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PaccmarpuBaercs 3a1aua 0 KBa3UKIACCHUSCKOM aCHMIITOTHKE CMEIICHHUS TUCKPETHOTO CIIEKTPa OXHOMEPHOTO
oneparopa IIpenunrepa mpu nedopmanuy MOTEHIMANA B KIACCHYECKH 3ampenieHHoi obmactu. Ilockombky
nofo0Has eopMaliysi OTCHITHANIA BT Ha KBAHTOBYHO YAaCTHILY TOJBKO 33 CUCT TYHHEJIBHBIX 3(P(PEKTOB, TO
BEIMYMHA CMEIICHUS YHEPreTHUECKUX YpPOBHEH OKa3bIBaeTCs SKCIIOHCHIIMANBHO Mallod. B pabore moxydeHBI
ACHMITTOTHYCCKHE KBA3UKIIACCHUCCKUE (DOPMYJIbI IS BEIUYMHBI CMEIICHHS SHEPIHid ISl PasiIndHbIX Aedopma-
MH MOTeHIHaNa.

YIK 517.927.25:530.145

1. BBepgeHune

B pabote paccmatpuBaeTcsi olHOMEpHOE cTanoHapHoe ypaBaenue Llpeaunrepa:
2

_%W "(x)+V () (x) = Ep(x),

rae 7i>0 — Manblif mapaMeTp KBa3UKJIacCHYecKoro nmpubmkenus. O6o3Hauum depes
COOTBETCTBYIOILIUI OIlepaTop:

~ W d’
Hy=————+V(x).
0 2 dx’ )

A
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A

PaccmoTpuM He Bechb CHEKTp omepaTopa H,, a TOJIBKO TOYKU B HEKOTOPOIl OKPECTHOCTH
(UKCUPOBAHHOTO SHEPreTUYECKOr0 YpOBHA. lIpearnonokum, 49TO AT paccMaTpUBAeMbIX
SHepruil E CHEKTp oreparopa ﬁo SBJISICTCSA TUCKPETHBIM, @ UCXOJIHBIN MOTEHIMAI SBJISETCS
OJHOSIMHBIM, TO €CTb ypaBHeHHE } (Xx)=E uMeeT JBa MPOCTBIX KOPHA X, <x, U V(X)<E
npu x € (x,,X,) .

JUist ynpoleHus: U3J0XKeH!s, B JalbHeHIeM mpeanoiaraercs, yTo notreHuuan »(x) ss-
asieTcsl rnaakod (QyHKIUEH, X0Ta OOJBIIMHCTBO PE3yJbTaTOB OCTAIOTCS CIPABEAIUBBIMHU U
JUISL CTy4asi KyCOYHO-TJIA[KUX ITOTEHINAIIOB.

[TycTth Kk ncxomHoMy noteHnmany V(x) nmobasieHo puHUTHOE BO3MyIlieHHEe f(x), KOTO-
poe COCPeOTOYEHO BHE 00JacTH JABMKEHMS KIACCHYECKOM YacTHIbl B moTeHiuane b (x).
COOT]}GTC”{BYIOHIHP'I onepatop llpenunrepa umeer Bua:

H=H,+ f(x).

s onpeneneHHocTH OyJaeM cuuTaTh, 4YTO jAeopmalius MOTEHIMala JIOKaJIu30BaHa
crpaBa OT MOTEHIMAIbHON MBI U supp f =[a,b], raex, <a . @ynkuuu f(x) npennonara-
€TCsl HETIPEPbIBHOM, OBITh MOXET, 32 UCKIIOYEHHEM TOYKH X =d, B KOTOPOW JOITyCKaeTCs
Halmuue ckauka. [lamee OyAeT mokazaHo, YTO 3HAUEHHE MMEET JIUILb XapaKTep MOBEIACHHUs
byHkuu f(x) B Masoil OKPECTHOCTH TOUKU X =4 .

Mpbl He mpeamnojaraeM MajlocTH BO3MylleHHs f(x), HO OyJeM cuuTarh, YTO MOJOOHAS
nedopmarus oTeHIMana V (x) He co3mana TOMOJHUTEIbHON MOTEHIIMAIIBHON SIMBI, TO €CTh
V(x)+ f(x)>E upu x €[a,b] nist Bcex paccMaTpUBaeMbIX SHEPTUi E .

Paccmorpum (i)HKCHpOBaHI-ILIﬁ YPOBEHb E, JHUCKPETHOrO CIIEKTpa OIeparopa I:IO. Oue-
BUJIHO, B CIIEKTpE onepaTopa /4 HIpHUCYTCTBYET YHEPreTUYECKUN YyPOBEHb E, , KOTOPBINA COOT-
BETCTBYET YPOBHIO E, M Pa3HOCTb MeX1y E,, U E, DKCIIOHEHIMAIbHO Mana npu 7 — 0. 3a-
Jlady MOCTPOEHMsI aCUMITOTHYECKMX (hOopMyl Ui pasHOCTH E, — E, Ha3bIBalOT 3ajadyell o
TYHHEJIbHOM BO3MylleHuu crektpa. [logpoOHblii 0030p pe3ysibTaToB, CBA3AHHBIX C JaHHOU
3ajadeld, npecTaBlieH, Hanpumep, B padote [1].

N3yuyeHne SKCOHEHIIMAIbHO MaJIbIX MOMPAaBOK K YHEPreTHUECKUM YPOBHSM AUCKPETHOTO
CHEeKTpa OCOOEHHO MHTEPECHO B Cilydae, KOrJa paccMaTpUBAaeMbId OHOSMHBIN MMOTEHIUAI
V' (x) siBasieTcst 4acThio OOJbIIEH CUCTEMBI, B KOTOPOIl MPUCYTCTBYET TYHHEIbHBIA PE30HAHC.
Toraa sKCIIOHEHIIMATIBHO MaJIble CMELIEHHSI YHEPIETUUYECKUX YPOBHENW B OJHON MOTEHIMAIIb-
HOM SIME€ MOTYT OKa3aTh CyIIECTBEHHOE BIIMSHUE Ha MOBEJEHUE CUCTEMBI B LIEJIOM.

3amava 0 TYHHEJIIbHOM BO3MYILIEHMM BIEpPBbIE OblIa pacCMOTpPEeHa B 3HAMEHHMTOH pabote
[2] B cBsi3U C 3a7aueit 0 pa3pyLIEHUH TyHHEJIbHOTO PE30HAaHCA B CUMMETPUYHOM JABYSIMHOM
NoTeHIMaje NnpH AedopMaly OJHOW U3 CTOPOH MOTEHIMAIBHOIO Oapbepa, — TaK Ha3bIBae-
MBI 3h(DexT «Omoxa Ha clioHe» (Ha3BaHME MpeJIoKeHO B pabore [3]). B mampHeiimem a¢-
(eKT JIoKaNnu3aluu COCTOSHUN NPU TYHHEIBHOM BO3MYIIEHHM B CUMMETPUYHON IBOHHON
sAMe paccMaTpuBaiics B pabotax [3,4], rae ObuIO MOCTPOEHO MHOrOMEpHOe 00O0OIIeHHEe pe-
3yJbTaTOB PaboTHI [2].

B paborte [6] sTa Monens ObuTa TpUMEHEHA JIJIsi OTMCAHMS TYHHEIHUPOBAHUS U JIOKATH3a-
LMY COCTOSIHUI ONTHUYECKUX M30MEPOB MOJIEKYJI. 3a7adya O TYHHEIbHOM BO3MYILLIEHUH TaKKe
BO3HUKAET MpH onucaHuu 3¢ (HEeKToB aHIePCOHOBCKOM JIOKATU3aMN COCTOSIHUM. B aTOM Cciy-
4yae paccMaTpUBaIOT MHOTOSIMHBIN MOTEHIMANI, KOTOPBIA COCTOUT M3 MAEHTHUYHBIX MOTEHIIU-
aJbHBIX M, a Ae(opMalvy MoABepraeTcs OJUH U3 MOTEHLUAIbHBIX OaphepoB [7].

Takum o0pa3zom, 3a7aya 0 TYHHEJIBHOM BO3MYIIEHUHM JAMCKPETHOTO CIEKTpa ornepaTopa
[penunrepa npu Aepopmanuu MnoTeHIMaga B o0sacTu Oapbepa MpeICTaBiIseT 3HAYUTEIb-
HBI MHTEpPEC I UCCIIE0BaHMS psilla BaXKHBIX KBAaHTOBO-MEXAHMYECKUX MOJEJEH, BKIIOYa-
IOLUX PE30HAHCHOE TYHHEIUPOBAHHUE.
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C nmpyroii CTOPOHEI, 3a7a4a O TYHHEIIBHOM BO3MYIIICHUH IPUHIIAITAAIBHO BaYKHA JIJIS Pa3-
BUTHUSI MaTEeMAaTHUYECKHUX METOJOB KBa3MKJIACCHUYECKOTO MPUOIMKEHHS, MOCKOIbKY B 3TOM
CJly4ae CTaHAapTHBIC METOJIbI TCOPUH BO3MYIIICHHUI U CTAHIAPTHBIC METO/IbI TOCTPOCHHMSI KBa-
3UKJIACCUYECKOM aCUMIITOTHKH CIEKTPa HE Jal0T YAOBIETBOPUTENBHOIO pe3ynbTaTa. Pa3nuu-
HBIC MTOJIXO0JIBI K PEIICHHUIO 3TOW MPOoO0IeMbl OBUTH MTPeICTaBICHBI B padoTax [5,8,9].

B pabote [2] Obu1a moayueHa 06a30Bas aCHMIITOTUYECKAs OLICHKA:

E —E,=exp —%(S(a)+o(1)) (7 — 0), D

rae S(a)= I ‘ /2(V( x)— E) dx — TYHHEJIbHOE JEHCTBUE OT TOYKH IOBOPOTA X, 1O HOCH-
X2

Tens nedopManuy MOoTeHIMana. JTa OleHKa MO3BOJSeT HaWTH MOKa3aTellb SKCIIOHEHTHI, KO-
TOPBIN 3aBUCUT TOJBKO OT PACIOJIOKEHUsT HOCUTENs QYHKIMH f(X), HO HE JaeT MpeICcTaB-
JeHuss 00 aCHMIITOTHYECKOM IIOBEJICHUM BEIUYMHBI CMEIICHHS JHEPreTUYECKUX YPOBHEH
E, — E, ¥ He N03BOJISIET BBIABUTH 3aBUCUMOCTb 9TOH BEIMYHHBI OT BUIa QyHKImu f(x).

3aaya 0 TYHHEIBHOM BO3MYUICHHH JAUCKPETHOTO CIEKTpa B CIy4yae OJIHOSIMHOIO MOTEH-
[[Maia paccMaTpuBaiach B pabote [8] B kKauecTBe BCIIOMOTATENLHOM 3aauu JJIsl TIOCTPOSHUS
OTMCaHUs TYHHEIBHOTO Pe30HaHCa B HECHMMETPUYHOM JBYSIMHOM ToTeHIrae. B padote [§]
JIOKa3aHa aCUMITOTUYecKas popmyna

E\—Ey = (o0, )(1+0())) (h—0), )

rae y,(x) — BOIHOBas (PyHKIUs CTAlMOHAPHOIO COCTOSIHUS HEBO3MYILIEHHOW CHCTEMBI, CO-
OTBETCTBYIOIIAs DHEPreTHUeCKoMy ypoBHIO E,. OueHka (2) noka3aHa B IPEIINOJIOKEHUU
3HAKOTOCTOSIHCTBA M HETIPEPBIBHOCTU (pyHKIMH f(X) B HEKOTOPOH (PMKCHPOBAHHOMN OKpECT-
HocTH TO4KH a . [Toncrasnsas BKbB acumnroruky mis gyHkuuu y,(x) B Gopmyiry (2), MOKHO
JIETKO MOJYyYUTh OLEHKY (1).

B nannHoii pabore mpoBeneHo Ooisiee AeTalbHOE MCCIEIOBAHME 33Ja4d O TYHHEIbHOM
Bo3MylIeHnd. OleHKa MOrpemHocTH B (opmyiie (2) ynydmeHa ans auddepeHmupyemMoit
byukuun  f(x) . s psana cirydaeB, Korja U3BECTHO aCUMITOTHYECKOE MOBEICHUE (HYHKIINH
f(X) B OKpECTHOCTH TOYKHU @ , IOJTYUEHBI SIBHbIE ACUMITOTHYECKUE (GOPMYJIBI, YIOOHbIE /s
MIPUITOKEHUM.

C TOYKHM 3peHUs NMPWIOKEHUN B HAHODJIECKTPOHUKE OOJBIION HMHTEpPEC MPEICTaBIISIOT
TaKk)Ke MOJENIM C KyCOYHO-TJIAJKUM IMOTEHIMAIOM. 3ajJada O TYHHEIbHOM BO3MYIICHHH B
ciydae, Korja npu jaedopmManuu noTeHnuana ¥ (x) B TOYKE d BO3HUKACT KOHEYHBIN CKa4OK
MOTEHIIMATBHON dHepruu, Obuia paccMoTpeHa B padote [10]. B atom cnyuae GpyHkmmst f(x)
umeet BuA f(x)=yO(x—a)w(x), tne €(x) — pynknusa XaBucaiaa, ¥ — BeIMYMHA CKavKa, a
w(x) — HempepbiBHas QyHKmus Takas, uro w(a)=1. [logoOHas 3amaya MOXET CIIyKHTb,
HaIrpuMep, MOJIENIbIO CUTYyaIuH, Korjaa V(x) — riagkuii BHEIIHUMA SJIEKTPUICCKUNA TTOTCHITH-
an, a pyHkust f(x) MOIETUpPyeT HEOJAHOPOAHYIO CPelly, COCTOSIIYIO U3 JBYX MATepUANIOB,
COCJIMHEHHBIX B TOUKE d .

B pa6ote [10] Obuia mpeanoxkeHna Gopmyrna A BETUYUHBI CMEIICHHUS YHEPTeTHUSCKUX
YpOBHEH B cilydae Majloro ckauka y . B Hamei pabore npeacraBieHo 0000IIeHHE U CTPOroe
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JI0Ka3aTeIbCTBO ATOM (OPMYJIBI, @ TAKXKE MMOKAa3aHO, YTO JIMHEWHOe MPUOIKeHnH (2) coxpa-
HSET CWIy B Cllydae IMPOM3BOJBHOIO MAJOro ckadka y, To ecTh, ecin y =0 (y #0) npu
h — 0, BHE 3aBUCUMOCTH OT COOTHOILICHUS MEXNY ¥ U .

2. O6wme OLUEeHKM TYHHENbHOro BO3MYyLLEeHUS

Pe3ynbraThl HacTOsIIEH pabOTH BO MHOTOM OITUPAIOTCS Ha METOJBI, PEJICTABICHHBIC B
paborax [1,8], mpu momoIiu KOTOphIX OblIa JOKa3aHa oreHka (2). B nanHoM pazpene mpe-
CTaBJICHO MOJPOOHOE M3NIOKeHHE 3TuX uaed. CTporoe qOKa3aTenbCTBO OLEHKU (2) pa3duTo
Ha Tpu dTama (Teopema 1, JemMma U Teopema 2), YTO MO3BOJMIO aKKypaTHO pa3o0paTh psin
YaCTHBIX CITy4aeB, B KOTOPBIX OIEHKa (2) MOXKET OBITh yJIydllleHa, a TakKe CIydaid Majoro
CTYIIEHYATOT'O pPa3phiBa.

3ameTnm, YTO 3a7a4a O TYHHEIbHOM BO3MYIIEHUH CIIEKTpa HE MOKET OBITh pelieHa mpsi-
MBIM IPUMEHEHUEM METOJOB OIEPAaTOPHON TEOPUU BO3MYILIEHUH, IIOCKOJIbKY BEJIWYMHA BO3-
MyIICHHS f , TO €CThb PasHOCTh MEXKLy onepatopamun H u ﬁo, HE TpeJoiaraeTcs Maioi, a
MaJIOCTh CMEILEHUS SHEPTeTUYECKOTr0 YPOBHS £, CBSI3aHA C DKCIIOHEHLUAIBHBIM YObIBAHHEM
BOJIHOBOW (yHKIMU W, Ha Hocutene pyHkuun f . Oka3plBaeTcs, YTO JaHHYIO 3ajady, BCe
e, MOJKHO CBECTH K 3aj1aye TEOPUH BO3MYILIEHHUI, HO BMECTO HCXOJHOTO OIepaTopa I:IO
HEOOXO0AMMO PacCMaTpUBATh CIIEUATIBHBIN, HICKYCCTBEHHO ITOCTPOCHHBII O1epaTop.

Teopema 1
Cnpaseonusa acumnmomuyeckas OYyeHKa.

E—Ey=(fwovo)+O((fvo fv0)) (1> 0). 3)

Jloka3zaTejibCTBO

ITycts Il — omepaTop OpTOroHaNIbHOIO MPOEKTHPOBAHUS HAa BEKTOp W,, a I1'=1-TI
IIPOEKTOP Ha JONOIHUTENBHOE MOAIPOCTPAHCTBO.

Paccmotpum nmapy onepaTtopos:

A=H,+I1'fTT,
B=fII+I1f ~TIfT1= fT1+T1/T1"

Omneparoppl 41 B, O4EBUJIHO, SBJIAIOTCS CaMOCOIpsKEHHbIMU. CrpaBe/IMBbl PaBEH-
CTBA:

A+B=H,
Ay, = Egps,
By, :fl//o-

3aMeTHM, 4TO oreparop B KOHEYHOMEpPEH, IOCKOJIbKY €ro o0pa3 MpeacTaBiseT coOon
JHMHEHHYI0 000JI0YKY BEKTOPOB W/, U fl/, .

Ouenum HOpMY oriepaTopa B :
|B]<[ T+ <2] fwo )

BonnoBast GyHKIMA , SBISETCS SKCIOHEHLUAIbHO MaJoi Ha HocuTene QyHKUMU f
ClIeIOBaTENIbHO, HOpMa oreparopa B SBISeTCS SKCIOHSHIMAIBHO Majioi mpu 71— 0.

Takum 06pa3oM, ornepatopsl H U A OTIMYAIOTCS HA SKCIOHCHIHMAIBHO Majoe (IpH
h — 0) koHeYHOMEpHOe Bo3MmyleHne B . CiieoBaTenbHo, CIIEKTp onepatopa A B HEKOTO-
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pOM OKPECTHOCTH FE, ABIAETCSA JUCKPETHBIM, U PACCTOSHUE MEK/Y TOUKAMHU CIIEKTPa orepa-
TOpa A B HEKOTOPOM OKPECTHOCTH L, MMEET NOPANOK 7, KaK U y oreparopa H.

[Ipumensisi popmyiay Teopur BO3MYLICHUI AJIsi oreparopa H=A+B s H30JIMPOBAH-
HOW TOYKHM CIleKTpa E, omeparopa A , M y4UTBbIBas, 4TO By, = fy/, NOIy4aeM OLICHKY:

<fwo,wo>+2<’2”°—_’i">' +O(|IBI), 5)
0 k

rae A, — Touka AUCKPETHOro CHEeKTpa ornepatopa 4, a ¢, - COOTBETCTBYIOUINN COOCTBEHHBIN
BekTop. Cymma B hopmyiie (5) Gepercs Mo BCeM TOYKaM JUCKPETHOTO CIEeKTpa oreparopa A
U3 HEKOTOPOH (PUKCUPOBAHHOI OKPECTHOCTU TOUKU ), 32 UCKIIOYEHUEM COOCTBEHHOI'O 3Ha-
yeHus E,. IlockonbKy paccTosiHME MEXKIY COCEIHMMHU TOYKAMU CIIEKTpa A, MMEeT MOpAI0K
h, BenuuuHa N umeeT nopsiiok 1/7 .

Heo0xommMOoCTh yUHTHIBATh HEJIMHEHHBIC WICHBI TEOPHH BO3MYIIeHHA B (Gopmyre (5)
CBsI3aHa C HaJIMYMEM MaJIoro 3HaMeHarens E, —A, , KOTOpbIil UMEeT MOPSIOK /i JUIs MEPBBIX
3HaueHuil k . be3 yuera 3TUX 4I€HOB MbI NMOJY4YHSIU Obl OOJIE€ MPOCTYI0, HO HE JIOCTATOYHO
TOYHYIO OLIEHKY:

B 2
E = Ey+( [y, )+O IBI h”

VYuurtsiBas oueHKY (4) 11 HOpMBI oriepatopa B, ocTaeTcs TOJbKO MOKa3aTh, YTO HEJIU-
HEIHbIe YJICHbI TEOPHH BO3MYIIEHUI, peAcTaBiIeHHbIe B (hopMmyie (5), OLIEHUBAIOTCS BEJH-
YUHOU O(|| B ||2) U HE JIAI0T CYIIECTBEHHOI'O BKJIAJla B UTOIOBYIO OLIEHKY CMELIEHHs YHepre-
THUYECKOI0 YpOBHA £ .

TockoubKy omepatop A u omepatop H OTIMYAIOTCS HA SKCIOHCHIHMAIBHO Majoe BO3-
MyIlleHHe B , TO B CIIEKTpE oreparopa H MpHCYTCTBYET ¢IMHCTBEHHAs TOUKA ):k U3 3KCIIO0-
HEHIUAJIbHO MaJIOil OKPECTHOCTH Kax 101 Toukn A, omepartopa A (k=1,...,N).

ITycts @, — coOCTBEHHBII BEKTOP omeparopa H , KOTOPBIit COOTBETCTBYET TOUKE ﬁ

W3 Hamero npenmnoyioxkeHus, 4To J00aBlIeHHe BO3MYIICHUsT f K MOTeHIUany ) He co-
3J1a€T JOMOJHUTEIbHBIX MOTEHIUAIBHBIX SIM, CIEYET, YTO BOJIHOBAsI (PYHKIUS CTallMOHAPHO-
IO COCTOSIHMA (), PKCHOHEHIMAJIbHO Maja B KJIACCUUECKHU 3alpEleHHOH 001acTh Ha HOCUTe-
ae ¢yHkuun f . VI3 Teopun BO3MYIIEHUH TaKkKe CIELYeT, YTO PA3HOCTb @, M ¢, SKCIIOHEH-
[MAJIbHO MaJla 110 HOpME.

Takum oOpaszoM, BenmuuuHa || o@, ||, rae o(x) — QyHKOUA, paBHas €QUHULE IPU
x €[a,b] (Hocutensb f ) W HYJIO JUISI IPYTUX X, yObIBaeT ObIcTpee JF000M CTENICHH 7

|og, |I=0(n™)

CrenoBaTeabHO,

(rewar) =l rvwon) <l 1wl v = 7va P O(r~).

VYuureiBas OLICHKY CHU3Y JIA PA3SHOCTU EO _ﬁ“k 1 OLCHKH CBCPXY IJid YHCJa ClIaraCMbIX
N , nojry4aem, 4To

Y fwe0)l| -
;EO——lk =l fy, I O(h )

YTO U TpeboBaach J10Ka3aTh.
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PaccmoTpuM moppoOHee WHTETrpaybl, MPEJCTABISIONIAE TJIABHBIA YIIEH W BEITUYHUHY
OLICHKH MOrpenrHoctu B popmyiie (3):

1,

(Fwows) =] F@ (0P dx.
L={fvo fw3)= . 2@ P

Jlnst BOTHOBOM (DyHKLUH Y/, pABHOMEPHO 10 X € [a,b], cipaBeanusa BKb ouenka (cM.,
Hanpumep, [11]):

o (x)= ﬁeXp(—%S(X)j(l +0(h)),

rae S(x)= r | p|dx — TYHHEJIbHOE JACUCTBUE, p = 2(E0 - V(x)) — KJIACCUYECKUH UMILYJIbC, a
X2

¢ > 0 — HOpMHUPOBOYHAsI KOHCTAHTA, BOBMOXKHO, 3aBUCSIIAS OT i .
[Tockonpky S'(x) :| p(x)| >0 npu x €[a,b], T0 B uHTErpanax I, , MOXKHO ClI€NaTh HEBbI-
POXICHHYIO 3aMEHY IIEPEMEHHBIX z = 2 (S (x)-S (a)) . Torna unrerpainel /,, npuMyT BUA:

“28a) ¢z 1,
L=(1+0Mm)|cf e ™[ "gi(z)e W dz, (6)

rae z, =2(S(b)—S(a)) u dynkuun g,(z) He 3aBHUCHT OT 71 :

1
g (2)= mf(x)

1 2
) gz(z)—mf (x)

x=x(2) x=x(z)

HpI/IBeI[eM HeMMy, KOTOpasa COACPKUT OCHOBHBLIC CBCIACHUA 00 acCHMIITOTHYECKOM ITOBE-
JACHUUW UHTCTPAJIOB BHUA:

G(h)= jo‘) 2(2) e

Jlemma
Iycts g(z) € (C[0,z,], g(z)20 n g(z) He paBHA TOKAECTBEHHO () B HEKOTOPOM OKpECT-
HocTh ToukH z = 0. Torma

1. Cnpasgeonusa oyenxa G(h) = O(h). Eciu g(0)#0, mo
G(h)=hg(0)(1+o(1)).
2. Ecnu g(z) e C'0,z,] u g”(0)=0 npu i =0,....,k—1, mo
G(h) = O(h*).
3. Unmeepan G He s1815emcs 9KCNOHEHYUATIbHO MATbIM.
hin G(h) = o(1). )
4. OcHosHotl eéknao 6 eenuvuny unmezpaia G oaem manas okpecmuocms mouku z =0,
mo ecmb cywecmeyem z,(h) =o(l) maxoe, umo
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G =(1+0m) [ g(2)e"dz. (10)

0

Jloka3aTejbCTBO

OneHku yHKTa | U 2 sIBISETCS CTAaHIAPTHBIMHM JIJIsi ACUMITTOTUKY MHTETpasioB Buaa (7) u
IIPUBEIEHBI, HarTpumep, B [11].

Jloxaxxem yTBepxkJIEHUE IMyHKTA 3.

[To ycnoBuio nemmbl, A NOPOU3BOJILHOM KOHCTaHThl C >0 CyHIeCTBYeT TOYKa

we (0,C) takas, uro g(w) # 0. CnegoBaTenbHO,
G(h)= [ " g(z)e"dz =& hg(w)(1+0(1)) 2", (1)

JUISl TOCTaTOYHO MaJIeHbKUX 3HaueHuit /i > 0. Jlorapudmupys nepaBenctBo (11), momyyaem
HEO0OXOTUMYIO OIIEHKY (9).

OcraeTcst 10Ka3aTh YTBEPKICHUE MyHKTA 4 TaHHOM JIEMMBI.

Onpenenum

z,(h)=—hInG(h).

Torna u3 ouenok (8) u (9) caenyert, uro z,(7) 20, z(h) >0 u
[ gy de=e 0% = 0GR,
7

CHCHOB&TCHBHO, CIIpaBC/JIMBa OLICHKA

I o g(2)e™"dz = G(h)— J‘zzlo(h) g(z)e*"dz =G(h) (1 + O(h))’

0

KOTOpasi 5KBUBaJICHTHA Uckomoit orieHke (10). JIemma moJIHOCTBIO JTOKa3aHa.

VYTBepKAeHUE JIEMMBI O TOM, YTO OCHOBHOM BKJIaJl B MHTerpan G JaeT Majas OKpecT-
HOCTh TOUKH z =0, sBIsieTcss o4eBUIHBIM B ciydae, korga g(0)# 0. HerpuBuanbHbIl pe-
3yJbTAT 3aKII0YAETCsl B TOM, YTO JAHHOE YTBEP)KJIEHUE OCTaeTCsl BEPHBIM U B Cilydae, Korjaa
2(0)=0 u 3nauenus g(z) sBASETCS OYEHb MAJCHHKUMHU B OKPECTHOCTH HYJIS (HO HE paBHbI-
MU HYJTIO TOKJIECTBEHHO).

[Tockonbky uHTerpan G He SABISETCS AKCIOHEHLMAIbHO MaibiM npu 72— 0 (oueHka
(9)), To 06a uHTerpana /, u I, UIMEIOT BUJ

I = exp(—%(S(a) +0(1))].

W3 7T0ii o11eHKH M yTBepKIeHus Teopembl | ciemyet popmyna (1).

W3 yTBepKIeHHS JIEMMBI CIIEAYET, 4YTO UHTerpan G Bceria MOXKET ObITh OIICHEH BEIMYH-
ot O(h), Ho neiicTBuTenbHAs ckopocTh ctpemiieHus G(71) x 0 ompenenseTcs MoBeIeHHEM
byukimu g(z) B Majaoi OKPECTHOCTH TOYKH z = 0. DTOT (haKT MO3BOJACT B Psfe CIydacn
YTBEPK/aTh, 4TO MHTETpall /, MHOTO OOJIbIIE HHTETpala OLEHKH HOTPEIIHOCTH [, .

Teopema 2
Ilycmo ¢ynuxyua f(x) Henpepwvigna Ha eceti ocu u He mensem 3Hak (f(x)=0 wmu
f(x)£0) 6 nexomopoti pukcuposannoil okpecmuocmu mouku x =a. Tozoa
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E\~Ey=(fyyy,)(1+o) (0. (12)

Ecnu ynxyus  f(x) nenpepwieno oughpepenyupyema npu x>a u f'(x) me mensem

3Hak 6 okpecmuocmu X =a, mo oyenka o(l) & ¢popmyne (12) moosicem 6vimv 3ameneHa Ha
O(h).

Jloka3zaTejibCTBO
W3 ycnoBuii HenpepbIBHOCTH PYHKIMU f(X) CIEAyeT, YTO

g,(2)= [ (x(2)) g(2) =0(g,(2)),(z > 0),
nockonbky f(a)=0 u f(x)=o(l) mpu x > a.

ITpumensis nemmy (popmyna (10)) u yunuTsIBast HOCTOSIHCTBO 3HaKa pyHKUMU g,(z), MO-
JTy4aeM OLECHKY

j;o 2,(2)e dz =

= (1+0m)- [ gy(2)e Mz < 2, max, | (x()) ‘ 17 g (2)e " dz

Z](h) _z
:o(l)‘jo g,(2)e Mz

< O(I)UOZO g,(z)e*"dz

CnenoBaTeiabHO,

~Z5(a) 2 .
L=(1+0®))[cle™ -jo g,(z)e " dz =

= (1+ O(h)) lc? e_%S(a)o(J‘OZO g,(2) e‘zmdzj = 0([1 )

[Ipumensis reopemy 1, momyyaeM UCKOMYIO OLEHKY (12).

Ocraercs mokazatb, uto o(1) B dopmyne (12) moxno 3amenuts Ha O(h) B ciydae
HenpepbIBHO AuddepeHuupyeMoit pynkuun f(x) .

Hanomuum, yto ucxoauslil moteHuuan V(x) mpeanonaraics riaaakuM. CrienoBarenbHo,
Gynkuun g, ,(z) ABISIOTCS HENPEPLIBHO IUPHEPEHIHUPYEMBIMHU.

WuTerpupys 1o 4actsam, nojayyaem

J:O &> (2)e " "dz = h(1+ O(E))IOZ" g (2)e dz

OueHnM NMPONU3BOJHYIO g, (z) B OKPECTHOCTH TOUKH z =0

g, (2)= 1 i( 12fz(X)]=0(1)f2(X)+0(1)f(X)f '(x)=0() f(x)=0(g(2)),
2| plde\ 2] p]

rae x=x(z) n z—>0. OCHOBHOH BKJaJ B MHTErpay OT QyHKUMH g,(z) IaeT Majias OKpecT-

HOCTb TOUKH z =0 (cM. JeMMy), IJie cpaBeUINBa OLEHKA g (z) = O( g (z))‘ CnenoBatenb-
HO, CIIPABE/IJIMBA OLICHKA:
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5

I;O g,(2)e*Mdz = O(h)-“ozo g, (2)e " dz

4TO U Tpe6OBaJ'IOCL JOKa3aTh.

3. fiBHasa dhopmyna AnA TYHHENbHOro BO3MYLLEHUA

B nanHoM pa3zpene mokaszaHo, Kak oOIIME pe3yJbTaThl MPEbIAYIIEro pasjeiaa MOTyT
OBITE MMPUMCHCHBI JJIs1 aHAJIN3a BECIIMYUHBI TYHHCIIBHOT'O BO3MYIICHU A 3Heprm“1 B CJIy4dac, KO-
I71a U3BECTHO aCUMITOTHYECKOE NOoBeAeHHE QYHKIMU f(X) B OKPECTHOCTH TOUKHU X =4 .

Jlnst Ha"anma paccMOTpUM Ccilydai, korjaa f(x) mMeeT ckauek B ToOuke X =a . Toraa

J () =y 0(x—a)ymx),

rae O(x) — dynkuus XoBHcaiia, y — BeIUYMHA CKayka, a w(x) — raaakas QyHKIMs Takas,
yto w(a)=1.

[Ipumensist Teopemy 1 u oreHky (6), moaydaem

E—E,=y|c]eS@" ( ["g(z)e ™ dz+y 0( [ gz(z)e”dz))(l +0(h))

0

BrrunciuMm 3HayeHus

1 1
gl(o):4

(V(a)-E,)’ g2(0)24(V(a)—E0)'

[IpumeHss oneHKy (8) 1UId UHTErpaoB OT g,(z) U g,(z), HOIydaeM, 4To

7/7’Ll|c|2 —S(a)/h
E-F =—F——-— (1 h
1~ Eo 4(V(a)—EO)e ( +0( +|7’)) (13)

OTmeTHM, 4TO B YaCTHOM CJIy4ae OCHOBHOT'O COCTOSIHUSI M HEBBIPOXKJIEHHOTO MUHUMYyMa
noTteHnuana V(x) sTa acCHMOTOTHMKA COBMAJAET C Pe3yJbTaTOM, MPEACTABIEHHBIM B padboTe
[10], ecu B (13) BMECTO HOPMUPOBOYHOW KOHCTAHTHI TIOJICTABUTh €€ U3BECTHOE aCUMIMTOTHU-
YEeCKOE BbIPaKEHUE.

O6mas onenka (13) mo3BoJIsIET JI€rKO HAWTH TJIABHBIN 4YJI€H aCUMIOTOTUYECKOrO pas3iio-
JKEHUSI BEIMYMHBI TYHHEIILHOTO BO3MYIICHHSI SHEPreTHUECKUX YPOBHEH HE TOJBKO ISl OC-
HOBHOT'O COCTOSIHMS, @ TaKKe JUIA IEPBBIX BO30YXKIEHHBIX COCTOSHUH, KOTAa >Heprus F;
MMeeT KOHEUHBIM HOMEp 71 SHEPreTHUECKOro yPOBHS B MOTEHIMAIBHOM siMe V (Xx), U Ui BbI-
COKHX SHEPreTHUeCKuX ypoBHEU (ypoBHU ¢ HOMepamu n mopsiaka 1/ 7). CooTBeTCTBYIOIINE
HOPMHPOBOYHbIE KOHCTAHThI, KOTOpPbIE HY>KHO UCMoib30BaTh B (13), umerot Bup [1,12]:

|c|2=%(1+0(h)) (14)

- JUTsl BBICOKMX SHEPreTUUYECKUX YPOBHEH, WK

|c|2:% %u(n)(1+0(h1/2)) (15)
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- JIA 3Hepr1/1171, 6HI/13KI/IX K HeBprO)KHeHHOMy MI/IHI/IMyMy HOTCHLII/IaJIa, rae @w — 4acTtoTa
KJIaCCHUUYECKOro ABMKEHUS B MOTeHNHMane V' (x) s paccmarpuBaeMoil sHepruu E, a u(n) -
yHHUBepcasibHasi (PyHKIUS, NMEIOIIast BU:

1,
V201 2"
—| =+n e .
n\2

u(n) =

3aMeTuM, YTO YCJIOBHE MAJIOCTH aMIUIUTYAbl CKauKa SIBISIETCS CYIIECTBEHHBIM IS TO-
CTPOCHHBIX ACUMIITOTHUYCCKUX (I)OpMy.]'I, IMOCKOJIBKY B CJIydac CKadkKa KOHEYHOU BEJIWYUHEI
uHTerpan /, UMeeT TOT K€ MOPAAOK, YTO U uHTerpan /,. B ciaydae koHeuHoro ckauka gop-
Mmyia (13) oka3piBaeTCsi HEAOCTATOYHO TOYHOM.

HecnoxHo momy4uth acuMITOTHYECKHE POPMYIIBI ISl TYHHEIHHOT'O BO3MYIIICHHSI B CITy-
qae HenpepuleHoll Oeghopmayuu nomenyuana. Hanpumep, npu

f(x)=(x—a)" 0(x—a)w(x),
rae w(x) —raaakas QyHkius Takas, yto w(a) #0 .
AcuUMNTOTHKA UHTETpaa /; B 3TOM Cllydae BBIYUCIAETCA 10 YacTsaM (em. [11]):

2 +1
o S@ mlw(a)h™
<fl//oa§”o>_’0| e’ 2m+1|p(a)|m+2

(1+0(n)).

Torma, npuMeHsisi TeopemMy 2 U MOACTABIISAS MOAXOAAILY0 (POPMYITY JJISI HOPMHPOBOYHOM
KOHCTaHTHI (Ppopmyna (14) umu (15)), MOXKHO cpa3y NOTYUYUTh IBHYIO (POPMYITy AJIs [JIABHOTO
YJieHa aCUMITOTUKU TYHHEJIHHOTO BO3MYIICHHS. Tak, HampuMep, JUIsl BBICOKUX dHEPreTHuye-
CKUX YPOBHEH TIOTy4aeM:

o m!w(a) wh™"!
1 0 2m+2 |p(a) |m+2 T

¢ 1 (14 0h).

BaarogapHocTu

Jlannast paboTa BBINIOJIHEHA B JIeNIapTaMeHTe MpuKiaaHoil matematuku MUOM nipu nox-
nepxke Hayunoro ¢onna HanmoHanbHOTO HCCIIENOBATENbCKOTO YHUBeEpcUTeTa Briciias
LIKOJIA SKOHOMHUKH.
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ON THE TUNNELING PERTURBATION
OF THE DISCRETE SPECTRUMS
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We consider the semiclassical asymptotics of the discrete spectrum shift for the Schrodinger operator under a
deformation of the potential in the classically forbidden region. Since such a deformation of the potential effects on
the quantum particle only due to the tunneling effects, then the corresponding shift of the energy levels is exponen-
tially small. We obtain asymptotic semiclassical formulas for the energy shift for various types of the potential defor-
mation.
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