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Abstract 
In this paper we provide the algebraic description of the 
minmax problem solutions, which are considered in 
Huber-Strassen theory providing effective algorithms of 
searching least favorable pairs. This investigation gives 
also new insights to understanding well-known algo-
rithms for maximizing Shannon entropy and other func-
tionals. 
Keywords. 2-monotone capacities, least favorable pairs, 
Huber-Strassen theory, Kullback–Leibler distance.  
 

1   Introduction 
In 1973 Huber and Strassen [13] have published their 
prodigious paper showing that the optimal test between 
composite hypotheses described by 2-alternative capaci-
ties can be reduced to testing two simple hypotheses 
described by usual probability measures called a least 
favorable pair. This result was derived for Polish spaces 
and supplied with other remarkable results. In particular, 
the case of 2-alternative capacities cannot be extended 
for a wider class of coherent upper probabilities, the 
likelihood ratio does not depend on the chosen least 
favorable pair, i.e. this likelihood ratio is unique; any pair 
of probability measures minimizing a functional of a 
certain type has to be least favorable. In addition, they 
have shown the way of constructing the optimal test for 
independent experiments with observations described by 
2-alternative capacities. After this famous work, there 
were some works generalizing Huber-Strassen results by 
using other topological assumptions [7,17], for special 
neighborhood models [12,16], or even for more general 
theories of imprecise probabilities [2,3,11] (see the over-
view of the results in [3]). However, most of the results 
are not constructive: they are based on the theorems 
establishing existence of least favorable pairs without 
showing how to obtain them. However, for some special 
neighborhood models there are explicit solutions for 
finding least favorable pairs (see results obtained by 
Österreicher [15], Rieder [16], and Bednarski [4]). Au-
gustin [2] proposed a method for finding least favorable 

pairs for models on finite spaces, based on linear pro-
gramming. 
On the other hand, we can observe that recently devel-
oped algorithms [1,14] for computing the maximum 
entropy functional for 2-monotone capacities are evi-
dently based on recovering the likelihood ratio between 
2-monotone capacity and equiprobable probability distri-
bution. But this fact has not been recognized yet.  
In the paper we try to get more explicit expressions of 
Huber-Strassen results for a finite case. This allows us to 
get the description of all possible least favorable pairs 
and to construct the algorithm for searching them. This 
algorithm generalizes the procedure for computing the 
maximal entropy functional considered in [1]. 
 

2   Technical preliminaries 
Let X  be a finite universal set and 2X=A  is the algebra 
consisting of all subsets of X . A set function 

: [0,1]μ →A  is called a monotone measure [9] or ca-
pacity [8] if 1) ( ) 0μ ∅ = , ( ) 1Xμ = ; and 2) ,A B∈A , 
A B⊆  implies ( ) ( )A Bμ μ≤ . We write 1 2μ μ≤  for 

monotone measures 1 2,μ μ  on A  if 1 2( ) ( )A Aμ μ≤  for 
all A∈A . In this paper we consider the following fami-
lies of monotone measures: 
1) monM  is the set of all monotone measures on A ; 

2) prM  is the set of all probability measures on A , i.e. 

pr monM M⊆  and additionally ( ) ( ) ( )A B A Bμ μ μ∪ = +  
for disjoint sets ,A B∈A ; 

3) lowM  is the set of all lower probabilities [18] on A , 
i.e. low monM M⊆  and for any lowMμ ∈  there exists 

prP M∈  such that Pμ ≤ ; 

4) cohM  is the set of all coherent lower probabilities [18] 
on A , i.e. for any cohMμ ∈  and B∈A  there exists 

prP M∈  such that Pμ ≤  and ( ) ( )B P Bμ = ; 



5) 2 monM −  is the set of all 2-monotone measures [8] on 
A , i.e. 2 mon monM M− ⊆  and ( ) ( )A Bμ μ+ ≤  

( )A Bμ ∪ + ( )A Bμ ∩  for any ,A B∈A . 

For any monMμ ∈  we define the set 

( ) { }|prcore P M Pμ μ= ∈ ≥ , Clearly ( )core μ ≠ ∅  if 

lowMμ ∈ . We also remind that 

2mon low coh mon prM M M M M−⊃ ⊃ ⊃ ⊃ . In the sequel we 
use also the upper probability measures that can be got 
from lower probability measures using dual relation. A 
dual monotone measure dμ  of μ  is computed by 

1 ( )d cAμ μ= − , where A∈A  and \cA X A=  is the 
complement of A . Let us remind also that measures, 
which are dual to coherent lower probabilities, are called 
coherent upper probabilities [18], and also if 2 monMμ −∈  
then μ  is 2-alternative monotone measure [8], i.e. it 
characterizes by the following inequality: 

( ) ( )d dA Bμ μ+ ≥ ( )d A Bμ ∪ + ( )d A Bμ ∩ . 

 

3   Huber-Strassen theory, finite case 
In this section we consider the Huber-Strassen theory for 
the finite case: we establish connections between Huber-
Strassen theory and canonical sequences of monotone 
measures [5] and provide an effective algorithm for find-
ing least favorable pairs. 
Let us remind that the Huber-Strassen theory solves the 
problem of the Neymann-Pearson testing between two 
hypotheses 0H  and 1H  described by 2-monotone meas-
ures 0μ  and 1μ  on an algebra A . We assume here that 
A  is the powerset of some nonempty set X . According 
to this theory the testing problem can be reduced to the 
classical case, i.e. there exist probability measures (a 
least favorable pair) ( )0 0P core μ∈  and ( )1 1P core μ∈  
such that the optimal test for any level of significance 
can be obtained by using 0P  and 1P . The searching of 

0P  and 1P  is closely connected to the following optimi-
zation problem: 

{ }
0 1

0 1, 2
( ) min (1 ) ( ) ( )d d X

d d c

A
q t t A t A
μ μ

μ μ
∈

= − + , 

where [0,1]t ∈ . Obviously, the value 
0 1,

( )d dq t
μ μ

 gives us 

the exact upper probability of error if we use the Bayes-
ian classifier and the prior probability of 0H  is (1 )t−  
and the prior probability of 1H  is t . Hence, the expres-
sion for 

0 1,d dq
μ μ

 can be rewritten as  

( )
( )

0 1 0 0

1 1

0 1, ,2
( ) min max (1 ) ( ) ( )d d X

c

P coreA
P core

q t t P A tP A
μ μ μ

μ
∈∈
∈

= − + . 

This optimization problem can be considered also for 
coherent lower probabilities, but for this case it is impos-
sible to choose ( ) ( )0 0 1 1,P core P coreμ μ∈ ∈  for any 

0 1, cohMμ μ ∈ , such that  

{ }
0 1

0 1, 2
( ) min (1 ) ( ) ( )d d X

d d c

A
q t t A t A
μ μ

μ μ
∈

= − + =  

{ }0 1
2

min (1 ) ( ) ( )
X

c

A
t P A tP A

∈
− + , 

in general. Let us denote 

0 1, ( )tμ μ =L  { }0 12 (1 ) ( ) ( ) ( )X d d cA t A t A q tμ μ∈ − + =  

for [0,1]t∈  and 
0 1 0 1, ,

(0,1)

( )
t

tμ μ μ μ
∈

= ∪L L . 

We analyze first the properties of 
0 1,μ μL . We will show 

that 
0 1,μ μL  is a lattice and measures 0

dμ  and 1μ  are addi-
tive on it. 
Proposition 1. Let 0 1 2, monMμ μ −∈  and assume that 

0 1, ( )A tμ μ∈L , 
0 1, ( )B sμ μ∈L , where t s≤ . Then 

0 1, ( )A B tμ μ∩ ∈L  and 
0 1, ( )A B sμ μ∪ ∈L . In addition, 

0 0( ) ( )d dA A Bμ μ= ∩  and ( )1 1( )B A Bμ μ= ∪  if t s< . 

Proof. Let 
0 1, ( )A tμ μ∈L , 

0 1, ( )B sμ μ∈L  and t s≤ . Then 

0 1 0 1, ,
( ) ( )d d d dq t q s

μ μ μ μ
+ =  

0 1 0 1(1 ) ( ) ( ) (1 ) ( ) ( )d d c d d ct A t A s B s Bμ μ μ μ− + + − + =  

( )0 0 0(1 ) ( ) ( ) ( ) ( )d d ds A B s t Aμ μ μ− + + − +  

( )1 1 1( ) ( ) ( ) ( ).d c d c d ct A B s t Bμ μ μ+ + −  

Because 0 1,d dμ μ  are 2-alternative, we get the following 
inequality: 

0 1 0 1, ,
( ) ( )d d d dq t q s

μ μ μ μ
+ ≥  

( )0 0 0(1 ) ( ) ( ) ( ) ( )d d ds A B A B s t Aμ μ μ− ∩ + ∪ + − +  

( )( ) ( )( )( )1 1 1( ) ( )c cd d d ct A B A B s t Bμ μ μ∩ + ∪ + − =  

( )( )0 1(1 ) ( ) cd ds A B s A Bμ μ⎡ ⎤− ∪ + ∪ +
⎣ ⎦

 

( )( )0 1(1 ) ( ) cd dt A B t A Bμ μ⎡ ⎤− ∩ + ∩ +
⎣ ⎦

 

( )( )1 1( ) ( ) cd c ds t B A Bμ μ⎡ ⎤− − ∪ +
⎣ ⎦

 

0 0( ) ( ) ( )d ds t A A Bμ μ⎡ ⎤− − ∩⎣ ⎦ . 

Since ( )( )1 1( ) 0cd c dB A Bμ μ− ∪ ≥ , 0 ( )d Aμ − 0 ( )d A Bμ ∩  

0≥ , and, by our assumption,  



0(1 ) ( )ds A Bμ− ∪ + ( )( )
0 1

1 ,
( )d d

cds A B q s
μ μ

μ ∪ ≥ , 

0(1 ) ( )dt A Bμ− ∩ + ( )( )1
cdt A Bμ ∩ ≥

0 1,
( )d dq t

μ μ
, 

we get that there is the only possibility that  

( )( )
0 1

0 1 ,
(1 ) ( ) ( )d d

cd ds A B s A B q s
μ μ

μ μ− ∪ + ∪ = , 

( )( )
0 1

0 1 ,
(1 ) ( ) ( )d d

cd dt A B t A B q t
μ μ

μ μ− ∩ + ∩ = , 

and if s t> , then 

( )( )1 1( ) 0cd c dB A Bμ μ− ∪ = ,  

0 0( ) ( ) 0d dA A Bμ μ− ∩ = , 

i.e. 
0 1, ( )A B tμ μ∩ ∈L  and 

0 1, ( )A B sμ μ∪ ∈L . 

Corollary 1. 
0 1,μ μL  is a lattice, and monotone measures 

0
dμ  and 1μ  are additive on 

0 1,μ μL . 

Proof. It is clear that 
0 1,μ μL  is a lattice. It follows from 

Proposition 1. Let 
0 1, ( )A tμ μ∈L , 

0 1, ( )B sμ μ∈L  and t s< . 

Then, by Proposition 1, 0 0( ) ( )d dA A Bμ μ= ∩  and 

( )1 1( )B A Bμ μ= ∪ . Since 0
dμ  is 2-alternative, 

0 0 0 0( ) ( ) ( ) ( )d d d dA B A B A Bμ μ μ μ+ ≥ ∩ + ∪ , 

i.e. 0 0( ) ( )d dB A Bμ μ≥ ∪ , and this is possible if 

0 0( ) ( )d dB A Bμ μ= ∪ , i.e.  

0 0 0 0( ) ( ) ( ) ( )d d d dA B A B A Bμ μ μ μ+ = ∩ + ∪ . 

Analogously, since 1μ  is 2-monotone, 

1 1 1 1( ) ( ) ( ) ( )A B A B A Bμ μ μ μ+ ≤ ∩ + ∪ , 

i.e. 1 1( ) ( )A A Bμ μ≤ ∩ , and this is possible if 

1 1( ) ( )A A Bμ μ= ∩ , i.e.  

1 1 1 1( ) ( ) ( ) ( )A B A B A Bμ μ μ μ+ = ∩ + ∪ . 

Consider the case, when (0,1)s t= ∈ . Then 

( ) ( )0 0 1 1(1 ) ( ) ( ) ( ) ( )d d d c d ct A B t A Bμ μ μ μ− + + + =

( )0 0(1 ) ( ) ( )d dt A B A Bμ μ− ∩ + ∪ +

( ) ( )( )1 1( ) ( )d c d ct A B A Bμ μ∩ + ∪ . 

Because 0 0 0 0( ) ( ) ( ) ( )d d d dA B A B A Bμ μ μ μ+ ≥ ∩ + ∪  and 

1 1 1 1( ) ( ) (( ) ) (( ) )d c d c d c d cA B A B A Bμ μ μ μ+ ≥ ∩ + ∪ , this is 
possible if 0 0 0 0( ) ( ) ( ) ( )d d d dA B A B A Bμ μ μ μ+ = ∩ + ∪  and 

1 1 1 1( ) ( ) (( ) ) (( ) )d c d c d c d cA B A B A Bμ μ μ μ+ = ∩ + ∪ , i.e. 
monotone measures 0

dμ  and 1μ  are additive on 
0 1,μ μL . 

Further we will consider sublattices L  of 
0 1,μ μL  such 

that 
0 1, ( )tμ μ∩ ≠ ∅L L  for any (0,1)t∈ . The notable 

examples of these lattices are { } (0,1)t t
A

∈
 and { }

(0,1)t t
A

∈
, 

where 
,0 1 ( )

t
A t

A A
μ μ∈

= ∩
L

, 
,0 1 ( )

t
A t

A A
μ μ∈

= ∪
L

. Notice that 

0 1,, ( )t tA A tμ μ∈L  by Proposition 1. 

Consider now the case, when 0 1, prMμ μ ∈ . 

Proposition 2. Let 0 1, prP P M∈ . Then for any [0,1]t ∈  

{ }
0 1, ( ) 2 |X

tP P tt A A A A= ∈ ⊆ ⊆L , 

where ( ) ( ){ }0 1| (1 ) { } { }tA x X t P x tP x= ∈ − <  and 

( ) ( ){ }0 1| (1 ) { } { }tA x X t P x tP x= ∈ − ≤ . 

Proof. According to the definition 
0 1, ( )P PA t∈L  iff it 

minimizes the value 

( ) ( ) ( )0 1 0 1(1 ) ( ) 1 ( ) (1 ) { } { } ,
x A

t P A t P A t t P x tP x
∈

− + − = + − −⎡ ⎤⎣ ⎦∑
and we get the minimum if ( ) ( )0 1(1 ) { } { } 0t P x tP x− − ≤  

for all x A∈  and ( ) ( )0 1(1 ) { } { } 0t P x tP x− − ≥  for all 
x A∉ , and the above condition implies the statement of 
the proposition. 
Remark 1. We can express the statement of Proposition 
2 using the likelihood ratio of probability measures 0P  
and 1P . For this reason, let us introduce two functions 

: [0, ]Xπ → +∞  and : [0, ]Xπ → +∞  by  

1) ( ) ( )0 1( ) ( ) { } { }x x P x P xπ π= =  if at least one of the 

values ( )0 { }P x  and ( )1 { }P x  is greater than zero (we 

define ( ) ( )x xπ π= = +∞  if ( )0 { } 0P x >  and 

( )1 { } 0P x = ); 

2) ( ) 0xπ =  and ( )xπ = +∞  if ( )0 { } 0P x =  and 

( )1 { } 0P x = . 

Then  

{ }| ( ) (1 )tA x X x t tπ= ∈ < −  

and  

{ }| ( ) (1 )tA x X x t tπ= ∈ ≤ − . 

Our next problem is to find sufficient and necessary 
conditions, under which 

0 10 1
,,

( ) ( )d d P Pq t q t
μ μ

= , [0,1]t∈ , for 

probability measures ( )0 0P core μ∈  and ( )1 1P core μ∈ . 
The solution of this problem is presented below. 
Lemma 1. Let 0 1 2, monMμ μ −∈ . Assume also that 

( )0 0P core μ∈  and ( )1 1P core μ∈  such that 



0 10 1
,,

( ) ( )d d P Pq t q t
μ μ

=  for all [0,1]t∈ . Then 

0 1 0 1, ,( ) ( )P Pt tμ μ ⊆L L  for all [0,1]t∈ .  

Proof. Assume that the conditions of the lemma are ful-
filled, and 

0 1, ( )B tμ μ∈L . Then 

0 1
0 1 0 1,

( ) (1 ) ( ) ( ) (1 ) ( ) ( ).d d
d d c cq t t B t B t P B tP B

μ μ
μ μ= − + ≥ − +

 
Because 

0 10 1
,,

( ) ( )d d P Pq t q t
μ μ

=  by our assumption, we have  

0 1, 0 1( ) (1 ) ( ) ( )c
P Pq t t P B tP B= − + , 

i.e. 
0 1, ( )P PB t∈L . The lemma is proved. 

Obviously, there are some cases, when 
0 1 0 1, ,( ) ( )P Pt tμ μ =L L  for probability measures from Lemma 

1. In these cases it is possible to recover the likelihood 
ratio of ( )0 1,P P  as shown in the following lemma. 

Lemma 2. Let the conditions of Lemma 1 be fulfilled and 

0 1 0 1, ,( ) ( )P P t tμ μ=L L  for all [0,1]t∈ . Then the likelihood 

ratio of ( )0 1,P P  is uniquely defined on X  by 

1) ( ) 0xπ =  and ( )xπ = +∞  if 10 \x A A∈ ; 

2) { }( ) ( ) sup /(1 ) | , [0,1]tx x t t x A tπ π= = − ∈ ∈  if 1x A∈ ; 

3) ( ) ( )x xπ π= = +∞  if ( )10\x X A A∈ ∪  

Proof. Let us show that the formulas for π  is valid. We 

see that ( ){ }0 0| { } 0A x X P x= ∈ =  and  

( ){ }1 1| { } 0A x X P x= ∈ > . Therefore, formulas 1) and 3) 

are valid. Let (0,1)t∈ , then  

{ } ( )| ( ) (1 ) \t s
t s

x X x t t A Aπ
>

∈ = − =∩ , 

i.e. the formula 2) is also valid. The lemma is proved.  
Remark 2. Let us notice that functions ( )xπ  and ( )xπ , 
considered in Lemma 2 can be computed for every pair 
of 2-monotone measures 0 1 2, monMμ μ −∈ . We call these 
functions as in Huber-Strassen theory, a likelihood ratio 
of 2-monotone measures 0 1,μ μ . 

Lemma 3. Let 0 1 2, monMμ μ −∈  and let ( )0 0P core μ∈  

and ( )1 1P core μ∈  be such that 
0 10 1

,,
( ) ( )d d P Pq t q t

μ μ
=  for 

all [0,1]t∈ . Then the likelihood ratio of ( )0 1,P P  is equal 

to the likelihood ratio of ( )0 1,μ μ  in all points, where at 

least ( )0 { } 0P x >  or ( )1 { } 0P x > . 

Proof. For these points the likelihood ratio of ( )0 1,P P  
can be computed by  

{ }( ) ( ) sup /(1 ) | , [0,1]tx x t t x B tπ π= = − ∈ ∈ , 

where tB  is the maximal element of 
0 1, ( )P P tL . Consider 

also maximal elements tA  of lattices 
0 1, ( )tμ μL , [0,1]t∈ . 

Because ( ) ( )0 0t tP B P A= , ( ) ( )0 0t tP B P A= , and 

t tA B⊆  by Lemma 1 and Proposition 2, we find that 

( ) ( )0 1{ } { } 0P x P x= =  for all \t tx B A∈ . Therefore, 

{ }( ) ( ) sup /(1 ) | , [0,1]tx x t t x A tπ π= = − ∈ ∈ . 

The proposition is proved. 
Proposition 3. Let 0 1 2, monMμ μ −∈ , and let tA  be the 
minimal elements of 

0 1, ( )tμ μL , [0,1]t∈ . Assume also that 

( )0 0P core μ∈  and ( )1 1P core μ∈ . Then  

0 10 1
,,

( ) ( )d d P Pq t q t
μ μ

=  for all [0,1]t∈  iff 

1) ( ) ( )0 0
d

t tP A Aμ= , ( ) ( )1 1t tP A Aμ=  for all [0,1]t∈ ; 

2) the likelihood ratio of ( )0 1,P P  is equal to the likeli-

hood ratio of ( )0 1,μ μ  in all points, where at least 

( )0 { } 0P x >  or ( )1 { } 0P x > . 

Proof. The necessary statement of the proposition fol-
lows from Lemma 1 and Lemma 3. Let us show suffi-
ciency. Let ( )xπ  and ( )xπ  define the likelihood ratio of 

( )0 1,P P , then the maximal and minimal elements of 

0 1, ( )P P tL  are defined by  

{ }| ( ) (1 )tB x X x t tπ= ∈ < − , 

{ }| ( ) (1 )tB x X x t tπ= ∈ ≤ − . 

Obviously, 2) implies that t t tB A B⊆ ⊆ , i.e. 

0 1, ( )t P PA t∈L  by Proposition 2, and 

0 1, 0 1( ) (1 ) ( ) (1 ( )t tP Pq t t P A t P A= − + − =  

0 1
0 1 ,

(1 ) ( ) (1 ( )) ( )d d
d

t tt A t A q t
μ μ

μ μ− + − = . 

The proposition is proved. 
The existence of probability measures, considered in 
Proposition 3, is shown in the next proposition.  

Proposition 4. Let 0 1 2, monMμ μ −∈ , tA  and tA  be 
maximal and minimal elements of 

0 1, ( )tμ μL , respectively. 

Then there are ( )0 0P core μ∈  and ( )1 1P core μ∈  such 
that  

1) ( ) ( )0 0
d

t tP A Aμ= , ( ) ( )1 1t tP A Aμ=  for all [0,1]t∈ ; 

2) 
0 10 1

,,
( ) ( )d d P Pq t q t

μ μ
=  for all [0,1]t∈ .  



Proof. Let functions ( )xπ  and ( )xπ  define the likeli-
hood ratio of ( )0 1,μ μ . Because we consider the finite 

case, there is an increasing sequence { }1 2 1, ,..., mt t t − , such 
that 1 2 10 ... 1mt t t −< < < < =  and ( ) (1 )k kx t tπ = −  if 

1
\

k kt tx A A
+

∈ , 1,..., 2k m= − . Let us denote 
ktkB A= , 

1,..., 1k m= − , ( ) 10\mB X A A= ∪ . Observe that 

( ) ( ) (1 )k kx x t tπ π= = −  if 1 \k kx B B+∈ , 1,..., 1k m= − , 
and also ( ) ( ) 0x xπ π= =  if 1x B∈ , and ( ) 0xπ =  and 

( )xπ = +∞  if \ mx X B∈ . According to the condition 1), 
we should find a pair of probability measures ( )0 1,P P  
satisfying the conditions:  

( ) ( ){ }0 0 0| , , 1,...,d d
pr k kP P M P P B B k mμ μ∈ ∈ ≤ = = ,  (1) 

( ) ( ){ }1 1 1| , , 1,...,pr k kP P M P P B B k mμ μ∈ ∈ ≥ = = .  (2) 

These families of probability measures can be obviously 
described by canonical sequences of monotone meas-
ures1. For this purpose, let us consider a sequence of sets 

{ } 1

m
k k

B
=

Γ =  and limit measures ( )0
dμ

Γ
 and ( )1μ Γ

 gener-

ated by canonical sequences of monotone measures by 
the sequence Γ . Then obviously, the conditions (1) and 
(2) are equivalent to ( ){ }0 0| d

prP P M P μ
Γ

∈ ∈ ≤  and 

( ){ }1 1|prP P M P μ
Γ

∈ ∈ ≥ . 

Because { } 1

m
k k

B
=

Γ =  is an increasing sequence, we can 

use the explicit expressions for limit measures ( )0
dμ

Γ
 

and ( )1μ Γ
 as follows: 

( )
1

0 0 1 0 1
1

( ) (( ) ) ( )
m

d d d
k k k

k
A A B B Bμ μ μ

+

− −Γ
=

⎡ ⎤= ∩ ∪ −⎣ ⎦∑ , 

( ) [ ]
1

1 1 1 1 1
1

( ) (( ) ) ( )
m

k k k
k

A A B B Bμ μ μ
+

− −Γ
=

= ∩ ∪ −∑ , 

where 0B = ∅  and 1mB X+ = . Let us analyze what kind 
of additional conditions for a pair of probability meas-
ures 0P  and 1P  should be fulfilled. According to condi-
tion 2) of Proposition 3 a pair ( )0 1,P P  should have the 

same likelihood ratio as ( )0 1,μ μ  in all points, where at 

least ( )0 { } 0P x >  or ( )1 { } 0P x > . In other words, 0P  and 

1P  have the constant positive likelihood ratio on sets 

1\k kB B − , 2,..., 1k m= − , excluding points, where 

( )0 { } 0P x =  or ( )1 { } 0P x = . This means that conditional 

probability measures ( )
10 \k kB B

P
−

 and ( )
11 \k kB B

P
−

 defined by  

                                                 
1 A reader can find the main results on canonical sequences of 
monotone measures in [5] and a brief description of them in 
[6].  

( )
1

0 1 0 1
0 \

0 0 1

(( ) ) ( )
( )

( ) ( )k k

k k k
B B

k k

P A B B P B
P A

P B P B−

− −

−

∩ ∪ −
=

−
, 

( )
1

1 1 1 1
1 \

1 1 1

(( ) ) ( )
( )

( ) ( )k k

k k k
B B

k k

P A B B P B
P A

P B P B−

− −

−

∩ ∪ −
=

−
 

are the same. Introduce also into consideration monotone 
measures  

( )
1

0 1 0 1
0 \

0 0 1

(( ) ) ( )
( )

( ) ( )k k

d d
d k k k

d dB B
k k

A B B B
A

B B
μ μ

μ
μ μ−

− −

−

∩ ∪ −
=

−
, 

( )
1

1 1 1 1
1 \

1 1 1

(( ) ) ( )
( )

( ) ( )k k

k k k
B B

k k

A B B B
A

B B
μ μ

μ
μ μ−

− −

−

∩ ∪ −
=

−
. 

Assume that measures ( )
1

0 \k k

d

B B
μ

−

, ( )
11 \k kB B

μ
−

 are defined 

for 1,...,k m=  if the corresponding divisor 

0 0 1( ) ( )d d
k kB Bμ μ −−  or 1 1 1( ) ( )k kB Bμ μ −−  is not equal to 

zero. Then using expressions for ( )0
dμ

Γ
 and ( )1μ Γ

, we 

have ( ) ( )
1 1

0 0\ \k k k k

d
B B B B

P μ
− −

≤  and ( ) ( )
1 11 1\ \k k k kB B B B

P μ
− −
≥ , 

or combining with ( )
10 \k kB B

P
−

 and ( )
11 \k kB B

P
−

, we get  

( ) ( ) ( ) ( )
1 1 1 1

1 1 0 0\ \ \ \k k k k k k k k

d
B B B B B B B B

P Pμ μ
− − − −

≤ = ≤ ,  

where 2,..., 1k m= − . To prove that a probability meas-
ure prP M∈  with ( ) ( )

1 1
1 0\ \k k k k

d
B B B B

Pμ μ
− −

≤ ≤  exists, let 

us show first that the inequality ( ) ( )
1 1

1 0\ \k k k k

d
B B B B

μ μ
− −

≤  

holds, i.e. 

1 1 1 1 0 1 0 1

1 1 1 0 0 1

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

d d
k k k k

d d
k k k k

A B B A B B
B B B B

μ μ μ μ
μ μ μ μ

− − − −

− −

∪ − ∪ −
≤

− −
 (3) 

for any 1\k kA B B −⊆ . Let us notice that the choice of 
sets kB  implies that  

1 0 1 1 1 1(1 ) ( ) (1 ( ))d
k k k kt B t Bμ μ− − − −− + − =  

1 0 1 1(1 ) ( ) (1 ( ))d
k k k kt B t Bμ μ− −− + − . 

Or equivalently,  

0 0 1 1

1 1 1 1

( ) ( )
( ) ( ) 1

d d
k k k

k k k

B B t
B B t

μ μ
μ μ

− −

− −

−
=

− −
. 

Therefore, if the inequality (3) is not fulfilled for some 
1\k kA B B −⊆ , then 

0 1 0 1 1

1 1 1 1 1

( ) ( )
( ) ( ) 1

d d
k k k

k k k

A B B t
A B B t

μ μ
μ μ

− − −

− − −

∪ −
<

∪ − −
, 

but this contradicts to the choice of 1kB − , because in this 
case 

1 0 1 1 1(1 ) ( ) ( )d
k k kt B Bμ μ− − −− − >  

1 0 1 1 1(1 ) ( ) ( )d
k k kt A B A Bμ μ− − −− ∪ − ∪ . 



Because ( )
11 \k kB B

μ
−

 is 2-monotone and ( )
1

0 \k k

d

B B
μ

−

 is 2-

alternative, the existence of P  follows from [10, Lemma 
4.3].  
It remains to show how to define values of probability 
measures ( )0 { }P x  and ( )1 { }P x  if 1x B∈ , 1\m mx B B −∈ , 
or \ mx X B∈ . (It is worth to keep in mind that it is often 

1B = ∅  or 1\m mB B − = ∅ .) 

If 1x B∈ , then ( )0 { } 0P x =  and values ( )1 { }P x  should 

be chosen such that ( ) ( )
1 11 1B B

Pμ ≤ . 

If 1\m mx B B −∈ , then ( )1 { } 0P x =  and values ( )0 { }P x  

should be chosen such that ( ) ( )
1 1

0 0\ \m m m m

d
B B B B

P μ
− −

≤ . 

If \ mx X B∈ , then ( )0 { } 0P x =  and ( )1 { } 0P x = . 

Let us notice that the constructed pair of probability 
measures ( )0 1,P P  has the same likelihood ratio as 

( )0 1,μ μ  in all points, where at least ( )0 { } 0P x >  or 

( )1 { } 0P x > . It means that 
0 10 1

,,
( ) ( )d d P Pq t q t

μ μ
=  for all 

[0,1]t∈  by Proposition 3. The proposition is proved. 

Remark 3. Let us notice that Proposition 4 establishes 
the existence of a least favorable pair, because the opti-
mal test for any level of significance can be obtained by 
probability measures 0P  and 1P , considered in Proposi-
tion 4. In some sense, a least favorable pair ( )0 1,P P  gives 

an approximation of ( )0 1,μ μ  and its exactness depends 

on the chosen ( )0 1,P P . The exact approximation should 
give the best approximation of sets 

0 1, ( )tμ μL , [0,1]t∈  in 

a sense that the cardinality of 
0 1 0 1, ,( ) \ ( )P P t tμ μL L  should 

be minimal. It happens if { }
0 1, ( ) | tP P tt A A A A= ⊆ ⊆L  

for all [0,1]t∈ , where tA  and tA  are maximal and 
minimal elements of 

0 1, ( )tμ μL , respectively. In this case 

the likelihood ratios of ( )0 1,P P  and ( )0 1,μ μ  coincide.  

Corollary 2. Let 0 1 2, monMμ μ −∈  and we use the nota-
tion from Proposition 4 and its proof. Then every least 
favorable pair of probability measures 0P  and 1P  can be 
represented as 

( ) ( )( )( )
1

1

0 0 0 1 0 \
2

k k

m
d d

k k B B
k

P B B Pμ μ
−

+

−
=

= −∑ , 

( ) ( )( )( )
11 1 1 1 1 \

1
k k

m

k k B B
k

P B B Pμ μ
−

−
=

= −∑ , 

where conditional probability measures satisfy the fol-
lowing inequalities: 

( ) ( )
1 11 1B B

Pμ ≤ ; 

( ) ( ) ( ) ( )
1 1 1 1

1 1 0 0\ \ \ \k k k k k k k k

d
B B B B B B B B

P Pμ μ
− − − −

≤ = ≤ , 

2,..., 1k m= − ; 

( ) ( )
1 1

0 0\ \m m m m

d
B B B B

P μ
− −

≤ . 

The algorithm for searching sets kB , 2,..., 1k m= − , is 
based on the following lemma.  
Lemma 4. The construction of sets kB , 1, 2,...,k m= , 
can be based on the following: 
a) 1B  is the set with the smallest cardinality such that 

( ) ( ){ }1 1 1 0max | ( ) 0dB B Bμ μ μ= = ; 

b) Let us assume that sets 0B = ∅ , 1B , …, 1kB − , 2k ≥ , 
have been constructed. Then if ( )1 1 1kBμ − <  the next kB  
should be chosen from the set Ω  of possible solutions of 
the following optimization problem 

( ) ( )

( ) ( )
( ) ( )1

1 1 1

0 0 1

1 1 1

min
k

k

d d
k

B BB kB B

B B
B B

μ μ

μ μ
μ μ−

−

−

⊂
−>

−
−

. 

If the set Ω  is not singleton, then we should choose set 
kB  with the smallest cardinality such that  

( ) ( )1 1maxk B
B Bμ μ

∈Ω
= . 

c) the set mB  ( ( )1 1 1mBμ − = ) is the set with the smallest 
cardinality from the family  

{ }1 0| , ( ) 1d
mB B B Bμ−∈ ⊇ =A . 

The above conditions define sets kB , 1, 2,...,k m= , 
uniquely.  
Proof. The conditions a) and c) follow easily from the 
definition of sets 1B  and mB . Let us show that b) is true. 
We prove first that the set kB  should be chosen from Ω . 
Assume to the contrary kB ∉Ω . Then there is a 2XB∈  
such that  

( ) ( )
( ) ( )

( ) ( )
( ) ( )

0 0 1 0 0 1

1 1 1 1 1 1

d d d d
k k k

k k k

B B B B
B B B B

μ μ μ μ
μ μ μ μ

− −

− −

− −
>

− −
. 

Let us notice that 
( ) ( )
( ) ( )

0 0 1 1

1 1 1 11

d d
k k k

k k k

B B t
B B t

μ μ
μ μ

− −

− −

−
=

− −
, i.e. we 

can rewrite the last inequality as  

( ) ( )
( ) ( )

0 0 1 1

1 1 1 11

d d
k k

k k

B B t
B B t

μ μ
μ μ

− −

− −

−
<

− −
, 

or 

( ) ( ) ( )1 0 1 11 d
k kt B t Bμ μ− −− − <  

( ) ( ) ( )1 0 1 1 1 11 d
k k k kt B t Bμ μ− − − −− − . 



However, the last inequality contradicts to the choice of 
11 ktkB A
−− = .  

Let us show that we should choose set B∈Ω  with the 
maximal value ( ) ( )1 1 1kB Bμ μ −− and with the smallest 
cardinality. Assume that ,k kB B′ ′′∈Ω . Then  

( ) ( )
( ) ( )

( ) ( )
( ) ( )

0 0 1 0 0 1 1

1 1 1 1 1 1 11

d d d d
k k k k k

k k k k k

B B B B t
B B B B t

μ μ μ μ
μ μ μ μ

− − −

− − −

′ ′′− −
= =

′ ′′− − −
, 

and, obviously, ( )
0 1, 1,k k kB B tμ μ −′ ′′∈L . 

Let us check the sign of the following difference: 

( ) ( ) ( )( )0 11 1d
k k k kt B t Bμ μ′ ′Δ = − + − −  

( ) ( ) ( )( )0 11 1d
k k k kt B t Bμ μ⎡ ⎤′′ ′′− − − =⎣ ⎦  

( ) ( ) ( )( ) ( ) ( )( )0 0 1 11 d d
k k k k k kt B B t B Bμ μ μ μ′ ′− − − − −  

( ) ( ) ( )( ) ( ) ( )( )0 0 1 11 d d
k k k k k kt B B t B Bμ μ μ μ⎡ ⎤′′ ′′− − − −⎣ ⎦ . 

Assuming that ( ) ( )1 1 0k kB Bμ μ′ − > , we get 

( ) ( ) ( )( )1
1 1

1

1
1

k k
k k k

k

t t
t B B

t
μ μ−

−

−⎡ ⎤
′ ′′Δ = − −⎢ ⎥−⎣ ⎦

, 

i.e. 0Δ < , and we should choose the set B  in Ω  with 
the largest value 1( )Bμ  and, of course, with the smallest 
cardinality, because this follows from the definition of 
the set 

kt
A . The set kB  is defined uniquely by above 

conditions, because Ω  coincides with the lattice 
( )

0 1, 1ktμ μ −L . The lemma is proved. 

Example 1. Consider 2-monotone measures 0μ  and 1μ  
defined on the algebra 2X , where { }1 2 3 4, , ,X x x x x= , 
with values given in Table 1. Let us describe the algo-
rithm proposed for searching favorable pairs of probabil-
ity measures if the first hypothesis is described by 0μ , 
and the second hypothesis is described by 1μ . Applying 
the algorithm we get 1B = ∅ ; the set 1B  should be cho-

sen to minimize the value 
( )
( )

0

1

d B
B

μ
μ

. Clearly, { }2 1B x=  

and 
( )
( )

0 2

1 2

0.02 1
0.3 15

d B
B

μ
μ

= = . Then minimizing the value 

( ) ( )
( ) ( )

0 0 2

1 1 2

d dB B
B B

μ μ
μ μ

−
−

 for 2B B⊃ , we get that { }3 1 3,B x x=  

and 
( ) ( )
( ) ( )

0 3 0 2

1 3 1 2

0.3 0.02 7
0.7 0.3 10

d dB B
B B

μ μ
μ μ

− −
= =

− −
. By analogy, 

4B X=  and 
( ) ( )
( ) ( )

0 4 0 3

1 4 1 3

1 0.3 7
1 0.7 3

d dB B
B B

μ μ
μ μ

− −
= =

− −
. Now it is 

easy to calculate the likelihood ratio. In our case, 

( ) ( ) ( )x x xπ π π= = , and ( )1 1/15xπ = ; ( )3 7 /10xπ = , 

and ( ) ( )2 4 7 / 3x xπ π= = . We see that in our case 

( )
10 \k kB B

P
−

, ( )
11 \k kB B

P
−

, 2,3k = , are Dirac measures. For 

searching ( )
4 30 \B B

P , ( )
4 31 \B B

P , we need to solve the fol-

lowing inequalities: 

1x  2x  3x  4x  0μ  0
dμ  1μ  

0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 

0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 

0 
0 
0 
0 
1 
1 
1 
1 
0 
0 
0 
0 
1 
1 
1 
1 

0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
1 
1 
1 

0 
0 
0 
0 
0 
0 
0 
0 

0.55 
0.55 
0.7 
0.7 
0.8 
0.8 
0.98 

1 

0 
0.02 
0.2 
0.2 
0.3 
0.3 
0.45 
0.45 

1 
1 
1 
1 
1 
1 
1 
1 

0 
0.3 
0 

0.3 
0 

0.7 
0 

0.7 
0 

0.3 
0 

0.6 
0 

0.7 
0 
1 

 
Table 1: Values of monotone measures.  

( ) ( ) ( ) ( )
4 3 4 3 4 3 4 3

1 1 0 0\ \ \ \

d
B B B B B B B B

P Pμ μ≤ = ≤ . 

This system of inequalities can be rewritten as  

( ) { }( )
( ) { }( )

( ) { }( ) ( ) { }( )

4 3

4 3

4 3 4 3

0 2\

0 4\

0 2 0 4\ \

150 ,
70

0 1,

1.

B B

B B

B B B B

P x

P x

P x P x

⎧ ≤ ≤⎪
⎪

≤ ≤⎨
⎪

+ =⎪
⎩

 

It is easy to find any solution of this system of inequali-
ties can be represented as  

( ) { }( )
( ) { }( )

4 3

4 3

0 2\

0 4\

0 15 / 70
(1 )

1 55 / 70
B B

B B

P x
a a

P x

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟ = + −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠
, 

where [0,1]a∈ . Thus, we have the following solution 
for favorable pairs: 

{ }( )
{ }( )
{ }( )
{ }( )

0 1

0 2

0 3

0 4

0.02 0.02
0 0.15

(1 )
0.28 0.28
0.7 0.55

P x

P x
a a

P x

P x

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟= + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠

,  

{ }( )
{ }( )
{ }( )
{ }( )

1 1

1 2

1 3

1 4

0.3 0.3
0 45 / 700

(1 )
0.4 0.4
0.3 165 / 700

P x

P x
a a

P x

P x

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟= + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠

, 



where [0,1]a∈ . Let us notice that if [0,1)a∈  the least 
favorable pair ( )0 1,P P  has the same likelihood ratio as 

( )0 1,μ μ , but { }( ) { }( )0 2 1 2 0P x P x= = , when 1a = , this 
pair does not give us sufficient information how to con-
struct the optimal test, when we observe the outcome 2x .  

For illustration, we can also calculate sets tA : 

1tA B= = ∅  if 1
1 15

t
t
≤

−
 (or 10

16
t≤ ≤ ); 

2tA B=  if 1 7
16 17

t< ≤ ; 

3tA B=  if 7 7
17 10

t< ≤ ; 

4tA B X= =  if 7 1
10

t< ≤ . 

 

4   Characterization of least favorable pairs 
by functionals 
The next theorem is the analog of the result proved by 
Huber and Strassen [13]. Its proof gives us also some 
corollaries that are useful for computing functionals 
using least favorable pairs. 
Theorem 1. Let 0 1 2, monMμ μ −∈  and let Φ  be any twice 
continuously differentiable function on [0,1] , such that 

0′′Φ > . Then the pair ( ) ( ) ( )0 1 0 1,Q Q core coreμ μ∈ ×  
minimizes the functional 

( ) ( )0
0 1 0 1

0 1

,
X

dP
H P P d P P

dP dP
⎛ ⎞

= Φ +⎜ ⎟+⎝ ⎠
∫  

among all ( ) ( ) ( )0 1 0 1,P P core coreμ μ∈ ×  iff 

0 1 0 1, ,( ) ( )P P Q Qq t q t≤  for all [0,1]t∈ . 

Proof. Let us denote by 0

0 1

( )
( ) 1

dPxy
x dP dP
π

π
= =

+ +
, where 

( )xπ  is the likelihood ratio of probability measures 0P  
and 1P . We derive first the explicit expression for 

0 1, ( )P Pq t  using the result formulated in Proposition 2: 

( )
0 1, 0 1( ) (1 ) ( ) 1 ( )P P t tq t t P A t P A= − + − =

0 1(1 ) 1
y t y t

t dP t dP
≤ ≤

⎛ ⎞
− + − =⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫

( )0
0 1

0 1

(1 )
y t

dP
t d P P

dP dP≤

⎛ ⎞
− + −⎜ ⎟+⎝ ⎠
∫

( )1
0 1

0 1y t

dP
t d P P t

dP dP≤

⎛ ⎞
+ + =⎜ ⎟+⎝ ⎠

∫  

( ) ( )0 1 0 1(1 ) (1 )
y t y t

t yd P P t y d P P t
≤ ≤

− + − − + + =∫ ∫

( )0 1( )
y t

y t d P P t
≤

− + +∫ . 

Therefore, 
0 1 0 1, ,( ) ( )P P Q Qq t q t≤  for all [0,1]t∈  iff  

( )
0

0 1

0
0 1

0 1dQ
t

dQ dQ

dQ
t d Q Q

dQ dQ
≤

+

⎡ ⎤
− + ≥⎢ ⎥+⎣ ⎦

∫  

( )
0

0 1

0
0 1

0 1dP
t

dP dP

dP
t d P P

dP dP
≤

+

⎡ ⎤
− +⎢ ⎥+⎣ ⎦

∫            (4) 

for all [0,1]t∈ . Introduce into consideration an arbitrary 
positive integrable function ϕ  on [0,1] . Then the condi-
tion (4) can be equivalently transformed to  

( )
0

0 1

1
0

0 1
0 10

( )
dQ

t
dQ dQ

dQ
t t d Q Q dt

dQ dQ
ϕ

≤
+

⎛ ⎞
⎜ ⎟⎡ ⎤

− + ≤⎜ ⎟⎢ ⎥+⎣ ⎦⎜ ⎟
⎝ ⎠

∫ ∫

( )
0

0 1

1
0

0 1
0 10

( )
dP

t
dP dP

dP
t t d P P dt

dP dP
ϕ

≤
+

⎛ ⎞
⎜ ⎟⎡ ⎤

− +⎜ ⎟⎢ ⎥+⎣ ⎦⎜ ⎟
⎝ ⎠

∫ ∫ . 

Let us denote  

( ) ( )
1

0 1 0 1
0

, ( ) ( )
y t

H P P t t y d P P dtϕ
≤

⎛ ⎞
= − +⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫ . 

We transform next the functional H  to the form, which 
is used in the theorem. After changing the order of inte-
gration, we get 

( ) ( ) ( )
1

0 1 0 1, ( )
X y

H P P t t y dt d P Pϕ
⎛ ⎞

= − +⎜ ⎟⎜ ⎟
⎝ ⎠
∫ ∫ . 

Let ( )
1

( ) ( )
y

y t y t dtϕΦ = −∫ . Then 
1

( ) ( )
y

y t dtϕ′Φ = −∫  and 

( ) ( ) 0y yϕ′′Φ = > . Notice that for this function Φ : 
(1) 0Φ =  and (1) 0′Φ = . Let 1( ) ( )y y by aΦ = Φ + + , 

where ,a b∈  . Observe that this is the general possible 
choice of twice differentiable function with 0ϕ′′Φ = > . 
Then  

( ) ( )0
1 0 1 0 1

0 1

,
X

dP
d P P H P P

dP dP
⎛ ⎞

Φ + = +⎜ ⎟+⎝ ⎠
∫  

( ) ( )0 0 1 0 1, 2
X X

b dP a d P P H P P a b+ + = + +∫ ∫ . 

The theorem is proved. 
Corollary 3. Let us use assumptions and notations from 
Theorem 1. Then  



( ) ( )0
0 1 0 1

0 1

,
X

dP
H P P d P P

dP dP
⎛ ⎞

= Φ + =⎜ ⎟+⎝ ⎠
∫

( )0 1

1

,
0

( ) ( ) (1) (1)P Pt q t t dt′′ ′− Φ −Φ −Φ∫ . 

Obviously we can use Theorem 1 for solving optimiza-
tion problems using least favorable pairs. This result is 
formulated below.  

Corollary 4. Let 0 1 2, monMμ μ −∈  and let 
: [0,1] ( , ]Φ → −∞ +∞  be any twice continuously differen-

tiable function on (0,1) , such that ( ) 0y′′Φ ≥  for all 
(0,1)y∈ ; in addition 

0
(0) lim ( )

y
y

→+
Φ = Φ  and 

1 0
(1) lim ( )

y
y

→ −
Φ = Φ . Then any least favorable pair 

( ) ( ) ( )0 1 0 1,Q Q core coreμ μ∈ ×  minimizes the functional 

( ) ( )0
0 1 0 1

0 1

,
X

dP
H P P d P P

dP dP
⎛ ⎞

= Φ +⎜ ⎟+⎝ ⎠
∫  

among all ( ) ( ) ( )0 1 0 1,P P core coreμ μ∈ × . 

Proof. Let Φ  be any twice continuously differentiable 
function on [0,1]  such that ( ) 0y′′Φ ≥  for all [0,1]y∈ . 
Then this result obviously follows from Corollary 3, 
namely, from the formula: 

( ) ( )0 1

1

0 1 ,
0

, ( ) ( )P PH P P t q t t dt Cϕ= − +∫ , 

If ( ) ( ) ( ) ( )0 1 0 1 0 1, , ,Q Q P P core coreμ μ∈ ×  and ( )0 1,Q Q  
is a least favorable pair, then 

0 1 0 1, ,( ) ( )P P Q Qq t q t≤  for all 

[0,1]t∈  and obviously ( ) ( )0 1 0 1, ,H P P H Q Q≥ . If 

( )0 1,P P  is also a favorable pair, then 
0 1 0 1, ,( ) ( )P P Q Qq t q t=  

for all [0,1]t ∈  and ( ) ( )0 1 0 1, ,H P P H Q Q= . 

Consider now the general case, formulated in the corol-
lary. For any 0ε >  introduce the functional  

( ) ( ) ( )0 1 0 1,
X

H P P y d P Pε ε= Φ +∫ , 

where  

1) ( ) 2( ) ( )( ) 0.5 ( )( )y y yε ε ε ε ε ε′ ′′Φ = Φ +Φ − + Φ −  if 
[0, ]y ε∈ ; 

2) ( ) ( )y yεΦ = Φ  if ( ,1 )y ε ε∈ − ; 

3) ( ) (1 ) (1 )( 1)y yε ε ε ε′Φ = Φ − +Φ − + − +  

20.5 (1 )( 1)yε ε′′Φ − + −  if [1 ,1]y ε∈ − . 

Then εΦ  is a twice continuously differentiable function 
on [0,1]  such that ( ) 0yε′′Φ ≥  for all [0,1]y∈ . This 
implies that ( ) ( )0 1 0 1, ,H Q Q H P Pε ε≤  if 

( ) ( ) ( ) ( )0 1 0 1 0 1, , ,Q Q P P core coreμ μ∈ ×  and ( )0 1,Q Q  is a 
least favorable pair. Clearly that 

( ) ( )0 1 0 10
, lim ,H Q Q H Q Qεε→

= ≤  

( )0 10
lim ,H P Pεε→

= ( )0 1,H P P . 

The corollary is proved. 

Because the value ( )0 1,H P P  does not depend on a cho-

sen favorable pair ( ) ( ) ( )0 1 0 1,P P core coreμ μ∈ × , it can 

be expressed through the values of measures 0
dμ  and 1μ  

on the chain { }0 1, ,..., mB B B . This result is given in the 
next corollary. 
Corollary 5. Assume that we use notations from Corol-
lary 2 and ( ) ( ) ( )0 1 0 1,P P core coreμ μ∈ ×  be a least 

favorable pair. Let 0 1
dν μ μ= + . Then 

( ) ( ) ( )
( ) ( ) ( ) ( )( )0 0 1

0 1 1
1 1

,
d dm

k k
k k

k k k

B B
H P P B B

B B
μ μ

ν ν
ν ν

−
−

= −

⎛ ⎞−
= Φ −⎜ ⎟⎜ ⎟−⎝ ⎠
∑ . 

Proof. Notice that ( ) ( )0 1{ } { } 0P x P x= =  if \ mx X B∈ . 
Therefore, 

( ) ( )
( ) ( ) ( ) ( )( )0

0 1 0 1
0 1

{ }
, { } { }

{ } { }
mx B

P x
H P P P x P x

P x P x∈

⎛ ⎞
= Φ +⎜ ⎟⎜ ⎟+⎝ ⎠
∑ , 

and by Corollary 2 
( )

( ) ( )
0

0 1

{ }
{ } { }

P x
P x P x

=
+

 

( ) ( )
( ) ( ) ( ) ( )

0 0 1

0 0 1 1 1 1

d d
k k

d d
k k k k

B B
B B B B

μ μ
μ μ μ μ

−

− −

−
− + −

 if 1\k kx B B −∈  

and ( ) ( )0 1{ } { } 0P x P x+ ≠ ; ( )0 1\k kP B B − = ( )0
d

kBμ −  

( )0 1
d

kBμ −  and ( ) ( ) ( )1 1 1 1 1\k k k kP B B B Bμ μ− −= − . 
Hence, the formula in the corollary is true. 
Example 2. The Kullback–Leibler divergence (distance) 
between probablity measures 0P  and 1P  is defined as  

1
1 0 1

0

( , ) lnKL
X

dP
D P P dP

dP
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

∫ . 

In applications, we need to minimize 1 0( , )KLD P P  if 

( ) ( ) ( )0 1 0 1,P P core coreμ μ∈ × . In particular, if 

{ }1,..., nX x x=  and { }( )0 1/iP x n= , then  

{ }( ) { }1 0 1 1
1

( , ) ln ln( )
n

KL i i
i

D P P P x P x n
=

= + =∑  

( )1 ln( )S P n− + , 

where ( ) { }( ) { }1 1 1
1

ln
n

i i
i

S P P x P x
=

= −∑  is the Shannon 

entropy. Let us transform the functional KLD  to the form 
used in Theorem 1.  



( )1 1
1 0 1 0

0 1 0

( , ) lnKL
X

dP dP
D P P d P P

dP dP dP
⎛ ⎞

= +⎜ ⎟ +⎝ ⎠
∫ . 

Let 0

0 1

dP
y

dP dP
=

+
. Then ( )1 0 1 0( , ) ( )KL

X

D P P y d P P= Φ +∫ , 

where 1( ) (1 ) ln yy y
y

⎛ ⎞−
Φ = − ⎜ ⎟

⎝ ⎠
. Notice that in this case 

2

1( ) ( ) 0
(1 )

y y
y y

ϕ ′′= Φ = ≥
−

 for all (0,1)y∈ , i.e. by 

Corollary 4 any least favorable pair 
( ) ( ) ( )0 1 0 1,Q Q core coreμ μ∈ ×  minimizes the functional 

1 0( , )KLD P P  among all ( ) ( ) ( )0 1 0 1,P P core coreμ μ∈ × . It 
is remarkable, that we can use the algorithm for finding 
least favorable pairs in the problem of maximizing the 
Shannon entropy functional. In this case, we get explic-
itly the same algorithm proposed firstly for belief meas-
ures [14] and then justified for 2-monotone measures [1]. 
 

5   Concluding remarks 
This work gives a new look on Huber-Strassen results, 
presented here in the explicit form. Some of them are 
even strengthened (see Proposition 4 and Corollary 2) or 
clarified (see Theorem 1 and Corollaries 4-6). As a result 
we have an effective algorithm for searching least favor-
able pairs and also the way for minimizing functionals on 
2-monotone measures described in Theorem 1 and its 
corollaries. As shown in [5], it is possible to generalize 
canonical sequences of 2-monotone measures generated 
by any chain of sets. This generalization can be useful for 
describing least favorable pairs for the general case of 2-
monotone measures. 
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