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Abstract

We solve the spectral synthesis problem for exponential systems on an interval. Namely, we prove
that any complete and minimal system of exponentials {¢!*n?},c in L%(—a, a) is hereditarily complete
up to a one-dimensional defect. This means that for any partition N = N;| U N, of the index set, the
orthogonal complement to the system {e!Pnt tnen; Y {eh ne N,» Where {e},} is the system biorthogonal to
{ei Ant }, is at most one-dimensional. However, this one-dimensional defect is possible and, thus, there exist
nonhereditarily complete exponential systems. Analogous results are obtained for systems of reproducing
kernels in de Branges spaces. For a wide class of de Branges spaces we construct nonhereditarily complete
systems of reproducing kernels, thus answering a question posed by N. Nikolski.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction and main results
1.1. Hereditary completeness in general setting

A system of vectors {x,},en in a separable Hilbert space H is said to be exact if it is both
complete (i.e., Span{x,} = H) and minimal (i.e., Span{x,},-,, 7 H for any ng). Given an exact
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system we consider its (unique) biorthogonal system {x],},enx which satisfies (X, X)) = Smn.
Then to every element x € H we associate its formal Fourier series

X ~ Z(x, X)X

neN

A natural condition is that this correspondence is one-to-one: no nonzero vector generates zero
series, in other words the biorthogonal system {x, } is also complete. Another important property
is the possibility to reconstruct the vector x from its Fourier series:

x € Span {(x, x,)Xn}.

If this holds, we say that the system {x, },en is hereditarily complete. We will use an equivalent
description: for any partition N = N1 U Na, N1 N Na = @, the system

{xn }n€N1 ) {x;, }nENz

is complete in H. Equivalence of this property to the hereditary completeness is immediate (for
details, see [20, Lemma 3.1]). In the opposite situation (i.e., when {x,} and {x],} are complete,
but {x,} is not hereditarily complete) we say that the system is nonhereditarily complete.

The importance of this notion is related to the spectral synthesis problem for linear operators.
If {x,} is the sequence of eigenfunctions and root functions of some compact operator (with
trivial kernel), then the hereditary completeness of {x,} is equivalent to the possibility of the so-
called spectral synthesis for this operator, i.e., its restriction to any invariant subspace is complete
(see [20] or [15, Chapter 4]).

The condition that the biorthogonal system {x,,} is also complete in H is by no means
automatic and corresponding examples can be easily constructed. It is less trivial to give
examples of the situations where both {x,} and {x,} are complete, but the system {x,} fails
to be hereditarily complete. In fact, first examples go back to Hamburger [13] who constructed a
compact operator with a complete set of eigenvectors, whose restriction to an invariant subspace
is a nonzero Volterra operator (and, hence, is not complete). Further examples of nonhereditarily
complete systems were found by Markus [20] and Nikolski [21], while a general approach
to constructing nonhereditarily complete systems was developed by Dovbysh, Nikolski and
Sudakov [9,10]. Any nonhereditarily complete system gives an example of an exact system which
is not a summation basis. On the other hand, uniform minimality and closeness to an orthonormal
system may be combined with nonhereditary completeness [10].

1.2. Hereditary completeness for exponential systems

It is natural to study the problem of hereditary completeness for special systems in functional
spaces, e.g. those which appear as families of eigenvectors and root vectors of a certain operator.
Exponential systems form an important class in this respect. Let A = {A,} C C and let e, (¢) =
exp(iit). We consider the exponential system {e;},c4 in L*(—a,a), a > 0. It was shown
by Young [25] that, in contrast to the general situation, for any exact system of exponentials
its biorthogonal system is complete. Another approach to this problem was suggested in [12],
where it is shown that any exact system of exponentials is the system of eigenfunctions of the
differentiation operator i% in L2(—a, a) with a certain generalized boundary condition.

Applying the Fourier transform JF one reduces the problem for exponential systems in
L?(—m, ) to the same problem for systems of reproducing kernels in the Paley—Wiener space



A. Baranov et al. / Advances in Mathematics 235 (2013) 525-554 527

PW, = FL*(—mn, ). Recall that the reproducing kernel of PW, corresponding to a point
A € Cis of the form

sinm(z — )

K = —
2(2) ——

: f @) =(f, K)pw,-

Hereditary completeness of exponential systems is a particular case of the following problem
posed by Nikolski: whether there exist nonhereditarily complete systems of reproducing
kernels in the model subspaces of the Hardy space (for the theory of model spaces see [22];
the Paley—Wiener space and de Branges spaces are such spaces up to a canonical unitary
equivalence). Let us also recall a related result by Olevskii [23]: there exists an orthonormal
basis {¢,} in L?(—, 1) consisting of trigonometric polynomials, for which the approximation of
functions f by the sums ) .. (F.0m) 50 Cn®n fails in the metric of C[—m, w] or L? (—m, ), p > 2.

We completely solve the problem of hereditary completeness for exponential systems.
Namely, we show that hereditary completeness holds up to a possible one-dimensional defect.

Let A C C be such that the system of reproducing kernels {K,};c1 is exact in the
Paley—Wiener space P Wy. Then the biorthogonal system {g;},c4 is given by

G(2)

g8 (2) = m,

where G is the so-called generating function of the set A. By the above-mentioned result of
Young, {g1},c 1s also an exact system. It is well known that G is a function of exponential type
7 and has only simple zeros at the points of A.

Theorem 1.1. If {K},ca is exact in the Paley—Wiener space PWy, then for any partition
A = Ay U Ay, the orthogonal complement in PWy, to the system

{gk}ke/ll U {K)»})LEAZ (11)

is at most one-dimensional.

Moreover, there are certain obstacles for the existence of this exceptional one-dimensional
complement. This cannot happen when the sequence A; has non-zero upper density. Given a
sequence A set

. n, (A
D4 (A) = limsup r2( ),

r—00 r

where n, (A) is the usual counting function of the sequence 4, n,(A) = card {A € A, |A| < r}.

Theorem 1.2. Let A C C, let the system {K)}ca be exact in PWy, and let the partition
A = Ay U Ay satisfy D4(Ay) > 0. Then the system (1.1) is complete in PWy.

Surprisingly, the one-dimensional defect for exponential systems is still possible.

Theorem 1.3. There exist a system of exponentials {e*"'},c7, A, € R, which is complete and

minimal in Lz(—n, 1), but is not hereditarily complete.

Thus, hereditary completeness may fail even for exponential systems (reproducing kernels of
the Paley—Wiener space), which answers the question of Nikolski. Further counterexamples will
be discussed in the next subsection.
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1.3. Reproducing kernels of the de Branges spaces

The above results may be extended to the de Branges spaces. Let E be an entire function in
the Hermite—Biehler class, that is E has no zeros on R, and

|[E2)| > |[E*(2)|, z€eCy,

where E*(z) = E(Z) and C, stands for the upper half-plane. With any such function we
associate the de Branges space H(E) which consists of all entire functions F such that F/E
and F*/E restricted to C, belong to the Hardy space H> = H?(C,). The inner product in
H(E) is given by

F®)G(t)
F.Gp=| —2"4d
(F G /R|E<r>|2 :

The reproducing kernel of the de Branges space H (E) corresponding to the point w € C is given
by

E(w)E(z) — EX*(W)E*(2)

Ku() = 2ri (W —2)

The Hilbert spaces of entire functions H(E) were introduced by L. de Branges [8] in
connection with inverse spectral problems for differential operators. These spaces are also of
great interest from the function theory point of view. The Paley—Wiener space PW, is the de
Branges space corresponding to E(z) = exp(—iaz).

An important characteristics of the de Branges space H(E) is its phase function, that is, an
increasing C°°-function ¢ such that E(¢) exp(ip(t)) € R, ¢ € R (thus, essentially, ¢ = —arg E
on R). Clearly, for PW,, ¢(t) = at. If ¢’ € L*®°(R) (in which case we say that ¢ has sublinear
growth), the space H(E) shares certain properties with the Paley—Wiener spaces.

A crucial property of the de Branges spaces is the existence of orthogonal bases of reproducing
kernels corresponding to real points [8]. For & € [0, ) we consider the set of points ¢, € R such
that

oty =a+mn, nezl. (1.2)

Thus, {t,} is the zero set of the function e/* E — ¢~/ E*. It should be mentioned that the points
t, may exist not for all n € Z (e.g., the sequence {t,} may be one-sided, that is, #,, may exist only
for n > no). If the points #, are defined by (1.2), then the system of reproducing kernels {K;, }
is an orthogonal basis for H(E) for each o € [0, w) except, may be, one (« is an exceptional
value if and only if ¢/ E — e~* E* € H(E)). One should think of the sequence {z,} as a spectral
characteristic of the space H(E).

The completeness of a system biorthogonal to an exact system of reproducing kernels was
studied in [3,11]. In particular, it was shown in [11] that such biorthogonal systems are always
complete when ¢’ € L*°(R). The following extension of this result is obtained in [3]: if, for some
N > 0,¢'(t) = O(|t|N), |t| = oo, then either ¢/*E — e '*E* € H(E) for some « € [0, ), or
any system biorthogonal to an exact system of reproducing kernels is complete in H(E).

The method of the proof of Theorem 1.1 extends to the case of the de Branges spaces with
sublinear growth of the phase function.

Theorem 1.4. Let H(E) be a de Branges space such that ¢' € L°°(R). If the system of
reproducing kernels {K;},ca is exact in H(E), then for any partition A = Ay U Ay, the
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orthogonal complement in H(E) to the system

{gr}ren, U{Kntiea, (1.3)

is at most one-dimensional.

A crucial step in the proofs of Theorems 1.1 and 1.4 is the use of expansions of functions
in PWy or in H(E) with respect to two different orthogonal bases of reproducing kernels. At
first glance it may look like an artificial trick; however it should be noted that the existence of
two orthogonal bases of reproducing kernels is a property which characterizes de Branges spaces
among all Hilbert spaces of entire functions (see [5,6]). Therefore, we believe this method to be
intrinsically connected with the deep and complicated geometry of de Branges spaces.

As in the Paley—Wiener case, there are obstacles to the existence of the one-dimensional
complement. Here we give just a result for one-component inner functions E*/E (see, for
instance, [1]) of special type.

Theorem 1.5. Let H(E) be a de Branges space such that ¢' € L*(R),

sup lp(2x)]
x le()|+1

3

and
_(0/(61) l < M <2
@' (b) 27 9 ~

Let A C R, let the system of reproducing kernels {K; };c 4 be exact in H(E), and let the partition
A = Ay U Aj satisfy

<c if

[ T nr(A)
D =R o —en

Then the system (1.3) is complete in H(E).

Furthermore, we show that nonhereditary completeness for reproducing kernels is possible in
many de Branges spaces. Namely, we construct such examples under some mild restrictions on
the spectrum {#,} (including, e.g., all power growth spectra |t,| = |n|’,y > 0, n € Norn € Z).

Theorem 1.6. Let {t,} be a sequence of real points such that t, < t,11 and |t,| - 00, n — o0.
Assume that for some N > 0, ¢ > 0, we have

—N
cltnl™ = tpy1 —tp = o(tnl),  |n| — o0. (1.4)

Then there exists a de Branges space H(E) such that {t,} is the zero set of the function
E + E* ¢ H(E) and there is an exact system of reproducing kernels {K,} in H(E) such that its
biorthogonal system is complete, but the original system {K,} is nonhereditarily complete.

We also mention here that recently Burnol [7] studied the hereditary completeness property
of the system { (f_(f\)) z }, where A are nontrivial zeros of the Riemann zeta functionand 1 < k <
m;,, m; being the multiplicity of A. He showed that this system is complete and minimal in some
associated space of analytic functions, and, moreover, that this system is hereditarily complete
up to a possible one-dimensional defect. It is not known whether this one-dimensional defect
is really possible, but in view of our results, the presence of this complement seems to be a
sufficiently general phenomenon.
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The above counterexamples admit an operator-theoretic interpretation. It was recently shown
in [4, Theorem 2.5] that any exact system of reproducing kernels in a de Branges space is unitarily
equivalent to a system of eigenvectors of some rank one perturbation of a compact self-adjoint
operator:

Let H(E) be a de Branges space such that ¢ “E — e '*E* ¢ H(E) for any « € R, and let
{t,} be the zero set of E + E*, t, # 0. Put s, = tn_l and let A be a compact selfadjoint operator
with the spectrum {s, }. Then for any exact system { K, }, c A of reproducing kernels in H(E) there
exists a bounded rank-one perturbation L of A (i.e., Lx = Ax + (x, b) a) such that the system
{Kj}en is unitarily equivalent to the system of eigenvectors of L, while its biorthogonal is
unitarily equivalent to the system of eigenvectors of the adjoint operator L*.

Thus, we have the following corollary of Theorem 1.6.

Corollary 1.7. Let {s,} be a sequence of real numbers such that s, \( 0,n > 0, n — oo, while
sp /' 0,n <0, n > —o0. Assume also that for some N > 0, ¢ > 0, we have

N
clsal™ < Isnt1 — sul = o(lsul), |n| — oo.

Let A be a compact selfadjoint operator with the spectrum {s,}. Then there exists a rank
one perturbation L of A (with trivial kernel) such that both L and L* have complete sets of
eigenvectors, but L does not admit spectral synthesis.

Throughout the paper the notation U(z) < V(z) (or equivalently V(z) 2 U(z)) means that
there is a constant C such that U(z) < CV (z) holds for all z in the set in question, which may
be a Hilbert space, a set of complex numbers, or a suitable index set. We write U(z) < V(z) if
both U(z) S V(z) and V(z) S U(2).

2. Preliminaries

Note that if A = AU Ay, and one of the sets A; or Aj is finite, then the corresponding system
(1.1) is complete by a simple Hilbert space argument. Therefore, from now on we exclude the
case when one of the sets A;, A5 is finite.

Let h € PW, be a function orthogonal to the system (1.1). Assume that A NZ = @ and write
the expansion of the vector i with respect to the Shannon—Kotelnikov—Whittaker orthonormal
basis K, (z) = snTE=n) e 7,

w(z—n) °
_ 1 _ sinmz
h(z) = E a Ky (z) = — E an(_l)n s
T Z—n
nez nez

where a, = h(n) and ||h]? = Y onez la,|? < oo. For simplicity, in this section, we write >on
instead of D, ;.
The fact that 4 is orthogonal to {% } el is equivalent to

G(2) a,G(n)
—h) = =0, XrxeAd 2.1
(Z_x,) ann_k , hed, @1
while (i, K;) = 0, A € Ay, implies that
=1y
ZM=0, ae . 2.2)

A—n

n
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Without loss of generality we may assume that 4 does not vanish at integers, that is,
ap, # 0, n € Z. Otherwise, since the zero set of 4 is discrete, there exists « € (0, 1) such
that h(n + o) # 0, n € Z, and we can expand h with respect to the basis {K;q}.

Now let G, be an entire function of genus 1 with the zero set A, and let G; = G/G».
The function G, is defined uniquely up to an exponential factor ' *7%, Note that the zeros
of G satisfy the Blaschke condition in C4 and in C_. Therefore, we may choose y such that
G;/Gz = B;/B; for some Blaschke products B; and B;. Hence GT/Gl is the ratio of two
Blaschke products as well, since G*/G is of this form for any generating function G of a
complete minimal system of reproducing kernels.

We can rewrite conditions (2.1)—-(2.2) as

Z anG(n)  7wG1(2)81(2) 2.3)
— z—n - sinwmz '
Z a, (=" _ 71G2(2)82(2) 2.4)

— z—n sinmz

where S7 and S; are some entire functions.

The pairs (S1, S2) of entire functions satisfying (2.3)—(2.4) parametrize all functions
orthogonal to (1.1). We will denote the set of such pairs by X(Ay, A2). Note that the function
S>» = h/ G, does not depend on the choice of the orthogonal basis {K, 44} (We will use this fact
repeatedly), while S will depend on the choice of the basis.

Comparing the residues at n in (2.3)—(2.4) we get

Si(n) = (=1D)"anG2(n), Ga(n)S2(n) = ay. (2.5)
Put S = §15,. Then

S(n) = S1(n)S2(n) = (—1)"|a,|*. (2.6)

Lemma 2.1. The function G181 is in PW, + zPW;.

Proof. If w is a zero of G S, then it follows from (2.3) and the inclusion {G (n) (14|n|) ™'}, € £2
that

1Gi1(2)S1(z)
i—w

sinrz Y @G oy O @7

— (n—w)(z—n)

In what follows we denote by P W, + C sin  z the class of functions of the form f +csinnz,
where f € PW,,c € C.

Lemma 2.2. Let h € PW; be orthogonal to some system of the form (1.1) and let (S, S2) €
Y (A1, Ay). Then S € PW, + Csinmz.

Proof. Consider the function Q € PW, which solves the interpolation problem Q(n) =
(—D)"an|?>, n € Z (where a, are the coefficients in the expansion & = >, anK,) and put

S = § — Q. Then § vanishes on Z and so S(z) = H(z) sin7z. It remains to show that H is a
constant. Note that G2 S, = h € PW,; and, by Lemma 2.1, G|S; € PW, + zPW,. Hence,

GS € PWar + 2P Woy, (2.8)
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and, since G € PW, + zPW, and GQ € PWy; + zPW>,, also
G(2)S(z) = G(2)H(2) sinmz € PWar + 2P Way.

We may divide by sinz, and so
GH € PWy + z2PWy.

Since G is an entire function of exponential type w, we conclude that H is of zero exponential
type. Now if H has at least one zero z1, we conclude that %ﬁm € PW5 which contradicts the
fact that A is a uniqueness set for the Paley—Wiener space. Thus, H is a constant. [

Lemma 2.3. Let h € PW; be orthogonal to some system of the form (1.1) and let (S1, S2) €
X (A1, Ap). Then both functions S1/ST and S»/ S5 are ratios of two Blaschke products.

Proof. The zero sets of S; and §; satisfy the Blaschke condition in C; and in C_ since
G1S1 € PWy + zZPWy and h = G2S; € PWy. Thus, it remains to show that S;/S} and
S2/85 have no exponential factors. By Lemma 2.2 we know that § satisfies this property. Indeed,
if ¢ # O this is obvious, whereas if ¢ = 0, then the function S coincides with the function
Q € PW, which is real on R and has at least one zero in each interval (n, n + 1). So the size of
the conjugate indicator diagram of the function GS equals 47. Hence, the size of the conjugate
indicator diagram both for G157 and for G»S; equals 2x. Since G252 € PW,, we obtain that
G282/ (G;S;‘) is a ratio of two Blaschke products. By the construction of G5, the same is true
for S> and, hence, for S;. O

Lemma 2.4. If (51, $2) € X (A4, Ap), then also (S§, S3) € X (A, Ay).

Proof. By Lemma 2.3, Si" /81 is of the form B;/B; for some Blaschke products By and B,. We
consider the following representation

1G1(2)81(z) S7(2) _ ZanG(n) Sim)
sinmz S1(z) z—n  Si(n)

H(z), (2.9
n
where H is an entire function (which holds since the residues at integers coincide). On the other
hand, G1S} € PWy + zPWy, whence |H(z)| < 1+ |z| and so H is a polynomial of degree
at most 1. Finally, (2.3) implies that eIV Gy (iy)S1(iy)| = 0, |y| — o0. Since the function
S7/S1 is reciprocal to itself at conjugate points, we conclude that min(| H (iy)|, |[H (—iy)|) —
0, |y| = oo,and so H = 0.
Set b, = a, S?‘ (n)/S1(n). We can use an analogous argument to show that

G2 (2)8;(@) _ Zm—l)" S5

S (2.10)

sinmz -

Since S(n) = S1(n)S2(n) € R and so §5(n)/S2(n) = S1(n)/S}(n), we get

an(=1)"85(n)/S2(n) = by (=1)".

Thus, the pair (S}, S5) corresponds to the sequence {b,,} in Egs. (2.3) and (2.4). This means that
(87.85) € X(Ay, Ap). O

By Lemma 2.4, if (S1,8) € XY(Ay, Ay), then (S1 + S, 82 + §3) € X (4, 42) and
(iS1 —iSy, —iS» +i87) € Y(Ay, Az). Thus, in what follows we may assume that the functions
S and §; are real on R. In this case we have an immediate corollary from (2.6).
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Corollary 2.5. If Sy and S> are real on R, then each open interval (n,n + 1), n € 7Z, contains
exactly one zero of S, and S has no other zeros.

Proof. Since S is real on R and changes the sign at n € Z, it has at least one zero in every
interval (n, n + 1). Choosing a zero in each interval we construct the (principal value) canonical
product Sp. Then S = SoH for some entire function H of zero exponential type which is real
on R. Clearly, |So(iy)| > |y|~'e™!, |y] — oco. By Lemma 2.2 we have S € PW,, + Csinmz.
Hence, |H(iy)| < |y|,|y| = oo, which implies that H is a polynomial of degree at most 1.
Since the signs of S(n) interchange, S cannot have two zeros in any of the intervals (n,n + 1).
Thus, H is a constant. [

3. Proofs of Theorems 1.1 and 1.2

We are now ready to prove the main positive results on hereditary completeness for
exponential systems.

3.1. Completeness up to a one-dimensional defect

Proof of Theorem 1.1. Without loss of generality assume that ANZ =@. Let f =", ., a, K,
andh =), b, K, be two linearly independent vectors orthogonal to (1.1), and let (S, Sz) and
(T, T») be the corresponding pairs of entire functions from X' (A, A>). Since, by Lemma 2.4, the
pairs (S1+S7, $2453), (i S1—iS}, =i S2+iS)), (T +T}, +T)),and (i Ty —iT}", —iTr+iTy)
also belong to X'(Ay, A2), we may assume from the very beginning that the pairs (57, S7) and
(T1, T>) are linearly independent and the functions Sy, Sz, 71, and 75 are real on R.

Using Eqs. (2.5) for S and T we get

SimTr(n)G2(n) = Ti(n)S$2(n)G2(n) = (=1)"Ga(n)anbn,

and hence,
S1m)Tr(n) = $2(n)T1(n) = Buanby,
with |8,| = 1.

Denote by Q the function in P W, which solves the interpolation problem Q(n) = B,a,b,.
Then

T1(2)82(2) = O(z) +a(z)sinmz, $1(2)T2(z) = Q(z) + b(z)sinmz,

for some entire functions a and . We show now that a and b are constants.

Note that the functions S = S1$2 and T = T|7T, are in PW, + Csinzz by Lemma 2.2.
Furthermore, the pair (S; + 71, S2 + 72) corresponds to the vector f + h while the pair
(S1 +iTy, S2 — iT») corresponds to the vector f + ih. Applying again Lemma 2.2 we obtain
that U = (S1 + T1)(S2 + T2) and V = (S1 +iT1)(S2 — iT») are in PW,, 4+ Csinmz. Hence the
functions

Sih+ ST =U—-S—-T, (ST —S1T)=V-8§S-T

belong to PW, + Csinwz. Thus, S175, 271 € PW; + Csinnz, and we conclude that a and b
are constants.
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Assume that a # 0. Let us denote by M the set of m € Z such that in the interval
[m — 1/2, m 4+ 1/2) there exists a zero of S, and let us denote this zero (or one of these zeros)
by s,,,. Then

Q(sm) +a(=1)" sinmw (s —m) =0,

whence
2 s 2 2
D dsm—mlP =< Y sint (s, —m) < Y |Qsm)|* < oc.
meM meM meM

On the other hand, the zeros of S, do not depend on the choice of the basis, they are the zeros of
h/G». Expanding with respect to another basis (say, { K,+s} with small § > 0) we conclude that
> e Ism —m — 8| < oc. This is obviously wrong.

Thus, for some choice of the basis {K,+s}, we have proved that a = b = 0 and all a,,, b, are
nonzero. Therefore, S17, = T1S2 = Q, the functions S; and $; have no common zeros, and the
same is true for T, T>. We conclude that the zero sets of S, and 7> coincide, and, thus, f = ch
for some constant ¢, a contradiction. [J

3.2. Proof of Theorem 1.2

The following proposition plays the key role in the proof of Theorem 1.2. In Section 5 we
prove a slightly stronger result which applies to general de Branges spaces (see Proposition 5.4).
We prefer, however, to include an elementary proof to make the exposition concerning
exponential systems more self-contained.

Proposition 3.1. Let S € PW, +C sinwz be a real entire function with real zeros Zg interlacing
with Z. If Y _,c7 |S(n)| < oo, then for every § > 0 we have

1
Ls = lim —card{[k| < N :dist(Zs N[k, k +1],Z) > §} = 0.
N—oco N

Proof. Let S(n) = (—1)"c,. Without loss of generality we may assume that ¢, > 0 and
Y nez ¢n = 1. Then S(z)/ sin wz is a Herglotz function in C,. and

S(z) :b+Z Cn

sinmz o Rl
for some b € R. Set s(x) = ), o7 72
Case 1.If b # 0, then
lim dist (x, Z) = 0.

xeZg,|x|—>o00

Indeed, suppose that for some § > 0, there exists a sequence {x,} C Zg, |x,| = 00, n — 00,
such that dist (x,,, Z) > §. Since s(x,) — 0, we obtain that b = 0, which is absurd.
Case 2. Suppose that b = 0. Fix two positive numbers § < 1/4 and n < 83 and choose M so that

ZI"IEM e >1—n.
Now let the integer N be so large that 6N > M. Put

EN={X€R1
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By Boole’s lemma (see, e.g., [18]), |[Ex| = 2N (by |E| we denote the Lebesgue measure of the

set E).
Next, set
)
FN={XGR2 Cn 2—}
S TRl 2N
Then
\F |<4N
NI =
Let Jy =[—-N — 86N — M, N 4+ 6N + M]. Since
Cn
< ., x&Jn,
XN (148N
we have, forx € Eyx \ Jy,
| o 1 1 . 8
iy x—n| TN (+ON T (1+8N

and so x € Fy. We conclude that Ex \ Jy C Fy.
Consider the family Zy of the intervals of the form I} = [k, k + 1] C Jy with |[k| > M + 6N
satisfying the following two properties:

UFNEN\Fy #0, I =[k+8,k+1-3]; 3.1
[ N Fy| < 8. (3.2)

We will show that, for sufficiently large N, we have
cardZy > (1 — A18)|Jn]1, (3.3)

where A is some absolute (numeric) constant. In what follows, symbols A1, Aj, etc., will denote
different absolute constants.

If (I} NEn)\ Fy =¥ (i.e., the interval I;" does not satisfy (3.1)), then I} C (Jy \ EN)U Fn
and

[((UN\ EN) U Fn| < |Un| = |INNEN|+ |FN]
= |IN| = |EN|+ |EN \ IN| + |FN]

8N
< 2N+28N+2M—2N+Tn < As5N.
Hence, for the number N of those intervals I,:‘ which do not satisfy (3.1), we have the estimate
Ni(1 —28) < A38N.

On the other hand, for the number N, of those intervals I; which do not satisfy (3.2), we get
Ny < 4%, and so Np < 4(% < A46N, since n < 83, Thus, for sufficiently large N,

cardZy > 2N — Ny — N > 2N — A56N.

The latter inequality implies (3.3).
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Now, if Iy € Iy, then there exists a point y € (I N Ey) \ Fy and so we have

1 8 1

> = —— > —.
- N 2N 2N

Cn

m=m Y M

For any x € I} using the fact that |k| > M 4 SN we get

DDl D
X —n

n[=M =y Y

cnlx —y| 1 1
< < < — 3.4
- ‘n‘;M (G—mG—m| ~ 82N2 ~ 4 GD

for sufficiently large N, and hence,

cn >—, xelf.
\nlsMx —n 4N
Suppose that for some w € I we have s(w) =), .7 ﬁ = 0. Then
oo s L8
ey W 4N N

So w € Fy and, moreover, since the function under the modulus sign is monotone on I; we
obtain that either [k, w] C Fy or [w, k 4+ 1] C Fy, which is impossible due to (3.2).
Thus, the zeros of s (and hence of §) on I € Zy are in I; \ I,f. It follows from (3.3) that

1

Ls = limsup —card {|k| < N :dist (Zs N[k, k + 1], Z) > §} < A$
N—o0 N

for some absolute constant A. Since L is a non-increasing nonnegative function of § on (0, 1/4),

it follows that Ls = 0. [

Proof of Theorem 1.2. Assume that there is a nontrivial function /# orthogonal to the system
(1.1) such that D4 (A1) > 0. Denote by Z; and 2, the zero sets of S; and S, respectively.

Since G181 € PW; +7P W, by the Levinson theorem (see, for instance, [16, Section IITH3])
we have

LA UZ
DA UZ) = fim wAY2ED
r—00 2r

’

and so

ny(21)
<TT
2r

Since S is of exponential type 7, we have D1 (Z,) > 0.

The function S, = h /G, does not depend on the choice of the basis, and replacing if necessary
the basis {K,} by the basis {K, 14} we may find « such that for a subsequence Z, of Z, with
positive upper density we have dist (Z2,Z +a) > 1 /4. Without loss of generality assume that
this holds for &« = 0. Construct the function S; corresponding to this basis by formula (2.3). Then
for § = §15> we have ), ., |S(n)| < oo. Note that by Corollary 2.5 the zeros of S interlace
with Z. By Proposition 3.1 all zeros of S except the set of zero density are close to Z, and we
come to a contradiction. [J

D_(Z;) = liminf
rF—>0Q
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4. An example of a nonhereditarily complete exponential system

In this section we prove Theorem 1.3. As before, we pass to the equivalent problem in the
Paley—Wiener space and construct a nonhereditarily complete system of reproducing kernels
{Kilrea in PWy.

We deduce Theorem 1.3 from the following statement.

Proposition 4.1. There exist a sequence {a,} € £'(Z) such that a, > 0, and an infinite sequence
{ne}pe, ©N, ngg1 > 2ng, k > 1, such that the functions

2
Ay

h(z)zn_lsinnzz dn ,

nez

S(z) =n"'sinmz Z

z nez

Z—n
vanish at the points s = ny +1/2, k € N, and a,, = ok =2 with ay, € (1/2,3), ke N.

Proposition 4.1 is proved using standard fixed point arguments of nonlinear analysis.
We postpone its (rather technical) proof and show first how Theorem 1.3 follows from
Proposition 4.1.

Proof of Theorem 1.3. We have seen in Section 2 that if {K },c 4 is a complete minimal system
in PW, with a generating function G and A = A U A3, then we may construct entire functions
G and G, with zero sets A; and A, respectively such that each of the functions G’f /G1 and
G; /G2 is a ratio of two Blaschke products and G = G{G>. Once such functions G| and G are
chosen, we have seen that the system (1.1) is not complete in P W, if and only if there exists a
nonzero sequence {a,} € £2 and entire functions S| and S, satisfying Eqgs. (2.3)—(2.4).

We first choose S, 2 and G», and finally construct G as a perturbation of S,. Let {a,} € ot
and {nr} C N be the sequences from Proposition 4.1. As in Proposition 4.1 put

hz) = ' sinz Y 4.1)
neZZ_n
22
S(z):nflsinnzz L.
neZZ_n

Note that for the functions # and S we have

hGiy)| _ 1 sanl_ o @2

el Tyl T =

Denote by S the genus zero canonical product with the zeros ny + % Then we may represent
h and S as

h=G25, S=8%

for some entire functions S; and S>. Since a, > 0 for any n € Z, the function h(z)/sinmz is a
Herglotz function and so all the zeros of / (and thus of G») are simple and real.

We need to show that there exists an entire function G with simple real zeros (different from
the zeros of G») such that G = GG is the generating function of some complete and minimal
system of reproducing kernels, and

nG1(2)S1(2) _ Z an(=1)"G(n)

- (4.3)
sinmz

nez i—n
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(this equation is actually Eq. (2.3) for the sequence {(—1)"a,},). Note that (4.1) gives us (2.4)
for the same sequence.

Put

- z

Gi(z) = l——F—.
H{' e

Then an easy estimate of the infinite products gives us
n4k*—np—1

|G ()] K72 me g N+ Njt1
= ) =ns——F,

1S2(n)] n—m ] 2 2

whence, in particular,
|G1(ng)] “ 12 and |G1(n)|
[S2(nk)| [S2(7)]
Since G = hG1/S3, we have

|h(ng) G1(ng)] 2
|IGnp)| = ————— = ap k” <1
[S2(ng)| g

(recall that in Proposition 4.1, |h(ng)| = an, = axk=2, ax € (1, 3)), and

Sinl'2, n#£o.

IGm)| < [nl"? ()], n#0.

Hence, {G(n)},cz € £2, and thus G ¢ PW,.. However, { |E1;\(Jl:)1 } ’ € ¢2, and, using the fact that
ne
G( 1
|G (@iy)l 2 b=l (4.4)
T " ]yl
we conclude that % € PW; for any zero A of G. Now let us turn to the formula (4.3).

Comparing the residues at n € Z we have S1(n)S2(n) = (—1)"a,2, and S (n)Go(n) = a,(—1)"
whence G1(n)S1(n) = a,G(n). Therefore, the residues in the left and the right-hand sides of
(4.3) coincide. Hence,

1G1(2)81(2) _ Z an(=D"G(n) FHG)

sinmz = Z—n

for some entire function H. By the standard growth arguments H is of zero exponential type.
Note also that G1S1 = SG1/S> whence, by (4.2) and the fact that |G (iy)| < |S2(iy)], |y] — oo,
we get

IGiGy)Siyl 1

= — —> OQ.
T o7 Iyl

Thus, H(iy) — 0, |y| — oo, whence H = 0 and (4.3) is proved.

It remains to show that G is the generating function of a complete and minimal system of
reproducing kernels. We have already seen that G € PW,, but G € PW, + zPW,.. Assume now
that the zero set A of G is not a uniqueness set for PW;. Then there exists a nonzero function
T of zero exponential type such that TG € PW,. Hence, ¢!™*TG € H*(Cy), e '™ T*G* €
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H?(C_), and it follows from (4.4) that

ITGy)l  |TEy)G(y)] _
< — S I3
Iyl eyl

Thus T is a constant function whence 7' = 0. [

ly| > 1.

Proof of Proposition 4.1. We will construct the sequence a, as follows: let ag be an arbitrary
positive number, a, = n=2 forn # 0 and for n # ng, ny + 1, ngx + 2, while

) ) )
e = 2rk—1k ", Any41 = ropk ™=, an,+2 = 3k

for some free parameters rop—; and rp;. Here ny is some very sparse subsequence of positive
integers. The sparseness condition is to be specified later. Thus the coefficients a,, have a much
slower decay than all other coefficients.

Using basic tools of nonlinear analysis we will show that it is possible to find parameters
rk—1,1% € (1/2,3/2), k € N, such that

1
h(sk) = SGsk) =0, keN, sp =np + 3 (4.5)

Denote by N the set |, {nr} U {nx + 1}. Clearly, (4.5) is equivalent to the system of equations

- 2ry—1 r B a,
Z(lz(sz{ —ny) + 12(sg —ng — 1)) - Z (4.6)

= ngN Sk =1

and

4ry_y rzzl L aﬁ
2(14(Sk —ny) l4(sk - =0 Z : 4.7

ngj\/’sk_n

Multiply Eq. (4.6) by k%/2 and (4.7) by k*/2. Using the fact that s = n; + 1/2 and that
An42 = 3k~2, we may single out the diagonal part which will form the main contribution to
the equations:

k“rai—1 K2ra
2
k-1 = T2k + ;(12(& ST p—

k2a,
=1- =) 4.8)
ngN n#ng+2 (sk —n)

2Utr2 k*r3
P 211 2
M-t Tt ;(14(&( —ny) * 2H(se —m = 1)

ka,
=3 _— 4.9
Z 2(sy — n) )
ngN ,n#ng+2
Diagonal part of the map. Denote by r the vector (r j)‘x’ | and consider the nonlinear mapping
D : £°%° — (°°,
(Dr)ag—1 = 2ropk—1 — 12k,
(Dryo = 4ry_, — 3.
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Thus, D is a block-diagonal mapping and the solution of the equation D(r) = y is given by

2 2
_ Y2k + Yoy _ Yok = Yy
(D™ 'y)okot = ooy = ——2=L (D7 y)op = ryp = 21
4y 2y2k—1
yak—1 # 0. (4.10)
If we set r;’ = 1, then D(r°) = y° with y5, | = 1, y5, = 3. Next, for any y € £°° such that

ly — y°lloo < 1/2 there exists a unique solution r € £°° of the equation D(r) = y.
Moreover, it is easy to see from the form (4.10) of the block-diagonal mapping D! that there
exists an absolute constant Ag > 0 such that

ID' () = DM@l < Aolly = zlloo 4.11)
forall y, z € £ such that ||y — ¥°[loo < 1/2, 1z — ¥°lles < 1/2.

u2+u%

We need one more estimate for the mapping D~!. Put F (1) = T U= (u1, uz). Then an

elementary estimate gives us
[(F(u + Au) — F(u)) — (F(v+ Av) — F(v))|
< AillAu — Avlloc + A2||Av][ocllu — Vlloo
for some absolute constants A; and A, whenever uy, vy € (1/2,3/2),uz,v2 € (2,4) and
[Aulloo < 1/10, ||Av]lec < 1/10. An analogous estimate holds for F(u) = uru%. Hence,

= 2u
taking into account formula (4.10) for D~!, we conclude that

D'y + Ay) = D' (») — (D' @+ A2) = D' (@) o
< A1||Ay — AZlloo + A2l AZllsolly — zlloo (4.12)
forall y, z € £ such that |y — y°|leo < 1/2, [l2—2°]lcc < 1/2,and [|Ay|leo < 1/10, [|[AzZ]leo <
1/10.

Finally we will need the following obvious estimate: there exists an absolute constant Az > 0
such that

D) — D($)lloo < A3lr — sllco, [7lloo < 10, l[slloo < 10. (4.13)

Sparseness conditions on {n;}. Now we impose the first sparseness condition on the sequence
ng:

k2a,
2(sx —n)

ka,
2(sp — n)

1
< )
200(A0 + 1)

2

ngN ,n#nig+2

2

ngN ,n#ng+2

keN (414

(where Ay is the constant from (4.11)). Since a, = n=2,n ¢ N U {n; + 2}7°,, we have
la,| < nk_z, n € [ng/2,2n], n # ng, ng + 1, ng + 2, and so the terms
k’a, kKa,

2(sx —n) 2(s —n)
may be made arbitrarily small when nj; grows sufficiently fast. For example, we may take
ny = M2* with a sufficiently large constant M.

Let us consider the vector y* € £°° defined by
Kay k*ay,

*
A, y = 3 - EYERE
2(sk — n) 2k wN T2 26k = 1)

)

Y1 =1-
ngN ,n#ng+2
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By (4.14), [|y* — ¥°|leo < (200(Ag + 1))~'. Hence, there exists 7* such that D(r*) = y* and,

by (4.11), [|r* — r°llee < Ao - (200(Ag + 1))~} < 1/200.
Next we define the mapping W corresponding to the nondiagonal part of the Egs. (4.8)—(4.9):

k27'21—l k2r21
Wr)o—1 = ’
(Wr)ak—1 Z(lz(Sk —ny) + 202(sx —ng — 1)

17k
2k*r3, k*r3
(Wr)a = Ly = :
l;ézk<l4(sk —n) 2%k —n—1)

Choosing the sequence n sufficiently sparse (again ny = M2* will do the job) we may achieve
our second and third sparseness conditions:

1
w < , < 10, 4.15
WOl = s e @.15)
and
W) = W)l < =Sl i 210, sl < 10, 4.16)
— 2004 - -

where Ay, Ay and A3 are constants from (4.12)—(4.13).
Application of the fixed point theorem. Eqs. (4.8)—(4.9) are equivalent to

D(r)+ W(r) = y*.
Consider the mapping
T(r)=r*+r—D (D) + W(r)).

We show that T is a contractive mapping on the ball B = {||r — r°||cc < 1/100}. Then there

exists r € B such that T (r) = r which is equivalent to D~YD@) + W(r)) = r*, whence
D(r)+ W(r) = D(@r*) = y*.

1. T is well-defined on B. Clearly, we have | D(r) — D(r°)|lco < 1/4 and |W ()|l < 1/200
when ||r — r°|| < 1/100. Thus, |D(r) + W) — y°|leo < 1/2 and so D™Y(D(r) + W(r)) is
well-defined.

2. T(B) C B. We have already seen that ||r* — r°||oc < 1/200. Then

IT() = r°lloo < IF* = r°llee + ID™H(D()) — D™H(DE) + W) lloo

1
— 4+ Ag||W —
< 200 + A W) lleo < 100

by (4.11) and (4.15).
3. T is a contraction on B. Letr,s € B. Then

T(r) —T(s) = (D"H(D(s) + W(s)) — D"H(D(s)))
—(D7YD@) + W) — DTH(D())).

By (4.12) applied to y = D(s), Ay = W(s), and z = D(r), Az = W(r), we have
IT(r) =T ()lloo = ALlIW(s) = W(r)lloo + A2llW () ool D(s) = D(r)lloo

" = slloo

100

IA

AW (s) = W) lloo + A2A3[[W () lleollr = sllo =
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We used estimate (4.13) in the second inequality and (4.15) and (4.16) in the last one. Thus, T is
a contractive mapping from B to B and we conclude that T has a fixed point. [J

5. Extensions to the de Branges spaces
5.1. Preliminary remarks

We start with a general construction of functions biorthogonal to a system of reproducing
kernels. Let H(E) be a de Branges space, and let ¢ be the corresponding phase function. As
usual, we write £ = A — iB. To avoid inessential difficulties we will always assume that
A &€ H(E). The reproducing kernel of H(E) can be written as

A(w)B(z) = B(w)A(z)

Ko@) = 7(z — W)

Let 4 C C be such that the system of reproducing kernels {K; }, 4 of the space H(E) is exact.
Then there exists the generating function, that is, an entire function G € H(E) + zH(E), such
that GH ¢ H(E) for any nontrivial entire function H, and vanishing exactly on the set A. The
biorthogonal system to {K }, <4 is given by

G(2)
G'M(z—1)

We will assume that {g; }, < is also an exact system in H(E) (recall that this is the case, e.g.,
when ¢ € L*®(R) [11] or when ¢’ has at most power growth and ©® = E*/E has no finite
derivative at oo [3]).

Denote by T = {t,} the zero set of A (assume that T N A = @) and recall that the functions

Al) K, ()
Z—1Iy E(t,)

& (@) =

form an orthogonal basis in H(E) [8, Theorem 22] and ||%||2 = m¢'(t;). Then every
h € H(E) can be written as

= Ml/z
h@) =A@ Y ==, {a) el (5.1)
w LTI
where w, = 1/¢’(t,),

YT
<0
1412

n

Let h € H(E) be orthogonal to {gx}1cA, U {K).}re,. Then

5 T’ G2(2)$2(2)

= 2
z—1t A(z) (5:2)

n

for some entire function S;. As in the Paley—Wiener case we assume that G, is an entire function
which vanishes exactly on A; and G5 /G, = By /B, for some Blaschke products By and B;. On
the other hand, since & L g;, A € A, we obtain

3~ G an” __G1@)SI@)
E(t) =~ in AR)

(5.3)

n
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for some entire function S (argue as in the Paley—Wiener case). Comparing the residues we get

172 .,
_ . Aplhn A (tn)G(tn)
S1(t)G1(ty) =i E , (5.4)
and
$2(t) G (1) = Gnpin *A' (1n). (5.5)

Hence, for S = S5, we have

S(ty) = ilan|* wn (A’ (12))?/ E (1)

Since iA'(t;) = E(t,)¢'(t,) (the phase function ¢ is chosen in such a way that ¢(z,) =
/2 4+ mn), we get

S(tn) = lan* A’ (t). (5.6)

In what follows we need the following theorem due to M.G. Krein (see, e.g., [14, Chapter I,
Section 6]): If an entire function F is of bounded type both in C. and in C_, then F is of finite
exponential type. If, moreover, F is in the Smirnov class both in Cy and in C_, then F is of
zero exponential type. Recall that a function f analytic in C is said to be of bounded type, if
f = g/ h for some functions g, h € H*°(C,.). If, moreover, & may be taken to be outer, we say
that f is in the Smirnov class in C.

In particular, any analytic function f such that Im f > 0 in C. is in the Smirnov class. In
what follows we use the fact that if we put @ = E*/E, then O is inner, and both A/E =1+ 6
and E/A = (1 + ©)~! are in the Smirnov class. Another useful observation is that if G is a
generating function of some exact system of reproducing kernels, then both G/E and G*/E
are of the form Bh, where B is a Blaschke product and % is outer in C... Indeed, if G/E has
an exponential factor, i.e., G(z)/E(z) = ¢/**B(z)h(z), where a > 0 and h is outer, then the
function

iaz_l

7 E@2) B(2)h(2)

belongs to H(E) and vanishes at A.
From now on we assume that ¢ is of rempered growth, that is,

') =o(t|Y), |t| - oo, (5.7)

for some N. It follows from (5.7) that, for any F € H(E),

1/2
F(x K F '(x
IFI _ IKNENFlE _ (wi >) IFle < (xl+ D2 xeR.

[Ex)| —  |EM)]
Using the same arguments as in the proof of Lemma 2.1 we get G1S| € H(E) + zH(E). Hence,
GS e Py, H(ED, (5.8)
2

where Py is the set of polynomials of degree at most M.
Arguing analogously to the proof of Lemma 2.2 we obtain the following growth restriction.
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Lemma 5.1. Assume that ¢ satisfies (5.7). Let h € H(E) be orthogonal to some system
{eatren, U {Kilrea, and let (Sy, S2) be the corresponding pair. Then S € Py - H(E) for
some M depending only on N and

‘ﬂm ! ly| = oo, (5.9)

Aliy) | ™ 1yK”

for some K > 0.

Proof. By (5.6) we have

1) e wn
TIrr N i W12 t < £ 1N/ ,
En (@ @12~ 1l @ @)= S Janl

and, dividing out sufficiently many zeros s1, ..., sy of S we obtain that

S(ty)|? 3 g
B S = @

|E (1) 12" (tn) (z—=s1) (@ —sm)

Now let Q be the (unique) function in H(E) which solves the interpolation problem Q(t,) =
S(t,,) Usmg (5.8) and an analogous estimate for G Q, we obtain that G(S Q) e Py - H(E?).
Since § — Q vanishes on {t,}, we have G — Q) = GAH € Py - H(E?) for some entire
function H. We want to show that H is a polynomial of degree at most M + 1, whence
S=Q+AH € Py - H(E).

By the remarks after the formulation of Krein’s theorem, (GA)/E 2 and (G*A) /E 2 are of the
form Bh, where B is a Blaschke product and £ is outer in C,.. Since GAH = g € Py - H(E),
we see that H = % . g—z is in the Smirnov class in C; and the same holds for H*. Then, by
Krein’s theorem, H is of zero exponential type.

If H has at least M + 2 zeros, then dividing them out we obtain an entire function H such
that GAH € H(E?) and |G(iy)H(iy)|/|E(iy)] = o(y™").|y] — oo (we use the fact that
|AGy)|/|E(@iy)| = y~!, y = 400). Let v, be such that ¢(v,) = 7n (thus, {v,} is the support of
another orthogonal family of reproducing kernels). Since |A(v,)| = | E(v,)|, we conclude that

G HWa)/E(y) € L*(v), v= (¢/(0a))"'5,.

Now it remains to apply [8, Theorem 26] to conclude that GH € H(E), a contradiction to the
fact that G is the generating function of a complete system of kernels.

We have shown that S = H{(Q + AH>) for some polynomials Hj, H>. It follows from the
representation of functions in H(E) (formula (5.1)) that Q(iy)+A{y) Ha(iy) ~ A(iy)H>(iy) for
any Q € H(E) and any nonzero polynomial H,. Thus, in this case |S(iy)| = |A@iy)], |y| = oo,
and (5.9) is trivial. In the case when H, = 0 and § = H;Q we use that the function Q is the
solution of the interpolation problem

S(tn)
(tn —51) - (th —Sm)
A'(ty)]an)? of 1 by+icy
= A'lan*| 57 + =5 |

(tn —s1) -+ (tw — 51m) l‘%+1

0ty) =

n
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where {b,}, and {c,}, are bounded sequences, and assume without loss of generality that M is
even and #, # 0. Then

0@ _ lan)* (1 by +ic
A(2) _Zz—t,, t,{”+ M+l

n tn

and

0(iy) lanl®> (v bay  cn
—I = =7+ + =7 |-
ST Dl b

All the sums in the brackets except, possibly, a finite number are positive when y — +o00 and
negative when y — —o0. Expanding the right-hand side in powers of 1/y, we deduce (5.9). U

It follows from (5.9) that S*/S is a ratio of two Blaschke products, i.e., has no exponential
factor. We show now that the same is true for each of the functions S5/ and S} /S1. Suppose
that G353 /(G2S>) is not a ratio of Blaschke products, i.e., let G557 /(G2S2) = ¢’ B, /B>, where
Bj and B, are meromorphic Blaschke products and » € R. Assume that b > 0 (the case b < O is
analogous). Then the function ¢/?$,G,, 0 < ¢ < b, is also in H(E) and formulas (5.2) and (5.3)
will hold also for the functions ¢'*S>G» and ¢S, G, 0 < ¢ < b, with {e"“™a,}, in place
of {a,},. Hence, (S1e7%, $p¢¢%) € X(A1, A2) and ((1 4+ e79) Sy, (1 + €/9)Sp) € X (Ay, Ap).
Now, by Lemma 5.1, the function S(z) = S(z)(14¢'“?)(1+e~<%) belongs to Py;-H(E), whence
S /A is of Smirnov class in the upper half-plane. However, this contradicts to (5.9). Thus, S/
and Sy /87 are ratios of Blaschke products.

Now by an argument, analogous to that in the proof of Lemma 2.4, the pair (S}, S3) also
corresponds to some function orthogonal to {g;}yc4, U {Kj}rea,. Thus, we may always find
functions Sy, S> which are real on R. By (5.6), the function S changes its sign at adjacent points f,
(as usual we assume that the basis is chosen in such a way that all coefficients a,, are nonzero), and
thus, there is a zero of S in each of the intervals (z,, #,4-1). We have an analogue of Corollary 2.5.

Lemma 5.2. Assume that ¢ satisfies (5.7). If a pair (S, S2) corresponds to a function h € H(E)
orthogonal to some system {g)}rc, U {Ki}rca, and Sy and Sy are real on R, then S = SoH,
where So has exactly one zero in any interval (t,,, t,+1) and H is a polynomial of degree bounded
by M = M(N).

5.2. Proof of Theorem 1.4

Without loss of generality assume that ¢ is unbounded both from below and from above, and
AN{t,} =0, where ¢(t,) = wn, n € Z. Let f and h be orthogonal to the system (1.3),

a, ,bL,ll/2 En H«rll/2 2
Q=A@ "= Q=A@ "= {a) () el

Let (81, S2) and (71, T) be the corresponding pairs of entire functions such that S1, S2, 71 and
T are real on R. Using Eqs. (5.4)—(5.5) in the same way as in the proof of Theorem 1.1, we
obtain

S1t) To(tn) = T1(t,) S2(tn) = anbn|E(tn)|(p/(tn)ﬁn,
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where |8,| = 1. The hypothesis sup, ¢'(#,) < oo implies that

1St T () 2,2
2 P ) = 2 <o

Since {K;,} is an orthogonal basis in H(E) and || K, ”125 = |E(t,,)|2(p’(tn)/7t, we conclude that
there exists a unique function Q € H(E) which solves the interpolation problem Q(¢,) =
anby |E([n)|(p/(tn),3n- Then

T1(2)$2(z) = Q(2) +a(2)A(2), $1(2)T2(z) = Q(z) + b(2)A(2),

for some entire functions a and b. We show now that a and b are polynomials.

Note that by Lemma 5.1 the functions S = §15; and T = T175 as well as (S1 + 71)($2 + 13)
and (S1+iT1)(S>—iT3) are in Pys-H(E). Hence, the functions S; 75 and S, 77, and, consequently,
the functions S{75 — Q and S$>T — Q are in Py - H(E).

Now assume that F = A H for some entire function H, and F' € Py, - H(E). First, since E/A
and F/E are in the Smirnov class in C,, we conclude that, by Krein’s theorem, H is of zero
exponential type. We claim that H must be a polynomial.

Indeed, if H has at least M zeros z, then dividing F by ]_[?/I=1 (z —zj) we obtain a function in
‘H(E) which vanishes on {#,} and, thus, is identically zero. Applying this argument to S17> — Q
and $>71 — Q we conclude that @ and b are polynomials.

Now assume that a # 0. Let us denote by s, the zero of Sy such that [p(s,) — o(t,)| < /2
whenever such a zero exists. Then

Q(sm) + alsm)Alsm) = 0.

Note that {#,,} is separated sequence (i.e., inf, 4, |ty — ;| > 0) and so s, is the union of two
separated sequences. By a simple variant of Carleson embedding theorem for the de Branges
spaces with ¢’ € L (R) (an explicit statement may be found in [2, Theorem 5.1], though the
proof may be recovered already from [24, Theorem 2]) we have
3 1QGsm)I?
5 <0
o [E(sm)]

for any Q € H(E), whence

3 |A(sm)I* >
o |E (sm)|?

By the definition of the phase function, |A(s;;)| = | E (sp) sin(@(s;,;) — ¢ (t,))]. Thus, we obtain
that

Y sin*@(sm) = @(m)) < Y (@(sm) = 9(tm)* < 0.

To complete the proof we apply once again the argument with the shift of the basis. The zeros
of S> do not depend on the choice of the basis. Expanding with respect to another basis, say
{K; ), with ¢ (,) = 8 + n for some small §, we get that ), (¢(s,) — @(im))* < oo. However,
l@(tm) — @(tm)| = § and we come to a contradiction.

Thus, we have proved thata = b = 0, and so §17, = 715> = Q. Since S| has no common
zeros with S> (we choose the basis so that all a,, are nonzero) we conclude that the zero sets of
$> and 73 coincide, and, thus, f is proportional to /.
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Theorem 5.3. If ¢ is of tempered growth, then the orthogonal complement to the system (1.3) is
always finite dimensional, with a bound on the dimension depending only on N from (5.7).

Proof. By Lemma 5.2, there exists M = M (N) such that for any pair (Sy, S) which corresponds
to a function f in the orthogonal complement to (1.3) and is real on R, we have § = SoH, H €
Py In particular, any interval (¢, #,41) contains at most M + 1 zeros of S.

Now assume that the orthogonal complement to (1.3) contains at least M + 3 linearly
independent vectors fj o, j = 1,..., M + 3, such that the corresponding functions S ; 0, $2,j.0
are real on R. Considering linear combinations (with real coefficients) f;1 = fjo —
ajfms30, j =1,..., M+ 2, we may achieve that the functions S ;1 corresponding to f; 1
have a common zero at x; € (f, t1). Repeating this procedure we obtain a nonzero function
fm+2.1 in the orthogonal complement to (1.3) such that the corresponding function Sy 42,1
vanishes at M + 2 distinct points x1, ..., xy42 € (fo, t1) which gives a contradiction. [

5.3. Density results

Let a pair (51, S2) correspond to a function 2 € H(E) orthogonal to some system {gy },c4, U
{K3}rea, and let S7 and S> be real on R. We show that most of the zeros of S are in a certain
sense close to the set {t,} (the support of a de Branges orthogonal basis). Thus, the zeros of S»
which do not depend on the choice of the basis form a small proportion of the zeros of S (see
Corollary 5.5).

By Lemma5.2, S = SoH, where Sy has exactly one zero in each of the intervals (,, #,+1) and
H is a polynomial. Moreover, by (5.6) we have {S(z,)/A’(t,)} € €', whence {So(1,)/A’(t,)} €
¢'. By Lemma 5.1 we have S € Py - H(E) for some M, whence Syp/A grows at most
polynomially along iR . Since the zeros of A and Sy interlace, the function Sp/A is a Herglotz
function and thus has a representation

So(z)
A —aiThT Xn:

e et (5.10)
Z—1Iy

We will show that in this case the zeros of Sy (and ) must be necessarily close (in some sense)
to the points #,. The case when a # 0 or b # 0 should be treated exactly as in Proposition 3.1.
The remaining case follows from the following proposition (apparently, known to experts).

Proposition 5.4. Lett, e R,n € Z, t, — *oo, n — o0, and let 1, > 0, ", t, = M < oo.
Let A be an entire function which is real on R and has only simple real zeros at the points {t,}.
Define an entire function B by the Herglotz representation

B@ _

A(2) n Z_tn.

Denote by s, the zero of B in (t,, ty+1). Then

Int1 — Sn Sp — In
I <o, 2P <. 5.11
> > (5.11)

5,>0 n 5, <0 [sn|

Proof. The zeros of B are simple and interlace with the zeros of A. Since Im % > 01in C,, the
function £ = A — i B is in the Hermite—Biehler class and so we can define the de Branges space
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H(E). The measure . = ), und;, is a corresponding Clark measure for which the embedding
operator nLEH(E) — L?(u) is unitary.

Consider the inner function © = E*/E. Since 2A/E =1+ O and 2B/E = —i(6 — 1), we
have

(ET I R R
"o Jor—z 'y T '
Hence,
14+ OGy) y
—_~ = . 5.12
T~y M YTt (5.12)

It is well known that the function © may be reconstructed from the sets {t,} = {©@ = 1} and
{sn} = {© = —1} by the formula

6+1 1 t
10g9_1 :C+A(:—t2+l)f(t)df,

where

=172, e (@, s,
f@) = {1/2’ t € (Sp, tast1),

and ¢ € R (essentially, this is a very special case of the Krein spectral shift formula [17], see
also [19, Section 6.1]). Then, by (5.12), we have

(1 =yt 1
/ C D@+ D f(t)dt /R PR t2+1 f()dt =logy + O(1),

y —> +00.

A direct computation shows, however, that
/ MIf(t)Ia’t =logy+ 0(), y— +oo,
R (12 4+ y) (2 +1)

whence

0% = D)if(r)
———————dt = 0(1 , +00,
/{t: iFo=0) @+ yH(E2+ 1) ! D, y— Fo0

and therefore

/ tf (t)
dt < oo
ef =0y 12 +1

Since tf(¢t) > 0 fort € (sp, th+1),Sn > 0,01t € (1, $n), sn < 0, we have

/-tn-H ﬂ Zl tn+] -0 f |fn|
S ’ tn 1 |Sn|

sp>0 sn<0 s<()

s>0

The latter convergences are obviously equivalent to (5.11).

As a corollary we immediately obtain a slightly refined version of Proposition 3.1. Moreover,
ifty, =n, n € Z, A(z) = sinmz, and S = S15; is the function arising from the possible
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one-dimensional defect in the Paley—Wiener space, then

1

SGZQ |S|

Indeed, the zero set 2, of the function S> does not depend on the choice of the basis, therefore
applying Proposition 5.4tot, =nandt, =n+46 (e.g., 8 = %), n € Z, we obtain

1-— ) 146 —
[s]+ L Z [s—dl+1+ S o

S S
SE€EZy, s>0 SE€EZy, s>0

whence ) (= (g s~ < 00. The convergence for s < 0 is analogous.

Under natural regularity conditions, Proposition 5.4 implies the following closeness of the
sequences {f,} and {s;}.

Corollary 5.5. Let A, B, {t,} and {s,} be as in Proposition 5.4. Put I, = [t,, ty+1]. Assume that
[I| < |I,], n < k < 2n, with the constants independent on k, n, and that |t,,| > p|t,| with some
a >2,p > 1. Then for any § > 0 the set N of indices n such that t, > 0 and t,.1 — s, > 8|1,|
(respectively, t, < 0 and s, — t,, > 8|1,,|) has zero density.

Proof. Note that |#;| < |t,|, n < k < an. If the upper density of A is positive, then there exists
a sequence M; — oo such that

I+l — Sn > Z Iny1 —In
Sn ~ ty
nE[Mj,an]ﬂ./\/'

iyl —In tllM_j
2 Z I—ZIOgtM—_ZIOgP,
ne[M;,aM;] n J

ne[Mj,an]ﬂ./\/'

and the first series in (5.11) diverges, a contradiction. [

Arguing as in the proof of Theorem 1.2 we deduce Theorem 1.5 from Corollary 5.5.
5.4. Nonhereditarily complete systems of reproducing kernels in de Branges spaces

In this section we prove Theorem 1.6, i.e., we construct a de Branges space H(E) and a
complete and minimal system of reproducing kernels {K} }, < 4 such that its biorthogonal system
is also complete, but the system {K },c 4 is not hereditarily complete.

We have already seen that the existence of a nonhereditarily complete system of reproducing
kernels generated by some function G in the de Branges space H(E) is equivalent to the
solvability of the equations

s

3 T’ G22)$2(2)
z—t,  A(2)

n

3 G a® _Gi(D)$1:)

= — (5.13)
E(tn) Z—1I A(Z)

n

for some nonzero {a,} € ¢> and some entire functions S; and S,. If all the above objects are
found, then h = G2 is orthogonal to the corresponding system. The corresponding equations
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will be constructed as small perturbations of an orthogonal expansion in a de Branges space with
respect to a reproducing kernels basis.

Let the sequence {1, } satisfy (1.4). Without loss of generality we may assume thatt, > 0, n >
Oandf, < 0, n < 0. It follows from (1.4) that |#,| =< |t,+1| and |t,,| 2 |n|V, |n] — oo, with
some y > 0.

We construct the space H(E) and the functions G, G2, S1 and Sy in the reverse order.
Namely, we start with the construction of the function S. First choose two sequences of positive
integers ny, Iy — oo with the following properties:

1,
2M<%M<£%-mdkmﬁrwg§mﬂm,keN
Let a,, € R be such that

-1
|ank| = |ank+1| = |ank+lk| = |ank+lk+1| =k 5

and let |a,| = (Jn|+ 1)~! for all other values of n. Note that |a,| > |t,| ™M for some M > 0. The
signs of a, will be specified later on. Let A be a canonical Hadamard product (of finite genus)
whose zeros are simple and coincide with {#,} (thus, A is real on R). Define the entire function
S by

M@_Ztﬁ
AR) Sz—1t
Then S has exactly one zero z,, in each interval (¢, t,,+1).
We write S as the product
S =818 =ToT1 5,

where Tj is the canonical product with the zeros sy = z,, in intervals (t,,, #,,+1) and S is a
canonical product with the zeros z,,, 14, in (tn; 41, i+, +1), k € N. Next we construct /. We will
construct it as h = TpT1 S2 where Ty is a perturbation of the function 7y such that

h(z) Cnln]
= , 5.14
A(2) Xn: =1ty G149
c2
> cr =00, 2 < o0. (5.15)
n 10

Condition (5.14) means that

&io(z)_zfo(tn)_ ay
A@R) To(x) 45 Tolte) z—1n

and ¢, = |ay,| To(tn) / To(t,). Let us show that all these conditions may be satisfied.
Assume that [sg — 1, | > |sx — #4,+1]- Then we shift the zero si of Tp in the following way:

Sk = tug+1 — klsk — tuj+11 k-
(Analogously, if [sx — #,, | < |sx — #4411, we put

S = tn, — klsk — tug | oxs
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in what follows we consider only the first situation.) Let Tj be the canonical product with the
Z€eros Sg.
By hypothesis (1.4) we may choose px € (1, 2) such that

distG, {tnYnsng+1) = ltn 7Y (5.16)

for some N > 0, 5k € (ty;+1/2, ty,+1) and zero sets of To and 7715, do not intersect. An easy
estimate of the infinite products shows that with such choice of zeros for Ty we have

To(x)| _|x — 5k ‘e Ing +ta_y I+ gy
To(x)| ~ |x —sk|’ 2 2 '
Then we obtain
To(tng+1) betl — Sk | 4
lent1] < || - lam41] < | Z——| k7 =<1,
T (tni+1) Tng+1 — Sk

whence the first series in (5.15) diverges. Moreover, it is easy to see that

TO(tn) I,
— N>, ety = Ultsts taes 1,
TO(tn) ~ n Ng—1 ) [ nr+1 nk+1]

while

—, 1
To(ta) | ™~ tn 2

Thus, by (5.16), we have

7~-‘O(l‘n) > diSt(gk’ {tn}n;énk+l) t e |:tnk :|
’ n

To(tn)
TO (tn)

N-1 <

[tnl™ S Sk, ng <n<mn, (5.17)

~ ’

To(tn)

Toay | = 1 for n < 0. Hence,

and

7V Nag Sleal Slanlk S 1, ng—y <n < ny, 5.18)

lenl < lanl, n <0,
and, thus, the second condition in (5.15) is satisfied (note that k = o(#,,), k — 00).
Moreover, |To(iy)/T0(iy)| = 1, and so both terms in (5.14) tend to zero along iR. We
conclude that the interpolation formula holds.

Next we introduce a de Branges space H(E). Put u, = c,zl and 0 = ), und,. By (5.15),
f (1+>~1d u(t) < oo, and we can define a meromorphic inner function © by the formula

1-60@kr 1 f 1 t
—_— == _— = dup(t), e Cy.
1+0@ iJ\t—z 2+1 wo, zely
Then © = E*/E for some entire function E in the Hermite—Biehler class. We may assume that

E does not vanish on R. Moreover, since the zero set of E 4+ E* coincides with {z,}, we may
choose E so that E + E* = 2A. Now, if we choose the signs of a, so that signa, = signcy,
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formula (5.14) becomes

h(z) anlcnl anun
Az) Zz —tn Z

Z_tn

Hence, h € H(E).

We have h = ToTl S>. Put G, = ToTl. Then h = G393, and it remains to construct G such
that G is the generating function of a complete and minimal system of reproducing kernels in
‘H(E) and such that (5.13) is satisfied.

We will construct G as a small perturbation of S as we did above. We need to satisfy
G & H(E), G € H(E) 4+ zH(E) and (5.13) which is rewritten as

50 G1) _ ;5 Gil) k) )
AQD $@) 4 S E@) -t

Note that in any de Branges space we have i A'(t,) = E(t,)¢'(t,) = E(ty)u, . ! Then (5.19)
simplifies to

S(Z) GI(Z) _ Z G1(ty) ) h(tn) ) an
A) $22) — S$o(tn)  A'(tw)lcnl z—1n
The residues, obviously, coincide.

Applying the above construction to Sy in place of Ty (i.e., shifting the zeros z,, 1) we
construct G (again we may assume that G has no common zeros with Ty 77) so that

(5.19)

G(t,

‘M Sk, e +ng <n<nigpr + (5.20)

SZ(tn)

and

Gl(tnk+lk+l)

————\ ap e 11| < 1.
‘ So (tngtip+1) Mok

2 _
Note that ()| = [A’(t)] - lan| - ttn'> = 1E(ta)] - lan| - lea] ™. Then
G(ty) Gi(tn) _1
= anl| - lenl ™.
E(tn) $2(tn)

Hence, in particular,

G(tnk+lk+l) - -1
| X lemerpl

E(tnk-‘rlk-‘rl)
whence, ||G/E||L2( ) = S Gt PIE ()| 2len|* = oo. Thus, G ¢ H(E). However, by
(5.20),
> IGu)Pen _ N~ dn |G |
|E(tn)|2 ~ SZ(tn) ’

t;éO" t;éO"

whence (Z_GA—()ZI;(Z) € L2(u) for the zeros A of G. Also |G1(iy)/S2(iy)| < 1, so

= yI™" Iyl — oo, (5.21)

‘G(iw V‘Say)
AGiy) | | AGy)
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and by [8, Theorem 26], G € H(E) + zH(E). Estimate (5.21) also yields the interpolation
formula (5.19).

It remains to show that G is the generating function of a complete and minimal system of
kernels such that its biorthogonal is also complete.

To prove the first statement, we use that, by the construction, S/G = TyS>/ (TQG 1) is a
Smirnov class function both in the upper and the lower half-planes, while A/S is a Herglotz
function and, thus, also a Smirnov class function. Hence, if GH € H(E), then an application
of Krein’s theorem (Section 5.1) yields that H is of zero exponential type. Then it follows from
(5.21) that H is a polynomial, which contradicts the fact that G & H(E).

Finally, by (5.18), |cx| 2 ltal ™V~ ay|, thus p, > [t,|~™ and also ), iy = oc. Then, by
[3, Theorem 1.2], the system biorthogonal to {K; : G (1) = 0} is also complete. This completes
the construction of the example (and, thus, the proof of Theorem 1.6).
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