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Summary

Mathematical model of consensus building in work of technical committees on standardization is developed. The
model is based on consensus model proposed by DeGroot. Main issues of consensus achievement in devel opment of
standards are analyzed in conditions of proposed model. Results of modelling showing dependence of consensus
achievement time of number of members of technical committee on standardization are presented.
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1. INTRODUCTION

In ISO/IEC 2:2004 Guide "Standardization and relaetivities - General vocabulary”, standard is
defined as "document, established by consensusprdved by a recognized body, that provides,
for common and repeated use, rules, guidelinesharacteristics for activities or their results,
aimed at the achievement of the optimum degreedsran a given context”. In its turn according
to this Guide, "consensus is general agreementtactesized by the absence of sustained
opposition to substantial issues by any importaat pf the concerned interests and by a process



that involves seeking to take into account the gi@ivall parties concerned and to reconcile any
conflicting arguments”.

As a rule, international, regional and nationalndtads are developed within the frame of

correspondent Technical Committees on Standardiz&liCS). Thus, achievement of consensus in
TCS work is the most important task in standardettgyment. Possibility in principle of consensus

achievement on the basis of regular Markovian chfitn 3] was demonstrated in paper [1]. This

approach to the case of TCS work management fasectmus achievement was developed in this
article.

2. MODEL OF CONSENSUSBUILDING ON THE BASISOF REGULAR MARKOVIAN
CHAINS

Let n is the number of TCS members taking partisicussion and S(0) =¢s .. ; ") — vector of
initial opinions of TCS members. TCS members (etg)eexchange their opinions concerning
vector S values during TCS meeting. At that opinedrevery expert can be changed depending of
credibility degree (level) of one expert to opiniohthe other TCS member and also of belief
(credibility) degree of the expert to his persomihion.

Credibility degree of expert #i to opinion of exp#y is given by valuejpwhere 0 < p< 1(i=1, ..

n; j=1, .. n). It is considered that expert #iibets to himself with some credibility degnee(0 <

pi < 1). Thereby square credibility matfiX= (p;) of order nxn is generated. The matfxlefines
sequential process of TCS member opinions recatiaili. It is also considered that sum gfimp
every row of matrix is equal to 1. At the first gtef expert's opinion reconciliation, vector is
calculated by formula [1]:

S(1) =S(0)xP = (2, .. ,9").

At k-th step of reconciliations, opinion vectorcalculated by formula:
S(k) = (S(l ) e ’$n) = S(k - 1)XP = S(O)XPk . ( L )

lteration process is stopped at m-th step, if@lls of P matrix become the same. Mathematically
it means that credibility matriR has achieved final matrix after m iterations, because final matrix

F will not change and respectively vector of expeogsnionsS(m) = S(0)xP™ = (si°, .. ,5")

will not change. This is consistent with commontptze of group dynamics theory that describes
processes occuring in social groups [3]: "... fyndhe groups find points of coincidence which

totalize all useful concepts".

First, let us consider an example for n=5. Let tnéty matrix P for five TCS members be the
following:

00 06 00 03 01
00 08 01 00 01
00 00 00 00 1 (2)
00 00 01 00 09
00 00 00 01 09

Degrees of expert’'s credibility to opinions of atlexperts and his personal opinion are given in
rows (i=1, .. ,5) of the matrix, and credibilitygtees of other TCS members to expert’s opinion are
given in columns (j=1, .. ,5) of the matrixa other words, expert #1 (row 1) does not conirdbkis
personal opinion (elementp= 0) and in opinion of expert #3.6 = 0), confide in expert #2 with
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credibility level 0.6 12> = 0.6), confide in expert #4 with credibility 1dv@.3 (p14= 0.3) and in
expert #5 with credibility level 0.Jp(s= 0.1). Other rows of matrix are formed in simiaanner.

Let us consider matrix columns. The first columefiects full non-credibility of all experts to
expert #1; opinion of expert #2 is estimated by expert #1 witkdibility level 0.6, and by himself
with credibility level 0.8 and so on.

After m iterations, that is after m reconciliatiotise final matrixF, supporting consensus, is equal
to:

00 0.0 00 01 09
00 0.0 0.0 0.1 0.9
00 0.0 0.0 0.1 009 (3)
00 0.0 0.0 0.1 009
00 00 0.0 0.1 009

As follows from Markovian chains theory [2], necagsand sufficient condition of convergence of
initial matrix P to final matrixF (i.e. necessary and sufficient condition of cossisnachievement)
for any source opinion vector is regularity of matP. In other works, it is necessary and
sufficiently that sums on rows of matriR are equal to 1 and at that strict inequalit®s p; < 1
took place for every;. In terms of TCS activities, it is important, tredme TCS members had
their personal opinion and had credibility to opms of some colleagues.

Thus, having any initial opinions of TCS membefsnatrix P is regular (that is there are non-
ambitious experts with expressed opinion in TCBntconsensus is achievable for finite number
of iterations (sessions of TCS). This conclusioltofes from property of convergence of regular
Markovian matrixP to final matrixF.

Therefore, control (both from national standardaatbody and TCS head) for consensus
achievement within the frames of considered modeisists in avoidance of situations where
consensus is principally unachievable or whereeagment of consensus requires significant time
expenditures.

Since convergence of matrixto final matrix does not depend on vecB0) of initial opinions, it

is obvious that one should control credibility npat?.

Let us check performance capability of proposedehbgl analysis of negative situations related to
consensus building.

1. Domination. If there is an expert with high self-rating (witltdoss of generality let it be expert
#1, that is p = 1), then his opinion does not change in the gge®f reconciliations (iterations),
because exactly elemepi; does not change in final matrik and remains equal to 1. The
conclusion is obvioust is difficult to make dominant expert change msd. Therefore presence
of ambitious member in TCS must be abolished, mxaekactly opinion of this expert will
dominate. For this reason, for example, represeetabf regulatory bodies must be included in
TCS only as ordinary members of committees. Intamidpresence of dominant expert in TCS can
significantly retard achievement of consensus.usetonsider a simple example.

Let initial credibility matrixP; is as follows:

1.0 00 00 0.0
01 04 03 0.2
03 02 05 0.0
01 0.2 0.1 0.6
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In this case convergence of the matrix to final rafthat is consensus) is achieved only after
fifteen iterations (m=15).

At the same time, if ambitious leader is replacgdrmrmal” expert, then matri®; is replaced by
matrix Py:

06 02 01 01
01 04 03 0.2
03 02 05 00
01 02 0.1 0.6

Here consensus is achieved in nine iterations.

2. Presence of several leaders. Situation, when where are several leaders in TE€8haracterized
by matrixP, with several 1.0 values on main diagonal. FongXa, in case of two leaders, matrix
P looks as follow:

1 0 O.... 0
0O 1 O.... 0

P31 P32 P33....P3n

Matrices of this kind and correspondent Markoviamains are called reducible [2]. Since
multiplication of reducible matrices generates @blie¢ matrix [2], then it is obvious that consensus
is not ever achievable in such situation (for arn2)n

Similar conclusions are reported in literature oougp dynamics: "work of group is often paralyzed
by personalities and fractions which stay on d¥riopposite positions" [3]. Presence of several
leaders in TCS distinguishes this situation froma plevious in principle. Presence of one leader in
group provides achievement of consensus, althofighlow quality, whereas presence of several
leaders in TCS means principal impossibility of ®emsus. In this case task of TCS head is to avoid
during formation of TCS inclusion of several annis leader which paralyze work of TCS.

3. Global domination. If all experts in TCS have high self-rating (that isdfri we can consider
pi =1), then credibility matri¥° becomes unity matrif (units on main diagonal, all other matrix
elements equals to 0). Since for any number oétins (sessions in TCH" = E™ = E, then
matrix P does not converge to final matrix, therefore coegens unachievable in principle.

This conclusion is confirmed by large number ofeskations over work of different groups: the
more ambitious members are in the TCS, the moreptmms achievement of consensus in group.
For example, there is noted in paper [3] that "@nes of natural-born leaders, which hog the cover,
disturbs efficient work of group most of all". Ftinis reason, domination must be stopped by TCS
head, becomes domination excludes achievemeninstogus.

4. Transfer of responsibility. Let us consider the situation where each expedlirgses
responsibility for decision making, fully confidinig opinion of another TCS member. This is
conformal behaviour, where experts espouse thdaypwof group, considering this opinion is right
and his personal estimate is wromge following matrixP corresponds to this case:

010.00
001.00
1 00.00
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It is easily seen that matrik illustrates situation where expert #1 fully confda expert #2, #2
fully confides in expert #3 and so on, the last foynber) expert fully confides in expert #tis
shown in Markovian chains theory that transfer matf this type does not converge to final
matrix. Therefore, consensus is not achievablestich group. In fact, it is sufficient to have only
two "irresponsible” experts in the group to makkiegement of consensus impossible.

It may sound strange that experts decline respibbysitor decision making and shift decision of

other members of TCS. However analysis of groupadyns shows that it is a wide-spread
phenomenon, because "group activity allows to dhateself behind somebody else, to shift
responsibility, ... Special kind of people appesinsch can be called deadheads” [4].

5. Coalitions. Another case of impossibility of consensus achiexat is formation of coalitions in
TCS. We shall illustrate this on the example ofST€bnsisting of 4 members which formed two
coalitions. Expert #1 confides only in himself andexpert #2, expert #2 confides only in himself
and in expert #1, respectively expert #3 confidel/ an himself and in expert #4, expert #4
confides only in himself and in expert #3. Oneha torrespondent initial credibility matrxis the
following:

0.7 0.3 0.0 0.0
0.4 0.6 0.0 0.0
0.0 0.0 0.5 05
0.0 0.0 0.5 0.5

It can be seen by direct verification (that is byltiplication of matrix on itself) that only non-ze
values are changed. This means that coalitiongronp are stable, and consensus in group is
unachievable.

As noted above, matrices of this kind and corredpaoh Markovian chains are reducible, so
consensus in this situations cannot be achieved(ip n>2).

Similar conclusions are reported in literature @augp dynamics [3]: "quite often there are more
small formations within the group, between whiclrimas coalitions and alliances exist. This
complicates a process of consensus building” [B]this situation task of TCS head is to remove
formed coalitions in TCS by selection of comprondseisions.

6. Number of discussions in TCS. From practical point of view it is important tstenate
convergence time of opinion matiixto final matrixF = P™. This time is determined by number m
of iterations (discussions within the frame of TGfecessary to build consensus. Value m can be
estimated from the following considerations: detieant of matrixF is equal to zero, because all
rows of this matrix are equal. If assign eredn estimation of matridr determinant close to zero,
then after elementary transformation one can takasaessment of m [5]:

m>Ing/In deP, (4)

where deP is determinant of matrife.

Analysis of formula (4) shows that the more accyiacestimation of matri is required, the less
valueg, and therefore the greater value m, that is tbatgr number of iterations (reconciliations).
If source relations of credibility in TCS are clpgthis means that rows of matixare similar to
each other, and matrRk is from the beginning close to matfj}, then at given accuragy number
of iterations for convergence of matriR to matrix F and building of consensus is small.
Determinant of matri®, close to 1, shows that number of iterations m§Bessions) is very large.
This statement is close to statement 2.
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It is possible to estimate roughly number of itenas required for consensus building on the basis
of formula (4):

» for case where credibility relations in group aaéher close, which means that determinant of
matrix P is close to zero (for example, Btet 0.0005), two discussions are sufficient for enstis
achievement (at = 0.0001);

For "average" initial coincidence of opinions @let 0.3), at least eight discussions are neceseary t
achieve consensus:

* "bad" initial coincidence of opinions (det= 0.5 or greater) can require more than hundred
iterations, which is near-impossible.

3. ESTIMATION OF INFLUENCE OF NUMBER OF TCSMEMBERS ON CONSENSUS
ACHIEVEMENT TIME BY MODELLING

Influence of number n of TCS members on time ofsemsus achievement was studied by
statistical modelling.

Modelling was performed in several stages.
At the first stage evels of changes of number T@$% members were selected:

1-st 5

2-nd 10
3-rd 20
4-th 30
5-th 40
6-th 50

On the second stage probability, pescribing credibility degree to himself (auttamian degree),
was selected.

The following levels were selected far: p

1-st 0.20-0.30
2-nd 0.45-0.55
3-rd  0.65-0.75
4-th  0.85-0.95
5-th  0.90-1.00

Number m of TCS sessions before achievement ofermus, at which condition d@t < ¢ is
fulfilled, was used as dependent variable.

The third stage is stage of modelling. Modellingl@gonal elements; pf matrix P was performed
for every level n using uniform distribution lawoBndaries of correspondent level gf factor
were used as parameters of uniform distribution.

In every row of matrixP probabilities p (i # j) were modelled on uniform distribution law with
parameters 0 and 1 and consequent normalizatithassum of probabilities within one row was
equal to 1, which is required for provision of regity of matrixP.

To obtain robust inference in relation of numbed @0 runs of modelling were performed 100 at
every fixed level of factors n ang [5].
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Results of modelling are presented in Figure 1.dAfe observe power-law growth of number of
reconciliations with increase of number of TCS mermsbIn addition it is seen that rate of growth
of number of reconciliations in the model signifilg depends on authoritarian level.
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Figure 1. Dependence of number of reconciliations on number of TCS members

Thus, results of modelling show that increase ahber of TCS members leads to increase of
consensus achievement time. Growth of consensusvachent time is particular significant in
cases when there are authoritarian members in TG&se when there are no clear leader in TCS,
growth of number of TCS members is not significant.

Results of modelling in large correspond to resaftstudy [7], which show (usin other modelling
techniques) that increase of ministry size abovkead0@s to deterioration of consensus.

4. CONCLUSION

Performance capability of model of consensus bugidin work of technical committees on
standardization (or correspondent work groups) @emsonstrated in this paper. The model is based
on regular Markovian chains. It was shown that imithhe frames of sufficiently general
assumptions it is possible to model main negatreegsses prohibiting consensus achievement in
TCS work. Therefore, it is possible to control thgsocesses with goal of TCS efficiency growth.
Results of statistical modelling of consensus a@reent process show that it is inadvisable to
increase number of TCS members, because this teaplswth of consensus achievement time.
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