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Abstract

In this paper we provide the algebraic description of the
minmax problem solutions, which are considered in
Huber-Strassen theory providing effective algorithms of
searching least favorable pairs. This investigation gives
also new insights to understanding well-known algo-
rithms for maximizing Shannon entropy and other func-
tionals.
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1 Introduction

In 1973 Huber and Strassen [13] have published their
prodigious paper showing that the optimal test between
composite hypotheses described by 2-alternative capaci-
ties can be reduced to testing two simple hypotheses
described by usual probability measures called a least
favorable pair. This result was derived for Polish spaces
and supplied with other remarkable results. In particular,
the case of 2-alternative capacities cannot be extended
for a wider class of coherent upper probabilities, the
likelihood ratio does not depend on the chosen least
favorable pair, i.e. this likelihood ratio is unique; any pair
of probability measures minimizing a functional of a
certain type has to be least favorable. In addition, they
have shown the way of constructing the optimal test for
independent experiments with observations described by
2-alternative capacities. After this famous work, there
were some works generalizing Huber-Strassen results by
using other topological assumptions [7,17], for special
neighborhood models [12,16], or even for more general
theories of imprecise probabilities [2,3,11] (see the over-
view of the results in [3]). However, most of the results
are not constructive: they are based on the theorems
establishing existence of least favorable pairs without
showing how to obtain them. However, for some special
neighborhood models there are explicit solutions for
finding least favorable pairs (see results obtained by
Osterreicher [15], Rieder [16], and Bednarski [4]). Au-
gustin [2] proposed a method for finding least favorable

pairs for models on finite spaces, based on linear pro-
gramming.

On the other hand, we can observe that recently devel-
oped algorithms [1,14] for computing the maximum
entropy functional for 2-monotone capacities are evi-
dently based on recovering the likelihood ratio between
2-monotone capacity and equiprobable probability distri-
bution. But this fact has not been recognized yet.

In the paper we try to get more explicit expressions of
Huber-Strassen results for a finite case. This allows us to
get the description of all possible least favorable pairs
and to construct the algorithm for searching them. This
algorithm generalizes the procedure for computing the
maximal entropy functional considered in [1].

2 Technical preliminaries

Let X be a finite universal set and 2 =2" is the algebra
consisting of all subsets of X. A set function
12U —[0,1] is called a monotone measure [9] or ca-

pacity [8] if 1) u(D)=0, u(X)=1;and 2) 4,Be,
Ac B implies u(A)< u(B). We write g <y, for
monotone measures z,4, on A if g (A)< u,(A) for

all 4 €2 . In this paper we consider the following fami-
lies of monotone measures:

1) M, is the set of all monotone measures on 2 ;

2) M, is the set of all probability measures on 2, i.e.
M, cM,, andadditionally u(4wB)=u(A4)+u(B)
for disjoint sets 4,B € ;

3) M, is the set of all lower probabilities [18] on A,

ie. M, <M, and for any peM
PeM, suchthat u<P;

there exists

mon low

4) M
on A, ie. for any pueM,, and Be® there exists
PeM, suchthat y<P and u(B)=P(B);

is the set of all coherent lower probabilities [18]

coh



5) M, is the set of all 2-monotone measures [8] on
A, ie. M,,. <M, ~and  u(A4)+u(B)<

u(AUB)+ u(ANB) forany 4,Be.

For  any define  the  set
core(,u) = {P eEM, |P2 ,u} , Clearly core(y) = if
HEM, . We also
M _oSM, oM, , >SM

mon low coh 2—mon

ﬂ € Mmon We

remind that
DM, . In the sequel we
use also the upper probability measures that can be got
from lower probability measures using dual relation. A
dual monotone measure u’ of u is computed by

w=1—pu(A°), where 42 and A°=X\A4 is the
complement of 4. Let us remind also that measures,
which are dual to coherent lower probabilities, are called
coherent upper probabilities [18], and also if e M,
then g is 2-alternative monotone measure [8], i.e. it
characterizes by the following

' (A)+u’ (B)= u'(AUB)+ u’ (ANB).

inequality:

3 Huber-Strassen theory, finite case

In this section we consider the Huber-Strassen theory for
the finite case: we establish connections between Huber-
Strassen theory and canonical sequences of monotone
measures [5] and provide an effective algorithm for find-
ing least favorable pairs.

Let us remind that the Huber-Strassen theory solves the
problem of the Neymann-Pearson testing between two
hypotheses H, and H, described by 2-monotone meas-

ures 4, and 4 on an algebra 2(. We assume here that

2 is the powerset of some nonempty set X . According
to this theory the testing problem can be reduced to the
classical case, i.e. there exist probability measures (a

least favorable pair) P, e core( ,uo) and B e core( ,ul)

such that the optimal test for any level of significance
can be obtained by using F, and B . The searching of

P, and B, is closely connected to the following optimi-
zation problem:

9,0 (O =min{(1=0) () + 147 (A}

where ¢ €[0,1]. Obviously, the value D i (t) gives us
the exact upper probability of error if we use the Bayes-
ian classifier and the prior probability of H, is (1-¢)
and the prior probability of H, is ¢. Hence, the expres-
sion for 4,4 4 caN be rewritten as

' (#)=min max (1-1)F(A)+tB(A°).

Ae2” Ryecore(1y),
Becore( )

This optimization problem can be considered also for
coherent lower probabilities, but for this case it is impos-

sible to choose P, €core(y,),F, €core(y,) for any
Hos it €M, , such that

Qg (0 = min | (1= 0)2) (A) + 141 (4°)} =
min {(1-0)F, (4) + B (4}
Ae2”
in general. Let us denote
£, (0= {4270 (A)+ 128 (4°) = (1))

for te[0,]] and £, , = U L, 0.

1(0,1)

We analyze first the properties of £, . We will show

that £, , is a lattice and measures 4l and g, are addi-
tive on it.

Proposition 1. Let u,,p, €M, . and assume that
Ael, (), BeL, ,(s), where t<s. Then

AnBeL, () and AVBeL,  (s). In addition,
4 ()= (AN B) and p(B) =, (AUB) if t<s.

Proof- Let Ae L

Ho > Hy

(t), BeL, ,(s) and t<s.Then
Vg it D+, () =
(=) (A) + 1 (A°) + (1= )15 (B) + 51 (B) =
(1=5) (145 (A)+ 15 (B) ) + (s = D)1y (A)+
£ (A + 1 (B))+ (s =)' (BY).

Because 4,4 are 2-alternative, we get the following
inequality:

Dyt o D+, 0 (5)2
(=) (4 (ANB)+ 4 (AU B) ) +(s )45 (A) +
uaf ((AnBY ) aaf ((40BY )|+ s =0 (B) =
(=9 (AU B+ (40 B) )|+
[a=0uanB) v (40 B) )|+
(=0 4/ (B~ (40 BY )|+
(s—0)[ 1 (A= (4N B)].

Since ,Lt,”’(BC)—yf((AuB)C)ZO, 1l (A) =yl (ANB)

>0, and, by our assumption,



A=s)ul (AU B)+ sp! ((AUB)C)2 9 05

(A=)l (ANB)+ tu! ((AmB)”)z "G

0 M)

we get that there is the only possibility that

(1-5)u’ (AU B) + s’ ((AuB)”) =, 009,

4 44

(-0 (AnB)+ 1! (ANB) ) =g, . (0,
and if s > ¢, then
w (B - ! (AU B) ) =0,
4 (A)= g (AN B) =0,
ie. AnBel,  (1)and AUBeL,  (s).
Corollary 1. £, is a lattice, and monotone measures
ul and u, are additive on L -

Proof. 1t is clear that £ is a lattice. It follows from

Ho »Hy

Proposition 1. Let 4e L, (1), BeL, ,(s) and 1<s.
Then, 4l (A=l (AnB) and
1(B) =1, (AU B). Since u; is2-alternative,

by Proposition 1,

KA+ 1 (B)2 it (AN B) + i (AUB),
ie. 4/ (B)=pl(AUB), and this is possible if
4l (B) = 4l (AU B), ie.
K (A)+ 1 (B) = il (ANB)+ 4l (AU B).
Analogously, since g is 2-monotone,
14(A)+ 1,(B) < 14(ANB)+ 14 (AUB),
ie. (A pu(AnB), and this is
(A= (ANB),ie.
(A + 4 (B) = i (AN B) + 1 (A B).
Consider the case, when s =7 € (0,1) . Then
(=) (115 (A)+ a5 (B) )+t (] (A + g1 (B)) =
(A-0)(1 (AN B)+ 1 (AU B))+
t(,uld ((4nBY )+ p (40 BY )) .
Because ) (A)+ 4 (B) > u (AN B)+ul(AUB) and
4 (A + 1! (BY) 2 4 (AN BY )+ ! (AU BY) , this is
possible if u (A)+ul (B)= i (AN B)+ 1 (AU B) and

KA + i (BY = i (AN BY )+ 1 (AU BY), e,
monotone measures 4 and g are additive on Ly -

possible if

Further we will consider sublattices £ of L such

Ho >ty
that LnL,  ()#< for any 7e(0,1). The notable
examples of these lattices are {ét}lg(o , and {Z,}t o’

where A4, = ﬂ A, A=

t
AeLyy 4 (1)

A. Notice that

AeLyy 4 (1)

A,4 el

Ho >ty

(¢) by Proposition 1.

Consider now the case, when 4,1, €M , .

Proposition 2. Let F,K € M, . Then for any t €[0,1]
L, ,(0)={4e2" |4, cAc 4],

where A, :{xeX|(l—l)P0 ({x})<tpl({x})} and

4, ={x e X[(1-0F (ix)) <R (1)}
Proof. According to the definition 4e /L, ,(¢) iff it

minimizes the value

(A=0R(A)+1(1=B(A) =1+ [(1-0)F, ({x}) 1R ({x}) ],

xed
and we get the minimum if (1-7)F, ({x})—1R ({x})<0
for all xed and (1-1)F, ({x})—F({x})=0 for all

x ¢ A, and the above condition implies the statement of
the proposition.

Remark 1. We can express the statement of Proposition
2 using the likelihood ratio of probability measures P,

and F . For this reason, let us introduce two functions
:X —[0,40] and 7 : X —[0,+o] by

1) z(x)=7(x)=F,({x})/F ({x}) if at least one of the
values P, ({x}) and P ({x}) is greater than zero (we

define  z(x)=7z(x)=+ if F({x})>0 and
R({x})=0)
2) z(x)=0 and 7Z(x)=+ if F({x})=0 and
R (x3) =0.
Then

A4, ={xe X |7(x)<t/(1-1)}
and

4 ={xeX|z(x)<t/1-1)}.
Our next problem is to find sufficient and necessary
conditions, under which Dt e (1)=q, (), t[0,1], for
probability measures F, € core(,) and P, € core(u,).
The solution of this problem is presented below.

/’IO hul < M2fmon :
F e core(,uo ) and

Lemma 1. Let Assume also that

B ecore(y)  such  that



9,0 O=qp ) for all t€[0,1]. Then

Ho st

L, .OcL,, () foral t[0,1].

Proof. Assume that the conditions of the lemma are ful-
filled, and Be £, , (7). Then

4,4 0 (O=0=0p; (B)+tu (B) 2 (1-0)F (B)+tB(B°).

Ho > Hy

Because ' () = g, 5 (1) by our assumption, we have
0 -H ’

qp (O =(1-F(B)+tR(B"),
Le. Be L, ,(¢). The lemma is proved.

Obviously, there @ are  some  cases, Wwhen
L, . (@)=L, ,(t) for probability measures from Lemma

1. In these cases it is possible to recover the likelihood
ratio of (P, R,) as shown in the following lemma.

Lemma 2. Let the conditions of Lemma 1 be fulfilled and
L, ,)=L, , @) forall te[0,1]. Then the likelihood

ratio of (P, P is uniquely defined on X by

1) 2(x)=0 and 7T(x)=+0 if x€ 4, \ 4, ;

) z(x)=7(x)=sup{t/(1-1)|xe 4,1 [0,1]} if xe 4,
3) z(x) = 7(x)=+o if xe X\(4,04,)

Proof. Let us show that the formulas for z is valid. We
4, ={xe X| R ({x})=0} and
A = {x e X |R({x})> 0} . Therefore, formulas 1) and 3)
are valid. Let 7 € (0,1), then

{reX |z =/a-0}=(4\1),

1>s

see that

i.e. the formula 2) is also valid. The lemma is proved.

Remark 2. Let us notice that functions z(x) and 7(x),
considered in Lemma 2 can be computed for every pair
of 2-monotone measures 4, i, € M We call these
functions as in Huber-Strassen theory, a likelihood ratio
of 2-monotone measures g, 4, .

2-mon *

Lemma 3. Let y,,u, € M and let P, € core(u,)
J (0= qp.p (1) for

all 1 €[0,1]. Then the likelihood ratio of (F,,F) is equal

2—mon

and P, € core(u,) be such that q ,

Ho 5

to the likelihood ratio of (4, 1) in all points, where at
least F,({x})>0 or R ({x})>0.

Proof. For these points the likelihood ratio of (F,,R)

can be computed by

7(x) = 7(x) =sup{t/(1-1) | x € B,,t €[0,1]} ,

where l_?t is the maximal element of L’PO 5 (#) . Consider
also maximal elements Z, of lattices £, , (¢), t<[0,1].

Because PO(E,):E)(ZI), E)(l_?[):PO(Z,), and

A < B, by Lemma 1 and Proposition 2, we find that
B, ({x})= PR ({x})=0 forall x e B,\ 4. Therefore,

g(x)zﬁ(x):sup{t/(l—tﬂxe Z[,te[O,l]} .

The proposition is proved.
Proposition 3. Let y,,u, €M and let A, be the

minimal elements of L, (1), t €[0,1]. Assume also that

2—mon ’

R, € core( ;) and B ecore(u,). Then

q/,g'/,ld = qp.p ® fOl" all t €[0,1] lﬁ

D B (4)=p(4,) R(4)=m(4) forall t[0,1];
2) the likelihood ratio of (F,,R) is equal to the likeli-
hood ratio of (u,,p) in all points, where at least
B, ({x})>0 or P ({x})>0.

Proof. The necessary statement of the proposition fol-
lows from Lemma 1 and Lemma 3. Let us show suffi-
ciency. Let z(x) and 7(x) define the likelihood ratio of

(P,R), then the maximal and minimal elements of

L, p(t) are defined by
B, ={xe X|Z(x)<t/(-1)},
B ={xeX|x(x)<t/(1-1)}.

Obviously, 2)
A4, €L, , (1) by Proposition 2, and

qp.n () =A=DF(4)+1(1-F(4,) =

(=0p (A)+ (- (A) =4, . ().

Hy 1

implies that B, cA4,cB, ie.

The proposition is proved.

The existence of probability measures, considered in
Proposition 3, is shown in the next proposition.

A4 and A, be
(1), respectively.

Proposition 4. Let p,, 1, €M

2—mon ’
maximal and minimal elements of L, .

Then there are F, € core(u,) and P, €core(u,) such
that

D) B (4)=u(4,). B(4)=m(4,) forall t[0,1];
2) ' (t)zq,,",,,I (t) forall t €]0,1].



Proof. Let functions z(x) and 7(x) define the likeli-
hood ratio of (4,4 ). Because we consider the finite
case, there is an increasing sequence {f,,7,,...,Z,_, | , such
that 0<¢ <t,<..<t,, =1 and z(x)=1,/(1-¢,) if
xeﬁtw \ﬁlk , k=1,.,m—=2. Let us denote B, :ﬁa s
k=1..m=1, B, =(X\4,)u4,.
z(x)=7(x)=t,/1-t,) if xeB,  \B,, k=1,..,m-1,

and also z(x)=7(x)=0 if xeB,, and z(x)=0 and

Observe  that

7m(x)=+0 if xe X \B, . According to the condition 1),
we should find a pair of probability measures (F,,F,)

0°71
satisfying the conditions:

Be{PeM,|P<u .P(B)=p (B).k=1..m}, (1)
Re{PeM, |P>u.P(B)=p(B,).k=1..mf. (2)

These families of probability measures can be obviously
described by canonical sequences of monotone meas-
ures'. For this purpose, let us consider a sequence of sets

I'= {Bk}m

., and limit measures ( ul )r and (). gener-

ated by canonical sequences of monotone measures by
the sequence I'. Then obviously, the conditions (1) and

(2) are equivalent to Poe{PeMpr|P£(/u(‘]’)r} and
Re{PeM, |P>(u).}.

m
k=1

Because I = {Bk} is an increasing sequence, we can

use the explicit expressions for limit measures ( ul )r

and (g ), as follows:

m+l

(w4), () = 2[4 (AN BY OB )= (B ],

m+l1

(,U] )1- (4)= Z[/J] ((ANB)VUB,_)— (B, )] >

k=1

where B, =< and B

m+l1

=X . Let us analyze what kind

of additional conditions for a pair of probability meas-
ures P, and A, should be fulfilled. According to condi-

tion 2) of Proposition 3 a pair (£, R) should have the
same likelihood ratio as (z,,4,) in all points, where at
least F,({x})>0 or B ({x})>0.In other words, F, and
P, have the constant positive likelihood ratio on sets
B \B, ,, k=2,.,m-1, excluding points,
B, ({x})=0 or P,({x})=0. This means that conditional
probability measures (£, and (P) defined by

where

)Bk\Bk,, B,\By,

1 . .
A reader can find the main results on canonical sequences of
monotone measures in [5] and a brief description of them in

[6].

_R{4nB)VB,_)-F(B)
- P()(Bk)_PO(Bk—])

(B ), ()

_R(4nB,)VB,_)-K(B,,)
- Pl(Bk)_R(Bk—l)

(R)s,, (4

are the same. Introduce also into consideration monotone
measures

d A _,u(‘)i((AmBk)Ukal)_,ug(qu)
('uO)B\B ()_ dB _ dB
Kk o (B)— 5 (B, )
_ M ((ANB)YB,_)—p(B,,)
(B — (B, )
Assume that measures ( uy )Bk\BH o (#4),, 5, are defined
for k=1,...m if  the
,ug (Bk)—,ug (B,_) or w(B,)— (B, ) is not equal to

zero. Then using expressions for ( ul )r and ( M)r , We

have (]DO)BA\BH S(,ug )Bk\Bk,| and (E)Bk \B_, 2 (/ul )BA \B, °
and (R)

>

(Iul )Bk \By (A)

corresponding  divisor

or combining with (F)) , we get

B, \B;_, B \B;

('ul)Bk\Bk,, S(Pl)[fk\[fk,, :(P())Bk\[fk,, g('uod )Bk\Bk—l ’

where k£ =2,...,m—1. To prove that a probability meas-

ure Pe M, with (4), , <P< (,ug) exists, let

B\B,
us show first that the inequality (), , < ( uy )B .
holds, i.e.
m(AVB_)—u(B._) < ,ug (AVB,_)- /1(‘)1 (B..)
H (Bk ) —H (Bk—l) ,Ug (Bk) - ,Ug (Bk—l)

forany 4 < B, \B,_, . Let us notice that the choice of

)

sets B, implies that
(1- - ),Ug (Bk—l) + (- H (qu )) =
A=t )/1: B+t (1= 4(By)) -
Or equivalently,
/u: (Bk) _/J(;l (Bk_1) _ tk—l
m(B)— (B,  1-1,
Therefore, if the inequality (3) is not fulfilled for some
Ac B,\B,_,, then
Ho (AVB, )~ 5 (B,.,) < i
#(AVB_ )= m(B) 1=t

but this contradicts to the choice of B,_,,

because in this
case

(I-¢,, )ﬂg (Bi)— (B, >
(1- tk—l)lu(;l (AVB,_))- 1AV B, ).



Because (1) is 2-monotone and ( ul ) is 2-

B \B;,
alternative, the existence of P follows from [10, Lemma
4.3].

It remains to show how to define values of probability
measures F, ({x}) and P, ({x}) if xe B, xeB,\B

m-12

B\B,_,

or xe X \B, . (It is worth to keep in mind that it is often
B =@ or B\B, , =)

If xeB,, then P, ({x})=0 and values F,({x}) should
be chosen such that (4 ), <(F), -

By

If xeB,\B

m-12

then P ({x})=0 and values P,({x})
should be chosen such that (7)), , < ( ul )B _

If xe X\B, ,then R, ({x})=0 and P,({x})=0.

Let us notice that the constructed pair of probability
measures (F,,F) has the same likelihood ratio as

(#5,44) in all points, where at least F,({x})>0 or
P ({x})>0. It means that 4,00 =4y (@) for all
t €[0,1] by Proposition 3. The proposition is proved.

Remark 3. Let us notice that Proposition 4 establishes
the existence of a least favorable pair, because the opti-
mal test for any level of significance can be obtained by
probability measures F, and F,, considered in Proposi-
tion 4. In some sense, a least favorable pair (F,,R) gives
an approximation of ( Hys ,u,) and its exactness depends
on the chosen (PO,P]). The exact approximation should
give the best approximation of sets £, , (1), 7 €[0,1] in

a sense that the cardinality of £, ,()\L, ,(¢) should
be minimal. It happens if £, ,()={4|4, c Ac 4}

for all #€[0,1], where Zl and 4, are maximal and

minimal elements of £,  (¢), respectively. In this case

the likelihood ratios of (£, F) and (u,,4;) coincide.

0°>°1

Corollary 2. Let p,, 1, €M and we use the nota-

2-mon
tion from Proposition 4 and its proof. Then every least
favorable pair of probability measures F, and P, can be
represented as

m+1

R = Z(:ug (Bk)_/u: (Bk—l ))(PO )Bk\BH ’

k=2

M=

b= (,Ul (Bk )_/U] (Bk—l ))(P;)Bk\zek,1 ’

where conditional probability measures satisfy the fol-
lowing inequalities:

~
I

1

()5, <(R)y, -

1

('ul )Bk\Bk,, < (Pl )B,{\Bk,, = (PO )B,(\B,(,, < ('ug )Bk\Bk—l ’
k=2,..m-1;

(PO )Bm\zem,1 < (’u‘;l )B,,,\Bm,, ’

The algorithm for searching sets B,, k=2,...,m—1, is
based on the following lemma.

Lemma 4. The construction of sets B,, k=12,...m,

can be based on the following:

a) B, is the set with the smallest cardinality such that

H (Bl ) = max{ﬂl (B) | g (B) = 0} ;
, B, k=2,
have been constructed. Then if p, (B,H ) <1 the next B,

b) Let us assume that sets B, =0, B,, ...

should be chosen from the set Q of possible solutions of
the following optimization problem

d o
min Hy (B) Hy (Bk—l) ‘
oo, “ (B)= 4 (Bi)

If the set Q) is not singleton, then we should choose set
B, with the smallest cardinality such that

H (Bk):n;gg(ﬂl (B)

c) the set B, (u (Bm—l) =1) is the set with the smallest
cardinality from the family

{BeA|B2B, ,.u (B)=1].

The above conditions define sets B,, k=12,...m,
uniquely.
Proof. The conditions a) and c) follow easily from the
definition of sets B, and B, . Let us show that b) is true.
We prove first that the set B, should be chosen from Q .
Assume to the contrary B, ¢ Q. Then there is a B 2"
such that
Hy (Bk)_:ug (Bk—l) S Hy (B)—,ug (Bk—l)
H (Bk)_:ul (Bk—]) H, (B)—,u] (Bk—l)
S (B,)-u (B t
Let us notice that - (B)~ 4 (Bir) =+
H (Bk)_:u] (Bk—]) 1-1
can rewrite the last inequality as
Hy (B) =ty (By.,) <t
'ul(B)_lul(Bk—l) 11,

, 1.e. we

(I_tk—l):u: (B)_tk—l:ul (B) <

(l_tk—l )ﬂg (Bk—l)_tkfllul (Bk—] ) .



However, the last inequality contradicts to the choice of
B k-1 AtH .

Let us show that we should choose set B € Q) with the
maximal value s, (B)— (B, )and with the smallest

cardinality. Assume that B,,B; € Q. Then

W (B) - (B) w (B (BL) o,
H (BI:)_,ul (Bk—l) Hy (BIZ)_:UI (Bk—]) 1-¢, |

and, obviously, B;,B/ €L, , (¢.,).

Let us check the sign of the following difference:
A=(1=t) i (By)+ 1, (1= 44 (B)) -
(=) a5 (B) =1, (1- 4 (BY)) ] =
(1=1,) (4t (B) = a1y (B)) =t (14, (B)) =14 (B,)) -

(=) (s (BD) - (B)) =1, (1 (BD)— 14 (B,)) ]

Assuming that (B, )— (B,)>0, we get

AZ{%_%}(M (B,;)—,Ul(B/Z)),

k-1
i.e. A<0, and we should choose the set B in Q with
the largest value g (B) and, of course, with the smallest
cardinality, because this follows from the definition of
the set 4, . The set B, is defined uniquely by above
conditions, because Q coincides with the Ilattice

L, . (). The lemma is proved.

Example 1. Consider 2-monotone measures g, and g,
defined on the algebra 2%, where X:{xl,xz,x3,x4} s

with values given in Table 1. Let us describe the algo-
rithm proposed for searching favorable pairs of probabil-
ity measures if the first hypothesis is described by g,

and the second hypothesis is described by g, . Applying
the algorithm we get B, = ; the set B, should be cho-

d
B
sen to minimize the value ,uo_() Clearly, B, ={x,}
Hy (B )

d
B
and #0( 2) :%:i. Then minimizing the value
u(B,) 03 15
s (B)—u (B
44 (B) =44 (B,) for B> B,, we get that B, ={x,,x,}
M(B)_M(Bz)
0 (By)— g (B -
and Hy (By) =44 ( 2)20'3 0'0221. By analogy,
w(By)—m(B,) 07-03 10
s (B,)— i (B -
B,=X and A (B)= s (B) 1203 7 i

,ul(B4)—,ul(B3) 1-0.7 3
easy to calculate the likelihood ratio. In our case,

z(x)=7(x)=n(x), and 7z(x)=1/15; z(x;)=7/10,
and 7(x,)=m(x,)=7/3. We see that in our case
(R, )Bk s ? (Pl)Bk 5,,»k=2.3, are Dirac measures. For
searching (B), , . (R),,, » e need to solve the fol-

lowing inequalities:

Xl % | N X | Hy Hy | M
0 0 0 0 0 0 0
1 0 0 0 0 0.02 | 0.3
0 1 0 0 0 0.2 0
1 1 0 0 0 02 |03
0 0 1 0 0 0.3 0
1 0 1 0 0 03 | 0.7
0 1 1 0 0 045 0
1 1 1 0 0 0.45 | 0.7
0 0 0 1 0.55 1 0
1 0 0 1 0.55 1 0.3
0 1 0 1 0.7 1 0
1 1 0 1 0.7 1 0.6
0 0 1 1 0.8 1 0
1 0 1 1 0.8 1 0.7
0 1 1 1 0.98 1 0
1 1 1 1 1 1 1

Table 1: Values of monotone measures.

(lul )34\33 S(Pl)z_L34\.£a'z :(PO)&,\B{x S('u: )34\33 .

This system of inequalities can be rewritten as

15
0< (RJ )34\33 ({x2}) < %’
OS(PO)&,\B3 ( 1
Xy

x}) <1,
(1)(1)134\33 ({x2})+(Po B,\B ({ }):1.

It is easy to find any solution of this system of inequali-
ties can be represented as

(s ha22)

where a €[0,1]. Thus, we have the following solution

~

for favorable pairs:

A({x}))  (0.02 0.02
R({x})| | o | 0.15
B (x| ¢ 028 Ol g
B ({x.)) 0.7 0.55
R({x})) (03 0.3

P ({x}) 0 45/700
R | “Loal O 0a |
R(x))) L03 165/700



where a €[0,1]. Let us notice that if a €[0,1) the least
favorable pair (F,,R) has the same likelihood ratio as
(#:14) . but B ({x,})=R({x,})=0, when a=1, this

pair does not give us sufficient information how to con-
struct the optimal test, when we observe the outcome x, .

For illustration, we can also calculate sets 4, :

A4=B-0if <l oro<i<l)
= 1=t 15 16

A =B if “<r<
16 17

A4, =B, ifl<t£l;
- 17 10

A4, =B, =X if%qgl.

4 Characterization of least favorable pairs
by functionals

The next theorem is the analog of the result proved by
Huber and Strassen [13]. Its proof gives us also some
corollaries that are useful for computing functionals
using least favorable pairs.

Theorem 1. Let u,, 1, € M and let ® be any twice

continuously differentiable function on [0,1], such that
®">0. Then the pair (Q,,0,)e core(u,)xcore(u,)

minimizes the functional

dF,
H(l’o,ﬁ)=£®(mjd(%+ﬁ)

(B, R)ecore(u,)xcore( ) iff
qp.p () S qy, o (t) forall 1 €[0,1].

z(x) __ dh
z(x)+1 dP+dp’
7(x) is the likelihood ratio of probability measures P,

2—mon

among all

Proof. Let us denote by y = where

and B . We derive first the explicit expression for

dp n (¢) using the result formulated in Proposition 2:

Gy ()= (=DR(A4)+1(1-R(4))=

(-0 [ dnp, +{1- | dPlJ:

y<t y<t

dP,
1- — 0 d(P+P)-
( t),,‘[,(d%erR] (R+R)

dB
—— |d(P+P =
tj(dﬁ,+d3j (R +R)+t

y<t

(-0 [ yd(B+R)=t [ A-p)d(F+R)+1=

y<t y<t

[ G=0d(R+R)+t.

y<t

Therefore, g, , (1) <q,, o (1) forall 7€[0,1] iff

o,
J LwidQl t}d(Q”Q‘)Z

dQy +dQ;

a
————t|d(B+PB 4
J lede }(“‘) v

dPy+dP,

for all ¢ €[0,1]. Introduce into consideration an arbitrary
positive integrable function ¢ on [0,1]. Then the condi-
tion (4) can be equivalently transformed to

‘ _do, |
lfp(r) dg{ Jr —dQOerQl_d(QﬁQl) t<
dQU+dQ1J

Let us denote

H(PozPl)=j¢(t)[ [@-»a(r, +Pl)]dt~

y<t

We transform next the functional H to the form, which
is used in the theorem. After changing the order of inte-
gration, we get

H(B.R)=| [Jw(r)(r—y)drjmw).

X

Let ®(y) = [@(t)(y—t)dt. Then ®'(y)=—[p()dt and

®"(y)=¢@(y)>0. Notice that for this function O :
d(1)=0 and P'(1)=0. Let O, (y)=D(y)+by+a,
where a,b € R . Observe that this is the general possible

choice of twice differentiable function with ®"=¢ > 0.
Then

dP,
J-‘D{mjd(%Jfﬁ):H(%’ﬁ)Jr

X

b[dpR,+a[d (P +R)=H(B,R)+2a+b.
X X

The theorem is proved.

Corollary 3. Let us use assumptions and notations from
Theorem 1. Then



dF,
H(P,P)=|®| —2>—|d(P,+P)=
(5-R)=] [dI%+dE] )

j (£= 5,5 () D"()dt — @'(1) - D(1) .

Obviously we can use Theorem 1 for solving optimiza-
tion problems using least favorable pairs. This result is
formulated below.

Corollary 4. Let  pyy,pueM,, . — and let
@ :[0,1] > (—o0,+0] be any twice continuously differen-
tiable function on (0,1), such that ®"(y)>0 for all

ye(0,1); in addition ©®(0)= limO(D( y) and
(1) = liranCD( v). Then any least favorable pair
yol-

(0y,0,) € core(u, ) x core( ;) minimizes the functional

dF,
H(P,P)=|®| —>—
()= (dmdpl

jd(fzw)

among all (F,,R) € core(p, )x core(p).

Proof. Let @ be any twice continuously differentiable
function on [0,1] such that ®"(y)>0 for all ye[0,1].

Then this result obviously follows from Corollary 3,
namely, from the formula:

H(B.R)=

0°

(t=a, () p)dt+C,

S —

If (0,.0,).(R,P)ecore(,)xcore(y;) and (Q,,0,)

is a least favorable pair, then ¢, ,(t)<gq, , (#) for all
t€[0,1] and obviously H(P,R)=H(0,.0). If

0°>71

(B, R) is also a favorable pair, then g, , () =g, , (1)

forall 1 €[0,1] and H(F,R)=H(Q,.0,).

Consider now the general case, formulated in the corol-
lary. For any & > 0 introduce the functional

H,(R.R)=[®,(y)d(F+R).

where

) @ (y)=0(e)+@'(e)(y—&)+0.5D"(e)(y—¢)* if
vel0el;

2) ©, (y)=d(y) if ye(e,l-¢);

3D, (y)=0(1-6)+D'(1-&)(y+e-1)+
0.50"(1-&)y+e-1)" if ye[l-e&,1].

Then @, is a twice continuously differentiable function
on [0,1] such that ®”(y)>0 for all ye[0,1]. This

implies that H_(0,,0)<H,(FR.R) if

(04,0,).(R,B) € core( ) xcore() and (Q,,0,) isa
least favorable pair. Clearly that
H(QO:Ql) = £1£13H€ (QO:Q]) S
limH, (B.B)= H(B.R).

The corollary is proved.

Because the value H (F,,F,) does not depend on a cho-
sen favorable pair (F),R) e core(u,)xcore(u,), it can
be expressed through the values of measures g," and g

on the chain {B,,B,,...,B,}. This result is given in the

next corollary.

Corollary 5. Assume that we use notations from Corol-
lary 2 and (F,,RB)ecore(u,)xcore(y,) be a least

favorable pair. Let v = " + p,. Then

H(PR)~ iq{ﬂod(m)—uod (BA.-I)](V(Bk)_V(B“ )-

v(B,)-v(B,.,)

Proof. Notice that P, ({x})=P,({x})=0 if xe X\B,.

Therefore,

H(R,R)= Y,

B (ix})
CI)[WJ(}’O({X})+P]({x})),

xeB,
P
and by Corollary 2 & B
By ({x})+ B ({x})
,Uod (Bk ) _:uod (kal) if xeB \B_

ﬂod (Bk ) - ,uod (Bk—l ) T4 (Bk ) —H (Bk_l )

and £, ({x})"'ﬁ ({x}) #0; K (Bk \Bk—l) = 4’ (Bk)_
Hy' (Bk—l) and A (Bk \B,_, ) =4 (Bk ) —H (Bk—l) :
Hence, the formula in the corollary is true.

Example 2. The Kullback—Leibler divergence (distance)
between probablity measures F, and F, is defined as

dR,
Dy (B, F) =)J(ln(d—}deR -

0
In applications, we need to minimize D, (P,F,) if
(R, P)ecore(u,)xcore(sy). In
X ={x,,...x,} and B ({x,})=1/n, then

particular,  if

Do (BB =Y In(R{x})R{x ) +In(n) =
—S(B)+1In(n),

where S(R)= —Zn“ln(P1 {x,})R{x} is the Shannon
in1

entropy. Let us transform the functional D,, to the form
used in Theorem 1.



Dy (BB = jl( ]md(mfz).

dF,

Let YTap vdp

- Then Dy, (R,R)=[®(»)d(R+B),
X
where ®(y)=(1-y)In (I—_yJ Notice that in this case
y

p(y)=D"(y)= >0 for all ye(0,1), ie. by

1
2
y(1=y)
Corollary 4 any least favorable pair
(0,,0,) € core(u,)x core( ;) minimizes the functional

Dy, (R, FR)) among all (P,,R)e core(u,)xcore(s). It

is remarkable, that we can use the algorithm for finding
least favorable pairs in the problem of maximizing the
Shannon entropy functional. In this case, we get explic-
itly the same algorithm proposed firstly for belief meas-
ures [14] and then justified for 2-monotone measures [1].

5 Concluding remarks

This work gives a new look on Huber-Strassen results,
presented here in the explicit form. Some of them are
even strengthened (see Proposition 4 and Corollary 2) or
clarified (see Theorem 1 and Corollaries 4-6). As a result
we have an effective algorithm for searching least favor-
able pairs and also the way for minimizing functionals on
2-monotone measures described in Theorem 1 and its
corollaries. As shown in [5], it is possible to generalize
canonical sequences of 2-monotone measures generated
by any chain of sets. This generalization can be useful for
describing least favorable pairs for the general case of 2-
monotone measures.
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