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Abstract

This is continuation of our article [4]. When F and G in [4] are con-
stant sequences, we obtain continued fraction for zeta(3) parametrized
by some family of points (F,G) on projective line. This family of points
can be obtained if from full projective line would be removed some no
more than countable nowhere dense exeptional set of finite points. A
countable nowhere dense set, which contains the above exeptional set
of finite points, is specified also.

To the thirty fifth anniversary of Apéry’s discovery

Introduction

Let τ = τ(ν) = ν + 1, σ = σ(ν) = τ(τ − 1) = ν(ν + 1), where ν ∈ N. Let
further u and v are variables,

cu,v,2(ν) = −τ(τ + 1)2(2τ − 1) ×(0.1)

−3(4σ(ν) + 1)u2 − (10σ(ν) + 3)uv + 2σ(3σ(ν) + 1)v2 ∈ N[u, v],

cu,v,1(ν) = −12(68τ 6 − 45τ 4 + 12τ 2 − 1)u2 −(0.2)

8(157τ 6 − 106τ 4 + 30τ 2 − 3)uv+

1 Short version
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4(102τ 8 − 170τ 6 + 89τ 4 − 24τ 2 + 3)v2 ∈ N[u, v],

cu,v,0(ν) = τ(τ − 1)2(2τ + 1) ×(0.3)

(3(4σ(ν + 1) + 1)u2 + (10σ(ν + 1) + 3)uv − 2σ(ν + 1)(3σ(ν + 1) + 1)v2),

bu,v(ν + 1) = −cu,v,1(ν) ∈ Q[u, v] for ν ∈ N,(0.4)

au,v(ν + 1) = −cu,v,0(ν)cu,v),2(ν − 1) for ν ≥ 2, ν ∈ N,(0.5)

Pu,v(0) = bu,v(0) = 4(3u + 2v), Qu,v(0) = 1,(0.6)

au,v(2) = −cu,v,0(1), Qu,v(1) = bu,v(1) = (34u + 52v)/(u + v)(0.7)

Pu,v(1) = (327u + 500v), au,v(1) = Pu,v(1) = −bu,v(0)bu,v(1).(0.8)

Let ru,v(ν) be the ν-th convergent of continuous fraction

bu,v(0) +
au,v(1)|
|bu,v(1)

+
au,v(2)|
|bu,v(2)

+
au,v(3)|
|bu,v(3)

+ ... .(0.9)

over the field Q(u, v). Let Pu,v(ν) and Qu,v(ν) be respectively nominator and

denominator of ru,v(ν), ρk(x) =
(
5x + 3 + (−1)k

√
Δ(x)

)
/(x(3x + 2)),

with Δ(x) = 18x2(2x + 1) + (7x + 3)2, x = 2ν(ν + 1), ν ∈ N, k = 1, 2, and
let A = {ρk(x) : x = 2ν(ν + 1), ν ∈ N, k = 1, 2},

B =

{
− β

∗(2)
2 (1; ν)/β

∗(1)
2 (1; ν) : ν ∈ N0

}
,

where

β
∗(r)
2 (z; ν) =

ν+1∑
k=0

((
ν + 1

k

)(
ν + k

k

))2

krzk.(0.10)

Then we have
Theorem B. Let F + G �= 0, (F + G)G ≥ 0, G/F �∈ B ∪ A, if F �= 0.

Then all convergents ru,v(ν) are well defined for u = F, v = G and

8(F + G)ζ(3) = bF,G(0) +
aF,G(1)|
|bF,G(1)

+
aF,G(2)|
|bF,G(2)

+
aF,G(3)|
|bF,G(3)

+ ... .(0.11)

Moreover Pu,v(ν) and Qu,v(ν) are homogeneous polynomials in Z[u, v],

max(2ν, 1) = degu(Pu,v(ν)) = degv(Pu,v(ν)) = deg(Pu,v(ν)),(0.12)

max(2ν − 1, 0) = degu(Qu,v(ν)) = degv(Qu,v(ν)) = deg(Qu,v(ν)),(0.13)

where ν ∈ N0.
Remark. The values ρk(x) with k = 1, 2 are zeros of the following trino-

mial a0(x) + 2a1(x)ρ + a2(x)ρ2, where

a0(x) = −6(2x + 1), a1(x) = −2(5x + 3), a2(x) = x(3x + 2).
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Since −a0(x)/a2(x) = 3/x + 3/(3x + 2),−a1(x)/a2(x) = 3/x + 1/(3x + 2),
decrease together with increasing of x > 0 it follows that

Δ(x)/(a2(x))2 = (−a1(x)/a2(x))2 − (−a0(x)/a2(x)),

and ρ2(x) decrease with increasing of x. Moreover, 0 < −ρ1(x) < ρ2(x) for
any x > 0 and lim

x→∞
r2(x) = 0. Consequently, for given F > 0 and G > 0

the condition of the Theorem B must be checked for finite family of ν; for
example, if G/F > r(4), then condition of the Theorem B is fulfilled. We note
that r(4) < 0, 36.

I give here sketch of proof of Theorem B. Full version of this work can be
found in [5]. Initial variants of this article can be found in [3], [4]

§1. Auxiliary functions.

We use the same auxiliary functions as in [3] − [5]. For example,

f ∗
1 (z; ν) = β

∗(0)
2 (z; ν), δrf ∗

1 (z; ν) = β
∗(r)
2 (z; ν),(1.1)

where δ = ∂
∂z

Expressions for my other auxiliary functions and connection of
them with polylogarithms can be found in (12) − (17) of [4]. Expressions for

β
∗(r)
k (z; ν) for k = 1, 3, 4 can be found in (4.37) − (4.38), §4 of [5].

§2. Auxiliary difference equation.

As in [4], we put

a∗∗∗
F,G,j(z; ν) = Fa∗∗

2,j(z; ν) + Ga∗∗
3,j(z, ν),(2.1)

y∗∗∗
F,G,k(z; ν) = Fδfk(z; ν) + Gδ2fk(z, ν)(2.2)

for ν ∈ M∗
1 = ((R�(−2, 1)) ∩ Z, j = 1, 2, 3, k = 1, 3 In view of (40) in [4],

μ1(ν)2ν5y∗∗
F,G,k(1, ν − 1) =

2∑
j=1

a∗∗∗
F,G,j+1(1; ν)(δjf1,0,k)(1, ν)(2.3)

with ν ∈ M∗
1 = ((−∞,−2]∪ [1, +∞))∩Z and k = 1, 3. Replacing ν ∈ M∗

1 by
ν := −ν − 2 ∈ M∗∗

1 = ((R�(−3, 0)) ∩ Z in (2.3), we see that

−μ1(ν)2(ν + 2)5y∗∗
F,G,k(1, ν + 1) =

2∑
j=1

a∗∗∗
F,G,j(1;−ν − 2)(δjfk)(1, ν)(2.4)
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with k = 1, 3 and ν ∈ M∗∗
1 = ((−∞,−3] ∪ [0, +∞)) ∩ Z. Let

	wF,G,j(ν) =

⎛
⎝ a∗∗∗

F,G,j+1(1;−ν − 2)
F (2 − j) + G(j − 1)

a∗∗∗
F,G,j+1(1; ν)

⎞
⎠ ,(2.5)

where j = 1, 2, ν ∈ M∗∗∗∗
1 = ((−∞,−3] ∪ [1, +∞)) ∩ Z,

WF,G(ν) =

⎛
⎝a∗∗∗

F,G,2(1;−ν − 2) a∗∗∗
F,G,3(1;−ν − 2)

F G)
a∗∗∗

F,G,2(1; ν) a∗∗∗
F,G,3(1; ν)

⎞
⎠ =(2.6)

(
	wF,G,1(ν) 	wF,G,2(ν)

)
, Y ∗∗∗

k (ν) =

(
(δfk)(1, ν)
(δ2fk)(1, ν)

)
,

Y ∗∗∗∗
F,G,k(ν) =

⎛
⎝μ1(−ν − 2)2(−ν − 2)5y∗∗

F,G(z,−ν − 3)
y∗∗

F,G(z, ν)
μ1(ν)2ν5y∗∗

F,G(z, ν − 1)

⎞
⎠ ,(2.7)

where k = 1, 3, ν ∈ M∗∗∗∗
1 = ((−∞,−3] ∪ [1, +∞)) ∩ Z. Let further

	wF,G,3(ν) =

⎛
⎝wF,G,3,1(ν)

wF,G,3,2(ν)
wF,G,3,3(ν)

⎞
⎠ = [	wF,G,1(ν), 	wF,G,2(ν)].(2.8)

is vector product of 	wF,G,1(ν) and 	wF,G,2(ν). Let w̄F,G,3(ν) = (	wF,G,3(ν))t is the
row conjugate to the column 	wF,G,3(ν). Then for scalar products (	wF,G,3(ν), 	wF,G,j(ν))
we have the equalities

w̄F,G,3(ν)	wF,G,j(ν) = (	wF,G,3(ν), 	wF,G,j(ν)) = 0,

where ν ∈ M∗∗∗∗
1 = ((−∞,−3] ∪ [1, +∞)) ∩ Z, j = 1, 2. Therefore

w̄F,G,3(ν)WF,G(ν) =
(
0 0

)
,(2.9)

where ν ∈ M∗∗∗∗
1 = (R�(−3, 1)) ∩ Z. In view of (2.3) (2.4) and (2.9),

w̄F,G,3(ν)Y ∗∗∗∗
F,G,k(ν) = w̄F,G,3(ν)WF,G,3(ν)Y ∗∗∗

k (ν) = 0, for k = 1, 3(2.10)

and ν ∈ M∗∗∗∗
1 = (R�(−3, 1)) ∩ Z. Since τ−ν−2 = −ν − 1 = −τν = −τ, it

follows from (31) in [4], (2.1), (2.6) − (2.8), that

a∗∗∗
F,G,2(1; ν) = Fa∗∗

1,0,2,2(1, ν) + Ga∗∗
3,2(1, ν) = τ 5(τ − 1) ×(2.11)

(F (τ 3 + 2(2τ − 1)3) − 2G(τ − 1)(2τ − 1)(τ 3 − (τ − 1)3)),
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a∗∗∗
F,G,2(z;−ν − 2) = Fa∗∗

2,2(1,−ν − 2) + Ga∗∗
3,2(1,−ν − 2) =(2.12)

τ 5(τ + 1)(−F (τ 3 + 2(2τ + 1)3) − 2G(τ + 1)(2τ + 1)((τ + 1)3) − τ 3),

a∗∗∗
F,G,3(1; ν) = Fa∗∗

2,3(1, ν) + Ga∗∗
3,3(1, ν) = τ 4(τ − 1) ×(2.13)

(−3F (2τ − 1)3 + G(τ − 1)((τ − 1)3 + 2(2τ − 1)3)),

a∗∗∗
F,G,3(z;−ν − 2) = Fa∗∗

2,3(1,−ν − 2) + Ga∗∗
3,3(1,−ν − 2) =(2.14)

τ 4(τ + 1(−3F (2τ + 1)3 − G(τ + 1)((τ + 1)3 + 2(2τ + 1)3))),

In view of (2.5), (2.11) – (2.14)

	w1−i,i,j(ν) =

⎛
⎝ a∗∗∗

1−i,i,j+1(1;−ν − 2)
(1 − i)(2 − j) + i(j − 1)

a∗∗∗
1,0,j+1(1; ν),

⎞
⎠ ,

where i = 0, 1, j = 1, 2, ν ∈ M∗∗∗∗
1 = ((−∞,−3] ∪ [1, +∞)) ∩ Z. Then

	wF,G,j(ν) = F 	w1,0,j(ν) + G	w0,1,j(ν)

where j = 1, 2, ν ∈ M∗∗∗∗
1 = ((−∞,−3] ∪ [1, +∞)) ∩ Z. In view of (2.8),

	wF,G,3(ν) = FG([	w1,0,1(ν), 	w0,1,2(ν)] + [	w0,1,1(ν), 	w1,0,2(ν)]) +(2.15)

F 2[	w1,0,1(ν), 	w1,0,2(ν)] + G2[	w0,1,1(ν), 	w0,1,2(ν)].

For any 	a =

⎛
⎝a1

a2

a3

⎞
⎠ i = 1, 2, 3 we put (	a)i = ai. Let further

	wi,j,4(ν) = [	wi,1−i,1(ν), 	wj,1−j,2(ν)] with i = 0, 1, j = 0, 1.(2.16)

In view of (2.16),(2.11) − (2.14), 	w1,1,4(ν) = [	w1,0,1(ν), 	w1,0,2(ν)] = 	w1,0,3(ν)],

(	w1,1,4(ν))1 = (	w1,0,3(ν))1 = det

(
1 0

a∗∗∗
1,0,2(1; ν) a∗∗∗

1,0,3(1; ν)

)
=

a∗∗∗
1,0,3(1; ν) = a∗∗

2,3(1, ν) = −3τ4(τ − 1)(2τ − 1)3,

(	w1,1,4(ν))2 = (	w1,0,3(ν))2 = − det

(
a∗∗∗

1,0,2(1;−ν − 2) a∗∗∗
1,0,3(1;−ν − 2)

a∗∗∗
1,0,2(1; ν) a∗∗∗

1,0,3(1; ν)

)
=

− det

(
a∗∗

2,2(1;−ν − 2) a∗∗
2,3(1;−ν − 2)

a∗∗
2,2(1; ν) a∗∗

2,3(1; ν)

)
=
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a∗∗
2,2(1; ν)a∗∗

2,3(1;−ν − 2) − a∗∗
2,3(1; ν)a∗∗

2,3(1;−ν − 2) =

τ 5(τ − 1)(τ 3 + 2(2τ − 1)3)(−3τ4(τ + 1)(2τ + 1)3)−
(−3τ4(τ − 1)(2τ − 1)3)(−τ5(τ + 1)(τ 3 + 2(2τ + 1)3)) =

−3τ9(τ 2 − 1)(τ 3((2τ − 1)3 + (2τ + 1)3) + 4(4τ 2 − 1)3) =

−12τ 9(τ 2 − 1)(68τ 6 − 45τ 4 + 12τ 2 − 1),

(	w1,1,4(ν))3 = (	w1,0,3(ν))3 = det

(
a∗∗∗

1,0,2(1;−ν − 2) a∗∗∗
1,0,3(1;−ν − 2)

1 0

)
=

−a∗∗∗
1,0,3(1;−ν − 2) = −a∗∗

2,3(1,−ν − 2) = 3τ 4(τ + 1)(2τ + 1)3.

In view of (2.16),(2.11) − (2.14), 	w0,0,4(ν) = [	w0,1,1(ν), 	w0,1,2(ν)] = 	w0,1,3(ν),

(	w0,0,4(ν))1 = (	w0,1,3(ν))1 = det

(
0 1

a∗∗∗
0,1,2(1; ν) a∗∗∗

0,1,3(1; ν)

)
=

−a∗∗∗
0,1,2(1; ν) = −a∗∗

3,2(1, ν) = 2τ 5(τ − 1)2(2τ − 1)(τ 3 − (τ − 1)3),

(	w0,0,4(ν))2 = (	w0,1,3(ν))2 = − det

(
a∗∗∗

0,1,2(1;−ν − 2) a∗∗∗
0,1,3(1;−ν − 2)

a∗∗∗
0,1,2(1; ν) a∗∗1∗

0,1,3(1; ν)

)
=

− det

(
a∗∗

3,2(1;−ν − 2) a∗∗
3,3(1;−ν − 2)

a∗∗
3,2(1; ν) a∗∗

3,3(1; ν)

)
=

a∗∗
3,2(1; ν)a∗∗

3,3(1;−ν − 2) − a∗∗
3,3(1; ν)a∗∗

3,2(1;−ν − 2) =

−2τ5(τ − 1)2(2τ − 1)(τ 3 − (τ − 1)3)(−τ4(τ + 1)2((τ + 1)3 + 2(2τ + 1)3)−
(−2τ5(τ + 1)2(2τ + 1)((τ + 1)3 − τ 3))(τ 4(τ − 1)2((τ − 1)3 + 2(2τ − 1)3) =

4τ 9(τ 2 − 1)2(102τ 6 − 68τ 4 + 21τ 2 − 3),

(	w0,0,4(ν))3 = (	w0,1,3(ν))3 = det

(
a∗∗∗

0,1,2(1;−ν − 2) a∗∗∗
0,1,3(1;−ν − 2)

0 1

)
=

a∗∗
3,2(1;−ν − 2) = −2τ5(τ + 1)2(2τ + 1)((τ + 1)3 − τ)3),

In view of (2.16),(2.11) − (2.14), 	w0,1,4(ν) = [	w0,1,1(ν), 	w1,0,2(ν)],

(	w0,1,4(ν))1 = ([	w0,1,1(ν), 	w1,0,2(ν)])1 = det

(
0 0

a∗∗∗
0,1,2(1; ν) a∗∗∗

1,0,3(1; ν)

)
= 0,

(	w0,1,4(ν))2 = ([	w0,1,1(ν), 	w1,0,2(ν)])2 =

− det

(
a∗∗∗

0,1,2(1;−ν − 2) a∗∗∗
1,0,3(1;−ν − 2)

a∗∗∗
0,1,2(1; ν) a∗∗∗

1,0,3(1; ν)

)
=

−a∗∗
3,2(1;−ν − 2)a∗∗

2,3(1; ν) + a∗∗
3,2(1; ν)a∗∗

2,3(1;−ν − 2) =

−12t9(τ 2 − 1)(4τ 2 − 1)(12τ 4 − 6τ 2 + 1),
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(	w0,1,4(ν))3 = ([	w0,1,1(ν), 	w1,0,2(ν)])3 =

det

(
a∗∗∗

0,1,2(1;−ν − 2) a∗∗∗
1,0,3(1;−ν − 2)

0 0

)
= 0,

In view of (2.16),(2.11) − (2.14), 	w1,0,4(ν) = [	w1,0,1(ν), 	w0,1,2(ν)],

(	w1,0,4(ν))1 = ([	w1,0,1(ν), 	w0,1,2(ν)])1 = det

(
1 1

a∗∗∗
1,0,2(1; ν) a∗∗∗

0,1,3(1; ν)

)
=

a∗∗
3,3(1; ν) − a∗∗

2,2(1; ν) = −t4(t − 1)(2t − 1)(10t2 − 10t + 3), w1,0,4(ν))2 =

(	([w1,0,1(ν), w0,1,2(ν)])2 = − det

(
a∗∗∗

1,0,2(1;−ν − 2) a∗∗∗
0,1,3(1;−ν − 2)

a∗∗∗
1,0,2(1; ν) a∗∗∗

0,1,3(1; ν)

)
=

−a∗∗
2,2(1;−ν − 2)a∗∗

3,3(1; ν) + a∗∗
2,2(1; ν)a∗∗

3,3(1;−ν − 2) =

−4t9(t2 − 1)(170t6 − 104t4 + 30t2 − 3), (	w1,0,4(ν))3 =

([	w1,0,1(ν), 	w0,1,2(ν)])3 = det

(
a∗∗∗

1,0,2(1;−ν − 2) a∗∗∗
0,1,3(1;−ν − 2)

1 1

)
=

a∗∗
2,2(1;−ν − 2) − a∗∗

3,3(1;−ν − 2) = t4(t + 1)(2t + 1)(10t2 + 10t + 3),

(	w0,1,4(ν))2 + (	w1,0,4(ν))2 = −8t9(t2 − 1)(157t6 − 106t4 + 30t2 − 3).

Therefore,

(	wF,G,3(ν))1 = −3t4(τ − 1)(2τ − 1)3)F 2 − τ 4(τ − 1)(2τ − 1) ×(2.17)

((10τ 2 − 10τ + 3)FG − 2τ(τ − 1)(τ 3 − (τ − 1)3)G2),

(	wF,G,3(ν))2 = −12τ 9(τ 2 − 1)(68τ 6 − 45τ 4 + 12τ 2 − 1)F 2 −(2.18)

8t9(t2 − 1)(157t6 − 106t4 + 30t2 − 3)FG+

4τ 9(τ 2 − 1)2(102τ 6 − 68τ 4 + 21τ 2 − 3)G2,

(	wF,G,3(ν))3 = 3t4(t + 1)(2τ + 1)3F 2 + t4(t + 1)(2t + 1) ×(2.19)

((10t2 + 10t + 3)FG − 2τ(τ + 1)((τ + 1)3 − τ 3)G2).

According to (2.2), (2.10), (2.7), (2.17), (2.18), (2.19),

−τ4(τ + 1)5wF,G,3,1(ν)y∗∗
F,G,k(ν + 1) +(2.20)

wF,G,3,2(ν)y∗∗
F,G,k(ν) + τ 4(τ − 1)5wF,G,3,3(ν)y∗∗

F,G,k(ν − 1) = 0.

Since f1,0,k(1, ν) = f ∗
1,0,k(1, ν)/(ν +1)2, it follows from (2.20), (0.1) – (0.3) that

cF,G,2(ν)x(ν + 1) + cF,G,1(ν)x(ν) + cF,G,0(ν)x(ν − 1) = 0(2.21)
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for x(ν) = xF,G,k(ν), where

xF,G,k(ν) = Fδf ∗
k (1, ν) + Gδ2f ∗

k (1, ν)), k = 1, 3.(2.22)

Let
β∗∗

F,G,i(z; ν) := Fβ
∗(1)
2i (z; ν) + Gβ

∗(2)
2i (z; ν)

for i = 1, 2. In view of (1.1),

β∗∗
F,G,1(1; ν) := Fβ

∗(1)
2 (1; ν) + Gβ

∗(2)
2 (1; ν) =

Fδf ∗
1 (1, ν) + Gδ2f ∗

1 (1, ν) = xF,G,1(ν)

In view of (16) in [4] with j = 1 and (2.22),

xF,G,3(ν) = 2ζ(3)β∗∗
F,G,1(1; ν) − β∗∗

F,G,2(1; ν).(2.23)

The equality (2.21) have been checked for ν = 1, k = 3. in [5], pages 30–32.

§3. Auxiliary continued fraction.

Let

c∗u,v,k(ν) = cu,v,k(ν)/(u + v)2 for k = 0, 1, 2,(3.1)

b∗u,v(ν + 1) = −c∗u,v,1(ν) ∈ Q[u, v]/(u + v)2 for ν ∈ N,(3.2)

a∗
u,v(ν + 1) = −c∗u,v,0(ν)c∗u,v,2(ν − 1) for ν ∈ [2 + ∞) ∩ N,(3.3)

a∗
u,v(2) = −c∗u,v,0(1),(3.4)

P ∗
u,v(0) = b∗u,v(0) = (3u + 2v)/(u + v), Qu,v(0) = 1,(3.5)

Q∗
u,v(1) = b∗u,v(1) = (34u + 52v)(u + v)(3.6)

Pu,v(1) = (327u + 500v)(4u + 4v)(3.7)

a∗
u,v(1) = P ∗

u,v(1) = −b∗u,v(0)b∗u,v(1).(3.8)

Let r∗u,v(ν) be the ν-th convergent of the continued fraction

b∗u,v(0) +
a∗

u,v(1)|
b∗u,v(1)

+
a∗

u,v(2)|
b∗u,v(2)

+
a∗

u,v(3)|
b∗u,v(3)

+
a∗

u,v(4)|
|b∗F,G(4)

....(3.9)
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Let P ∗
u,v(ν) and Q∗

u,v(ν) be respectively nominator and denominator of r∗u,v(ν).
If F + G �= 0, then, clearly, the equations

cF,G,2(ν)xν+1 + cF,G,1(ν)xν + cF,G,0(ν)xν−1 = 0,(3.10)

c∗F,G,2(ν)xν+1 + c∗F,G,1(ν)xν + c∗F,G,0(ν)xν−1 = 0,(3.11)

are equivalent. If xν = xF,G,k(ν) = Fδf ∗
1,0,k(1, ν) + Gδ2f1,0,k(1, ν),

for ν ∈ N0 and fixed k ∈ {1, 3}, then, in view of (2.21), the equality (3.10)
holds. In view of (0.1) − (0.3), cF,G,2(ν) = −12τ 8G2(1 + o(1)) (τ → ∞),

cF,G,1(ν) = 408τ 8G2(1 + o(1)), cF,G,0(ν) = −12τ 8G2(1 + o(1)) (τ → ∞),

if G �= 0, and, if G = 0, then cF,G,2(ν) = 24τ 6F 2(1 + o(1)) (τ → ∞),

cF,G,1(ν) = −24τ 634F 2(1 + o(1)), cF,G,0(ν) = 24τ 6F 2(1 + o(1)) (τ → ∞).

In any case the equation (3.10) is difference equation of Poincaré type with
characteristic polynomial λ2−34λ+1. Hence, if {xν}+∞

ν=1 is a non-zero solution
of (3.10), ε ∈ (0, 1), then there are C1(ε) > 0 and C2(ε) > 0 such that either

C1(ε)
(
1 +

√
2
)−4ν(1+ε)

≤ |xν | ≤ C2(ε)
(
1 +

√
2
)−4ν(1−ε)

(3.12)

for all ν ∈ N or

C1(ε)
(
1 +

√
2
)4ν(1−ε)

≤ |xν | ≤ C2(ε)
(
1 +

√
2
)4ν(1+ε)

.(3.13)

for all ν ∈ N. In view of (0.10), if xν = β∗(r)(1; ν) = δrf ∗
1 (1, ν) with r = 0, 1, 2,

then (3.12) is impossible. Therefore

C1(ε)
(
1 +

√
2
)4ν(1−ε)

≤ β∗(r)(1; ν) ≤ C2(ε)
(
1 +

√
2
)4ν(1+ε)

.(3.14)

for r = 0, 1, 2, and all ν ∈ N.
Lemma 3.1. The following equalities hold:

lim
ν→∞

β
∗(1)
1,0,2(1; ν)) = +∞, lim

ν→∞
β
∗(2)
2 (1; ν)/β

∗(1)
2 (1; ν) = +∞,(3.15)

Proof. Proof can be found in [5], §6, Lemma 6.1. �
Let conditions Theorem B are fulfilled. Then, in view of (0.10),

β∗∗
F,G,1(1; ν) = (F + G)β

∗(1)
1,0,2(1; ν) + G(β

∗(2)
1,0,2(1; ν) − β

∗(1)
1,0,2(1; ν)) �= 0(3.16)
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for ν ∈ N0, and therefore, in view of (3.15),

β∗
F,G,1(1; ν) = β

∗(1)
2 (1; ν)(F + Gβ

∗(2)
2 (1; ν)/β

∗(1)
2 (1; ν)) → ∞,(3.17)

when ν → ∞. Moreover, if F �= 0 and G/F �∈ B then (3.16) and (3.17) hold,
and, if in this case xν = xF,G,1(ν) = β∗∗

F,G,1(1; ν), then (3.12) is impossible. In
view of (11) − (16) with j = α = 1 in [4] and (4.3), (4.35) in [5], we have the
equality δrf ∗

1,0,3(1, ν) = (ν + 1)2O(1) for r = 0, 1, 2; hence (3.13) is impossible
for xν = xF,G,3(ν) = Fδf ∗

1,0,3(1, ν) + Gδ2f ∗
1,0,3(1, ν). Therefore

C1(ε)/C2(ε)(
1 +

√
2
)8ν(1+ε)

≤
∣∣∣∣2ζ(3) − β∗∗

F,G,2(1, ν)

β∗∗
F,G,1(1, ν)

∣∣∣∣ ≤ C2(ε)/C1(ε)(
1 +

√
2
)8ν(1−ε)

.(3.18)

Let

δ∗u,v(ν) =
ν−1∏
j=1

c∗u,v,2(j) for ν ∈ N0.(3.19)

So, δ∗F,G(1) = δ∗F,G(0) = 1. Let c∗∗F,G,1(ν) = c∗F,G,1(ν) for all ν ∈ N, let

c∗∗F,G,0(ν) = c∗F,G,0(ν)c∗F,G,0(ν − 1) for all ν ∈ [2, +∞) ∩ N,

and let c∗∗F,G,0(1) = c∗F,G,0(1). If conditions of Theorem B are fulfilled,
then δF,G(ν) �= 0 far all the ν ∈ N, and the equation (3.10) and the system

{
yν+1 + c∗F,G,1(ν)y(ν) + c∗F,G,0(ν)c∗F,G,2(ν − 1)y(ν − 1) = 0

yν = δ∗F,G(ν)xν , ν ∈ N

are equivalent. Moreover, P ∗
F,G(ν) and δ∗F,G(ν)β∗∗

F,G,2(1, ν)/β∗∗
F,G,1(1, 0) satisfy to

the first of equations (3.10) and the same initial conditions. Therefore

P ∗
F,G(ν) = δF,G(ν)β∗∗

F,G,2(1, ν)/β∗∗
F,G,1(1, 0),(3.20)

Analogously,

Q∗
F,G(ν) = δF,G(ν)β∗∗

F,G,1(1, ν)/.β∗∗
F,G,1(1, 0),(3.21)

Hence, r∗F,G(ν) = β∗∗
F,G,2(1, ν)/β∗∗

F,G,1(1, ν) for all ν ∈ N0. In view of (3.18)

lim
ν→∞

r∗F,G(ν) = 2ζ(3).
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§4. End of the proof of Theorem B.

Lemma 4.1. The following equalities hold:

P ∗
u,v(ν) = P ∗

u/v,1(ν), Q∗
u,v(ν) = Q∗

u/v,1(ν), δu,v(ν) = δu/v,1(ν).(4.1)

Proof. If ν = 0, 1, then the equalities (4.1) directly follows from (3.5) –
(3.7) and (3.19) In view of (3.1),

c∗u,v,k(ν) = c∗u/v,1,k(ν)(4.2)

for k = 0, 1, 2, ν ∈ N. Therefore the last equality in (4.1) holds for all ν ∈ N.
In view (3.8)), (3.5), (3.6), (3.3), (3.2) and (4.2),

au,v(ν) = au/v,1(ν), bu,v(ν) = bu/v,1(ν)

for ν ∈ [2, +∞)∩Z. Let ν ∈ [2, +∞)∩Z, and let (4.1) hold for all ν − κ with
κ ∈ [0, ν − 1] ∩ Z. Then we have

P ∗
u,v(ν) = b∗u,v(ν)P ∗

u,v(ν − 1) + a∗
u,v(ν)P (

u,vν − 2) =

b∗u/v,1(ν)P ∗
u/v,1(ν − 1) + a∗

u/v,1(ν)P ∗
u/v,1(ν − 2) = P ∗

u/v,1(ν)

Q∗
u,v(ν) = b∗u,v(ν)Q∗

u,v(ν − 1) + a∗
u,v(ν)Q∗

u,v(ν − 2) =

b∗u/v,1(ν)Q∗
u/v,1(ν − 1) + a∗

u/u,1(ν)Q∗
u/v,1(ν − 2) = Qu/v,1(ν).

�
Lemma 4.2. The following equalities hold:

δ∗u,v(ν) = δu,v(ν)/(u + v)max(2ν−2,0)(4.3)

where δ∗u,v(ν) is homogeneous polynomial in Z[u, v], and

max(2ν − 2, 0) = degu(δu,v(ν)) = degv(δu,v(ν)) = deg(δu,v(ν)).(4.4)

Proof. We have to prove the last equality in (4.4), because other assertions
of the Lemma are obvious. In view of (0.3) and (0.1),

cF,G,0(ν) = −((τ − 1)2(2τ + 1)/(τ + 1)2(2τ − 1))τ(τ + 1)cF,G,2(ν + 1) �= 0

for all ν ∈ N0. Therefore the last equality in (4.4) holds also.
Since (see (5.61), (5.62) in §5 of [5]) β∗∗

F,G,1(1, 1) = 34F + 52G,

β∗∗
F,G,1(1, 0) = F + G, β∗∗

F,G,2(1, 2) = (14843F + 32845G)/6,

β∗∗
F,G,2(1, 1) = (327F + 500G)/4, β∗∗

F,G,2(1, 0) = 3F + 2G,
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it follows from (3.20), (3.21) and (4.1) that

Pu,v(ν) = 4P ∗
u,v(ν)(u + v)2ν = 16(u + v)δu,v(ν)β∗∗

u,v,2(1, ν),

Qu,v(ν) = Q∗
u,v(ν)(u + v)2ν−1 = 4δu,v(ν)β∗∗

u,v,1(1, ν),

max(2ν, 1) = degu(Pu,v(ν)) = degv(Pu,v(ν)) = deg(Pu,v(ν)),

max(2ν − 1, 0) = degu(Qu,v(ν)) = degv(Qu,v(ν)) = deg(Qu,v(ν)),

where ν ∈ N0. �
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