), Na(a),
D(Na(—a)), D(Ma(—a)) respectively. Thus we have

(81) MA(G) C NA(CL) C D(NA(—CL)) C D(MA(—CL))

The reason for notation will be clear shortly.
The pairing (6.46) restricts to a perfect pairing

(8.2) (,): Ma(—a)® D(Ma(—a)) = Ar,

given by the Verdier duality, where the Ap-structure is twisted by
the automorphism a — —a as in §6(viii), and hence the notation is
changed to Ma(—a). Then D(Ma(—a)) is identified with the graded
dual of Ma(—a) by (8.2), hence our notation is compatible with the
convention in Remark 6.55. Similarly if we twist Na(a), we have an
isomorphism

o

(8.3) Popun: Na(—a) = @D Hy (UF, 97 (ICWUE))),

where q):]ﬁ”G is the hyperbolic restriction with respect to the opposite
Borel B_. Then we have a perfect pairing

(8.4) (. ): Na(—a) ® D(Na(—a)) — Ar.

Recall that Na(a), D(Na(—a)) are modules over the integral form of
the Heisenberg algebra $eisa (), as we remarked at the end of §6(iii).
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Using Lemma 4.31, we make an identification

(85)  Na(a)=@PSym™ U' @ Sym™ U?® - - ® Hy (S\A?),

where U? = Ugg and A = (1™2"2...). We also have an identification
for the opposite Borel B_:

(8.6) D(Na(a EB Sym™ U~ @ Sym™ U*~ @ - - - ® Hi(S\A?),

where U%~ = Ug:g’. Then the pairing (8.4) is the product of the
pairing between U¢ and U4~ in §4(x) and one between H :T(m) and
HE(S\A?).

Moreover, two pairings (8.2) and (8.4) are compatible with the em-
beddings (8.1).

Let Wa(g) be the A-form of the W-algebra in §B.

Proposition 8.7. Ma(a), D(Ma(a)) are Wa(g)-modules.
Proof. Note that D(Ma(a)) is characterized as
(8.8) {m € Mg(a) | (m, Ma(a)) € Ar}.

Therefore it is enough to show the assertion for Ma (a).

We consider M (a) as a subspace of Na(a). The latter is a module
over Heisa (h), and hence over Vir; o. By Theorem B.49, it is enough
to check that Ma(a) is invariant under the intersection of Wir; o for
all i. Recall that we know that (6.31) is a Uir; o-module, as L is
well-defined. Therefore it is enough to show that

(8.9) IH; (UG) = ﬂH’EcuLaq)L (ICWUE))).

By Theorem 3.25 we have

(8.10) Hy (U, Pr, c(ICWUE)))
= Hy (U, 97 c(ICUG))) N Hy Uz, D76ICUE))),

where B* is the Borel subgroup corresponding to a simple reflection
s;. Therefore it is enough to show that the intersection of the right
hand side of (8.10) for all i is IHf ,(U4&). This is proved in a similar
manner as Theorem 3.25. The only thing we need to use is the fact
for any non-zero dominant A there exists i € I such that s;(\) is not
dominant. O
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Proposition 8.11. The Wa(g)-submodule of Mg(a) generated by |a)
is Ma(a), i.e.,

(8.12) Ma(a) =Wal(g)|a).

Proof. Comparison of bigraded dimensions: W (g)|a) is bigraded by
the usual degree and “deg, so that the bidegree of W s (n,d, + 1),
see §B(ii). According to loc. cit., Wa(g)|a) is a free A-module (the
bidegree of 1,9, equals (0, 1)) with the space of generators S(tto[t])
where v = ©f_ 10" with the bidegree of r(®) equal to (0,d, + 1), and
the bidegree of t equal to (1,0).

On the other hand, Ma (a) is bigraded by the instanton number and
half the cohomological degree. It is a free A-module with the space of
generators equal to @,y IHA(UE). According to [20, Theorem 7.10],
D en HE(UE) =~ S(tg![t]) where g/ = @ﬁzlg{@ with the bidegree of
9{,@) equal to (0,d, + 1), and the bidegree of t equal to (1,0). O

On the other hand, it is clear from (8.5) that

(8.13) Na(a) = $Heisa(h)|a)
For a homomorphism x: Ar — C = C,, the specialization
(814) MA(CL) XA (CX

is a module over Wy, (g) with level k = y(—ea/e1) — hY. Tt is a Verma
module with highest weight x(a /1) — p, see §6(vii). Here x is regarded
as the assignment of variables a, €1, &5, or more concretely x(a) =
>~ x(a")w; for fundamental weights ;.

Definition 8.15. We call M4 (a) the universal Verma module.

Similarly Na(a) is specialized to the Fock representation of the
Heisenberg algebra by x. We call Na(a) the universal Wakimoto mod-
ule. Similarly D(Ma(a)) is the universal dual Verma module, and
D(Na(a)) the universal dual Wakimoto module.

8(ii). G-equivariant cohomology. Let us consider the G-equivariant
intersection cohomology groups as in §7(vi). We have

(8.16) @IHGC Us) = @IHG Us) = D(Ma(—a))"

by (7.17). Since the W-action commutes with the Wy(g)-action by
Proposition 7.20, we see that both of (8.16) are modules over W (g).
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8(iii). Whittaker condition. Let W be as in §B(ii), which gener-

ates Wa(g) in the sense of the reconstruction theorem. Let [19) o

U42] € THY(US) be the fundamental class. It conjecturally satisfies the
following Whittaker conditions

Conjecture 8.17. Let d > 1, n > 0. We have

1971 if k =Cand n =1,
0 otherwise.

(8.18) W |19y = {

Since W™ is contained in Wa(g), it is a well-defined operator on
D(Ma(—a)) = @IHL(UL). Since W™ has “deg = d,, + 1 (d,, is an
exponent as in §B), it sends [19) € TH}(UZ) into IH%(d”H_"hv)(L{g_").
Since d,, < dy = h¥ —1, we have W,{”[1%) = 0 unless n = 1, k = £. Also
we see that Wl(g)|1d) is a multiple of [1¢71) with the multiple constant
of degree 0, i.e., a complex number. Moreover, if the multiple constant
would be 0, it is a highest weight vector and generates a nontrivial
submodule. Since My is irreducible, it is a contradiction. Therefore
the constant cannot be zero. In particular, if we divide [1) by the
constant, it satisfies the Whittaker condition (8.18).

Let |w?) be the vector determined by with the normalization |w®) =
119 = |a) € IH}US) = IH}(pt). Its existence and uniqueness will
follow from the discussion in §8(iv) below. (However it is not a priori
clear that |w?) € D(Ma(—a)), as for |19).) Therefore we already know
that [19) = c4|w?) for some ¢4 € C by the above observation. The goal
of this section is to prove a slightly weaker version of (8.18).

Theorem 8.19. Conjecture 8.17 holds up to sign.

Our strategy of the proof is as follows. To determine ¢, up to sign, it
is enough to compare pairings (1¢|1¢) with (w?|w?). Moreover, as ¢, is
a complex number, we may do it after specifying equivariant variables
€1, €2. We will show that

1 d
(1) (N, = (120119, .y)

1

(8.20) d
(6182)d<wd\wd>‘€1’€2:0 = E <5152<w1|w1>‘51752:0> :

It implies that

&=

Recall that the top degree field W® in §B(ii) is well-defined only up
to nonzero multiple even ignoring lower degree terms, as we just take
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it as a highest weight vector of a certain sly representation. Therefore
if we divide W by ¢y, (8.18) holds up to sign.

Since |19) is canonically determined from geometry, it means that the
top degree generator W is fixed without constant multiple ambiguity

(up to sign). In particular, when we applied WO(Z) to the highest weight
vector |a), we get an invariant polynomial in a of degree h'. (See
6(vii).) We do not study what this natural choice of the highest degree
generator of the invariant polynomial S(h)" is in general. But we will
check that it is indeed a natural one for g = sl,;; in §8(ix).

8(iv). Whittaker vector and Kac-Shapovalov form. In this sub-
section, we shall prove that the Whittaker vector exists and is unique in
the localized equivariant cohomology Mg (a), which we think of Verma
module with generic highest weight by Proposition 6.42. The argument
is more or less standard (see e.g., [36]), but we give the detail, as we
will use similar one later in §8(viii).

We have a nondegenerate Kac-Shapovalov form (, ) on Mg(a). Let
6 denote the anti-involution on U(Wg(g)) as in §6(viii). We have
(8.21) oWy = (~1)d 1)

n

See [2, §5.5]. In particular, 4(Wa(g)) is invariant under 6.

Let us denote the highest weight vector of D(Mg(a)) by (—al. See
Remark 6.55 to see that its highest weight is —a.

Let A = (A\,..., \Y) be an /-partition, i.e., it is an /-tuple of parti-
tions A\' = (A, A\, ...). We consider the corresponding operator

(8.22) WA < W(ljlw Wfﬂz wt ;l .

in the current algebra of the W—algebra. Then

(8.23) W)
form a PBW base of Mg(a). We define the Kac-Shapovalov form

(8.24) K = K*S ((—al0(WN)W[u]|a)) ..

where A, p runs over /-partitions whose total sizes are d. We consider
it as a matrix, and an entry is denoted by K.

Let (19) = ( , 1) be the partition of n whose all entries are 1. Let
Ao = (0,.. ( )) be the (-partition where the first (¢ —1) partitions
are all () and the last one is (1¢). The corresponding operator W[/\O] is

(W)
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We have
—~ 1 if A=A,
(8.25) (—alo(W[A])|w") = {0 -
otherwise
from (8.18) by the induction on d. Note that |w") = |a), and hence
(—ala) =1.
Let us write the Whittaker vector |w?) in the PBW base as
(5.26) wt) = 3 @, Wiila).
o
By (8.25) we have
(827) Z K}\pau = 5)\)\0’
"

In other words,
(8.28) a, = KH,

where K—! = (K#*) is the inverse of K. In particular, the existence
and the uniqueness of |w?) follow.
We also get

(8.29) (ww?) = KX,
8(v). Lattices. Let
(8.30) W) = (e169) W)

n

fork=1,...,0,n €Z.

Lemma 8.31. Ma(a) is invariant under W with m > 0. Equiwa-
lently D(Ma(a)) is invariant under W with m > 0.

Proof. Recall that Ma (a) is graded by the instanton number d: M (a) =
@D, My a. In algebraic terms, it is the grading by L. Let us take Wi
with m > 0. We show

(8.32) W,Ef)x € Mi_ma

for any @ € My A by an induction on d. If d = 0, we have /Wn(f):z = 0.
Therefore the assertion is true.

Suppose that the statement is true for d' < d. We may assume
T = WEIZ)SL’/ with n > 0, 2’ € My, o by Proposition 8.11. Since

AR

m x € Ma(a) by the induction hypothesis, it is enough to show
that [W, W% )2/ € Ma(a). In the Heisenberg algebra, we have
la,b] € e1692HY(g) for a, b € HY(g) from the relation (6.19). Since
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Wa(g) — HY(g) is an embedding, we have the same assertion for
Wa(g). Therefore the assertion follows. O

Let R € F = Q(e1,£2) be the local ring of regular functions at
g1 =¢e3 =0. Let Ry = R(a). We set
(8.33)
Mg(a) = Ma(a) @a, Ry, D(Mr(-a)) = D(Ma(—a)) ®a, Rr,
Ngr(a) = Na(a) ®a, Rr, D(Nr(-a)) = D(Na(—a)) ®a, Rr.
These modules are the localization with respect to the ideal
(8.34) Ker (Ar = Cley, €2, a] = C[Lie T] — Cla] = C[Lie T)

consisting of polynomials vanishing on LieT".

From the definition, operators W) are well-defined on four modules
in (8.33). Moreover operators W and W) are well-defined on Mg(a)
and D(Mg(a)) respectively if n > 0 by Lemma 8.31.

By the localization theorem, the first and the third homomorphisms
in (6.3) become isomorphisms over Ry. Therefore

o

(8.35)  Mg(a) > Nr(a),  D(Nr(—a)) = D(Mgr(-a)).

Recall that we have Heisenberg operators P’ = (8162)_1ﬁ£, coupled
with the fundamental class 1 € H2(A?). Let

(8-36) PP‘]:Pi,\}Pi,\;"'Pf)\gpf/\g"'
fori = 1,...,¢, n € Z, and an (-partition A = (AL,... \%). It is a

well-defined operator on D(Mg(—a)) by the proof of Lemma 8.31.
Replacing P! by P!, we introduce similar operators P[A].

Proposition 8.37. We have
(8.38) D(Mg(—a)) = Spang, {P[A][a)},
where X runs all -partitions.

Proof. Thanks to (8.35), it is enough to show the assertion for D(Ng(—a)).
We shall prove that D(Na(—a)) is spanned by P[A] over A.

Recall that Na(a) = SpanAT{ﬁ[/\Ha)}, see (8.13). From the com-
mutation relation

(8.39) [P, PI] = —mbp —n(ci, ),

we clearly have a perfect pairing between Na(—a) and Span,_{P[A]|a)}.
The assertion follows. O



88 A. BRAVERMAN, M. FINKELBERG, AND H. NAKAJIMA

8(vi). Pairing at 1,9 = 0. We consider the pairing (, ) on Mp(—a)®p,.
My (a) in §6(viii), and restrict it to D(Mgr(a)) ®r, D(Mgr(—a)).

Lemma 8.40. We decompose D(Mgr(£a)) as @D(M;R) by the in-
stanton number d as before.

(1) (e182)%( , ) takes values in Ry on D(Myg) @ D(Mfg).

(2) Let { , )o be its specialization at €1 = €3 = 0. For m > 0, we
have

(8.41) (x /Wﬁﬁ)wo _ {(‘Ud”ﬂ(fWrSf)x,y)o ifm=1,

0 otherwise.

Since (, ) is symmetric, (2) remains true when we exchange the first
and second entries.

Proof. (1) Thanks to (8.35), it is enough to show the assertion for
D(Ngr(a)) ® D(Ng(—a)). By (8.3) and U4 = S9A2?, it is enough to
show that the intersection pairing ( , ) on Hi(S?A?) satisfies the same
property. Note that S?A? is a smooth orbifold. Since we only have
a single fixed point d - 0 in S?A? and the weight of the tangent space
there is €1, €9,€1,9,... (d times), the fixed point formula implies the
assertion.
(2) Suppose z € D(Mjg), y € D(M_,, g) with m > 0. Then

(842)  (e120) (w2, W) = (- 1) (e122)" (1) (WP, )
by (8.21). Now we specialize £1,e5 = 0 to get the assertion. O

Let us consider My(+a) =5 D(Mgr(+a)) ®r, C/Rad( , )o, where

Ry — C is the evaluation at £; = g5 = 0, and Rad( , )o is the radical
of {, )o. Then (8.41) implies that W) = 0 if m > 1, and W, W
are well-defined on My(+a).

Proposition 8.43. (1) PEZ,)n =04 m>1, and PE?, ]31(1) are well-
defined on My(+a). And we have

(8.44) (z. Py)o = ~(P{"z.y)0.

(2) We have commutation relations

845) [PY, PY1=0, [P PP1=0, [PP PY]=—(a;;).

(3) Mo(Fa) is isomorphic to the polynomial ring in szl) (i=1,....0).
The pairing { , Yo is the induced pairing on the symmetric power from
the pairing

(8.46) (—a|P PY)a)y = (i, ;).
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Proof. The same argument as above shows (1).

By Proposition 8.37 and (1), My(a) is spanned by monomials in PEZI)
applied to |a).

(2) follows from Proposition 6.15.

(3) Let us replace Pﬁll) , ﬁl(l) by Q@l, @5” corresponding to an or-
thonormal basis of h so that the commutation relation is [@gi), Q(_j{] =
—0;;. Then (8.44) implies that monomials in Q@l are orthogonal. More

precisely, the pairing is the standard one on C[Q(_’)l]

(8.47) (—al(@")"(@Q%)"|a) = nlbm,
and the pairing factors on My(a) = (C[Q(_l{] ®-- ~®C[Q(ﬁ]. This proves
the assertion. U

8(vii). Proof, a geometric part.
Lemma 8.48. The first equality of (8.20) is true.

Proof. We have a natural homomorphism TH:(UZ) — HI(UZ) and the
image of 1¢ is the fundamental class [UZ]. Then (1¢]1%) is equal to
1 HUE), where o2 {d-0} — UZ is the embedding of the T-fixed point d-0,
and we use the localization theorem to invert ¢, : HX({d-0}) — HI(UZ)
over Fr.

Let us consider the embedding &: (UZ)" = S?A? — U, of the T-fixed
point set. Then

(8.49) £ HI(STA?) — HI(UE)
is an isomorphism over Ry. Since HI(S?A?%) = A7[SYA?], we have
(8.50) & UE = fala,e1,65)[S7A%)

for fi(a,e1,e2) € Ry
We have 1, = £,(, for ¢: {d-0} — S?A? and ([ 1[SIA?] = (g189)7/d!.
Therefore

(8.51) d! (5152)d<1d\1d>\61762:0 = fi(a,0,0).

We replace the group T by 7" in (8.49) and denote the homomorphism
by &7 ie., €7 HT(SYA%) — HI(UZ). Tt is an isomorphism over C(a).
Then we have

(8.52) (&) Ue) = fala,0,0)[S?A%),

where [UZ], [S?A?] are considered in T-equivariant homology groups.
Let us take the projection a: A2 — A! and the factorization mor-
phism 7¢ : UE — STA'. Let S%: S9A? — S?A' denote the induced
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projection. Let (S¢A'), be the open subset of SYA! consisting of dis-
tinct d points. Then ¢ induces a morphism between inverse images
(S%a)~'(S?A")o and (7l ;)1 (STA")o. We get

(8.53) (&) (m5e) T (SUAY)o] = fa(a,0,0)[(S%a) " (S?AL)o]
by restricting (8.52) to open subsets. Now by the factorization we
deduce f4(a,0,0) = fi(a,0,0). O

Remark 8.54. This result is also a simple consequence of a property of
Nekrasov’s partition function

(8.55) 7m0 (e e, @, A) Z (19119 AP d
d=0
stating that
(8.56) 169 log Z™ (g1, €9, @, A) = Fi™"(a, A) + o(e1, &2)
at 1 = €9 = 0. This property was proved by [55, 58] for type A and
by [13] for general G.

8(viii). Proof, a representation theoretic part. We shall complete
the proof of the second equation in (8.20) in this subsection.

Let F® ¢ S(h)" be one of generators as in §B(v). It has degree
d.+ 1.

Lemma 8.57. Following relations hold as operators on D(Mg(—a))®g,,

C:
(8.58) W =3"FW@ . PP,
- ~—
it factor
(8.59) W =3N"F0@l,..., PY L d).
ith factor

Proof. At first sight, the formula (B.47) seems to imply WE’? =0, and
hence also Wl(”) = 0 thanks to the anti-involution #. But (B.47) is the
formula in the W-algebra at €1 = g5 = 0, and we want to consider
Wf“) on D(Mg(—a)). Since the highest weight A = a/e; — p cannot
be speciahzed at €1 = 0, it could be nontrivial.

Let W) be the state corresponding to the field Y( J2) = [HARE
as in (B.14). By (B.47) we have
(8.60) W =W o) = FUPL)0)

at e1 = g9 = 0. It implies that
(8.61) Y (W, 2) = P (PO(2)): + o(e1, 82),

—n—d,—1
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where o(eg1,e9) is a field in Wa (g) which vanishes at e; = 5 = 0.
Let the field act on Mg(a) and specialize at e, = €5 = 0. The point

is that }”50(1') acts on Mgr(a) by a’ at e, = &5 = 0. Therefore the field
PO(z) =% P21 is specialized to

(8.62) a'z7t+ Z pi) ==l
n<0
on Mg(a).
Let us specialize (8.61) at &, = £, = 0. Then P%(2) is replaced by
(8.62), and the normal ordering by the usual multiplication. Therefore
we obtain

(8.63) YW, 2) = FO(a'=" + BP0,

n<0

Taking coefficients of 2~% and then applying 6, we obtain (8.58).
Next we study the action of Y (W® z) on D(Mg(—a)). Let us
consider Wﬁ? in (8.61). So we take coefficients of 2% . The term
o(e1,€2) can be represented as a linear combination of monomials in
}:7,5? with coefficients in the maximal ideal of R. We have at least one
P,sﬁ) with m < 0 in each monomial. It can be divided, as an operator on
D(Mgr(—a)), by €165 thanks to Lemma 8.31. Therefore o(eq,e5)/e169
still specialized to 0 at £y = 9 = 0. Therefore (8.61) implies (8.59). [

Lemma 8.64. The determinant of the matriz

OF ™ (a?)
da’ ik=1,..0

.....

is a nonzero constant multiple of the discriminant A(a).

Proof. Consider F = (FM, ... F®) as the morphism from b to b/W,
written in a coordinate system on h/W. Then the matrix in question
is the differential of F'. Since h — h/W is a covering branched along
root hyperplanes, we deduce that a) its determinant is nonzero, and
b) it is divisible by A(a). The degree of the determinant is the sum
> d,, which is equal to the number of positive roots. Therefore we get
the assertion. O

Since A(a) is invertible in C(a), we deduce

Lemma 8.65. My(a) is isomorphic to the polynomial ring in I//[-/\Eﬁ)
(k=1,...,0).
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Now the specialization of the Whittaker vector |[w?) in My(a) is
characterized by the conditions

—~ d=1y  if o = ¢
8.66 Wty = J ) ’
(8.66) vle) {0 it kAL

The existence and the uniqueness in My(a) are proved exactly as in
§8(iv). Moreover the pairing (w?w?)y is an entry of the inverse of the
matrix

(8.67) K§ = ((—a|Wm]Wn]|a)o)m,n,

where m = (my,...,myg), n = (n1,...,ny) € Z5, and

ml = (Wym . (7O me
(8.68) W)= QW™ (P,
Win] = (W) (1),

Here multi-indices m, n runs over »  m, = »_n, = d for each d.
Now the matrix K§ is the d'" symmetric power of K¢, and hence
we complete the proof of (8.20).

8(ix). Type A. Let us consider the special case g = sl in this section.
Let us switch to the notation for gl.. We have standard generators of
the invariant polynomial ring:

(8.69) F® = > hthR..hi,
11 <t2<-<ig

where (h',...,h") is the standard coordinate system of the Cartan
subalgebra of gl such that (hi, h?) = b;;.

Let us denote by Q ) the Heisenberg algebra generators corre-
sponding to Pn , P Then

T~ ¥ 300 0Ol

11 <ta<--<ip l=1

= Z Zanam “a;, Q Z'—ll|a’>'

1 <ig<-<ip [=1

(8.70)

We use the Heisenberg algebra commutation relation

(8.71) [Q1, Q] =05
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to get
Qz |a> Z a/ila/iQ.'.a';‘.‘a/ip|a’>
Z1<ig<':'<ip
(8.72) 0=t
0

= a—aiep(a)|a>>

where e,(a) is the p™ elementary symmetric polynomial in a.
The determinant of the r x r-matrix (de,(a)/0a;); p—1,.., is equal to
[[;<;j(ai —a;). Therefore the matrix is invertible. This, in particular,

implies that {Wfﬁ)|a) }p=1..., form a basis of (M(a)y);.

Proposition 8.73. The Whittaker vector |wy) at the instanton number
1 is given by

(8.74) Lw_

T Ljpi0i — ai
Proof. We have

; 0
(8.75) WPQLla) = 5 —c,(a)la)
as above. Now it is elementary to check that

9 e (a
(8.76) mi—p() =0
p Hj:j;éi aj — a;
ifp<r. lfp=r, Wehave
(8.77) =
Z HJJ#Z% — ;;1;[&2 4= a

Now we have

(8.78) (wy|wy)o ZH )

( JJ#Z
This coincides with what is known from geometry.

APPENDIX A. APPENDIX: EXACTNESS OF HYPERBOLIC
RESTRICTION

A(i). Zastava spaces. Let us denote by Bung g the corresponding
moduli space of G-bundles endowed with the following structures:

a) A trivialization at the infinite line P! = /.

b) A B-structure on the horizontal line P} = {y = 0}.
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These two structures are required to be compatible at the intersection
of PL, and P}, in the obvious way.

The connected components of Bung g are numbered by positive ele-
ments of the coroot lattice of Gug (cf. [20, §9]); for such element a we
denote by Bung, p the corresponding connected component.

We will also denote by Z& the corresponding “Zastava” space (a.k.a.
“flag Uhlenbeck space”) defined in [20]. We are going to need the
following properties of Z&. (Some of them are proved for the space
QMap(P}, Gy) of based quasi-maps to a flag scheme G;, of a Kac-
Moody Lie algebra g associated with its parabolic p. Since Z& is the
fiber product QMap(P}, G4) X QMap(BL Sg.p) UZ for a Borel subalgebra b
of an affine Lie algebra g and a maximal parabolic p, we can deduce
assertions for Z& from those for QMap(P;, Gqp)-)

(Z1) 2& is an irreducible affine scheme of dimension 2|a| endowed
with an action of T'x C* x C* which contains Bung, 5 as an open subset
(here we set || =Y a; if @ = > a;o; where «; are the simple coroots
of Gaﬁ‘).

(Z2) There is a (factorization) map 7%: Z& — S%(A}). This map
is T x C* x C*-equivariant if we let 7' x C* x C* act on S*(A}) just
through the horizontal C* (denoted by C;) and it admits a 7" x C* x C*-
equivariant section ¢*. In particular, the fibers of 7% are stable under
T x C: where the C; = C*-action comes from the vertical action on A2
All of these fibers have dimension |a|. (See Conjecture 2.27, which is
reduced to Conjecture 15.3 and proved for affine Lie algebras in §15.6
in [20].)

(Z3) Let set F* = (72) " *(a-0). Let p: C* — T =T x C* be any
one-parameter subgroup which is a regular dominant coweight of G.g
(i.e. such that (p,8) > 0 for any affine positive root /). Then the
corresponding C*-action contracts Zg to t*(S%(A})), and hence F* to
t*(a- 0). (cf. Proposition 2.6 and Corollary 10.4 in [20]).

(Z4) Let g denote the affine simple coroot and let d be the coef-
ficient of ap in a (in other words, d = (a,wy) where wy denotes the
corresponding fundamental weight of G,¢). Then there is a (“forget-
ting the B-structure”) T' x C* x C*-equivariant map f,: Z& — UG
which fits into a commutative diagram

zZa Lugg

a d

SeAl — 5 gdAl

where the bottom horizontal map sends a divisor > 5;x; to > {(S;, wo)x;.
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A(ii). Plan of the proof. Let us discuss our strategy for proving
Theorem 4.20. As we have explained in §3(v), it follows from dimension
estimates of attracting and repelling sets by using arguments similar
to those of [13]. However, at the moment we do not know how to prove
estimates directly. So, our actual strategy will be slightly different.
First, recall that we have

(UE)" = SU(A?),
and that we denote by U%, UL  the corresponding attracting and re-
pelling sets. Also we denote by p: U% — S¥(A?) the corresponding
map (sometimes we shall denote it by p? when dependence on d is

important). Then we are going to proceed in the following way:
1) Prove that the dimension of the preimage of S¢(A!) C S¢(A?%)

under the map p: U — SY(A?) = U ; has dimension dm;ug" (here
Al C A? is any line). The proof will involve some facts about the
Zastava spaces from [20].

2) Deduce Theorem 4.20 for L = T from 1).

3) Using Proposition 4.16 deduce Theorem 4.20 for arbitrary L from

the case L =T

A(iii). Attractors and repellents on the Uhlenbeck space: max-
imal torus case. Let us first look more closely at the case when
P = B: a Borel subgroup of G. In this case L = T a maximal
torus of G.

Let us also define the set S C UZ to be the attracting set in UZ
with respect to the torus T' to S?(AL\0) where A! is the vertical line.
In other words, 8% = p~1(SY(AL\0)).

Proposition A.1. We have
dim U,
2
Corollary A.2. Let A' < A? be any linear embedding. Then

2d
dim p~(SUAL) < dm;“G.

Corollary A.2 clearly follows from A.1. Indeed, first of all, it is clear
that it is enough to prove Corollary A.2 when A' = A!. In this case,
S is open in p~1(S4(A}l)), hence we have dim S? < dimp~!(S%(Al)).
On the other hand, (the vertical) A! acts naturally on p~1(S%(Al)) by
shifts and any point of p~*(S%(Al)) lies in an open subset of the form
2(8%) for some x € A, hence the opposite inequality follows.

Let us now pass to the proof of Proposition A.1.

dimS? < dhY =
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A(iv). The map f;. We have the natural (forgetting the flag) bira-
tional map fu5: Z& — UZ, which we shall simply denote by fg. This
map gives an isomorphism between the open subset of UZ consisting
of (generalized) bundles which are trivial on the horizontal P} and the
open subset of Z& consisting of (generalized) bundles which are trivial
on the horizontal P} (and then the B-structure on the horizontal P} is
automatically trivial).

A(v). The central fiber. Recall that F% denotes the preimage of
dé - 0 under the map 7%: Z# — S®(A}). Again, to simplify the
notation, we shall just write F¢ instead of F%. According to (Z2),
dim F¢ = dh".

We claim that

1) 8¢ lies in the open subset of U< over which f; is an isomorphism.

2) (8% € F

The first statement is clear, since the image of S in S?(Al) under
the factorization morphism 7¢ (to the symmetric product of the vertical
line) must lie in S4(A2\0). To prove the second statement, let us note
that f;'(S%) must lie in the attracting set in Z& with respect to the
torus T to f;'(SY(AI\0)). Tt is clear that f;'(S¢(A\0)) € F¢ and
thus the statement follows, since every fiber of the map 7%: Z% —
S%(A}) is stable under the action of T

Hence we get dim S? < dh" = dim F¢.

A(vi). Good coweights. Let X be an affine variety endowed with an
action of T' x C* (here T' can be any torus). Let x be any T x C*-
fixed point (in practice this point will always be unique, but this is not
needed formally for what follows) and let Y C X7 be the C*-attractor
to x inside X7. Let now A : C* — T be any coweight. Let us denote
by Ay the attractor to ¥ with respect to the C*-action given by A. Let
us also denote by A, the attractor to x with respect to the C*-action
given by the cocharacter (A, 1) of T' x C*.

We say that A is good if Ay = A,.

Lemma A.3. For any A as above, the coweight n\ is good for n € N
large enough.

Proof. Obviously, there exists a closed T-equivariant embedding of X
into a vector space V such that the action of T'x C* on V is linear and
such that = corresponds to 0 € V. Then it is clear that if A is good for
V', then it is also good for X. Hence we may assume that X = V.

In this case, we see that n\ is good if and only if for every weight of
T x C* on V of the form (6, k) the following condition is satisfied:
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n(\, 0)+k > 0if and only if either (\,0) > 0, or (\,8) =

0 and k£ > 0.
Now, every n € N such that n|(\,0)| > |k| for any (0, k) as above
such that (A, 6) # 0 will satisfy the conditions of the Lemma. O

Let A be as before and assume in addition that

(i) x is the only fixed point of C* acting by means of the coweight
(A, 1);

(i) X ) = xT
(in this case we automatically have (XT)® = {z}). Let us denote
by ® the hyperbolic restriction for (A, 1) (acting from sheaves on X
to sheaves on {x}), by ® the hyperbolic restriction for A\: C* — T
(acting from sheaves on X to sheaves on X7) and by ®, the hyperbolic
restriction for the action of C* on X7 (from sheaves on X7 to sheaves
on {x}). Then the definition of “goodness” implies

Lemma A.4. Assume that A is good and satisfies the conditions (1)
and (ii). Then we have ® = &g o P.

A(vii). Exactness of twisted hyperbolic restriction. Let T = T'x
C* and let us make it act on UZ so that the action of C* comes from the
hyperbolic action of C* on A? of the form z(x,y) = (27!, zy). Note
that (L{é)f consists of one point.

Let us fix d and let us choose a dominant regular coweight A : C* — T’
which is good in the sense of Subsection A(vi) (such A exists because
of Lemma A.3). Then the fact that A is regular implies that it satisfies
the conditions (i) and (ii). Consider the corresponding functors @, ®
and ®,. Obviously we have ® = ®f . so we shall write 5%(; instead
of ®. Also, to emphasize the dependence on d we set ®¢ instead of ®.
According to Lemma A.4 we have a)dT,G = df o DF .

Theorem A.5. The complex of vector spaces EIVD%G(IC(L@)) is concen-
trated in degree 0.

Proof. We will use the same notations as before for L = T' replaced

with T', such as iz o, j7 o) P, ! The attracting set

7,67 ]T,G’ pT,G'
is denoted by Ai,ﬁ - According to [12, Theorem 1], the natural mor-
phisn (17,7 o) TOUE) — (07,6 o) 1CQUE) = B (10UE)
is an isomorphism. We will prove that (pz ,)i(j7 )" [C(UL) is concen-
trated in nonpositive degrees. A similar (7dual) érgument proves that
(p%’ o) Iz, G)! IC(UZ) is concentrated in nonnegative degrees. In other
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d

NF@ IC(UZ)) lives in nonpositive co-

words, we must prove that H? (A
homological degrees.

Now IC(UZ) is smooth along the stratification

U= || Bung xS\(A?),
m+|\|=d

the dimension of a stratum being equal to 21(\) + 2mh". Here for
a partition A = (A1,...,\) we set [(\) = [. The perverse sheaf
IC(UZ) lives in cohomological degrees < —2[(\) —2mh" on the stratum
Buny; xSy (A?). We have Ai7T7Gﬂ(Bung xS\(A?%)) = ( f\ffﬁGﬂBung‘)x
Sx(AL). Now it follows from Corollary A.2 and the goodness assump-

tion on A that dim(A7~ ) < mh". Evidently, dimSy(A;) = I(M).

So the restriction of IC(UZ) to ‘Ai\l,ic N (Buny xSy (A?%)) lives in de-

grees < —2dim (Af\l’i o N (Bung XS,\(A2))>. Now an application of

the Cousin spectral sequence for the stratification of .AC;T o finishes
the proof. O

The following corollary is not needed for the rest, but we include it
for the sake of completeness.

Corollary A.6. dim S? = dimp~!(S4(A)) = dh".

Proof. We need to show that dim A‘; 7 is at least dhV. By induction

on d we may assume that this is true for all d < d. Assume that

dim Af\ o< dh”. Then repeating the argument from the above proof

we see that 5%7G(IC(U5)) is concentrated in strictly negative cohomo-
logical degrees, which contradicts Theorem A.5. O

Remark A.7. The above argument only shows that the dimension of
the whole of 8¢ is equal to dh”, but doesn’t show that this is true
for each of its irreducible components (however, we believe that this is
true).

A(viii). Exactness of ®7,. We can now show that ®f, ,(IC(UE)) is
perverse. Indeed, using the factorization argument and induction on d,
we may assume that ®f, ,(IC(Ug)) is perverse away from the main di-
agonal A? C S%(A?). Since according to [12] the complex @, (IC(U))
is semi-simple and since it is also equivariant with respect to the ac-
tion of A? on S4(A?) by shifts, it follows that we just need to prove
that ®f, ,(IC(UE)) doesn’t have any direct summands which are iso-
morphic to constant sheaves on A? sitting in cohomological degrees
# —2. But if such a direct summand existed, it would imply that
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(DG (ICUE))) = &D%G(IC(L@)) has non-zero cohomology in degree
# 0, which contradicts Theorem A.5.

A(ix). Exactness of ®p¢. Let us now show that ¢ o(IC(UE)) is
perverse. Indeed, first of all, according to Braden’s theorem [l2],
P} L(ICUE)) is a semi-simple complex, which is constructible with
respect to the stratification (2.3). In other words, it is a direct sum
of (possibly shifted) simple perverse sheaves, where each such sheaf is

isomorphic to the Goresky-MacPherson extension of a local system &£
on Bun{' x.Sy(A?) for some d; and \ as in 2.3.

Lemma A.8. Any such £ is necessarily of the form C, 4, KE" where
L

&' is some local system on Sy(A?).

Proof. To prove this it is enough to show that the restriction of @, ¢ (IC(UZ))
to Bun{' xS%(A?) (here d = d; + dy) is isomorphic to the exterior
tensor product of the constant sheaf of Bun‘z1 and some complex on
Sd2(A?). Moreover, it is enough to construct such an isomorphism on
some Zariski open subset U of Bun}' x 5% (A?) (this follows from the
fact that a local system which is constant on a Zariski dense subset
is constant everywhere). Let us choose a projection a : A? — Al and
let 7TilL : Bun{* — S%(A') be the corresponding map. Let U be the
open subset of Bun{' x.5%(A?) consisting of pairs (F, z) such that 7TilL
is disjoint from the projection of x to S%(A'). Then locally in étale
topology near every point of U the scheme UZ looks like the product
BundG1 xugf and the statement follows. U

Now, we can finish the proof. Indeed, recall that the closure of
Bun?' x.S5(A?) admits a finite birational map from U x 5 (A?%), where
g/\(A2) stands for the closure of Sy in S%(AZ%). Thus for any £ as

above we see that IC(E) is the direct image of IC(U;") R IC(E') under
this map. Moreover, the complex ®r(IC(E)) is equal to the direct

image of @7, (ICU))KIC(E). Hence, we see that it is perverse and
non-zero. Thus, if for some ¢ # 0 the complex IC(E)[i] is a direct
summand of ®, ¢(IC(UZ)), then @ 1 (Pr.o(UL)) is not perverse. Since
Op 0 @p g >~ P, this contradicts Subsection A(viii). O

Recall Up, ©p=1(d - 0), see (4.38).
Corollary A.9. dim Uf%o < dhvV —1.

Proof. We will argue by induction in d. We assume the claim for all
d’ < d. We know that the dual space (U%)* ~ H2(p~1(d-0), 7* IC(UL))
lives in degree 0. We consider the Cousin spectral sequence for the
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stratification U, = | |, - d(U,‘i:O NBun%). By the induction assumption,
all the strata for d’ < d contribute to nonpositive degrees of H2(p~'(d -
0), 7* IC(UL)) only. If we had dim g, > dh¥ — 1, the fundamental
classes of the top dimensional components of Uf, would contribute to
the strictly positive degrees in H*(p~'(d - 0), 7* IC(UE)), and nothing
would cancel their contribution. This would contradict to H.%(p~!(d -
0), 7* IC(UL)) = 0. O

This is the estimate of the attracting set for the most singular point
d - 0. The exactness also implies estimates for attracting sets of other
points, more precisely their intersection with the open locus Buné.
Since any stratum of U is of the form Bun% xSy(A?), we have the
corresponding dimension estimate for other strata from the perversity
of &7, o(IC(UZ)) for any d;. Therefore we see that @, is hyperbolic
semi-small in the sense of Definition 3.21.

APPENDIX B. INTEGRAL FORM OF THE W-ALGEBRA

The purpose of this section is to introduce an A-form of the W-
algebra, generalizing the A-form 2Uir; o of the Virasoro algebra in
§6(iv), where the commutation relations of integral generators of the
Heisenberg algebra and the Virasoro algebra are (see (6.19), (6.28))

(B.1) [ﬁjn, ﬁ,{] =~ —n (s, j)E 162,

Ti Ti Ti 2 m® —m
(L., L) = e1e2 9 (m —n)Li, ., + (€162 + 6(c1 4 €2)%) Om,—n 5 ,

and they are related by

Ti 1 Di Di n+1 Di
L=~ ; PPt = — (61 + €2) P

Let g be a complex simple Lie algebra. We do not assume g is of
type ADFE in this section. Let (, ) be the normalized bilinear form
so that the square length of a long root is 2. Let ¢ be its rank and
dy < --- < dy be the exponents of g, counted with multiplicities. For
example, g = sl 1, we have d; = 1,dy = 2,...,dy, = ¢. We have
dy = hY — 1. The multiplicity of the exponent is equal to 1, except
dejo = dgjo41 = £ — 1 for Dy with £ even.

B(i). Integral form of the BRST complex. In order to define an
A-form of the W-algebra, we need to recall briefly the BRST complex
used in the definition of the W-algebra in [28, Ch. 15]. We assume that
the reader is familiar with [28, Ch. 15], as we skip details.
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Let g = n,. @& b @ n_ be the Cartan decomposition of g. Let Ay
denote the set of positive/negative roots. Let I be the set of simple
roots.

We consider the vertex superalgebra Cp(g), which is the tensor prod-
uct of the affine vertex algebra Vj(g) of level k and the fermionic vertex
superalgebra /\:l+ We have two anti-commuting differentials dg and y

on Cp so that Wy,(g) is defined as the 0™ cohomology with respect to
d= dst + X-

We do not need the definition of dg, x. We start with the subcomplex
Cr(g)o as the cohomology of Cp(g) is a tensor product of Cp(g)o and
another complex, whose cohomology is trivial (see [28, Lem. 15.2.7]).

We take a basis {J%} of g consisting of root vectors and vectors h',
dual to simple roots a; with respect to (1, ). Let ¢% be the structure
constants of g with respect to the basis {J%}. Latin indices are used
to denote arbitrary basis elements, Latin indices with bar are used to
denote elements in b_ = h@n_. Therefore {J%}zca_us is a basis of b_.
Greek indices are used to denote basis elements of n,.. We also have a
basis {1} }aca, of n. We denote the corresponding fields by J 4(z) and
¥ (z), where the former has a correction term (see [28, (15.2.1)]). The
field J%(z) satisfies the commutation relation for the afﬁne Lie algebra
at the level k + b instead of k because of the correction terms (cf. [2,

(4.8.1))):

(B.2) [J%(z), " Z T (w w) 4 (k4 hY)0u0(z — w).

Now the complex Cp(g)o is spanned by monomials of the form

(B.3) Jgfl) co. Ja(r)wz(l)ml T

ny a(s),ms

0),

and the action of the differentials is given by the following formulas

(B.4)
X, Ja Z Z c
i€l BeA,
U5 =0,
o ] = LGP EWL: + k% TN = 3 el
b,a a b
s V) = =5 3 5()032),
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together with x|0) = dg|0) = 0. Here the formulas are copied from [28,
15.2.4] except that the first one is simplified as we only consider a field
for J*in b_.

The bidegree is defined by

bideg J%(2) = (—n,n),

(B:5) bideg 1% (2) = (I, -1 + 1),

where n is the principal gradation of J* and [ is the height of the root
a. (See [28, 15.1.7] for definitions of the principal gradation and the
height.) Therefore y has bidegree (1,0), and dg has bidegree (0,1). We
get the double complex C}(g)o = @, , C¢*(g)o. From the definition of
the bidegree, we see that C}7"(g)o = 0 unless p > 0, —p < ¢ < 0.

Now we rewrite the complex suitable for our purpose. By (6.1) we
replace k by —(hY + e9/e1).

Next let us introduce a modification J%(z) of J%(z), like P! of P!
in §6(iii). There is a simple recipe for this. Reading formulas in [28,
§15.4.10], we note that J@(z) for a € I is denoted by ?Ll(z) and satisfies
the commutation relation

o~

(B.6) (7l 7] = mbpm—n (v, ;) (k + hY).
See also (B.2). This Heisenberg operator gives the embedding Wy (g) —
$eis(h). Comparing (B.1) with (B.6), we find that it is natural to set

(B.7) Jz) = e,J%(2).

We also rescale x by a function ¢ in €1, €5 as Y = @x. Unless ¢
vanishes, the cohomology group is independent of ¢. However we will
specialize £1, €5 to 0, the result will be different. Therefore the choice of
@ is important. Remember that our goal is to realize a generator Wi
in geometry. We want to assign it with the perverse cohomological
degree 2(d, + 1), as L! in §6(iv) is of degree 4. This generator is a sum
of a main term X, of bidegree (d,, —d,) plus correction terms X;, Xs,
...of bidegree (p, —p) with 0 < p < d,; determined by the condition
XXy = —dsXe—1. (See [28, 15.2.11].) Therefore we want all Xy, X,
... to have the same (perverse) cohomological degree. This is achieved
if o is of degree —2. We still have ambiguity, but look at the formulas
(B.4) and (B.7), the simplest solution is to absorb 1/e; in J%(z) to X,

ie, X = x/e1
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We thus arrive at the following:

(B.8)
T ()] =D > dls(z)
icl BeAL
X, va(2)ly =0,
(et J(2)] = Y g™ I (2)0n(2): — (WVer +€2) Y (J%, T*)0:40%(2)
B,a «
—e1 Y e 005 (2),

a757b

a2 = —5 3 ().
By

Definition B.9. We consider an A-span of monomials of the form
(B.3) replacing J by J. We define the differentials dg, X by (B.8).
We get a double complex C4(g)o defined over A. Its total cohomology
group H3j(g) is a vertex superalgebra defined over A.

The argument in the proof of [28, Th. 15.1.9] goes over A, and we
get

(B.10) Hi(g) =0 foriz#0.
We have
(B.11) o3 (g) @a F = Hy(g),

as the localization is an exact functor. Here H2(g) is the cohomology
group of the complex C3 (g)o ®a F. It is isomorphic to Wy (g) ®cxy F
as €1 # 0 in F, where k = —h"Y — g9/, as before.

Proposition B.12. H{(g) is free over A.

Proof. Note that the complex C§ (g)o is a direct sum of its homogeneous
components with respect to the Z-gradation. Each component forms
a subcomplex and is free of finite rank over A. Hence results in the
homological algebra can be applied. Since only the 0" cohomology
survives, a component M of HY(g) is quasi-isomorphic to a complex
of projective modules P* with P* = 0 for i < 0. Then we compute
Ext% (M, N) via P* to deduce Ext3°(M, N) = 0 for any N. Therefore
M is projective. Since A is a polynomial ring, HY (g) is free. O

Thus HS (g) is an A-form of the W-algebra.

Definition B.13. We denote H} (g) by Wa(g). It is called an A-form
of the W-algebra.
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Let us introduce a new degree, which corresponds to the half of the
(perverse) cohomological degree in the geometric side. Let us denote
it by ““deg’. We set °deg|0) = 0, °dege; = °degey = 1. The degree of
operators J%(z) and ¥ (2) is the first component of the bidegree. Then

-~

we put °deg J%(z) = °deg J%(z)+1 by (B.7). For example, P! in §6(iii)
is a Fourier mode of J%(z) for J® = h'. Therefore °deg P! = 1.

From the definition (B.8) we see that both X and dy have degree
0. Therefore this degree descends to the cohomology group HY(g) =
Wa(g). Hence Wa(g) is a graded A-module, where A = Cley, 5] is
graded in the same way.

Be warned that “deg is not a Z-grading of the vertex algebra in the
sense of [28, §1.3.1]. All Fourier modes of vertex operators Y (A, z),
say ja(z), have the same degree, which is equal to the degree of the
corresponding states A = Y (A, 2)|0)|,_,. The translation operator T
is of degree 0.

B(ii). Generators W, The W-algebra Wy (g) is generated by cer-
tain elements W, (k = 1,...,¢) in the sense of the reconstruction
theorem. (See [28, 15.1.9].) Moreover the subspace spanned by W,
generates a PBW basis of Wi(g). (See [2, §3.6 and Prop. 4.12.1] for
the meaning of this statement.)

We briefly recall the definition of W, and see that their simple mod-
ifications live in our integral form and generate a PBW base of W (g).
Let us change notation from W, to W) in order to avoid a possible
conflict with Fourier modes.

We have a regular nilpotent element p_ in n_ so that y is given by
(p—,®) = x(o). (See [28, 15.2.9].) Let a_ be the kernel of adp_. It is
a maximal abelian Lie subalgebra of g.

The cohomology H* of the complex Cf(g)o with respect to x vanishes
for i # 0 and H° is equal to V(a_), the vertex algebra associated
with a_. It is a commutative vertex algebra, and isomorphic to the
symmetric algebra Sym(a_ @t 'C[t7!]) of a_ @ t'C[t!]. Therefore a
basis of a_ gives a PBW base of V(a_).

There is a standard choice of a base of a_. We take an sly-triple
{p+,po,p—_} for p_, and decompose g into a direct sum of (2d, + 1)-
dimensional representations R, (k = 1,...,¢). We choose a decom-
position for g = D, with ¢ even, k = (/2, £/2 + 1. We then choose
a lowest weight vector p(_”) in R,. Then {p@}ml _____ ¢ 1s a base of a_.
The vectors p(_n) are unique up to constant multiple, and we fix them
hereafter. In fact, our geometric consideration of the W-algebra will
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give us a canonical choice of p(_”) for k = £, at least up to sign. See
several paragraphs after Theorem &8.19.

The same is true over A. The cohomology of C§ (g)o with respect to
x vanishes except the degree 0, and HY is equal to V(a_) ®c A. The
PBW base is its A-basis.

Let YW ®)(2) be the linear combination of J%(z) corresponding to
") and let OW((f)l) be its constant part. Then OW((f)l) |0) is contained in
the kernel of Y. We construct a cocycle W with respect to d = dg+X
which is the main term Ova((f)l)\O> of bidegree (d,, —d,) plus a sum of
terms of bidegree (p, —p) with 0 < p < d,, as we mentioned above. It

is unique up to an element in Kery of a lower degree. We fix W)
hereafter. We write

(B.14) Y(W®, 2) = Z W) p=n—dwL,

neL

Let us check that °deg W® = d, +1. Since dy, and X preserve “deg,
we have “deg W®) = °deg 0/V[7("“)|O>. (Remember that we modify x to
X so that this is achieved.) Now the latter does not contain ¢} (2), its
degree is equal to the first component of the bidegree plus 1, i.e., d, +1.
Thus °deg W®*) = d,, + 1. This is what we want from a geometry side.

B(iii). Grading vs filtration. Let us make the relation between Wy(g)
and Wy (g) more precise so that we could easily transfer computation
in the literature to our setting.

Recall that the complexes (B.4) and (B.8) become the same if we put
g1 = (k+hY)™, g5 = —1 and identify X (resp. J%(2)) with x/e; (resp.
£1J%(2)). As HZ%(g) = 0 and Wa(g) is free, the Kiinneth spectral
sequence degenerate at Fso, and hence the specializatioAn commutes with
the cohomology. In particular, the homomorphism J%(z) — J%(z)/e;
induces an isomorphism

(B.15) Wi(g) = Walg) ® A/(e1 — (k+hY) " es+1).

Under this isomorphism standard generators W™ and our W,\" are
related by

(B.16) our vaé“) = 21 gtandard W),

as they are defined in the same way.

From this consideration, we can recover Wa (g) ®a By with B; =
Cle1] = A/(e2 + 1) from Wy(g) as follows. Let us consider k as a
variable and understand that Wy(g) is a vertex algebra defined over
C(k). We identify C(k) = C(e;) via e, = (k+h")™L. Then Wa(g) ®a
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B; ®p, C(k) is isomorphic to Wg(g), the cohomology of the complex
over C(k) by the Kiinneth spectral sequence as above. Then we have an
embedding Wa (g)®@aB1 — Wg(g), and the image is the B;-submodule

generated by 5f“+1W7§H). We denote Wa (g)®a By by Wg, (g) hereafter.

Note further that the entire W (g) can be recovered from Wg, (g) as
follows. Since Wa (g) is graded by “deg, we have an induced filtration
0=F_CFy,CUF, C--- onWg,(g) such that e, F, C F,+1. Then we
can recover W (¢g) as the associated Rees algebra:

(B.17) Wal(g) = @%Fp-

In fact, we have a natural surjective homomorphism from the left hand
side to the right, and it is also injective as Wa (g) is torsion free over
B, = C[es]. Note also the specialization at 5 = 0 can be also recovered
as the associated graded of the filtration.

The filtration F, on Wg,(g) can be defined directly. From its defi-
nition, we assign °deg(e% ' W,™) = d,, + 1 and °dege;, = 1. This gives
us the filtration on Wg, (g).

Let us explain how the formula for W, given in [28, (15.3.1)] can
be understood in our framework, for example. The field T'(z) written
there is already divided by k + hY so that its Fourier modes gives
Virasoro generators L,,. Therefore Wil = (k+h")L, and hence Wi =
e2(k+h")L, = —e1&9L,. This is compatible (up to sign) with modified
Virasoro generators in §6(iv), as LY = g169 Lt .

B(iv). Specialization at ¢; = 0. In this subsection, we study the
specialization at e; = 0. This is the classical limit of the W-algebra,
but it also contains €5 as a parameter. The relevant computation can
be found in [28, §15.4.1~6].

Let us set £y = 0 in (B.8). Since J%(z) and J®(z) commute at
g1 = 0 (see (B.2)), the complex is identified with polynomials in the
commuting variables J% (n < 0) and anti-commuting variables Vim
(m < 0). Therefore

(B.18)  Ca(9)o ®a By = Symb_((1))/b_[[t]] ®c A"ni[[t]]" ® By,
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where By = C|e ] = A/e1A. The differential is specialized as
X TN =3 >
i€l BeA
[i> w;(z)]-i‘ = 07
(B-19)  [dy, J(2)] = > 8 TP (2)i(z) — 22 D (J%, J*)005(2),
b,a a

[dsta =75 Z BV@%

where power series in z contain only terms with non-negative degrees
in z. This is exactly the same complex as in [28, §15.4.2], if we set
€9 = —1. It is the complex at the classical limit £ — oo.
y [28, Cor. 15.4.6], the cohomology group Hgl o(g) of this complex
(at ey = —1) vanishes for ¢ # 0, and H? _(g) is isomorphic to the ring
of functions on a.[[t]], where a; is the kernel of adp,. Here py is as
in the previous subsection.
In fact, a[[t]] is obtained as the quotient of the space of connections

of the form
(B.20) V=0 +p_+ A(t), A(t) € b [[t]],

modulo the action of the gauge transformations Ny [[¢]]. This is the
space Opq (D) of G-opers on the formal disk D = SpecC[[t]]. There
exists a unique gauge transformation in N [[t]] so that V is transformed
into the same form with A(t) € a[[t]].

It is easy to put €5 in this picture. The term with 5 corresponds to
the differential of the gauge transformation. Therefore the cohomology
of our complex is the ring of functions on the quotient space of (—es)-
connections

(B.21) V = —e20, +p_ + A(t)

modulo N, [[t]]. It is the space of (—ez)-opers on D. This notion
appears for example in [7, §5.2]. See also §B(v) below.

We have a structure of a vertex Poisson algebra on H? _y(g) by [25,
16.2.4]. It is defined by renormalizing the polar part of vertex operators

1 ~
(B.22) Y_(Az) = —Y_ (A, 2)
€1 e1=0
We can further make e = 0. Then we get (p_+b.[[t]])/N.[[t]]. This
space is also equal to a . [[t]]. The proof in [28, 15.4.5] works also at g5 =
0. In fact, the result is a consequence of a classical result of Kostant:

(p— +by)/Ny = ay. See [7, §5.4] for further detail. Therefore the
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cohomology group H! . _(g) of the complex at £; = 5 = 0 vanishes

for i # 0, and H? _,_.(g) = V(a_).
The argument for (B.15) works also here, i.e., the specialization com-
mutes with cohomology group. We have

Wal(g) ®a By = H? _y(a),
Wal(g) ®a C= H? _,_(g) = V(a),
where By = A/e1A, C = A/(ey,€9).

(B.23)

B(v). The opposite spectral sequence. The embedding of the W-
algebra into the Heisenberg algebra is given by considering the ‘op-
posite’ spectral sequence associated with the double complex Cr(g)o,
where the Fi-term is the cohomology with respect to dg. The detail
is explained in [28, §15.4.10], and we give a brief review in order to see
that the embedding is compatible with integral forms.

Let H}(g) be the i*" cohomology of the complex Cp(g)o with respect
to ds. This notation is taken from [28] and has nothing to do with our
notation for elements in the integral form. Let h(z) denote J%(z) for
a =1 € I. Then we have

(B.24) [dat, B'(2)] = 0, [das 45, (2)]+ = 0

by (B.4). Therefore we have linear maps C[h]icsne0l0) — HO(g),
@i(c[ﬁ%]jel,moqﬁ;i,d(]) — H}(g) respectively. In fact, they live in the
uppermost row as bidegﬁi(z) = (0,0), bideg®} (z) = (1,0). Then
by considering the limit & — oo, one can see that both cohomology
groups are exactly the same as the above spaces respectively if k is
generic. Moreover one can identify f[,g(g) with the Heisenberg vertex
algebra associated with the Cartan subalgebra b of g. This is because

ﬁ; satisfies the commutation relation (B.6). Modified generators Ei =
ht /\/k + LY satisfy the usual commutation rule

(B.25) (e Bl) = M (v, ;).

m?'n

And H}(g) is its module. It is a direct sum of (#I) Fock modules. The
highest weights are given by the formula
(O‘i’ aj)
Vk+hY
Another differential y induces a homomorphism f[,g(g) —H 1(g). Since

H}(g) lives only at bidegree (1,0), we have Wy(g) = H2(g) = Ker x
for generic k.

(B.26) o, l0) = — Y5, 0l0).
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Moreover x is the sum of the residue of the field ¥ (), which is
given by the vertex operator in terms of the Heisenberg algebra:

(B.27) ¥y, (2) = Voo vmmne (2)
where
(B28) Vi) = 2 exp (A 2 | exp [ A YD e
' ' ' n<0 n n>0 n '

This formula is given in [28, (5.2.8)]. The operator S sends the highest
weight vector |0) to the highest weight vector |\) and commutes with
all b,, n # 0. And \b, is replaced by

h, hi
B.29 Moy = et
( ) Vk+hY k+hY
and Sy sends [0) to ¢}, ,|0) here.

Now we consider the cohomology group fIA(g) over A. The 0" co-
homology HY (g) = Ker dy is a direct sum of A[P!];cr <o with bidegree
(0,0) and the other parts with bidegree (p, —p) with p > 0. Here we

put Pi = ghi so that they satisfy the commutation relation (6.19).
Since dg on (p,—p) part is injective for generic (£1,£2) by the above
computation, it is injective as an A-homomorphism. Therefore we have

Lemma B.30.
(B.31) H3Y () = A[P:]ic1.n<0/0).

This is an A-form of the Heisenberg vertex algebra, denoted by
Heisa(h) in §6(iii).

We have an induced homomorphism Wa(g) = HY(g) — H%(g),
taking the bidegree (0,0) component. It is injective as Kerdy = 0
on (p,—p) with p > 0. Therefore we can consider Wa(g) as an A-
submodule of f[g(g). We have an induced homomorphism Y : f[g(g) —
H} (g) and the double complex tells us that Wa(g) is contained in
Ker y.

When we compare the embedding with the usual one Wy, (g) — H%(g)
in the literature via the identification of Wy (g) and Wa(g) in §B(iii),
we use the relations ﬁfL = 5@2 as before.

For example, consider W,\" for g = sly. It is given by (6.28) up
to sign, and is contained in H(g). The formula follows from the
computation in the literature, say [28, §15.4.14], with the rule for the
change of generators above.
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Let us look at H} (g) more closely. From the definition, we have

Cl_l 0— @ A ]6[n<0fzm|0>

i,m<0

010 () — @ A ]EI n<0wa m|0>

i,m<0

(B.32)

where f;,, is the Fourier mode of J%(z) corresponding to the basis
clement f; = f*. The differential dy: Cy~'(g)o — Cx"(g)o can be
calculated from (B.8), in particular we have

(B.33) [dst, P'(2)] = 0,
r 2 i * . *
B31) e, 2] = oy (PR G): — 200, ().

See the formula in the middle of [28, p.261]. From the second formula
we have

(B.35) — 20.05, (2) = 1P ()¢, (2):

modulo dy-exact term. If €5 would be invertible, we could replace
woml|0) With m # 0 in (B.32) by an element in A[P!]} (|0) so that

H} (g) is isomorphic to D, A[PI]y: .0l0). As g5 is not invertible in A,

this cannot be true.

From this consideration, we set €5 = —1 in the double complex (B.8),
and consider it over By = Q[e1], as in §B(iii). We denote it by Cg, (g)o.
This is not any loss of the information for our purpose, as W (g) can be
recovered from Wg, (g) together with its natural filtration, as explained
in §B(iii).

However, the higher cohomology groups Hz"(g) may not vanish nor
be free. Hence the cohomology group Hg (g) of Cg (g)o with respect
to dg may be different from H}(g) ®a By. We will see that Hy (g)
behaves better than Hj (g) at €2 = 0 below.

Let us study first two terms of Hg (g). We have H3 (g) = By [P:icrn<0|0)
by the same argument as in (B.31). Let Hé’?(g) be the (1,0) part of the
cohomology. We do not know Hg (g) = Hg'(g), but Y maps Hg (g)
to Hy 0(g) anyway. From the above argument we have a surjective ho-
momorphism @ B, [Pi] .0l0) — Hg?(g). It is an isomorphism for
generic €1, in other Words over C(gy). Therefore it must be injective
also over B;. We thus get
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Lemma B.36.
H% (g) = B[P} ]zez n<o\0>

B.37
( ) 9 @ B1[P)ljern<ots, 0

0).

The substitution €5 = —1 makes the vertex operator (B.28) well-
defined: We replace Ab,, by (B.29), hence

(B.38) Ab, = —P!.

The vertex operator is a homomorphism between B;-modules.
Now we let £1 = 0. We have the Kiinneth theorem
(B.39)~ N
0 — Hg, (8) ®8, C — H"(C}, (9)o @B, C) — Tor? (H™ (g),C) = 0,

where C = B;/£1B;. The middle term is the cohomology at the clas-
sical limit, and is known (see [28, §15.4.8]). In particular, we get

C[Pi)|0) = Hy, (g) ®m, C = H(Cy, ()0 @B, C),
(B.40) @D TP, ol0) = Hy'(g) @B, C = H'(Cg(g)o ®5, C),
}N[];z;—ll—l, P(g) @B, C = Hl(CpJrl *(g)o®s, C) =0 for p>0.

Next we study X at e = 0. Recall that X = x/e1, so we need to
divide [V, (z) in (B.28) by £;. We see that the induced operator

(B-41)  X] =1=0 : Hy,(8) ©8, C = C[P;]0)

— Hy, (g) ®8, C = P CPI]e, [0)

is given by the formula

(B.42) ;Zaz,a]ZV aPJ —,

m<0

with

(B.43) ZVi[n]z_" = S;exp <Z J;: 2 ") .

n<0 n<0
Here the operator S; sends the highest weight vector [0) to 1} 4|0). The

point here is the commutation relation [P}, P/] = me1 (i, @) 0m,—n at
€9 = —1. This vanishes at €, = 0, and hence only linear terms in the
expansion of the second exponential in (B.28) survive.

This computation appears in the study of the classical limit of the
W-algebra [27, Chap. 8]. In particular, the followings were shown there:



112 A. BRAVERMAN, M. FINKELBERG, AND H. NAKAJIMA

o H} (g9)®g, Cis isomorphic to the ring of functions on the space
MOp¢(D)gen of generic Miura opers on the formal disk D.

e FEach generic Miura oper can be uniquely transformed into the
following form

(B.44) V=08 +p_+ult), u(t)e b

e The kernel of X|:—o is isomorphic to the ring of functions
eg=—1

on the space Opg(D) of opers. The inclusion Ker(y]| ;=0 ) —
1

£o=—
f[%l (g)®s, Cis given by the forgetting morphism MOpq(D)gen —
Opa (D).

We do not recall the definition of generic Miura opers here, as it is
enough to consider the space of connections of the form (B.44). The
morphism MOpg(D)gen — Opg(D) is given just by considering a con-
nection in (B.44) as a G-oper. As we have already known that W (g)
at 1 = 0, eg = —1 is the ring of functions on Op(D) in §B(iv), we
get
(B45) WB1 (g) ®B, C= Ker(%| 51:01)'

go=—

Finally we study the filtration in the both sides of (B.45). The left
hand side has a filtration as it comes from the specialization of the
grading on Wa(g) at e = 0, &2 = —1. On the other hand, we have
filtration on Y (g) and HY (g)®s, C given by “deg P! = 1, as they are
polynomial rings (see Lemma B.36 and (B.40).) Since HY (g) is also free
by Lemma B.30, the filtrations come from the specialization. We give
an induced filtration on Ker(x| ;=0 ) as a subspace of H} (g) ®g, C.

eg=—1
Then (B.45) respects the filtration as the inclusion Wg, (g) — Hg, (9)
does.

On the ring of functions on Op (D), the filtration can be understood
by considering (—e3)-opers [0, §3.1.14] as follows. A filtration on an
algebra can be identified with a graded flat C|es]-algebra with degey =
1. The latter is considered as the ring of functions on a flat affine
scheme X over A' = Spec Cle,] with a G,,-action compatible with the
action by homotheties on A!. The space of (—&3)-opers provides such
a scheme, where the G,,-action is given by V — AV for A € G,,.
More precisely, we need to compose it with a gauge transformation so
that the form (B.20) is preserved. Since (—e2)-opers appear at the
specialization at 1 = 0 in §B(iv), our filtration is given in this way.

The action is induced from the action A Ad(X) on a; under Op (D) =
a4 [[t]], where Ad()) is given by the SLy embedding associated with the
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nilpotent element p_. It is known that the degrees of the G,,-action on
a, are given by d, +1 (k =1,...,¢), hence are the same as our ‘“deg’
by §B(ii). This is another reason why we define the degree in that way.

We can define the G,,-action on MOpg(D)gen in the same way so
that the morphism MOpq(D)gen — Opg (D) is Gy,-equivariant. Under
MOpP(D)gen == b][t]], it is just homotheties on h. The corresponding
filtration is the same as ours.

The homomorphism between the associated graded of Ker( | c,=o0 )
go=—

and f[%l(g) ®p, C is induced by the morphism

(B.46) {V =p_+u(t) |u(t) €b[[t]]}
—{V =p-+ AQ) [ A(t) € b [[t]]} /N.[[1]]
of 0-opers.

Let us write down the embedding of the W-algebra into the Heisen-
berg algebra at 1 = €5 = 0 induced from the morphism (B.46) of
0-opers explicitly. It is given in [27, §3.3.4]. Let F®) € S(h)W (k =
1,...,0) be generators of degree d, + 1, corresponding to p(“ in §B(ii).
We regard it as a polynomial in /', i.e., FE(hY)y = F®(RY, ... Y.
Then W (at €1, €2 = 0) is given by the formula

(B.47) P (ZP“ —n- 1) ZW pmds L

n<0 n<0

For example, we have

~ 1 o~
(B.48) Ln=—7 > PPy

n<l<0

for sly.

B(vi). Kernel of the screening operator. Recall that we have a
natural inclusion Wg, (g) C Ker(X|_,__,) from the construction. They
coincide for generic ;. We prove a stronger result.

Theorem B.49. We have isomorphisms
(B5O) WBl (g) = Ker(%‘z—:z:—l)v
(B.51) Walg) = ﬂ Ditial., . ©a Heisa(a;),

where Q]ltzA|€ et is the A-form of the Virasoro algebra with 1 re-

61(041 o)

5. Moreover (B.50) preserves filtrations.

placed by €| =
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Proof. Let us first consider (B.50) and denote Y at €5 = —1 also by x
for brevity:

(B.52) X: H,(9) = Hg)(9):

We know that both f]%l (g) and f[ﬁ’?(g) are free over By (see Lemma B.36).
We also know that their specialization is the cohomology group at
g1 =0, g9 = —1 (see (B.40)). Therefore we have an exact sequence

(B.53) 0 — KerY ®p, C = Ker(Y| e;=0 ) = TorP' (Cok ¥, C) — 0.
go=—1

We have a homomorphism from Wg,(g) ®g, C to the first term
Ker Y ®p, C, and its composition to the middle term is an isomorphism
by (B.45). Therefore we have
(B54) WBl(g) ®B1 C« Kerf{ ®B1 Cx Ker(ﬂ 51:01).

g2=—

Since (B.45) preserves the filtration, we have an induced isomorphism

between the associated graded

(B55) gr (WBl(g) ®]31 (C) = gr (Ker% ®B1 C) :

Let 0= F_, C Fy C Fy C --- be the filtration on Wg, (g) as before.
Then the filtration on Wg, (g) ®g, C is given by

(B56) 0 C FO/€1W131 (g)NFo C Fl/Eﬂ/VB1 (g)NFy (@RI y

as Wg, (g) ®B, C = Wg,(g)/e61Ws, (g). From the definition of F,, we
have e1Wg, (g) N F, = €1F,_1. Therefore

(B.57) gr(Ws,(g) ®B, C) = @ Fofer By 1+ Fp 1 =2 8 WB, (9) /ey gr g, (o).
p>0

(Here we have used grW/e gt W = @(F,/Fp-1)/e1(Fp-1/F,—2) as ;

shift the grading by 1). The same is true for gr (Ker ¥ ®g, C).

By graded Nakayama’s lemma, we conclude gr Wg, (g) = gr Ker .
Using it again, we get (B.50).

Next consider (B.51). Since both sides are Rees algebras of the
corresponding vertex algebras at e = —1 with the induced filtration,
it is enough to show that we have a filtration preserving isomorphism
at eg = —1:

(B58) WB1(9) = m miti,Bl |51—>5’1 ¥B, ﬁewBl (O‘j_)v

where Wit; g,, Heisp, (o;") are defined in an obvious manner.

We use (B.50) Wg, (sl) = Virg, = Ker(x|_,__,) for g = sl; and the
observation that Y is the sum of operators over i € I, we see that the

Qi,0)E1

right hand side is Ker(x]|_,__;). The substitution &, — &} = ( 5
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is necessary, as the Heisenberg commutation (6.19) involves (o, ;).
Now we use (B.50) for the original g and deduce (B.58). O

From this result, we extend the duality for the W-algebra in [28,
Prop. 15.4.16] from generic to arbitrary level.
Corollary B.59. Let “'g be the Langlands dual of g. Then we have
(B6O) WA(Q) = WA(LQ)‘Q—LT)V& )
go—€1
where ¥ is the maximal number of edges connecting two vertices of the
Dynkin diagram of g (the lacing number).

This is because iv; o is invariant under €; <> & and (e1,e62) —
(ce1, ceq) (c € CF).

B(vii). The embedding Wa(g) — Wa([l). The result in this sub-
section will not be used elsewhere, but shows that the hyperbolic re-
striction functor ®, ¢ for general L corresponds to in the W-algebra
side.

Let L be a standard Levi subgroup of G with Lie algebra [. We can
write [ as [[,[] @ 3(I), where 3(I) denotes the center of [. The above
discussion can be applied to the Lie algebra [ instead of g and we get
a well-defined vertex operator algebra Wx (I) over A and we have an
embedding Wy (I) < $eis(h). It is also clear that W4 ([) is isomorphic
to Wa([l,1]) % $Heisa (3(1)).

Theorem B.61. There ezists an embedding Wa (g) — Wa(l) compat-
ible with the embedding of both algebras into $Heis(h).

Proof. Clearly, it is enough to construct any map Wa(g) — Wa(l)
whose composition with the embedding Wa ([) < $eis(h) gives the
map Wa(g) — $eis(h) constructed before. To this end, we are going
to construct another double complex structure on C§(g)o (with the
same total complex).

Let p be the parabolic subalgebra containing [ and n, and let n(p)
be its nilpotent radical. We can write n, = ny(I) ® n(p). Accordingly,
we can decompose x = x1 + x2 where y; € n([)* and xo € n(p)*. Let
hy € 3(I) denote the (unique) element such that for every simple root
a; we have adp (e;) = e; if e; is not in [ and ady,(e;) = 0 otherwise.
Now define a new grading on C%(g)o in a way similar to (B.5) but
where instead of the principal gradation and the root height we use
the eigenvalue with respect to ady,. Then the action of x, has bidegree
(1,0) and the action of dg + x; has bidegree (0,1). In this way we get
a new bicomplex structure on C§(g)o with the same total differential
and total degree.
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It is easy to see that we have C29(g)o = 0 unless p > 0 and p+q > 0.
Note that it is no longer true that for p = 0 the complex C’%q(g)o
vanishes unless ¢ = 0; moreover, the complex C’&'(g)o (with respect
to the differential dg + x1) is just C3([)o. Thus we get a morphism
H°(C%(g)o) — HY(Ca(l)o) by mapping every cocycle to its degree
(0,0)-component with respect to the above grading. O
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