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1. Introduction

1.1. Definitions and statement of the problem

Let M? be a surface (i.e., 2-dimensional real manifold) equipped with a Riemannian metric g = (g;). The geodesic
flow of the metric g is the Hamiltonian system on the cotangent bundle T*M? with the Hamiltonian H := %gijpipj, where
(x,y) = (x1, x2) is a local coordinate system on M2, and (py, py) = (p1, p2) are the correspondent momenta, i.e., the dual

coordinates on T*M?2.

We say that a function F : T*M? — R is an integral of the geodesic flow of g, if {F, H} = 0, where {, } is the canonical
Poisson bracket on T*M?. We say that the integral is polynomial in momenta of degree d, if in every local coordinate system
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(X, ¥, bx, py) it has the form

d
F(X,¥, P Py) = »_ ai(x, Y)py D). (1.1)

For example, the Hamiltonian H itself is an integral quadratic in momenta. Integrals polynomial in momenta of degree 1
(3, resp.) will be called linear (resp. cubic) integrals.
The first main result of the present paper is a complete solution of the following problem:

Problem A. Describe locally all two-dimensional Riemannian metrics admitting one integral L linear in momenta and one
integral F cubic in momenta such that L, F, and H are functionally independent.

Recall that functions L, F, H are functionally independent if there exists a point on T*M such that at this point
the differentials dL, dF, dH are linearly independent. For integrals polynomial in momenta, linear independence of the
differentials of the integrals at one point implies linear independence of the differentials of the integrals at every point
of a certain everywhere dense open subset (assuming the manifold is connected).

Recall that two-dimensional metrics whose geodesic flows admit three functionally independent integrals of a certain
special form (in most cases the integrals are assumed to be polynomial in momenta of certain fixed degrees) are called
superintegrable. Superintegrable metrics (and Hamiltonian systems in general) are nowadays hot topics in mathematical
physics and differential geometry, due to various applications and interesting mathematical structures lying behind. We
suggest [ 1-4] for a discussion of superintegrable systems from the viewpoint of mathematical physics, and [5-7] from the
viewpoint of differential geometry.

If the metric is superintegrable with two linear integrals, it has constant curvature. The metrics that are superintegrable
with two quadratic integrals (in addition to the energy integral), or one linear and one quadratic, were described (locally, in
a neighborhood of almost every point) in the classical work of Koenigs [8].

The next case should be “linear integral 4+ cubic integral”, but the only result we found in this direction is due to
Rafiada[9], Gravel [10], and Marquette and Winternitz [ 11] and concerns the Hamiltonian systems such that the Hamiltonian
H is the sum of the standard kinetic energy K = %(pf + pﬁ) and a potential energy V(x,y) # const. They assumed the
existence of (functionally independent) linear and cubic integrals and proved that for such systems the cubic integral is
actually the product of the linear integral and of an integral quadratic in momenta, i.e., such systems can be obtained via the
Maupertuis’ transformation from the superintegrable systems constructed by Koenigs [8]. In particular, all known examples
of metrics satisfying assumptions in Problem A above were in a certain sense trivial: the metric has a constant curvature, or
the metric is superintegrable with one quadratic and one linear integral, and every cubic integral is a product of the integral
linear in momenta and an integral quadratic in momenta.

1.2. Main result: local normal forms of metrics admitting one linear and one cubic integral

Theorem 1.1. Let g be a Riemannian metric on the 2-dimensional connected manifold M?.
Suppose the geodesic flow of g admits a linear integral L and a cubic integral F such that L, F and the Hamiltonian H are
functionally independent. Then, locally near every point p such that L‘T; vz Z 0 there exist coordinates (x,y) and a real function

h(x) such that the metric g has the formg = é(dx2 + dy?) where hy is the x-derivative, and the function satisfies one of the
following Principal (ordinary differential) equations:

sm(u X)

() he - (Ao - b + 11® - Ao - h(0)® — Ay - h(x) + Az) — +Aq - cos(u - x))

< smh(/,L X)
0

(1.2)

(ii) hy - (Ao - b — - Ag - h(x)* — Ay - h(x) + Az) — + A4 - cosh(u -x)) =

(iii) hy - (Ao - hf — A1 - h(x) + A)) — (A3 - X+ Ag) =

with u > 0 in the first two cases.
In all three cases the metric g = é(dx2 + dy?) is superintegrable with one linear integral L = py and one cubic integral. In
the case (i) a cubic integral F = F(x, y; px, py) can be given by

F=(Cr e +C-e™) (a®) - p2+ a0 - pep?) + (Co - e — C_-e ™) - (a(x) - plpy + a3 (x) - p2)



V.S. Matveev, V.V. Shevchishin / Journal of Geometry and Physics 61 (2011) 1353-1377 1355

where C, C_ are arbitrary constants and a;(x) are functions given by

Clo(X) =Ap - hi

A, 5
a1(x) = —p-Ag-h(x) + — ) - h
2pn

1 (1.3)
a(x) = 3 (Ao - h} + u - Ag - h(x)> — Ay - h(x) + Ap) - hy
1
as(x) = w (Ao - b} + p - Ag - h(x)> — A1 - h(x) + Ap) - hy.
In the case (ii) a cubic integral can be given by
F=Cp-cos(i-y+ o) - (ao(X) - p; + a2(x) - pup;) + Ce - sin(ie - ¥ + o) - (a1(x) - pipy + a3(x) - p;)
where C,, ¢ are constants (“amplitude and phase”) and a;(x) are functions given by
ao(x) = Ag - h}
Aq )
a;(x) = p-Ao-h(x)+— ) h;
2pn
(1.4)

1
(0 = - Gho - I — u - Ao - h(X)* — A - h(0) +A) - Iy
1
as(x) = w (Ao - b — - Ag - h(x)> — Ay - h(x) + Ap) - hy.

In the case (iii) a cubic integral can be given by

y
F=¢G- (ao(X) Py 4 a2 (X) - pupy + 3 (Av - B3 - pipy + (A1 - b3 + As) pf,))

2
y
+G- (y 10000 - P; + @1(X) - PPy +Y - () by + 0300y + - (Ar B ppy + (Ar - 4 Ag) ~p§)) (15)

where Cy, C, are constants and a;(x) are functions given by

aop(x) = Ag - h2
a;(x) = —Ag - b2 - h(x)

B (x) = % (3 h2 Ay — Ay - h(x) + Ay) - hy (1.6)

1
a3(0) = =7 - (40 - h - h(x) + As - X* + 244 - x).

Moreover, in the case when the metric g has non-constant curvature every cubic integral is a linear combination F + C5 - L +
Ciu - L - H where F is given by the above formula (according to the cases (i)-(iii)) and C;3, Ciy are constants. In particular, in the
non-constant curvature case the space of cubic integrals of our metrics has dimension 4.

Remark 1.1 (Uniqueness of the Equation). We show in Theorem 4.1 that in the case when the curvature of our metric
g = hiz(dx2 + dy?) is non-constant the Eq. (1.2) on the function h(x) is unique up to a constant factor. On the other hand,

in Theorem 3.1 we describe possible equations of the form (1.2) for whose the metric g = hlz(dx2 + dy?) has constant

curvature.
Thus, Theorems 1.1, 3.1 and 4.1 give a complete answer to the Problem A above.

Remark 1.2 (Known Special Case: Darboux-Superintegrable Metrics). We call a metric g on M? Darboux-superintegrable, if it
has non-constant curvature and the geodesic flow of the metric admits at least four linear independent integrals quadratic
in momenta. For example, such is the metric (x> + y?> + 1) - (dx? + dy?) on R? (see for example [12, Section 4]).
Darboux-superintegrable metrics are well understood. Locally, they were described already by Koenigs [8]. In particular,
Koenigs has shown that every Darboux-superintegrable metric admits a linear integral. Then, it also admits cubic integrals,
namely the products of the linear integral and the quadratic integrals. Therefore, our Theorem 1.1 applies. In particular, in
the appropriate local coordinates (x, y) the metric has the form hlz(dx2 + dy?) such that h(x) is a solution of the Principle

equation (1.2), (i)-(iii).
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The formulas above show that if the coefficient Ay vanishes, then a generic cubic integral F + Cj3 - > + Gy - L - H
is the product of the linear integral and a function quadratic in momenta which must automatically be an integral. Then,
the metrics corresponding to A; = 0 are Darboux-superintegrable or are of constant curvature. The uniqueness of the
Principle equation (see the previous remark) shows that the converse assertion is also true. Thus we obtain the following
characterization: Under the hypotheses of Theorem 1.1 the metric g = hiz(dx2 + dy?) of non-constant curvature is Darboux-

X

superintegrable if and only if the parameter Ag vanishes.

Remark 1.3. With the help of a computer algebra software, for example with Maple®, it is easy to check that the functions F
from Theorem 1.1 are indeed integrals: the condition {H, F} = 0 is equivalent to 5 ODEs of at most 3rd order on the function
h; these ODEs are identically fulfilled for the function h satisfying the corresponding Eq. (1.2), since they are algebraic
corollaries of the corresponding equation and its first two derivatives. We will of course explain how we constructed
the integrals (in Section 2) since we also need to show that we constructed all such metrics. Moreover, the idea of the
construction will be used in the proof of other statements of Theorem 1.1, in particular in the proof that the dimension of
the space of the integrals is 4. Moreover, we believe that the idea of our construction could also be used for constructing
higher order superintegrable cases, see Problem 1 in the Conclusion.

1.3. Second main result: examples of metrics on the 2-sphere admitting linear and cubic integrals

The problem of finding and describing global integrable Hamiltonian systems, i.e., those whose configuration space is a
compact manifold, is one of the central topics in the classical mechanics. The version of this problem in our context is as
follows:

Problem B. Understand what Riemannian metrics on the 2-sphere S? admit one integral L linear in momenta and one
integral F cubic in momenta such that L, F, and the Hamiltonian H are functionally independent.

Note that other oriented closed surfaces cannot admit superintegrable metrics. Indeed, if the metric is superintegrable,
all geodesics are closed which is possible on the sphere and on RP? only.

It is known that the metric of constant curvature of the sphere do admit (linearly independent) linear and cubic integrals.
So the nontrivial part of the Problem B is whether there are other metrics on the 2-sphere admitting an integral L linear in
momenta and an integral F cubic in momenta such that L, F, and H are functionally independent.

For the integrals of lower degrees, the answer in negative. Indeed, the existence of two functionally independent linear
integrals implies, even locally, that the metric has constant curvature. By Kiyohara [13], the existence of three functionally
independent quadratic integral (energy integral + two additional integrals) on the 2-sphere implies that the metric is of
constant curvature. From this result, it also follows that the existence of (functionally independent) linear and two quadratic
integrals implies that the metric of the 2-sphere has constant curvature. Because of these results (and absence of examples
of superintegrable systems with higher degree integrals), it was generally believed that no polynomially superintegrable
metric exists on a closed surface of nonconstant curvature.

In the present paper, we construct the first examples of smooth (even analytic) metrics of nonconstant curvature on the
2-sphere whose geodesic flows admit integrals L linear in momenta and integrals F cubic in momenta such that L, F, and H
are functionally independent. The construction is in Section 6. We show that for certain values of parameters the metrics
we constructed in Theorem 1.1 and the integrals of these metrics can be smoothly extended to the sphere. More precisely
(in the notation of Theorem 1.1), if the function h(x) fulfills the Eq. (1.2)(ii) and the condition h’(xo) > 0 at some point xq
whereas the real parameters u > 0, Ag, . . ., A4 satisfy inequalities A > 0, u - A4 > |As| then the metricg = hiz(dx2 +dy?)

smoothly extends to the sphere S? together with the linear integral L = p, and the cubic integral F given by (1.4).

We conject that these are all examples of metrics on the sphere superintegrable with one linear and one cubic integral.

Our examples are also interesting from other points of view. Indeed, every metric from these examples admit an integral
cubic in momenta that is not the product of a linear and a quadratic integral. The problem of constructing such metrics is
very classical and, to a certain extent, was stated by Jacobi, Darboux, Cauchy, Whittaker, see also [14,15]. There are only
very few examples of such metrics on closed surfaces: constant curvature metrics, metrics constructed via Maupertuis’
transformation from the Goryachev-Chaplygin case of rigid body motion and their generalizations due to Goryachev [16],
by Kiyohara [17], metrics constructed by Selivanova [18] and by Dullin and Matveev [19] and their generalizations from
Valent [20] (see also [21,22]). Note that the analogous question for the quadratic integrals is completely solved, see [23,13,
24,25].

Moreover, all geodesics of the metrics we constructed are closed (since it is always the case for superintegrable metrics),
so the examples are also examples of the so-called Zoll surfaces (see [26]).

1.4. Additional result: special case of Kruglikov’s “big gap” conjecture

In [5, Section 12], Kruglikov has shown that the dimension of the space of cubic integrals (of the geodesic flow of a
2D-metric) is at most 10; the dimension 10 is achieved only by the metrics of constant curvature. He also has shown that
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the second largest dimension is at most 7 (see [5, Theorem 8]), and conjectured that the gap between the largest and the
second largest possibilities for the dimension of the space of cubic integrals is even bigger: he writes that it seems that the
next realized dimension after 10 is 4.

We will prove this conjecture (see Theorem 5.1) under the additional assumption that the metric admits a Killing vector
field. Note that this assumption does not look too artificial, since it is expected that metrics with many polynomial integrals
admit Killing vector fields. For example, by the classical result of Koenigs mentioned above, metrics admitting four (= the
second largest dimension) linearly independent integrals that are quadratic in momenta admit Killing vector fields.

More precisely, we will prove that, if a 2D metric is superintegrable with one linear and one cubic integral (L and F) and
has non-constant curvature, then, locally, the space of cubic integrals is precisely 4-dimensional. In particular, in addition
to the integrals L3, F, L - H we always construct one more cubic integral F, that is linearly independent of L3, F,and L - H.

2. Principle equation and overview of the proof of Theorem 1.1

2.1. How we found the metrics: scheme of the proof of Theorem 1.1

It is well-known (see for example [27, Section 592], or [24]) that every pair (g, L), where g is a Riemannian metric, and
Lis an integral linear in momenta, is given in appropriate coordinates in a neighborhood of every point such that L 0 by
the formulas

g =A(x)(dx¥* +dy*) and L=p,. (2.1)
iy
2,\(x)y d
F := ap(x, y)pi + aq (x, y)pﬁpy + ap (x, y)pxpf, + as(x, y)pf,, as the systems of PDE on the unknown function A of one variable
and unknown functions a; of two variables, and to try to solve it. Unfortunately, by this method we obtain a system of 5
nonlinear PDE on 5 unknown functions A, ag, a1, a,, as. The system is still overdetermined (since the function A depends on
x only, which is equivalent to the existence of the 6th equation 3%)“ = 0), but still is completely intractable.’

In order to solve the problem, we used a trick that allowed us to reduce the problem to solving systems of ODE (instead
of PDE). A similar trick was recently used in [28].

The main observation is the following: the Poisson bracket of the linear integral L and of a cubic integral F is

The natural “naive” method to solve the Problem A would be to write the condition {H, F} = 0, where H =

e an integral (because of the Jacobi identity), and
e is cubic in momenta (because each term in the sum {L, F} = 9xFd, L+ 0,F0, L — 0xL3p, F — 9,L3y, F is cubic in momenta).

Thus, the mapping £ : F — {L, F} is a linear homomorphism. By [5], the space of cubic integrals is finite- (at most, 10-)
dimensional. Let us now consider the eigenvalues of the mapping L. Clearly, 0 is an eigenvalue of .£, whose eigenvectors
are As - L> + A; - L - H, where Ay, A; € R. The following two cases are possible:

Case 1: The mapping L has an eigenvalue n # 0. Then, there exists a cubic integral F such that {L, F} = u - F. We allow u to

be a complex number, and F to be complex valued function, i.e., F = F; + iF, for real-valued cubic integrals F; and F,.
In the coordinates such that (g, L) are given by (2.1), we have

{L.F} = 0,F = 0ya0(x. y) - py + 9ya1(x,y) - pepy + 0ya2(x, y) - pxps + 0ya3(x. ¥) - p;.
so that the condition {L, F} = p - F is equivalent to the system d,a;(x,y) = u - a;(x,y), i = 0,...,3.Then, a;(x,y) =
exp(uy) - a;(x) for certain (complex valued in the general case) functions a;(x) of one variable x. Then, all unknown functions
in the equation {H, F} = 0 are functions of the variable x only, i.e., the condition {H, F} = 0 is a system of ODE (depending
on the parameter w ). Finally, the condition {H, F} = 0 is equivalent to 5 ODE on 5 unknown functions of one variable x: four
unknown functions a;(x) and X (x). Working with this system of ODE, we partially integrate it and reduce it to one ODE of
the first order (essentially, the first equation of (1.2) for u € R and the second equation of (1.2) for u € i - R.).
In this way, we obtain A(x) which is a priori a complex-valued function; for our problem, only real-valued A’s are of
interest. We shall see in Section 4.1 that X is real if and only if i is real or purely imaginary.
Case 2: The mapping £ has only one eigenvalue, namely zero. Since in our setting the space of cubic integrals is at least three-
dimensional, there exists an integral F linear independent of L and L - H such that {L, F} = % .13+ A; - L- H for certain

constants Ay, As. In the coordinates such that (g, L) is given by (2.1), the condition {L, F} = ’% I3+ A; -L-Hreads
{Dy. ao(x, )P, + a1 (X, Y)Pipy + @2 (%, Y)paDs + a3(x, y)p; )}
= 0yao(X, ¥) - Py + 9ya1(X,y) - Pipy + 8ya2(x, y) - pxPs + 0ya3(x. y) - p;
A3 5 A 2 2
- . 4+ —. + - Dy,
> Py 20 (py + py) - py

1 This “naive” approach to this problem was tried without success by many experts in superintegrable systems (private communications by Marquette,
Rafiada, Winternitz).
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and is equivalent to the system d,ao(x, y) = 0, 9,a,(x,y) = %(1;0’ Oyax(x,y) = 0,0ya3(x,y) = % + 2?(1)0 . Then,

A(x)

We again see that all unknown functions in the equation {H, F} = 0 are functions of the variable x only, i.e., the condition
{H, F} = 0is a system of 5 ODE (depending on the parameters A1, A3, yo) on 5 unknown functions of one variable x: a;(x)
and XA (x). Working with this system of ODE, we partially integrate it and reduce it to one ODE of the first order (Equation
(iii) of (1.2)), which is in a certain sense a degenerate case of the corresponding ODE we obtained in Case 1.

2 2
y p2+p
F=ag(x) - py + a1(X) - pipy + a2(x) - pup; + a3(x) - p, + > <A3 Py + A Dy = y) : (2.2)

2.2. Case 1(u £ 0)in the proof of Theorem 1.1

For convenience in further computation, we write the metric g in the form

dx? + dy?
_ T dy” (2.3)
h
for some function h = h(x), where hy = %. ThenH = % . (p,2< + pﬁ) and the linear integral is L := p,.
We assume (see Section 2.1) that there exists a complex-valued cubic integral of the form
F=exp(it-y) - ao(X) - p; + exp(iu - y) - ar(x) - pspy + exp(s - y) - az(x) - pxpy + exp(e - y) - as(x) - p;,
where g; are smooth complex-valued functions of one real variable x.
Then, the condition {F, H} = O reads
{F,H} = hy-exp(it - ) - (e - Go(0)x — 3 - ao(X) - hw) - P}
+ hyexp(e-y) - (=2 @1 (X) - o+ hy - - Go(X) + hy - a1 (X)) - P - py
+ hy-exp(u-y) - (e - a1(x) — 3 ao(X) - hy — G2(X) - h + hy - 02(%)5) - p% - P}
+ hy-exp(p-y) - (e - @(%) + by - a3y — 2 - a1(%) - h) - P - D
1
+ S exp(u-y) - (=@ (X) - b+ by - a3() P} (2.4)

where subscripts ag(x)y, hy mean derivation in x, and h,, is the second derivative. Since the monomials p;“ip; form a basis
of homogeneous polynomials of degree 4, every line in (2.4) should vanish. This gives us a system of 5 ODEs on 5 functions

h(x), ap(x), ..., as(x): each line of (2.4) corresponds to one ODE. Subsequently solving the first three of them and resolving
asz(x) from the last one we obtain
aop(x) = Ag - h2
Aq 5
(11(X) = —M-Ao h(X)+ 'hx
2.1

1

a(x) = 5-(—A1 “h(x) + u? - Ag - h(x)* + 3 - h2 - Ag + Ap) - hy
1

as(x) = ﬂ ~(3-h2-Ag— A1 -h(x) + u? - Ag - h(x)* + A2) - hyy,

with some constants Ag, Ay, A;. Substituting in the remaining equation (.. .)py - pf,, we obtain the following non-linear ODE
of order 3 on h(x):

(3 Ao b4+ u® - Ag - h(x)> — A1 - h(x) + A2) - My + 6 - h2y - hy - Ag + (6 - 11® - Ag - h(X) — 3 - Ay) - hy - hyy

+3 4% Ag b+ (u* - A h(0)? — ® - Ay - h(X) + p® - Ag) b = 0. (26)
By direct calculations we see that the Eq. (2.6) can be written in the form

dx?

Therefore this equation is equivalent to the equation

2
(d— + MZ) (e (2 Ao + 2 - Ag - h(0)* — Ay - h(0) + A)) = 0. (27)

sin(ux)

M- (% - Ao + 17 - Ao - h(0)* — A1 - h(x) +A;) — (A3 : +Ay- cos(ux)) =0 (2.8)
in the sense that h(x) satisfies the Eq. (2.6) if and only if it satisfies (2.8) with the same constant Ay, A;, Ay € C and some
constants As, A4 € C. Later, in Section 4.1 (see Theorem 4.2) we shall show that only real Ag, A1, A,, A3, A4 are interesting
for our purposes.
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2.3. Case2: u =20

We proceed as we explained in Section 2.1: we write the metric in the form g = % - (dx* + dy?), so that now
H = % . (p,% + pi). and then substitute (2.2) in the condition {F, H} = 0. We obtain
{F,H} = Ry~ (hy - G0®)x — 3+ 6o () - hay) - By
+ Iy (- @ (X)x =21 (0 - h) - B3 - Py
+ By (%-m -h3—3-ao(x)-hxx—az(x>-hxx+hx-az<x)x) P} P}

+ By (e a3(0x — 2+ a1(X) - h) - Dx - Dy

+ - (A - B 4 As by — 2 00 - ) - Pl (2.9)
with the same constants Ay, A3 as in (2.2). This time we can subsequently resolve all functions ag(x), ..., as(x) from the
equations and obtain

ao(X) =Ap - hi’
1 ~
Cll(X) = z -Aq - h)z<
1 5 (2.10)
a(x) = 3 (3:-h;-Ap— A1 -h(x) +Ay) - hy
1 5, ~ ~
as(x) = 3 hy - Ar + As,

with some constants Ag, Zl, A;, Zg. The notation in the formula above, especially Z1 , Zg, is chosen for convenience in future
formulas. Then the bracket yields

{F,HY = —h - (3 Ao - h} - hy — Ay - h — A1 - by - h(X) + Ay - hy — A3) - ;.
This means that the equation on h(x) is

3-Ag-h2 hy — Ay -h2 — Ay - By - h(%) + hy - Ay = As. (2.11)
The left hand side of this expression is the x-derivative of the expression

hy - (Ag - h2 — Ay - h(x) + Ay). (2.12)
Therefore the Eq. (2.11) is equivalent to

hy - (Ag - h2 — Ay - h(x) + Az) — (A3 -x+ Ag) = 0. (2.13)

Remark 2.1. Obviously, we obtain this equation from both the Eq. (1.2)(i) and (ii) taking the limit w — 0. Moreover,
the solution of the Cauchy initial value problem for the Egs. (2.8), (2.13) depends analytically on all parameters: the
variable x, parameters u, Ao, . . ., Ag, the initial point x, and the initial value h(xy). Therefore we can consider real solutions
h(x) of the Eq. (1.2) as “real forms” of a single holomorphic multi-valued function h(x; w; Aq, . .., A4; X0, hp) depending
holomorphically on the involved parameters. Notice also that the Eq. (1.2)(ii) is obtained from (1.2)(i) by replacing by i - ,
and similarly for the corresponding cubic integrals.

Remark 2.2. The above argumentation shows the existence of one non-trivial cubic integral F in the case u = 0 (i.e., for
the metric (2.3) with h satisfying (1.2)(iii)). Namely, such F can be obtained substituting the formulas (2.10) in (2.2). The
solution F obtained in this way has the form F = ;\3 P4 ;\1 - L - H 4+ F; with a fixed cubic integral F; which is linear in
y. On the other hand, for u # 0 in the both cases (i) and (ii) we obtain two non-trivial cubic integrals linearly independent
of I3 and L - H, namely, by replacing 1 by —pu in formulas (2.5). It appears that also in the case ;. = 0 there exists another
cubic integral F, that is (inhomogeneous) quadratic in y. The latter property is equivalent to the condition .£3(F,) = 0. We

show the existence of such F, in the proof of Theorem 5.1. This additional integral F, is already included in the formulas in
Theorem 1.1.

This fact is the reason for the difference in formulas (1.6) and (2.10). Namely, the substitution of (1.6) in (1.5) yields the
linear combination C;F; + F,C, of two cubic integrals F;, F, which are linear independent of L*> and L - H. On the other hand,
the substitution of (2.10) in (2.2) yields the linear combination F = As - [3 + A; - L- H + F; with the same F;, which gives
only one cubic integral linear independent of L> and L - H.

2.4. Remaining steps of the proof

As we have shown, if a surface metric g admits a linear and a non-trivial cubic integral F, then in appropriate coordinates
it has the form h 2(dx? 4 dy?) for some function h(x) satisfying one of the forms (1.2) of the Principle equation, and that the
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cubic integral F can be constructed using the formula (2.5) or resp. (2.10). The remaining steps of the proof are the following:

e We analyze in which cases the constructed metric g = h; 2(dx? + dy?) belongs to already known types: Metrics of
constant curvature and Darboux-superintegrable metrics. This is done in Section 3. We show that our metrics are indeed
new examples for most values of the parameters (the values of the parameters corresponding to previously known cases
are solutions of certain algebraic equations).

e In Section 4 we prove that in the case of non-constant curvature the function h(x) satisfies a unique up to constant factor
equation of type (1.2). This result is used to prove the fact that if the solution h(x) of the Principle equation with complex
parameters (; Ag, . .., A4 is real-valued, then the parameter  (which could be a priori arbitrary complex number) must
be real, purely imaginary, or zero, whereas the parameters Ay, . . . , A4 become real after the application by the appropriate
constant. This explains why we have only 3 types (i)-(iii) of the Principle equation (1.2).

e In Section 5 we prove that in the case of non-constant curvature every types (i)-(iii) of Theorem 1.1 the space of
cubic integrals has dimension 4. This means that under hypotheses of the main theorem there are exactly 2 non-trivial
independent cubic integrals, in addition to L* and LH. This fact is a special case of Kruglikov’s “big gap” conjecture (see [5])
about possible dimensions of the spaces of cubic integrals of surface metrics.

3. Special solutions

In this section we consider two special cases of the Principle equation corresponding to Darboux-superintegrable metrics
and constant curvature metrics.

3.1. The case Ap = 0 corresponds to Darboux-superintegrable metrics

Recall that a two-dimensional metric g is Darboux-superintegrable, if the space of its quadratic integrals is at least
4-dimensional and the curvature is non-constant. We shall use the following statement which follows from [5] (or even
from [8]): if a metric g (with the Hamiltonian H) of non-constant curvature admits a linear integral L and a quadratic integral Q
such that L, Q and H are functionally independent, then g is Darboux-superintegrable.

This statement implies that for every real solution h(x) of one of the Eq. (1.2) with Ag = 0 the metricg = h;z (dx? +dy?)
is Darboux-superintegrable.

Indeed, A; = O if and only if the integral F from Theorem 1.1 has zero coefficient at pf. Since the linear integral L in
Theorem 1.1 is py, the function Q := F/p, is an integral quadratic in momenta. If L, H and F are functionally independent,
then the functions L, H, Q are also functionally independent and the metric is Darboux-superintegrable by the result of
[8,5] recalled above.

For further use let us note that every Darboux-superintegrable metric always has the form g = hy 2(dx? + dy?) for
some function h(x) satisfying one of the Principle equations (1.2) with A; = 0. Indeed, for given metric g admitting a non-
vanishing linear integral L there exists a isothermic coordinate system (x, y), unique up to translations, in which L = py. In
these coordinates g has the form g = h?(dx* + dy?) with some function h(x). Further, if Q is a quadratic integral, then
F := Q - Lis a cubic integral for g. In this situation we have shown that h(x) must satisfy one of the Eq. (1.2) with certain
parameters Ay, ..., A4 such that F = 21'3:0 a;(x, y)pipf,"' with gy = thi. The condition F = Q - L means the vanishing of
ao(x, y) which is equivalent to A; = 0.

3.2. Parameters in Theorem 1.1 corresponding to metrics of constant curvature

The goal of this subsection is to understand for what values of the parameters Ao, ..., A4 and the initial value h(xq)
the metric from Theorem 1.1 belong to the previously known classes, that is to the Darboux-integrable metrics and to the
metrics of constant curvature. In Section 3.1 we have shown that Darboux-superintegrable metrics are characterized by the
condition Ag = 0. Thus in order to understand whether the metrics we constructed are new we need to understand which
metrics with Ay # 0 have constant curvature. The answer is given in Theorem 3.1. In particular, Corollary 3.1 shows that
most metrics we constructed are new.

Let g be a metric on M? of the constant Gauss curvature R and v a Killing vector field corresponding to the linear integral
L,. Then according to the sign of R the Lie algebra of Killing vector fields on M? is either so(3) (case R > 0), or s[(2, R)
(case R < 0), or the affine algebra aff(R?) of isometries of R? isomorphic to a semi-direct sum so(2) x R? (remaining
case R = 0). The classification of elements of these three Lie algebras gives 6 types of Killing vector fields: rotations
of S (R > 0), rotations, hyperbolic translations, and loxodromies of the hyperbolic plane (R < 0), and rotations and
translations of R? (R = 0). Fix a coordinate system (x, y) in which the metric has the form g = h;?(dx* + dy?), the

curvature is R = Ry - hy — h)fx, and the Killing vector field has the formv = a‘”—y Since in each of these cases the metric has

3 Killing vector fields, there exists a cubic integral independent of L3 and L, - H. Consequently, h(x) must satisfy one of the
Principal equations. The explicit situation is as follows:

Theorem 3.1. Assume that a metric g = h, 2(dx? + dy?) has constant Gauss curvature R. Then h(x) satisfies one of the Eq. (1.2).
Moreover, in this case under additional assumption Ay # 0 one of the following possibilities holds:
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(1) h(x) = a - sinh(u - (x — b)) + ¢ with some constants u > 0,a > 0, ¢, b satisfying R = a’u?. In this case the Killing vector
field 3"—y is locally a rotation of the 2-sphere of radius r = a~'j+~2 and Gauss curvature R = a? u*. The function h(x) satisfies
the Eq. (1.2)(ii) (elliptic type) in the form

hy - (h2 — p?(h(x) — ©)* + C) = ap - (C + (am)?) - cosh(u - (x — b))
hy - (W3 — B3u)?*(h(x) — ©)* — 3 (ua)®) = =2 - (au)’ - cosh(3u - (x — b))
with arbitrary constant C in the first equation;

(2) h(x) = a- cosh(u - (x — b)) + ¢ with some constants © > 0,a > 0, ¢, b satisfying R = —a®u®. In this case the Killing
vector field Biy is locally a rotation of the hyperbolic plane of constant Gauss curvature R = —a?u* and h(x) satisfies the
Eq. (1.2)(ii) (elliptic type) in the form

hy - (h; — p?(h() — ©)* + C) = ap - (C — (am)?) - sinh(u - (x — b))
he - (2 = B (h(0) — 0> + 3 (u@)) = =2 - (au)® - sinh(3pe - (x — b))
with arbitrary constant C in the first equation;

(3) h(x) = a - sin(u - (x — b)) + ¢ with some constants &t > 0,a > 0, c, b satisfying R = —a?u®. In this case the Killing
vector field aiy is locally a translation on the hyperbolic plane of constant Gauss curvature R = —a?u* and h(x) satisfies the

Eq. (1.2)(i) (hyperbolic type) in the form

(3.1)

(3.2)

By - (02 4+ 2 (h(x) — O + C) = ap - (C + (a)?) - cos(pt - (x — b))

2 2 2 2 3 (3.3)
hy - (hy + Bu)“(h(x) — ) =3 - (na)?) =2 - (an)” - cos(3u - (x — b))
with arbitrary constant C in the first equation;

(4) h(x) = a - (x — b)?> + c with some constants a > 0, ¢, b satisfying R = —4a®. In this case the Killing vector field
;’—y is a loxodromy on the hyperbolic plane of constant Gauss curvature R = —4a® and h(x) satisfies the Eq. (1.2)(iii)
(parabolic/nilpotent type)

hy-(h2—4-a-h(x) +A) =2a-(Ay—4-a-c)-(x—b) (3.4)

with arbitrary constant Ay;
(5) h(x) = a - exp(ux) + c with some constants u > 0,a > 0, c and R = 0. In this case the Killing vector field aiy is locally a
rotation of the Euclidean plane (R = 0) and h(x) satisfies the Eq. (1.2)(i) (hyperbolic type) in the form

hy - (h2 — P (h(x) — ¢)* + C) = —auC - exp(1ux)

hy - (B — B)*(h(x) — ©)*) = =8 - (aw)’ - exp(3ux)

with arbitrary constant C in the first equation;
(6) h(x) = a - x + ¢ with some constants a > 0, c. In this case R = 0, the Killing vector field a% is locally a translation of the
Euclidean plane (R = 0), and h(x) satisfies the Eq. (1.2)(iii) (parabolic/nilpotent type)

(3.5)

hy- (h2 — Ay - h(x) +Ay)) = —a®A; -x+a- (a* —c-A; + Ap) (3.6)
with arbitrary constants Aq, A,.

Proof. As we have shown above, if a metric g admits a Killing vector field v, then in appropriate coordinates g has the form
g=h; 2(dx?+dy?) and the Killing vector field the formv = ;’—y In this case the Gauss curvature Ris given by R = hyy-hy —hix.

Thus we are interested in possible solutions of the ODE hyy - h, — hﬁx = R with constant parameter R such that hy # 0. By
direct calculations we see that every function on the list items (1)-(6) satisfies the ODE hyyy - hy —h2, = Rwith an appropriate
constant R, and the theorem claims that the list is complete. In view of the uniqueness of the solution of an ODE with the
given initial values we must show that every combination of the initial values I := (R, Xq, h(Xg), hx(Xo), hxx(x0)) is realized
by one of the solutions on the list. Inverting the sign of h(x) and x, if needed, we may assume that hy(xg) > 0and hy(xg) > 0.

2
Let us consider hyy(Xg) = %. If hyxx (xg) = O then the data I are realized by an appropriate polynomial of degree

2 (case hyy(xg) # 0, list item (4)) or 1 (case hy (%) = 0, list item (6)).

In the case hyy (%) < 0 we set (i = /—hux(X0)/hx(Xo) and a := \/,u‘zh)z( (%0) + n=4h2, (o). It is not difficult to see that
the ODE hyyy - hy — hﬁx = R admits the solution h(x) = a - sin(u - (x — b)) + c (list item (3)) with appropriate parameters b
and c satisfying the initial conditions I.

In the remaining case hyyy (Xo) > Owe set ;& 1= +/hux(Xo) /hx(Xo) and look for the solution of the equation hyyy -hx—h,zcx =R
in one of the forms (1), (2), or (5) with appropriate parameters a > 0, b, c¢. The form (1) is realized in the case hy(X9) <
i - hy(xg) in which R > 0, the form (2) in the case hy(xg) > wu - hy(xo) in which R > 0, and form (5) in the case
hyx(X0) = 1 - hy(xo) in which R = 0. The needed parameters a > 0, b, ¢ can be found easily.
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It remains to show every function h(x) given by one of the formulas (1)-(6) satisfies one of the ODEs (1.2) with Ay # 0
and determine possible values of the parameters x and Ay, ..., As. Due to the condition Ay # 0 we may assume that
Ao = 1. The key observation is that h(x) is (up to a constant) either a trigonometric (case (3)), or trig-hyperbolic (cases
(1) and (2)), or exponential (case (5)), or a usual monomial (cases (4) and (6)) and therefore the differential expression
hy - (hi + 1?2 - h*(x) — Ay - h(x) + A,) will be a polynomial of the same type, divisible by the monomial h,, for example,
>_; Bje™* in the exponential case.

In the cases (1) and (2) we conclude that the right hand side must be of the form By - cosh(ku) + B, - sinh(ku) with
k = 1,2 or 3 which gives ;& = ku. The case k = 2 is excluded by the argument that for k # +1 the expression
hy - (h2 £ 1% - h?(x)) = hy - (h2 & k?1? - h?(x)) is a trig-hyperbolic polynomial of degree 3, i.e., containing a term cosh(3)
or a term sinh(3x). Using the relations sinh(3x) = 4 - sinh®(x) + 3 - sinh(x) and cosh(3x) = 4 - cosh?(x) — 3 - cosh(x) we
conclude that the only possible equations are (3.1) and (3.2).

The remaining cases (3)-(6) involving trigonometric polynomials, exponential polynomials, and usual polynomials
instead of trig-hyperbolic ones are treated in the same manner. O

Corollary 3.1. Every Eq. (1.2) with Ay # 0 and (As, Ay) # (0, 0) admits only finitely many (real) solutions h(x) such that the
metric g = hy, 2(dx? + dy?) has constant Gauss curvature, except the case of the equation hy(Ay - h,zc + Ay) = A4 which always
admits a solution of the form h(x) = a - x + ¢ with arbitrary c and a satisfying a(Ag - a*> + Ay) = Aa.

Every real solution h(x) of (1.2) is completely determined by its initial values h(xp), hy(Xg) at a given point xq. Thus for a
generic choice of the initial value h(xg) the solution h(x) of the Eq. (1.2) with this initial value and with any root h,(xq) of
the corresponding algebraic equation at xo the metricg = h 2(dx? 4 dy?) has non-constant Gauss curvature.

Proof. As we have seen, a metric of the form g = h; 2(dx? 4 dy?) has constant curvature if and only if h(x) is one of the
forms (1)-(6). Let us consider possible right hand sides.

Every expression As - %’“‘) + A4 - cos(i - X) can be written in the form A - cos(i - (x — b)) with unique A and b unique up

to a multiple of the period. Similarly, every expression As - W + A4 - cosh(u - X) can be uniquely written in one of the
following forms: A - cosh(i - (x — b)), A -sinh(iu - (x — b)), A- exp(u - x), or A - exp(—pu - x). The latter case can be reduced to
the previous one by inverting the x-axis. Thus the right hand side of the Eq. (1.2)(ii), determines which type (1), (2), or (5)
of the solution h(x) we obtain, and in the case (1.2)(i), the solution must be of the type (3).

In the case when h(x) is a solution of the type (1), (2), or (3) we proceed as follows: Comparing the right hand side of
Egs. (1.2) and (3.1)-(3.3) we determine b and possible values of w, there are only finitely many such possibilities. Then
multiplying the equation by a constant we make A; = 1. Next, we compare the Lh.s. and determine the parameters c
and C. After this the right hand side of (3.1)-(3.3) determines the possible values of a. Clearly, we have only finitely many
possibilities.

Notice that the type (5) is not generic itself since it occurs only if A; = +u - A4. Nevertheless, in this case for a given
Ao, ..., A4 we still have only finitely many solutions h(x) giving constant curvature. Indeed, we determine possible values
of u considering the right hand side of the equation, then from the 1.h.s. we determines possible values of the parameters c
and C, and finally again from the right hand side we determine a.

In Case (4) when h(x) = a - (x — b)> 4+ ¢ we must have b = —A4/As and a = A; /4, and finally ¢ =
Ao, ..., A4 we could have at most one solution of type (4).

Finally, if A; # 0 and h(x) is of type (6), i.e. h(x) = a - x + ¢, then a must satisfy A; = —a® - A; which gives us at most
two possibilities. For every a we have the unique possibility forc. O

2aAy A3 :
57— So for given

4. Uniqueness of the Principle equation

The uniqueness of the Principle equation is an interesting phenomenon per se and plays an important role in the proof
of the main theorem. We shall need the following two results.

Lemma 4.1. Let h(x) be a complex-valued solution of the equation
€ :=hy(h? —9-h(x)* +A)) —Ae¥*—A e =0 (4.1)

with complex coefficients A, # 0,A_, A, defined for x € [x*, +00). Assume that for x — +oo the function h(x) has the
asymptotic growth h(x) = a - € + o(e*) with a # 0. Then A, = —8a’ and there exists a complex-valued real-analytic function
f(t) defined for sufficiently small T such that f(0) = a and h(x) = e - f (e ).

Proof. Write h,(x) = ¥ (x) - €*, substitute this expression in (4.1), and consider the obtained relation as a cubic algebraic
equation on a variable ¢ depending on the parameter x. Then for x — 400 (the coefficients of) the obtained equation
converges to ¥ (2 — 9a®) = A,. This implies the asymptotic growth hy(x) = d - e* 4 o(e*) with some a’ satisfying the
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equation a’(a”? — 9a®) = A,. Integrating it we obtain the asymptotic h(x) = d’ - e* + o(e*). Consequently, @’ = a and hence
a satisfies A, = —8a>.

Now make the substitution x = —1 log(t) and h(x) = €* - (a + age™> + e~*f(e™*)) = t~ 2 (a + apt + t*f(7)). Then
the Eq. (4.1) transforms into

831® + 36f2t” + 12f, (3f? + foa0)T° — 12af?7> — 12(3aof? + 6ff.a + aif.)T* + (2Asf, — 48adf,
—72af?* — 36a3f)7> + (3Aof + A_ — 72aaof — 8ay — 12a%f,)t* + (A; — 12aaq)(apt — a) = 0. (4.2)

This means that we are now looking for solutions f (t) of (4.2) defined for small 7 > 0. The condition on the growth of h(x)

and h, means that f (t) = o(t~%/?) and f, (r) = o(r ~2). Therefore we must have ay = % and the substitution A, = 12aag
transforms the Eq. (4.2) into

827 + 36ff*° + 12f, (3f* + fra0)t? — 12af27® — 12(3aof? + 6ff.a + a3f,)t*
— 12(2aaof; + 6af* + 3a3f)t + (A_ — 12¢°f, — 36aa,f — 8a;) = 0. (4.3)
For any given A_, a, ag, f and sufficiently small 7 the latter relation can be resolved in f; as a real-analytic function

3
fo =F(x.f,a,a0,A_) With F(z, f, @, ag, A_) = =220 08% | ().
Consequently, we can conclude the following properties: Any solution h(x) of (4.1) satisfying the hypotheses of the lemma
is given by the series h(x) = ae* + Y o, ake~®*FD* which converges for x € [xg, +-00). Moreover, the coefficients a, ag
satisfy the relations 8a> = —A, and 12aay = A,.

Furthermore, we can also conclude the following two existence results for solutions of (4.1):

e First, for a, ag satisfying the conditions above, for any given sufficiently large xq >> 0 and any sufficiently small b € C
there exists a unique solution of (4.1) with the initial value h(xg) = @ + age ™ + be =%,

e Second, for a, ag satisfying the conditions above and any given a; there exists a unique solution of (4.1) which is defined
for x > 0 and whose initial terms in the series above have coefficients a, ag, a;. O

Lemma 4.2. Assume that a complex-valued function h(x) satisfies the equation
he(Ao(hy — u*h(X)?) — Ath(x) +Az) = 0
with complex parameters (i, Ag, A1, Ay. Then R := hyyhy — hix is constant.

Proof. We have obviously two possibilities: Either hy vanishes identically, h, = 0, or
Ao(hZ — u?h(x)*) — Ah(x) + Ay = 0. (4.4)

The first case h, = 0 is trivial since then R = hyhy — hix = 0. So we may assume that h, is not vanishing identically.

Assume additionally that u # 0. In the case Ay = 0 the solution of (4.4) is a constant function, and R vanishes also. In
the case A; = A; = 0 the solution of (4.4) is h(x) = C - exp(£ux), and again R vanishes. In the remaining case Ay # 0 # A;
every solution of (4.4) has the form h(x) = cg + cysinh(£ux + c;) with arbitrary ¢, and appropriate cg, cy. This time R must
be constant too.

In the case © = 0 the argumentation is changed as follows. If Ag = 0, then h(x) must be constant, and then R = 0. If
A = 0, then h(x) must be linear, which is also a contradiction. Finally, in the case Ay % 0 # A; every solution h(x) of (4.4)
with u = 0is quadratic in x, and then R := hyyy - hy — hﬁx is constant again. O

Theorem 4.1. Let h(x) be a complex function defined in a some open set, U C C satisfies two equations each of the form (1.2) with
some complex parameters Ay, . . ., As, i and respectively By, . . ., B4, L. Assume that R := hyy - hy — hfx is not constant. Then
i = £A and the equations are proportional.

Remark 4.1. For convenience in the calculation below we consider only equations of the form (1.2)(ii) or (iii), but not (1.2)(i).
This is an equivalent problem, since the substitution p — iu switches between forms (1.2)(i) and (ii).

Proof. One of the techniques to prove the theorem is to write a Taylor series h(x) = Zj aj(x — Xo), substitute it in
both equations, write the expansions, and then compare term by term the coefficients. In some places we use another
approach, namely, we study geometric properties of the solution h(x) using methods of geometric function theory and
algebraic geometry. It should be noticed however that every relation which will be obtained by geometric methods can be
also received purely algebraically from the equations obtained from Taylor series.

Denote by &, and &, the equations from the hypotheses of the theorem, and A, (x), A, (x) the r.h.s.-s of these equations.
In the case 4« # 0 and resp. A # 0 we rewrite them as A, = A;e”* + A_e " and resp. A; = B, e™ + B_e™**. Notice that
by Lemma 4.2 A, (x) and A, are non-zero.

We claim that the function h(x) extends to an analytic multi-sheeted (< multi-valued) function of x € C \ S for some
discrete set S C C. Let us consider several cases. The first is when Ay # 0. In this case the equation &, is a polynomial of



1364 V.S. Matveev, V.V. Shevchishin / Journal of Geometry and Physics 61 (2011) 1353-1377

degree 3 in . Let D), (x) be its discriminant with respect to h,. Then D,,(x) = —27A% — 4(Aou*h(x)> — Aih(x) + A3)*,
this is an analytic function in x defined in the domain of definition U of h(x). In the case when £, (x) is not identically zero
we can resolve the equation &,, as an analytic multi-sheeted (< multi-valued) function of x € U \ S where S is the set of
zeroes of D, (x). This transforms the equation in the explicit form h, = F(x, h(x)) where F is multi-sheeted function with
ramifications exactly at zero points of the discriminant D,,. This gives us the claim.

In the case when the discriminant D,, vanishes identically, hy also satisfies the equation 3h2 +Aou?h(x)? —A;h(x)+A; = 0
which is the derivative of &, with respect to h,. Again we obtain an explicit equation h, = F(x, h(x)) with analytic multi-
sheeted right hand side F(x, h(x)) with singularities in some discrete subset S. Hence this time also h(x) extends to an
analytic multi-sheeted function of x € C \ S for some discrete set S C C. Finally, in the case A; = 0 the equation &, can be

resolved as h, = Azfﬁf’;)(x), and we can conclude the claim.

Assume that Ag # 0 # By. Then dividing equations by Ay or resp. By we reduce the general situation to the case
Ao =By = 1.

First, we prove that under the hypotheses of the theorem we must have the relation A = =+ . Let us assume the contrary,
i.e., A # +u. We shall consider numerous special cases and subcases.

Without loss of generality we may suppose that |[A| > |u|. In particular, A % 0. Observe that under complex affine
transformationx — ax+-b the equations &, &, retain their structure only changing the parameters u, A, A;, B;, in particular,
A transforms in % Consequently, we may assume that A is real positive, A > 0. Then by assumption on & we conclude
IM(w)| < A. Further, recall that A; (x) = By - exp(Ax) + B_ - exp(—AX) such that at least one constant B, B_ is non-zero.
Inverting the coordinate x, if needed, we can suppose that By # 0.

Assume additionally that  # 0. Then A, (x) = A+ - exp(ux) + A— - exp(—ux). Consider the difference &, — &,. It has
the form

hy - (Coh(x)? + C1h(x) + C2) = As(x) (4.5)

where Cp = A% — p? and As(x) = A, (x) — A «(X). Denote this equation by &;. Integrating it, we obtain an algebraic equation

%coh(xf + %cm(x)z + Gh() = A5 + G (46)

which we denote by g’,; and in which C3 is some constant and 715 (x) = f As(x)dx equals
~ By B_ Ay A_
As(x) = - exp(Ax) — - exp(—Ax) + 7 - exp(ux) — 7 - exp(—ux). (4.7)

Making a translation in x, we can suppose that the real axis x € R does not contain singular points of h(x), and that our
open set U C C hits the real axis x € R. Then there exists a unique extension of the function h(x) over the axis x € R which
satisfies the Eq. (4.6).

3By

1/3
Since Cy = A% — u? # 0, the function h(x) has asymptotic expansion h(x) ~ (co_/\> exp(Ax/3) forx — +o0. From

1/3
(4.5) we conclude that the derivative h, has asymptotic expansion h(x) ~ ( %) . % - exp(Ax/3) for x — +o0.

Further, assume that A # £3u. Then hﬁ — w?h(x)? has asymptotic expansion ~ C - exp(2Ax/3) for x —> 400, which
gives the asymptotic expansion ~ C - exp(Ax) for the r.h.s. of &,,. But by our condition [ (u)| < A the Lh.s. A, (x) has slower
growth. The obtained contradiction gives the proof in the case A # £3pu.

It remains to consider the case A = £3u. However, before this case we notice that the consideration above are valid also

1/3
in the case © = 0 # A.Indeed, we obtain the same growth asymptotic h(x) ~ %) . % - exp(Ax/3) for x —> 400,
and the same contradiction in the growth of the right and left hand sides of &,.

Now we consider the case A = £3u. Recall that we assume that Ay #% 0 # By. Changing the sign of u, if needed,
we obtain A = +3u. Rescaling x, we can make A = 3 and u = 1. Adding to h(x) a constant we may assume that
B = 0. At this point we apply Lemma 4.1 to h(x) and the equation &,. It gives us the presentation of h(x) as a series
h(x) = ae* + age™ + a;e=>* + - - - which converges for x > 0 such that B, = —8a® and 12aay = B,. Differentiating the
series we obtain hy = ae¥*—age ™ —3a;e >+ . .. This gives us h2 —h(x)> = (hy—h(x))-(hy+h(x)) = —4aao—8aa;e >+ - -.
In the case A; # 0 the growth of the Lh.s. of §,, is ~ e?*, which is faster than in the r.h.s. A, ~ e* Consequently, A; = 0.

Consider the case B_ # 0. Then repeating the argumentation above, we obtain the asymptotic behavior h(x) ~ a_e™
for x — —oo. After this we can apply Lemma 4.1 to h(x) and the equation &, in the negative range x € (—o0, xo], yielding a
similar expansion h(x) = a_e *+ay _e*+a; _e*+- .. inwhichB_ = 8a> and 12a_ay__ = B,.Under translation x — x+£&
with £ e C the coefficients a, a_ transform as a — ae~%, a_ — a_e**. Consequently after an appropriate translation we

X
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achieve the equality a = —a_, and hence the equality B, = —8a® = 8a> = B_. The relations B, = 12aay = 12a_a,, _ give
also the equality ap — = —ap.

The substitution of the series in €, yields (aA; —A; — 4a’ap)e* +0(e™™) forx — +ooand (—a_A; —A_+4da’ay _)e ™+
0(e*) for x — —o0. Since &, vanishes identically, we obtain A} = aA, — 4aay = —a_A, — 4a2_ao,, = A_. The next term

in the expansion of &, for x — 400 is
(—8d%a; + 4a3a — apA, + 4dPag — aAy)e ™.

Since it must vanish, we obtain a; = —(aA; — 4a(2)a + apA, — 4a*ay)/(8a?). Making the same computation for x — —oo we
obtaina; - = —ay.

We conclude that the solution h(x) has sheets which satisfy the relation h(—x) = —h(x). Further, recall that h(x) satisfies
the algebralc equation 85, see (4.6). Since Ay, = A_and B, = B_, Ags (given by (4.7) with A = 3 and u = 1) is an odd
function, As(—x) = — A;s(x). Consequently, C5 vanishes.

Let w(z) be the 3-sheeted function of the argument z € C given by the algebraic equation §w3 + Gw = z with

C, # 0.Then h(z) = w(As(x)). Let us observe the following facts about the function w(z): The first is that for z small
enough three branches of w(z) are given by the approximate formulas w(z) = z/C, + 0(z%), w.(z) = ++/—3C,/8, and
w_(z) = —+/—3C,/8. The second is that the monodromy group of w(z) is the symmetric group permuting the sheets of
w(z). In particular going along an appropriate path in the z-plane we can mterchange two given sheets of w(z).

In turn, the function z = Aj(x) is the composition of the polynomial Q (i) := —B+u + 2(B; — Ay )u with the functions

u = sinh(x). The polynomial Q (1) has the same structure coz> + ¢,z as the polynomial gw + G,w. Consequently, there are
two possibilities: Either the critical values of the polynomials Q (1) and §w3 + Gyw are different, and then monodromy of
the composition w(Q (u)) in the full symmetric group as in the case of the function w(z), or the difference §w3 +CGw—Q(u)
splits in the product % 1_[]-3:1(10 — bju) with appropriate b; € C. In the latter case three possible branches of h(x) are

w(u(sinh(x))) = bjsinh(x), and in this case R = hyuhy — hﬁx is constant in contradiction with the assumption of the theorem.

Consequently, the latter case is impossible, and the monodromy of the composition w(Q (u)) is the full symmetric group.
Finally, the critical points of the function u = sinh(x) are given by the condition sinh’(x) = cosh(x) = 0, and hence

the critical values of u = sinh(x) are +i. The corresponding values of z = Q (u(x)) are z, = =i (§B+ + 2A+). Here we

notice that for each value zy. has at least two pre-images Q ~'(z.) such that at most one of them is +i, and neither of these
pre-images is 0. Further, we notice that the function u = sinh(x) is surjective. Indeed, it is the composition of the rational
function u(t) = % (t — t~1) and the exponent t = exp(x), the map u(t) = % (t — t~1) acts surjectively from C \ {0}
onto C, the map t = exp(x) surjectively from C onto C \ {0}. Summing up we conclude that for any of two critical values
z* of the polynomial §w3 + C,w there exists an x* € C which is not a critical point of the function z = Q(sinh(x)) but

= Q(sinh(x*)). This shows that the monodromy of the function h(x) is the full symmetric group permuting its 3 sheets
(< branches). ~

In particular, each of the 3 sheets of h(x) satisfy both equations &, and &,. Notice that since the Lh.s. As(x) of (4.6) vanishes
atx = 0, there exists a branch h(x) which vanishes at x = 0. Moreover, its behavior is h(x) = As(x) /Co+ O(/~1§ (x)). Further,
As(x) = 2(B; — Ay)x + O(x%) in the case B, # A, and As(x) = 8B.x*> 4+ 0(x°) otherwise. In any case, this branch h(x) is
regular at x = 0.

Now consider the equations &,,. By the consideration above, it has the form h, (hf — h(x)? + A;) = 2A,cosh(x). This
equation has (at most) three local branches of solutions satisfying the initial value problem h|,—g = 0 each corresponding
to a root of the equation &, |x=o considered as a cubic polynomial on hy|,=o. However, we can immediately see that these
solutions are 2a”sinh(x) where a® are three roots of the polynomial equation a - (4a> + A;) = A,.? The uniqueness of
solutions of the initial value problem for ODEs implies the equality h(x) = 2a?”sinh(x). However, this contradicts to the
non-constancy of R = hyyhy — hfx. So finally we have excluded the possibility A = 43 with By # 0 # B_.

Let us notice that transforming the above solution h(x) = 2asinh(x) by means of affine change of the coordinate
X (x — b(x + x9) with b # 0,xy € C) and the function itself (h +— a’h + ¢ withd’ # 0,c € C) we can obtain all
solutions given in items (1-3) of Theorem 3.1.

The next case we consider is when B_ = 0. Recall that we also have & = 1and A = 3. We shall consider the asymptotic
behavior of various expressions for x varying some on a real line in C given by J(x) = ¢ and tending to i - ¢ — oo. To

simplify notation, we write this as x — —oo. Assume that A_ # 0. Then from (4.6) we obtain the asymptotic growth
1/3

h(x) ~ — 3’2‘—0‘ e /3 for x — —oo and from (4.5) a similar growth of the derivative h,. The substitution of this

asymptotic in the Lh.s. of the equation &, would give the growth ~ C - e™ for x — —o0, whereas the Lh.s. §, decreases.

2 The case when this polynomial has a multiple root is degenerate: In this case the discriminant of &, with respect to hy vanishes identically along the
corresponding solution h(x). Moreover, solving the corresponding initial value problem in the form of series h(x) = Zj ¢x' with ¢ = 0 we obtain the
cubic equation on c; - (4c]2 +A;) = A, which has one double and one simple root. Substituting this double root in ¢y, all successive equations on c,, c3, . . .
can be solved uniquely. This gives us the uniqueness of the problem also for this degenerate case.
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The contradiction shows that we must have A_ = 0. Now from (4.6) we conclude that for x — —oo the function h(x) is
given by the converging series h(x) = Z;':o ajef" with some complex coefficients a;. The substitution of this series in the
equations gives a; (B, — 9a3)e* 4+ 0(e*) = 0 for &, and (A,ay — ala; — A;)e* + 0(e*) = 0 for &,,. In the case a; = 0 we
would have A, = 0and hence A; = 0, which was excluded above. Consequently, B, = 9a(2). Substituting this relation in &;,
we consider the further expansion of &;. This gives us a1a(2)e2" +0(e*®) = 0, and hence a, = 0 since by the above argument
a; # 0. Repeating the substitution we obtain —(B,. + 8a3)e® + 0(e**) = 0 from &), and (Aya; — A;)e* + 0(e*) = 0 for
&, This gives us B, = —8a3 and A; = a;A,. Now we see that for each of three roots a; of the equation 8a3 + B, = the
function a,e” satisfies the ODE &, and has the correct asymptotic behavior for x — —oo. Consequently, h(x) is one of these
three solutions, and hence R = hyyhy, — hf(x must be constant. The obtained contradiction excludes the possibility B_ = 0.
Above we have proven the equality A = w under hypotheses of the theorem and additional assumption Ag % 0 # By.
Now we consider the case when one of these coefficients vanishes, say By = 0. Then B; # 0 since otherwise we obtain the
equation Byh, = A; whose solutions are h(x) = c e’ + c_e ™™ + ¢y (or h(x) = cx*> 4+ ¢1x + ¢ in the case u = 0) for
which R = hyhy — h,z(x would be constant. Making transformations h + ah + c and x — x/A in the case A # 0 we change
the equation &, into h(x)h, = B,e? + B_e % (which means that we make A = 2) or respectively h(x)hy = Bsx + B4. The
integration gives h(x)?> = B,e* — B_e % + Bs or resp. h(x)?> = B3x? 4 2B4x + Bs with some Bs € C. As shown above
without loss of generality we can suppose that B, # 0. Hence we conclude that in the case A = 2 the function h(x) is given
by a series h(x) = ae* + Y= aje"#*V* which converges for 5 i(x) > Xo >> 0 and such that > = B,. In the case > = 0

we obtain respectively h(x) = :i:\/B3x2 + 2B4x + Bs ~ 44/Bsx in the case . = 0. In particular, the asymptotic for the

derivative is hy ~ B}/zex or respectively hy ~ £+/Bs. The substitution in &, and comparing of the growth of the left and
right hand sides exclude the case A = 0 and shows that we could have © = +1, © = 42, or © = +3 in the case A = 2. The
case u = +2 = +A is our claim, so we must exclude two other possibilities.

First, we consider the case A = 2 and u© = =£1. As above we distinguish the subcases B_ # 0 and B_ = 0 and start
with the first one B_ # 0. Shifting the coordinate x appropriately we make B_ = —B,. Then the coefficients B, , B; and
a, dg, ai, . .. are related as

2 2 2 2 2 23 (2 2
a —a ag(a” — ag) (a® — ag)(a — 5ap)
B, = d* Bs = —2aa a; = 0 a=—————- as = — 4.8
+ 5 0 1 2 2 20 3 803 (4.8)
and so on. Substitute the series h(x) = ae* + Z aje ~@+1x 3nd the above relation in &, and write the condition of
the vanishing of the resulting expansion. We obtam subsequently A, = aA; — 4da’ay,A_ = 4aa0 — 8a%a; — Ayay =

2)(Ay—12
Saa0 Asag — 4a?, and then the condition w = 0. So here we have two possibilities: either A, = 12aaqg

oray = =a (or both) However, after substitution of the first relation A, = 12aqo in &, the first non-trivial term will be

10(a—
%e which leads to the relation ag = +a dropped above. But then all higher coefficients a1, a;, ... must vanish

and the solution h(x) of the equation h(x)?> = B,e? — B_e~* + Bs will be 2acosh(2x) in the case ay = +a or respectively
2asinh(2x) in the case aqp = —a. In any case R = hyhy — hﬁx will be constant. The obtained contradiction excludes the
possibility A = £2u, B = 0,and B_ # 0.

Our next subcaseis A = 2, u = 1,and By = B_ = 0. The procedure here is essentially the same as in the previous
subcase: Substituting the series h(x) = ae* + 3%, ae” @t in h(x)> = B, e* + Bs we obtain the relations

—5x

2 3 4
a a 5a
2 0 0 0
B+=a BS=_2aaO (11:—% azzﬁ a3=—@, (49)
and so on. Next we substitute the series h(x) = ae* + 3=, aje” @+ and the obtained relations in &, and get A, =
3a3 (A, —12aaq)

aA, — 4d*ag, A_ = 8aa(2) — Asap, and then the condition e

= 0. As before, setting A, = 12aaqo in §, we then

4
obtain 10% = 0 which gives us the condition ay; = 0 dropped before. So we must have ay = 0 and h(x) = ae*, and hence

R = hyhy — hﬁx will vanish identically. The contradiction excludes also this subcase.
Next we consider the case case A = 2 and u© = =3 and start with the subcase one B_ ;é 0. As in the case u = *£1
above we can additionally assume B_ = —B,. Then we obtain the same expansion h(x) = ae* + Z a; e~ @D with the

same relations (4.8). Substituting them in &,, we obtain subsequently the relations A, = —8a3, Ay = 0, Ay = 12aay,A_ =

.. 15 2— 2)2 . . ..
12a%ay — 4a(3) and then the condition Ber—g)” _ 0. As above, in both cases ap = =a all higher coefficients aq, a,, as, . ..

vanish, the solution h(x) must be either 2acosh(x) or 2asinh(x), and the function R = hyhy — hﬁx will be constant.
In the subcase A = 2 and © = 43 and B_ = 0 we obtain respectively first the relations (4.9), then subsequently the

4
relations A, = —8a3, A; = 0,A; = 12aa9,A_ = —4a3, and then the condition 15% = 0. The rest follows as in the case
A =2,u =1,and By = B_ = 0 considered above.

This finishes the proof of the fact that under the hypotheses of the theorem one has the relation @ = =£X\. Now we
show the complete assertion, namely, the uniqueness of the equation up to constant factor. As before, we suppose that h(x)
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satisfies two equations, for which we maintain the above notation §,,, &, A,, A, Ao, ..., Bo, ..., A+, B+.Besides, we may
assume the equality u = A.

Since . = A, alinear combination of &, and &, is again an equation of the same form with the same . In particular, we
can replace &, or &, by such a linear combination. Consequently, we can assume that By = 0, and in the case Ap = Bp = 0
we may also suppose that By = 0. However, in the latter case we would have B,h, = B, e** 4+ B_e " (resp. Byhy = B3x+ By
in the case © = 0) and hence R = hyyhy, — hfx would be constant. The contradiction shows that we must have Ay # 0 # B;.
Normalizing, we can make Ap = 1 = B;.

First, let us consider the case 4 = A # 0. Here we apply essentially the same arguments as in the above cases
A=2,u=1and A = 2, u = 3. As we have shown above, making appropriate transformations the equation &, can
be brought to the form h(x)h, = B, e* + B_e~?* with B,. # 0, in particular, we make ;& = A = 2. In this way we obtain the
algebraic equation h(x)?> = B,e* — B_e % + Bs and the asymptotic growth h(x) = ae* 4+ 0(e™*) and h, = ae* + 0(e™>)
forx — +oo with a*> = By # 0. The substitution gives the growth —3a*e** + 0(e?*) of the Lh.s. of &,,, which contradicts to
Ay =Ae®+A e

The argumentation in the case 4 = A = 0 is as follows. The equation h(x)h, = Bsx + B4 integrates to h(x)?> =
B3x? + 2B4x + Bs. An appropriate affine transformation of x and a rescaling of h bring this equation into one of the following
forms: h(x)> = x*> + 1, h(x)> = x*, h(x)?> = x, or h(x)> = 1. In the cases h(x)> = x? and h(x)> = 1 the expression
R = hyyhy — hfx vanishes in contradiction to the hypothesis of the theorem. In the remaining cases the function h(x) cannot
satisfy the equation hx(h,z( — Ath(x) + Ay) = Asx + As.

It remains to consider the case Ay = 0 = By (“Darboux-superintegrable case”). Then both A; and B; must be non-zero
since otherwise R = hyhy, — hf(x would be constant as we have shown above. Normalization of the equations transforms
them into hy(h(x) +A;) = A, e**+A_e " (or = A3x+A, in the case 1 = 0) and respectively hy(h(x)+B,) = B, e* +A_e**,
The subsequent integration gives

h(x)? A A_
®) + Ayh(x) = —FeM* — T e MY 4 A,
2 % M
h(x)? A
(2) + Ah(x) = fxz +Asx +As inthe case u =0, (4.10)
h(x)? By ;x B- _
Boh(x) = —e™ — —e™™ 4 Bs.
5 + Byh(x) . . +Bs
In the case A, = A_ = 0 the function h(x) must be constant which contradicts the hypotheses of the theorem. So one

of these coefficients must be non-zero, and changing the sign of u if needed we can suppose that A, # 0. By the same
argument B is non-zero. Observe that the Eq. (4.10) establishes an algebraic dependence between the functions e#* and
e’ in the case 1 # 0 # A, and between the functions x and e** in the case ;. = 0 # A. This can be possible only if 1 = £A.
In this situation the difference of the integrated Egs. (4.10) is

A, — B A_ —B_
(Ay — Byh(x) = —— el — e ™ 4+ (As — Bs)
1z Iz

or respectively
A3 — B3

(Ay — By)h(x) = X* + (Ag — Bs)Xx + (As — Bs)

in the case . = u = 0. Now it is obvious that the triviality of these relations is the only possibility to avoid the contradiction

with the condition R = hyyhy — hix # const. This means the desired proportionality of the equations.
The theorem is proved. O

4.1. Real solutions

Recall that the Principal equations (2.8), (2.13) have the following meaning: If a surface metric g admits a linear and a
non-trivial cubic integral then it has the form h; 2(dx?* 4 dy?) with a function h(x) satisfying one of these two equations

with some complex parameters i, Ao, . . . , A4. Of course, we are interested only in solutions for which hy is real. In this case
h(x) = hi(x) + i - ¢ with some real function h;(x) and a real constant c. Substituting we see that h;(x) satisfies the same
equation with new parameters Ay, . . ., A4. Thus we can consider only real solutions h(x).

Theorem 4.2. Assume that the Eq. (1.2) with some complex parameter w and complex coefficients admits a real-valued solution
h(x) such that R = hyy - hy — hfx is non-constant. Then w is real or purely imaginary (or zero) and the equation is complex
proportional to another Eq. (1.2) with the same parameter  and with real coefficients Ay, . . ., As.

Proof. The result follows immediately from Theorem 4.1 applied to the Eq. (1.2) and its complex conjugate. O
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5. Number of independent cubic integrals. Proof of Kruglikov’s “big gap” conjecture. Summary of the proof of the
main theorem

5.1. Number of cubic integrals and Kruglikov’s “big gap” conjecture

In [5] Kruglikov conjectured that the dimension of the space of cubic integrals of a surface metric g of non-constant
curvature is at most 4. In this section we prove this result for metrics satisfying the hypotheses of the main theorem. Our
proof applies also for Darboux-superintegrable metrics, however, the result in the case is not new.

Theorem 5.1. Let a function h(x) satisfy one of the Egs. (1.2) with complex parameters w, Ag, . .., As. Assume that R :=
hyxxhy — hﬁx is non-constant. Set H := %hﬁ (p,f + pf,). Then the space of complex-valued functions F (x, y; px, py) that are cubic in
momenta (px, py) and satisfy the equation {H, F} = 0 is 4-dimensional (as vector space over C).

Proof. We distinguish two main cases: i # 0 and . = 0 and start with the first one. Set L := p,. Then {H, L} = 0. This
gives us the following 4 linearly independent solutions of the equation {H, F} = 0: L, H - L, and 2-dimensional space of
solutions F given by the formulas (1.3).3 So the theorem claims that there are no more linearly independent solutions.

We call functions F(x, y; px, py) satisfying the hypotheses of the theorem (complex) cubic integrals (of the Hamiltonian H
given by the function h). Denote by , the space of complex cubic integrals. It was shown by Kruglikov [5] that the space
is finite-dimensional.* The Jacobi identity implies that the formula .£ : F — {L, F} induces a well defined homomorphism
L . Fn — Fp, see Section 2.1. Consider the decomposition of #;, into generalized eigenspaces of .£ and the corresponding
Jordan blocks. Then L* and H - L are eigenvectors with eigenvalue 0. Further, the functions F,. and respectively F_ given by
formula (1.3) with C_ = 0 and respectively C; = 0 are eigenvectors of .£ with eigenvalues + .

It follows immediately from Theorem 4.1 that the space #, contains no eigenvectors of .£ with eigenvalue A # 4. Thus
in the case i # 0 the assertion of the theorem is equivalent to the non-existence of a generalized eigenvector of .£ with

eigenvalue +u and the Jordan block (iO“ ilﬂ)

Assume the contrary. Then there would exist cubic integrals Fy, F; € #; satisfying {L, F;} = £uF; 4+ Fy and {L, Fy} =
EuFo. Inverting the y-axis we can change the sign. So we assume that we have +u in the formulas. Recall that L = p,
corresponds to the vector field da—y Integrating the equations above we obtain Fy = e*YGy and F; = ye*’Gy + e*Y G, where

Go, Gy are some complex functions of (x, px, py) cubic in momenta (py, py) and independent of y. Since Fy is a cubic integral
and an eigenvector of £ with eigenvalue p, it has the form (1.3). Since {Fp, H} = {H, e/¥Go} = 0, the equation {F;, H} = 0

now reads {e"YGq, H} + {y, H}e"Y Gy = 0. Write G, = Zﬁ:o bj(x)pi_]p’y. Since {y, H} = —pyh,z(, we obtain the equation

{e" Gy, H} — pyh2e" Gy = 0. (5.1)

Solving this equation we apply the same procedure as in Section 2.2. The bracket {e"*YG;, H} is given by (2.4) in which we
need to replace g;(x) by b;(x). Thus the Eq. (5.1) is equivalent to 5 equations which are inhomogeneous versions of 5 equations
in (2.4) with the r.h.s.-s given by pyh§ e"¥Gy. As in Section 2.2 we solve successively the first 3 of them and resolve b3 (x) from
the last one. This gives the following formulas (compare with (2.5)):

bo (X) = Boh)?:

B4 2
bi(x) = [ —(uBo + Ag) - h(x) + ) hy
o

1 A
by(x) = > (— (131 + j) -h(x) + (4?*Bo + 21Ao) - h(x)* + 3Boh? + Bz> - hy

1
bs(x) = 22 (3 h% - (1By — Ao) — By - h(x) + p1* - (1Bo + Ao) - h(x)* + (uBy — A2)) - h.
Substituting them in the remaining term of (5.1) we obtain the equation
(3 (1Bo — Ao) - g + 11* - (1Bo + Ao) - h(X)* — ju - By - h(x) + 11 - By — Ay) - P
+6- (1tBo — Ag) - hy - Mgy + (6 - 1* - (Ao + it - Bo) - h(x) =3 - 11 - B1) - hy - hoe +63 - 11® - (Ag + - Bo) - b
+ (- (- Bo+3-Ag) - h(x)* — p? - (- By +2- A1) -h(x) + p? - (- By +A) - hy =0 (53)

3 The fact that the parameters i, Ag, . . ., A4 in Theorem 1.1 are real plays no role here.

4 The proof in [5] is given for the case H(X, y; px, py) = (dx? + dy?)/A(x, y) with real) (x, y). It works in our situation without changes.
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which is the counterpart of (2.6). As the Eq. (2.6), the above equation can be partially integrated in the sense that it can be
written in the form (compare with (2.7))

d? A
1 (—2 + M) (hx : <h§ -Bo + (4% - Bo + 244 - Ag) - h(x)? — (31 + —1) ~h(x) +Bz>>
dx %

d2
+ (@ _ MZ) (hx . (h?< -Ag + MZ -Ap - h(x)2 — Ay -h(x) —|—A2)) =0. (5.4)
Let us now observe that the other equation {Fo, H} = {H, e”/Go} = 0 is equivalent to the equation (h - (h2 - Ag + u? - Ag -
h(®)? — Ay - h(x) + AZ)) = A3 —Sinifm + Ascos(ux) with some constants As, A4, and that the Lh.s. of this equation appears in

(5.4). Then

2
(% - “2) (Ajsin(ux) + Agcos(ux)) = —2u*(Aysin(ux) + Ascos(ux))

(here we set A} = %) and so (5.4) is equivalent to

2 2 2 Al
hy - (tho+(,lL Bo+2[LAo)h(X) — (B]'i‘;) h(X)+Bz>

= (B3 + As - X) - sin(ux) — (A3 - X + Byg) - cos(ux). (5.5)

For convenience in future let us make the substitution © — iu, B; — iB; in the Egs. (5.5) and (2.8), and rearrange their
r.h.s.-s. Then the equations transform into

hy - (H2 - Ag — - Ag - h(x)*> — Ay - h(x) + A)) = Ay - e+ A_ - e ™ (5.6)
2 2 2 Al
hy - | hy - Bo — (1" - Bo — 2 - Ag) - h(x)” — Bl_; -h(x) + By

=By +A; -x)-e™ 4+ (B_ —A_x)-e ™, (5.7)

Notice that the condition of non-triviality of Fy is equivalent to the non-vanishing of at least one parameter Ag, A1, As.
Further, by Lemma 4.2 both A, and A_ cannot vanish together. Replacing i by —u, if needed, we can suppose that A, # 0.
We consider several subcases. The first one is A = 0. Then the Eq. (5.6) can be integrated as

A A A
— hx)2 + Aph(x) = == et — T2 e 4 A (5.8)
2 % %

If, moreover, A; = O, then h(x) = :—Xz . eMx — :—;2 ceTHX 2—;, and then R = const in this case in contradiction with
the hypotheses of the theorem. Otherwise we make the substitution x — 2x/u. After the substitution w transforms into
2 and the r.h.s. of (5.8) into A2—+ e — AT‘ - e~ 4 As. So we can conclude that for x — 4oo the function h(x) is given by

the converging series ae* + Z]?’io aje‘f". But then the substitution of this series in (5.7) gives the following leading terms
for x — +4o00: —3a®e> for the Lh.s., and MT*erM for the r.h.s. The obtained contradiction shows that the case Ay = 0 is
impossible.

In the case Ag # 0 we make the substitution x + 3x/u which makes u = 3, and subtract (5.6) from (5.7) with coefficients
By /Ao. This gives us the equation

hy(3Coh(x)? + 2C1h(x) 4+ o) = Ay xe™ + C4e® + (Csx + Cg)e ™ (5.9)
with some constants Cy, Cy, ... such that Cy # 0. Integrating it, we obtain
A ~ ~ ~
Coh(®)® + C1h(x)? + Gh(x) + C; = %xe“ + Cse¥ + (Csx + Cg)e ™ (5.10)

with some new constants Cs, ES, Es. From this equation we conclude that h(x) is a 3-sheeted function on C with a
ramification on some discrete subset S C C and that for x — 400 every branch of h(x) has a behavior h(x) = ax'Pe*(1 4+
A(x)) for some function A(x) admitting a converging series Z;‘;O a;je~*x /3 with agy = 0. Moreover, the derivative h, is

given by the derivative of the expansion above and is a similar series h, = ax'/3e*(1 + A(x)) with A(x) = D i e XTI
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such that gy = 0. Substituting these expansions in (5.6) we obtain the term —8axe3 for the Lh.s., which contradicts the
growth A, e of the r.h.s.

This prohibits the possibility Ay # 0 for a solution h(x) of the pair of Egs. (5.6)-(5.7), and thus excludes cubic integrals
F1, Fg such that {L, F;} = Fyand {L, Fy} = 0.

Now we consider the case i = 0. As above, denote L = py, set L(F) := {L, F} for any function F(x, y; px, py) and
let #, be the space of complex cubic integrals oh H. Then as above #, is finite dimensional and £ : F, — #, is a well-
defined homomorphism. It follows from Theorem 4.1 that in the case © = 0 the homomorphism £ : £, — % has unique
eigenvalue u = 0 and #, is a sum of Jordan blocks with eigenvalue ; = 0.

Notice that L> and L - H are eigenvectors of .£ with eigenvalue ;© = 0. We are going to prove that %, contains only two
linearly independent eigenvectors, a unique Jordan block of size 3 x 3, and no other Jordan blocks.

Let Fy = Fo(X, ¥; px, py) be given by (2.2) with coefficients ap(x), . . ., az(x) given by (2.10) withA; = A; = 0.ThenFyisa
cubic integral, £(Fy) = A; -L> +As-L-H # 0,and £2(Fy) = 0. Assume that we have some other non-zero cubic integral F’
such that £2(F’) = 0. Then the calculation made in Sections 2.1 and 2.3 shows that Fy must be given by the same (2.2) with
new coefficients ag(x), . .., a5(x) given by (2.10) with parameters Ay, . .., A} instead of Ay, . . ., A3, such that h(x) satisfies
the Principle equation (1.2)(iii) with A; replaced by A.

At this point we obtain two subcases. The first is when both A}, A} vanish, which means that £(F’) = 0, i.e, F" is an
eigenvector of £ with eigenvalue u = 0. In this situation from the Eq. (1.2)(iii) we see that either h, is constant or all

parameters Ay, . . ., A, must vanish. The first possibility would yield R = hyhx — hﬁx = 0, which contradicts the hypotheses
of the theorem. Thus all parameters Ay, . . ., A must vanish, and then F’ = A} - [* + A} - L- H, a linear combination of L* and
L-H.

Let us underline that the latter argument demonstrates that the space of eigenvectors of .£ in #, is 2-dimensional with
abasis 3, L-H.

The remaining subcase is when not all parameters Ay, . .., A, vanish and we obtain a new equation of the form (1.2)(iii).
In this situation the uniqueness from Theorem 4.1 ensures that A; = c - A; with some coefficient c. But in this case
F'=c-Fy+A,-13+A,-L-H with the same coefficient ¢ and some parameters A, A;. This demonstrates that the
space of cubic integrals F’ satisfying £2(F') = 0 is 3-dimensional with a basis Fy, L3, L - H. In particular, we cannot have two
distinct Jordan blocks.

Finally, let us show that there does exist a Jordan block of size 3 x 3, and no Jordan block of size 4 x 4. For this purpose we
try to find a cubic integral F satisfying .£*(F) = 0. Since the operator .£ acts as the derivation in y, the condition £*(F) = 0
means that F is a polynomial in y of degree <3. This means that we can write F in the form

3
F = Z Z a,-j(x)yipi*jpg', (5.11)

2
i=0 j=0

with some coefficients a;(x). Writing down the equation {F, H} = 0 and considering its coefficients at monomials yip,f_’ pﬁ,
we obtain 15 ODEs on functions a;(x) and h(x). We solve them subsequently using the conditions h, # 0, hy, # 0 and
substituting the results in successive equations. Doing so we obtain,” the following formulas, in which a; ., denote the
derivatives of g; j(x) and A;; are integration constants:

(1) ag,0(x) = Ago - h3 from 2 - hy - (—hy - A 0.x + 3 - d0,0(X) - hy) = 0;

(2) ar0(x) =Aqo - h from2 - hy - (—hy - a1,0.,x + 3 - hye - a1,0(x)) = 0;

(3) a2,0(x) = Ay - h3 from2 - hy - (—hy - az.0.x + 3 - hye - a2,0(x)) = 0;

(4) azo(x) = Aso - b from 2 - hy - (=hy - @30, + 3 - g - A30(X)) = 0;

(5) a31(x) = A3y - h2 from 2 - hy - (=hy - @310 + 2 - G371 (%) - hy) = 0;

(6) a13(x) = 1 - ag2(x) from 2 - by - (—hy - a1 3(X) + hy - a2 (X)) = 0;

(7) ap3(x) = ’;T"XX “@y2(x) from2 - hy - (=2 - hy - a3 3(X) + hyx - a12(x)) = 0;

(8) a33(%) = §& - ao,(x) from 2 - - (=3 - b - a33(0) + e - a22(X)) = 0;

(9) az2(x) =0from2 - hy - hy - asz(x) = 0;
(10) ap 1 (x) = (—Aso - h(x) + Agy) - hZ from 2 - hy - (—=hy - Ajg — hy - dp 1. + 2 - Ao, 1 (%) - hy) = 0;
(11) a1,1(x) = (=2 - Ay - h(x) + Aqq) - h2 from 2 - hy - (=2 - h§ - Ay — hy - a1,1.x + 2 - a3,1(%) - hy) = 0;
(12) ap,1(x) = (=3 - Asp - h(x) + Az1) - h2 from 2 - hy - (—3 - h§ - Asp — hy - @ 1. + 2 - G2,1(X) - hy) = 0;
(13) az2(x) = (—3As1 - h(x) + %Azo hZ 4+ Ay)-hyfrom2-hy- (—3-h3-As;+3-h3 - hy - Ao — My @2 2.5 + M - 02,2 (x)) = 0;

(*) Asp = 0 from 6 - h - hy, - A3g =0 aty3p,2(p32,;

5 In calculation the authors used Maple® software.
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(14) ag2(x) = (A0 - h(x)* — A11 - h(x) 4+ 2A00 - h2 + Agz) - hy from 2 - hy - (2 h2 - Agg - h(x) — h3 - Ajy + 3 - b2 - hyy - Ago —
hy - Qo2:x + B - aO,Z(X)) =0;
(15) a1 (%) = (%Aw “h2 =24y - h(x) + A2) - hy from 2 - hy - (2 - h3 - Ay — 3+ B3 -y - Aqg + By - @1 250 — hy - a1 2(x)) = 0.

The latter 4 relations yield certain correction in some formulas above:
(12') az,1(x) = Az - h3;
(4) azo(x) = 0;
(6') a13(x) = (A - h(x)*> — Aqq - h(x) + %Aoo h2 4+ Ag2) - hyy;
(7') a23(x) = (2A10 - h2 — Agy - h(X) + 3A12) - hy
(8) a33(x) = (3A20 - h} — A1 - h(X) + 3A2) - hy.
Finally, the following formula will be obtained later, we write it here simply for completeness:
(16) ao 3(X) = (—A10 - h(x) 4+ Ao1) - h2 — JAz3 - X* — JAz4 - X+ Ags.

After calculation of (1)-(15) and (*) it remains 4 equations. One of them - the coefficient at yopxpf, - can be written as

3
ao,3:x = 2+ (Ao1 —A1o - h(X)) - hy - hy — 3 Ao - B+ (2421 - h(x) — Aa) - hy (5.12)
and will be treated later. Three other are the coefficients at y'pyp;, y*pxp; and y*p,p;. After normalization we obtain

(3A00 - hy 4 2A50 - h(x)* — 2A11 - h(X) 4 2A02) - hyex + 6Aco - 2 -

+6- (2420 - h(x) — A1) - hy - hex + 6Azg - hy +4 - (Azy — 3A31 - h(x)) - hy = 0 (5.13)

(3A10 - hZ — 4As1 - h(X) + 2A13) - hy + 6A10 - h3y - Iy — 12451 - By - gy = 0 (5.14)

(3A20 - h2 — 6A31 - h(X) + 2A) - hy + 6A20 - 2, - hy — 18A31 - hy - hyy = 0. (5.15)
Double integration of the latter two gives

hy - (A1o - h2 — 4Az1 - h(x) + 2A12) = Axsx + Aga, (5.16)

hy - (Ao - h} — 6As; - h(x) + 2A2) = Assx + Asa, (5.17)

where Aj3, A4, A3, A4 are new integration constants. Substituting the latter relation in the Eq. (5.12) we can integrate it
obtaining formula (16) for a 3(x) promised above. The Eq. (5.13) cannot be integrated. However, we can do this even twice
with the linear combination “ (5.13)” — 2 - “(5.17)”, and the result is the equation

1
hy - (Ago - N2 + 2A20 - h(x)* — 2A11 - h(x) + 2Ap) = —§A33 X —Ass X + A3 X+ A (5.18)

with new integration constants A3, Aq4.

From the above calculation we conclude the following: The metric g = h;2(dx® + dy?) admits a cubic integral of the
form (5.11) if and only if the h(x) satisfies the Egs. (5.18), (5.16) and (5.17), and then the integral can be constructed using
the formulas (1)-(16) for the coefficients a; j(x).

Observe that the non-zero coefficients as j(x) are as 1 (x) = As;h? and a3 3(x) = (3Az0 - h? — A3y - h(x) + 3A22) - hyy. This
means that the non-existence of a Jordan block of size 4 x 4 is equivalent to the vanishing of all three coefficients Ayg, Ay, As;.
Suppose for a moment that this is not the case. Then the Eq. (5.17) is non-trivial. Since we are looking for functions h(x) for
which R = hyhy — hix is non-constant, Lemma 4.2 says that either A3 or A4 (or both) is non-zero. Consequently, the
Eq. (5.18) is also non-trivial.

We distinguish several possibilities. The first is when A,y = 0. Then integrating (5.17), we obtain

1
— 3A31 . I’l(X)2 + 2A22 . h(X) = §A33X2 +A34X +A35 (5]9)

with an integration constant Ass. We cannot have A3; = 0 since in this case R = hyyhy — hf(x would be constant. Also
we cannot have A3; = A3y = 0 for the same reason. In the remaining cases we study the behavior of (branches of) the
function h(x) considered as a solution of an algebraic equation (5.19). It follows that for x — oo the solution h(x) grows like
~ ax + 0(x%) (case As3 # 0) or like ~ ax'/? 4+ 0(x°) (case A33 = 0). From (5.19) we obtain the growth of h,: ~ a + 0(x™ 1)
in the case As3 # 0 and ~ ax~/? + O(x~!) in case As3 = 0. In any of these two cases we see that the growth of the Lh.s. of
(5.18) is slower than that of the r.h.s. The contradiction shows that we must have A,y # 0.

Now subtract the Eq. (5.17) from (5.18) with coefficient %. We obtain the equation

1
hy - (2Ay0 - h(x)* + A}, - h(x) + Ay,) = —§A33 X — Az X+ A x+ A (5.20)
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with new constants A7, Ag,, A5, A}, and the same constants Ayg # 0, As3, Az4. Integration gives

2A A, A A A
T2 )+ L h2 A hx) = —— X — 22+ B A X+ Ass (5.21)

3 2 12 3 2
with anintegration constant A{s. Our next possibility is A33 7% 0.In this case the same argument as above gives the asymptotic
h(x) ~ ax*? + 0(x) and h, ~ %x'/3 4+ 0(x°) for x — oo. Moreover, the coefficient a satisfies the relation As; = —8A,q - @°.

3
Substituting these asymptotically in (5.17) gives the asymptotic —8As; - a? - x*/3 4+ 0(x*/3) for the Lh.s. provided As; # 0.

This is a contradiction. Consequently, we must have A3; = 0. But then we obtain the asymptotic 32As; - a® - x 4+ 0(x*/*) for
the Lh.s., whereas on the r.h.s. we have the leading term As3x = —8A,g - a>x. As the result we conclude that the case A3z # 0
is impossible and we must have As; = 0.

Notice, that in this remaining case A33 = 0 we must have Az, since otherwise R = hyhy — hfm would be constant by
Lemma 4.2. Here as above from (5.21) we can conclude the asymptotic h(x) = ax + 0(x°) and hy = a + O(x!) for x — oo.
The substitution of these asymptotic in (5.17) gives linear growth —6As; - a - x 4+ O(x°) for the Lh.s. provided As; # 0,
whereas the r.h.s. is constantly As4. So we must have As; = 0. But the only solutions of the Eq. (5.17) with A3; = A33 =0
are hy = const which contradict the hypothesis R = hyhy — hf(x # const. The latter contradiction demonstrates the
non-existence of Jordan blocks of size 4 x 4.

Finally, we describe cubic integrals F which give Jordan blocks of size 3 x 3. The latter condition means that F is given
by (5.11) with vanishing coefficients as j(x), j = 0, ..., 3. From formulas (1)-(16) we see that this condition is equivalent
to vanishing of parameters A,g, A31, Ayy. In this case we see from (5.17) that the coefficients A3, A;4 must also vanish. Thus
the Eq. (5.17) becomes trivial, and the Eq. (5.18) simplifies to

hy - (Ago - h} — 2A11 - h(x) + 2A02) = A3 - X + Ara. (5.22)

The uniqueness of the equation proved in Theorem 4.1 ensures that the Eqs. (5.16) and (5.22) must be proportional to
each other and to the Eq. (1.2)(iii). Let us denote by C;, C, the corresponding proportionality coefficients. This leads to the
following relations:

Ago = C1 - Ao, An =

-Gy - Ay, Ay = = -Gy - Ay, Az = (- As, Ag = Cq - Ag,

(5.23)
Ao = G - Ao, Ay =

<G - Ay, Ap = - -G Ay, Az = (G - As, Ay = G - Ag.

Bl= N =
N[ = N =

Additionally set Ag3 = Ci3 and Ag; = %CLH. Substituting these relations and formulas (1)-(16) we obtain the following
formula for a cubic integral F in the case u© = 0:

3 1 20,2 3
F=0Cs-p,+Cn- Ehx(pxperpy) (5.24)
y 1
+C - (Ao-hi pl+ > -Ay-hZ-p2p, + 3 (3A0 - i — Ay - h(x) + Ay) - hy - P} - py
y
+5 - G- i — Ay -h(x)+A2)~hxx~p;3> (5.25)

2
y 1
+G- (Ao~h§’-y-p£+ (Z A ~h§—Ao-h§-h(x)) -p,%py+5-(3Ao-h,%—A1 h(x) +Ay) - hy -y - pup

+ 1.(3A 2 — Ay -h(X) +Ay) - hy-y* —A -h2~h(x)—1~A ~x—1-A ' (5.26)
1 o0 - Iy 1 2 xx Y o0 Iy ) 4 2 3 py - .

Thus F is a linear combination of 4 independent cubic integrals as stated in Theorem 1.1, two of which are [*andL-H,and
the other two are linear and quadratic in y.
Notice that the formulas (5.25) and (5.26) for cubic integrals differ from those in (1.5) and (1.6). To obtain the last ones we

need to subtract from (5.25) and (5.26) the derivative of the Eq. (1.2)(iii) with coefficients ’5’ . p;‘ and respectively y;z -pf,. O

5.2. Summing up: Theorem 1.1 is proved

As we explained in Sections 2.1-2.3, any metric g admitting linear integral L and cubic integral F such that L, H and F
are functionally independent has in an appropriate coordinate system the form h, 2(dx* + dy?), where the function h(x)
satisfies (2.8) or (2.13).
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In Theorem 4.2 we proved that u in (2.8) is real, or pure imaginary, and the parameters A, ..., A4 in (2.8) and in (2.13)
become real after multiplication with an appropriate constant. Thus, the Egs. (2.8) and (2.13) are essentially the Egs. (1.2).

It follows from Sections 2.1-2.3 that the metric g = h, 2(dx? 4 dy?) admits at least one cubic integral F; which has the
form from Theorem 1.1, and two functionally independent integrals F;, F, in the case u # 0. In the beginning of Section 5 we
constructed an additional independent cubic integral F, in the case «© = 0, and explained why there are no other integrals
(unless the metric has constant curvature).

Theorem 1.1 is proved.

6. Global solutions

In this section we show that if the function h(x) satisfies the Eq. (1.2) (ii) and h’'(xg) > 0 at some point X, whereas the
real parameters i > 0, Ao, ..., A4 satisfy inequalities Ay > 0, i - A4 > |As| then the metricg = hiz(dx2 + dy?) smoothly

extends to the sphere S? together with the linear integral L = p, and the cubic integral F given by (1.4). More precisely, we
show that if (, ¢) are polar coordinates on R? related to (x, y) by r = e¥/*, ¢ = y/u, theng, L, and F are well-defined on the
punctured plane R? \ {0} and extend smoothly to the origin 0 and to the infinity point oo of the Riemann compactification
$2 = C = R? U {oo}, such that the extended tensor g is still a (non-degenerate) Riemannian metric on the whole sphere S2.

The family of examples of superintegrable metrics obtained in this way on the sphere is new. Indeed, by [13] Darboux-
superintegrable metrics cannot live on a closed manifold, so the only known superintegrable metrics on the 2-sphere are
the standard metrics of constant curvature. In view of Corollary 3.1, for most values of the parameters satisfying the above
conditions, the metrics are not metrics of constant curvature.

Let us describe the conditions on parameters ;& > 0, Ay, . .., A4 which distinguish our global solutions. Since we want
the linear integral L to be also globally defined on S?, the Killing vector field must be as in the standard rotation (see for
example [24]), and we must have the elliptic case, i.e., h must satisfy (1.2), (ii). Since the Darboux-superintegrable case is
impossible on closed surfaces due to [13], Ag is non-zero. Then dividing the equation by Ay we obtain Ay = 1. Applying the
action h(x) — h(x) 4+ c we can make A; = 0. Since 1 # 0, making an appropriate rescaling in x we can make u© = 1.
Further, we rewrite the free term Assinh(x) + Ascosh(x) in the form A, e* + A_e ™ and we impose the positivity condition
A,,A_ > 0. This means that the free term is positive for all x € R. An appropriate translation in x direction transforms the
term A, e* + A_e ¥ into A, - (¥ 4+ e™¥). It is easy to see that in terms of the original parameters our conditions are

u >0, Ag > 0, Ag - — |As| > 0. (6.1)

Lemma 6.1. For any A, > 0, A, and h(xp) there exists a unique real-analytic local solution h(x) of the ODE
€ :=hy(h2 —h(x)* +A;) —A.- (" +e ™ =0 (6.2)

with the initial value h(xo) such that hy(xo) is the unique positive root of the characteristic polynomial x (1) := A(A* + Ay —
h(X0)?) — A, - (0 +e7).

Proof. Considering the graph of the polynomial A(A? + a) for different a (mainly, for the cases a > 0 and a < 0) we see that
there exists a unique positive solution of the equation A(A%> 4+ a) = A with A > 0 which depends real-analytically on a and
A > 0.The standard theory of ODEs implies now the desired local existence and uniqueness of solutions of (6.2). O

Remark 6.1. Notice that depending on coefficients A > 0 and a one could have two distinct, one double, or none negative
roots of the equation A(A> 4+ a) = A. Vice versa, in the case A < 0 there is one negative root and there could be two
distinct, one double, or no positive roots. This explains our “Ansatz”: we need the right hand side Assinh(x) + Ascosh(x) =
Aie* + A_e™* to remain positive.

Let h(x) be a local solution constructed in the previous lemma. Make the substitution x = log(t). Then the Eq. (6.2)
transforms into
€=t -h((t-h)?—ht)>+A) —Ac-(t+tH)=0 (6.3)
defined for all t > 0.

Proposition 6.1. Any local solution h(t) of (6.3) with h; positive extends to the interval t € (0, +00). Moreover, the functions
t - h(t), t2h;, and t3hy extend real-analytically to some interval t € (—e¢, €), ¢ > 0. In particular, the function h(t) has a simple
poleatt = 0.

Notice that in terms of the variable x the first assertion of the proposition states that every local solution h(x) as in
Lemma 6.1 is global, i.e., is defined for all x € R.

Proof. Considering the local behavior of h(t) at t = 0, we show a stronger property, namely, that h(t) = f(t?)/t for some
real-analytic function f (t), defined in some interval T € [—e, 4+o00]. This means that we make the substitution t = /7, or
equivalently, t> = T orx = % log t. However, we consider all three functions h(x), h(t), and h(t) as a single object given in
different coordinates.
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For A positive and h, A, real, denote by n = n(h, A;; A) the unique positive root of the polynomial A(A? + A, — h?) — A.
Then n(h, A2; A) is monotone in every its argument A > 0, A; and h # 0: n(h, A;; A) will increase if we increase A > 0 and
the absolute value |h| and decrease A,. Consequently, for any given A, and A. > 0 any solution h(x) of (6.2) with positive h,
satisfies hy > n* := n(0, A,, ; 2A.). In particular, h(x) is monotone.

Now let us observe the following two facts. First, the translation in x (which means the multiplication of t by a constant)
transforms our Eq. (6.2) into

hy(h2 —h(x)* +A;) — A, -e* —A_-e =0 (6.4)
or respectively (6.3) into

t-he((t-h)?> —h(t)> +A) —A, - t—A_-t7'=0 (6.5)

with positive parameters A, A_. Second, for any values of parameters our equation has a very simple function as the
solution. Namely, the function Fl(t) = Ch(—A_/t + A, - t) satisfies the Eq. (6.5) if and only if the constant Cj, is the unique
positive root of the polynomial C,(4AA_ - C,f + A;) = 1. We use these special solutions and their translations in x (<
reparametrizations t — c - t) to estimate the behavior of a general solution h(t).

Let h(t) be any solution of (6.3) defined in a neighborhood of the initial value to. Denote hy = h|;—,. Let h(t) be the
unique solution of (6.5) of the form E(t) = Ch(—A_/t + A, - t) with G; > 0. In the case when ﬁ(to) = hp we must have
h(t) = h(t) everywhere and thus h(t) is defined globally on (0, +00).

Assume that i~1(t0) > hy. Since both functions are solutions of the same 1st order ODE, ﬁ(t) > h(t) for every t from the
maximal existence interval (t_, ;) C (0, +o00) of the solution h(t). Further, since h(t) is monotone increasing and bounded
from above by the function E(t) defined on the whole ray (0, +0o0), we conclude that the solution h(t) does not explode and
exists on the whole interval (ty, +00). In particular, the existence interval for h(t) is (t_, +00). Moreover, h(t) < C A, t for
allt € (t_, +00).

Our next step is construction of a similar lower bounding function h_ (t) which also has the form h_(t) = G, - (—A_/t +
A, - t) and satisfies the Eq. (6.5) with some new parameters A”_ and A,. This means that constructing h_(t) from E(t) we
change only one parameter, namely A_. By increasing it the value h_(ty) will decrease. Thus we can find the new value
A" > A_ from the condition h_(ty) = ho. Then we find the new value A, from the relation C4(4A A’ - C} +A}) = 1. Notice
that since A" was increased, A} is lower than A, i.e, A, < A,. Assume additionally that hy < 0. Then h(t) < O for every
t € (to, tp). Now using the monotonicity on the function 5 (h, Ay; A) and comparing the equations for h(t) and h_(t) and the
initial values h_(ty) = h(tp) and %h_(to) > %h(to), we conclude the following: for every t in the whole existence interval
(t_, to) left from the initial point ty we have h_(t) < h(t), |h_(t)|*> > |h(t)|?, and %h_ (t) > %h(t).

The mononoticity argument above can be applied in the case when hy > 0. In this case we need an additional step.
Namely, since we have the uniform estimate h'(t) > n* > 0, our solution h(t) vanishes at the unique t; lying in the
existence interval (t_, ty) left from to. Then we apply the same argument above at the point t; instead of .

Finally, recall that above we have proceeded under assumption fl(to) > hg.The remaining case E(to) < hg is treated quite
similarly, and we only indicates the changes. In this new situation the function I~1(t) = Cp(—A_/t + A4 - t) will be a lower
bound for our solution h(t), i.e., h(t) > Fl(t) everywhere in the existence interval. This fact together with the monotonicity
of h(t) will imply the extensibility of h(t) left until the value t_ = 0. To construct the upper bounding function h™* (t) we
increase the parameter A, and also decrease A,. Moreover, in the case hy < 0 we need an additional step, in which we go
right to the unique point t; € (ty, t1) such that h(t;) = 0, and apply the argument at this point t;.

For the second assertion of the proposition in the case E(to) < hg we need one bounding function, namely, the function
h_(t) of the familiar form h, (t) := C,(—A"_/t + A, - t) such that h, (t) > h(t) for t < to (h™(t) does this for t > ty or
respectively for t > t; > tp). As before in the case hg > 0 we go left to some point t; < tg such that h(t;) < 0. Notice that
fl(tz) is still less than h(t,), and hence ﬁ(tz) < 0. Now, if we start to decrease A_, the value ﬁ(tz) will increase until it arrives
at 0. Consequently, for some A, € (0, Ag) the function h, (t) = C,(—A_/t + A, - t) has value h, (t;) = h(t;). The same
monotonicity argument as above gives us h(t) < h(t) fort € (0, ;).

This gives the desired global existence of the solution h: the maximal existence interval is (0, +00) for the coordinate t
which means that h(x) exists for all x € R.

As a consequence of the above argument, we obtain the estimate —% < h(t) < —% for 0 < t <« 1 with some positive
constants c, C for any solution of (6.3).

Now let us make the substitution t = /7 and h(t) = f(t?)/t = f(t)/+/T. Then the Eq. (6.3) transforms into

8-f2 -T2+ (—12-f2 - f(x) —Ac+2-fr-A)-T—f(r) - A —Ac+4-f(x)* - f, = 0. (6.6)

For t small enough and f < 0 we can resolve this equation with respect to the derivative f;, and then (6.6) transforms into
the form

fo=@(z,f(7); Az, Ae) (6.7)
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for some real-analytic function @ (7, f; A, Ae) of arguments t € [—e, €],f < 0, Ay, A.. In particular, @|,—¢ = Aej{T’?"c. It
follows, that for every A,, A., every negative fy, and every 1o small enough there exists the unique solution of the Eq. (6.6)
with the initial value f (tg) = fo. More precisely, for given intervals A,, A. € [—C, C], fo € [-C, —c] with 0 < ¢ < C there
existsan e = ¢(c, C) > 0such that the Eq. (6.6) has the unique solution with the initial value f (1) = fy at 7o € [—¢, €] such
that f; (tg) = @ (19, fo; A2, Ae). Moreover, this solution is well-defined and real-analytic on the whole interval T € [—e¢, ¢].

Next, we observe that the above estimate —% < h(t) < —% for0 < t « lisequivalent to the estimate —C < f(tr) < —c
for 0 < t « 1. The proposition follows. O

Now we state the result about the extensibility of g and F to a metric and a cubic integral defined globally on 5.

Theorem 6.1. For any A, > 0, A, and hy, let h(t) be the unique solution of the Eq. (6.3) with the initial value h|,—; = hgy and
with h¢|¢—1 > 0. Then the metric

de? + t% - dg?
_ar+ i 4 (6.8)
t4h;
defined on the plane R? with the polar coordinates (t, ¢) extends to a real analytic metric on the sphere S> = C = R? U {oo}
with the Killing vector v = % which admits a cubic integral F also well-defined and real-analytic globally on S2.

Moreover, the metric g has constant curvature if and only if hg = 0.

Proof. By Proposition 6.1 the function h(t) is well-defined for all t € (0, +o0) and for t small enough h(t) = f(+2) with

some real-analytic function f (7) such that f (0) < 0. Consequently, in a neighborhood of the origin the function t?h; is real-

dt?+t2.dg?
t4h?

metric in a neighborhood of the origin in R? with the polar coordinates (t, ¢). Substitution t = e*, ¢ = y transforms this

metric into the familiar form g = d"zh;zdyz and the Eq. (6.3) into (6.2). By Proposition 6.1 the metricg = (ﬂl){zl1+d}12

analytic and non-vanishing. It follows that the formula g = defines a non-degenerate real-analytic Riemannian

is well-

defined for all x € R or equivalently for all t € (0, +00). This means that the metricg = % is well-defined on the
t

whole plane R?.

To show the extensibility to the infinity point co we apply the inversion of the sphere S* = R? U {oo} with respect to the
unit circle given by the condition t = 1. Recall that the inversion map interchanges the origin 0 and the infinity point co and
that in the polar coordinates it is given by (t, ¢) — (t~!, ¢). Changing to the coordinates x = log(t), y = ¢ we obtain the
formula (x, y) = (—x, y). So we conclude immediately that the extensibility of the metric g to the infinity co is equivalent
to the extensibility to the origin 0, and thus this is the case.

Let £ := t - cos(p) and n =t - sin(g) be the Cartesian coordinates corresponding to the polar coordinates (t, ¢) and
Pe, by the corresponding momenta, i.e., dual coordinates on T*S2. Then the vector field dy = 0, is given by £0, — nde. This
means that the linear integral L = p, is given by L = &p, — npe and hence L extends smoothly to the origin. By the symmetry
argument L extends also to the infinity point oco.

It remains to show that the cubic integral F given by (1.4) also extends to the origin and to the infinity point co. Our
argumentation is as follows. First, we substitute in the formulas (1.4) our values of parameters Ap = u© = 1and A; = 0.
Next, without loss of generality we may set ¢ = 0 for the “phase parameter” in (1.4). Then each function ag(x), . . ., as(x) in
(1.4) becomes a sum of linear and cubic monomials in functions h(x), hy, h,.. Now we observe that each function h(x), hy, hy,
considered as a function of the variable t, has the form f;(t?)/t for certain real-analytic function f;(r), namely, fo(7) = f ()
as in the proof of Proposition 6.1, fi(t) = 2tf'(r) — f(r) and fo(r) = 4t%f”(r) + f(r). Further, in the same way
as for p, = £0, — noe, we obtain the formula p, = &pg + np,. Substituting all these relations and also the relations
cos(y) = % sin(y) = ? in (1.4) we see that in coordinates (£, n) the integral F has the form

F(&,n; pe, py) = Z Zpgfip;‘?gzt—jn; ¥ii(7)
i=0

2
=0 t

where 7 = t? = £2 4+ % and ¥ii(T) are some real-analytic functions. It follows that to establish the real-analyticity of F
we need to know only the linear parts of the functions (7). Considering the expressions of these linear parts of ()
in terms of the functions h(x), hy, hyx we see that only two lower monomials of each function h(x), hy, hy are involved.
We write h(t) = —co - t~! 4+ ¢; - t + O(t?). Differentiation yields hy = t - h; = +co -t~ ! +¢; - t + O(t3) and
hy =t - % (t-h;) = —co-t~14c; -t +0(t3). Substituting these expressions in the Eq. (6.3) and considering the coefficients
by t*1, we obtain algebraic equations

4'C§'C1+C0'A2—Ae:0, 4‘(-‘%'CO+C1'A2_A€=O-
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So we conclude the equality ¢c; = ¢y and the formulaA, = ¢ - (4 - cg + Ay). Now, substituting all these formulas in (1.4) we
obtain
Co- (A +6-¢Q)
F=qope (I +p)+(rc g2+ 220

N (co-(10-c§+A2)

n’) P —Co- (2-Co+A) n-&-p}py

> ~sz+c3-n2>-pi-pg+2-c3-n-s-p3+o<s4+n4>
in which 0(£* + n*) means term of higher degree in £, 1.

This shows that the cubic integral F extends real-analytically to the origin as desired. The extensibility of F to the infinity
point co can be obtained from the extensibility to the origin by means of the inversion.

The theorem follows. O

7. Conclusion

We found all two-dimensional Riemannian metrics whose geodesic flows admit one integral linear in momenta (L) and
one integral cubic in momenta (F) such that L, F and the Hamiltonian H of the geodesic flow are functionally independent.
Within these metrics, we point out the metrics that are already known, and proved that most of our metrics are new. We
have also shown that, in the case when the parameters satisfy certain inequalities, the metric and the integrals L and F
extend real-analytically to the sphere S?, giving new unexpected examples of integrable metrics on the sphere.

The results and the methods of our paper suggest the following directions of further investigations.

Problem 1. Generalize our result for integrals of higher degree.

In other words, we suggest to construct all two-dimensional metrics whose geodesic flows admit one integral linear in
momenta (L) and one integral polynomial in momenta of degree 4, (5, 6, etc.) in momenta (F) such that L, F and H are
functionally independent.

The main trick that allowed us to solve the case (linear integral L + cubic integral F) survives in this setup: the Poisson
bracket {L, F} is again an integral of the same degree as F. Arguing as in Section 2.1 one can reduce the problem to analyze
certain systems of ODE. Though it is not clear in advance whether one can reduce this system of ODE to one equation (as
we did in the case (linear integral L 4 cubic integral F)), the approach should at least allow to construct new examples of
superintegrable metrics.

Problem 2. Generalize our results for pseudo-Riemannian metrics.

We expect that it is possible to do the local description using the same idea. We do not expect that one can find the
analog of our global examples on closed surfaces in the pseudo-Riemannian case. Generally, it could be complicated to
generalize global Riemannian construction to the pseudo-Riemannian setting. In certain cases though the existence of
additional structure such as additional integrals (as for example in [29]) allows to keep control over the situation.

Problem 3. Quantize the cubic integral.
Take a metric g from Theorem 1.1 and consider its Laplacian A (since our metric is hiz(dx2 +dy?), A =h? (;sz + %)
one can view it as a mapping A : C*(M?) — C*°(M?) though one also can consider its Laplacian as a linear operator on
bigger function spaces). 3
Does there exist a differential operator F of degree 3,
F = apx )83 +a;(x )82 0 k) > + a3 (x )83
- 0 7y 83)( 1 7y azx 8y 2 7y 8X 82y 3 7y 83y
2

a a 0 0
bo(*,¥) = + b1(X,y) — — + ba(x, y) —
+ bo(x y)82x+ 1(x Y)ax 8y+ 2(x y)82y

2 3 9
+ X, Y)— +akx y)— +dix,y),
ax ay

such that F commutes with A, i.e., such that for every smooth function f : M 2 LR
[A,F1(f) = AF(f)) — F(A(f)) =0,

and such that its symbol
ao(X, )P, + a1(X, Y)pipy + @2 (%, )PP} + as(x. y)p;

coincides with the integral F from Theorem 1.1?

Recall that for all previously known superintegrable systems such quantization of the integral was possible (see [30]), and
was extremely useful for the describing of eigenfunctions of A. Note that quantum superintegrability can be most effectively
used (if it exists) in the case of metrics from Theorem 6.1, since in this case the Laplacian is a selfadjoint operator.
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Problem 4. Find physical or mechanical systems realizing the Hamiltonian systems corresponding to (at least some) metrics
constructed in Theorem 1.1.

This problem is an interesting challenge for both mathematicians and physicists, especially in the case of global systems
given by Theorem 6.1. Let us note that many classical examples of global integrable systems have arisen as the mathematical
models for concrete naturally defined dynamical systems in physics and mechanics, and that many superintegrable metrics
have physical realization or can be applied to solving physical problems.

Problem 5. Describe the metrics from Theorem 6.1 in the terms of [26, Chapter 4].

As we already mentioned above, all geodesics of the metrics from Theorem 6.1 are closed. By construction, the metrics
are the metrics of revolution. Then, these metrics are a subclass of the so-called Tannery metrics from [26, Chapter 4].

Problem 6. Find isometric imbeddings of metrics from Theorem 6.1 in (R?, gstandard)-

Such isometric imbeddings are possible at least for certain metrics from 6.1, since they have positive curvature as small
perturbations of the standard metric. This problem is related to Problem 4, and is a geometric analog of it. It also is related
to Problem 5 in view of [26, Chapter 4(C)].
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