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We consider an equation of the form
» = px)p°seny, n=2 o>l

i )
) e C°,

Yy =yx), x,ye R, px) #0.

For n=2 and p(x) = +x",x > 0, B = const, this it
the well-known Emden—Fowler equation (see, e.g., [1]),
which is related to the study of certain physical pro-
cesses.

Definition 1. A solution y(x) of Eq. (1) is said to be
right (left) continuable if it is defined in a neighbor-
hood of +o (—).

Definition 2. A nontrivial solution y(x) of Eq. (1) is
said to be right (left) oscillating if, for any x belonging
to its domain, there exists an x; > x (x; < x) such that
¥(x) = 0.

We refer to nontrivial solutions which are not con-
tinuable (not oscillating) in some direction as noncon-
tinuable (nonoscillating) in this direction.

Below we recall some notions used in power geom-

etry [2, 3]. Suppose that, as x — +0, a solution y(x) of
Eq. (1) has the form

y(x) =cx"(I+o(x™), rec,y=const,

(2)
c, #0, y>0.
Then the expression
y=cx" (3)
is called the power asymptotics of solution (2).
If a solution of Eq. (1) as x — +oo has the form
y(x) =c¢,x" In? x(1 + o(In"" x)), 4)

rq,Y,c, = COHSt, q.¢c, * 07 Y > 07

then the expression
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y=cx In’x ®)
is called the power-logarithmic asymptotics of solu-
tion (4).

This paper considers Eq. (1) in which p(x) has a
power asymptotics as x — +oo:

p(x) = aﬁxﬁ(l +o(x)), P,eay=const, ©)

ag #0, €>0.

Under this condition, we describe all power asymp-
totics of right continuable solutions of Eq. (1) and
present solutions having power-logarithmic asymptot-
ics. The results carry over in a natural way to left
extendable solutions of Eq. (1). For »=2 and
p(x) = ax®, x>0, a#0, this problem was studied in
detail in [1].

We consider the following conditions on the num-
ber f3 in (6):

(i) Condition f3,:
B <n; )
(ii) Condition f,, where k € {1,2,...,n —1}:
n+k—-Doc-D)<P<n+kic-1); 8)
(iii) Condition f3,,:
B>n+m—-)(c-1. )

Theorem 1. If, for some k €{0,1, ..., n}, the parame-
ters 3 and ag in (6) satisfy condition B, and the inequal-

ity (- "+ ag > 0, then Eq. (1) has the following solutions
with power asymptotics:

_p-

r =

y(x) = 2e,x"(L+o(x™)),
(10)

1
¢, = (r(r=1)..." =n+Dag")°"', y = const >0,
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it also has solutions of the form

yx)=d,x"(1+ox7")), d,y=const,
d,#0, v>0, me{0L...,k—1}, k=1.
Under the conditions of the theorem, Eq. (1) has no

right continuable solutions with other power asymptotics.
Remark. The existence of solutions (11) of Eq. (1)
under the conditions of Theorems 1—4 presented here
was proved in [4] (see also Theorem 2 in [5]).
Let us prove the existence of solutions of the
form (10). We shall consider only a positive solution.

an

Following [2], we make the change y=xz,
r= _(E _ln’ t=Inxin (1). The equation takes the form
Sha = a2+ oe™)),
=0 (12)
b, =const, 0<j<n
Consider the truncated equation
b,z = apz°. (13)

Note that b, = (=1)"(—r)(—r +1)...(=r + n—1); there-
fore, it follows from the assumption of the theorem
that b,a3 > 0. Hence, Eq. (13) has the solution

1
z=20=(bag)".

The change z = w + z, reduces Eq. (12) with small w to
the form

> bw"™ = agzs (h)(1 +ole™)) + o(e™)),

=0 (14)
=2, hm=0+n7-1.
20
Setting w” =u,,, for 0<i<n—-1and u = (u,,
u, ..., u,)’, we obtain the following system of equa-

tions for the function u(7) in a small neighborhood of
Zero:

u=Au+ Fu)+Gu)f@) + f@), ||f(t)|| =o(e™), (15)
Fw),GuwyeC”, FO0)=0, F'0)=0, G@)=0.
For sufficiently small 0<vy<eg, this system of

equations has the solution u = u(t),|u(r)| = o(e™) as
t >+ (see, e.g., [6]). It follows that

¥y =x"(zy +u,(Inx)) = ¢,x"(1 + o(x")) is a solution of
Eq. (1) of the required form (10).

Now, let us prove the absence of solutions with dif-
ferent power asymptotics except those of the form (11).
Suppose that there exists a right continuable solution
which has the form
6>0, (16)

¥(x) = ax"(l+ o(x™)), a = const # 0,
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where g # r, in a neighborhood of +o0. Without loss of
generality, we assume that a > 0.

First, suppose that g > r. Suppose also that ag > 0
in (6). For large x, we obtain
y?(x) > Dx"™™", D =const > 0,
p=(@-r(c-1>0.

a7)

Since all y”(x),0 <i < n—1, are monotone, it follows
from (17) that

y(x) > DxM™,

which contradicts (16).

In the case where ag < 0 in (6), the argument is the
same with the only constraint » < n — 1. Thus, the case
g > r is impossible.

Now, suppose that ¢ < . Then, for large x, we have

D, =const >0,

‘p(x)ycfl(x)‘ < Dx"™", D=const >0,

(18)
n=(-nG-1<0.
Moreover, y(x) satisfies the linear equation
Y= py, pix) = pyT (). (19)

However, according to [7], under condition (18),
the functions

P = X"+ 0(x™°)), mel{0,,...,n—1},

form a fundamental system of solutions of Eq. (19)
and, therefore, y(x) is a linear combination of these
n-1

functions: y(x) = Z d,y,,(x). Taking into account (16),

>0,

m=0

we see that d,, = 0 form > g and y(x) = xh(a’h + o(x_ﬁl)),
where 4 €{0,1,...,n—1}, h<g<r, and §, >0. Thus,
¥(x) has the form (11). It is easy to show that if a solu-
tion of Eq. (1) has the form (16), then, at g = r, we
have a = *c,, where ¢, is the constant in (10).

Theorem 2. [f, for some k € {0, 1, ...,n — 1}, the
parameters 3 and ag in (6) satisfy the conditions

D" ay >0, —B=n+kc-1), (20)

then Eq. (1) has the following solutions with power-loga-
rithmic asymptotics:

y(x) = te,x* In? x(1 + o(In " x)),

“ Dy Y @1
q = —1 , Cp = —(G )|aﬁ| , Y > 0
l-o k'(n—k—1)!
FEquation (1) has no right continuable solutions with
power asymptotics except those of the form (11).

The existence of solutions of Eq. (1) which have the
form (11) was mentioned in the remark.

Let us prove the existence of solutions of the
form (21).
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We consider only positive solutions. The change

y=x"z, t=Inx in (1) reduces the equation to the
form

n-1
(n=J) . e
Z(;b,z, = agz°(1+oe™™)), )

b, =const, 0<j<n-1I.

To find the required solution of the obtained equa-
tion, it is expedient to consider the Newton polyhe-

)

‘ n—1 (- . ‘
dron of the equation Zb 12t =apz . The right edge

Jj=0
of this polyhedron corresponds to the truncated equa-
tion
b,z = agz°. (23)

Note that b, | = —1)”+k71k!(n—k —1)!; therefore, it
follows from the assumption of the theorem that
b, ag < 0. Hence, Eq. (23) has the solution

q 1-0)ag '
z= Z()(t) =ct, c= [ﬂj , q= L (24)
b, l-o
The change z =w+2z,, z,=2,{)), reduces Eq. (22)
to the form
n—1 b
bjw("_’) = 00V apz5 ((1+1)° —1-om)
o (1-o)x

+apzg (L+M)°0(e™) + h(@), (25)

n-2
w -
=2, ko)== bz
2o =0

Next, it can be proved that this equation has a solution

ofthe form w(t) = o(t*"), where v > 0is a number. This
means that Eq. (1) has a solution of the form (21). The
absence of solutions with power asymptotics except
those of the form (11) is proved in the same way as in
the preceding theorem.

Theorem 3. Suppose that, for some k €{0,1,...,n},
the parameters 3 and ag in (6) satisfy the inequality

(—1)"7ka[3 < 0 and one of the following conditions:

B<n, if k=0, (26)

n+(k—1)(c-1)<—-B<n+k(c-1), 7
if ke{l,2,...,n-1},

B>n+mn-)c-1), if k=n, (28)

then Eq. (1) has no nontrivial right continuable right
nonoscillating solutions except those of the form (11).
The existence of solutions of Eq. (1) which have the
form (11) under the conditions of the theorem has
already been mentioned. The absence of other non-
trivial right continuable right nonoscillating solutions

(independently of the presence of some asymptotics)
under the conditions of the theorem follows from The-
orem 4 stated below. To state Theorem 4, we define the
following conditions on the function p(x) in (1):

(i) Condition B}

|p(x)|_1 <ex", e=const>0, x>x,>0; (29
(ii) Condition B with k € {1,2,...,n—1}:
ex eI |p(x)|—1 < ™D, o)
¢, 0 =const >0, x==x,>0;
(iii) Condition B*:
|p(x)|7l > cxn+(n4)(c4)+5’ 1)

¢, d=const >0, x=>x,>0.

Theorem 4. If, for some k € {0, L.. .,n}, the function

p(x) in (1) satisfies one of the conditions B and the ine-

quality (—1)"_k p(x) <0, then Eq. (1) has no nontrivial
right continuable right nonoscillating solutions except
those of the form (11).

The existence of solutions of the form (11) under
the conditions of this theorem was mentioned in the
remark. Let us prove the absence of other right contin-
uable sign-preserving solutions. Suppose that, on the
contrary, such a solution y(x) exists. Without loss of
generality, we assume that y(x) > 0 for x > x, > 0.

It is easy to show that, forall k < j < n -1, we have
y(j) — 0 as x > +oo.

Let us show that if k € {1,2,...,n}, then

k-1

y(x) < Dx", (32)
First, suppose that £ = n. Then p(x) < 0, i.e., the func-

tion y" "(x) decreases and, therefore, y(x) < Dx”’l,
where D =const >0 and x> x, >0. If 1<k <n-1,
then, since the functions y(j )(x), k < j<n-1, mono-
tonically tend to zero as x — +oo, it follows that, at

D =const >0, x2=x,>0.

large x, we have y/""(x)y(x) <0, k < j <n—1. But
sgny”(x) = (<"
rem; therefore, y®(x) < 0. Thus, the function y* "(x)

by the assumption of the theo-

decreases and y(x) < Dx*"' for x>x,>0, where
D = const > 0. This proves estimate (32).

Note that the function y(x) satisfies the linear
equation (19). It follows from (30), (31), and estimate

(32) that, for k € {1,2,...,n}, we have
|p(x)] < Dx"° x=x,>0, 8D =const>0.(33)

But under condition (33), Eq. (19) has a fundamental
system of solutions consisting of functions of the form

V@) =x"(1+0x™")), yv>0, me{0L...n—1}.
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Therefore, y(x) is a linear combination of such func-
tions, and (32) implies that the solution y(x) has the
form (11).

It remains to consider the case £ = 0. In this case,
we have sgn y(”)(x) =(- 1)”71; therefore, at large x,
sgny(x) = (=1)’"". But then y(x) < 0, which contra-
dicts the assumption that the solution under consider-
ation is positive. The obtained contradiction proves

the absence of nontrivial right continuable right
nonoscillating solutions at k = 0.
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