Matekon

Translations of Russian and East European Mathematical Economics

SUMMER 1998 VOL. 34 NO. 4

Corruption Factors
V.M. Polterovich

Corruption as an Object of
Mathematical Modeling
M.I. Levin and M.L. Tsirik

Mathematical Models

of Corruption
M.I. Levin and M.L. Tsirik

Ways of Reforming the
Pension System

lu.V. Ovsienko, E.M. Olevskaia,
V.P. Rusakov, and N.N. Sukhova

M.E. Sharpe



Matekon
SUMMER 1998/VOL. 34, NO. 4

Corruption Factors
V.M. POLTEROVICH 3

Corruption as an Object of Mathematical Modeling
M.L. LEVIN AND M.L. TSIRIK 16

Mathematical Models of Corruption
M.I. LEVIN AND M.L. TSIRIK 47

Ways of Reforming the Pension System
IU.V. OVSIENKO, E.M. OLEVSKAIA, V.P. RUSAKOV,
AND N.N. SUKHOVA 71

Author Index to Matekon
Volume 34 (Fall 1997-Summer 1998) 101

Publisher’s Note 103

©2001 M.E. Sharpe, Inc. All rights reserved. 80 Business Park Drive, Armonk, NY 10504



Copyright © 2001 M.E. Sharpe, Inc.

No part of this publication may be reproduced, stored in a retrieval system, or transmitted
in any form or by any means, electronic, electrostatic, magnetic tape, mechanical, photo-
copying, recording, or otherwise, without permission in writing from the copyright holder.

Photocopy Information for Users in the USA: The item fee code for this publication
indicates that authorization to photocopy items for internal or personal use is granted by the
copyright holder for libraries and other users registered with the Copyright Clearance Center
(CCC) Transactional Reporting Service, provided the stated fee for copying beyond that per-
mitted by Section 107 or 108 of the United States Copyright Law is paid. The appropriate
remittance of $9.50 per copy per article is paid directly to the Copyright Clearance Center,
Inc., 222 Rosewood Drive, Danvers, MA 01923.

Permission for Other Use: The copyright owner’s consent does not extend to copying for
general distribution, for promotion, for creating new works, or for resale. Specific written per-
mission must be obtained from the publisher for such copying.

Item fee code for this publication is: 0025—1127/2001 $9.50 + 0.00.

To order 50 or more reprints of individual articles, please call the Sheridan Press Reprint
Department at 1-800-352-2210; outside the USA, please call 1-717-632-3535; or fax 1-717-
633-8900.

©3The text paper used in this publication meets the minimum requirements of American
National Standard for Information Sciences Permanence of Paper for Printed Library Mate-
rials, ANSI Z39.48.

Matekon (ISSN 0025—1127) is published quarterly by M. E. Sharpe, Inc., 80 Business Park
Drive, Armonk, NY 10504. Subscription rates (vol. 34) for U.S. institutions: one year, $510.00.
For foreign institutions: one year, $567.00. Prices are subject to change without notice.
Subscriptions are nonrefundable. Back issues of this journal are available at the subscrip-
tion price effective on the date of the order. Price information on bulk orders or back volumes
of the journal (to Vol. 1, No. 1) is available upon request.



Matekon, vol. 34, no. 4, Summer 1998, pp. 47-76.
~ © 2001 M.E. Sharpe, Inc. All rights reserved. - ) =T
© ISSN 0025-1127/2001 $9.50 + 0.00. ‘

M.I. LEVIN AND M.L. TSIRIK

‘Mathematical Models of Corruption

[Abstract:] The article considers mathematical models of corruption as an
- economic and sociopolitical phenomenon. They are classified according to
the objects of corrupt deals, as well as the structure of corrupt relations.

1. Model of corruption in tax agencies

P. Chander and L.. Wilde have suggested a model of corruption in tax agencies
[1]. Tts participants are taxpayers who conceal taxes and audilors (tax offi-
cials) who are supposed to check the legitimacy of tax payments. The audi-
tors can take bribes from taxpayers to cover up for them in the case of false
reporting of income. The model shows that in the case when some of the tax-
payers want to give bribes and some of the auditors are willing to accept them,
the tax inspection will most likely refrain from any kind of audit, in contrast
to the case when no one gives or takes bribes. If any audits are still conducted,
the possibility of establishing corrupt relations leads to higher audit rates than
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in the absence of corruption. It is shown in [1] that with the existence of cor-
tuption it is possible to maintain an equilibrium in which all incomes undergo
an audit. What is more, if some of the auditors take bribes, a situation arises
where an increase in the tax rates or the amount of the fine decreases the
pussible tax collection.

Since the model is of interest due to the timeliness of the sitwation, we will
exarnine it in greater detail. Itexpands the GRW game model (Graetz, Reinganum,
and Wilde), adding to it possibilities of corruption in the tax inspection,

In the GRW model, there are two possible levels of incomes: I, and I,
where 0 < I, < I,,. Income is a random quantity independently distributed among
taxpayers. Wtih probability g, a given player has a high incorne; and with
probability (1 — g), a low one. A taxpayer’s declared income must be equal to
either I; or I,. Consequently, those whose income is actually I, declare it as
such, while those who fiave an income equal 1o I, may also declare I,. The tax
rates for high and low incomes are equal to T, and T, respectively, where () <
T, < T,. The fine for concealing one’s income is equal to F, where F > 0,

If a taxpayer has declared a low income, the tax authorities may conduct an
audit. The cost of an audit is ¢, where T, — T; + F > ¢ > (., As aresult of an audit,
a taxpayer who has concealed income I, will be found without fait.

Suppose that o is the probability of preserving a high ittcorne, and ( is the
probability of an audit of a declared low income. We will assume that all of -
the players are neutral to risk. In this case, the taxpayers maximize their ex-
pected income, while the tax services maximize their expected profit, minus
auditing expenses. If ¢ > g(T,, — T, + F), then the sole Nash equilibrium in the
game will be o’ = 1, B = 0. If ¢ 2 ¢(T,— T, + F), then the sole Nash equilibrium
in the game will be

o =(1-q)clg(T,—T, + F—¢),B =Ty~ T T,—T, +F). (1)

Now we will assume that the auditor can hide the results of the audit and
thereby protect a taxpayer who has falsely declared his income from paying
the difference between the taxes on the different incomes (T, — 7)), as well as
the fine for concealing income F. Say that, with some probability, both of
them will be caught, and in that case they will incur additional expenses. We
will now include in the model the premise that some auditors will take bribes
and others will not, while some taxpayers want to give bribes and others do
not. We will let y be the portion of the sum of the fine and the additional tax
(T,, — T, + F) that goes to the financial inspector as a bribe and K, be the
_ punishment that an auditor incurs if he is caught taking a bribe (this informa-
tion is concealed from the other players). We will also let X, be the punish-
- inent ceceived by a taxpayer who tries to conceal his income if the fact that he
has given a bribe is discovered (this information is concealed from the other
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players) and p be the probability that the fact that a bribe has been given will
be discovered. We will introduce certain assumptions,

Assumption 1. X does not depend on the amount of income concealed or
the size of the bribe. This random quantity is distributed in the set of taxpay-
ers according to the distribution function G,{-), with probability density g,(-).

Assumption 2. K, does not depend on the amount of the total (ax evasion
known 10 a given auditor or on how many bribes he has received. The punish-
ment for taking a bribe is collected from an auditor once for each known bribe.
This random quantity is distributed in the set of financial inspectors accord-
ing to the distribution function G,(-), with probability density g,(-).

Assumption 3. The value of y is assigned from outside.

Assumption 4. The variable p does not depend on the amount of total tax
evasion known to a given auditor or on how many bribes he bas already re-
ceived. This is the risk to which the auditor and the taxpayer who offers a bribe
are cxposed in each specific case of bribery. It is the same for all auditors.

Assumption 5. The auditors are neutral to risk and maximize their expected
income.

Thus, an auditor can either completely conceal the fact of tax evasion or
turn in a negligent taxpayer. If the financial inspector shuts his eyes to the
false report, then he receives y(T, ~ T, + F), provided that he himself is not
caught taking a bribe, or he loses X, if the bribe is discovered. Consequently,

an auditor, for whom the punishment for taking a bribe is K,, will agree to it
only if

YT, ~ T, +F)(1-p)>pK,. @)
In other words, an auditor will take a bribe only if K, < K,’, where
K, =yA(1-p)p, where A=T,-T,+F. 3)

Assumption 6. The taxpayers are neutral 1o risk. They minimize their ex-
pected expenses connected with paying taxes. These expenses include the
taxes themselves, bribes, and punishment for {ax evasion.

We will assume that the punishment that a given taxpayer incurs for con-
cealing income is K. He received a high income, but reported a low one. If he
is audited by a tax inspecior, for whom the punishment for taking a bribe is K,
with K, <K, that is, in principle, he will take bribes, but the taxpayer does
not offer him a bribe, then the taxpayer will have to pay T, + F. If the taxpayer
decides to give a bribe, then his expected expenses will be T, + (1 — p)yA+ p(A
+ K;). Consequently, the taxpayer offers a bribe only if

T,+F>T,+(1-phA+p(A+K). 4
In other words, the taxpayer offers a bribe only if K, < K, where
K, = (1-vAQ - p)p. 5
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Definition 1. We will call a taxpayer honest if K, 2K, , and dishonest if K,
<K,

We will let of represent the probability that an honest taxpayer will decide
to cvade taxes; and of(K,), the probability that a dishonest taxpayer, for whom
the punishment for bribery is K, will conceal his high income. Since all tax-
payers are equal a priori for the tax inspection, B (the probability of auditing
a low income) is the same for all of them. Let C(cf, 8) be a function of the
total expenses that apply to an honest taxpayer who conceals his income and
CPlf(K ), B; K] be a function of the expenses of a dishonest taxpayer who
¢vades paying his taxes, for whom the punishment for bribery is K. Then,

N B =BT,+F)+(1-PL I+ -, = AT, -+ T,  (6)

CPla”(Kp).BKrl= o2 (K )BIGHT, +(1- pyyA+ p(A+K7)+

+(1=G)(Ty + F)}+(1-P)T; 1+ {1- 0P (K )y = aP (K )BA—(T, ~ T )]+

+T, - a®(K)BG AU - p)1-7) - pK.], Q)

where G, = G ,(K)). - ®

Definition 2. The best answer for an honest tax defaulter (B) is the value
of of that minimizes C7(cl', B). The best answer for a dishonest defaulter ()
is the value of f(P) that minimizes the function C°[oP(K), B; K;).

From the linearity of C* with respect to of’ and C® with respect to o(K}), it

 follows that:
Proposition 1. The best answer for an honest iax defaulter is

0, If BA>TH_’TL9
oyBy=1qel01], f BA=T,~T,, .
I, i BA<T,-T,. ' ©)

The best answer for a dishonest defauiter will be

0, if fA>T,—T,+BG A0 - pX1-7)-pK,],
Pu(B:K)=1¢€[01], if PA=T,~T, +BG[A(l-p)1-¥)-pK,],
1, if fA<T,—T, +BG,[A0-p)1-y)-pK;). (10)

For the subsequent analysis, it is convenient to consider the probabilities

.~ of an audit that leave honest and dishonest defaulters indifferent in relation

-~ to whether they conceal their income or not. From proposition 1, it follows
that : '

o BT/ 00K =Wy~ 1) 8- G- PA-V-pKe . (1)
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Proposition 2. f°(K,) > B” for all K, < K,

BD(KT.) = ﬁH and dBD(Kr)/dKr <0. {12)

Say that the number of audits does not depend on the specific auditors, but is
determined at a higher administrative level. In this model, there are two types of
tax inspectors: naive and experienced. We will represent the probability of an
audit conducted by these types of inspectors as B¥ and ', respectively.

Definition 3. Naive tax inspectors believe that all taxpayers are honest.
Experienced tax inspectors accept the possibility of corruption.

Assumption 7. Tax inspectors are neutral to risk. They maximize tax col-
lections, exclnding the cost of an audit and disregarding punishment for bribes,
but taking into account penalties for concealing income.

Since naive tax inspectors deny the possibility of bribes, then according to
assumption 7 they maximize

e (@¥ BY) = BN (T + F)+ (1 ™)1, - ]+ (1~ BY)T, =

=B (u"A-c)+ T, (13)
where | is the probability of concealing a high income, if the possibility of
bribes is eliminated. In other words, the Bayes probability is equal to

W = of'gll’q + 1 - q). (14)

Experienced tax inspectors run into a more complicated problem, because
they understand that each dishonest defaulter acts according to the strategy
that is best for him when declaring his income. Suppose that of(K,) is the

probability that a dishonest defaulter, for whom the punishment for a bribe is
K, conceals his high income.

Let of be the probability that an honest defaulter conceals his income. In
that case, an experienced fax inspector maximizes the following funciion:

(o, o”,B°) = B* WPIGUT, + pA)+(1~ G)Ty + P+ 0™ (T + F)+
+(1-u® _NSH)TL - ¢} +(I—BS)TL =

=B I(ePA(1 -G, - pG )+ A -]+ T, (15)
where *” and | are the probabilities that a report of a low income will come
from a dishonest and an honest defaulter, respectively. These probabilities
can be found using the Bayes approach.

Definition 4. For a naive tax inspector, the best answer, which we will rep-
resent as (o), is the value of B" that maximizes r(cl', B%). The best answer
Jor an experienced tax inspector, which we will represent as W(ol', o), is the
value of B that maximizes ©(cl’, of, §).

The following proposition follows from the linearity of ¢ with respect to
of’ and ¢’ with respect to 1 and .
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Proposition 3. The best answer for a naive tax inspector is

0, if a¥<(-qke/qs-o),
v @y=1e[01], if o =(1-g)/q(b-0), :
3 if o >(1-g)/q(a-c). ' ' ' (16)

The best answer for an experienced tax inspector is

0, if ©FOMI-G,+pG)+1fA-c<0,
w2, a®)=1ef01], if pPAI~G,+pG )+ A—c=0,
L if (fPA(=G+ pG)+ i A~c>0, (17)

where \'” and " are defined above.

Equilibrium in the model of corruption in tax agencies. Two types of tax
inspectors were considered above: naive and experienced. We will introduce
the concept of equilibrium for each of these types.

Definition 5. The patr @",BY)such that a" = (p”(ﬂ Yand B =y"(@")is
called the ‘naive’ equ:l:brmm The tr:ad(a , G (KT),B Ysuch that

=o™(B%) & 2k =0"B°,K;) and BS =v*@&",6”)is called the “experi-
enced equilibrium,

The existence of a unique naive equilibrium follows from the same reason-
ing as the existence of an equilibrium in the GRW model.

Propasition 4, It follows that there is a unique “naive” equilibrium. There
can be two types of this equilibrium.

(D Ifc>gA then @ = 1and BY = 0. The value of o corresponding to
this equilibrium is equal to one.

Q) Ifc 2 gA thena® =(1-q)c/q(a - cYand B¥ =(T,—-T,)A=p".The
value of of corresponding to this equilibrium is equal to one.

The first type of “naive” equilibrium is realized when the cost of an audit is -
high. In this case, audits are not conducted at all, and both categories of tax-
payers, honest and dishonest, conceal their high income. The second type of
“naive” equilibrium is realized when the cost of an audit is low. In this case,

" the decision to conduct an audit is random, as is the decision of honest de-

faulters to conceal their income. In this equilibrium, dishonest defaulters ai--
ways conceal their high income.
In the “experienced” equilibrium, there are the two cases described above,

. -plus two more, in which* > ¥ These additional equilibria are characterized
tyi.by the fact that some dishonest taxpayers always conceal their income, and

“- gotne always report their high income. There is only one type of indifferent

‘ % dishonest defaulter, and for this type, we will define the punishment for a -
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bribe as H(B®) from proposition 1, we get

HPB®) = K7 ~1B%A - (T, - T/ B° G (18)

Proposition 5. There is a unique “experienced” equilibrium. There can be
Jour types of this equilibrium

(@) if ¢>qA[l - GrG (1~ p)]then ol =60(K;) for all K, <K and[=0;

(b) 1qu[1 GrGy(1-p2c2gG M1~ Gy +pG‘)/(1~—q+( Gr
then a [c(l—q+qG )— qG Al - G, +pG M/ q(l-G )(A cYand
aP?(K;)y=1forallK, < K, andB =(Ty, -T,)/A;

(@) if IGNI-C+ pG) -4 +G>e> G~ pGYNI-C +p G
It~ g+ qGr K (F I pG )1} then & ™ = 0, S

0, if K;>HE%,
aP(Kr)=4e[0M], if K= HE®), : (19)
L, if Ky <HEP,

andB® is the solution ofG [H(BS )]—c(l q)/q[A(lm-GA + pGy )~ c]
(d) if gGr Ky —(F/ pG A= G, + pGo)/{l—q +qGa[K) —(F1 pG )]} 2 c then

H o,
0, if Ky>K;—(FIpG)),
o (K )=1e[0,1), if Ky =K;—(F/pG}), {20)
1, if Kp<K;~(F/pG)),
andp’ =1.

The model makes it possible to investigate the comparative statics of these
equilibria, assuming that the probability of punishment for a bribe is the same
for all dishonest defaulters. For the sake of simplification, premises are adopted
in relation to the distribution of the amount of punishment for a bribe among
taxpayers. In this case, it is pointed out that therc is a unique “expericnced”
equilibrium, which is one of the four specific types. The value of cach
taxpayer’s average income can be specified.

Basic conclusions. The equilibria that exist in the model have the follow-
ing properties.

1. More often than “naive™ tax inspectors, “expericnced” oncs do not con-
duct any audits at all.

2. On the other hand, if some number of audits docs take place, the cost of
an audit in an “experienced” tax agency will be higher than the cost of an
audit in 2 “naive” one.

3. When none of the taxpayers wants to give a bribe, the “naive” and “ex-
perienced” equilibria coincide with the equilibrium in the GRW model. Nev-
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ertheless, there is no such effect in the absence of punishment for bribery. .

The essence of this phenomenon is that there is a fundamental asymmetry
between taxpayers who give bribes and auditors who take them. As the per-
centage of taxpayers who are willing to give a bribe tends 1o zero, the opera-
tion of the entire tax system straightens out, and we approach a state of the
complete absence of corruption. But as the number of bureaucrats who take
bribes decreases, the system'’s operation also improves, but the improvement
is limited and never reaches the level where cortuption is completely absent.

In another study concerning the problem of corruption in tax agencies, T.
Besley and J, McLaren [2] present 2 model for calculating alternative ways of
paying tax inspectors in the presence of corruption. Their article investigates
the role of wages in combating corruption, and three levels of wages are de-
fined. First, a tax inspector can be paid a wage t(hat he can eamn in any other
job (areservation wage). Second, he can be paid a wage that solves the prob-
lem of moral hazard, that is, one that prevents bribery (an efficiency wage).
Third, the government can pay a wage below the reservation wage. In that
case, only dishonest people become tax inspectors. This is a capitulation wage.
The conditions in which each of the versions brings in the greatest income
from tax collection minus administrative expenses are precisely determined
in the article.

In [3], A.A. Vasin and O. Agapova suggest a model of the optimum organi-
zation of a tax inspectorate within the framework of interaction among the
Center (principal), Inspectors (agents), and Businessmen (clients).

The article by J. Hendriks, M. Keen, and A, Muthoo [4] considers questions
of extortion and evasion in tax collection. It is assumed that taxpayers can be
the victims of tax collectors, who extort bribes by threatening to assign a higher
income than they actually received. An interesting result is the conclusion
that the poorest citizens always become victims of the tax inspectors, and rich
ones never do.

2. Models with a hierarchical structure

2.1, Social costs of bribes in a bureaucracy with
a hierarchical structure ‘

The model suggested by L. Hillman and F, Katz (5] is one of the first models
of corruption in a bureaucracy with a hierarchical structure. In this study, the
chief object of investigation is corruption within an organization that has some
“hierarchical structure, and the main goal of the analysis js fo evaluate the
social costs of corruption in such a system. As is noted in [5], it is not the
bribes themselves that are the source of social costs, but the fact that bribes
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h ~ are an object of competition on the part of the bureaucrats (agents). The

bureaucracy’s organizational structure is supposed to be fixed; however, com-
petition arises for specific spots in it. For a bribe, a lower-level bureaucrat
“sells” a client the competitive product proper (rent), and this bribe is divided
with a bureaucrat at a higher level, who, in turn, shares part of it with his boss,
and so on. Thus, the bribe is distributed among bureaucrats at various levels
of the hierarchy. At each level, the bureaucrats compete for the best spot, where
they can join in on dividing up the bribe, and there is only one such spot at a
given level of the hierarchy.

The model is based on the idea that, first of ali, bribes redistribute profit,
“shifting” it from the person who acquires rent (the client) to the bureaucrat
who receives the bribes, and second, activity connected with the bureaucrat’s
struggle to hold a “goad spot” involves real resources, which has social costs.

Basic Premises and Brief Description of the Model

Suppose that, according to government regulations, there is a certain rent. We
will call it the initial rent (for example, a government order). This rent creates
rivalry and leads to the appearance of two types of competition: one for the
rent itself, and the other to determine which lower-level bureaucrat will re-
ceive a bribe in the course of competition for the initial rent. The next compe-
tition occurs if lower-level bureaucrats use bribes in the course of the second
‘competition. These bribes, which are handed over to a bureaucrat at a higher
level of the hierarchy, also become the object of rivalry, and so on. The se-
quence of competitions comes to an end when it reaches a noncompetitive
position, or in the stage in which the participants do not pay bribes and only
use real resources to receive a position. The real resources spent in all of
these competitions have to be taken into account cumulatively in the total
value of the social costs occurring as a result of government activity attempt-
ing to regulate the market. The sequence of competitions is a vertical hierar-
chical structure that arises when lower-level bureaucrats have to relinquish
part of their bribes to their superiors.

S0, in a bureaucratic hierarchy, there are several levels: the number of them
is taken as equal to (7 ~ 1), so that the total number of competitions is equal to
n. Each one consists of one bureaucrat and each position in the hicrarchy is
competitive. As'a result, the hierarchy consists of (rn — 1) winners, although
there may be many more contenders for the corresponding spots.

Certain real resources are spent in the competition for a position and bribes
are redistributed to the next level. The winner who holds a position in the
hierarchy receives profit in the form of a share of the bribes passing from
lower to higher levels. The point of the analysis is to determine the ratio
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between the tevel of the initial rent and the amount of real resources used in
the competitions {and, consequently, wasted from the point of view of soci-
cty), that is, how much of the initial rent is wasted in the hierarchy of compe-
titions. There are n competitions, one for the rent and n — 1 for the bureaucrats’
positions. In each competition, the contenders can choose whether to influ-
ence the outcome by using real resources or paying bribes. The resultant
parameter of choice is the portion g (0 < ¢, £ 1) of the participants’ expendi-
tures, which represents expenditures of real resources in competition £, and
the portion (1 — o) of expenditures on bribery.

Say that the value of the initial rent is equal to 1, and p is the portion of it
spent on acquiring the rent.

The total spending by participants at the level i is equal to

ri=pi(1 -o)( -o)..(1 —-g—),i=2,...,n 2h

‘These expenditures are divided into those that are tummed over to the next level:

T,=p(1 —a)..(1 —op), (22)
and those that are spent on real resources:

w,=p' (1 —op)..(1 —a-)o,=r,—t. 23)

Then the social costs of the competition for the initial rent can be calcu-
lated as

W, =2, W, =ploy+p(l-a ) + p'(1-a)(1- a1 -, )a, (24)
With perfect competition, that is, when = 1, and setting o, = a, we get:
Wo=a+(l-o)a+.+(1-0) a=1-(1-a)", (25)

which means that the rent is completely wasted when n —»o0 With finite n,
complete waste occurs in the last level of the hierarchy.

If there is a barrier preventing a new participant from entering the compe-
tition for a position, then p < 1. Competition with a small number of partici-
pants m occurs, and each participant chooses his expenditures in accordance

with the Nash equilibrium. In contrast to the case of perfect competition, com- .

plete waste of the rent does not happen here.
From the model, it follows that if real resources and bribes are used in the
competition for rent, and the positions where bribes are received are competi-

tive, then the structure of the burcaucracy that emerges will most likely be .

multilevel, rather than single-level. From calculations according to the model,
it also foliows that in the case of perfect competition, as well as competmon
with a small number of participants, the social costs rise with an increase in
~ the number of levels of the hierarchy. This result supports the proposals of a
~ number of economists that the number and structure of government orgamza-
tions be constitutionally limited.



SUMMER 1998 57

Figure 1. Types ot Hlerarchies

O-— o¢$——nan

{a) “vertical” h,; (b} “plane” h,.

2.2. Combating corruption in a bureaucracy with
a hierarchical structure

A pumber of articles have studied models of the mechanism of internal cor-
ruption occurring in a hierarchically organized bureaucracy that receives
bribes from outside. In such a bureaucracy, higher-level bureaucrats have to
keep an eye on lower-level ones in order to prevent corruption. Within the
framework of a “principal-agent” scheme, this means that the agent is a hier-
archically organized bureaucracy. Hereinafter, we will call its members sim-
ply agents. The principal sets the “rules of the game,” and the agents play it,
pursuing (as far as possible) their own goals. F. Kofman and J. Lawarree [6]
investigated the optimum motivational scheme in a two-level organization
with the possibility of a deal between the boss (supervisor} and his subordi-
nate (the agent), and without such a possibility (albeit at the price of addi-
tional expenditures). The result of the study is the conclusion that corruption
may be present in an organizaticn even in the optimum state.

This research was further developed by M. Bec [7]. He introduces a third
agent, who can be either a middle link in a “vertical” hierarchy, or one more
subordinate agent in a “plane” one (see Figure 1).

In [7], it is assumed that each agent (burcaucrat) at any level of the hicrar-
chy is offered a bribe from outside. The bureaucrat may take the bribe or
reject it. The number of bureaucrats in the hierarchy who take bribes from
outside is considered the level of “external” corruption. In addition, lower-
level bureaucrats can buy off higher-level ones (in this case, there is internal
corruption in the organization). The principal’s goal is to minimize the funds
_ spent on attaining some assigned level of the organization’s “external” cor-
ruption. This system is used to investigate what the optimum form of hierat-
. chical structure and motivational scheme for bureaucrats are in the presence
and absence of internal corruption in the organization.
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Basic premises and brief description of the model

Four participants figure in the model: the prircipal and three agents (i = 1, 2,
3). These participants are charactetized by the following parameters: w,= the
wages of agent i; w—the agents’ guaranteed wages; z—the bribe by which an
agent can be bought off (an external constant); b, € [0, 1}—agent ’s decision
about accepting a bribe (b, = 1 if he accepts the bribe, otherwise &, = 0). The
overall level of “external” corruption in the organization is determined as =
~ Zb,/ 3. The principal has to develop & hierarchical management structure in
order to attain a certain level of “external” corruption. Say that H= {h, h,} is
the set of possible structures of the organization, where h, is a “vertical” hier-
archy and A, is a “plane” one (see Figure 1); c{nm) is management costs, where
m is the level of effort to supervise one subordinate, and = 1, 2 is the number
of subordinates. The probability u(em, n) of discovering the fact of bribery
increases with a rise in the level of supervisory efforts. (It is assumed that
c{nm) increases and is strictly convex, while p(nm, n) increases and is strictly
concave with m; and pu{rm, n) - 1 when m — oo, Moreover, c(0) = (0, n) =0,
and p{nm, n) — O when m — 0.) The supervisor i is paid a monetary reward p,
for exposing a deal. If the agent { is a higher-ievel boss and supervises his
subordinates with the same level of effort m, then his expected profit is equal
toR,(n, p;t) = pu(nm,n)X b, , where X b, is the expected number of sub-
ordinates who have been bribed, and r is the target level of corruption. The
principal’s goal is to minimize costs, which are equal to the sum of wages and
rewards paid out, while attaining the level of corruption &. To achieve this
goal, he chooses rewards {p,}, wages {W,}, and the hieracchy k. Each agent/is
supposed to have his own utility function U m, b), with all of the agents
being neutral to risk, Therefore, each agent chooses the level of effort that is
optimum for himself and decides whether or not he will take an “external”
bribe based on the desire to maximize EU (m, b) (E is the symbol of math-
cmatical expectation). An agent’s utility function is his profit, which is made
up of his wages, rewards, bribes from outside, and possible bribes from sub-
ordinates, minus the costs of supervising his subordinates.
So, the principal’s problem looks like this:

msgl.}:l.l.w ?R" PO+ ? i ' ’ ’ o =

with the following constraints;

b} e arg mbax[EU,(m,',bj)] ' L | 27
A . . ’

m; e arg wax[ LU, (m;, b)) j RIS (28)
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[Zb;)m =t<], (29)

EU>2w,i=1,2,3, ' (30)

NC(h, p, w, 620, @Gy

where (31) is the condition that there is no internal corruption between the
supervisor { and his subordinates, and it may or may not be included as ene of
the constraints.

.The vector (4, p,, w;), which is the solution of this extremum problem, gives
rise to a game between the supervisors and subordmates In this game, the
Nash equilibrium strategies are the vectors(m b }(see constraints (27) and
(28)). Constraint (29) is the condition of attalmng the average expected level ef
corruption; and constraint (30) is the requirement that the solution CIYRT )
satisfy the condition of the agents’ participation in the game.

This model is analyzed within the framework of the classical “principal—
agent” model with hierarchies H, and H,. The following basic questions are
investigated in the study:

(a) can the principal achieve the dual goal of reducing external corruption
to the assigned level without the risk of simultaneously increasing internal
corruption?

(b) how does the form of hierarchy minimize its members” profit from in-
ternal corruption?

{c) what form of hierarchy is preferable from the principal’s point of view?

Basic conclusions

1. A reduction in the level of external corruption may lead to increased
internal corruption in the organization, that is, the answer to the first ques-
tion, generaily speaking, is no.

2, Corruption gives more to someone who stands higher on the hierarchi-
cal ladder: the profit from internal corruption is greater in the upper part of a
“vertical” hierarchy than in the lower part.

3. The answers to the second and third questions depend on the manage-
ment parameters: if the probability of discovering a deal when supervising
two agents is significantly greater than when supervising one, then the “planc”
hierarchy is more efficient than the “vertical” one for reducing corruption.
But if internal corruption is passible, the “plane” hierarchy may not have this
advantage.

As is pointed out in [7], it would be interesting to include in the model
factors such as more complex supetvisory systems, for example, direct super-
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vision of agents at all lower levels by a higher-level supervisor. Competition
between lower-level agents for bribes and for spots in the hierarchy itself can
also be included in the model.

At present, intensive work is under way in connection with modeling cor-
ruption in a hijerarchical structure. In particular, such research constitutes one
direction of contract theory, because corruption can appear as an illegal agree-
ment between a supervised agent and bis supervisor. Traditionally, it was
thought that the possibility of a supervisor and an agent entering into an ille-
gal agreement has a negative effect on the principal, increasing his expenses
either for preventing corruption or combating it. In a number of models, such
negative consequences of corruption were due to the fact that the original
contracts were executed once and for all and were not subsequently revised.
A. Lambert-Mogiliansky’s study [8, pp. 52-101] examined the possibility of
renegotiating the contracts in a three-level principal-supervisor—-agent model,
and the conclusion drawn from accepting this premise is that, at the optimum,
the existence of corruption may be more beneficial to the principal than its
absence, if the costs of a deal between the supervisor and the agent are insig-
nificant. The study by T, Olsen and G. Torsvik [9], which allows revision of
contracts and considers what is essentially a dynamic model of corruption,
shows that the positive dynamic effects of corruption tnay exceed the nega-
tive static effects. A dynamic (two-period) version of the three-level principal-

supervisor—-agent model is examined, In it, the principal “speculates” that the .

supervisor enters into agreements with the agent illegally and with limited
commitments, and in this case they cannot {ast very fong. As a result, the prin-
cipal profits in the long run from that which he loses in the short run.

The article by K. Basu, §. Bhattacharya, and A. Mishra {10] is also devoted
to a hierarchical structure. It studies the problem of recursion, which is that,
when the agent (an auditor or policeman) strikes a deal with someone whom
he should arrest, he has to take into account the fact that he, in turn, could be
caught taking a bribe and become part of a similar deal, but this time as the
one giving the bribe. The article analyzes the sitnation of endless and finite
chains of caiching people involved in bribery, In analyzing certain conditions
of controlling corruption in such chains, the authors of {10] showed that, when
attempting to reduce corruption, increasing the probability of punishment is
- more effective than raising the amount of the fines. (While the standard ap-
proach assected that the roles of the probability of punishment and the amount
of the fines are symmetrical, which led to the claim that by adding zeros to the
- amount of the fines a stroke of the pen is equivalent to expenditures on addi-

: ~ tlonal supervision of the agents.)

- A% Mikhailov [11) also considers a hierarchical structure in the form of a
. chain ol instintions, each of which is subordinate to a superior one, Within the

el st A kg
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framework of the proposed macroeconomic dynamic inodet, the “authority—
society” system is investigated, where authority befongs to the aforementioned
chain of institutions and society is capabie of influencing the cedistribution
of power in the chain of institutions. There can be internal corcuption in the
kierarchy of institutions, which is reflected in the model as the possibility of a
lower-level institution buying “a share of power” frotm a superiot institution
for a bribe. When the effectiveness of measures included in the modet for
suppressing corruption was investigated, the conclusion obtained was the
opposite of traditional ideas: the main efforts to reduce corruption should be
aimed at the lower links in the chain of institutions,

3. Multiple corruption equilibria

One direction in the use of models to study corruption is (o study different
levels of corruption in the same sociceconomic system, Mulliple equilibria
are a natural phenomenon in equilibrium economic modely and models of
economic games, Nevertheless, in view of the autonomy ol models of corrup-
tion as a direction of socioeconomic modeling, the study of such phenemena
observed in practice requires a special explanation, The importance of this
avenue is determined by the fact that these models examine the effectiveness
of measures to combat corruption. One of the results of & number of studies is
the conclusion that the same anti-corruption measures may lead (o signifi-
cantly different levels of corruption, which is observed in practice. There-
fore, the prevention of corsuption apparently requires the construction of spe-
cial anti-corruption schetnes, which have to take into account these unex-
pected effects.

We will briefly describe several models of this type. In | 12], O. Cadot con-~
siders the supply and demand for corrupt deals within the framework of a
situation where government bureaucrats control the issuing of permits, for
example, hiring for some position. (The situation is similar to a dual monopoly
from the point of view that each bureaucrat meets once with one candidate.) A
corrupt bureaucrat may ask the candidate for a bribe and the candidate may
agree to give it or refuse to do so. Moreover, he can also inform a superior
agency of this extortion. The bureauncrats differ in the degree of theie corrup-
tion, and the candidates differ in their suitability for the position. A game
takes place between the bureaucrat and the candidate, which, as is shown in
the article, has several equilibrium points if different assumptions are made
about the information structure. In their article {13], J. Andvig and K. Moene
analyze a more general situation, in which the portions of burcaucrats “in-
fected” by corruption and bribe-givers “infected” by corruption are taken
into account, The mode! is a dynamic one: when making decisions, the agenis
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consider their consequences (specifically, the agents’ utility function includes
their expected profits in the next period). This model also has several equilib-
ria, which are characterized by different portions of corrupt bureaucrats with
the same parameters of the economy (a bureaucrat’s wages, the size of the bribes,
the level of the discount rate, and the probability that a deal will be discovered).
Among the equilibria that appear, there are stable ones, with corruption at high
or low levels, and also an intermediate, unstable equilibrium. The system can
slip from an “average” level of corruption to one of the stable states even with
small variations. Nevertheless, changes in the model’s parametess, for example,
a bureaucrat’s wages, do make it possible to move from one stable level of
corruption to the other. The next question is: At what price? In other words, the
probiem arises of balancing expenditures on anti-corruption measures against
the profit from reducing corruption. This aspect must be taken into account, for
example, in setting wages in the public sector, when the bureaucrats themselves
compare them with incomes in the economy’s private sector.

This field of research also includes the work of C.M. Asilis and V.H. Juan-
Ramon [14], who suggest a dynamic model that investigates the interrelation
of corruption and the accumulation of capital. They also studied the effect of
government anti-corruption measures on the state of equilibrium and social
welfare,

A. Antoci and PL. Sacco’s study [15] also considers a game of entering
into contracts as it changes in time. According to the model suggested in this
article, cormuption is extremely sensitive to the “culture,” that is, the transmis-
sion of experience by the imitation of behavior, and to historical conditions
(the initial disuribution of types of behavior that the population inherits from
the past),

In conclusion, part 3 of this survey cites studies showing that systemati-
cally recurring violations of the law can turn from artifacts into tradition [16],

and it is considerably easier to counteract arguments than society’s traditional
behavior [16, 171.

3.1. Model of corruption deterrence

We will consider FT. Lui’s dynamic model [18] in greater detail. This is a
simple model with overlapping generations, which can explain why, for ex-
ample, the level of corruption in a country may rise drastically in comparison
with some periods in the past, while the parameters of the punishments do not
change very much. On the other hand, it explains why in a heavily corrupted

. society the usual measures to combat corruption, for example, intensified sur-
-velllance of burcaucrats, are an expensive “gratification” for society that is

not comnarable to their effect.
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Brief description of the mode! and conclusions

In the economy, there are two overlapping generations of burcaucrats In each
period: young and old. The number of bureaucrats is the same in the two gen-
erations. In each period, each bureaucrat is offered a unit of income in the
form of a bribe and he decides whether or not he will accept it. If & youny
-bureaucrat accepts a bribe and is later checked, then with unitary probability
he must pay a monetary fine of € units, He can continue his work in the next
period. However, if he takes a bribe once again and is caught, then the new
fine will now be equal to C' units. In this case, C' is so large that a bureancrat
who is punished while still young will not take ancther bribe if there is any
positive probability that he will be checked. The probability p(s} of being
checked during the time ¢ is the same for each bureaucrat.

The bureancrats in ope generation differ only in how honest they are. If a
bureaucrat with honesty / takes a bribe, then ke simply values it as 1 (unity).
It is assumed that 4 is a random quantity with a uniform distribution function
F(n), b € [0 1/f]. The distribution function F(#) is the same for each genera-
tion. It is aiso assurned that all bureaucrats are neutral to risk.

During the time ¢, an old bureaucrat who has not been punished before wili
take a bribe if and only if his expected profit will be

1-h-p(HHC=0. (32)

Suppose that Wy(f) = 1 ~ p(£}C. An old bureaucrat with honesty h belongs to
the group that will be corrupted if and only if

W,(n=h. (33)
During the time ¢, a young bureaucrat must take into account the expected
profit when he becomes old during the period 1 + 1. Say that the probability of
being checked at the point in time ¢+ 1 that is expected at the time ¢is p*(£ + 1).
Then, since a young bureaucrat who has been punished actually loses the

opportunity to take a bribe in the future, a young bureaucrat with honesty
will take a bribe at the time ¢ if and only if

1 - h~p()[c +max{1 — A~ p'(t+ 1)C,0]] 20. (34)

Because max[1 — & - p“(t + 1)C, 0] > 0, the possible value of a bribe for a
young bureaucrat is no greater than for an old one, This indicates that an old
bureaucrat is more sensitive to corruption than a young one, since the old
bureaucrat has not been previously punished.

Say that W,(r + 1) = 1 — p°(t + 1)C. At the time ¢, a young burcaucrat with
honesty k expects (0 take a bribe at the time ¢ + 1 if and only if

W,(t+ )= h. (35)
If (35} is satisfied, then (34) is equivalent to
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(- POCI =P+ D],

36)
e I~ p() (
We will introduce the notation:
7o) = 1— pOCN - pf(t+ 1)) _ : (37)
1-p(1)
A young bureaucrat with honesty & will take a bribe if and only if
. (£)> h. (38)

7 If (35) is not satisfied, then at the fime ¢ a young bureaucrat does not expect to
take a bribe during the period ¢ + 1. Then (34) is equivalent to 1 — & —p(f)C > 0.
Suppose that W,(¢) = 1 —p(#)C. A young bureaucrat with honesty 4 will take
a bribe if and only if

W,$) = k. (39)

In this case, W, (1) < W, (¢) € W, (¢t + 1) if and only if p(2) > p°(¢ + 1). It is
proved that, when p(f) > p*(¢ + 1), the portion of young corrupt bureaucrats at
the time ¢ is given by the function F(#¥, (), and when p(f) < p°(t + 1) the
portion of young corrupt burcaucrats at the time ¢ is given by F(W(f). It is
assumed that p°(¢) > p(¢ — 1) if and only if p(f) 2p(¢ —1). In other words, the
hypothesis in refation to the expected change in probability of being checked
turns out to be true. It is proved that when p(2) 2p(z — 1), the proportion of old
corrupt bureaucrats at the time ¢ is given by (1 ~p)(t — DF(W)(#), and when
P(6) < p(t — 1), the proportion of old corrupt bureaucrats at the time ¢ is given
by F(Wy)(£) - plt - DF (W (1 -1)).

Let B(z) be the portion of corrupt bureaucrats among all the bureaucrats at
the point in time 1. B(#) is the arithmetic mean of the portions of old and young
corrupt bureaucrats who take bribes at the time £ This quantity is used to
measure the level of corruption in the economy at the time ¢. The preceding
results can be represented by the following four cases:

((1 I 2)[F(Wy (1) + (1= p{t = DUFF (0N
inversion 1. p(e) < p*(t+ D), p(Y< p* e+ 1);
(U DEFP () + F(Fo (1)) - ple - DF (1~ D),
in version 2: p(t = 1) > p(), p(t) > p* (¢ + 1;
(1 2YF (1)) + F(Wo (1) — ple = DF (7 (1 - 1)),
inversion 3: p{t—1)> p*(O), p()< PP (1 + 1);
(U DFE () + (1~ plr = DIFF oM, _
in version 4: p(t - 1) S p*(O,p(0) > PG+, (40)
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If all of the proportions F(-) are less than one, then the corresponding ex-

pressions for the values of W can be substituted into expressions (40). Then
we get

B() - (D[22 -p(—- 1)1 -p(DC) - J, + 1], (41)
where the functions J, and J, depend on p(f - 1), p(1}, C, p°(¢), and p*(t + 1).
From (41), it follows that B(f) depends on the probabilitics of being checked,
which are determined below.

With higher B(#), the cost of effective checking is higher. To include this
circumstance in the model, the following assumptions are made.

In each period, the government spends R units of resources on checking.
The resources needed for effective checking of one person al the time ! are
r(f). Tt is assumed that

r(f) = 1/(m — nB()), where m > n > 0. (42)
Let N be the total number of bureancrats. Then
p(D = A — kB(1), where A = Rm/N and k= Rn/N. (43)

Substituting (43) into (41), we can obtain the pattern of change in B{#). The
assumptions that were made enable us to show that by assigning R wc can get
several stable equilibrium levels of corruption. Say that the initial level of
corruption in the economy is low. Due to the small costs of checking each
person, R can be spent on a larger number of peaple, Consequently, (ewer
people will choose to become corrupt. The situation is analogous in the oppo-
site case, with a high level of corruption.

Itisalsoassumed that [ > A > &> 0, C> 1> AC, and /> (.

As is shown in [18], there are three stationary equitibrium levels of corrup-
tion B" = B(f) for all 1. Because of (42), p(1) = p~ for all ¢, where p° s the
probability of being checked that corresponds to B' . The stationary levels are
possible only if p(f) < p°( + 1) and p(r — 1) < p*(#). This is the case that is
considered below. Since F(W (1)) = F(W, (1) = I - p)C <L, i {1 -p))C<
1 and F(W{(0) = F(W,(H) = 1,if A1 — p()C > 1, then

B() = {(f 12)(2 - p(t = 1)1 - p()C), If FQA=-p(NC) £, (44)
1-(1/2)p(t = 1), if f(1- p(1)C)> 1. (45)

The solution can be represented on a phase diagram, Figure 2 shows a dia-
gram of the change in B(#) depending on B(f — 1). The curve ABCD corre-
sponds to (44). It intersects the line PM (this line bas a slope of 45 degrees) at
two points, B and C. The straight line DF, which represents equation (45},
intersects the line OM at point E. Thus, there are three equilibrium points, and
it can easily be shown that the equilibrium is stable only at points B and E.

If we change the assumption aboui the relationships of the probabilities of
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Figure 2. Phase Diagram
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being checked and their expected values, then, as is shown in {18) (with the
help of numerical modeling), instead of Figure 2 we get Figure 3. From the
figure, we can see that if the initial value of the variable B(t - 1) is greater than
B, orif B(¢—1) so small that B(¢) is above point C, thien B(z) converges to point
E£. In other cases, B(f) converges (o point B.

How the equilibrium levels of corruption depend on the model’s parameters

B,

3

)

|

B(i—1)

is investigated in [18], and the difference between small and significant changes
in the parameters is emphasized, because their consequences are diffetent.

Algebraically, it is more convenient to deal with the stationary probability
of being checked p” than with B”. According to equation (43), pisrelated to .
the statlonary equilibrium level of corruption B* by the follc)W'mg equation: -

p =a-kB. : : ' (46)

From Figure 3, it follows that there are three possible states of equilibrium .

* for B(). Thesé are B, C, and D. The first two are détermined from the equation

Cp™ ~ [f2C + Dp" + 2k —4) =0, 3 : (47)..
From (46), it is easy to see that B is negatively related to P". Consequently,
the results obtained from the last equation can be interpreted in the followmg

~ way. Ifthe fine C or the resources for checking R rise slightly, then B falls. On

the other hand, if the average level of honesty in the economy declines, then f _

_and B’ rise, which seems natural.

Since, in addition to point D, point £ is also a stationary solution, it is inter-

) _." g ‘esting to investigate its dependence on the parameters( From (45) it follows -
... that at point £ - ‘ ‘

omtr o AR W .. (48);-
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 Figure 3. Phase Diagram
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This level of B” does not depend on the amount of the fine C. However,
when the resources for checking R rise, then both 4 and £ rise in the same
proportions, therefore B” falls. Consequently, for an economy with a high level
of corruption, changes in R can reduce the level of corruption, while small
changes in C cannot.

The question of an economy’s transition from one level of corruption to
another is of particular interest. Investigation of this question indicates that
when the society becomes more lenient with corrupt bureaucrats, then a sharp
rise in the level of corruption is possible. What is more, once it appears, a high
fevel of corruption remains, even if the parameters of the measures to limit it
are returned 1o their former level. This explains the existence of societies with
sharply differing levels of corruption and the same anti-corruption measures.
The intuitive explanation of this fact is that, once it appears, corruption te-
quires higher expenditures on checking and restraint. The government’s cf-
forts become |ess effective.

Moreover, it follows from the model that, due to the possibility of transi-
tion from one state of equilibrium to another, sometimes severe limiting mea-
sures that seem not to be optimum in the short run do become optimum in the
long run. At the same time, in a number of cases, rough measures (for ex-
ample, the introduction of high fines C) may cause the opposite cffect, taking
an economy from a low level of corruption (at point B) to a high level (at point
E). This happens if corruption “breaks out” of an unstable stationary state
{point C) at some time, due to fluctuations in the transition process.

What has been said above is an example of the numerous conclusions that
come from detailed analysis of this model.
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1.2, Model of exchange of popularity for a bribe

Problems of stationary levels augmented by actually observed effects of fluc-
twations in the level of corruption are considered within the scope of a
macreapproach in the study by G. Feichtinger and F. Wirl [19). As the authors

ol this article themselves note, its purpose is to explain several facts observed -

in the case of “rational” political activity, in particular, to study the dynamics
of corruption and the possibility of the occurrence of cycles and instability in
the rational behavior of politicians. The article explains one frequently en-
countered fact: periods of campaigns against corruption are often followed
by periods of tacit toleration of bribery. They suggest a dynamic model of the
optimum behavior of a politician whose utility function depends on popular-

(ity, on the one hand, and the level of personal income {including bribes), on -

the other. The solution of the extremum problem is a trajectory in “corrup-
tion—popularity” space. The study analyzes properties of the stability of opti-
mum strategies and shows that the equilibrium may be a saddle point (at-
tained either monotonically or through damped oscillations). In addition, cy-
clic fluctuations and various types of instability may take place. The article
also proves the existence of stable limiting cycles and studies the effect of the
model’s parameters (the importance of popularity, people’s memory, and the
discount rate) on the dynamics of corruption and its stability.

The model considers an aggregate agent (politician). At each moment in
time, his utility function depends on two “particular” wiility functions ¥{P)
and U{c). The utility function P{P) takes into account all types of benefit from
popularity P; ¥ is such that it can become highly negative if the politician’s
public approval drops below a certain threshold. The utility function U{c)
depends on the amoun: of bribes ¢. Corruption is measured by the parameter
K. Both functions are supposed to be decreasing and concave: U >0, U" <0,
¥ >0, and I £0. Bribes ¢ can be negative, when the politician spends money
trytng to win popular support, speaking out against widespread corruption.

'The model is represented in the form of an optimum-control problem of the
following type:

o

max | ¢ [U(e(e) + V (P, - (49)
P (P~ f(K), P(0) = Py, T (s0)
K ¢-3K,K(0)=K,. T (5D

f (49), utitity is maximized with two dynamic consiraints. First of all, popu-
larity (1'(#)) is o dynamic process (according to (50)). In this case, it becomes

DI T S e T
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negative when reports of corruption appear. However, public opinion does
not react to isolated manifestations of corruption, because some level of cor-
ruption is considered inevitable. But it docs react to a large number of accu-
mulated reports of corruption K. According to the differential equation (51),
such an accumulation of news about cortuplicn foresees that the people on
whose support the politicians must count have an inclination to forget (expo-
nentiaily diminishing memory (5 = 0)).

The function g(P) can be an arbitrary, but concave (g” < (1) process of diffu-
sion, for example, following a logarithmic law. The dilfusion process preswsaes
that speeches aimed at bolstering a positive reputation are o detisive factor. The
function f{K) measures the loss of popularity, depending on the memory (accu-
mulation) of observed corruption K. Itis assumncd thad f > O and f* > ().

The action expressed by the function f depends on several paraneters, for
example, on the local culture, suppression of freedom, and how interested
certain circles are in exposing corruption. 'The system (49) {51) presumes
that the voters or the populatior solve the prablem of politicians’ competency
and honesty by a majority of votes, acling purely rationally, but iooking back,
rather than ahead. This constraint, in the form of the asswnption that the vot-
ers are rational, is perfectly true because “rational” voters witl always be mini-
mally informed, due to their “laziness” and because collecting information is
an expensive “gratification” for them,

Appiying the standard approach (Potriagin's maximum principle), next we
solve the extremum problem and find the optimum (rajectories K(1), e(f), and
P(1). They are investigated by traditional methods of analyzing dynarmic sys-
tems. Along with mathematical results confirming the existence ol different
types of trajectories, the authors of the study draw a nwnber ol inslitutional
conclusions,

The ruling class (dictators, politicians, burcaucrais) cousiders bribes as
its consumer goods. Obviously, the public does no tike this kind of “con-
sumption.” At present, any governtment, even a dictatorial one, is lHm-
ited by popularity conditions, which often lic below (he same condi-
tions for democratic regimes. The main result ol the study is that these
institutional constraints, which are expressed in the requirement of high
popularity, also provide for a stable level of corruption. The dilference
in the requirements of “high” and “low” levels of popularity {i.c., “de-
mocracy” and “dictatorship™) affects how stable the system is, but docs
not affect the level of corruption itself, which can be high in cither case.
Even with a stable equilibriom, it may be rational (for politicians} to
achieve this equilibrium not monotonically, hut through damped cycles.
Moreover, complex (cyciical and unstable) measures may be rational
for governments that only encounter slight popularity constraints. This
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can be explained, to a certain degree, by the fact that, in the final analysis, a
democracy is accompanied by some level of corruption, even more than in
a dictatorship. [19]

1.3, Model of collective reputation

Why is it so hard to fight corruption? This question is covered in a number of
articles on the modeling of effects such as transformation of individual cor-
rupt deals into a social “tradition” [17]. We will briefly consider one of these

studies, J. Tirole’s model of the formation of a group reputation [16]. He in-
troduces the concept of a group’s collective reputation, which plays an im-
portant role in the economy and in social sciences. Some companies receive
considerable rents thanks to their reputation as producers of high-quality prod-
ucts. The study looks at collective reputation as a result that depends on a
group’s history. By definition, a group’s collective reputation reflects the av-
crage behavior of the group’s members in the past. This means that:

{a) a group’s collective reputation will be good if the reputation of its mem-
bers is positive; _

(b) in contrast to the group’s behavior, the behavior of an individual in the
past is not fully traced,

(c) consequently, the group’s past behavior is used to predict the individual
behavior of its members, and the group’s reputation also affects the welfare
of cach member of the group and the maotives of his actions; and

(d) the behavior of new members of the group depends on the past behav-
ior of their predecessors.

In the model, a principal (the purchaser of a service) enters into a contract
with an agent (the seller of the service) only if he is sure that the agent is not
involved in corruption. In the economy under consideration, at the point in
time ¢ agents are remembered until the date ¢ + 1 with probability A (0; 1).
The size of the population is considered constant. This is a model of competi-
tion. At each time ¢, any agent contends with a new principal. The principal
decides whether to offer the agent job 1 or 2. Job 1 is productive. Job 2 is less
productive, but, in the principal’s opinion, more suitable for an agent who
decides to enter into corrupt relations. (It is assumed that it is always better
{or the principal to offer an agent job 2 than to fire him completely.)

Iaving gone to work, the agent decides whether or not to “deceive” his
principal. During the period, the principal’s profit from the first job is A if the
apel is honest and D if he is not. We will represent the profit from the second
job as & ot d, respectively. In order to force the principal to make a nontrivial
chotee, it is assumed that corruption in performing job ! affects the profit
more than corruption in performing job 2, that is, H> h 2d > 0. In order to
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ensure optimum conditions for hiring the agent, it is assumed that 4 =2 0.

Honest agents exist in the proportion o dishonest ones, in the proportion 3
and opportunists, in the proportion y, where a+ 3+ v = 1. These proportions
are the same for the entire population. Honest and dishonest agents behave in
a predetermined way; therefore, the focus of the analysis is on the behavior of
opportunists. Their decision depends on the profit from corruption and the
loss of reputation. Their profit in solving problems I and 2 (even if they do
not deceive the principal) is B and b, respectively, with £ > b = 0. In both
problems, the additional profit from corruption is G > 0. The role of an anti-
corruption campaign is not modeled in this case. Or, & could be the expected
profit from corruption, including the probability of application of legal sanc-
tions. In addition, the model takes into account the agent’s discount rate.

It is assumed that the agents know their preferences. The principal knows
their proportions o, B, and y, but does wot fully observe their past behavior.
There are several ways of forming incomplete obscrvability of past behavior,
the simplest one of which is chosen to illustrate the main ideas. With probabil-
ity x,, the principal learns that an agent has been involved in corrupt activity
in the past at least once, if the agent has actually been “deceptive” & times. In
other words, the principal’s information about the agent with whom he is deal-
ing is binary; either the principal knows that the agent has been corrupt, or he
does not have such knowledge.

It is assumed that information leaks about corruption appear with greater
probability, the more the agent has been deceptive in the past.

There can be two equilibrium points in this model. The low-level one
exists only if the principal is well informed, while the equilibrium with a
high level of corruption is observed with a sufficient number of opportun-
ists and dishonest agents, and when the principal’s information is not en-
tirely accurate.

The main conclusion from the model is that the society’s history is impor-
tant: if one society is more corrupt today than another similar society, then
there is a greater probability that the former one will be corrupt tomorrow,
rather than the latter. One interesting result is that the economy “remembers”
corruption in both the short run and the long run. Thus, a society consisting of
individuals who are “infected” with corruption turns into a society where cor-
ruption becomes a normal phenomenon (a tradition). As a result, a “vicious
circle of corruption” e¢merges, when the new generation suffers from the
original sin of its predecessors’ bribery. In this model, a society’s transition
from a low level of corruption to a higher one is more likely than vice versa.
As is noted in [16], this may be why it takes constant efforts to conirol
corruption, rather than brief anti-corruption campaigns sometimes just for
publicity. '
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3.4, “Evolution and revolution” model

Onc of the models that takes into account the dynamics of corruption was
suggested by C. Bicchieri and C. Rovelli [20]. In this article, the evolution of
a system of corraption is analyzed as an example of a more general study of
the development, spread, and breakdown of soctal norms.

Corruption is considered as an illegal exchange of bribes between politi-
cians and contractors for receiving contracts; but, as the authors note, this
narrowing of the concept of corruption does not affect the study’s conclu-
sions. A similar exchange could be represented as an informal association,
cooperation between politicians and those receiving the contract, but this
study emphasizes the noncooperative aspect of the agreement. In other
words, it models the fact that a politician will struggle with other politicians
for a scarce resource (bribe), and the people competing for the contract will
struggle to get it. Thus, both the politicians and the people competing for
the contractare included in a sequence of games with the “prisoner dilemma:
it is better for one player to be corrupt, but then the total profit will be less
than if everyone decides to play honestly. The possible states of equilib-
rium in such a model were studied, and also a possible sudden switch from
one equilibrium system to another.

The model’s basic premises

Series of supergames are supposed to be played (modeling the interactive
relations of the same group of players), with randomly selected adversaries.
The players demonstrate rational behavior, that is, they lry to maximize their
profit. They adapt readily, so a strategy that has worked weil in the past is
maintained in the future, while one that worked poorly is changed. A player's
strategy changes with time in response to the relative success of the strategies
of the player’s surroundings. In an equilibrivm situation, there is one domi-
nant strategy.

We will assume that there is a slow positive accumulation of social costs
leading to catastrophe, that is, to an unexpected abrupt transition of the entire
System (0 a new state.

We will consider the model in greater detail. Say that the number of players
P associating within small groups is fixed. The players must select one of two
strategies. For the sake of simplicity, it is also assumed that the number of
players in each group is fixed: n. The supergame within such a group consists
of repeating one game between n players. Each step of the game is a “prisoner

,J}_glilcmma” with the possibility of choosing to be honest (behavior &) or cor-
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Figure 4. Payoffs for One Slep of the Game
| "

{h all h; {Il) atleastonec

rupt (behavior c). Each player faces a group of (n - 1) identical players. The
players complete a series of supergames (a scries of N repetitions of one
step of the game). After each round, everyone finds out which strategies
were chosen and the profits. The payoff matrix for one step of the game is
shown in Figure 4. The result of each round also becomes obvious to every-
one. In each supergame, a player may choose between several strategics of
behavior S: corrupt or honest. A corrupt strategy C calls for a choice of
behavior ¢ in each step of the game. An honest strategy H consists of choos-
ing behavior 4 in the first step of a supergame and behavior ¢ if at least one
of the opponents selected behavior ¢ in the previous step. There are two
types of players: players of the opportunistic type, who can change their
strategy (they are in the majority), and players who choose a strategy once
and for all. Among such players, there is a smail portion who choose to be
honest at the beginning of a new supergame.

The strategy of an opportunistic player changes as p,,,, = Zflu,)p,,, where
P, is the proportion of opportunistic players who chose strategy s in the
supergame that began at the time #; u,, is the expected profit from choosing
strategy s; and Z is a normalizing factor that does not depend on s.

It is also assumed that the profits from the game change slowly with time,
namely, that there is a decrease or erosion of all profits. Profits a, b, ¢, and d
satisfy conditions & > a > d > ¢. For the sake of simplicity, ¢ is supposed to be
equal to zero.

The proportions of players with different strategies is represented as m,, =
my/P—always honest; n. = m/P-—always corrupt; p,, = n,/P—honest op-
portunists; and p., = n./P—corrupt opportunists, figured as the number of
the corresponding players in relation to the total number of players. The
number of opportunists is taken as N. Since the supergame is playcd with
randomly selected opponents, the probability of playing against n - | rela-
tively honest players is equal to (p,, + m,)"~', and the probability of running
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up against at least one dishonest player is (1 —(p, + m,)" ™). In each supergarme,
Ihe expected profit from the strategies is added up from the total profits of
cach step. The values of «,, and u, are computed accordingly, and the value
of the normalization factor Z is derived. For the sake of simplicity, we wili
represent p, as p, and, consequently, p.., as (N/P) —p,, 50 we get the principal
cquation for the evolution of the portion of opportunistic honest players in
time:

Flu (PP
= N/P L 4 52
P Pt (PP, + £t (B INN TP = po) 2)
where
w (P = Nalp, + 7,)™ + (N = D[l = (p, + 1) (53)

e (p) =[N ~1d +b(p, +my)™" + N[l - (p, +1y)""] (34)

that is, there are three equilibria;

Lp=0

1. p, = N/P

i flu (o)) = flu(p)), which means that u,,(p,) = u(p,), on the strength of
the monotonically increasing function f.

(i) corresponds to the choice of corrupt behavior in each supergame; (ii}— -

to the choice of honest behavior; and (iii}—to the case when the relative
advantages of honest and corrupt behavior are the same. This equilibrium
exists when there is a very small number of players who are always honest
(we will call this the system’s first mode), and is absent when there is a
considerable number of honest playvers {we will call this the system’s sec-
ond mode). These two situations are separated by the condition
wi ' < di[N(a—d)+2d - b).

When the stability of the states of equilibrium is investigated for the two
modes, it is found that; in the first mode, equilibrium (i) is stable, but it ceases
to be so in the second mode. Equilibrium (ii) is stable in both modes, and
equilibrium (iii), which exists only in the first mode, is unstable.

When the erosion effect is included (4, = a -€t, b,=b —¢&t,d,=d —&t), it is
assumed that g is fairly small, so that the “prisoner dilemma’ situation always
remains in effect. The critical time of transition from the first to the second
inode, with the assumption made above, will have the orderof ¢, .., ~[d —N(a

d) n7;'}/ £, Thus, when it reaches a certain time, the system changes from
one state of equilibrium to another, that is, an “honesty revoelution” oceurs. In
arder for such a transition to be possible, it is very important that there be at
least o very small percentage of players in the system who always choose the
Ronest strategy. ' '
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Basic conclusions

" In [20], it is shown that the combination of the presence of a small group of
“honest” players and aggregate social costs can be enough to bring the sys-
tem to a critical (i.e., catastrophic) point at which the stable cquilibrium
level of corruption suddenly becomes unstable. When the system is at such
a catastrophic point, the slightest push is sufficient to shill it 1o a different

~ state of equilibrium. The “honesty revolution™ occurs in a similar way. In
the new cooperative state of equilibrium, all of the players choose to be
relatively honest. This equilibrium will always be stable according to the
conditions of the model. Such a catastrophic jump to a new cquilibrium serves
as an example of sudden and spontaneous grounds [or cooperative patterns
of behavior,

We hope that, in spite of the numerous publications, the study of corrup-
tion with the help of mathematical models just beginning.
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