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EQUILIBRIUM POINTS IN ANTAGONISTIC GAMES
WITH PREFERENCE RELATIONS

T. E Savina
Saratoy State University

We consider some optimality solutions of antagonistic games with pref-
erence relations. In such games, instead of payoff functions, reflexive binary
preference relations are given. A game with preference relations in the normal
form is a system

G=(X,Y,4,p,F) (1

where X is the set of strategies of player 1, ¥ is the set of strategies of player 2,

A is the set of outcomes, r C A? is a preference relation of the player 1, F is the

realization function, that is, a map from the set of all situations X x Y into the
P2l

set of outcomes A. Assertion g, <q, means that outcome g, is less preference

than a, for player 1.
Remark. For antagonistic game a preference relation of the player 2 is pl.

Given a preference relation r C 4%, we denote p" =pnp’ its symmet-
ric part and p" = p\ p’ itsstrict part. Wevmte a, <a, istead of(a, ., )e o

a, ~a, instead of (a,,a,)e P, aq <aw instead of (a,,a,)e o
We introduce three types of equilibrium concepts: equilibrium (Rozen, 2010),
Pr—equilibrium and saddle point. We consider antagonistic games with various
preference structure: linear, acyclic, transitive and antisymmetric (Savina, 2010).
Definition 1. Situation (x,,¥,)e X x Y is called
o an equilibrium point if for any strategies X € X,y €Y the condition

o v
F(-"’yo)}-F(xod’o)}»p(xm)’) (2)
holds;
o a Pr—equilibrium point if for any strategies X € X,y €Y the condition
r
F(x,0)# Flxo.) 3)

is satisfied;
e a saddle point (or Nash equilibrium) if the condition

P P
F(x»yc)SF(XO’}’Q)SF(XOJ/) )
holds.



Example. Consider antagonistic game G of the form (1) in which the
set of strategies of player 1is X = {x 12Xz }, the set of strategies of player 2 is
Y= {}’1 s Y2 §, the set of outcomes is 4 = {a, b,e,d }, the realization function
is given by the Table 1 and the preference relation is given by diagram (Fig. 1).

Table 1
The realization function F

F iy
xx|a|b
x| cld
‘p b
a d
C
Fig.1

Situations (x,, y,) and (x,, ,) are saddle points but outcomes in theirs are

different.
From this example it is easy to show that the following assertion is true.

Proposition. In antagonistic games with acyclic preference structure of
the form (1) the outcomes in saddle points are the same.
Definition 2. In antagonistic game G of the form (1) outcome a is called

e acceptable for player 1 if
~(axeX)(VyeY)Flx,y)>a.

e guite acceptable for player 1 if ’
@y eY)(vxe X)Fx )ta.

e acceptable for player 2 if ’
e Y) (Vx € X) F(x, y)[<’a .
® quite acceptable for player 2 if ’
(@x e X)(Wy € Y) Flx,»)ka
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Definition 3. Outcome a is said to be acceptable (quite acceptable) in
game G if it is acceptable (quite acceptable) for both players.

Definition 4. Situation (¥o-¥0)€ XxY s said to be acceptable (quite
acceptable) in game G if outcome F s ¥, ) is acceptable (quite acceptable)
in game G.

The basic properties of equilibrium concepts are the following result.

Theorem

1.In antagonistic game with preference relations of the form (1) the fol-
lowing conditions hold:

a)saddle points are equilibrium points;

b)Pr—equilibrium points are equilibrium points also.

2.Saddle points are Pr—equilibrium points in antagonistic game with tran-
sitive preference structure.

3.In antagonistic game with linear transitive preference structure three
types of equilibrium concur.

4.Any quite acceptable outcome is acceptable in antagonistic game with
preference relations of the form (1).

5.Outcome in equilibrium point is quite acceptable (and acceptable also)
in antagonistic game with preference relations of the form (1).

6.Let G be an antagonistic game with linear and antisymmetric prefer-
ence structure. If set of quite acceptable outcomes is nonempty, then set of
saddle points is nonempty also.

Proof.
1. a) Let (x,, ¥,) be a saddle point. Suppose that situation (x,, y,) is not
an equilibrium point. Then there exist x’ € X,y' €Y such that the condition

y » Ay .
F(x',3,)> F(x4, ) Of F(xg,y,)>F(x,,y") holds. Let the first condition is
r
satisfied. Putting in condition (4) ¥ =X we get F(x’, y, )2 F(x,,v,) which
P

is contradictory with the condition F (x", 3 )> F' (x4>25). Thus, (x> ¥o) 1s an
equilibrium point.

b) Let (x,, ¥,) be a Pr—equilibrium point. Putting in condition (3) x =
x, we get F(xo.y(,);F (x,,»). Now putting in condition (3) ¥ = y, we obtain

b Fad ; g 4 i

Flx,y, )% Flxy,5,). Hence, F(x,y,)#Flxy,yo)# Flxy,v). Thus, (x;, y) is an
equilibrium point.

2.Let Gbeantagonistic game with transitive preference structure. Let (xg,,)
be asaddle pointin game G. Suppose that situation (x,, y,) is nota Pr-equilibrium

g
point. Then there exist * €X,¥" €Y guch that the condition (' 0)> Flo ')

» 2
holds. Putting in (4) x=x"y =" we get F(x,¥)SF(x,,,)<F (%,,). Since
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o 5 s 3 2 3 : . » .
relation p is transitive then F{x',y,)<F(x,.»") which is contradictory with the

condition F(x", ¥, );F (xy»3"). Thus, (x,, ;) is a Pr—equilibrium point.

3. Let G be an antagonistic game with linear transitive preference struc-
ture. It is sufficiently to proof that equilibrium points are saddle ones. Let (x,
¥,) be an equilibrium point. Since relation p is linear then condition (2) will be
written in the form F{x, v, )’S)F(x‘,,y‘, )gF(xu,y). Thus, (x,, ) is a saddle point.

4. The assertion follows from logical rule of changing quantifiers

VeV,

5. Let (x,, ¥,) be an equilibrium point. For x =x, we get outcome F(x,,
¥,) 1s quite acceptable for player 2 and for y = y, we obtain outcome F(x,, ;)
is quite acceptable for player 1. Thus, F(x,, y,) is a quite acceptable in game G.

6. Let G be an antagonistic game with linear and antisymmetric prefer-
ence structure. Let a be a quite acceptable outcome then the system of the
conditions

@5 < )y e 1) Pl )i

»
I(ay0 eY)(vxe X)Fx,y, )3a.
is satisfied. Since relation p is linear then we get

]
F(x,yo)gaSF(x(,,y). ®)

PP

Putting in the last condition x = x,,» = ¥, we obtain F(x,, y, )<a<F{x,,,).
Since relation p is antisymmetric then F(x,, y,) = a. Put in condition (5)
a= F(xy, y,) . Thus, (x,, ¥,) is a saddle point.
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