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Abstract

We present some properties of real valued functions of bounded gen-
eralized variation of Riesz-Orlicz type including weight and characterize
Lipschitzian superposition Nemytskii operators which map between spaces
(in fact, Banach algebras) of these functions.

1 Introduction

Let I C R be an interval, R’ the algebra of all functions f : I — R under the
usual pointwise operations and h : I X R — R a given function of two variables,
h = h(t,z). The mapping H = Hj, : Rl — R’ defined by

(HN() = H(f)(t) = h(t, f(t), tel, feR, (1)

is called a h-generated superposition Nemytskii operator. Let F(I) C R’ be a
Banach function space with the norm |- |r. In order to solve the functional
equation f(t) = h(t, f(t)), t € I, also written as f = Hf, with respect to
f € F(I), one can try the classical Banach fixed point theorem, in which case
the operator H : F'(I) — F(I) should satisfy the following Lipschitz condition:

|Hf — Hglr < p|f —glF, f,g€F(), (2)

where 1 is a constant, 0 < p < 1. However, as was observed by Matkowski [10]
in the case of Lipschitz functions F(I) = Lip(I) with I = [a,b], condition (2)
implies that the generating function h of the operator H has to be of the form:

h(t,x) = ho(t) + h1(t)z, tel, z€eR, (3)
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where hg, hy € F(I). Consequently, Banach’s contraction principle cannot be
applied directly in F(I) if h is a “nonlinear” function in the second variable (and
hence a more powerful tool must be invoked, such as the Schauder fixed point
theorem). Subsequently, similar results have been established by Matkowski and
Mis [10], Merentes [13] and Merentes and Rivas [14] in the spaces of functions
of bounded variation in the sense of C. Jordan and F. Riesz.

In this paper we characterize Lipschitzian superposition operators of the
above kind (see Sec. 3) in the space of functions of bounded generalized variation
of Riesz-Orlicz type including weight as a continuation of the studies in [4]
and [5]. The presence of the weight function o in the definition of the variation
(see Sec. 2) implies that functions of bounded variation in this sense can be
defined on unbounded intervals and that they are no longer of bounded Jordan
variation and a fortiori absolutely continuous in general. We have chosen the
basic case of real valued functions since normed linear space valued functions
(and even set-valued functions) and superposition operators on them can be
studied following the general outline of [3] and [5].

2 Generalized variation with weight

Let NV be the set of all convex continuous functions ® from Rt = [0, 00) into
itself such that ®(p) = 0 if and only if p = 0, and lim,_ ®(p)/p = 0. Let
I C R be an arbitrary (i.e. closed, half-closed, open, bounded or unbounded)
fixed interval and ¢ : I — R a fixed continuous strictly increasing function
called a weight. If & € N, we define the (total) generalized ®-variation Ve (f) =
Vo (f,I,0) of the function f : I — R with respect to the weight function o in
two steps as follows (cf. [3]). If I = [a,]] is a closed interval and T = {t;}1%, is
a partition of I (i.e. meNand a=ty <t; <...<tm_1 <ty =b), we set

Vo(f,T,0) = > (o(t:) - "(“—1))‘1’(%)

i=1
and, denoting by 7.? the set of all partitions of [a, b], we set
Va (f) = Va (. [a,b],0) = sup { Vo (f,T,0) | T € T, }.
If I is any interval in R, we put

Vo (f) =Va(f,I,0) = sup{Va(f,la,b],0) | [a,b] C T}.

The set of all functions of bounded generalized ®-variation with weight o will
be denoted by BVy(I) = BVa(I,0) ={f: 1 >R |Va(f,1,0) <o0}.

If o(t) =id(t) =t, t € I = [a,b], and ®(p) = p?, p > 0, ¢ > 1, the P-var-
iation Vo (f,I,0), also written as V,(f), is the classical g-variation of f in the
sense of Riesz [16], who has proved that V,(f) < oo if and only if f € AC(I)
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(i.e. f: I — R is absolutely continuous) and its almost everywhere derivative f’
is Lebesgue g-summable on I. Recall that, as is well known, the space BVg(I)

with I, ® and o as above endowed with the norm |f|, = |f(a)| + (Vq(f))l/q is
a Banach algebra for all ¢ > 1.

Riesz’s criterion was extended by Medvedev [12]: if ® € NV, then f € BVg(I)
if and only if f € AC(I) and [, ®(|f(t)]) dt < oo. Functions of bounded gen-
eralized ®-variation with ® € A and o = id (also called functions of bounded
Riesz-Orlicz ®-variation) were studied by Cybertowicz and Matuszewska [6].
They showed that if f € BVe(I), then Vo(f) = [, ®(|f'(t)]) dt, and that the
space GVa(I) = {f € R! such that limy_, ;o Va(\f) = 0} is a semi-normed lin-
ear space with the Luxemburg-Nakano seminorm given by pg(f) = inf{r > 0|
Vg (f/r) < 1}. Later Maligranda and Orlicz [9] proved that the space GVa (1)
equipped with the norm || f||le = sup,c; |f(t)| + pa(f) is a Banach algebra.

The notion of the generalized ®-variation of a function is interesting due
to the following result which is also valid for metric space valued functions
[2, Theorem 6.7]: f € AC(I) if and only if there exists ® € N such that
f € BVg(I); in other words, AC(I) = g BVa(I,id).

Throughout this paper the weight function o will be fixed, and so, as a rule,
it won’t be explicitly written.

In what follows we will use some facts which we present now as lemmas. The
first lemma lists the main properties of the (generalized) ®-variation.

Lemma 1 ([2, 3]) Let f: I — R and ® € N'. We have:

(a) if J is a subinterval of I, then Vo (f,J) < Vo (f,I);

(b) if t € I, then Vo (f,I) = Va(f, (—oo,t] N T) + Va(f, [t,00) N I);

() if fn: I —=R, neN, and lim,,—,o fn(t) = f(t) for all t € I, then

Va (f) < 117111_1>ng<1>(%);

(d) if f € BVa(1,0), then f is absolutely continuous with respect to o, and
hence, continuous on I.

Sets BVg(I) corresponding to different functions @ are related as follows.

Lemma 2 Suppose that ®, ¥ € N and the function o is bounded. Then
BVe(I) C BVy(I) if and only if limsup, ., ¥(p)/®(p) < oo.

ProOF. First we note that the condition of Lemma including the limit superior
is equivalent to the following one: there exist constants C > 0 and pg > 0
such that ¥(p) < ®(p) for all p > py. Taking this into account, we find that
sufficiency follows from the inequality:

Vo (f) < W(po)lo(I)| + CVa(f),  fe€BVa(l),

where |o(I)| = sup,c; o(t) — inficr o(t) is finite by the assumption.
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If the necessity part is wrong, then there exists an increasing sequence
{pn}32, of positive numbers such that lim, . pn = 00 and ¥(p,) > 2"P(p,)
for all n € N. Set to = infI and o(tg) = inficso(t). Define the increasing
sequence {t,}22; C I inductively as follows:

o(tn) — 0t 1) = 2 "o (DIB(p1)/B(pn),  mEN.
Denote by o(I) = {o(t) | ¢ € I} the image of o (which is an interval) and

define the function x : o(I) — R by x(8) = pp if 0(tn-1) < s < o(tn), n € N,

and x(s) = 0 otherwise. Setting f(t) = f;((ti)) x(s)ds, t € I, we claim that

f € BVs(I) and f ¢ BVy(I). Indeed, using Lemma 1(b) we have:

Vo) = 3 (0(tn) = o(ta-1))(pn) = o(1)|D(p1).
n=1
On the other hand, for any m € N we have:

Vo(f) > Z(a(tn)g(tnl))\p<|f(tn)f(tn1)|> _

o(tn) —o(tn—1)

o (DIB(p1) Y 27" ¥ (pn)/P(pn) = mlo(I)|@(p1)- .

n=1
Lemma 3 For ® € N and bounded o, BVg(I,0) is a linear space if and only
if ® satisfies the Az-condition near infinity, i.e. limsup,_, ., ®(2p)/®(p) < oco.
PROOF of Lemma 3 is the same as that of Proposition 6.1 in [2]. O

By Lemma 3, the convex set BV (I) is not a linear space in general: more
precisely, it may happen so that 2f ¢ BVg(I) for some f € BVg(I). For
instance, let ®(p) = e? — 1, p > 0, 0 = id, and define f : [0,1] — R by
f(t) =t(1 —logt)/2if 0 <t <1and f(0) =0. Then we have:

V@(f):/o (|f/(t)]) dt =1 and Vi (2f) = 0.

We introduce the space GVg(I) = GVg (I, 0) as follows: f € GV (I) if there
exists a constant r > 0 (depending on f) such that f/r € BVg(I). Clearly,

BVs(I) C GV (I) C (space of continuous functions I — R).

Moreover, the set GVo(I) is a linear space. In fact, if f; € GVg(I), then
Vo (f;j/rj) < oo for some r; > 0, j =1, 2, so that the convexity of the functional
Vg (-) implies

V<I><f1+f2)§ n Vs (f1/r1) + 2 Ve (f2/r2),

r1 4+ 1o r1 4+ 1o 1+ T2
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whence f1 + fo € GV (I). Obviously, A\f € GV (I) if A € R and f € GVg(I).
We define the norm |- |¢ on GV (I) by

[fle = 1f(@)l+pa(f),  feGVall), (4)

where a € [ is arbitrary and fixed and pe(-) is the Luxemburg-Nakano semi-
norm (cf. [8, Sec. 2.4 and Remark 2 in Sec. 1]) given by

pe(f) =inf{r > 0| Ve (f/r) <1}.

Let ®~! designates the inverse function of ® € NV, and set wa(p) = p®~1(1/p) }
p > 0. Note that the function we is continuous, subadditive, concave and
lim, 1o wa(p) = lim, e 7/®(r) = 0 since & € N.

Some elementary properties of pg are gathered in the following

Lemma 4 (cf. [5]) Let ® € N and f € GVs(I). We have:

() if t, s € I, then |£(t) — [(5)] < wa(lo(t) — o(s)])pa(f);

(b) if pa(f) >0, then Vo (f/pa(f)) < 1;

(c) if r >0, we have: pe(f) < r if and only if Vo(f/r) < 1;if Vo(f/r) =1,
then po(f) =7 (but not vice versa in general);

(d) if the sequence { [}, C GVa(I) converges to f pointwise on I asn — oo,
then pe(f) < limsup,, . pa(fn)-

Remark 1. Estimate in Lemma 4(a) shows that any function f € GVa(I)
is continuous on I (cf. also Lemma 1(d)). It shows also that the modulus of
continuity of f (even) in the case o = id is “finer” than the modulus of continuity
from the embedding theorem for Sobolev-Orlicz spaces (cf. [1, Thm. 8.36]) since

oo

O 1(1/s)ds = /1/ o Y(r)/r%dr, p>0.

p

ww:@*wmgf

+0

We will require certain partial-ordering relationships among functions from
the set A (cf. [7, Secs. 3 and 13]). If ®, ¥ € N, we say that ® dominates ¥
near infinity (in symbols, ¥ < ®) provided limsup,,_, ., ®~"(p)/ ¥~ (p) < oo, or,
equivalently, if there exist constants C' > 0 and pg > 0 such that ¥(p) < &(Cp)
for all p > pg. The two functions ® and ¥ are equivalent near infinity if U< ®
and P W.

We say that ® increases essentially more slowly than ¥ near infinity and
write ® < ¥ if ® x U and ¢ and ¥ are not equivalent near infinity. This is
exactly the case if and only if lim, . ®(Cp)/¥(p) = 0 for all C' > 0. Moreover,
the relation ® << ¥ can be characterized as follows:

OV if and only if lim U~1(p)/® (p) = 0. (5)

p—00
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Theorem 5 Let ®, ¥ € N and the function o be bounded.
(a) The space GVg(I,0) equipped with the norm (4) is a Banach algebra,
and for all f, g € GVa(I) the following inequality holds:

Ifale <7|flalgls, (6)

where y=(®,|o(I)|) =max{1,2ws(|o(I)])} and|o(I)|=sup,c; o(t)—inf,cr o(t).
(b) GV (I) C GVy(I) if and only if U= ®; moreover, there exists a constant
k= k(®,¥) > 0 such that |f|e < k|fls for all f € GVa(I).

PROOF. (a) Since the function we(p) = p®~1(1/p) is nondecreasing for p > 0,
by Lemma 4(a) for any function f € GVg(I) we have the estimate:

11l = ilglg)lf(t)l < [f(@)+wa(lo(I))pa (f)- (7)
Given f, g € GVs(I), let us prove the following inequality:

p(f9) < p(Nllgll -+ 111p(9), (8)

where the subscript ® is omitted in pe(fg), ps(f) and pe(g) for the sake of
brevity. Without loss of generality we may assume that the quantities || f||, ||g]l,
p(f) and p(g) are strictly positive. Set r = p(f)|lgll + [ fllp(g). I T = {t:}12,
is a partition of I, then setting Af; = f(t;) — f(ti—1), Agi = g(t;) — g(ti—1),
Ao; = o(t;) — o(t;—1) and using the monotonicity and convexity of & and
applying Lemma 4(b) we have:

Ms

Vo (fg/r,T) =) Aci®(|(Afi)g(t:) + f(ti-1)(Agi)l/(rAci)) <

s
Il
—

Aci®((|Afil - gl + If1 - 1Agi)/ (rAes)) <

—

Dllgll/r) ZAUz (1Afil/(p(F)Aos)) +

+ (I £llp(g)/7) ZAUiq’ﬂAgiV(p(g)AUi)) <
< (p(Hllgll/r) Vo (f/p(f)) + (I £llp(9)/7) Ve (9/p(g)) <
< (pHlgll + 1 £lp(g))/r = 1.

Due to the arbitrariness of T, we get Vo (fg/r) < 1, so that the definition of
p(fg) gives p(fg) < r, which is (8). Now, inequality (6) follows from (4), (8)
and (7).

To prove that GV (I) is complete, suppose that {f,}52 is a Cauchy se-
quence in GVs (1), i.e.

|fn - fml‘l’ = |fn(a) - fm(a)| +p<1>(fn - fm) —0 as n,m— 0.
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By Lemma 4(a) it follows that {f,(t)}52, is a Cauchy sequence in R for all
t € I and therefore there exists a function f : I — R such that f, converges to
f pointwise on I as n — co. Lemma 4(d) yields:

|fn7f|<I>Shmsup|fn7fm|<l>:W}il)noo|fn7fm|<1>GRJF; n€N.

m— 00

Since {f,}52, is a Cauchy sequence in GVg(I), we have:

hmsup|fn7f|<1>§ lim lim |fn*fm|<l>:0-

n—oo

Hence |f, — fle — 0 as n — oo. It follows that there exists ng € N such that
|fno = fle <1, and so [fle < |f = fole + [fnole <14 [fn,le < co. Therefore,
f € GVg(I), which was to be proved.

(b) Suppose that ¥ < ® and f € GVg(I), so that Ve (f/r) < oo for some
r > 0. Using the equivalent condition for the relation ¥ < ® (see p. 5), we have:

Va (£/(rC)) < W(po)|o(I)| + Va(f/r),

so that f € GVg(I).

If the relation ¥ < ® does not hold, then there exists an increasing sequence
{pn}22, of positive numbers such that lim, . pn, = co and ¥(p,) > ®(n2"p,)
for all n € N. Setting 6 = 1/2™ and p = n2"p,, in the inequality ®(0p) < 6P (p)
we find that ®(n2"p,,) > 2"®(np, ), and so

U(pp) > 2"®(npy), n € N. 9)

Set tg = inf I, o(ty) = infes o(t) and define the increasing sequence {t,}5>; C I
inductively as follows:

o(tn) = o(tn-1) =27"[o(I)|®(p1)/®(npn),  neN.
If o(I) is the image of o, define the function x : o(I) — R by x(s) = np, if

o(tn-1) < s<o(ty), n € N, and x(s) = 0 otherwise. If the function f: I — R
is given by f(t) = f"(% x(s)ds, t € I, then f € BVy(I)\ GVy(I). In fact,

g

o

Va(f) =) (otn) = o(tn-1))®(nps) = |o(1)|®(p1).

n=1

On the other hand, let us show that Vig(f/r) = oo for all » > 1. Taking into
consideration (9), for any m € N such that m > r, we have:

Valf/r) > Z(o(mff(fnl))‘l’((l;f(i”))— féi"_f)))'r)

n=m

>

2m

2 (oltn) = o(ta-1)) ¥ (pn) = mlo(D)]@(pr).

n=m

v
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Therefore f ¢ GVg(I).

It remains to prove the inequality in (b). Since U< ®, the identity operator
Id given by Id(f) = f maps GVg(I) into GVi(I) and is closed (by virtue of (4)
and (7)), so that, by the closed graph theorem, it is continuous, and it suffices

to define the constant x > 0 as the operator norm of the identity operator
Id: GVe(I) — GVy(I). O

Remark 2. If the right derivative ®'(40) > 0, the assumption that o is bounded

is redundant in Theorem 5(a). To see this, note that wg is nondecreasing and

supwa(p) = lim p®~1(1/p) = lim r/®(r) = 1/®'(40) € (0, c0).
p>0 p—00 r—+0

It follows from Lemma 4(a) that inequality (7) can be replaced by

S;‘é]?|f(t)| < [f(a)] + pa(f)/2'(+0),

and so v = v(®) = max{1,2/®'(+0)} in (6).

Remark 3. From the theory of Banach algebras it is well known that the norm
(4) with the property (6) can always be replaced by an equivalent norm || - ||
on GVg(I) such that ||fglle < ||flle]lglle for all f, g € GVa(I).

Remark 4. In the proofs of Lemma 2 and Theorem 5(b) we have used certain
ideas from the theory of Orlicz spaces (cf. [7, Secs. 8.3 and 13.1] and [8, Sec. 3]).

3 Lipschitzian superposition operators

Theorem 6 Suppose that h: I xR — R, H = Hy, : R — R! is the h-generated
superposition Nemytskii operator (see (1)) and @, ¥ € N.

(a) If H maps GVa(I) into GVg(I) and is Lipschitzian in the sense that
there exists a constant p > 0 such that

|Hf —Hgle < plf —gle V[, g€GVa(l), (10)
then there exists a function uo : I — Rt such that
|h(t,x) — h(t,y)] < po(t)|z —yl, tel, z,yeR, (11)

and there exist two functions hg, h1 € GV (I) such that (3) holds.

If, in addition, ® Q U, then h(t,x) = h(t,0) for allt € I and x € R.

(b) Conversely, if U < ®, the function o is bounded and there are two
functions hg, h1 € GVg(I) such that (3) holds, then the superposition operator
H maps GVg(I) into GVy(I) and is Lipschitzian.
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PrROOF. (a) Inequality (10) and definition (4) imply that if f, g € GVa(I),
then py(Hf — Hg) < p|lf — gle which, in the case when |f — g|e > 0, is, by

Lemma 4(c), equivalent to
Hf-H
Ve (M) <1
ulf —9gle
Taking into account definitions of Viy and H, for all o, 8 € I, a < 3, we have:

ulf =gl (a(8) — a(a)) m

(0(9) - ot
which yields

< plf = gloww (0(8) —o(@))  (12)

forall f, g€ GVo(I) and all o, B € I, a < 3.
For a and (3 as above define functions 1,5 : I — [0, 1] by

0 if s<a,
o(s) —o(e)

T(ﬁ)_a(a if a<s<p,

if B<s.

Na,p(8) =

Without loss of generality we may assume that the point a@ € I in (4) is an
interior point of I.

In order to prove claim (11), consider the following three cases for the point
tel:i)t>a;il)t <a;iil) t = a.

i)Let t >a and o, B € I, a < a < 8. Define two functions

f(8) =nap(s)x,  g(s) =na,5(5)y, sel, =z yek

To compute the norm |f — g|s, let * # y and, applying Lemma 1(b), let us
choose a number 7 > 0 such that

Va ((f = 9)/r) = (o(8) — ff(a))‘l’(%) -t

Then Lemma 4(c) gives:
pe(f—g)=r=lr—yl/ws(o(P) —o(a)),  z,yeR.

Substituting functions f and g into inequality (12) and noting that f(8) = =,
9(B) =y and f(a) = g(a) =0, we get:

h(B,2) = (B, y)| < plz = ylww (0(8) — o(a)) /wa(o(B) —o(@)).  (13)
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Setting o = a and § =t we obtain (11) with a suitably chosen number pq(t).
ii) Let t <a and o, B € I, a < 8 < a. Substituting functions

fls) = (1 - na,g(s))m, g(s) = (1 — nayg(s))y, sel, z,yeR, (14)

into (12) and noting that f(5) = g(8) =0, f(a) = = and g(a) = y, we have as
above:

Iha, 2) — hey)| < plz — ylws (0(8) — o(a)) fwa (0(8) — o(@).  (15)

Setting & = ¢ and 8 = a we obtain (11) with an obvious choice of pg(¢).

iii) Let ¢t = a. Since it is an interior point of I, fix 8 € I such that a < 8.
Substituting functions (14) with a = a into (12) and noting that |f(a) —g(a)| =
|z — y|, we arrive at

|h(a,z) — h(a,y)| < plz -yl (1 + W (0(6)1 o(a)

Therefore, we are through with inequality (11).
Now we prove that h(t, z) is of the form (3). For o, € I, a < (3, set

Jau(o0) ~ot@). (0

f(8) =nap(s)z+y, 9(s)=nap(s)z, sel, z,yeR,

and observe that f(8) =z + vy, g(f) =z, f(a) =y, gla) =0and f —g = y.
Hence, inequality (12) provides the estimate:

(8,2 +y) = h(B,x) — h(er,y) + h(a, 0)] < plylws (0(8) —o(a)).  (17)

Since H maps GVg(I) into GVg(I) and constant functions belong to GVg (1),
the function h(-,z) = H(z) is in GVig(I) for all z € R, and so it is continuous
on I according to Lemma 4(a). Given ¢ € I, letting 5 — « tend to zero in (17)
in such a way that [a, 5] 3 ¢, we get:

h(t,z +vy) — h(t,x) — h(t,y) + h(t,0) =0, tel, z,yeR.
It follows that h(t,z +y) — 2h(t, z) + h(t,z —y) = 0 and hence

li P2 +y) = 2h(t,2) + h(t, 2 —y)
y—0 y2

=0, tel, zeR, (18)

i.e. the second symmetric derivative of h(t, - ) (which is defined by the left hand
side of (18)) vanishes at any point = € R. Since, by (11), the function h(t, -) is
continuous on R, this implies (cf. [15, Ch. 10, Sec. 5, Thm. 1]) that h(t, z) is of
the form (3) for some functions hg, hy € R!. Taking into account the equalities
ho = h(-,0) = H(0) and hy = h(-,1) — h(-,0) = H(1) — H(0), we conclude
that ho, h1 € GVg(I). This completes the proof of the representation (3).
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Now suppose that ® W, and let t € I. If t > a, we set 8 =t, y =0 and let
a—t—01in (13). If t < a, weset « =¢, y =0 and let 8 — ¢+ 0 in (15). If
t=a, weset y=0and let 3 — a+ 0 in (16). Noting that

we(0(B) —o(a)) _ ¥H(1/(0(B) — o(a)))

wa(0(B) —o(@)) @71 (1/(0(8) — o(a)))
and taking into account (5) and the continuity of h(-,z), © € R, we find that
h(t,z) = h(t,0) for all t € I and = € R where h(-,0) € GVg(I). In particular,
we see that H is a constant operator.

(b) Since ¥ < @, then GVy(I) C GVg(I) by Theorem 5(b), and since the
operator H is given according to assumption (3) by

(H)(#) = ho(t) + ha()f(t),  tel, feGVa(l),

and GViy(I) is an algebra by Theorem 5(a), it follows that H maps the space
GV (I) into GVy(I). Now, for all f, g € GV (I), inequality (6) and Theo-
rem 5(b) yield the estimate

|Hf — Hgle <~(¥,|o(D)))(D, O)[h1|w]f = gle, (19)

which shows that H is a Lipschitzian operator. O

Remark 5. If ®(p) = pP, U(p) =p%, p>0,p>1,¢>1,and o(t) = ¢, t € [a,],
Theorem 6 gives the results of Merentes and Rivas [14]. It suffices to note only
that U< ® if and only if ¢ < p, and ® < ¥ if and only if p < g.

Remark 6. Given hg, hy € GVg(I), one can easily find conditions on the function
h1 in order to solve the “linear” functional equation x = hg + hiz with respect
to & € GVg(I) by using the classical Banach fixed point theorem.

Corollary 7 For ® ¢ N define

| ~(®,|o(I)]) as in Theorem 5(a) if P'(4+0) =0 and o bounded,
Ve = ~v(®) as in Remark 2 if  ®'(40) > 0.

If f, g€ GVo(I) and |1 — glo < 1/va, then f/g € GVa(I).

PROOF. Apply Banach’s contraction principle in GV (I) to solve the functional
equation = (1 — g)z + f with respect to the unknown function z € GVg(I)
(see also estimate (19) with ¥ = ® and hy =1 — g). O

Given n € N, let (R")! = (R)" be the algebra of all functions f : I — R,
h:IxR" — R a function of n + 1 variables, h = h(t,z1,...,2,), and let
H : (R)" — R! be the (h-generated) superposition operator defined by

H(f)(t) = h(t, fi(t),. .., fu(®),  te€l, f=(fr,....fa) € R")". (20)
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If ® = (dy,...,9,) € N, we endow the Cartesian product
GVe(I) =GVg,(I) X -+ X GVg, (I)

with the product norm |f|e = Y1 | file,, f = (f1,---, fn) € GVa(I). Clearly,

GVs(I) is a Banach algebra with respect to componentwise operations.
Ifd=(d,...,9,) e N" and ¥ € N, we write ¥ < ® provided ¥ < ®; for

alli=1,...,n, and ® <« V—provided &; < ¥ for all: =1,...,n.

Corollary 8 Let H : (RI)" — R be the superposition operator generated by
the function h: I x R® — R according to (20), and let ® € N™ and ¥ € N.
(a) If U 5 @ and o is bounded, then H maps GVg(I) into GVg(I) and
is Lipschitzian if and only if h(t,z1,...,25) = ho(t) + Y1y hi(t)zi, t € 1,
(1,...,2n) € R™, for some functions h; € GVy(I), i=1,...,n.
(b) If ®< V¥ and H : GVg(I) — GVg(I) is Lipschitzian, then H is constant.
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