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Preface 

 

 
This is the first book devoted to the 3

rd
 Stochastic Modeling Techniques and 

Data Analysis (SMTDA) International Conference held in Lisbon, Portugal, 

June 11-14, 2014. Revised and expanded forms of papers from the conference 

presentations are included. 

  

SMTDA main objective is to publish papers, both theoretical or practical, 

presenting new results having potential for solving real-life problems. Another 

important objective is to present new methods for solving these problems by 

analyzing the relevant data. Also, the use of recent advances in different fields is 

promoted such as for example, new optimization and statistical methods, data 

warehouse, data mining and knowledge systems, computing-aided decision 

supports and neural computing. 

 

The first Chapter includes papers on Asymptotic Analysis of Stochastic Systems 

with Complex Structure, whereas contributions on Markov and semi-Markov 

models are included in the second Chapter. 

Papers on Clustering and Partitioning for particular cases are included in the 

third Chapter, and papers on Survival Analysis and Branching Processes are 

presented in the fourth Chapter. 

Papers on Stochastics methods and techniques are presented in the fifth Chapter 

along with Data Analysis papers included in the sixth Chapter. 

Chapter seven includes papers on Demography and Related Applications, 

whereas Stochastic Processes, Copulas and Actuarial Applications are analyzed 

in Chapter eight. 

 

Many thanks to the authors for their contribution and our sincere thanks to the 

referees to their hard work and dedication in providing an improved book form. 

We acknowledge the valuable support of the SMTDA committees and the 

secretariat. We are happy for editing another book of the SMTDA series. 

 

November 2015 

 
Raimondo Manca, “La Sapienza” University, Rome, Italy 
 

Sally McClean, University of Ulster, UK 
 

Christos H Skiadas, ManLab, Technical University of Crete, Chania, Greece 
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Asymptotic Analysis of Stochastic 

Systems with Complex Structure 





On the Models and Methods Discussed in the
Chapter “Asymptotic Analysis of Stochastic

Systems with Complex Structure”

Ekaterina Bulinskaya

Department of Mathematics and Mechanics, Lomonosov Moscow State University,
Moscow, Russia
(E-mail: ebulinsk@yandex.ru)

Abstract. The chapter under consideration consists of 4 papers. They are devoted
to investigation of complex stochastic models arising in various applications of Prob-
ability Theory such as Queueing, Insurance, Computer Science, Particle Population
Dynamics etc. We discuss below the models and methods used for investigation of
their behavior.
Keywords: Asymptotics, Dividends, Front propagation, Lévy processes, Multi-chan-
nel queueing system, Optimization, Reinsurance, Stability, Stochastic boundedness,
Synchronization, Unreliable servers.

1 Introduction

The chapter contains four papers. All of them are written by professors of
Lomonosov Moscow State University and its alumni.

The common feature of the papers is the complex structure of the models
under consideration. Moreover, the first and second papers treat the so-called
input-output models. In the former case input is formed by customer arrivals
and output is the flow of the served customers. In the latter case the premium
inflow constitutes the system input whereas the policyholders indemnification
and dividends represent the output. The third and fourth papers deal with
particles evolution. In the former case this evolution is described by Lévy pro-
cesses whereas in the latter case the underlying process is a branching random
walk on a lattice. It is interesting to mention that the synchronization is used
in the first and third papers, whereas the second and fourth papers deal with
different types of operators.

2 Main part

Below we discuss each paper separately, stressing the methods used for in-
vestigation and their role in further research. Some unsolved problems are
mentioned as well.

New Trends in Stochastic Modeling and Data Analysis (pp. 3-12)
Raimondo Manca - Sally McClean - Christos H Skiadas (Eds)
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4 Ekaterina Bulinskaya

2.1 Queueing systems

The first paper is “Stability analysis of multi-server discrete-time queueing
systems with interruptions and regenerative input flow” by L.G.Afanasyeva and
A.Tkachenko. The authors consider a multi-channel system with heterogeneous
unreliable servers and regenerative input flow.

The class of regenerative flows contains a vast collection of processes widely
used in queueing theory. It includes, for example, Markov arrival process
(MAP), Markov modulated process (MMP), semi-Markov modulated process
(SMMP) and many others. We mention in passing that a doubly stochastic
Poisson process with a random intensity is regenerative, hence, it is a member
of this class as well.

Each server may suffer a breakdown and be repaired. It is supposed that
breakdown epochs form a renewal process and the processes corresponding
to different servers are independent and do not depend on the input flow.
Different servers have different distributions of service times. Thus, the servers
are heterogeneous from the reliability and service time view-points.

If a server is occupied at the time of breakdown the customer service is
immediately interrupted. There exist various types of service discipline, after
the server repair, treated e.g. in Gaver[17]. The most frequently used ones are
preemptive resume service discipline and preemptive repeat different discipline.
In the former case service continues after interruption whereas service is re-
peated from the start in the latter case. The service time after interruption
is independent of the original service time. In the paper under consideration
the second discipline is investigated. It is also supposed that all the random
variables specifying the model (interarrival times, regeneration periods of the
input flow, service times, the lengths of server on and off periods) have discrete
distributions, possible values being 1, 2, . . .. In other words, a discrete-time
queueing system is studied.

The main result of the paper is a necessary and sufficient condition for
stochastic boundedness of the process describing the number of customers in
the system. Note that, under assumption of general service distribution and in-
troduced above service discipline, this condition cannot be expressed in terms
of means of the random variables describing the system. Gaver[17] has es-
tablished the same condition for a more simple model M |G|1|∞ supposing
additionally that the service availability time is exponentially distributed and
the server breakdown can occur only during a customer service. Introduction of
an important notion called completion time lets reduce the investigation of sys-
tems with interruption to the study of the classical M |G|1|∞ system without
interruptions.

The queueing systems with interruptions can model many real situations.
The service interruption may be the result of resource sharing, servers break-
down or arrival of priority customer to be served immediately. There exit a
lot of papers devoted to this subject. Thus, a survey of recent results in this
domain can be found in Krishnamoorthy et al.[25]

The early works on queues with interruptions involved the use of integral
equations and Laplace transforms. Later on, supplementary variable tech-
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nique was employed, and models were analyzed with the help of Markov re-
newal theory, see, e.g., Pyke[43]. Introduction of phase-type distributions and
matrix-analytic method by Neuts[39], [40] generalized Poisson/exponential as-
sumptions of arrivals and service times for interruption models. More recently,
Balcioglu et al.[8] approximated GI|D|1 queue with correlated server break-
downs and preemptive resume discipline by the corresponding system having
the interruption process with (independent) hyper-exponentially distributed
on-times and general off-times. Multiple servers queues with breakdowns are
studied by Mitrany and Avi-Itzhak[32] and Neuts and Lucantoni[41]. Both con-
tributions consider a Poisson arrival and breakdown processes and exponential
service times.

Although systems with interruption are investigated since the middle of the
last century, see, e.g., White and Christie[49], according to our knowledge, the
stability conditions are not yet proved in general case. Such conditions are not
straightforward, typically the queueing systems are not work-conserving and
therefore not always stable when the server capacity exceeds the arrival load.

The sufficient conditions for stability of GI|G|m|∞ system were established
in Morozov et al.[38] under the following assumptions. All the servers have the
same exponentially distributed service time and input flow is recurrent. As
shown in the paper under consideration, this sufficient condition is wide away
from the necessary one in many real situations.

A powerful approach to obtain stability conditions for systems with in-
terruptions is synchronization method combined with the regenerative theory.
In the paper by Afanasyeva and Bashtova[1] the coupling method was imple-
mented for asymptotic analysis of the single-server system with a regenerative
input. A similar approach was applied to study the stability condition of the
multi-channel system with heterogeneous servers and a regenerative input flow
in a random environment, see Tkachenko[48]. It was supposed that all servers
get out of the order simultaneously.

The model treated in the paper by L.G.Afanasyeva and A.Tkachenko (this
chapter) is characterized by new interesting features. It deals with a sufficiently
general input flow, the servers are heterogeneous, the server may fail at any
time, not only during the customer service, the on- and off-intervals, in each
cycle, can be dependent.

Moreover, the authors concentrate on the conditions of stochastic bounded-
ness of the process representing the total number of customers in the system.
This lets obtain the estimate of system capacity, that is, the upper bound of
input intensity providing the stochastically bounded queue. Such an approach
allows to avoid the introduction of any additional suppositions.

Assumption of aperiodicity of all the renewal processes describing the model
is quite natural since the investigation is based on the theory of discrete renewal
processes. The main idea of the proofs is synchronization of renewal processes
determining the system performance. The authors study the counting processes
Ni(t), i = 0, 1, . . . ,m, here N0(t) has unit jumps at the regeneration points of
the input flow, whereas Ni(t) jumps at times of the ith server breakdown.
A synchronization point signifies that all these processes have a jump. It is
established that intervals between two neighboring synchronization points have
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a finite expectation. The process Y (t) is the number of customers which could
be served up to time t were the system never empty. The synchronization points
are the regeneration points for the process Y (t), since the service discipline is
preemptive repeat different.

The traffic coefficient is the ratio of expectations of increments, on synchro-
nization intervals, of input flow and process Y (t). The numbers of customers in
the system at synchronization times form an imbedded Markov chain. The Fos-
ter criterium lets establish that this chain is stochastically bounded if the traffic
coefficient is less than 1. It follows immediately that the number of customers
in the system is also stochastically bounded. If the imbedded Markov chain is
irreducible and aperiodic then it is ergodic, hence by the Smith theorem one
proves the stability of the process, that is, existence of the proper limit distri-
bution. The stochastic unboundedness of the customers number in the system,
for the traffic coefficient greater or equal to 1, is proved by construction of
majorizing processes.

The sufficient conditions of system stability are established for the case of
traffic coefficient less than 1. Some examples are also treated. The paper ends
by discussion of the obtained necessary and sufficient condition of stochastic
boundedness. It turned out that if the service time variance is greater than the
square of its expectation, than under some additional assumptions the condition
of stability for the case of preemptive repeat different service discipline is weaker
than for the case of preemptive resume service discipline and visa verse. That
means it is reasonable to interrupt sometimes the service and begin it once
again to increase the system capacity. Here naturally arise some optimization
problems.

2.2 Dividends and reinsurance

The second paper is ”Optimization of Multi-Component Insurance System with
Dividend Payments” by E.Bulinskaya and A.Muromskaya. It deals with opti-
mization of insurance company performance in the framework of cost approach,
see, e.g., Bulinskaya[13].

It is well known that since the seminal work of Lundberg[29] which appeared
in 1903, the reliability (or safety) approach consisting in the study of ruin
probability has dominated in actuarial sciences. The explanation is obvious,
the primary goal of any insurance company is indemnification of the losses
suffered by its policyholders.

However being a corporation insurance company has a secondary but very
important goal, namely, payment of dividends to its shareholders. Hence, in
1957 de Finetti[16] proposed to deal with maximization of expected discounted
dividends paid until the ruin time, thus introducing the cost approach. He used
the barrier strategy for the simple model described by the random walk with
jumps ±1 and obtained the optimal dividend barrier. An interesting discussion
of this model one can find in Gerber and Shiu[21], see also the monographs by
Bühlmann[14] and Gerber[20].

The barrier strategy means that whenever the (modified) company surplus
reaches a prescribed barrier b > 0 all the overflow is paid as dividends. It is
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shown in Gerber[19] that barrier dividend payments form a complete family of
Pareto-optimal dividends.

A natural generalization of the barrier strategy is a threshold one. To dimin-
ish the ruin probability one pays the dividends with a constant rate a (lesser
then the rate of premium inflow) all the time the surplus is above a fixed
threshold b. It is proved, see, e.g., Jeanblanc-Picqué and Shiryaev[22], that the
barrier strategy is optimal in the class of threshold ones for a diffusion model.
There also exists a possibility to choose several thresholds bi and corresponding
payment intensities ai, see, e.g., Badescu et al.[7].

For a classical reserve process Gerber[18] has shown that optimal strategy
can be found in the class of band strategies. Such a strategy is characterized by
three sets A, B and C which partition the state space of the reserve process.
Each set is associated with a certain dividend payment as follows: if the current
surplus x ∈ A, then every incoming premium is paid out; if x ∈ B, then a lump
sum is paid out moving the current reserve to the closest point in A that is
smaller than x; if x ∈ C then no dividend is paid.

We mention also the simple impulse-type strategy. One chooses two levels
b1 and b2 with 0 ≤ b1 < b2 and uses the following rule for dividend payments:
if the surplus is above or equal to b2, then the amount b2 − b1 is paid out
immediately; if the surplus is below b2, nothing is done until the reserve reaches
the level b2 again. Such dividend strategies naturally arise in diffusion models
with dividend transaction costs, as stated in Albrecher and Thonhauser[5].

The most frequently studied models are the classical Cramér-Lundberg
model dealing with a compound Poisson process and its diffusion approxima-
tions. The rigorous description of dividend strategies can be found in a very
useful survey by Albrecher and Thonhauser[4], see also references therein.

Recently, the models described by Lévy processes became very popular,
see, e.g., Loeffen[27,28]. Furthermore, the optimality of barrier strategy was
established for spectrally negative Lévy processes in Loeffen[26] and Yin and
Wang[54].

Along with dividend strategy the control parameters of insurer are the initial
company surplus and premium inflow rate. Moreover, nowadays reinsurance
is a necessary condition for the stable performance of any insurance company
notwithstanding its size. So, there appeared some papers dealing with div-
idends and reinsurance, see, e.g. Azcue and Muler[6], Karapetyan[24], Mnif
and Sulem[33].

In contrast to these papers treating the excess of loss reinsurance with
unlimited liability of reinsurer the paper by Bulinskaya and Muromskaya (this
chapter) deals with the case of limited liability l. It is supposed that the
claim process is a compound Poisson with claim amounts having exponential or
uniform distribution. The authors study a barrier strategy, since it has already
been proved that in the Brownian motion setting and in Cramér-Lundberg
model (without reinsurance) with exponentially distributed claims an optimal
dividend strategy is a barrier one, see, e.g., Loeffen[26].

The mathematical tools used for investigation are integro-differential and
differential equations combined with optimization methods. Under a mild re-
striction that the dividend barrier is less than the retention level d an explicit
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form of the optimal barrier b∗l is obtained for exponential claim distribution.
It is also proved that b∗l is monotone decreasing in l and increasing in d. The
conditions on the model parameters for validity of inequalities 0 < b∗l < d are
established as well.

For the uniform distribution under the similar assumptions it turned out
that the optimal dividend barrier is equal to the initial company surplus. So
the authors plan to study more general dividend strategies mentioned above.
It will be reasonable to apply the stochastic dynamic programming, see, e.g.,
Scmidli[44].

2.3 Synchronization problems

The third paper “Multidimensional Synchronization Models Based on Lévy
Processes” written by A.Manita is devoted to stochastic N -component syn-
chronization systems (x1(t), . . . , xN (t)), xj ∈ Rd, whose dynamics is described
by Lévy processes and synchronizing jumps.

The main idea of synchronization is the coordination of events to operate a
system in unison. Synchronization models are very popular in physics, biology,
data communication, as well as in various fields of mechanical and electrical
engineering (see, e.g., Pikovsky et al.[42], Strogatz[46], Bertsekas and Tsitsik-
lis[9], Blekhman et al.[10]). Among these models there is a special class of
multicomponent systems that are using a message passing mechanism (Jeffer-
son and Witkowski[23]) to share information between interacting components.
The first rigorous study of the message passing mechanism was presented in Mi-
tra and Mitrani[31] for some 2-dimensional stochastic system. Nowadays, the
multidimensional generalizations of this probabilistic model are of importance
to different modern applications in computer science such as asynchronous
argorithms, wireless networks, clock synchronization problem etc. (see, e.g.,
Sundararaman et al.[47] or Simeone et al.[45]).

The current paper significantly generalizes results of Manita[30]. It is proved
that symmetric models reach synchronization in a stochastic sense: differences

between components d
(N)
kj (t) = xk(t) − xj(t) have limits in distribution as

t→∞. Moreover, the paper contains conditions of existence of natural (intrin-
sic) space scales for large synchronized systems. The intrinsic space scales cor-

respond to sequences {bN} such that d
(N)
kj (∞)/bN converge in law as N →∞.

This problem appears to be deeply related to asymptotic properties of the
Lévy processes defining the free dynamics of components. The present study
contributes much to the understanding of behavior of synchronization models
with large number of components. The class of systems considered in this pa-
per includes both Markov and non-Markov models and covers many important
examples of one-component dynamics. Proofs are using advanced techniques
related to domains of attraction of stable laws and to superposition of renewal
processes. The model of the preceding paper Manita[30] being a system of N
Brownian particles with synchronization admits the calculation of distribution

of d
(N)
kj (t) in an explicit form. It is not the case for non-Markov models of the

present paper where results on the law of d
(N)
kj (t) have a form of limit theorems

as t→∞ and N →∞.



On the Models and Methods Discussed in the Chapter 9

2.4 Particle population dynamics

The applications of spectral theory of convolution operators with multi-point
perturbation to study of particle population dynamics are considered in the
paper “The Propagating Front of Particle Population in Branching Random
Walks” by S. Molchanov and E. Yarovaya. The paper extends the latest inves-
tigations of the authors (Molchanov and Yarovaya[34–37]) and their talks at
the 3rd International Conference on Stochastic Modeling Techniques and Data
Analysis (SMTDA 2014).

Continuous-time branching random walks with finite set of generation cen-
ters, sources of branching, on multidimensional lattices Zd may be used as a
model of particle population dynamics, see, e.g., Yarovaya[51]. The dynamics
of such processes is usually described in terms of birth, death and walks of
particles on the lattice. Continuous random trajectories on Rd were consid-
ered by Cranston et al.[15] in the context of the theory of phase transitions
for homopolymers. The evolution of such processes depends on the structure
of a medium and the spatial dynamics, see, e.g., Albeverio et al.[3], Bogachev
and Yarovaya[11,12], Yarovaya[50] for details. The structure of the medium is
defined by the offspring reproduction law at generation centers situated at the
lattice points, as shown in Yarovaya[51].

These and some other models of branching random walks were primarily
studied under assumption that the variance of random walk jumps is finite,
see, e.g., Yarovaya[52] where phase transitions for various models of branching
random walks depending on the lattice dimension were obtained.

The goal of this paper is to understand how the limiting behavior of the
jump intensities, and in particular the “finiteness” of their variance, influences
the properties of the branching random walk.

One of the first steps in this direction is undertaken in Yarovaya[52,53] where
the branching random walk has infinite variance of jumps. The global limit the-
orems on the convergence of multidimensional random walks with heavy tails
to stable state are obtained in Agbor et al.[2]. In the present paper the authors
consider four classes of the intensities of jumps describing the behavior of a
random walk. Namely, they deal with four types of tails: very light, subex-
ponential, of moderate power and heavy. The limit structure of the particle
population inside of the propagating front is determined by the properties of
the underlying random walk, see, e.g., Molchanov and Yarovaya[34–37]. The
key role in investigation of such structures plays the study of the Green function
whose properties are closely related to the spectral properties of the operator
determining the law of an underlying random walk. Using these results the
limit structure of the particle population inside of the propagating front is
investigated.

3 Conclusion

All the authors have enjoyed the participation in a well organized 3rd SMTDA
conference and would like to thank the Editors for invitation to write the
papers contained in this Chapter. We hope that this introductory paper has
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also contributed to deeper understanding of the discussed problems, whereas
the additional references (not pretending on completeness) will be useful for a
reader interested in the investigation of complex systems.

Acknowledgement. The research was partially supported by RFBR grant
13-01-00653.
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tive approach. Journal of Computational and Applied Mathematics, 2009.
doi:10.1016/j.cam.2009.07.051.



Stability Analysis of Multi-Server
Discrete-Time Queueing Systems with

Interruptions and Regenerative Input Flow

Larisa G. Afanasyeva1 and Andrey Tkachenko2

1 Lomonosov Moscow State University, Department of Mathematics and Mechanics,
119991, Leninskie Gory, Moscow, Russia
(E-mail: l.g.afanaseva@yandex.ru)

2 National Research University Higher School of Economics, Department of Applied
Economics, 101000, Myasnitskaya Ulitsa, Moscow, Russia
(E-mail: tkachenko av@hse.ru)

Abstract. This paper is focused on a discrete-time multichannel queueing system
with heterogeneous servers, regenerative input flow and interruptions. The break-
downs of servers may occur at any time even if they are not occupied by customers.
Consecutive moments of breakdowns are defined by a renewal process. We consider
the preemptive repeat different service discipline. Exploiting coupling method the
necessary and sufficient stability condition for the system is established.
Keywords: Multichannel system, Regenerative flow, Stability, Interruption, Vaca-
tion, Unreliable servers.

1 Introduction

Queueing systems in which servers may be not available for operation arise
naturally as models of many computer, communication and manufacturing
systems. Service interruptions may result from resource sharing, server break-
downs, priority assignment, vacations, some external events, and others. For
instance, for queueing systems with preemptive priority discipline service in-
terruptions for the low priority customers occur when a high priority customer
arrives during a low priority customer’s service time. Therefore, there is signifi-
cant interest in the investigation of queueing systems with service interruptions.

This study is focused on a queueing system with a regenerative input flow
and heterogeneous servers that suffer independent interruptions. Service times
are generally distributed. The breakdowns of the servers may occur at any
time even if they are not occupied by customers. Consecutive moments of
breakdowns are defined by a renewal process. We consider the preemptive
repeat different service discipline, so the service is repeated from the start with
different independent service time after restoration of the server, see Gaver[8].

Systems with unreliable servers have been intensively investigated for a long
time and were focused on the single-server case. There are some review papers,
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c© 2015 ISAST



14 Afanasyeva and Tkachenko

that cover most of the literature in these sphere. Results concerning systems
with servers vacations can be found in Doshi[6] and Ke et al.[11]. The problems
of servers breakdowns and their solutions are presented in Krishnamoorthy et
al.[12]. There are some other papers with extensive literature survey as well,
see, e.g., Pechinkin et al.[17], Morozov et al.[15].

One of the powerful approaches to obtain stability conditions for systems
with interruptions is synchronization method combined with the regenerative
theory. This method was used in Morozov et al.[15] to study the multi-
channel queueing system with identically distributed service times by differ-
ent servers, renewal input flow, alternating renewal-type servers’ interruptions
for the discrete-time case. Authors established some sufficient conditions of
stability for the preemptive repeat different and preemptive resume service dis-
ciplines. In the paper Afanasyeva and Bashtova[2] the coupling method was
implemented for asymptotic analysis of the single-server system with a regen-
erative input. A similar approach was applied to obtain the stability condition
of the multichannel system with heterogeneous servers and a regenerative in-
put flow in a random environment by Tkachenko[19]. It was supposed that all
servers get out of the order simultaneously.

In this paper we consider the multichannel model with interruptions in a
discrete-time case. The necessary and sufficient condition of the stability is es-
tablished. The key element of our analysis is synchronization of processes under
consideration. This method is based on the regeneration property of the input
flow and renewal structure of processes describing the servers’ breakdowns, see
Afanasyeva and Bashtova[2].

The paper is organized as follows. The model is described in detail in
Section 2. In Section 3 we introduce auxiliary service flows and define the traffic
rate. Synchronization of input and service flows is constructed in Section 4,
whereas Section 5 is devoted to the (in)stability problem. In Section 6 we
provide some comments. The further research directions are discussed in the
final section Conclusion.

2 Model description

We consider a system with m heterogeneous servers and a common queue.
Service times of customers by the ith server constitute a sequence {ηi,n}∞n=1 of
independent identically distributed (iid) random variables that do not depend
on input flow and service times by other servers. Let Bi(t) be a distribution
function (d.f.) of ηi,n and bi = Eηi,n <∞ (i = 1,m). We assume that servers
may be unavailable for service from time to time. The breakdowns of the
servers may occur at any time even if they are not occupied by customers. Let

{s(2)i,n}∞n=0 be breakdown epochs and {s(1)i,n}∞n=1 restoration epochs for the ith

server. Here 0 = s
(2)
i,0 < s

(1)
i,1 < s

(2)
i,1 < s

(1)
i,2 . . .. Then u

(1)
i,n = s

(1)
i,n − s

(2)
i,n−1 and

u
(2)
i,n = s

(2)
i,n − s

(1)
i,n represent the lengths of the nth blocked and nth available

period of the ith server respectively (i = 1,m). The sequence {u(1)i,n, u
(2)
i,n}∞n=1

consists of iid random vectors (for all i = 1,m) that do not depend on the input
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flow and service times. However, for each n and i,random variables u
(1)
i,n and

u
(2)
i,n are not assumed to be independent. Let ui,n = u

(1)
i,n + u

(2)
i,n be the length

of the nth cycle for server i. A cycle consists of a blocked period followed by

an available period. We assume that Eu
(1)
i,n = a

(1)
i < ∞, Eu

(2)
i,n = a

(2)
i < ∞,

ai = a
(1)
i + a

(2)
i (i = 1,m). Server is free if it is neither serving a customer

nor interrupted. If server becomes free and there are customers in the queue,
a new customer enters the server. It is possible that more than one server
becomes free simultaneously. Then customer in the queue chooses an idle server
according to some algorithm, possibly random. For definiteness we assume that
a customer chooses a free server with the least number. It is possible that an
unavailable period may start while a customer is receiving service. Then service
of the customer is immediately interrupted. There are various disciplines for
continuation of the service after server restoration, see, e.g., Gaver[8]. Here we
consider preemptive repeat different service discipline, i.e. service is repeated
from the start and the service time after restoration is independent of the
original service time. We assume that customers remain with the same server
until service completion. In order to ensure the service process for the ith server

we have to assume that P(ηi,1 ≤ u
(2)
i,1 ) > 0 for all i = 1,m. If this condition is

not fulfilled for some server i, then the ith server has to be excluded since it is
always busy by service of the single customer.

We assume that the input flow X(t) is a regenerative one. For further use
we give

Definition 1. A stochastic flow X(t) is called regenerative if there is an in-
creasing sequence of random variables {θi, i ≥ 0}, θ0 = 0 such that the sequence
{κi}∞i=1 = {X(θi−1 + t) − X(θi−1), θi − θi−1, t ∈ [0, θi − θi−1)}∞i=1 consists of
independent identically distributed random elements.

The random variable θi is said to be the ith regeneration point of X(t) and τi =
θi− θi−1 is the ith regeneration period (i = 1, 2, . . .). Let ξi = X(θi)−X(θi−1)
be the number of customers arriving during the ith regeneration period. As-

sume that τ = Eτ1 < ∞, a = Eξ1 < ∞. The limit λX = limt→∞
X(t)
t

with probability one (w.p.1) is called the intensity of X(t). It is easy to
prove that λX = a

τ (see, e.g., Afanasyeva and Bashtova[2]). The class of re-
generative flows contains most of fundamental flows that are exploited in the
queueing theory. First of all, the doubly stochastic Poisson process (for defini-
tion see, e.g., Grandell[9]) with stochastic regenerative intensity is regenerative
one. There are many other examples of the regenerative flows, for instance,
semi-Markovian, Markov-modulated, Markov-arrival, and other processes, see
Afanasyeva et al.[4]. Important properties of regenerative flows are given in
Afanasyeva and Bashtova[2].

We consider a discrete-time system, i.e. time is divided into fixed length
intervals or slots and all arrivals, departures, interruptions (restorations) are
synchronized with respect to slot boundaries. Moreover, in the case of some
events synchronization at one slot these events are ordered as follows: arrival,
departure, and interruption (restoration). System is observed at the end of a
slot, when all events of the slot are realized.
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3 Auxiliary processes

In this section we define auxiliary processes Yi(t) (i = 1,m) that will be
exploited for asymptotic analysis of the system stability. We think of Yi(t)
(i = 1,m) as the number of customers, that can be served by the ith server if
there is no empty queue in the system within interval [0, t]. In order to construct

the processes Yi(t) we introduce the collection
{
{η(j)i,n}∞n=1

}m
j=1

of independent

sequences {η(j)i,n}∞n=1 consisting of iid random variables with d.f. Bi(x). Let

Ki,j(t) be the counting process associated with the sequence {η(j)i,n}∞n=1, i.e.

Ki,j(t) = max{k :
∑k
n=1 η

(j)
i,n ≤ t} (Ki,j(0) = 0) and µi(t) be the number of

cycles for the ith server during [0, t], i.e. µi(t) = max{j :
∑j
n=1 ui,n ≤ t}

(µi(0) = 0). Then the process Yi(t) is defined by the relation

Yi(t) =

µi(t)∑
j=1

Ki,j

(
u
(2)
i,j

)
+Ki,µi(t)+1

(
max

[
0, t− s(1)i,µi(t)+1

])
. (1)

By Hi(t) we denote the renewal function for Ki,j(t), i.e. Hi(t) = EKi,j(t).

Lemma 1. There exists the limit

lim
t→∞

Yi(t)

t
=

EHi(u
(2)
i,n)

ai
= λYi w.p.1.

Proof. Putting gi(n) =
∑n
j=1Ki,j(u

(2)
i,j ) we get from (1) the evident inequalities

gi(µi(t)) ≤ Yi(t) ≤ gi(µi(t) + 1). (2)

Since Ki,j(u
(2)
i,j ) is a sequence of iid random variables with a finite mean, we

have n−1gi(n) −−−−→
n→∞

EHi(u
(2)
i,j ) w.p.1 by strong law of large numbers (SLLN).

Besides, it follows from the renewal theory that t−1µi(t) −−−→
t→∞

a−1i w.p.1.

In view of independence of {{η(j)i,n}∞n=1}mj=1 and {u(1)i,n, u
(2)
i,n}∞n=1 one can easily

obtain the convergence

gi(µi(t))

µi(t)
−−−→
t→∞

a−1i EHi(u
(2)
i,1 ) w.p.1.

Now the proof of the lemma follows from (2). �
Let Y (t) =

∑m
i=1 Yi(t) be the number of customers served by the system

during [0, t] under assumption that the queue is not empty within this interval.
From Lemma 1 we have

λY = lim
t→∞

Y (t)

t
=

m∑
i=1

EHi(u
(2)
i,1 )

ai
w.p.1. (3)
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We think of λX and λY as the arrival and service rate respectively. Intuitively,
it is clear that traffic rate ρ of the system has to be determined as

ρ =
λX
λY

=
λX∑m

i=1 a
−1
i EHi(u

(2)
i,1 )

. (4)

The main stability result consists of the formal proof of this fact. Key element of
our analysis is synchronization (coupling) of renewal processes Yi(t) (i = 1,m)
and regenerative input flow X(t).

4 Synchronization of renewal points for input and
service flows

First we prove a lemma for general regenerative aperiodic flows in a discrete-
time case. Let Z1(t) and Z2(t) be independent regenerative flows with regener-
ation points {θ1,j}∞j=1 and {θ2,j}∞j=1 respectively (θi,0 = 0; i = 1, 2). As usually,
aperiodicity means that the greatest common divisor (GCD)

GCD {k : P(θi,1 = k) > 0} = 1, i = 1, 2. (5)

Define common points of regeneration for Z1(t) and Z2(t) by the relation

Tk = min{θ1,j > Tk−1 :

∞⋃
l=1

{θ2,l = θ1,j}}, T0 = 0.

Lemma 2. Let condition (5) be fulfilled and E(θi,1) <∞ (i = 1, 2). Then the
sequence {Tk}∞k=1 consists of regeneration points for Z1(t) and Z2(t) and

ET1 = Eθ1,1 ·Eθ2,1 <∞. (6)

Proof. Since the first statement follows from the construction of Tk we prove
(6). Put

νk = min{j > νk−1 :

∞⋃
l=1

{θ1,j = θ2,l}}, ν0 = 0,

so that Tk = θ1,νk . Then {νk − νk−1}∞k=1 is a sequence of iid random variables
and in accordance with Wald’s identity ET1 = Eθ1,1 ·Eν1 (see, e.g., Feller[7]).
Therefore, we need to prove the finiteness of Eν1. Let h2(t) (h(t)) be the mean
number of renewals up to time t for the renewal process {θ2,n}∞n=1 ({νk}∞k=1),
so that h2(t) =

∑∞
l=0 P(θ2,l = t) and h(t) =

∑∞
k=0 P(νk = t). Taking into

account (5) we get from Blackwell’s theorem (see, e.g., Thorisson[18])

h2(t) −−−→
t→∞

1

Eθ2,1
, h(t) −−−→

t→∞

1

Eν1
. (7)

In view of Z1(t) and Z2(t) independence

h(j) = P{
∞⋃
l=0

{θ1,j = θ2,l}} = E

( ∞∑
l=0

P{θ1,j = θ2,l|θ1,j}

)
= Eh2(θ1,j). (8)
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Since θ1,j −−−→
j→∞

∞ w.p.1, then h2(θ1,j) −−−→
j→∞

1
Eθ2,l

w.p.1. Thus from (7), (8)

and Lebesgue’s dominated convergence theorem we obtain Eν1 = Eθ2,1 < ∞.
�

In the model under consideration we have m + 1 regenerative flows X(t),

Yi(t) (i = 1,m) with points of regeneration {θj}∞j=1 and {s(2)i,j }∞j=1 respectively.
To exploit Lemma 2 for synchronization of these processes we introduce the
following counting processes

N0(t) = max{k : θk ≤ t},

Ni(t) = max{k : s
(2)
i,k ≤ t}, i = 1,m.

We need the additional assumption.

Condition 1. The counting processes N0(t) and Ni(t) (i = 1,m) are aperi-
odic.

Let us define subsequence {Tk}∞k=0 of the sequence {θj}∞j=1 by the recurrent
relation

Tk = min{θj > Tk−1 :

m⋂
j=1

{Ni(θj)−Ni(θj − 1) > 0}}, (T0 = 0). (9)

In other words, Tk is a point of regeneration of X(t) such that all the servers
get out of the order simultaneously at this moment. Hence, {Tk}k≥0 are the
common regeneration points for the input flow X(t) and Ni(t) (i = 1,m). Since
we consider the preemptive repeat different service discipline then {Tk}k≥0 is
a sequence of regeneration points for Yi(t) and Y (t) as well. Moreover, from
Lemma 2 we obtain

ET1 =
1

Eτ1

m∏
i=1

a−1i <∞.

Thus we have constructed the sequence of common regeneration points for the
processes X(t) and Y (t). Set ∆X

k = X(Tk)−X(Tk−1), ∆Y
k = Y (Tk)−Y (Tk−1).

Lemma 3. Let Condition 1 be fulfilled. Then the traffic rate of the system
defined by (4) is equal to

ρ =
E∆X

k

E∆Y
k

.

Proof. Since {Tk}k≥0 is a sequence of regeneration points for X(t) and Y (t)
and ET1 < ∞ it follows that sequences {∆X

k }k≥0 and {∆Y
k }k≥0 consist of iid

random variables with finite means. Let µ(t) = max{k : Tk ≤ t}. From the
renewal theory and SLLN we have

λX = lim
t→∞

X(t)

t
= lim
t→∞

µ(t)

t

1

µ(t)

µ(t)∑
k=1

(X(Tk)−X(Tk−1)) +
X(t)−XTµ(t)

t

 =

=
E∆X

k

ET1
, w.p.1.

The same arguments yield λY =
E∆Yk
ET1

, so that ρ = λX
λY

=
E∆Xk
E∆Yk

. �
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5 Stability results

Let Q(t) be the number of customers in the system (including customers in
servers and queue) at instant t.

Definition 2. The process {Q(t), t ≥ 0} is called stochastically bounded if for
any ε > 0 there exists y <∞ such that for any t > 0

P{Q(t) < y} > 1− ε.

Otherwise we say that Q(t) is stochastically unbounded. This definition is close
to the notion of tightness used in Pang and Whitt[16] .

Theorem 1. Let Condition 1 be fulfilled. Then

• Q(t) −−−→
t→∞

∞ w.p.1 if ρ > 1,

• Q(t)
P−−−→

t→∞
∞ if ρ = 1.

• Q(t) is stochastically bounded if ρ < 1.

Here ρ is defined by (4).

Proof. Denote by Ỹi(t) the number of customers served by the ith server during

the interval [0, t] and Ỹ (t) =
∑m
i=1 Ỹi(t), ∆̃

Y
n = Ỹ (Tn)− Ỹ (Tn−1). Employing

the approach proposed by Borovkov[5] and developed by Iglehart and Whitt[10]

we can choose service times from the collection {{η(j)i,n}∞n=1}j≥1 in such a way

that Ỹi(t) ≤ Yi(t) w.p.1 (i = 1,m). Therefore,

Ỹ (t) ≤ Y (t) and ∆̃Y
n ≤ ∆Y

n w.p.1. (10)

Consider the case ρ > 1. Taking into account (10) we have

Q(t) ≥ Q(0)− Y (t) +X(t), t ≥ 0 w.p.1. (11)

From (4), we get λX > λY . Thus in view of definitions of λX , λY and (11) we
obtain the first statement of the theorem.

Let ρ = 1. Consider the embedded process qn = Q(Tn) and denote Zk =∑k
j=1(∆X

j −∆Y
j ) (Z0 = 0). We define the auxiliary sequence {q−k }k≥0 by the

relation
q−k = max[0, qk−1 +∆X

k −∆Y
k ], q−0 = 0.

Then qk ≥ q−k w.p.1 and (see Afanaseva[1]) the following inequality is fulfilled
in distribution

q−k = max[q0 + Zk, max
1≤j≤k

Zj ], Zk = ∆X
k −∆Y

k .

If ρ = 1, it follows from Lemma 3 that E∆X
j = E∆Y

j . Therefore, {Zk}k≥0
is a random walk with zero drift. Hence, except when ∆X

j = ∆Y
j = c w.p.1

(c is a constant) max1≤j≤k Zj
P−−−−→

k→∞
∞ (see, e.g. Feller[7]). This means that

qk
P−−−−→

k→∞
∞ and the second statement of theorem holds.
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Now let ρ < 1. Consider the ith server. We assume that service times of

customers processing during the kth available period [s
(1)
i,k , s

(2)
i,k ] (k = 1, 2, . . .)

are consequently selected from the sequence of iid random variables {η(k)i,n}n≥1.
Let us recall that process Yi(t) is defined by the same sequence on the kth cycle
with the help of (1). Introduce the event

An = {Q(t) ≥ m for all t ∈ [Tn−1, Tn]} . (12)

Then
∆Y
n I(An) = ∆̃Y

n I(An), (13)

where I(A) is the indicator of event A. Now we introduce the embedded process
xn = (qn, e1(n), . . . , em(n)), n ≥ 0, where ei(n) = 1 if there is a customer on the
ith server at time Tn and ei(n) = 0 otherwise. Hence ei(n) = 1 for all i = 1,m if
qn ≥ m. In view of interruption discipline and properties of the synchronization
epochs {Tn}n≥1 the process {xn}n≥1 is a Markov chain with countable set
of states K = {{0}; (j, e1, . . . , em), j = 1,m− 1, ei ∈ {0; 1}; j, j ≥ m}. Let
K0 be the set of unessential states and Kj (j = 1, r) irreducible classes of
communicating states. From the condition E∆X

j < E∆Y
j it follows that for

any j0 ∈ K one can find t0 such that P(Q(t0) < m|Q(0) = j0) > 0. Therefore
there exist k0 and n0 such that P(qn0 < m+ k0|q0 = j0) > 0 for any j0 ∈ K. It
provides the finiteness of the number of classes r, so we have

K = K0

r⋃
j=1

Kj.

Consider the first class K1. Assume that it is aperiodic. Then for any x ∈ K1,
y ∈ K1 there exists

lim
n→∞

P(xn = x|x0 = y) = π(1)
x . (14)

If ∑
x∈K1

π(1)
x = 1 (15)

then qn is stochastically bounded under condition that q0 ∈ K1. Let us
show that (15) is fulfilled employing Foster’s criterion (see, e.g., Meyn and
Tweedie[13]). We define the test function f(q, e1, . . . , em) = q. It is sufficient
to show that for some ε1 > 0 there exists Mε1 > m such that

E(f(xn)− f(xn−1)|xn−1 = x) < −ε1 (16)

for all x = (q, e1, . . . , em) with q > Mε1 . Taking into account (13) we get

qn = qn−1 +∆X
n − ∆̃Y

n = qn−1 +∆X
n − ∆̃Y

n I(An)− ∆̃Y
n I(An) ≤

≤ qn−1 +∆X
n −∆Y

n I(An) = qn−1 +∆X
n −∆Y

n +∆Y
n I(An).

(17)

From the assumption ρ < 1 we have

E∆X
k − E∆Y

k = −δ < 0. (18)
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Note that for any ε > 0 there exists Mε such that P(An) < ε if qn−1 > Mε

w.p.1. Therefore, in view of integrability of random variables ∆Y
n , one may

choose Mδ such that E∆Y
n I(An) < δ

2 if qn−1 > Mδ. Thus, we obtain from (17)
and (18)

E(f(xn)− f(xn−1)|xn−1 = x) < E∆X
n − E∆Y

n +
δ

2
= −δ

2

if xn−1 > Mδ, that proves (16).
Let K1 be a periodic class with a period h. Then we consider a sequence

{x̃(l)n }n≥1 (l = 0, h− 1), where x̃
(l)
n = xnh+l. It is well-known (see, e.g.,

Feller[7]) that Markov chain {x̃(l)n }n≥1 is irreducible and aperiodic. Arguing

as above we prove that q̃
(l)
n = qnh+l is stochastically bounded as n→∞.

We can similarly prove stochastic boundedness of qn for initial state x0 =
(q0, e1(0), . . . , em(0) from any other class Ki (i = 2, r). Since the number of
classes r is finite we conclude that qn is stochastically bounded as n → ∞
for any initial state of Markov chain x0 ∈ K. Hence, the process Q(t) is also
stochastically bounded. �

Remark 1. Let us note that the first statement of Theorem 1 is not based on
the regenerative property of X(t). It is sufficient to assume that there exists
limt→∞ t−1X(t) = λX w.p.1 (0 < λX <∞).

Remark 2. So far we considered zero-delayed regenerative flows X(t) and Yi(t)
assuming that

P(θ0 = 0) = P(s
(2)
i,0 = 0) = 1, (i = 1,m).

Let this condition be not fulfilled and consider delayed regenerative flows. For
the validity of Theorem 1 we have only to claim

P(θ0 <∞) = P(s
(2)
i,0 <∞) = 1, (i = 1,m),

since its proof is based on results of Lemmas 1 – 3 true for delayed regenerative
flows as well.

For the next theorem we recall definition of the ergodicity.

Definition 3. Process {Q(t), t ≥ 0} is ergodic one if for any initial state Q(0)
there exists

lim
t→∞

P{Q(t) ≤ x} = F (x),

where F (x) is a distribution function and it does not depend on Q(0).

Theorem 2. Let Condition 1 be fulfilled and Markov chain {xn}n≥1 be an
irreducible and aperiodic one. Then

• Q(t) −−−→
t→∞

∞ w.p.1 if ρ > 1.

• Q(t)
P−−−→

t→∞
∞ if ρ = 1.

• Q(t) is ergodic if ρ < 1.
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Proof. The first statement of the theorem follows from Theorem 1. Consider
the other cases. The set of states K of Markov chain {xn}n≥1 may have some
unessential states but all the essential states organize the unique class K1 of
communicating states. Let ρ < 1. It follows from Theorem 1 that there exists

the limit (14), where π
(1)
x > 0 for x ∈ K1 and (15) is fulfilled, i.e. the Markov

chain {xn}n≥1 is ergodic. Let us take a state j0 ∈ K1, j0 ≥ m and assume that
x0 = j0. Denote νj0 = min{n > 0 : xn = j0}, so that νj0 is the time of the
return to the state j0. Since Markov chain {xn}n≥1 is ergodic, it follows that
Eνj0 < ∞. Now consider Q(t). Note that Q(t) is a regenerative process and
Tn is a point of the regeneration of Q(t) if qn = Q(Tn) = j0. Let τ̃j0 be the
time of return to the state j0 for Q(t), i.e.

τ̃j0 = min{t > 0 : Q(t) = j0},

under assumption that Q(0) = j0. Since E(Tn − Tn−1) = ET1 < ∞ (Lemma
2) from Wald’s identity we have Eτ̃j0 = ET1Eνj0 < ∞. Besides, from any
initial state the process Q(t) gets into j0 in finite time w.p.1. Also we remark
that condition (5) holds for τ̃j0 . Therefore, one can exploit Smith’s theorem to
prove the third statement of the theorem. Finally, note that if ρ = 1 and Q(t)

is stochastically unbounded, then Eτ̃j0 =∞ and Q(t)
P−−−→

t→∞
∞ that proves the

second statement of the theorem. �
Conditions of Theorem 2 can be provided in various ways. Below we give

two examples which are important from applied point of view. Let ri = min{j :
P(ηi,1 = j) > 0} (i = 1,m), r0 = maxi=1,m ri.

Condition 2. There exist k ≥ 0 and j1 such that one of the following
inequalities holds

(i) P
(
ξ1 = k, ti − ti−1 ≥ r0 (i = 2, k), τ1 = j, j − tk ≥ r1

)
> 0 for all j ≥ j1,

(ii) P
(
ξ1 = k, ti − ti−1 ≥ r0 (i = 2, k), τ1 = j, j − tk < r1

)
> 0 for all j ≥ j1.

Here ti is arrival instant of the ith customer (i = 1, k). One can easy verify
that for any initial state x0 ∈ K we have P(x1 = {0}|x0) > 0 under Condition
2(i) and P(x1 = {1, 1, 0, . . . , 0}|x0) > 0 under Condition 2(ii). Therefore,
Markov chain {xn}n≥1 is irreducible and aperiodic. The same result is true
under

Condition 3. P(ξ1 = 0, τ1 > 0) > 0 and GCD{j : P(τ1 = j|ξ1 = 0) > 0} =
1.

Example 1. Here we consider the discrete modification of Markov Arrival Pro-
cess as an input flow X(t). Let y(t) be an ergodic Markov chain with fi-
nite number of states, stationary distribution {πk}Nk=1 and matrix of transition
probabilities {Pi,j , i, j = 1, N}. We assume that 0 < Pi,i < 1 (i = 1, N). New
customer arrives when y(t) changes its state. Then the intensity of X(t) is
defined as follows

λX =

N∑
k=1

πk(1− Pk,k).
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Regeneration points of X(t) are the instants when y(t) gets into the state {1}
from any state i 6= 1, i.e.

θn = min{t > θn−1 : y(t) = 1, y(t− 1) 6= 1}, θ0 = 0, y(0) = 1.

The number of customers arriving during the kth regeneration period is defined
by the relation

ξk = X(θk)−X(θk−1).

Therefore for any l < j we have

P (ξ1 = 2, t1 = l, t2 = τ1 = j) = (P1,1)l−1
∑
k 6=1

P1,k(Pk,k)j−1−lPk,1 > 0.

Thus Condition 2 (ii) holds.

Example 2. Now we consider the discrete modification of the Markov Modu-
lated Process as an input flow X(t). Let y(t) be an ergodic Markov chain with
finite number of states, stationary distribution {πk}Nk=1 and matrix of transi-
tion probabilities {Pi,j , i, j = 1, N}. We assume that 0 < Pi,i < 1 (i = 1, N).
The input flow is defined as follows. If y(t) = j then a new customer arrives at
time t with probability αj and 0 < αj < 1 (j = 1, N). Then the intensity λX
of the flow X(t) is given by the relation

λX =

N∑
j=1

αjπj .

Assume that y(0) = j and define points of regeneration for X(t) by the relation

θn = min{t > θn−1 : X(t) = j}, θ0 = 0.

Since αj ∈ (0, 1) and Pj,j > 0 it is evident that Condition 3 holds.

Remark 3. Let us remark that the sufficient condition of stability for a system
with recurrent input flow, bi = b (i = 11,m) and preemptive repeat different
service discipline was obtained in Morozov et al.[15]. This condition in our
terms has a form

λX <

m∑
i=1

a
(2)
i − b
aib

. (19)

One can easily see that (19) is a corollary of the condition ρ < 1 where ρ is
defined by (4). Indeed, taking into account the well-known inequality (see, e.g.
Feller[7])

Hi(t) ≥
t

bi
− 1, t ≥ 0

we get from (4) and Theorem 2 the following sufficient condition of stability

λX <

m∑
i=1

a
(2)
i − bi
aibi

.

This condition is the same as (19) when bi = b (i = 1,m).
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6 Comments

Generally speaking the traffic coefficient (4) cannot be expressed in terms of
moments of the arrival, service and interruption processes. But under some ad-
ditional assumptions concerning the distributions of service times and available
periods one can obtain sufficient condition of stability in terms of moments, due
to the asymptotic expansion for renewal functions Hi(t) (i = 1,m), see Feller[7],

Hi(t) =
t

bi
+
σ2
i − b2i
2b2i

+Ri(t),

where σ2
i = V ar(ηi,1) and Ri(t) −−−→

t→∞
0. Let σ2

i > b2i for all i = 1,m. Then

there exists δ1 <
1
2 and tδ such that under assumption P(u

(2)
i,1 > tδ (i = 1,m)

the sufficient condition has the form

λX <

m∑
i=1

a
(2)
i

aibi
+ δ1

m∑
i=1

σ2
i − b2i
b2i ai

. (20)

Analogously, if σ2
i < b2i (i = 1,m) and u

(2)
i,1 is large enough w.p.1, then for some

δ2 >
1
2 the sufficient condition has the form

λX <

m∑
i=1

a
(2)
i

aibi
− δ2

m∑
i=1

b2i − σ2
i

b2i ai
. (21)

Note that for preemptive resume service discipline, when the service is contin-
ued after interruption, sufficient condition of stability is given by the inequality

λX <

m∑
i=1

a
(2)
i

aibi
. (22)

For a single-server queue this fact was proved in Afanasyeva and Bashtova[2]
and for multichannel systems with recurrent input flow and bi = b (i = 1,m)
in Morozov[14]. The proof for the model under consideration can be realized
by analogy with proof of Theorem 1. Comparing (20), (21), and (22) we see
that (under some additional assumptions) the capacity of the system with pre-
emptive repeat different service discipline is greater (less) than for preemptive
resume service discipline when σ2

i > b2i (σ2
i < b2i ) for all i = 1,m. Besides, for

the case a
(2)
i = ai (i = 1,m), i.e. there are no blocked periods but there are

interruptions of service, we have

λX <

m∑
i=1

b−1i + δ1

m∑
i=1

σ2
i − b2i
b2i ai

,

when σ2
i > b2i (i = 1,m). For systems without interruptions the necessary

and sufficient condition of stability has the form obtained in Afanasyeva and
Tkachenko[3]

λX <

m∑
i=1

b−1i .
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Again we see that if σ2
i > b2i (i = 1,m) interruptions and independent repetition

of service from the start can increase the capacity of the system.

7 Conclusion

In this paper we focus on a multichannel discrete-time queueing system with
heterogeneous unreliable servers and a regenerative input flow. Although queue-
ing systems with service interruptions have been investigated since late 1950’s,
to the best of our knowledge, stability conditions were not yet formally proved
for these systems with non-geometric (non-exponential in continuous time case)
parameters. The model under consideration is similar to the system that was
investigated in Morozov et al.[15]. However, there are essential differences
that lead to consideration of different processes. Firstly, we employ the re-
generative flow as an input flow. Secondly, servers of the system may be
heterogeneous. We have considered the preemptive repeat difference service
discipline. In this paper the necessary and sufficient condition for stability
of the queue-length process is established, whereas in Morozov et al.[15] only
sufficient condition for this service discipline is proved. Certainly, exploiting
the same technique, stability theorems for preemptive resume service discipline
may be also proved. The synchronization method enables us to obtain stability
results for continuous-time case as well.
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Optimization of Multi-Component Insurance
System with Dividend Payments
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Abstract. We study a model of insurance company performance with dividends
payment and reinsurance. The claim process is supposed to be compound Poisson.
The company uses the barrier dividend strategy. In contrast to previous research the
non-proportional excess of loss reinsurance treaty with limited liability of reinsurer
is applied. The optimal dividend barrier, providing the maximal value of expected
discounted dividends paid until ruin, is obtained for exponential and uniform claim
distributions under some additional assumptions.
Keywords: Dividends, Reinsurance, Limited liability, Optimization.

1 Introduction

It is well known that the primary task of any insurance company is indemni-
fication of its policyholders losses. Hence, many researchers have investigated
the ruin probability of insurance company. In other words, a so-called reliability
approach has dominated for a long time in actuarial sciences.

However, being a corporation, the insurance company needs to pay div-
idends to its shareholders. Thus, in 1957 De Finetti[4] proposed a new ap-
proach. Namely, he initiated the study of expected discounted dividends until
the company ruin. The aim was to choose a dividend strategy providing the
maximal value of the above mentioned dividends. Review of the results in
this domain one can find in the papers by Abrecher and Thonhauser[1] and
Avanzi[2]. We mention also the investigations by Gerber et al.[6] and Gerber
and Shiu[7] which are generalized in our work.

Nowadays reinsurance is widely used for stabilization of any insurance com-
pany performance. So we consider below a multi-component system taking into
account not only dividends payment but reinsurance as well. In contrast to the
papers by Karapetyan[8] and Mnif and Sulem[9], where excess of loss reinsur-
ance with unlimited liability of reinsurer was treated, we study the case of lim-
ited liability. The optimal barrier strategy of dividends payment is established
for the exponential and uniform claim distributions under some additional as-
sumptions.
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The paper is organized as follows. In Section 2 we give the model descrip-
tion recalling some results obtained for the company not using reinsurance.
The excess of loss reinsurance with limited liability of reinsurer is treated in
Section 3. In the first subsection we find the optimal dividend barrier for the
case of exponential claims whereas the uniform distribution is considered in the
second subsection. In Section 4 we give comments and discuss further research
directions.

2 Model description

At first we present some results obtained previously for the classical Cramér-
Lundberg model by other researchers. In the framework of this model the
insurance company surplus at time t (without dividends payment) is as follows:

U(t) = U(0) + ct− S(t), t ≥ 0.

Here {S(t), t ≥ 0} is a compound Poisson process with intensity λ. The claim
amounts are independent nonnegative identically distributed random variables
with probability density p(y). Premiums are acquired continuously at the rate

c = (1 + θ)λp1 where θ > 0 and p1 =
∞∫
0

yp(y)dy is the expected claim value.

To study the insurance company performance and dividend payments de-
note by D(t) the total dividends paid until t. Then

X(t) = U(t)−D(t)

is the company surplus at time t and

T = inf{t : X(t) < 0}

is the ruin time of the company.
Dividends are paid according to some strategy. There exist a lot of possible

dividends strategies. However we are going to consider only barrier strategies
with barrier level b. Such a strategy means that there is no dividend payment
if X(t) < b, whereas the payment intensity equals c if X(t) = b (see Fig. 1).
We assume that X(0) = x ≤ b, hence, X(t) never exceeds b.

Let V (x, b) = E

[
T∫
0

e−δtdD(t)

]
be the expected discounted dividends un-

der barrier strategy with parameter b, whereas x = U(0) denotes the initial
company surplus, 0 ≤ x ≤ b. Then, according to Gerber et al.[6], V (x, b), as a
function of x, satisfies the following equation

cV ′(x, b)− (λ+ δ)V (x, b) + λ

x∫
0

V (y, b)p(x− y)dy = 0, 0 < x < b, (1)

with the boundary condition

V ′(b, b) = 1. (2)
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Fig. 1. Company surplus and dividends under barrier strategy

The exponential distribution with parameter β was also treated in Gerber et
al.[6]. They have found the explicit form of V (x, b) for this distribution. For
this purpose the operator

(
d
dx + β

)
was applied to all the summands of equation

(1). (We are going to use such a method treating the case with reinsurance).
Thus,

V (x, b) = C0e
rx + C1e

sx, 0 ≤ x ≤ b.
Here the coefficients r > 0, s < 0 are the roots of the characteristic equation

(1 + θ)p1ξ
2 + (θ − α)ξ − αβ = 0,

where α = δ
λ . The coefficients C0 and C1 were obtained using the boundary

condition (2) and substitution of V (x, b) in the initial equation (1). Hence,

C0 =
r + β

ν(b)
, C1 = −s+ β

ν(b)

with
ν(b) = rerb (r + β)− sesb (s+ β) .

It was shown as well that the barrier strategy with parameter b∗ satisfying
ν′(b∗) = 0 is optimal, that is, maximizes the expected dividends V (x, b) paid
until ruin. So, for exponential claim distribution it is not difficult to find the
optimal barrier

b∗(r, s) =
1

r − s
ln
s2(s+ β)

r2(r + β)
.

The aim of our investigation is obtaining of the solution of equation (1) for
various claim distributions in case of excess of loss reinsurance with limited
liability of reinsurer. Moreover, it is also interesting to get the optimal value
of parameter b, providing maximum of V (x, b).

3 Excess of loss reinsurance with limited liability of
reinsurer

In addition to usual XL reinsurance treaty with retention d we assume that
reinsurer has a liability limit l. Let X be the initial claim size of direct insurer
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then his payment under the above mentioned treaty is

Xl = min(d,X) + max(X − l − d, 0),

whereas the reinsurer’s payment is equal to

X ′l = min(max(X − d, 0), l).

Denote by Fl(x) the distribution function of insurer’s payment in the framework
of reinsurance treaty. Then Fl(x) has the form presented by Fig. 2 if the
initial claim had an absolutely continuous distribution. Here the initial claim
distribution function F (x) is depicted by the dash line and the boldface line
represents the corresponding distribution after reinsurance.

Fig. 2. Insurer’s distribution function

Let us suppose that direct insurer and reinsurer use for premiums cal-
culation the expected value principle with loads θ and θ1 respectively (and
θ1 > θ > 0). Then the insurer’s premium net of reinsurance cl has the form

cl = λ(1 + θ)p1 − λ(1 + θ1)

d+l∫
d

(1− F (x)) dx.

Theorem 1. The integro-differential equation for total discounted dividends
until ruin, under reinsurance treaty, V (x, b, d, l) can be written for 0 < x < d
as follows

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l) +

x∫
0

V (y, b, d, l)p(x− y) dy = 0 (3)
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and for d ≤ x < b

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l) +

x∫
x−d

V (y, b, d, l)p(x− y) dy

+ V (x− d, b, d, l)(F (d+ l)− F (d)) +

x−d∫
0

V (y, b, d, l)p(l + x− y) dy = 0. (4)

Here c̃l = cl
λ and α = δ

λ . The boundary condition has the form

V ′(b, b, d, l) = 1. (5)

Proof. Proceeding along the same lines as in Gerber et al.[6] one obtains the
following equation

clV
′(x, b, d, l)− (λ+ δ)V (x, b, d, l)

− λ
x∫

0

V (y, b, d, l) dFl(x− y) = 0, 0 < x < b, (6)

and boundary condition (5).

We can transform the integral term in the left-hand side of equation (6)
putting x− y = t

− λ
x∫

0

V (y, b, d, l) dFl(x− y) = λ

x∫
0

V (x− t, b, d, l) dFl(t)

=



λ
x∫
0

V (x− t, b, d, l) dF (t), for 0 < x < d,

λ
d∫
0

V (x− t, b, d, l) dF (t) + λV (x− d, b, d, l)(Fl(d)− Fl(d− 0))

+λ
x∫
d

V (x− t, b, d, l)dF (l + t), for d ≤ x < b.

(7)

We assume here that b > d. If b ≤ d, we are going to consider only x < d.

We begin by treating the case 0 < x < d. Since

λ

x∫
0

V (x− t, b, d, l)dF (t) = λ

x∫
0

V (y, b, d, l)p(x− y)dy,

one deduces that, for x < d, equation (6) is equivalent to (3).

Hence, the equation for V (x, b, d, l) in interval x ∈ (0, d) is similar to (1).
Moreover, these two equations have only different intensities of premium ac-
quirement.
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Now turn to the case d ≤ x < b. First of all, we use the following transfor-
mations of two terms in the right-hand side of (7) for d ≤ x < b:

λ

d∫
0

V (x− t, b, d, l)dF (t) = λ

x−d∫
x

V (y, b, d, l)dF (x− y)

= −λ
x−d∫
x

V (y, b, d, l)p(x− y) dy = λ

x∫
x−d

V (y, b, d, l)p(x− y) dy

and

λ

x∫
d

V (x− t, b, d, l) dF (l + t) = λ

x∫
d

V (x− t, b, d, l)p(l + t)dt

= λ

x−d∫
0

V (y, b, d, l)p(l + x− y) dy.

Note also that the following equality

Fl(d)− Fl(d− 0) = F (d+ l)− F (d)

is valid. Dividing both sides of (6) by λ and putting c̃l = cl
λ we get the new

equation

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l)−

x∫
0

V (y, b, d, l) dFl(x− y) = 0, d ≤ x < b.

Due to equality (7) and the described above transformations, this equation
takes the form (4). This ends the proof. �

The next step is to get instead of integro-differential equations (3) and (4)
the second order differential equations and solve them.

3.1 Exponential claim distribution

Further we concentrate on the case of exponential claim distribution with
parameter β and obtain the following result.

Theorem 2. For 0 < x < d the function V (x, b, d, l) satisfies the second order
differential equation

c̃lV
′′(x, b, d, l) + (βc̃l − (1 + α))V ′(x, b, d, l)− αβV (x, b, d, l) = 0, (8)

whereas for d ≤ x < b one has

c̃lV
′′(x, b, d, l) + (βc̃l − (1 + α))V ′(x, b, d, l)− αβV (x, b, d, l)

= −e−βdF (l)V ′(x− d, b, d, l). (9)

Here c̃l = 1
β

(
(1 + θ) + (1 + θ1)e−βd(e−βl − 1)

)
.
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Proof. The first case is 0 < x < d. We apply the operator ( d
dx + β) to all the

summands of equation (3) and easily get, as in Gerber et al.[6], expression (8).
For exponential distribution

c̃l = (1+θ)p1−(1+θ1)

d+l∫
d

e−βx dx =
1

β

(
(1 + θ) + (1 + θ1)e−βd(e−βl − 1)

)
and

βc̃l − (1 + α) = (θ − α) + e−βd(1 + θ1)(e−βl − 1) .

Now we turn to the domain d ≤ x < b and apply the operator
(
d
dx + β

)
to

equation (4). The operator is separately applied to each summand. For the
first one we get(

d

dx
+ β

)
[c̃lV

′(x, b, d, l)] = c̃lV
′′(x, b, d, l) + βc̃lV

′(x, b, d, l),

the second one yields(
d

dx
+ β

)
[−(1 + α)V (x, b, d, l)] = −(1 + α)V ′(x, b, d, l)− β(1 + α)V (x, b, d, l).

For the third term we have(
d

dx
+ β

) x∫
x−d

V (y, b, d, l)p(x− y) dy

=

(
d

dx
+ β

) x∫
0

V (y, b, d, l)p(x−y) dy−
(
d

dx
+ β

) x−d∫
0

V (y, b, d, l)p(x−y) dy.

Then applying the operator
(
d
dx + β

)
and simultaneously using the relation

p′(x) = −βp(x), we obtain(
d

dx
+ β

) x∫
0

V (y, b, d, l)p(x− y)dy = βV (x, b, d, l).

Next, we transform the integral

(
d

dx
+ β

) x−d∫
0

V (y, b, d, l)p(x− y)dy = V (x− d, b, d, l)p(x− x+ d)

+

x−d∫
0

V (y, b, d, l)p′(x−y)dy+β

x−d∫
0

V (y, b, d, l)p(x−y)dy = V (x−d, b, d, l)p(d),
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getting(
d

dx
+ β

) x∫
x−d

V (y, b, d, l)p(x− y)dy = βV (x, b, d, l)− V (x− d, b, d, l)p(d).

For the fourth term we have the following expression(
d

dx
+ β

)
[V (x− d, b, d, l)(F (d+ l)− F (d))]

= V ′(x− d, b, d, l)(F (d+ l)− F (d)) + βV (x− d, b, d, l)(F (d+ l)− F (d)).

The last term gives

(
d

dx
+ β

) x−d∫
0

V (y, b, d, l)p(l + x− y)dy = V (x− d, b, d, l)p(l + x− x+ d)

+

x−d∫
0

V (y, b, d, l)p′(l + x− y)dy + β

x−d∫
0

V (y, b, d, l)p(l + x− y)dy

= V (x− d, b, d, l)p(l + d).

After summation of all the obtained expressions we get

c̃lV
′′(x, b, d, l) + βc̃lV

′(x, b, d, l)− (1 + α)V ′(x, b, d, l)− β(1 + α)V (x, b, d, l)

+ βV (x, b, d, l)− V (x− d, b, d, l)p(d) + V ′(x− d, b, d, l)(F (d+ l)− F (d))

+ βV (x− d, b, d, l)(F (d+ l)− F (d)) + V (x− d, b, d, l)p(l + d) = 0.

Using the relations F (x) = 1 − e−βx and p(x) = βe−βx, after some transfor-
mations we finally establish the desired equation (9). �

Now we are able to prove the following result.

Theorem 3. For the exponential claim distribution the optimal dividends bar-
rier, under excess of loss reinsurance treaty with limited liability of reinsurer
and assumption 0 < x ≤ b < d, is given by

b∗l = b∗(rl, sl) =
1

rl − sl
ln
s2l (sl + β)

r2l (rl + β)
. (10)

Here rl > 0, sl < 0 are the roots of the characteristic equation

c̃lξ
2 + (βc̃l − (1 + α)) ξ − αβ = 0. (11)

Proof. Obviously, for 0 < x ≤ b < d the solution of equation (8) has the form

V (x, b, d, l) = E0(b, d, l)erlx + E1(b, d, l)eslx.

As in case without reinsurance we establish that

E0(b, d, l) =
rl + β

νl(b, d, l)
, E1(b, d, l) = − sl + β

νl(b, d, l)
,
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where
νl(b, d, l) = rle

rlb (rl + β)− sleslb (sl + β) .

Minimizing this expression we obtain that the optimal dividends barrier has
the form (10). �

Now we prove some corollaries useful for investigation of system stability.

Corollary 1. Parameters rl and sl are monotone increasing in l and decreas-
ing in d.

Proof. Recall that for the exponential claim distribution we have

c̃l =
1

β

[
(1 + θ)− (1 + θ1)e−βd(1− e−βl)

]
.

It is clear that c̃l decreases in l and increases in d. Now we verify the monotone
dependence on l and d of the roots of characteristic equation (11).

The discriminant D = (βc̃l − (1 + α))2 + 4αβc̃l, therefore

sl =
−
√
D − βc̃l + (1 + α)

2c̃l
=

(1 + α)−
√
D

2c̃l
− β

2
.

First of all we find the derivative of sl with respect to c̃l

(sl)
′
c̃l

=

(
(1 + α)−

√
D

2c̃l

)′
c̃l

=
−D′c̃l c̃l − 2

√
D(1 + α−

√
D)

4c̃l
2
√
D

=
(αβc̃l − βc̃l + (1 + α)2)−

√
D(1 + α)

2
√
Dc̃l

2
.

The Vieta formulas lead us to conclusion that

rl + sl =
(1 + α)− βc̃l

c̃l
=

1 + α

c̃l
− β.

After differentiation in c̃l and using the expression of (sl)
′
c̃l

we get

(rl + sl)
′
c̃l

= (rl)
′
c̃l

+
(αβc̃l − βc̃l + (1 + α)2)−

√
D(1 + α)

2
√
Dc̃l

2
= −1 + α

c̃l
2 .

Hence,

(rl)
′
c̃l

=
−(αβc̃l − βc̃l + (1 + α)2)−

√
D(1 + α)

2
√
Dc̃l

2
.

For all the admissible parameters values

(αβc̃l − βc̃l + (1 + α)2)2 < (
√
D(1 + α))2 = D(1 + α)2.

Since −
√
D(1 +α) is negative, the numerator in expression of (rl)

′
c̃l

is negative
for all values of−(αβc̃l−βc̃l+(1+α)2). Thus, we obtained inequality (rl)

′
c̃l
< 0.

Similar arguments are valid for (sl)
′
c̃l

, that is, (sl)
′
c̃l
< 0. Hence, we come to

the conclusion that rl and sl are monotone decreasing in c̃l, therefore rl and sl
are monotone increasing in l and decreasing in d. �

Now we consider the conditions for b∗l > 0.
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Corollary 2. Conditions (1+θ)+(1+θ1)e−βd(e−βl−1) > (1+α)2 and b∗l > 0
are equivalent.

Proof. We have established that b∗l has the form (10).
Clearly, b∗l > 0 ⇔ s2l (sl + β) > r2l (rl + β). Since rl and sl are the roots of

the characteristic equation (11), we can write

c̃lr
2
l + (βc̃l − (1 + α))rl − αβ = 0, c̃ls

2
l + (βc̃l − (1 + α))sl − αβ = 0.

It follows immediately

r2l =
αβ − (βc̃l − (1 + α))rl

c̃l
,

whence

r2l (rl + β) =
αβ − (βc̃l − (1 + α))rl

c̃l
(rl + β)

=
rl(αβ − β(βc̃l − (1 + α))) + αβ2 − r2l (βc̃l − (1 + α))

c̃l

=
rl(c̃lαβ − c̃lβ(βc̃l − (1 + α))) + αβ(α+ 1) + rl(βc̃l − (1 + α))2

c̃l
2

=
((1 + α)2 − βc̃l)rl + αβ(α+ 1)

c̃l
2 .

Thus, we obtained the expression of the form Arl+B
c̃l2

. Analogously, for s2l (sl+β)
one gets the following presentation

s2l (sl + β) =
Asl +B

c̃l
2

with the same A and B. Therefore b∗l > 0 ⇔ s2l (sl + β) > r2l (rl + β) ⇔
Asl +B > Arl +B ⇔ A(sl − rl) > 0. We know that sl − rl < 0. Hence,

A = −βc̃l+(1+α)2 < 0 ⇔ (1+θ)+(1+θ1)e−βd(e−βl−1) > (1+α)2 ⇔ b∗l > 0.�

Now we are able to study monotonicity of b∗l in l and d and condition b∗l < d.

Corollary 3. The following conditions

1. α ∈ (0; 0.5),
2. (1 + α)2 < 1 + θ < min

(
3− 1.5α; (1 + α)2(1− α)−1

)
,

3. d > max
(
− 1
β ln

(
(1+θ)−(1+α)2

1+θ1

)
; b∗
)

are sufficient for b∗l < d. Furthermore, b∗l is monotone decreasing in l and
increasing in d.

Proof. We have already established that

βc̃l > (1 + α)2 ⇔ b∗l > 0.
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This inequality for βc̃l will be the first assumption for the study of monotonicity
of b∗l in l and d.

Now consider separately each factor in (10) and write the conditions of their
monotonicity in l and d. We begin by treating rl − sl. Clearly the fraction
(rl − sl)−1 will be changing in opposite direction.

(rl − sl)′c̃l = (rl)
′
c̃l
− (sl)

′
c̃l

=
−(αβc̃l − βc̃l + (1 + α)2)

c̃l
2
√
D

.

Here we denote by D the discriminant of characteristic equation (11). The
denominator in the right-hand side of the equality is always positive. Therefore

(rl − sl)′c̃l < 0 ⇔ βc̃l(α− 1) + (1 + α)2 > 0.

This inequality is fulfilled either for α > 1 or for βc̃l < (1+α)2(1−α)−1. Under
such assumptions (rl− sl)−1 grows in c̃l, hence, it diminishes in l and grows in
d. This is the second condition of b∗l monotonicity.

Next, we deal with the second factor in (10). The logarithm is a monotone
increasing function, so we consider only its argument(

s2l (sl + β)

r2l (rl + β)

)′
c̃l

=
s′l(3s

2
l + 2slβ)(r3l + r2l β)− r′l(3r2l + 2rlβ)(s3l + s2l β)

(r3l + r2l β)2
.

The denominator of this fraction is always positive. We have already obtained
two inequalities (sl)

′
c̃l
< 0 and (rl)

′
c̃l
< 0. The factors (r3l +r2l β) and (3r2l +2rlβ)

are positive, because rl is a positive root of characteristic equation (11). Due
to sl + β > 0, we have (s3l + s2l β) > 0. Thus, for 3s2l + 2slβ < 0, the derivative
of the logarithm’s argument will be positive and it will monotone grow in c̃l.
Note that

3s2l + 2slβ < 0 ⇔ sl(3sl + 2β) < 0 ⇔ sl > −
2

3
β.

Using the expression of sl, we rewrite the last inequality in the form

−
√

(βc̃l − (1 + α))2 + 4αβc̃l − βc̃l + (1 + α)

2c̃l
> −2

3
β,

getting after some transformations the third condition of b∗l monotonicity,
namely, βc̃l < 3− 1.5α.

Hence, we can rewrite the list of conditions for b∗l monotonicity in l and d
as follows

1. βc̃l > (1 + α)2

2. either α > 1 or βc̃l < (1 + α)2(1− α)−1

3. βc̃l < 3− 1.5α.
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For simultaneous validity of conditions 1 and 3 we need the fulfillment of the
following inequality (1+α)2 < 3−1.5α, which is true for 0 < α < 0.5. It means,
in condition 2 we can take only βc̃l < (1 + α)2(1 − α)−1. Thus, instead of
three conditions we obtain only one of the form

(1 + α)2 < βc̃l < min
(
3− 1.5α; (1 + α)2(1− α)−1

)
.

It follows immediately that inequality (1 + α)2 < (1 + α)2(1 − α)−1 must be
true as well. Since it is fulfilled for all α ∈ (0, 1), condition 0 < α < 0.5 is
sufficient.

Finally, under assumptions

(1 + α)2 < βc̃l < min
(
3− 1.5α; (1 + α)2(1− α)−1

)
and α ∈ (0; 0.5) (12)

one has b∗l > 0, moreover, b∗l is monotone decreasing in l and increasing in d.

Recall that βc̃l is monotone decreasing in l. Therefore, if liml→∞ βc̃l >
(1 + α)2, the same is true for all l ≥ 0. Thus, we must have the following
condition

lim
l→∞

βc̃l = (1 + θ)− (1 + θ1)e−βd > (1 + α)2.

This inequality is valid if 1 + θ > (1 + α)2 and d > − 1
β ln

(
(1+θ)−(1+α)2

1+θ1

)
.

Remark that − 1
β ln

(
(1+θ)−(1+α)2

1+θ1

)
> 0 if θ1 > θ (this condition is valid for our

model). Thus, if d > − 1
β ln

(
(1+θ)−(1+α)2

1+θ1

)
, then βc̃l > (1 + α)2 for all l ≥ 0.

Analogously, βc̃l increases in d. Therefore, if βc̃l > (1 + α)2 for d = 0, the
same inequality is valid for all d ≥ 0. For d = 0 we have

(1 + θ) + (1 + θ1)(e−βl − 1) > (1 + α)2

⇔ (1 + θ1)(e−βl − 1) > (1 + α)2 − (1 + θ)

⇔ e−βl >
(1 + α)2 + θ1 − θ

1 + θ1

⇔ l < − 1

β
ln

(
(1 + α)2 + θ1 − θ

1 + θ1

)
.

Note that − 1
β ln

(
(1+α)2+θ1−θ

1+θ1

)
> 0 for (1 + θ) > (1 + α)2 and is defined for

θ1 > θ (in this case the argument of logarithm is positive). Above we have
made the same assumptions.

Summing up, if l < − 1
β ln

(
(1+α)2+θ1−θ

1+θ1

)
and (1 + θ) > (1 + α)2, then

βc̃l > (1 + α)2 for all d ≥ 0.

Now turn to the condition βc̃l < min
(
3− 1.5α; (1 + α)2(1− α)−1

)
. We

have already established that βc̃l decreases in l and increases in d. So if for
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l = 0 (or d → ∞) we have βc̃l < min
(
3− 1.5α; (1 + α)2(1− α)−1

)
, then the

same inequality will be valid for all nonnegative l (or d). For l = 0 (or d→∞)
the inequality under consideration has the form

1 + θ < min
(
3− 1.5α; (1 + α)2(1− α)−1

)
.

Thus, the following conditions

1. α ∈ (0; 0.5),

2. (1 + α)2 < 1 + θ < min
(
3− 1.5α; (1 + α)2(1− α)−1

)
,

3. d > − 1
β ln

(
(1+θ)−(1+α)2

1+θ1

)
are sufficient for monotone decreasing of b∗l in l, l ≥ 0. Moreover, for l = 0
we get b∗l = b∗, where b∗ corresponds to the functioning without reinsurance.
That means, b∗l ≤ b∗ for all l ≥ 0 (see Fig. 3). So assuming d > b∗, we get
d > b∗l for all l ≥ 0. Hence, we established the sufficient conditions for validity
of the desired inequality d > b∗l . �

Fig. 3. Monotonicity of b∗l in l.

We assumed β = 3, λ = 0.5, x = 0.1, δ = 0.1, θ = 0.6, θ1 = 0.85, d =
1, b = 1 drawing graphic in Fig. 3.

Remark. Similarly one can get the following slightly different sufficient
conditions for validity of d > b∗l :

1. α ∈ (0; 0.5),

2. (1 + α)2 < 1 + θ < min
(
3− 1.5α; (1 + α)2(1− α)−1

)
,

3. l < − 1
β ln

(
(1+α)2+θ1−θ

1+θ1

)
4. d > b∗.
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3.2 Uniform distribution of claims

Assume the claims to be uniformly distributed on the interval [0;h]. It is
reasonable to suppose that d+ l < h.

Theorem 4. For 0 < x < d the function V (x, b, d, l) satisfies the second order
differential equation

c̃lV
′′(x, b, d, l)− (1 + α)V ′(x, b, d, l) +

1

h
V (x, b, d, l) = 0, (13)

whereas for d ≤ x < h− l one has

c̃lV
′′(x, b, d, l)− (1 +α)V ′(x, b, d, l) +

1

h
V (x, b, d, l) +

l

h
V ′(x−d, b, d, l) = 0

(14)

and for h− l ≤ x < b

c̃lV
′′(x, b, d, l)− (1 + α)V ′(x, b, d, l) +

1

h
V (x, b, d, l)

+
l

h
V ′(x− d, b, d, l)− 1

h
V (x− (h− l), b, d, l) = 0. (15)

Here c̃l = (1 + θ)h2 − l(1 + θ1)(1− 2d+l
2h ).

Proof. The first case is 0 < x < d. For such x, the application of operator d
dx

to equation (3) taking into account equality p(t) = 1
h for t ∈ (0, d) yields (13).

For uniform distribution of claims we have

c̃l = (1 + θ)p1 − (1 + θ1)

d+l∫
d

(1− F (x))dx = (1 + θ)
h

2
− l(1 + θ1)(1− 2d+ l

2h
).

The second case corresponds to d ≤ x < h − l. Inserting the uniform
distribution function F (t) in (6), dividing by λ and using transformation (7)
we get

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l) +

d∫
0

V (x− t, b, d, l)d t
h

+ V (x− d, b, d, l)
(
d+ l

h
− d

h

)
+

x∫
d

V (x− t, b, d, l)dl + t

h
= 0.

Application of operator d
dx provides (14).

The last case corresponds to h− l ≤ x < b. Here (6) has the form

c̃lV
′(x, b, d, l)− (1 + α)V (x, b, d, l) +

d∫
0

V (x− t, b, d, l)d t
h

+ V (x− d, b, d, l)
(
d+ l

h
− d

h

)
+

h−l∫
d

V (x− t, b, d, l)dl + t

h
= 0.
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After application of d
dx we get the desired result (15). �

Now we are able to prove the following result.

Theorem 5. If the claim distribution is uniform on interval [0, h] and the
roots of characteristic equation corresponding to differential equation (13) are
real then the optimal dividend barrier b under assumption 0 < x ≤ b < d is
equal to initial capital of insurance company x.

Proof. Obviously, for 0 < x ≤ b < d the solution of equation (13) has the form

V (x, b, d, l) = U0(b, d, l)eplx + U1(b, d, l)eqlx =
ple

plx − qleqlx

p2l e
plb − q2l eqlb

,

where pl > ql > 0 are the roots of the characteristic equation

c̃lξ
2 − (1 + α)ξ + h−1 = 0.

We assume here that D = (1 + α)2 − 4c̃lh
−1 > 0.

Thus the optimal barrier should be equal to

b∗l =
1

pl − ql
ln
q3l
p3l
, (16)

however it is not difficult to establish that b∗l < 0. That means, the function
V (x, b, d, l) has no local maximum for b ∈ (0, d) and the optimal dividend
barrier b is equal to x. �

Remark. For further investigation of the model we provide the following
algorithm of V (x, b, d, l) calculation for d ≤ x < b (see also Fig. 4)

Fig. 4. Scheme of V (x, b, d, l) calculation

1. Find expression of V (x, b, d, l) on interval (0, d).
2. Let h − l ∈ (nd, (n + 1)d] for n = 1, 2, . . .. The form of the function on

half-interval [kd, (k+ 1)d) for 1 ≤ k ≤ n− 1 can be obtained using its form
on half-interval [(k − 1)d, kd) and equation (14), the same is true for the
last half-interval [nd, h− l).

3. For x ∈ [h− l, (n+ 1)d) according to (15) the function V (x, b, d, l) depends
on V ′(x−d, b, d, l) and V (x−(h−l), b, d, l). The same is true for x ≥ (n+1)d.
Similarly, for h − l ≤ x < b we use the expression of the function on two
previous half-intervals.
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4 Comments

For the exponential and uniform claim distributions, we have considered the
barrier dividends strategy and obtained the form of optimal barrier level b∗l for
the model with limited reinsurer’s liability l in the excess of loss reinsurance
treaty having retention d. It was additionally supposed that one is interested
only in barriers b ∈ (0, d). The restrictions on the model parameters for the
fulfillment of such a condition in the case of exponential distribution were
established. The set [d,∞) will be treated in the forthcoming publication. For
the uniform distribution we treated only the case of characteristic equation
with real roots. The case of complex roots will be presented in the other paper
along with threshold and band strategies, as well as different value functions
(for definitions see, e.g. the useful survey by Albrecher and Thonhauser[1]).

We plan also to study the modification of the model proposed by Dickson
and Waters[5] and developed further by Gerber et al.[6]. Namely, it will be
assumed that in case of ruin the shareholders pay out the deficit in order to
enable the company to function further. Another research direction is to take
into account the transaction costs associated with dividends payment, see, e.g.,
Paulsen[10], or possibility of bank loans, see Bulinskaya[3].

Acknowledgement. The research was partially supported by RFBR grant
13-01-00653.
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Based on Lévy Processes
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Abstract. We present an overview of a new approach to constructing probabilistic
synchronization models based on Lévy dynamics of components. These models are
very flexible from the viewpoint of applications and convenient for analytic study.
We consider generally non-Markov N -component systems x(t) = (x1(t), . . . , xN (t)),
t ∈ R+, with pairwise synchronizing interaction. We prove theorems about a long
time synchronization (when t → +∞) and provide an answer to the question: what
is a typical magnitude of desynchronization errors in large synchronized systems. It
is discovered that the answer is deeply related to asymptotic properties of the Lévy
processes defining the free dynamics of components.
Keywords: Stochastic synchronization, non-Markov models, intrinsic space scales,
Lévy processes, domain of attraction of stable laws, superposition of renewal pro-
cesses, Laplace transform, Lévy jump-diffusions.

1 Introduction

Stochastic processes with synchronization arise as a natural mathematical fra-
mework for analytical study of some applied models in computer science (Bert-
sekas and Tsitsiklis[3], Simeone et al.[26]) that are using the message pass-
ing mechanism (Jefferson and Witkowski [8]) to share information between
components. In series of papers (Manita and Shcherbakov[19], Manita and
Malyshev[12], Malyshkin[13], Manita[20,14,15]) probabilistic synchronization
models were treated as multiparticle systems with a special synchronizing in-
teraction. In purely probabilistic terms, such models may be regarded as special
perturbations of multidimensional random walks.

The present paper is devoted to a very wide class of multicomponent systems
which includes as particular cases the models of Manita[20,14,15,18]. Our aim
is to generalize results on intrinsic space scales obtained in Manita[18] for sym-
metric systems of Brownian particles with pairwise synchronization. More pre-
cisely, the model of Manita[18] was a Markov process x(t) = (x1(t), . . . , xN (t)),
xj(t) ∈ R, t ∈ R+, with components evolving as independent Brownian motions
with constant diffusion coefficient σ > 0 except at random times T1, T2, . . . of
synchronization jumps. The sequence {Tn} was assumed to be a Poisson flow
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of intensity δ > 0. The synchronizing interaction means that at any epoch Tn
(independently of other synchronization epochs) the system chooses at random
a pair of components (j1, j2) and then the component j2 instantly changes its
state to the value xj1 :

xj2(Tn + 0) = xj1(Tn), xj(Tn + 0) = xj(Tn), j 6= j2. (1)

For brevity we will refer to this system as “BMN (σ, δ)-model”. The pairwise
synchronizing interaction (1) can be interpreted as follows: the component j1
generates a message containing information about its current state xj1 and
sends it to the component j2; the message reaches the destination instantly;
after receiving the message the component j2 reads it and adjusts its state xj2
to the value xj1 recorded in the message. It was proved that the BMN (σ, δ)-
model reveals a nice long-time behavior. Namely, distances between compo-

nents d
(N)
jk (t) = xj(t) − xk(t) have limits in law as t → ∞. One may say

that the system reaches synchronization in a stochastic sense. Moreover, it

was shown in Manita[18] that rescaled distances d
(N)
jk (∞)/

√
(N − 1)N are dis-

tributed according to the symmetric Laplace law with variance σ2/δ. Since
this distribution does not depend on N one comes to the conclusion that a
natural space scale for the synchronized N -component system BMN (σ, δ) is of
order N .

Multicomponent models x(t) = (x1(t), . . . , xN (t)) of the present paper gen-
eralize the BMN (σ, δ)-model of Manita[18] in several directions. First we let
components xj take their values in Rd with d ≥ 1. Secondly, we assume that
the free dynamics of components is governed by Lévy processes with values
in Rd. In other words, the Brownian motion used in the BMN (σ, δ)-model
is replaced by more general and more flexible dynamics. Lévy processes have
independent and stationary increments. Probability distributions of these in-
crements may have heavy tails. This is important for many modern applications
that demand a heavy-tailed modeling, e.g., data networks, the Web, etc. We
will also see that stable Lévy processes and domains of attractions of stable
laws play an exceptional role in asymptotic analysis of the synchronized sys-
tem with large number of components. Thirdly, we make assumptions about
the sequence T = {Tn} of synchronization epochs which are more natural in
the context of multicomponent systems. It is assumed that each component

j generates messages at epochs of some renewal process τ (j) =
{
τ
(j)
m

}
. Thus

now the point process {Tn} is the superposition of N independent renewal pro-
cesses: T = ∪jτ (j). In general, this superposition is not a renewal process and
therefore an analysis of T = {Tn} is a difficult task. Hence the present paper
proposes a wide class of generally non-Markov synchronization models and this
is also interesting for many applications. It is worth mentioning that the sub-
class of Markov multicomponent models driven by stable Lévy processes plays
a special role in our study. Some results related to non-Markov models with
large number of components hold only in an asymptotic sense while the same
results for the Markov case can be obtained for any N in explicit form.
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2 General synchronization models

We define a special continuous time stochastic process x(t) = (x1(t), . . . , xN (t))

with values in
(
Rd
)N

and call it a general N -component model with pairwise
synchronization.

Construction. In order to construct this model we fix, on some probability
space (Ω,F ,P), the following triplet (a,b,c).

(a) x◦1(t), . . . , x◦N (t) are N independent Lévy processes with values in Rd ;

(b) a set of N independent renewal processes τ (k) =
{
τ
(k)
m

}∞
m=1

, k =

1, . . . , N ,

0 < τ
(k)
1 < τ

(k)
2 < · · · (2)

and a routing matrix R = (rij)
N
i,j=1, rii = 0, rij ≥ 0,

∑N
j=1 rij = 1 ;

(c) an initial configuration x(0) = (x1(0), . . . , xN (0)) ∈ RNd.
Main assumption is that (x◦(t), t ≥ 0), (τ (j) , j = 1, N) and x(0) are

independent.
The process x◦(t) = (x◦1(t), . . . , x◦N (t)), t ∈ R+, will be called a free dyna-

mics of independent components. Consider T = ∪jτ (j), a superposition of the
renewal processes τ (j),

0 = T0 < T1 < T2 < · · · ,

and call T = {Tn}∞n=1 a sequence of synchronization epochs.
We always assume that inter-event intervals of any renewal process τ (j) have

continuous distributions. All further assumptions about the triplet (a,b,c) will
be given later. Now we define the process x(t) = (x1(t), . . . , xN (t)).
♦ Between epochs of the point process {Tn} increments of any component
xj(t) are the same as increments of the process x◦j (t) (free dynamics):

x(t)− x(0) = x◦(t)− x◦(0), t ∈ (0, T1],

x(t) = x(Tn + 0) + (x◦(t)− x◦(Tn + 0)) t ∈ (Tn, Tn+1],

♦ At any epoch Tn there is an instantaneous interaction between components.
The transition x(Tn) 7→ x(Tn + 0) is called a synchronizing jump and is de-
fined as follows. For any point Tn there exists a unique (random) pair (j1,m),

j1 ∈ {1, . . . , N} , m ∈ N, such that Tn = τ
(j1)
m . It means that at time Tn the

particle j1 sends a message to some other particle j2 which is chosen indepen-
dently with probability rj1j2 . This message provokes the synchronizing jump
x(Tn) 7→ x(Tn + 0) according to the rule (1).

Free dynamics. By assumption (a) x◦1(t), . . . , x◦N (t) are independent Lévy pro-
cesses. We recall basic definitions and introduce some notation. Readers are
refered to Sato[25] and Applebaum[1] for more details. A stochastic process(
x◦j (t), t ∈ R+

)
is called a Lévy process if

• it starts from the origin: x◦j (0) = 0 ∈ Rd ,
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• it has independent and stationary increments,
• it is stochastically continuous.

Let y1 and y2 be two vectors in Rd, ym = (y1m, . . . , y
d
m), m = 1, 2. Denote

by 〈y1, y2〉 their scalar product, i.e., 〈y1, y2〉 =
∑d
l=1 y

l
1y
l
2. It is well known

that increments of a Lévy process are infinitely divisible. Let φj(t − s;λ) be
characteristic function of the increment x◦j (t)− x◦j (s) :

φj(t− s;λ) = E exp
(
i
〈
λ, x◦j (t)− x◦j (s)

〉)
, 0 ≤ s ≤ t, λ ∈ Rd.

The classical result states that φj(t;λ) = etη
◦
j (λ) with some function η◦j : Rd →

C having the Lévy-Khinchine form. For such Lévy process
(
x◦j (t), t ≥ 0

)
we

will use a short notation x◦j ∼ LP
(
η◦j
)
.

We see that the set of Lévy exponents
{
η◦j (λ), j = 1, . . . , N

}
completely

determines free dynamics x◦(t) of our model. Note that the class of the com-
ponent dynamics x◦j (t) driven by Lévy processes contains many important ex-
amples. Among them we have d-dimensional Brownian motions with constant
drifts and continuos time random walks in Rd or Zd. Choosing appropriate
distributions of jumps we can easily model different heavy-tail cases. Details
can be found in Section 5.

Epochs of interaction. As it was assumed above each component k has its own
sequence of times (2) when it sends messages to other particles. For convenience

we put τ
(k)
0 ≡ 0. Put ∆

(k)
n = τ

(k)
n −τ (k)n−1 . We assume that the random variables(

∆
(k)
n , n ∈ N

)
are independent and identically distributed. This means that

τ (k) =
{
τ
(k)
m

}∞
m=1

is an ordinary renewal process. Let Fk(s) = P
{
∆

(k)
n ≤ s

}
be a cumulative distribution function (c.d.f.) of inter-event intervals for the flow
τ (k). By assumption all Fk(s) are continuous. We see that the synchronization
between components is completely determined by the functions Fk(s), k =

1, . . . , N , and the matrix R = (rij)
N
i,j=1.

Non-Markov and Markov models. To specify parameters of the general syn-
chronization model x(t) = (x1(t), . . . , xN (t)) we will use notation

GGN
({
η◦j
}N
j=1

; {Fj}Nj=1 , R
)
.

The first letter “G ” stands for a general Lévy process as free dynamics, the
second “G ” stands for a general inter-event distribution. Note that x(t) is not a
process with independent increments and in general it is not a Markov process.
The lack of Markov property is explained by the complicated structure of the
sequence {Tn}.

However there is an important exclusion. If all Fk(s) correspond to expo-
nential distributions,

Fk(s) = (1− exp (−s/mk))+ , mk > 0, (3)
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then x(t) is a Markov process. Indeed, in this case the point process {Tn} is a

Poisson flow as the superposition of independent Poisson flows
{
τ
(j)
n

}
, j = 1, N .

We will denote the Markov model by GMN

({
η◦j
}N
j=1

; {mj}Nj=1 , R
)

.

3 Symmetric models: main results

In this paper we mainly study symmetric synchronization models.

Symmetry assumptions. The model GGN
({
η◦j
}N
j=1

; {Fj}Nj=1 , R
)

will be called

symmetric if it satisfies the following additional assumptions.

Free dynamics. All functions η◦j , j = 1, N , defining the independent Lévy
processes x◦j (t) are equal, i.e., η◦j (λ) = η◦(λ).

Synchronization epochs. Fj(y) = F (y) for all j = 1, N .

Routing matrix. Senders choose destinations for their messages uniformly:
rjk = 1/(N − 1) for all k 6= j, rjj = 0.

In other words, in the symmetric model all components are identical and
their evolution follows the same probabilistic rules with the same parameters.

Initial distribution. Assume that distribution of x(0) is invariant with re-
spect to permutations of indices. Note that the case when all components start
from the origin, i.e., xi(0) = 0 for all i = 1, . . . , N, is a particular example
of this assumption.

If all above symmetry assumptions hold then for all t > 0 the distribution of
the N -component system x(t) remains invariant with respect to permutations
of indices. In such case we will call the process x(t) a symmetric synchronization
model. In general, the symmetric model x(t) is not Markov nor semi-Markov
stochastic process. The only exception is the situation (3).

The general symmetric model will be denoted by GGSN (η◦;F ). For Markov
symmetric model we use notation GMSN (η◦;m) where m is the mean of the
exponential distribution with c.d.f. F (s) = (1− exp (−s/m))+.

Technical assumptions about F .
Assumption P1. The c.d.f. F is absolutely continuous:

F (s) = P
{
∆(k)
n ≤ s

}
=

∫ s

0

p(s′) ds′, s ≥ 0,

F (s) = 0, p(s) = 0, s < 0.

Note that this assumption concerns only inter-event intervals in each renewal

process
{
τ
(j)
n

}
. The point process {Tn} is very complicated.

Consider the Laplace transform of the function p(s):

p∗(z) =

∫ +∞

0

e−zsp(s) ds, z ∈ C.
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Since p(s) is a probability density function (p.d.f.) its Laplace transform
p∗(z) is well defined at least in the complex half-plane {z : Re z ≥ 0} (see,
e.g., Cox[5]). It is readily seen from the Lebesque domination theorem that
p∗(a+ i0)→ 0 as a→ +∞, a ∈ R.

Assumption P2. The p.d.f. p(s) is such that its Laplace transform p∗(z) is a
rational function.

An important role of distributions with rational Laplace tranform for the
queueing theory was discovered by Cox in [4]. Now it is known (see, e.g.,
Assmussen and Bladt [2]) that probability distributions satisfying the Assump-
tion P2 are exactly the ME (matrix-exponential) distributions.

It follows from Assumption P2 that p∗(z) can be represented as a proper

fraction p∗(z) = P (z)
Q(z) where P (z) and Q(z) are some polynomials such that

degP < degQ. It is easy to see that all poles zi of p∗(z) have strictly negative
real parts ( Re zi < 0). Assumption P2 implies the existence of an exponential

moment E exp
(
δ∆

(k)
n

)
< ∞ for some δ > 0. We will use notation m for the

mean: m = E∆
(k)
n =

∫
s p(s) ds.

The function p(s) is a probability density hence p∗(0) = 1. If p(s) satisfies
Assumption P2 then the equation

1− p∗(z) = 0 (4)

has a finite number of roots. Let {r0, r1, . . . , rq}, r0 = 0, be the set of different
roots of the equation (4). It is easy to show that all numbers r1, . . . , rq belong
to the subplane Re z < 0.

Assumption P3. The roots r1, . . . , rq are simple that is (p∗)
′
(rj) 6= 0.

Assumption P3 is not necessary for the main results but it makes some
proofs shorter.

Long time synchronization. Due to the stochastic nature of the free dynamics
our stochastic system will never reach the perfect synchronization regime when
states of all components x1(t), . . ., xN (t) become equal after some (possibly
random) time t0. But we may expect a long time stabilization of synchroni-
zation errors in the distributional sense. To get some control over magnitudes

of the synchronization errors we consider differences d
(N)
jk (t) = xj(t) − xk(t)

between states of any pair (j,k) at time t. By the symmetry assumptions the

characteristic function of d
(N)
jk (t),

χN (t;λ) = E exp (i 〈λ, xj(t)− xk(t)〉) , λ ∈ Rd, (5)

does not depend on j and k. Let a probability measure PN,t on
(
Rd,B(Rd))

)
be the distribution of d

(N)
jk (t).

Theorem 1 Let x(t) be a symmetric synchronization model and let Assump-

tions P1 and P2 hold. Then for any fixed N the distribution of d
(N)
jk (t) =

xj(t)− xk(t) has a (weak) limit as t→∞:

PN,t
w→ PN,∞ .
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This theorem follows from the Lévy continuity theorem (Theorem 3.6.2
in Lukacs[11]) and the next lemma.

Lemma 1 For any fixed N the family of characteristic functions {χ(t;λ)}t≥0
convergences to some function χN (∞;λ) as t→ +∞ and, moreover, this con-
vergence is uniform in λ ∈ Rd.

It is well known (Lukacs[11, Th. 3.6.2]) that the function χN (∞;λ) is the
characteristic function of the limiting distribution PN,∞.

Proofs use a special representation of χ(t;λ) which is based on an averaging
over the synchronization epochs {Tq}. For Markov synchronization models this
representation is reduced to an explicit form and provides a relatively short
proof of Lemma 1. The proof is very similar to Manita[18] and a conclusion for
the Markov symmetric synchronization model GMSN (η◦;m) is the following:
the function χN (t;λ) satisfies the linear first order differential equation

d

dt
χN (t;λ) = −qN (λ)χN (t;λ) + wN , (6)

where

wN =
2

(N − 1)m
, qN (λ) = η(λ) + wN , η(λ) := −2 Reη◦(λ).

Note that η(λ) ≥ 0. Hence Lemma 1 easily follows from this equation and we
get the following important statement.

Theorem 2 For the Markov symmetric synchronization model GMSN (η◦;m)

χN (∞;λ) =
1

1 + 1
2 (N − 1)mη(λ)

. (7)

This theorem generalizes the result obtained in Manita[18] for the BMN (σ, δ)-
system to the case of Markov models with arbitrary Lévy-driven free dynamics.

It is important to note that for non-Markov models the function χN (t;λ)
does not satisfy to any differential equation. As it is seen from Manita[17]
the limiting characteristic function χN (∞;λ) does not have such elegant and
explicit form as in the Markov case. Nevertheless, for the general symmetric
model GGSN (η◦;F ) satisfying to Assumptions P1 and P2 one can get the
following representation

χN (∞;λ) =
2

(N − 1)m

∫ ∞
0

du e−uη(λ) (ϕ2(u, kN ))
N−1

ϕ(u, kN ) . (8)

Here kN = 1−2/(N(N−1)), ϕ(u, v) = E vΠu is the generating function for Πu,
the number of renewals on [0, u] in the ordinary renewal process with the inter-
event distribution F , and ϕ2(u, v) is the generating function for the number of
renewals on [0, u] for the stationary renewal process in which the distribution
of the first interval ∆1 differs from F and is given by

P (∆1 ≤ s) =
1

m

∫ s

0

(1− F (w)) dw . (9)
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A derivation of the formula (8) consists of a chain of lemmas. Some of them
are related to synchronized jumps and are similar to corresponding lemmas
in Manita[18]. Other lemmas deal with the point process {Tq} which is the
superposition of independent renewal processes. Details of proofs can be found
in Manita[17].

Systems with large number of components. For non-Markov models the function
χN (∞;λ) cannot be given in such simple form as (7). Therefore it is interesting
to study its asymptotic properties when the number of components tends to
infinity.

Theorem 3 Consider a general symmetric model GGSN (η◦;F ) satisfying As-
sumptions P1-P3. The characteristic function χN (∞;λ) admits the following
representation

χN (∞;λ) =
1

1 + θ1,Nη(λ)
+ θ2,N (λ).

Here η(λ) = −2 Reη◦(λ), the real sequence {θ1,N} is such that θ1,N ∼ 1
2mN

as N →∞ and the sequence of functions {θ2,N (λ)} vanishes uniformly in λ:

sup
λ∈Rd

|θ2,N (λ)| → 0 (N →∞) .

The proof is given in Manita[17]. It is based on using the Laplace trans-
form for generating functions and on analysis of singularities of rational com-
plex functions related to the representation (8). The key problems are to find
singularities giving the principal asymptotics and to control coefficients in de-
composions because they depend on N .

4 Intrinsic scales of synchronized systems

When we consider a symmetric synchronization system with large number of
components N we may ask about a proper space scale which depends on N

and corresponds to typical values of the synchronization errors d
(N)
jk . It appears

that probabilistic properties of the free dynamics have an important impact on
the typical scale of the synchronized system.

Markov models with stable free dynamics. To explain an idea of intrinsic space
scales we begin with the following explicit result which holds for any finite
N ≥ 2.

Theorem 4 Let a Markov N -component symmetric synchronization model
GMSN (η◦;m) be such that its free dynamics x◦(t) is an α-stable Lévy process,
0 < α ≤ 2. Then for any fixed N the distribution of rescaled differences

d
(N)
jk (∞)/ (N − 1)

1/α
does not depend on N .

This statement follows from Theorem 2. Indeed, if the Lévy process LP (η◦)
is α-stable then −η(λ) = 2 Reη◦(λ) is the Lévy exponent of some symmet-
ric α-stable Lévy process LP (−η). Therefore nη(λ/n1/α) ≡ η(λ) for any
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n ∈ N. Hence characteristic function of d
(N)
jk (∞)/ (N − 1)

1/α
is equal to(

1 + 1
2mη(λ)

)−1
. This result can be interpreted as follows: typical distances

between components in the synchronized system are of order (N − 1)
1/α ∼

N1/α.

Theorem 4 generalizes results of the paper Manita[18] where the role of the
α-stable free dynamics was played by Brownian motions with η◦(λ) = − 1

2σ
2λ2,

α = 2, d = 1. Indeed, we have equivalence of the following models

GMSN (−1

2
σ2λ2;m) = BMN (σ,N/m).

Using self-similarity of the Wiener process one can derive that the intrinsic
scale of BMN (σ,N/m) is N1/2 times smaller than the intrinsic scale of the
model BMN (σ,m−1) studied in Manita[18] and discussed in Introduction of
the present paper.

Free dynamics attracting to stable laws. The Markov assumption is essential for
Theorem 4. For the non-Markov case similar results hold only in asymptotic
form as N → ∞ (see Theorem 5 below). It is very important to point out
that asymptotical results are also valid under conditions weaker than stability
of free dynamics. Namely, it is sufficient to assume that free dynamics are
taken from domains of attraction of stable laws. This permits to cover a great
number of interesting examples.

Recall that stable laws are the only possible limiting distributions of scalar-
normalized sums of i.i.d. random vectors. It is well known (Samorodnitsky
and Taqqu[24]) that the definition of a stable law in Rd can be given in the
following equivalent form: a random vector U ∈ Rd is stable if it has a domain
of attraction, i.e., if there is a random vector V and sequences of positive
numbers {bn} and nonrandom vectors {Cn}, Cn ∈ Rd, such that

V1 + · · ·+ Vn
bn

+ Cn
d−→ U (10)

where V1, . . . Vn, . . . are independent copies of V and the notation
d−→ denotes

convergence in distribution. In this case the random vector V is said to be in
the domain of attraction of the stable vector U and the short notation V ∈
DOA(U) is used. If the normalizing sequence {bn} has the form bn = n1/α for
some α ∈ (0, 2] one says that V belongs to the domain of normal attraction of U
and writes V ∈ DONA(U). Sometimes we put in these notation distributions
instead of random vectors. Evidently, DOA(U) ⊃ DONA(U) 3 U . More
details about domains of attractions of stable laws can be found in Gnedenko
and Kolmogorov[7] and Meerschaert and Sikorskii[22].

In the sequel we use a short notation U ∼ S (α, ζU (λ)) to say that a random
vector U ∈ Rd is stable with the index of stability α ∈ (0, 2] and characteristic
function ψU (λ) = exp ζU (λ).

Now let us introduce additional assumptions on the free dynamics x◦(t) =
(x◦1(t), . . . , x◦N (t)) of the symmetrical model GGSN (η◦;F ).
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Assumption D. There exists a stable law S (α, ζ◦(λ)) in Rd such that x◦j (1) ∈
DOA (S (α, ζ◦(λ))) for any component j.

Assumption DN. There exists a stable law S (α, ζ◦(λ)) in Rd such that
x◦j (1) ∈ DONA (S (α, ζ◦(λ))) for any j.

Theorem 5 Consider the symmetric synchronization model GGSN (η◦;F ). Let
Assumption D hold with some ζ◦(λ) and some normalizing sequence {bn}.
Rescale the system x(t) = (x1(t), . . . , xN (t)) as follows

y(N)(t) =
x(t)

bN
, y(N)(t) =

(
y
(N)
1 (t), . . . , y

(N)
N (t)

)
.

Let QN,t be the probability law of the rescaled differences y
(N)
j (t)− y(N)

k (t).
Then for any fixed N ≥ 2 a weak limit of QN,t exists,

QN,t
w→ QN,∞ as t→ +∞.

The limit of characteristic function of the distribution QN,∞ has the explicit
form ∫

Rd
exp (i 〈λ, y〉) QN,∞(dy) → 1

1 + 1
2mζ(λ)

as N →∞ (11)

where ζ(λ) := −2 Re ζ◦(λ), λ ∈ Rd.

We have an immediate corollary of this theorem under the stronger condi-
tion that the synchronized system x(t) satisfies Assumption DN with respect
to some stable law S (α, ζ◦(λ)). In this case bn = n1/α and the statement of
Theorem 5 is true for the rescaled synchronization system

y(N)(t) =
x(t)

N1/α
, y(N)(t) =

(
y
(N)
1 (t), . . . , y

(N)
N (t)

)
.

Hence we see that distances between components in the synchronized system
are of order N1/α provided the free dynamics belongs to the domain of normal
attraction of an α-stable law in the sense of Gnedenko and Kolmogorov[7].

Note also that the Lévy continuity theorem and (11) imply the weak conver-
gence of QN,∞ to some probability law Q∞,∞ in Rd having the characteristic

function
(
1 + 1

2mζ(λ)
)−1

.
To derive Theorem 5 from Theorem 3 it is sufficient to show that

∀λ ∈ Rd nη(λ/bn)→ ζ(λ) (n→∞) . (12)

Details are given in Manita[17].

Limiting laws. Note that the limiting characteristic function in (11) has the
form

1

1− log φ(λ)
, λ ∈ Rd, (13)

where φ(λ) is a characteristic function of some symmetric α-stable distribution.
It follows from Mittnik and Rachev[23, Prop. 1] that the laws with characteristic
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functions (13) are exactly the class of symmetric geometric stable distributions
(GSDs). The GSDs are obtained as limiting laws of appropriately normalized
random sums of i.i.d. random vectors in Rd where the number of summands is
geometrically distributed and independent of the summands.

There are several remarkable examples among the limiting laws (11). Before
discussing them we need to recall some classical results about representation
of stable laws. It is known (Applebaum[1]) that characteristic function of a
symmetric α-stable law has the following form

• for 0 < α < 2 (the heavy tail case):

e−ζ(λ) = exp

(
−
∫
Sd−1

|〈λ, ξ〉|α ν(dξ)

)
where Sd−1 is the unit sphere in Rd and ν is some finite measure on Sd−1,

• for α = 2 (the Gaussian case):

e−ζ(λ) = exp (−〈Aλ, λ〉 /2 )

where A is a positive definite symmetric d× d matrix.

Corresponding formula for d-dimensional rotationally invariant α-stable laws,
0 < α ≤ 2, is simpler:

e−ζ(λ) = exp (−cα |λ|α ) , c > 0, λ ∈ Rd, |λ| =
√
〈λ, λ〉 .

In particular, in dimension d = 1 the limiting law Q∞,∞ in (11) has characte-
ristic function

1

1 + ca |λ|a
, λ ∈ R, (14)

with some 0 < a ≤ 2, c > 0. This is characteristic function of the famous sym-
metric Linnik distribution first introduced in Linnik[10] and usually denoted as
La,c. It is known (see, e.g., Kotz et al.[9]) and Lukacs[11]) that this distribution
is unimodal, absolutely continuous, geometric stable and infinitely divisible. If
0 < a < 2 then the Linnik distribution has heavy tails (see, e.g., Erdogan and
Ostrovskii[6] or Kotz et al.[9]): qaP (La,c > q) ∼ const as q → +∞. For
a = 2 the law (14) is the Laplace distribution. Note that in Manita[17] it
was already proved that the Laplace distribution is the limiting law for the
BMN (σ, δ)-model.

5 Examples

It is very useful to illustrate the result of Theorem 5 by different concrete
examples of free dynamics.
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Free dynamics of the Gaussian type. Let x◦j (t), j = 1, N , satisfy equations

d x◦j (t) = σdBj(t) + b dt,

where σ is a real d × d matrix, b ∈ Rd and Bj(t) = (B1
j (t), . . . , Bdj (t)) ∈ Rd

are independent standard d-dimensional Brownian motions. Any x◦j (t) is a

Lévy process LP(η◦) with the Lévy exponent η◦(λ) = i 〈b, λ〉 − 1
2

〈
σσTλ, λ

〉
.

Obviously, Assumption DN holds for S
(
2,− 1

2

〈
σσTλ, λ

〉)
. Therefore ζ(λ) =〈

σσTλ, λ
〉
. Moreover, in this example we have even more favorable fact than

an attraction to a stable law. Namely, any difference d
(N)
jk (t) = xj(t) − xk(t)

is already a stable Lévy process LP(−η) with α = 2 and η(λ) =
〈
σσTλ, λ

〉
.

This means that for the Markov model we can directly apply Theorem 4. For

the general model we have from Theorem 5 that the proper scaling for d
(N)
jk (t)

is N−1/2. Denoting the law of d
(N)
jk (t)/N1/2 by QN,t we conclude that the

weak limit Q∞,∞ = w-lim
N

w-lim
t→+∞

QN,t exists and the characteristic function

corresponding to the law Q∞,∞ is

1

1 + 1
2m 〈σσTλ, λ〉

, λ ∈ Rd . (15)

One-dimensional random walks. Let d = 1 and the free dynamics of each
component x◦j (t) be a continuous time symmetric random walk with the Markov
generator

(Lf) (y) = β

∫
R

(f(y + q)− f(y)) µ(dq), f ∈ Cb(R,R). (16)

Here β > 0 is the intensity of jumps and µ(dq) = 1
2a |q|

−1−a
1{|q|≥1}dq is

the distribution of an individual jump x 7→ x + q. Please, note once more
that if the sequence {Tn} is considered under general assumptions then the
synchronization system x(t) is not Markov while the free dynamics x◦(t) is a
Markov process.

The jump distribution µ(dq) has the “Pareto tails” and, as it is shown in
Manita[17], the conditions of Theorem 5 can be easily checked. We present
a summary of that analysis. Let ξ be a random variable with distribution
µ(dq). If a > 2 then ξ has a finite variation D0 = Var (ξ) = a/(a − 2). It fol-

lows from (16) that x◦j (t) is a compound Poisson process, i.e., x◦j (t) ∼
Nβ(t)∑
r=1

ξr

where (Nβ(t), t ≥ 0) is the Poisson process with intensity β and ξ1, . . . , ξr, . . .
are independent copies of ξ. It can be shown that x◦j (1) ∈ DONA (N (0, D))

where D = βa/(a−2) > 0. Hence Assumption DN holds with ζ◦(λ) = − 1
2Dλ

2,
α = 2, and we can apply Theorem 5. It is readily seen that ζ(λ) = Dλ2.

The distribution QN,t of rescaled differences d
(N)
jk (t)/

√
N converges in two sub-

sequent limits w-lim
N

w-lim
t→+∞

QN,t. The limiting law Q∞,∞ has characteristic

function (1 + 1
2mDλ

2)−1 which corresponds to the Laplace distribution with
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density

pL(y) =
1

2c0
e−|y|/c0 , −∞ < y < +∞, c0 =

√
mD

2
.

If 0 < a < 2 (the heavy tail case) then x◦j (1) also belongs to the domain of
normal attraction of some symmetric a-stable law and Assumption DN holds.

Again Theorem 5 implies that rescaled differences d
(N)
jk (t)/N1/a converge in

law as t → ∞ to some distribution QN,∞. The sequence QN,∞ converges as
N → ∞ to a law with characteristic function having the form (14) for some
c = c(a, β,m) > 0. Hence we obtain the symmetric Linnik distribution as a
limiting law of rescaled differences between components.

Multi-dimensional random walks with heavy-tailed jumps. To generalize the
previous one-dimensional example we consider a special subclass of random
walks x◦j (t) in Rd, d ≥ 2, with generator

(Lf) (y) = β

∫
Rd

(f(y + q)− f(y)) µ(dq), f ∈ Cb(Rd,R).

We restrict ourself to consideration of power law jumps and use some results
from Meerschaert and Sikorskii[22, § 6.4]. Let ξ ∈ Rd denote a random vector
with distribution µ(dq), q ∈ Rd: P (ξ ∈ G) = µ(G) for any Borel set G ∈
B
(
Rd
)
. It can be represented as ξ = WΘ where W is a scalar random variable

and Θ ∈ Sd−1 is a random vector taking values on the unit sphere in Rd.
Assume that W and Θ are independent, and

P (W > R) = CR−α, R ≥ R0 > 0, P (W ≥ 0) = 1,

P (Θ ∈ B) = M(B), B ∈ B(Sd−1),

where C > 0 is some constant, C ≤ Rα0 , and M(·) is a probability measure
on Sd−1. It was explained in Manita[17] that in the heavy tail case α ∈ (0, 2)
Assumption DN holds for some stable law S (α, ζ◦(λ)) with the stability in-
dex α. Moreover,

ζ(λ) = −2 Re ζ◦(λ) = 2C Kα

∫
Sd−1

|〈λ, θ〉|α M(dθ)

for some Kα > 0. Applying Theorem 5 we see that the intrinsic space scale is
of order N1/α. The distribution Q∞,∞ has the characteristic function

1

1 + 1
2m
∫
Sd−1 |〈λ, θ〉|α να(dθ)

where να(dθ) = 2C KαM(dθ).
If α ≥ 2 then the corresponding analysis is based on the multi-dimensional

Central Limit Theorem. The normalizing sequence is bN = N1/2 and Assump-
tion DN holds for d-dimensional Gaussian law. The final result is similar
to (15). We omit details.
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6 Conclusions and future studies

In this paper we proposed a large class of multicomponent stochastic synchro-
nization systems which dynamics is based on Lévy processes. We showed that
many important examples of one-component dynamics can be considered in
this framework. We hope that our approach will be useful in constructing new
probabilistic models of synchronizations for various modern applications. It
can also help to develop non-Markov modifications of already existing models
such as Manita[16] and Manita[21].

We presented rigorous results on asymptotic properties of synchronization
systems with large number of components. These results provide an important
information about typical magnitudes of desynchronization errors in synchro-
nized systems.

The present study can be continued and extended in several directions.
Our method can be adapted to synchronization models driven by Lévy jump-
diffusions which are very polular in different application areas. Our Theorem 5
can be generalized to cover dynamics attracting to multivariate operator sta-
ble laws, see Manita[17]. Another important axis of the future research is a
behavior of non-symmetric synchronization models.

This work was supported by the Russian Foundation for Basic Research
(grant 12-01-00897).
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The Propagating Front of the Particle
Population in Branching Random Walks

Stanislav Molchanov1 and Elena Yarovaya2
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2 Department of Probability Theory, Faculty of Mechanics and Mathematics,
Lomonosov Moscow State University, Moscow, Russia
(E-mail: yarovaya@mech.math.msu.su)

Abstract. Spectral properties of linear operators play an important role in the the-
ory of branching random walks. The dynamics of such processes is usually described
in terms of birth, death, and walks of particles on the lattice. We consider models
of branching random walks under different assumptions about the tails of underlying
random walks. Resolvent analysis of bounded symmetric operators with multi-point
potential generating continuous-time branching random walks on d-dimensional lat-
tices with a finite set of branching sources has allowed to study large deviations for
branching random walks in a number of works of the authors. Using these results
the limit structure of the particle population inside of the propagating front is inves-
tigated. A special attention is paid to the case when the spectrum of an evolution
operator of mean numbers of particles contains only one positive isolated eigenvalue.
Keywords: Branching Random Walks, Evolution Operator, Green Functions, Large
Deviations, Front.

1 Introduction

In the paper we summarize some recent studies of the branching random walk
with a compactly supported birth rate potential. Under various assumptions
about the tails of underlying random walks we investigate the propagating front
of the particle population trying to present the complete “picture” of arising
phenomena. To simplify the exposition, we formulate only the principal results
and ideas skipping technical details and possible generalizations.

Let us formulate the problem. On the lattice Zd we consider the branching
random walk, similar to the Kolmogorov-Petrovsky-Piskunov (KPP) model,
see Kolmogorov et al.[10]. The central object here is the point field n(t, x, y),
t ≥ 0, y ∈ Zd, where n(t, x, y) is the number of particles at the point y ∈ Zd
and time t ≥ 0, provided that at the start a single particle is located at the
point x ∈ Zd, that is, n(0, x, y) = δ(x− y).
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The initial particle performs the symmetric random walk x(t) with the
generator L defined by

(Lf)(x) =
∑
z 6=0

(f(x+ z)− f(x)) a(z),

that acts on the space lp(Zd), 1 ≤ p ≤ ∞, and has the following properties:
a(z) = a(−z) (symmetry: i.e., L = L∗ in l2(Zd));

∑
z 6=0 a(z) = −a(0) = 1

(normalization: the total intensity of jumps is 1); for every z ∈ Zd there exists

a set of vectors z1, z2, . . . , zk ∈ Zd, such that z =
∑k
i=1 zi and a(zi) > 0 for

i = 1, 2, . . . , k (irreducibility), for details see Yarovaya[19].
For a random walk x(t) with the generator L, the time τ spent by a par-

ticle at a point x is exponentially distributed with parameter 1; at time τ + 0
the particle jumps to a point x + z with intensity a(z), which determines the
distribution of the jump of the process.

In addition, for any time interval (t, t + dt) each particle at x ∈ Zd in the
population independently of others can split in two particles, located at the
same point. Later on these two particles (the parental one and the offspring)
evolve independently of each other according to the same law as the initial
particle.

The rate of splitting is presented in the form V (x)dt = βV0(x)dt, where β
is the coupling constant, and V0(·) is a function subjected to the normalization

max
x∈Zd

V0(x) = 1.

The central assumption is the finiteness of the support suppV of the function
V : there are finitely many points x1, x2, . . . , xN ∈ Zd, where V0(x) > 0 and,
say, V0(x1) = V0(x2) = · · · = V0(xm) = 1, m ≤ N . They form suppV , whereas
V0(x) ≡ 0 if x 6∈ suppV .

One can consider more general schemes of the branching (more than one
offspring or non-local but fast decreasing potential V0(·), etc.) but we will
concentrate on the simplest case. The theory also can include the mortality
rate, as in Yarovaya[18,19], but again for transparency we exclude it. More
details can be found in Molchanov and Yarovaya[13–16].

Consider the generating function

u := uz = uz1,...,zl(t, x, y1, . . . , yl) = Exz
n(t,x,y1)
1 · · · zn(t,x,yl)l ,

where y1, . . . , yl are different points of the lattice Zd and z1, . . . , zl are complex
variables. For the evolution of u the standard calculation gives the KPP-type
equation

∂tu = Lu+ βV0(·)(u2 − u),

where

uz1,...,zl(0, x, y1, . . . , yl) =

{
zi, x = yi, i = 1, . . . , l,

1, x 6= y1, . . . , yl.

This case differs from the classical KPP-situation in two ways, namely, we
have the lattice Zd instead of the continuum Rd and a convolution bounded
symmetric operator L instead of the Laplacian ∆.
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Differentiating uz1,...,zl(t, x, y1, . . . , yl) in variables zj , j = 1, . . . , l, we get
the moment equations. The simplest one is the equation for the first moment.
If m1(t, x, y) = Exn(t, x, y) then{

∂tm1 = Hβm1,
m1(0, x, y) = δ(x− y),

(1)

where the Hamiltonian Hβ = L+βV0(·)I is a bounded self-adjoint operator on
l2(Zd). For more details about the properties of the operator Hβ see Molchanov
and Yarovaya[16], Yarovaya[18,20]. For the mixed second moment

m2(t, x, y1, y2) = Exn(t, x, y1)n(t, x, y2), y1 6= y2,

the relevant equation has the form{
∂tm2(t, x, y1, y2) = Hβm2 + 2βV0(x)m1(t, x, y1)m1(t, x, y2),
m2(0, x, y1, y2) = δ(x− y1) + δ(x− y2).

Equations for all higher order moments can be obtained in a similar way, see,
e.g., Yarovaya[18]. For any moment

mk(t, x, y1, . . . , yl) = Exn
j1(t, y1) . . . njl(t, yl)

of order k depending on several points y1, . . . , yl, where j1 + · · · + jl = k, the
related equation has the form{

∂tmk(t, x, y1, . . . , yl) = Hβmk + gk(m1, . . . ,mk−1), k ≥ 2,
mk(0, x, y1, . . . , yl) = δ(x− y1) + · · ·+ δ(x− yl),

where gk is a polynomial of order k depending on the moments mj , j ≤ k − 1.
Here all the moment equations include the Hamiltonian Hβ .

Let us consider the fundamental solutions of two closely related parabolic
problems: {

∂tp(t, x, y) = (Lp)(x),
p(0, x, y) = δ(x− y).

Here p(t, x, y) = Px(x(t) = y) = p(t, 0, y − x) = p(t, 0, x − y) is the transition
probability of the underlying random walk x(t).

The second Schrödinger parabolic problem contains information about the
first moment. {

∂tm1 = Hβm1,
m1(0, x, y) = δ(x− y),

Due to the Feynman-Kac formula one has

m1(t, x, y) = p(t, x, y)Ex
[
eβ

∫ t
0
V (xs) ds | x(t) = y

]
,

hence, m1(t, x, y) ≥ p(t, x, y). Of course, the fundamental solution m1(t, x, y)
is not translation invariant. For fixed t, x and very large |y| one expects that
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p(t, x, y) ∼ m1(t, x, y). An asymptotic analysis of p(t, x, y) and m1(t, x, y) will
be given below.

Let us note that using these results and Duhamel’s formula for semigroups

Pt = etL, Mt = etHβ ,

one can calculate moments. Let n(t, x, Γ ) =
∑
y∈Γ n(t, x, y), Γ ∈ Zd, then for

m1(t, x, Γ ) we get

m1(t, x, Γ ) = (PtIτ )(x) =
∑
y∈Γ

p(t, x, y).

For the equation

∂tu = (Lu)(x) + f(t, x), u(0, x) = 0,

we have by Duhamel’s formula

u(t, x) =

∫ t

0

ds(Pt−sf)(s, x).

Similarly for

∂tu = Hβu+ f(t, x), u(0, x) = 0,

we have

u(t, x) =

∫ t

0

(Mt−sf)(s, x)ds.

2 Spectral theory of the operator Hβ

The operator Hβ is a bounded self-adjoint operator on l2(Zd). Its spectrum
consists of two components: the absolutely continuous spectrum located in
[−minκ â(κ), 0] where â(κ) =

∑
x 6=0 a(x) cos(κ, x) for κ ∈ [−π, π]d, and the

finite discrete spectrum σd(Hβ) belonging to the positive part of the λ-axis.
Detailed analysis of the properties of the operator Hβ for different types of
branching random walks can be found in Yarovaya[20] and Molchanov and
Yarovaya[13].

The absolutely continuous spectrum can be described in terms of the gen-
eral scattering theory (see, e.g., Shaban and Vainberg[17]) which includes the
irradiation conditions on the infinity. For the applications to the population
dynamics, the most important part of the spectrum of the operator Hβ is its
discrete spectrum σd(Hβ), see Cranston et al.[4] and Yarovaya [21]. It contains
no more than N positive eigenvalues λj , j ≥ 0, since βV0(x) is the rank N per-
turbation of the operator L with a purely absolutely continuous spectrum, see
Yarovaya [20]. If β is very large then σd(Hβ) consists ofN nonnegative eigenval-
ues λ0 > · · · > λN−1 > 0. It is true for instance, if βminsuppV V0(x) > ‖∆‖2.
The situation of small β is more interesting.
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Theorem 1. If the underlying random walk x(t) is recurrent then σd(Hβ) 6= ∅
for any β > 0. In particular, there exists a simple leading eigenvalue λ0(β, V0) >
0 for which the corresponding eigenfunction ψ0(x, β) is strictly positive.

If the underlying random walk x(t) is transient then there exists a value
βcr > 0, such that for

• β ≤ βcr the positive discrete spectrum is empty: σd(Hβ) = ∅;
• β > βcr there exists at least one leading eigenvalue λ0(β, V0) > 0 corre-
sponding to eigenfunction ψ0(x, β) > 0.

Remark 1. If the underlying random walk x(t) on Zd is transient and β = βcr
then there may exist an eigenvalue λ0(βcr, V0), which is equal to 0. As was
shown in Yarovaya[18], for branching random walks with a finite variance of
jumps such an eigenvalue λ0(βcr, V0) = 0 exists if and only if d ≥ 5.

Let us present an algorithm for calculating the eigenvalue λ0(β, V0) in the
transient case.

By definition, for a number λ > 0 to be an eigenvalue of the operator Hβ ,
it is necessary and sufficient that there exists a nonzero element ψ ∈ l2(Zd)
satisfying the equation

(Hβψ)(x) = (Lψ)(x) + βV0(x)ψ(x) = λψ(x).

Rewrite the last equation in the form

(L − λI)ψ(x) = −β
N∑
j=1

V0(xj)δ(x− xj)ψ(xj). (2)

Let us recall that the solution of the equation

(L − λI)ψ(x) = −δ(x− y),

is called the Green function

Gλ(x, y) =

∫ ∞
0

e−λtp(t, x, y) dt.

Then from (2) one can deduce that

ψ(x) = β

N∑
j=1

V0(xj)Gλ(x, xj)ψ(xj),

and by taking the vector x from suppV , i.e. x = x1, . . . , xN , we get the linear
system

ψ(xi) = β

N∑
j=1

V0(xj)Gλ(xi, xj)ψ(xj) = (A(λ, β)ψ)(xi).

Consider now a square N ×N matrix

A(λ, β) = [aij ] = [βV0(xj)Gλ(xi, xj)],
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which has strictly positive elements. Then the Perron-Frobenius theorem en-
sures the existence of a strictly positive simple eigenvalue µ0(λ, β) with the
corresponding positive eigenvector ψ0(xj), j = 1, . . . , N . These objects are
analytically depend on β and λ, see Kato[9]. Since Gλ(·, ·) ≤ 1

β then the eigen-

value µ0(λ, β) decreases in the first variable and increases in the second one.
It is also clear that µ0(λ, β)→ 0, as λ→∞, for any fixed β > 0.

Let us note that for a fixed β the leading eigenvalue λ0(β, V0) of the operator
Hβ is a root of the equation

µ0(λ, β) = 1

or of the equation
det(A(λ, β)− I) = 0,

which can be written in the form

det


βV (x1)Gλ(x1, x1)− 1 · · · βV (x1)Gλ(x1, xN )
βV (x2)Gλ(x2, x1) · · · βV (x2)Gλ(x2, xN )

. . . . . . . . .
βV (xN )Gλ(xN , x1) · · · βV (xN )Gλ(xN , xN )− 1

 = 0

or

det


Gλ(x1, x1)− 1

βV0(x1)
· · · Gλ(x1, xN )

Gλ(x2, x1) · · · Gλ(x2, xN )
. . . . . . . . .

Gλ(xN , x1) · · · Gλ(xN , xN )− 1
βV0(xN )

 = 0,

where Gλ(xi, xi) = Gλ(0, 0), i = 1, 2, . . . , N .
The last equation is useful in the situation when | xj − xi |� 1, i.e., the

generating centers have small interaction. In this situation one can use the
Gershgorin theorem, see, e.g., Gantmacher[5], which implies that all the eigen-
values λj > 0 belong to the unity of the intervals

Gλ(0, 0) ∈
[

1

βV0(x1)
+ δ̃(λ),

1

βV0(x1)
− δ̃(λ)

]
,

· · ·

Gλ(0, 0) ∈
[

1

βV0(xN )
+ δ̃(λ),

1

βV0(xN )
− δ̃(λ)

]
,

where δ̃ = mini
∑
j:j 6=iGλ(xi, xj). We have no possibility to discuss here in

more detail these pure analytical problems .
Let µ0(0, β) be the leading eigenvalue of A(0, β) = [βV0(xj)G0(xi, xj)],

i, j = 1, 2, . . . , N . If G0(·, ·) = ∞, i.e., the random walk is recurrent then
Gλ ↑ ∞, as λ ↓ 0, and µ0(0, β) = +∞ implies that for any β > 0 there exists
a positive ground state energy (see Shaban and Vainberg[17]) λ0(β) > 0 with
positive eigenfunction ψλ0

(x) = A(λ0, β)ψ.
Assume that the random walk is transient, i.e., Gλ(x, y)→ G0(x, y) <∞, as

λ ↓ 0. We have for G0(x, y) = G0(0, x− y) the following Fourier representation

Ĝλ(0, κ) =
∑
x∈Zd

ei(x,κ)Gλ(0, x) =
1

λ+ (1− â(κ))
, κ ∈ [−π, π]d = T d.
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and Ĝλ(0, κ)→ Ĝ0(0, κ) = 1
1−â(κ) , as λ ↓ 0, i.e.,

G0(0, y − x) <∞⇐⇒
∫
Td

dκ

1− â(κ)
<∞.

In particular if
∑
x∈Zd |x|2a(x) < ∞ then â(κ) = 1 − o(|κ|2) and the random

walk is transient in dimensions d ≥ 3 and recurrent for d = 1 and d = 2.
The condition 1 − â(κ)) = o(|κ|α), α < d, is sufficient for the transitivity in
dimensions d = 1 and d = 2. These conditions are not only sufficient but close
to the necessary ones. Let us point out that for d ≥ 3 any random walk on Zd
is transient with a finite or infinite second moment.

For the matrix A(0, β) = [βV0(xj)Gλ(xi, xj)] we have ‖A‖∞ = o(β) as
β → 0. It means that µ0(0, β) < 1 for small β, i.e., λ0(β) does not exist. The
critical value βcr is given by the relation µ0(0, βcr) = 1: for β > βcr the leading
positive eigenvalue λ0(β) > 0 of the Hamiltonian Hβ exists, for β ≤ βcr it does
not exist.

Let us consider other eigenvalues λj(β), β > 0, of the Hamiltonian Hβ . Like
before, they can be defined in terms of the eigenvalues µj(λ, β), j ≥ 1, of the
matrix A(λ, β). The last asymptotic matrix in fact has only real eigenvalues
since

aij =
1

V0(xi)
βV0(xi)Gλ(xi, xj)V0(xj),

i.e., aij is symmetric in RN with respect to the following dot-product in RN :

(x, y)V =

N∑
j=1

xjyjV (xj).

The equation for λj has a form µj(λ, β) = 1.
It is not difficult to prove that in the case β > βcr the number N = N(β)

of the positive eigenvalues of the operator Hβ grows when the parameter β
increases.

Let us denote by β1 the critical value of the parameter β such that for
βcr < β < β1 the operator Hβ has only one eigenvalue (the ground state
energy). Here βcr = 0 if x(t) is recurrent and βcr > 0 for the transient x(t).

Consider the case when βcr < β < β1, and solve the first moment equa-
tion (1) for m1(t, x, Γ ) = Exn(t, x, Γ ) with the initial conditions m1(0, x, Γ ) =
IΓ (x). Then we have

m1(t, x, Γ ) = (IΓ , ψ0)ψ0(x)eλ0(β)t + m̃1(t, x, Γ ).

Here m̃1 is the projection of m1 on the invariant spectral subspace correspond-
ing to the absolutely continuous part of the spectrum of Hβ . Due to scatter-
ing theory for the operator Hβ (see Shaban and Vainberg[17]) we have that
‖m̃1(t, x, Γ )‖∞ = O(1) uniformly in Γ , i.e. main contribution to m1(t, x, Γ )
for large sets Γ and not very large x give the first term:

m1(t, x, Γ ) = (IΓ , ψ0)ψ0(x)eλ0(β)t.
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The asymptotics of m1(t, 0, y) depends mainly on the structure of ψ0(y) when
|y| → ∞. It is not difficult to prove that

ψ0(y) � Gλ(0, y), |y| → ∞.

where we are writing f(x) � g(x) if 0 < c1 ≤ f
g ≤ c2 < ∞ for some positive

constants c1, c2. Moreover, in many cases there exists a constant C > 0 such
that

ψ0(y) ∼ C ·Gλ(0, y), |y| → ∞.

3 Classification of the tails and asymptotic behavior of
the Green functions

We consider four classes of the densities a(x), x ∈ Rd.

3.1 Very light tails

In this class the characteristic function

â(κ) =

∫
Rd
ei(κ,x)a(x)dx

is the entire function of d complex variables κ1, . . . , κd. It is better to work
with the moment generating function

Â(κ) =

∫
Rd
e(κ,x)a(x)dx.

Put H(κ) = Â(κ) − 1. This function is convex and one can define its
Legendre transform

H∗(y) = max
κ∈Rd
{(y, κ)−H(κ)}.

In terms of H(κ) and H∗(κ) by using the classical Cramer’s approach one can
prove the central limit theorem for x(t), which covers the area of arbitrary large
deviations. Applying the Laplace transform to the transition probabilities of
x(t) one can prove that for any fixed λ > 0

lnGλ(0, y) ∼ −|y|ν
(
λ,

y

|y|

)
, |y| → ∞.

Here the factor ν
(
λ, y|y|

)
is strictly positive and can be explicitly expressed in

terms of H(κ) and H∗(κ), see Molchanov and Yarovaya[16]. For small λ

ν

(
λ,

y

|y|

)
= O(

√
λ).

Let us recall that for a Brownian motion b(t) with the generator ∆

Gλ(0, y) ∼ e−
√
λ|y|

|y| d−1
2

,
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i.e.,
lnGλ(0, y) ∼ −

√
λ|y|.

Situation of very light tails is similar to the case of the Brownian motion treated
in Carmona and Molchanov[3].

3.2 Subexponential tails

This is the most difficult case. The monograph by Borovkov and Borovkov[2]
contains analysis of only ten cases. For the isotropic distribution with the
density

a(x) ∼ e−|x|
dL(|x|), |x| → ∞, 0 < α < 1,

where L is a smooth slowly varying function one can prove that for fixed λ > 0
and |y| → ∞

lnGλ(0, y) ∼ e−|y|
αL(x).

The asymptotics is independent of λ, but, of course, it is not uniform in λ for
λ→ 0.

3.3 Moderate power tails

Here the density a(x) has regular behavior at intensity:

a(x) ∼
h
(
x
|x|

)
|x|d+γ

, |x| → ∞, γ > 2,

where h
(
x
|x|

)
∈ C(Sd−1), h > 0 (the last condition is very important). Since∫

Rd |x|
2a(x)dx < ∞ the random walk x(t) after normalization is asymptoti-

cally Gaussian and converges in law to the Brownian motion. But this is true
only in region |x| = o(

√
t). The large deviations are essentially non Gaussian.

The detailed analysis of p(t, x, y) see in Borovkov and Borovkov[2]. From this
analysis it is not difficult to derive that

Gλ(0, y) ∼ c(λ)a(y) ∼ c(λ)
h
(
y
|y|

)
|y|d+γ

.

3.4 Heavy tails

Here

a(x) ∼
h
(
x
|x|

)
|x|d+γ

, |x| → ∞,

but γ < 2 (for details of the model see Yarovaya[22]). The process x(t) non
belongs to the domain of attraction of the stable law in Rd with the parameter

γ and the function h̃
(
κ
|κ|

)
on Sd−1 which play the same role as parameter β in

the case of d = 1. The function h̃(·) can be expressed in terms of h(·). The limit
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theorems for p(t, x, y) in this case see again in Borovkov and Borovkov[2]. The
asymptotic of the Green function for |y| → ∞ is the same as in the case 3.3:

Gλ(0, y) ∼ c(λ)
h
(
y
|y|

)
|y|d+γ

.

Now we define the front F (t) of the population in the spirit of the classical
KPP model. Let us assume that x = 0, that is the population starts from
the single particle at the origin. Then for the density m1(t, 0, y) we have the
asymptotics

m1(t, 0, y) ∼ ψ0(0)ψ0(y)e−λ0(β)t

or, taking into account that ψ0(y) � Gλ(0, y),

m1(t, 0, y) � Gλ(0, y)e−λ0(β)t.

We already have mentioned the relation ψ0(y) � Gλ(0, y). It takes place in
all the cases 3.1-3.4, and for the cases 3.2-3.4 we even have asymptotics up to
the constant factor.

Like in the case of the KPP model we define the front of particle propagation
F (t) by the relation m1(t, 0, y) � const, i.e., with the log accuracy

λ0(β)t− lnGλ(0, y) = O(1).

It gives the following answers for

• very light tails: the front propagates linearly in t and its shape depends
on level lines of the functions H and H∗;

• subexponential tails: the front is spherical due to isotropy and it is given
by relation

|y| ∼
(

t

L1(t)

)1/α

,

and polynomial propagation takes place since 1
α > 2;

• moderate power tails and heavy tails: now front propagates exponen-
tially fast in time:

h
(
y
|y|

)
|y|d+γ

∼ eλ0(β)t,

i.e.,

|y| ∼ λ0(β)t

d+ γ
.

Let us stress that in all three cases 3.2-3.4 we used assumption on the regular
structure of the tails. Without regularity the concept of the front has no sense.

Our next goal is the analysis of the population inside the propagating front.
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4 Non-intermittency of the population inside the
propagating front

The concept of intermittency for the study of the Solar magnetic field on the
temperature field of the Earth ocean was proposed by Ya. Zeldovich and intro-
duced in mathematics in the semi-physical review Zeldovich et al.[23]. It was
developed later in the numerous pure mathematical works (see, Molchanov and
Cranston[3], Molchanov[12], Gartner and Molchanov[6,7], Albeverio et al.[1],
Gartner et al.[8]).

At the physical level, say, the magnetic field is intermittent if almost all its
energy is concentrated on the set of very low density, or, as in a population
dynamic case, almost all particles are concentrated inside compactly supported
clusters (patches, spots) and between the clusters we have small amount of
particles.

Mathematically, definition of intermittency must include the passing to the
limit: not simply very small ε, but ε → 0. The formal definition: consider a
family of non-negative homogeneous and continuous in space and time ergodic
random fields X(t, x), t ≥ 0, x ∈ Rd. We say that this family is intermittent
asymptotically for t→∞ if

EX2(t, x) = m2(t)� (EX(t, x))2 = m2
1(t),

i.e.,
m2(t)

m2
1(t)
→∞.

If m2(t) = o(m2
1(t)), but one can find integer k ≥ 3 such that

EXk(t, x) = mk(t)� (EX(t, x))k = mk
1(t).

we say that the family X(t, x) is weakly intermittent. In the case of the lattice
population dynamics X(t, y) = n(t, ·, y).

We will use the same definitions also in the case of non-homogeneous fields.
In our model we will apply the concept of the intermittency deep enough inside
the front of the propagation. The discussion of the phenomenon of intermit-
tency including the explanation why the progressive growth of the moments
implies the high irregularity of the field n(t, x, y): clusterization, patches etc.,
can be found in the above mentioned publications Molchanov and Cranston [3],
Gartner and Molchanov[6,7] and Zeldovich et al.[23].

Recently in Koralov and Molchanov[11] the intermittency of the point field
n(t, x, Γ ) was proven for the classical KPP model in Rd, which is based on the
non-linear equation

∂tuz = ∆uz + β(u2z − uz),
where

uz(0, x, Γ ) =

{
z, x ∈ Γ,
1, x 6= Γ,

and x ∈ Rd is the location of the initial particle. Of course, we can not apply
the definition of the intermittency directly to the generalized field n(t, x, Γ ),
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but one can use the natural averaging: ñ(t, x,B1(x)) is the number of particles
at the moment t in the unite ball B1(x) centered at x ∈ Rd. In the KPP model
the front propagates linearly in t which is seen, for x = 0, from the relation

e−y
2/4t

(4πt)d/2
eβt ≈ 1.

It gives for F (t) the equation

|y| = 2
√
βt = k0t, k0 = 2

√
β.

Speed of the front is equal to 2
√
β. According to Koralov and Molchanov[11]

there exists the constant k1 ∈ (0, k0), such that for

k1t < |y| < k0t

the field ñ(t, x) = n(t, x,B1(x)) is intermittent. If |y| ≥ k0t the field is also
intermittent, but in the weak sense.

The fundamental difference between the KPP model, where V (x) ≡ β > 0,
and our model with compactly supported potential V (x) = βV0(x) is related
to the absence of intermittency in our model.

Theorem 2. For any ε > 0 inside the ε-neighbourhood of the front, i.e., for

|y| ≤ (1− ε)F
(
t,
y

|y|

)
,

we have for t→∞

Eñ2(t, y, B1(y)) = O(Eñ(t, y, B1(y))2.

The proof is based on direct calculations. To solve the problem{
∂tm2 = Hβm2 + 2βm1,
m2(0, ·) = IB1(y).

one can project it on two invariant subspaces: L
(0)
2 = {f : span{ψ0}} and

L
(0)⊥
2 = {f : (ψ0, f) = 0)}. In L

(0)
2 we get the differential equation which can

be solved explicitly, the part of the solution in L
(0)⊥
2 is growing much slower.

We are not presenting the pure analytical proof due to paper volume restriction.
The same approach is working for the higher moments of the order more than
or equal to 3 and leads to the following limit theorem.

Theorem 3. Assume that t → ∞, |y| = |y(t)| ∈ (1 − ε)F (t, y/|y|). Then for

the random variables n∗ = n(t,0,y)
E0n(t,0,y)

there exists the limiting distribution. The

moments of the distribution can be calculated successively, starting from the
second moment.

At the end of this section let us discuss another property of the random
walk with the finite number of the generating sites. Consider the event: A∞ =
{n(t, x,Zd) ≤ C} for any t < ∞. It means, that the population is uniformly
bounded for any t > 0. Since the model does not contain the mortality then
n(t, x,Zd) ≥ n(0, x,Zd) = 1.
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Theorem 4. If the underlying random walk x(t) is recurrent then P(A∞) = 0,
i.e., the population exponentially increases P-almost sure for t→∞.

The proof of this result is simple: the initial particle returns to the support
of the function V (x) infinitely many times, i.e., it produces infinitely many
offspings since at any visit to the support of the function V (x) it produces the
offsprings with uniformly positive probability.

In other words it means that the condition λ0(β) > 0 for any β > 0 implies
P(A∞) = 0, and the population is exponentially growing P-almost sure.

For the transient process x(t) the situation is different. It is obvious that x
does not belong to the support of the function V (x) with positive probability
because the random walk of the initial particle started from x ∈ Zd never visits
the support of the function V (x), that is n(t, x,Zd) ≡ 1 for t > 0.

Let us introduce the event

A1 = {n(t, x,Zd) ≡ 1}, t ≥ 0,

and the function

π1(x) = ExIA1
= Px(A1).

Similarly, for every k ∈ N and t→∞ we define

Ak = {n(t, x,Zd)→ k} = {∃τk : n(t, x,Zd) ≡ k, t ≥ τk},

and

πk(x) = ExIAk = Px(Ak),

and also

A∞ = {n(t, x,Zd)→ C <∞}, C > 0,

and

π∞(x) = ExIA∞ = Px(A∞).

All these events are the elements of the final σ-algebra of our branching random
walk, see Molchanov and Yarovaya[15]. Clearly,

π∞(x) =

∞∑
k=1

πk(x).

All the functions πk(x), k ≥ 1, can be calculated directly as solutions of ap-
propriate equations, see Molchanov and Yarovaya[15]. However, for our pur-
pose it is more convenient to use the generating functions like in the classical
Galton-Watson theory. Let us point out the difference between our case and
the Galton-Watson branching processes. In the latter case the population in
the supercritical regime can degenerate if the rate of mortality b0 is positive. In
the situation of a branching random walk with b0 = 0 the population remains
bounded due to the fact that initial particle or its offsprings leave forever the
support of the function V .
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Put u∗z(x) = limt→∞ uz(t, x,Zd) =
∑∞
k=1 πk(x)zk, |z| < 1. Note that

zn(t,x,Z
d) → 0 if n(t, x,Zd) → ∞. The limit exists since n(t, x,Zd) increases

when t→∞. Passing to the limit in the initial equation we get

Lu∗z + βV0(·)((u∗z)2 − u∗z) = 0

with the constant boundary conditions at infinity. It is clear that π1(x) → 1
as |x| → ∞, πk(x)→ 0 as |x| → ∞ and k ≥ 2, i.e., u∗z(x)→ z as |x| → ∞.

To find u∗z(x) let us introduce vz(x) = z − u∗z(x) where vz(x) → 0 as
|x| → ∞. Then

Lvz + βV0(·)((z − vz)2 − (z − vz)) = 0,

that is
(Lvz)(x) = −βV0(x)Φz(x),

where Φz = ((z − vz)2 − (z − vz)). For every x = yi belonging to the support
of the function V this last equation can be treated as the quadratic system

vz(yi) = β
∑

yj∈suppV
G0(yi, yj)V0(yj)Φz(yj).

In some cases, e.g., for systems with a single generating centre, several centres
with high level of symmetry and condition V (x) ≡ C on suppV where C is a
constant, and so on, this system can be solved explicitly, see Molchanov and
Yarovaya[15] for additional information.
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Abstract. Healthcare providers are under increased pressure to ensure that the qual-
ity of care delivered to patients are off the highest standard. Modelling quality of
care is difficult due to the many ways of defining it. This paper introduces a poten-
tial model which could be used to take quality of care into account when modelling
length of stay. The Coxian phase-type distribution is used to model length of stay
and quality of care incorporated into this using a Hidden Markov model. This model
is then applied to a simulation dataset as well as patient data from the Lombardy
region of Italy
Keywords: Coxian phase-type distribution, Hidden Markov model, Quality of Care.

1 Introduction

Healthcare systems across Europe and further afield have come under increased
scrutiny in recent years. Many European countries are encountering a growing
older population and this comes with many problems for not only governments
but also healthcare providers. Elderly individuals tend to spend longer in care
than the rest of the population due to complex and time consuming medical
conditions and rehabilitation. This in turn puts a strain on the hospitals bud-
get, with healthcare managers coming under increased pressure to make sure
that the hospitals deliver the best quality of care available but at the same
time effectively and efficiently managing an already stretched budget [1].

Quality of care can be defined in many ways making it difficult to measure
and use within a scientific study. The purpose of this paper is to develop a
model which incorporates the concept of quality of care within it. An outline of
how the Hidden Markov model (HMM) could potentially incorporate quality of
care into a model is given. The Hidden Markov model has an underlying hidden
stochastic process which potentially could represent quality of care. Initially
developed as extensions for measurement errors of the standard Markov chain
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model, the HMM but have been used in many areas of research including signal
processing, in particular speech processing, medical applications and economics
[4], [2], [6].

Modelling patient flow in healthcare systems is considered vital in understand-
ing the system’s activity. The Coxian phase-type distribution has successfully
managed to achieve this where the distribution describes the time to absorption
of a finite Markov chain in continuous time where there is a single absorbing
state and the stochastic process starts in the first transient state [8]. Using the
Coxian phase-type distribution has proved to be not only useful in healthcare
modelling [22] but also in modelling the length of stay in Italian and Greek
Universities [3] and the length of time taken for a component to fail [11].

The aim of this paper is to combine the Hidden Markov Model and the Cox-
ian phase-type distribution with the intention of encapsulating quality of care.
The Coxian phase-type distribution with a hidden node will attempt to model
patient flow in healthcare with the quality of care delivered by the hospital
incorporated into it via the hidden layer. The quality of care delivered by hos-
pitals has previously been modelled using measures such as the nurse-staffing
levels and the number of deaths [19], number of readmissions [13], and patient
length of stay in hospital [18].

The Coxian pahse-type distribution with a hidden node will be applied to
healthcare data from the Lombardy region of Italy between 2008-2011. The
model will also be applied to a simulated dataset from a known Coxian phase-
type distribution as a means of demonstrating the hidden node representing
quality of care and how it can affect the length of stay of individuals. This
model will subsequently highlight when the quality of care delivered by the
hospital has changed and how quality of care affects a patients length of stay.

2 Hidden Markov Models

Hidden Markov models were developed by Baum in 1960 [2]. They are used
extensively in signal progressing particularity in speech recognition, but their
application has since been expanded upon and they have now been used in
healthcare [4], financial [5] and economic applications [6].

The Hidden Markov model (HMM) is used to describe a stochastic system
and is made up of a finite set of states. Each state generates an observation as
well as being associated with a probability distribution. The state of the un-
derlying Markov process cannot be observed directly but can be inferred from
observations. The HMM was first developed with discrete outcomes with the
Poisson distribution proving to be a popular probability distribution for this.
Some applications however have observations that have continuous signals or
outputs and so it would be advantageous to develop the model so that continu-
ous densities can be used. The model has since then been developed further to
allow for continuous outcomes with the mixed Gaussian/Gaussian distribution
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being used for those applications [23].

Figure [1] shows the HMM which is a doubly embedded stochastic process,

Fig. 1. The Hidden Markov Model

where the outcome (probability distribution) is observed with an underlying
hidden stochastic process.

The formal definition of a Hidden Markov Model is as follows [2],

λ = (A,B, π) (1)

A is a transition array, storing the probability of state j following state i.

A = [aij ], aij = P (qt = sj | qt−1 = si)

where 1 ≤ i, j ≤ N

B is the observation array, storing the probability of observation k being pro-
duced from the state j, independent of t :

B = [bi(k)], bi(k) = P (xt = vk|qt = si)

S is the state alphabet set, and V is the observation alphabet set:

S = (s1, s2, ..., sN )

Where N is the number of states in the model with the individual sates s

V = (v1, v2, ..., vM )

M is the number of distinct observation symbols per state. The observation
symbols correspond to the physical output of the system being modelled. The
individual symbols are denoted by v.

π is the initial probability array:

π = [πi], πi = P (q1 = si)
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The model makes two assumptions. The first is that the current state is
dependent only on the previous state, which is known as the Markov property.
The second is that the output observation at time t is dependent only on the
current state, it is independent of previous observations and states.

The Baum-Welch algorithm which incorporates the EM-algorithm is used to
estimate the parameters of the HMM. It is an iterative procedure which ad-
justs the HMM parameters to obtain the maximum probability of obtaining
the observation sequence. Details of this algorithm can be seen in Rabiner [2].

3 Coxian Phase-type Distribution

Past investigations of modelling length of stay led to the discovery that a two-
term mixed exponential model produces a good representation of patient sur-
vival [24]. Since then further research has endeavoured to improve the mixed
exponential models with the incorporation of more complex compartmental
systems and more sophisticated stochastic models such as the Coxian phase-
type distribution.

The Coxian phase-type distribution is a special type of stochastic model that
represents the time to absorption of a finite Markov chain in continuous time
where there is a single absorbing state and the stochastic process starts in a
transient state. They are a subset of the phase-type distributions introduced
by Neuts in 1975 [8], having the benefit of overcoming the problem of generality
within phase-type distributions.

A Coxian phase-type distribution (X(T ); t ≥ 0) may be defined as a (latent)
Markov chain in continuous time with states 1,2,...,n,n+1, X (0)=1,

and for i=1,2,...,n-1,

prob{X(t+ δt) = i+ 1|X(t) = i} = λiδt+ 0(δt) (2)

and for i=1,2,...,n

prob{X(t+ δt) = n+ 1|X(t) = i} = µiδt+ 0(δt). (3)

here states 1,2,...,n are latent (transient) states of the process and state n+1
is the absorbing state. λi represents the transition from state i to state (i+1)
and µi the transition from state i to the absorbing state (n+1). The Coxian
phase-type distribution is defined as having a transition matrix T of the fol-
lowing form.
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T =


−(λ1 + µ1) λ1 0 ... 0 0

0 −(λ2 + µ2) λ2 ... 0 ...
... ... ... ... ... ...
0 0 0 ... −(λn−1 + µn−1) λn−1
0 0 0 ... 0 −µn

 (4)

The survival probability that X(t)=1,2,...,n is given by

S(x) = αexp(Tx)e (5)

where α=(1, 0, 0, ..., 0, 0), e is a column vector of 1’s and T is the transition
matrix.

The probability density function of X is

f(x) = pexp(Tx)q (6)

where q = −Te = (µ1, µ2, ..., µn)T and p=α=(1, 0, 0, ..., 0, 0). An illustration

Fig. 2. Phase diagram of the Coxian Distribution

of the Coxian phase-type distribution can be seen in Figure (2). From this
figure it can be seen that the process starts in the first phase and sequentially
moves either through each transient state or into the absorbing state at any
stage, because of this the Coxian phase-type distribution can be thought of
as having some real world meaning. For example the distribution could be
thought of in a hospital scenario with each phase seen as some progression of
treatment. The first phase could be admittance followed by treatment and
rehabilitation, with the individual being able to leave the hospital during any
phase due to discharge, transfer or death.

Coxian phase-type distributions have been used in a variety of settings from
component failure data [14] to prisoner remand times [15]. Marshall et al. [3]
used the Coxian phase-type distribution to model career progression of stu-
dents at university. Most applications of the Coxian phase-type distribution
have been in modelling the length of time spent in hospital in particular Mc-
Clean et al. [22] showed that the distribution was appropriate for describing
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the length of time of geriatric patients in hospital.

The parameters of the Coxian phase-type distribution can be estimated in
a variety of ways using a range of computer programmes or packages. Payne et
al. [9] investigated the efficiency of fitting the Coxian phase-type distribution
to healthcare data using SAS, R, Matlab and EMpht. EMpht which is a pro-
gramme written in C uses the EM algorithm as its optimisation function and
it was shown to have consistently high rates of convergence. This approach to
fitting the Coxian phase-type distribution has been coded in Matlab.

4 Quality of Care

Quality of Care is a multifaceted concept, whose incorporation into scientific
study as a result is deemed difficult but one of great importance and interest
[16]. In 1855 (during the Crimean War), Florence Nightingale noticed that sol-
diers operated in large hospitals were more likely to die than those operated on
in smaller hospitals. She identified that poor sanitation and the rapid spread
of infection from patient to patient in large hospitals was the cause, so she
set about doing something to improve the sanitary conditions in English field
hospitals. More than a century later, there is still great interest in characteris-
ing hospitals that provide better or worse care with the aim of improving the
quality delivered [17].

Until recently, to ensure that patients are receiving high-quality medical care,
professional judgement was relied upon [21]. Hospitals routinely monitored
poor outcomes, such as deaths or infections to identify ways to improve the
quality of care. In general the monitoring of and improvement of quality was
left to the clinician.

Quality of care can be defined in many ways and is not amenable to a sin-
gle performance measure. In general it is defined as having the following six
key domains [20]:

1) Effectiveness: This refers to the extent to which an intervention pro-
duces its intended result, and the concept of appropriateness; concentrating on
whether interventions or services are provided to those who would benefit from
them and withheld from those who would not.

2) Access: Access monitors waiting times, with lower waiting times for patient
procedures being more beneficial.

3) Capacity: This takes into account the number of medical staff, bed num-
bers, along with how well equipped the hospitals and or surgeries are as well
as the budget allocated/available to each provider.

4)Safety: Safety is concerned with infection control while the patient is in
hospital and the elimination of unnecessary risk of harm to patients.
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5) Patient Centredness: This measures how patients rate the quality that
they are receiving whilst in hospital.

6) Equity: Equity is concerned with significant inequalities in life expectancy
and mortality from major diseases between the least and most deprived groups.

Quality of Care has previously been incorporated into studies using the number
of deaths [19], readmission [13] and length of stay of patients [18] as common
proxies for the measurement of it.

Each of these proxies do have limitations when using them as a measurement
for quality of care. Using death rate might not be the best measure of quality
of care as it is not necessarily the quality that the hospital offers that causes
the outcome but rather the disease or injury endured by the patient. Given
that it is a geriatric ward that this paper will look at, death is more likely
amongst this group of individuals than any other due to old age or the lowered
ability to recover from disease and infection. Readmissions also could have the
limitation that the data is not available for use (as is this case with the data
used here) or indeed the individual could be readmitted into the same hospital
but with a different complaint. Elderly patients tend to be admitted into hos-
pital due to one condition but in fact they may be suffering from several other
aliments. This also has an effect on length of stay. Elderly individuals tend to
spend longer in hospital due to the multitude and variety of illness that many
of them suffer from at any one time. Therefore to use length of stay data as
a proxy, very long length of stays as well as short length of stays (which are
mainly attributed to patients who die) could serve as flagging up potentially
poorer quality of care delivered to these patients [10]. Due to length of stay
being related to the outcome of patients, and that the data used does not have
readmission information, length of stay was used and quality of care inferred
from it.

Quality of care is difficult to measure due to its many factors, internal and
external. One potential way of measuring quality is by treating it as a hidden
layer. Length of stay has been seen as an indicator of quality of care and it has
been shown that the Coxian phase-type distribution gives a good representation
of length of stay. In this paper the Coxian phase-type distribution has been
combined with the HMM, thus giving the effect of a hidden node (representing
quality) being incorporated into the Coxian phase-type distribution.

4.1 Coxian phase-type distribution with a hidden node

The Hidden Markov model with continuous outcomes has only ever used the
Gaussian or the mixed Gaussian distribution as its probability density func-
tion. The model was expanded upon so that the outcomes which are best
represented using a Coxian phase-type distribution could be used, by letting
this distribution be the probability density function.
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The Coxian phase-type distribution with a hidden node was developed, with
the hidden node representing quality. This model has the Markov property
within the hidden layer and the probability density function. Given quality of
care is being represented as the hidden layer the Markov property could infer
that the quality of care delivered by the hospital for example does not depend
on the past but from the previous quality delivered. This assumes that if poor
quality of care was obtained during a measurement that the hospital would rec-
tify the problem immediately so that the next patient or time measured would
receive the newly modified care system. Figure [3] shows a representation of

Fig. 3. Phase diagram of the Coxian phase-type distribution with a hidden node

the Coxian phase-type distribution with the hidden node. The hidden Markov
model was given two hidden states, to represent good and poor quality of care,
and from these two states a Coxian phase-type distribution produced. The for-
mal definition of the HMM is given by equation (1), where λ is the parameter
estimates of the model.

For the HMM the general Q function for the complete-data log-likelihood is
given as

Q(λ, λ′) = ΣqεQlogP (O, q|λ)P (O, q|λ′) (7)

where λ′ is the initial/previous parameter estimates, O=(o1, ..., oT ) are the ob-
served data and q=(q1, ..., qT ) is the underlying hidden state sequence.

Given a particular state sequence q, representing P (O, q|λ′) that is,

P (O, q|λ′) = πq0Π
T
t=1aqt−1qtbqt(ot) (8)

where πq0 is the probability of initially being in state q, aqt−1qt is the proba-
bility of moving between the hidden states and bqt(ot) is the probability of a
particular observation vector at a particular time t for state qt. The Q function
then becomes:

Q(λ, λ′) = ΣqεQlogπq0P (O, q|λ′) +ΣqεQ{ΣT
t=1logaqt−1qt}p(O, q|λ′)+ (9)
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ΣqεQ{ΣT
t+1logbqt(ot)}P (O, q|λ′)

The parameters that require optimisation are in three independent terms
and can thus be optimised individually. The Coxian phase-type distribution
being the output of the Hidden Markov model, bqt(ot) in equation [9] can be
replaced by the probability density function of the Coxian phase-type distri-
bution, equation [6]. The model is implemented in Matlab with the EM and
Runge-kutta algorithms used to for fitting the Coxian phase-type distribution
and the Baum-Welch used to fit the HMM.

The Viterbi algorithm [2] finds the best state sequence for the observations
of the hidden states. It is also coded in Matlab so that the state which best
represents the quality of care at each time point can be produced. This will
also highlight when a change of state is most likely to occur.

5 Simulation Study

The actuar package in R was used to simulate length of stay data from a three
phase Coxian phase-type distribution.The simulated dataset consists of 100
data points ranging from 0.19 to 84.65 days with an average of 23 days. Table
[1] displays the three phase Coxian distribution parameters used to simulate
the data. The proposed Coxian HMM was applied to the dataset using Matlab.

Table 1. Coxian phase-type distribution for simulated data

Phase Transition Rates

3 µ1 = 0.0462, µ2 = 0.0011, µ3 = 0.0779,
λ1 = 0.0589, λ2 = 0.0779

The model probability of initially being in either state is

π = ( 0.2367 0.7633 ) (10)

The initial probability suggests that the hospital quality of care is initially in
state 2. The transition matrix for the Hidden Markov model was given as

A = (
0.5091 0.4909
0.5107 0.4893

) (11)

The hidden transition matrix and initial probabilities of the model suggest that
the hospital starts in state 2 with a probability of 0.7633. The hidden transi-
tion matrix shows that the probability of being in state 1 and moving to state
2 at the next time point is 0.4904 and the probability of being in state 2 and
moving to state 1 is 0.5107. This suggests that although the hospital care is
initially in state 2 there is a slightly higher probability that the hospital quality
of care will transition to state 1 and a slightly higher probability of staying in
state 1 than transitioning back to state 2.
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The parameters for the Coxian phase-type distributions given by each state
are provided below. Table [2] shows the parameters for state 1 and state 2.
The Coxian phase-type distribution for state 1 and state 2 both suggest that

Table 2. State 1 and 2 Coxian Phase-type distribution parameter estimates

State Parameter Estimates

1 µ1 = 0.0000, µ2 = 3.3570, µ3 = 0.0608
λ1 = 0.0608, λ2 = 2.0900

2 µ1 = 0.0000, µ2 = 2.7302, µ3 = 0.0609
λ1 = 0.0583, λ2 = 2.2430

no patients left the system in the first phase but all transitioned through to
the next stage of treatment. In state 1 the patients left the second phase of the
Coxian phase-type distribution at a faster rate than in state 2. They exited
into the absorbing state at a transition rate of 3.357 in comparison to state 2
which had a transition rate of 2.7302. The original Coxian phase-type distri-
bution showed that no one left at the second phase and the transition through
to the second phase for the original distribution was similar to that of the two
Coxian phase-type distributions with hidden nodes. The Coxian phase-type
distributions between the two states after phase 2 are very similar with state 2
showing larger transition rates. State 2 suggests that patients go through the
system slightly quicker in the final part of the Coxian phase-type distribution
than in state 1.

The interpretation of the states are difficult. In this context they are thought
of as quality of care. In general the interpretation of the states are taken by
the average of the outcomes of the HMM. The Viterbi algorithm gives the best
state that each observation belongs to, from this the average length of stay of
each state was found. The outcome of the Viterbi algorithm also gives how
the states change over time, with lower length of stays changing the state from
state 1 to state 2. Those observations which the Viterbi algorithm showed to
be in state 1 had an average length of stay of 42.62 days, whereas the average
length of stay for the observations in state 2 was 9.15 days. This would suggest
that given the individuals are in the system longer that state 1 shows a better
quality of care than state 2.

In general patients who leave the system at the start tend to leave due to
death in-comparison to those individuals who are transferred to another hos-
pital or home. This suggests given the average length of stay of each of the
states that state 1 suggests better quality than state 2. However state 1 shows
that individuals leave phase 2 at a faster rate than state 2.

The phases in the 3 phase Coxian distribution could be thought of as acute
care for the first phase, further treatment for the second and rehabilitation
for the final phase. Given both outcomes suggest that no one left the first
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phase through the absorbing state, patients left at a slightly faster rate in state
1 and along with the average length of stay being a lot greater than state 2
would suggest possibly that the hospital is potentially ill equipped to cope with
certain individuals aliments and are waiting for them to be transferred to a dif-
ferent hospital or care-home. This may fall under the quality of care domain
of Capacity if the hospital is not well equipped, and hence the quality of care
delivered to some individuals is of a poorer standard.

From previous research small and long length of stays both are possibly high-
lighting decreased quality of care [10]. However with this dataset the model
has partitioned the small and large length of stays as two different quality of
care states. If more detail is available, for example the outcome of the patients
along with the aliments/problems of the patients, this may also help with the
interpretation of the states.

6 Italian dataset

The proposed Coxian HMM is applied to a large Italian administrative dataset,
which contains all of the geriatric wards in the Lombardy Region. There were
no day hospital cases with all patients being ordinary admission. The data
consists of length of stay information for 2174 patients aged 65 years of age or
older that were admitted into a geriatric ward between 2008-2011. The hospital
considered for this illustration is a public hospital with an average length of
stay of 17.83 days.

A Coxian phase-type distribution was fitted to the data resulting in a four
Coxian as the best fit, determined so by comparing the AIC values. The pa-
rameter estimates of this Coxian phase-type distribution can be seen in table
(3) The Coxian phase-type distribution with a hidden node was then applied

Table 3. State 1

Phases Transition rates

4 µ1 = 0.0000, µ2 = 0.0000, µ3 = 0.0000, µ4 = 0.220772
λ1 = 0.220772, λ2 = 0.220772, λ3 = 0.220772

to this data. The results show that the initial probability of being in each state
is

π = ( 0.4984 0.5016 ) (12)

The transition matrix is

A = (
0.4986 0.5014
0.4986 0.5014

) (13)

The initial probabilities show that the hospital is initially in state 2 with a
probability of 0.5016. The A matrix shows that the hospitals hidden state has
a small probability of changing if it is in state 1. The probability of it transi-
tioning to state 2 is 0.5014 and the probability of remaining in state 2 if it is
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in state 2 already is also 0.5014. Given the probabilities for the hidden states
show that the observations are equally as likely to be in state 1 as in state
2 this potentially shows that the observations each month have not changed
significantly to warrant a change in hidden state and therefore quality of care.

The Coxian phase-type distribution for each of the hidden states is displayed
in table [4]. From table [4] the transition rates for the two states of the Coxian

Table 4. Coxian phase-type distributions for state 1 and state 2

States Parameter Estimates

1 µ1 = 0.000000, µ2 = 0.000000, µ3 = 0.000000, µ4 = 0.220756
λ1 = 0.220756, λ2 = 0.220756, λ3 = 0.220756

2 µ1 = 0.000000, µ2 = 0.000000, µ3 = 0.000000, µ4 = 0.220774
λ1 = 0.220774, λ2 = 0.220774, λ3 = 0.220774

phase-type distribution with a hidden node are very similar. They are also sim-
ilar to the original Coxian phase-type distribution parameters table [3]. This
could suggest that there is barely any difference between the two states sug-
gesting that the quality of care has not changed dramatically over time. Given
that the Hidden Markov model with the Coxian phase-type distribution has
given parameters very similar to the Coxian phase-type distribution perhaps
this model ”fine tunes” the Coxian phase-type distribution in allowing a hidden
layer of unobserved factors to be taken into account.

When the Viterbi algorithm is applied, it shows that the best state for each of
the data points were the same. This suggests that the quality of care delivered
has remained the same throughout the months. Looking at the average length
of stay for each month the range is small suggesting no real difference in length
of stay over the years.

The hidden transition matrix, the Coxian phase-type distributions for the two
hidden states and the Viterbi algorithm all suggest that the quality if care in
Hospital A has remained the same over the 4 year period.

A more in-depth approach could be suggested by looking at the length of stay
data over each week or to use data manipulation so it could be used for each
day if there is missing time points. This would then go into more detail if there
had been any changes of quality of care on a day to day basis. To get a better
picture of quality of care within this hospital, covariates could be incorporated
into the model. If the hospital is a public or private hospital, if its small or
large, the number of staff that they have working each day and the number of
beds that are available each day may give a better picture as to the quality
delivered by the hospital.
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7 Conclusions/Further Work

This paper introduces the Coxian phase-type distribution with a hidden node.
It expanded the Hidden Markov model to allow the Coxian phase-type distri-
bution as the probability density function to represent the observations. This
model was then applied to a simulated dataset and a real hospital dataset from
the Lombardy region of Italy. The model was used to measure quality of care
and how it affects the Coxian phase-type distribution as well as giving how the
quality of care changes over time and the probabilities of a change of quality
of care happening. The results show how interpreting the states of the hidden
Markov model is difficult, and that taking the average outcome of each state
requires further refinement.

Further work includes incorporating covariates into the transition matrix of
the Hidden Markov model with the Coxian phase-type distribution as the out-
put. This will show how quality of care changes or effects the length of stay
of patients when for example the number of beds, staff levels etc change. This
has the potential to be used therefore by hospital managers for planning and
efficiently running the healthcare system. Other future work includes incorpo-
rating covariates into the Coxian phase-type distribution to show how certain
they affect patient length of stay. This has previously been incorporated into a
Coxian (without the HMM). Cost is factor in the running of the hospital and
the quality of care delivered. Quality of care and cost potentially go hand in
hand thus further work will investigate the inclusion of cost into the model.
The Coxian phase-type distribution has been previously developed to estimate
costs therefore there is potential to incorporate this theory into the Hidden
model. Having Cost in this model will also benefit the healthcare managers so
they can plan and evaluate the possible benefits or problems associated with
reducing the amount of money, staff, beds etc when trying to run a hospital
which delivers high quality of care to all patients within a tight and stringent
budget.
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The aim of the present paper is to review a continuous time semi Markov model for HIV 

control and to apply an algorithm for data simulation analysis which we run to provide 

the data for transitions and the sojourn times of the corresponding visited states. After the 

simulation process three different models are developed and validated for the discrete 

observation of the simulated continuous process and an estimation method is applied to 

get the respective distributions. Finally, the above results are illustrated numerically with 

synthesized data.   

Keywords: health care, semi Markov process, HIV 

 

1  Introduction 
 The definition of the non homogeneous semi Markov process is provided in 

Iosifescu-Manu [10] for the continuous time case, in Janssen and De Dominics 

[12] for the discrete case and in De Dominics and Manca [7]. Later on the 

definition of a non homogeneous semi Markov system in discrete time is 

provided in Vassiliou and Papadopoulou [27] and the asymptotic behavior of the 

same model is studied in Papadopoulou and Vassiliou [24]. Important theoretical 

results and applications for semi Markov models can be found in work of Cinlar 

[4], [5], [6], Teugels [26], Keilson [13], [14], McLean and Neuts [21], Howard 

[9], McClean [17], [18], [19], [20], Limnios et al [15] and in Janssen [11]. 

 In the present, we study the discrete observation of a continuous time semi 

Markov model for HIV control. In section 2, first we describe the semi Markov 

model for HIV control, review the continuous time case and then we provide the 

technique for the discrete observation of the reviewed model. In section 3, the 

technique described in Section 2 is illustrated with synthesized data derived by 

a simulation process. Last, conclusions from the previous results are provided. 

 

2  Discrete observation of a continuous time semi Markov 

model for HIV control 

 
The process of infection by HIV is characterized by two fundamental 

markers. The first is the viral load (VL) and the second CD4 lymphocyte. Hence, 

the history of the disease can be considered as a series of stages through which 

a patient progresses. The first stage is called primary infection. And the 

corresponding symptoms vary to duration that is twenty eight days in average 
________________________ 
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and at least one week. At this stage there are no specific symptoms and often 

they are not recognized as signs of HIV infection. Even if a patient goes to a 

doctor or a hospital, he might be misdiagnosed. The second stage is called 

clinically asymptomatic stage lasts for an average of ten years and, as its name 

suggests, that is free from major symptoms. The HIV antibodies are detectable 

in the blood, so antibody tests will show a positive result. On the third stage 

called symptomatic HIV the lymph nodes and tissues are damaged because of 

the years of activity, HIV mutates and becomes more pathogenic, leading to 

more T helper cell destruction and the body fails to keep up with replacing the 

lost T helper cells. Antiretroviral treatment is usually started once an individual's 

CD4 index falls to a low level which is an indication that the immune system is 

deteriorating. Finally, on the fourth stage called progression for AIDS as the 

immune system becomes more and more damaged the individual may develop 

increasingly severe opportunistic infections and cancers, leading eventually to 

an AIDS diagnosis. 

 Using these markers and the above mentioned four stages we can describe 

the progress of HIV by a semi Markov model considering four health states (Tan 

[25]) as follows: 

Primary infection → First stage: VL≤400 and CD4≤200 

 Asymptomatic stage → Second stage: VL≤400 and  CD4>200  

Symptomatic HIV → Third stage: VL>400 and CD4>200 

Progression for AIDS → Fourth stage: VL>400 and CD4≤200  

From the above, we can consider a non homogeneous semi Markov process with 

discrete and finite state space symbolized by S={1, 2, 3, 4}. The continuous time 

case for non homogeneous semi Markov systems is studied in Papadopoulou and 

Vassiliou [23]. The transition probability matrix of the embedded Markov chain 

is defined by P(s,t)={pij(s,t)}i,jЄS, where pij(s,t)=prob{a patient selects state j for 

its next transition during (s,t) / entered state i at time s}and the holding time mass 

function matrix for the semi Markov process  is defined by H(m)={hij(m)}i,jЄS 

where hij(m)=prob{a patient which entered state i at its last transition to hold for 

m time in state i before making its next transition given that state j has been 

selected}.  

Also, we define by : 

wi(s, t)≤ = prob { a patient which entered state i at time s holds 

 for time ≤ t in i before making its next transition } 

= ∑ ∫ pik(s, s + x)
t

0

hik(x)dx

4

k=1

 

Also, we can define: 

φ
ij

(s, t) = prob{a patient which entered state i at time s is  in state j  

                                      at time s + t} 

   = δij wi(s, t)> + ∑ ∫ pik(s, s + x)
t

0

hik(x)φ
kj

(s + x, t − x)dx

4

k=1

    (1) 

and if we define cij(s,x)=pij(s,s+x)hij(x) 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

        φ
ij

(s, t) = δij wi(s, t)> + ∑ ∫ cik(s, x)φ
kj

(s + x, t − x)
t

0

dx 

4

k=1

                   (2) 

where: 

 

𝛿𝜄𝑗 = {
1,         𝑖𝑓 𝑖 = 𝑗
0,   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 

The above equation can be written in matrices form as follows: 

  

𝚽(s, t) = 𝐖(s, t)> + ∫ 𝐂(s, x)
t

0

𝚽(s + x, t − x)dx                   (3) 

where C(s, x)=P(s, s+x)◊H(x) is the Hadamard product of the two matrices. The 

initial condition for equation (3) is Φ(s,0)=I. 

The matrix 𝚽(s, t) defines the interval transition probabilities for the patients of 

the non homogeneous semi Markov chain which is imbedded in our system. This 

semi Markov chain is fully described by the probability pij(s,t) and the 

probability density functions of the holding times hij(x) as it is shown by equation 

(1). So, we have a non homogeneous semi Markov system in which the 

individual transitions take place according to a non homogeneous semi Marko 

chain. Using probabilistic argument it can be proved that the closed analytic form 

of probabilities φ
ij

(s, t) is: 

𝚽(s, t) = 𝐖(s, t)> + ∫ 𝐂(s, x1)
t

0

{ 𝐖(s + x1, t − x1)> + 𝐂(s + x1, t − x1)}dx1 

+ ∑ ∫ ∫ ∫ …
t−x1−x2

0

∫ 𝐂(s, x1)𝐂(s + x1, x2) … 𝐂(
t−x1−⋯−xk−1

0

t−x1

0

t

0k≥2

s + ⋯ + 

 

xk−1, xk){ 𝐖(s + ⋯ + xk, t − x1 − ⋯ xk)> + 𝐂(s + ⋯ + xk, t − x1 − ⋯ − xk)} 

dxkdxk−1 … dx2dx1                                                (4) 

 

We assume that our system is a closed one i.e. the total patients' population is 

constant at any time. The previous hypothesis is not in conflict with real systems 

because the patients' population under treatment, in that kind of chronic diseases,  

is usually constant. Thus, the states sizes of the system at any time is described 

by the vector Ν(t)=[N1(t), N2(t), N3(t), N4(t)] where Ni(t) is the expected number 

of patients in the i-th state at time t. It can be proved that: 

𝑁𝑖(𝑡) = ∑ 𝑁𝑗(0)φij(0, 𝑡).

4

𝑗=1

                                            (5) 

Equation (5) in matrix form is as follows: 

N(t)=N(0)Φ(0,t)                                               (6) 

where N(0) is the initial population structure.    

 Relations (5) and (6) provide the expected population structure as a function of 

the basic sequences of the system. 
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  The corresponding discrete non homogeneous semi Markov model was 

defined in Vassiliou and Papadopoulou [27]. The transition probability matrix 

of the embedded Markov chain is defined by P(t)={pij(t)}i,jЄS, where 

pij(t)=prob{a patient which entered in state i at time t to move in the state j at its 

next transition} and the holding time mass function matrix for the semi Markov 

chain is defined by H(m)={hij(m)}i,jЄS where hij(m)=prob{a patient which 

entered state i at its last transition to hold for m time in state i before making its 

next transition given that state j has been selected}.  

Also, we define as: 

wi(t, m) = prob{a patient which entered state i at time t to stay m time 

     units in state i before its next transition}. 
It’s also proved that: 

     wi(t, m) = ∑ pij(t)hij(m)

4

j=1

  for  i = 1,2,3,4 and t, m = 0, 1, 2, … 

and wi(0,t)=0 for every i, t. 

Moreover, let us define: 

    φ
ij

(t, m) = prob { a patient which entered state i at time t to be 

                                        in state j after m steps}. 
It’s also proved that: 

     φ
ij

(t, m) = δij ∑ wi(s, t)

∞

s=m+1

+ ∑ ∑ pik(t)hik(s)φ
kj

(t + s, m − s)

m

s=1

4

k=1

        (7) 

for i, j=1, 2, 3, 4 and t, m =0, 1, 2, ... . 

Also, we define by >W(t,m) the 4×4 matrix which has zeros everywhere apart 

from the diagonal which has in position i the element:  

∑ wi(t, s)

∞

𝑠=𝑚+1

= 1 − ∑ wi(t, s)

𝑚

𝑠=1

. 

Then the equation (7) can be written in matrices as follows: 

𝚽(t, s) = 𝐖(t, s)> + ∑[𝐏(t) ◊ 𝐇(s)]𝚽(𝑡 + 𝑠, 𝑚 − 𝑠)

m

s=1

.                  (8) 

Obviously Φ(t,0)=I. 

 

The corresponding states' sizes description in the discrete time case is given by 

the vector Ν(t)=[N1(t), N2(t), N3(t), N4(t)] where Ni(t) is the expected number of 

patients in the i-th state at time t, where  

𝑁𝑖(𝑡) = ∑ 𝑁𝑗(0)φij(0, 𝑡).

4

𝑗=1

                                           (9) 

The respective matrix form is: 

N(t)=N(0)Φ(0,t)                                               (10) 

where N(0)is the initial population structure.    

  The choice, in practice, between the discrete and continuous time versions of 

a model is partly a matter of realism and partly one of convenience. On grounds 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

of realism, for example one would usually want to model the movement of 

people between occupations or regions in continuous time, but in practice the 

computational advantages of treating time as discrete have often led to the choice 

of a discrete time model (Bartholomew [2], page 85). 

 There are two main reasons that we can observe a continuous process in two 

or more specified intervals. The first reason is the observed computational 

advance when we treat the time as a discrete variable. The second is that practical 

difficulties often occur in considering continuous time models, which arise from 

the fact that is rarely possible to observe continuous data (Bartholomew [2]). 

 In what follows, we will describe the technique applied for the discrete 

observation of the continuous time model presented at first. A  discrete model 

can be developed by discretization per unit time of the transition probability and 

the holding time mass function matrix. The discretization per unit time of the 

transition probability matrix is based on the relationship : 

𝐏(t) =) ∫ 𝐏𝐣(u)du
b(t+1)

bt

                                           (11) 

where b is the defined unit and Pj(u) is the transition probability matrix of the 

corresponding jump process.  

In the following the above relationship is applied to the data of Mathieu et al 

[16] where Pj(u) is of linear form and for the cases i) b=1 and ii) b=0.5. The 

corresponding graphs are presented in Figures 2.1 and 2.2. 

 

 
 Figure 2.1: b=1   

 Concerning the holding time distributions, there are several ways to derive 

the corresponding discrete lifetime distribution from a continuous one. Two of 

the most usually applied are: a) consider a characteristic property of a continuous 

distribution and then build the similar property in discrete time and b) consider 

the discrete holding time as the integer part of the continuous holding time 

(Bracquemond and Gaudoin [3]). 

By applying the second technique and if we consider the continuous time 

random variable T which describes the holding time in a state we can define 

the corresponding discrete random variable K and for time unit b=1 as: 

K=[T]+1.                                                       (12) 
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    Figure 2.2: b=0.5 

Also, the equivalent random variable L for time unit b=0.5  is : 

L=[2T]+1 .                                                     (13) 

  Let that FK, RK and FT, RT denote the cumulative distribution and reliability 

functions of the random variables K and T respectively. Then, the relationship 

between the probability function of K and the cummulative distribution function 

of T is: 

  p(k) = Pr{K = k} = Pr{k − 1 ≤ T < k} 

  = FT(k) − FT(k − 1),   ∀k ∈ N                                 (14) 

Furthermore: 

FK(k) = Pr{K ≤ k} = Pr{[T] + 1 ≤ k} = Pr{T < 𝑘} = FT(k)        (15) 

and 

RK(k) = RT(k)                                                   (16) 

Finally and according to the previous, we discretize the holding times using the 

variables K and L and then, we can estimate the parameters of the holding time 

distributions to the states. 

  

3  Illustration 
 In the present section, the discrete observation technique of a continuous 

semi Markov model is illustrated numerically with data from an HIV patients' 

population. 

 Firstly, a Monte Carlo simulation method is performed by using the data 

concerning the transition probabilities and the conditional distributions of the 

holding times as assessed by Mathieu et al [18]. The purpose of the simulation 

is to obtain the basic characteristics of the process in continuous time. The 

simulation is performed in ARENA 13.5 environment.  

 So, we consider a sampling path of a Semi-Markov chain over a period of 

time [0,C] where are observed M patients. Each patient starts the immunological 

and virological  trajectory in any state, which is revealed by the first 

measurement at time t=0 and we assume that the k-th patient changes state nk 

times in the instants sk,1<sk,2,<…<sk,n<… and occupies states Jk,1<Jk,2<…<Jk,n<… 

and Jp,n ≠ Jp,n+1 for every n∈Ν. In fact, such a path is a sequence H(C) of visited 

states and sojourn times : 
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Η(C) = {X0,  J0 , X1 , … , JN(C)-1 , XN(C) , JN(C)} 

 The above process is simulated by an algorithm of five steps as follows:  

 1. Set k=0, So=0 and sample J0 from the initial distribution 

 2. Sample the random variable J~ p(Jk,.) and set Jk+1=J 

 3. Sample the random variable X~ 𝐻𝐽𝑘𝐽𝑘+1
(. ) 

 4. Set Sk+1= Sk + X 

 5. If Sk+1>M then end else set k=k+1 and continue to step 2 

Thus, we can get the trajectory of a patient and if we do the same repeatedly for 

1000 times we can get the trajectories of 1000 patients. The results of the 

simulation are presented in Table 1. 

 
Table 1: Results of Simulation 

Transitions Number of transitions 
Mean sojourn time 

(years) 

1→2 934 1,59 

1→3 195 1,77 

1→4 473 1,69 

2→1 807 0,15 

2→3 2842 0,87 

3→2 2759 1,08 

3→4 506 0,8 

4→1 358 1,16 

4→2 164 1,58 

4→3 469 1,74 

Total 9507  

 
 Using the results derived from the simulation we developed three discrete 

time models for HIV and we compared them with the continuous model. The 

transition probabilities and the holding times are derived by applying equations 

(11)-(14). We then estimated the parameters of the holding time distributions for 

the health states. For the holding times we used the type I discrete Weibull 

distribution (Nakagawa and Osaki [22]) and the geometric distribution. In the 

first and second model, the method of proportions (Ali Khan et al [1]) was used 

in order to estimate the parameters of the type I discrete Weibull distribution. In 

the third model we used the method of maximum likelihood to estimate the 

parameters of the geometric distribution. Finally, we evaluated the numerical 

results for the survival functions of every state and the population structures 

derived from the three models in comparison to the continuous one. The results 

are presented in Figures 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, 3.7 and 3.8. 
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Figure 3.1 Survival function for state 1 

 

.    

Figure 3.2 Survival function for state 2 

 

 
Figure 3.3. Survival function for state 3 
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Figure 3.4 Survival function for state 4 

 

 

Figure 3.5 Population of state 1  

 

 
 

Figure 3.6 Population of state 2 

1 2 3 4 5 6

0.2

0.4

0.6

0.8

1.0

Step 0.5 Geometric

Step 0.5 Discrete Weibull

Step 1 Discrete Weibull

Continuous time

0 1 2 3 4
0

100

200

300

400

Step 0.5 Geometric

Step 0.5 Discrete Weibull

Step 1 Discrete Weibull

Continuous time

0 1 2 3 4
0

100

200

300

400

Step 0.5 Geometric

Step 0.5 Discrete Weibull

Step 1 Discrete Weibull

Continuous time

A continuous time semi Markov model for HIV control      99



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   
Figure 3.7 Population of state 3 

 

 
 Figure 3.8 Population of state 4 

 

 

Conclusions 
 In the present paper we reviewed a continuous time semi Markov model for 

HIV control and we provided a technique for the discrete observation of the 

continuous model. This technique was applied to the reviewed model. For this 

purpose, we used a simulation process to illustrate the discrete observation 

technique with synthesized data. Finally, we developed three discrete time 

models for HIV and we compared them with the continuous model. The derived 

results demonstrate the potential of the applied technique to provide a tool for 

discrete observation of continuous models.   
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Abstract. Let C be a data collection, indexed by time. C = {D(t1), ..., D(tn)},
where D(ti) was collected at time ti, ti ≤ tj if i ≤ j. Also, each D(ti) follows a
Markovian model with finite alphabet A, denoted by M(ti). We device a consistent
procedure to detect changes in the model at time ti0 that allows to decide if D(ti0)
and D(ti0−1) are coming from the same Markovian source. The procedure is based on
the equivalence relationship introduced by the Minimal Markov Models that enable
to associate to each Markovian model a minimal number of parameters enough to
describe a Markovian source. Under the possibility of regime change, we can have
situations in which D(t1), ..., D(ti0−1) are coming from a Markovian model M(ti0−1)
different to the Markovian model M(ti0) appropriated for D(ti0). We apply the proce-
dure to detect prosodic changes from classical to modern European Portuguese In this
context, each D(ti) is a written text in European Portuguese and ti is the author’s
date of birth from 16th century to the 19th century. We detect two main change
points, the first one at the turn of the 16th century to the 17th century. The second
one, in the second half of the 18th century that spreads to the end of the century.
Keywords: Minimal Markov models, Model selection, Bayesian information crite-
rion, Historical linguistics.

1 Introduction

Our goal in practical terms is to explore whether using Markov structures can
be extracted rhythmic properties of texts written in European Portuguese. Tak-
ing in consideration that rhythm is a consequence of several characteristics, like
number of syllables in the words, position in the word of the stressed syllable,
simple and complex syllabic structure, etc., it is possible to look for temporal
changes in the rhythm, using written texts (see Frota et al. [1], Galves et al.
[2], Galves and Faria [3]). We also want to demonstrate that such models may
be useful for the study of the prosodic changes in texts sorted by chronological
time.
In Frota et al. [1] it is proved that in fact the European Portuguese has under-
gone a significant alteration, perceived from the 16th century to the 17th. This
finding is consistent with the conjecture that the Portuguese is losing some of
its features of “romance language” with the passing of the centuries. In Frota
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et al. [1] significant changes are verified on two phonological features, the size
of the words and the position of the stress. Thus, from the 16th century to
the centuries 17th, 18th and 19th, Frota et al. [1] shows: (a) a pattern of in-
crease in the proportion of monosyllables (in the universe defined by words of
at most two syllables) and (b) a pattern of increase in the proportion of words
with stress on the last syllable (in the universe defined by words with stress
positioned in the penultimate or in the last syllable).
This paper aims to investigate the problem by incorporating the Markovian
structure inherent to written texts. Supported by a model of this nature we
can leverage all the available information about the data. Given that the model
used in Frota et al. [1], based on the beta-binomial distribution, requires pre-
processing of the data to obtain the independence between the realizations
(words in that case), interfering with the maintenance of the rhythm and at
the same time produces a reduction of the sample size of the written texts.
So, (i) the number of syllables in each word and (ii) the placement of stress,
will be investigated under a richest model that allows to incorporate a depen-
dence structure between words through each text and enables consider jointly,
the features (i) and (ii). To achieve a more comprehensive view of linguistic
phenomena studied at present, it should be noted that linguistic structures
can be studied in their formats “spoken language” and “written language”.
The processing and types of statistical models are completely defined by the
differentiated nature of the data. For example, for acoustic signal processing
see Garćıa et al. [5] and for recent research about the statistical modeling see
Garćıa et al. [7], Garćıa et al. [8] and Garćıa et al. [9].
Using the linguistic problem as a motivating basis, we introduce in this pa-
per a consistent method for to find changes of regime in Markov processes.
The method takes advantage of the conception of minimal Markov models by
Garćıa and González-López [6] and the decision rule was formulated using the
Bayesian Information Criterion (BIC). The minimal Markov model’s estima-
tion can be consistently performed through the BIC, see for details Garćıa and
González-López [6]. Also for related topics about those models, see Garćıa et
al. [7], Garćıa et al. [9] and Galves et al. [4]. In this paper, the minimal
Markov models estimated through the BIC allow to define the rule for deciding
whether or not there is a change of regime in the Markov process.

2 Historical data

Tycho Brahe corpus is an annotated historical corpus, freely accessible at
Galves and Faria [3]. This corpus uses the chronological criterion of the au-
thor’s birthdate to assign a time for written text. The subset of historical
written texts included in this study, listed in Table 1 is composed by 17 texts
from 15 authors, coming from four genres. In Table 1 we report also the number
of orthographic words (ow) by text.

The data collection C = {Dt1 , ..., Dtn} is now given by the written texts
listed in Table 1.
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Dt Gândavo Pinto Sousa Brandão Vieira Vieira

t 1502 1510 1556 1584 1608 1608
Type N N N N L S
ow 22850 39941 50218 43192 47888 49275

Dt Chagas Bernardes Oliveira Aires Costa Alorna

t 1631 1644 1702 1705 1714 1750
Type P P L P L L
ow 48670 49479 16629 56055 24538 43318

Dt Garrett Garrett Fronteira Camilo Ortigão

t 1799 1799 1802 1826 1836
Type L N N N L
ow 30070 45800 54826 20142 27420

Table 1. Subset of Tycho Brahe corpus used in this study, coming from four genres:
narrative (N), letters (L), philosophical (P) and sermons (S).

2.1 Encoding texts

Each written text was processed with a slightly modified version of the perl-
code “silaba” that can be freely downloaded for academic purposes at
www.ime.usp.br/ tycho/prosody/vlmc/tools/sil4.pl . The software was
used to extract two components of each orthographic word, denoted by (i, j),
where i is the total number of syllables that make up the word, i = 1, 2, ..., 8
and j indicates the syllable in which is registered the stress in the word, j =
0, 1, 2, .., 8. Where, j = 0 means no stress in the word and this just happens
in orthographic words with one syllable. The period (final of sentence) was
codified as (0, 0).
The alphabet was defined as exposed in Table 2. Note that the set of words
represented by (i, 0), i ≥ 2 corresponds to the empty set.

orthographic word element alphabet

(0, 0) a
(1, 0) b
(1, 1) c
(2, 1) d
(2, 2) e

(i, 1), i ≥ 3 f
(i, 2), i ≥ 3 g

(i, j), i, j ≥ 3 h

Table 2. Definition of the alphabet A.
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3 The Markovian model

The minimal Markov models applied in this paper, were introduced in Garćıa
and González-López [6]. Those models are generalizations of Variable Length
Markov Chains models, used to discover the differences between branches of
the Portuguese in Galves et al. [4].
Let (Xt) be a discrete time (order M <∞) Markov chain on a finite alphabet
A. Let us call S = AM the state space. Denote the string amam+1 . . . an by
anm, where ai ∈ A, m ≤ i ≤ n.
For each a ∈ A and s ∈ S, P (a|s) = Prob(Xt = a|Xt−1

t−M = s).
Let L = {L1, L2, . . . , LK} be a partition of S, for a ∈ A, L ∈ L, P (L, a) =∑

s∈L Prob(Xt−1
t−M = s,Xt = a), P (L) =

∑
s∈L Prob(Xt−1

t−M = s) and P (a|L) =
P (L,a)
P (L) with P (L) > 0.

Definition 1. Let (Xt) be a discrete time order M Markov chain on a finite
alphabet A. We will say that s, r ∈ S are equivalent (denoted by s ∼p r) if
P (a|s) = P (a|r) ∀a ∈ A. For any s ∈ S, the equivalence class of s is given by
[s] = {r ∈ S|r ∼p s}.

The previous definition allows to define a Markov chain with a “minimal par-
tition”, that is the one which respects the equivalence relationship.

Definition 2. let (Xt) be a discrete time, order M Markov chain on A and let
L = {L1, L2, . . . , LK} be a partition of S. We will say that (Xt) is a Markov
chain with partition L, if this partition is the one defined by the equivalence
relationship ∼p introduced by definition 1.

In a given sample xn
1 , coming from the stochastic process, we denote the number

of occurrences of elements into L followed by a for,

NLn (L, a) =
∑
s∈L

Nn(s, a), L ∈ L,

where the number of occurrences of s in the sample xn
1 is denoted by Nn(s)

and the number of occurrences of s followed by a in the sample xn
1 is denoted

by Nn(s, a). The accumulated number of Nn(s) for s in L is denoted by,

NLn (L) =
∑
s∈L

Nn(s), L ∈ L.

The model, in this context given by the “minimal partition L”, can be selected
consistently, using the Bayesian Information Criterion. This means, the best
partition is the one that maximizes

BIC(xn
1 ,L) =

∑
a∈A,L∈L

NLn (L, a) ln
(NLn (L, a)

NLn (L)

)
− (|A| − 1)|L|

2
ln(n),

over the space of partitions.
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3.1 Criterion of remoteness between processes

The BIC allows to compare datasets as we will show in the next result. If two
variables X and Y have the same distribution we will assume the next notation
X =d Y. Also, if (x)ni=1 and (y)mi=1 are samples of X and Y respectively, we
will denote by (x)ni=1 ⊥ (y)mi=1 the independence between the samples.

Theorem 1. Given the stochastic process Xti of order M < ∞ with sample
(xti)

ni
1 of size ni, i = 1, 2, such that (xt1)n1

1 ⊥ (xt2)n2
1 . Xt1 6=d Xt2 if, and only

if

BIC
(

(xt1)n1
1 , (xt2)n2

1 ,L
)
<
∑
k=1,2

BIC((xtk)nk
1 ,Lk)

with

BIC
(

(xt1)n1
1 , (xt2)n2

1 ,L
)

=
∑

a∈A,L∈L
NLn1+n2

(L, a) ln
(NLn1+n2

(L, a)

NLn1+n2
(L)

)
− (|A| − 1)

2
|L| ln(n1 + n2).

Corollary 1. Under the assumptions of Theorem 1, d1,2 > 1, with

d1,2 =
2
∑

a∈A B(L1, n1, a) + B(L2, n2, a)−B(L, n1 + n2, a)

(|A| − 1) {|L1| ln(n1) + |L2| ln(n2)− |L| ln(n1 + n2)}

and B(L, n, a) =
∑

L∈LN
L
n (L, a) ln

(
NL

n (L,a)
NL

n (L)

)
.

Given the dataset Dti consider the stochastic process Xti of order M <∞
generator of Dti , with sample (xti)

ni
1 of size ni.

Following the codification given by Table 2, each sample will be composed by
the concatenation of symbols from A = {a, b, c, d, e, f, g, h} . Based on previous
works, that investigate similar data (see, for example Galves et al. [4]) the
value of M considered here was 4.
Assuming that the data collection is made up of independent texts (which is
the case treated here, as each text is a complete work in itself), under the
assumption:

Xti =d Xtj and (xti)
ni
1 ⊥ (xtj )

nj

1 , i 6= j

BIC
(

(xti)
ni
1 , (xtj )

nj

1 ,L
)
>
∑
k=i,j

BIC((xtk)nk
1 ,Lk)

and
di,j < 1.

That means that both: Dti and Dtj come from the same model, given by the
minimal partition L. In another case Dti and Dtj come from different models,
Li and Lj respectively.
In the next section we use the values of di,j to measure the distance between
the models associated with written texts. Thus, texts that are identified with
the same model show no change points in the timeline. When di,j exceeds the
value 1, a change point is identified.
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4 Results and Conclusions

Each horizontal line drawn in Figure 1 represents the text written by a par-
ticular author. On the line of each text is shown the value of d computed for
two consecutive texts in time. Thus, for example, the text titled as “Gândavo
(1502)” was compared with the author’s text immediately following, that is the
text titled as “Pinto (1510)” and the value of d displayed in Gândavo (1502)’s
line. Now, when the line shows two points (two values of d), such as the case
of the Brandão (1584)’s line, is because there are two texts in the sample of
the same year. For instance, those texts are from Vieira (1608):(a) letters and
(b) sermons.

In this analysis we detect two main change points, the first one at the turn

-5 0 5 10 15

d

Gandavo(1502)

Pinto(1510)

Sousa(1556)

Brandao(1584)

VieiraL(1608)

VieiraS(1608)

Chagas(1631)

Bernardes(1644)

Oliveira(1702)

Aires(1705)

Costa(1714)

Alorna(1750)

GarrettL(1799)

GarrettN(1799)

Fronteira(1802)

Camilo(1826)

Pinto
Sousa
Brandao
VieiraL
VieiraS
Chagas
Bernardes
Oliveira
Aires
Costa
Alorna
GarrettL
GarrettN
Fronteira
Camilo
Ortigao

Fig. 1. Each horizontal line represents a written text from European Portuguese,
those were ordered by time from down to top. The vertical line represents d = 1,
greater values of d indicates the presence of a change point.
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of the 16th century to the 17th century. The second one, in the second half of
the 18th century that spreads to the end of the century. Our findings comple-
ment the results attained in Galves et al. [2], which study the changes of the
European Portuguese in the same period of time, through the analysis of clitic
placement.
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Abstract: The comparison of two partitions in Cluster Analysis can be performed using various 

classical coefficients (or indexes) in the context of three approaches (based, respectively, on the 

count of pairs, on the pairing of the classes and on the variation of information). However, 

different indexes usually highlight different peculiarities of the partitions to compare. Moreover, 

these coefficients may have different variation ranges or they do not vary in the predicted 

interval, but rather only in one of their subintervals. Furthermore, there is a great diversity of 

validation techniques capable of assisting in the choice of the best partitioning of the elements to 

be classified, but in general each one tends to favour a certain kind of algorithm. Thus, it is 

useful to find ways to compare the results obtained using different approaches. In order to assist 

this assessment, a probabilistic approach to comparing partitions is presented and exemplified. 

This approach, based on the VL (Validity Linkage) Similarity, has the advantage, among others, 

of standardizing the measurement scales in a unique probabilistic scale. In this work, the 

partitions obtained from the agglomerative hierarchical cluster analysis of a dataset in the field of 

teaching are evaluated using classical and probabilistic (of VL type) indexes, and the obtained 

results are compared. 

 

Keywords: Hierarchical cluster analysis, comparing partitions, affinity coefficient, VL 

methodology  

 

1  Introduction 
 

Cluster Analysis aims to identify groups (classes or clusters) of entities (individuals, 

objects, etc.), that are relatively homogeneous and well separated, based on similarities 

or dissimilarities between them. 

There are multiple indexes for comparing partitions, which complicates the decision-

making, given that different indexes generally evaluate different peculiarities of the 

partitions to compare. Moreover, there is a great diversity of validation techniques 

capable of assisting in the choice of the best partitioning of the elements to be 

classified, but in general each one of them tends to favour a certain kind of algorithm. 
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Thus, it is imperative to find ways to compare the results obtained using different 

approaches. 

In Section 2 the indexes for the comparison of partitions are introduced using classical 

coefficients. Section 3 is dedicated to the comparison of partitions using probabilistic 

coefficients of the VL type. In Section 4, we compare the results obtained with the 

implementation of the two approaches, classical and probabilistic, to a real data set, 

under a wider validation work in Cluster Analysis, using resampling methods. Finally, 

Section 5 presents the main conclusions. 

 

2  Coefficients for comparison of partitions pairs 
 

The comparison of two partitions in Cluster Analysis can be performed using various 

indexes or classical coefficients in the context of three approaches (based respectively 

on the count of pairs, on the pairing of the classes and on the variation of information). 

However, each of these coefficients assumes a certain value, depending on its analytic 

expression, and some have different variation ranges or they do not vary in the 

predicted interval, but rather only in one of its subintervals. In order for these 

coefficients to be more easily comparable, one should keep in mind their intrinsic 

characteristics, categorizing them into groups with similar characteristics. 

To compare two partitions, P and P’, of one same dataset of n cardinal based on the 

count of pairs, one can begin by constructing an associated 2 × 2 contingency table, as 

Table 1. 
 

Table 1.  Contingency table based on the count of pairs 

 
Table 1 mentions the pairs of elements that exist in the two partitions, where "a" is the 

number of pairs of elements that are in the same classes in both partitions, "b" is the 

number of pairs of elements that belong to the same classes in a partition P but to 

different classes in the other partition (P’), "c" is the number of pairs belonging to 

different classes in the P partition and to the same classes in the P’ partition and "d" is 

the number of pairs of elements belonging to different classes in both partitions. The 

total number of pairs of objects is a + b + c + d = n × (n-1) / 2. 

Silva (2012) contains a list of indexes for the comparison of binary data, which are 

functions of the four values of Table 1 and are also used for comparing partitions. In 

this list, the indexes are subdivided into similarity coefficients that consider the joint 

absence "d", similarity coefficients that do not take into account the joint absence "d" 

and other coefficients of association. For each of the coefficients the respective formula 



is shown, as well as the symbol with which it is usually designated, its variation range 

and its author(s). 

 These indexes should be evaluated relatively to common properties, and can be 

sensitive to the number of classes in the partitions. Some of the indexes (for example, 

Hubbert and Rand) tend to have high values in the case of partitions with more classes, 

others in the case of partitions with a small number of classes (e.g. Jaccard). The 

adjusted Rand index has none of these undesirable characteristics (Milligan and 

Cooper, 1985; Jain and Dubes, 1988), which is why this is one of the indexes 

pertaining to the methodology used in this work. The standardized Ochiai index (a 

particular case of the affinity coefficient, e. g., Bacelar-Nicolau, 1985), has also been 

used with good results in the context of partitions comparison (Silva, 2004; Silva, 

2012). 

As noted above, the evaluation of the partitions comparison indexes based on the count 

of pairs must take into account the scale of variation and the relation that can be 

established between the various indexes from their mathematical expressions. Several 

studies of classification and comparison of these coefficients have been proposed by 

many authors since Sneath and Sokal (1963). Sibson (1972) made the grouping of 

coefficients into monotonic classes, establishing an equivalence relation in the set of 

comparison coefficients for binary data. Bacelar-Nicolau (1980, 1987) determined 

"distributionally equivalent" classes of coefficients, a concept that we will use in this 

work, as mentioned in the next section. 

 

3 Comparison of pairs of partitions using probabilistic coefficients 
 

Lerman (1970) proposed the use of a similarity coefficient of probabilistic nature 

between binary variables, which he then expanded to proximity coefficients between 

structures of the same type (Lerman, 1973, 1981). Bacelar-Nicolau (e.g., 1980, 1987) 

conducted a distributional study of the comparison coefficients for binary data, having 

verified and proved the distributional equivalence of a broad class of coefficients, 

under the assumption of fixed margins of the 2 × 2 contingency table associated with 

each pair of elements of the set to be classified. For other coefficients as well as in the 

hypothesis of free margins, although distributional exact equivalence does not occur, 

we can find classes of equivalent coefficients with respect to their asymptotic 

distribution, and take always, as information associated with a coefficient, its limit 

function of distribution (Bacelar-Nicolau, 1980, 1987; Lerman, 1981), which is a 

probabilistic similarity coefficient 
 
on the scope of VL methodology. Thus, we have 

for a similarity coefficient, :S  

   *)**()(
00

ssSProbsSProbsF HHS    
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where H0 is an adequate reference hypothesis, SF
 

is the distribution function of 

S ,    S
* SESS  , 

*s
 
is a realization of 

*S ,   is the distribution function of the 

standard normal distribution and  SE  and S  are respectively the mean value and 

the standard deviation, usually asymptotic. The probabilistic coefficient takes values in 

[0,1] (follows the Uniform distribution (0, 1)), and is generally calculated 

asymptotically because the exact distribution function may not be known. The VL 

coefficient was later extended to other types of data and to mixtures of different types 

of data (e.g. Bacelar-Nicolau, 1988, Nicolau, 1983; Nicolau and Bacelar-Nicolau, 

1998; Bacelar-Nicolau et al, 2009, 2010). 

The approach to comparing partitions, using probabilistic coefficients of the VL type, is 

based on studies of the comparison coefficients for binary data by Bacelar-Nicolau and 

proceeds as follows: 

i) We start with a similarity index, ,S for comparing two partitions, P and P', based on 

the count of pairs of elements that exist in the two partitions. 

ii) We calculate the value of 'PP  of the distribution function of the similarity index S 

used in point s, under the assumption of the considered reference: 
 

   *)**()(
00' ssSProbsSProbsF HHSPP    

Two partitions, P and P', will be considered the more consistent the larger is the value 

of  sFS
, that is, the more unlikely is overcoming the s realization of S under the 

reference hypothesis. 

As it has been pointed out by several authors (e.g., Lerman, 1973, 1981; Bacelar-

Nicolau, 1980, 1987; Dubes and Jain, 1988), the different indexes do not show all 

values in [0, 1] and a proportion of the similarity between both partitions is assigned 

randomly. However, it is shown that the most used indexes are equivalent from the 

distributional point of view (Bacelar-Nicolau, 1980, 1987). The application of the VL 

methodology to these coefficients allows us to obtain comparison indexes of partitions 

that can be interpreted on a probabilistic scale. Thus, using a probabilistic coefficient 

we can choose only one classical coefficient in each (asymptotically) distributionally 

equivalent class of coefficients, in order to compare partitions. 

 

4 Comparison of results obtained by classical and probabilistic 

approaches on a set of real data 
 

The data (from a sample of 164 students) was obtained through a questionnaire 

containing twenty-two questions concerning attitudes/beliefs of students in the area of 

Social and Human Sciences regarding the subject of Statistics (Silva et al., 2007). Each 



student selected one and only one of seven possible answers to each question (1 - 

strongly disagree, ..., 4 - neither agree nor disagree, ..., 7 - strongly agree). 

An Agglomerative Hierarchical Cluster Analysis (AHCA), using the affinity coefficient 

(e.g., Bacelar-Nicolau, 1985) between variables and the probabilistic aggregation 

criteria AVL, AV1 and AVB (e.g., Nicolau, 1983; Bacelar-Nicolau, 1985; Nicolau and 

Bacelar-Nicolau, 1998), was applied in order to obtain a typology of variables under 

study. The tables with the values of validation indexes to select the most significant 

partition, obtained from the initial data matrix, and the interpretation of the classes 

corresponding to this partition, in four classes, can be found in Silva et al. (2007). It has 

been noted that the most significant partition is the same for all three aggregation 

criteria. 

The results were obtained for the case of evaluation and comparison of partitions using 

resampling methods. In the present study, we evaluate the most significant partition 

provided by the AHCA of the data, based on the affinity coefficient and on the 

aggregation criteria mentioned above. The procedure can briefly be described as 

follows: 1) from the original data 50 subsamples were generated, with a sampling rate 

defined a priori (80%), using simple random sampling; 2) the same model of AHCA 

was applied to data matrixes (subsamples) randomly generated by the Monte Carlo 

simulation method, to determine the partitions with the same number of classes 

presented by the most significant partition obtained from the original data; 3) this 

partition was compared to each of the partitions obtained in 2), based on the count of 

pairs, using each of the classical coefficients from the list in Silva (2012) or the 

associated VL probabilistic coefficient; statistics were also calculated regarding 

location and dispersion associated with each index, in order to analyze the respective 

behaviour. 

Table 2 shows the values of summary statistics (measures of central tendency, 

dispersion and quantiles) for classical coefficients (Table 2-a) and probabilistic 

coefficients (Table 2-b) in the situation where joint absence “d” is not considered.  

Silva (2012) also contains similar tables for the coefficients where the joint absence "d" 

is considered, as well as for other association coefficients. 

It can be seen in Table 2-a) and in Silva (2012) that the most part of the classical 

comparison coefficients takes values in the interval [0,1]. However, the interval 

between the minimum and maximum values of the sampling distribution is very 

variable. The maximum value of the distribution reaches the upper limit 1 of the range 

in many of the coefficients, reaching a minimum often above 0.5 for the first two 

considered coefficients classes (similarity coefficients that consider the joint absence 

"d" and similarity coefficients that do not consider the joint absence "d"), but not for 

other association coefficients (Silva, 2012). 
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Table 2-a). Values of summary statistics related to classical coefficients that do not  

consider joint absence "d" 
 

 S J O CZ K1 DW1 DW2 SS2 BB1 BB2 SO JO K2 FMG1 

Min .609 .432 .607 .603 .609 .547 .609 .276 .547 354 .299 1.219 .761 .544 

Max 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 500 1.000 2.000 10.333 .938 

Mean .955 .908 .941 .941 .942 .934 .950 .870 .929 479 .891 1.884 2.491 .879 

SD .095 .177 .117 .119 .116 .138 .097 .238 .139 043 .222 .233 3.769 .118 

Center .804 .716 .803 .801 .804 .773 .804 .638 .773 427 .650 1.609 5.505 .741 

.005 .609 .432 .607 .603 .609 .547 .609 .276 .547 354 .299 1.219 .761 .544 

.01 .609 .432 .607 .603 .609 .547 .609 .276 .547 000 .299 1.219 .761 .544 

.025 .673 .438 .609 .609 .610 .609 .673 .281 .609 379 .371 1.220 .761 .547 

.05 .765 .513 .683 .678 .687 .609 .765 .345 .609 379 .371 1.374 .761 .620 

.1 .765 .513 .683 .678 .687 .609 .765 .345 .609 379 .371 1.374 .770 .620 

.25 .969 .912 .954 .954 .954 .969 .939 .838 .939 484 .938 1.908 1.054 .891 

.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 500 1.000 2.000 2.491 .938 

.75 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 500 1.000 2.000 5.798 .938 

.9 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 500 1.000 2.000 10.333 .938 

.95 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 500 1.000 2.000 10.333 .938 

.975 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 500 1.000 2.000 10.333 .938 

.990 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 500 1.000 2.000 10.333 .938 

.995 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 500 1.000 2.000 10.333 .938 

  
Similarly, measurements of location and dispersion of various classical coefficients 

show high variation. However, the sampling distributions of the associated 

probabilistic coefficients described in Table 2-b) feature ranges of similar magnitude 

with approximate minimum and maximum values. 

 

Table 2-b).  Values of summary statistics related to probabilistic coefficients that do 

not consider joint absence "d" 
 

 S J O CZ K1 DW1 DW2 SS2 BB1 BB2 SO JO K2 FMG1 

Min .000 .004 .002 .002 .002 .003 .000 .006 .003 .002 .004 .374 .194 .002 

Max .682 .698 .691 .691 .691 .683 .697 .707 .696 .691 .688 1.000 .962 .691 

Mean .559 .557 .559 .559 .559 .561 .555 .554 .558 .560 .560 .438 .463 .559 

SD .233 .249 .242 .242 .242 .238 .249 .261 .247 .241 .242 .152 .305 .242 

Center .341 .351 .347 .347 .347 .343 .349 .357 .349 .346 .346 .687 .779 .347 

.005 .000 .004 .002 .002 .002 .003 .000 .006 .003 .002 .004 .374 .194 .002 

.01 .000 .004 .002 .002 .002 .003 .000 .006 .003 .000 .004 .374 .194 .002 

.025 .002 .004 .002 .003 .002 .009 .002 .007 .011 .010 .009 .374 .194 .002 

.05 .023 .013 .014 .013 .014 .009 .029 .014 .011 .010 .009 .374 .194 .014 

.1 .023 .013 .014 .013 .014 .009 .029 .014 .011 .010 .009 .374 .195 .014 

.25 .559 .509 .543 .544 .541 .600 .456 .447 .529 .550 .583 .374 .217 .540 

.5 .682 .698 .691 .691 .691 .683 .697 .707 .696 .691 .688 .374 .360 .691 

.75 .682 .698 .691 .691 .691 .683 .697 .707 .696 .691 .688 .479 .365 .691 

.9 .682 .698 .691 .691 .691 .683 .697 .707 .696 .691 .688 .530 .702 .691 

.95 .682 .698 .691 .691 .691 .683 .697 .707 .696 .691 .688 1.000 .962 .691 

.975 .682 .698 .691 .691 .691 .683 .697 .707 .696 .691 .688 1.000 .962 .691 

.990 .682 .698 .691 .691 .691 .683 .697 .707 .696 .691 .688 1.000 .962 .691 

.995 .682 .698 .691 .691 .691 .683 .697 .707 .696 .691 .688 1.000 .962 .691 

  



Figure 1 illustrates the variation of mean values of some coefficients, both classic 

(taking values in the range [0,1]) and probabilistic. As it can be seen, the mean values 

of the classical indexes, considering the values obtained in 50 resamplings, vary greatly 

from index to index.  
 

 
 

Fig. 1. Variation of means obtained for some classical and probabilistic coefficients 

 

In the context of the VL approach it is found that, contrary to the respective basic 

indexes, the values obtained for means and other location measures of the sampling 

distribution of the probabilistic coefficient have been very close, as can be seen in 

Figures 1 and 2, as well as in Silva (2012). 
 

 
 

Fig. 2. Variation of the values of some summary statistics for the probabilistic VL 

coefficients associated with classical association coefficients. 
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These results are consistent with the theory that shows the property of (exact or 

asymptotic) distributional equivalence between comparison coefficients for binary data 

(Bacelar-Nicolau, 1980, 1987), mentioned in Section 3. The comparison of partitions 

using probabilistic coefficients of VL type is therefore a simpler and more robust 

approach than the comparison based on classical coefficients: instead of determining 

several of these indexes, we will choose a single index in each of the (exact or 

asymptotically) distributionally equivalent classes and use the VL probabilistic 

coefficient associated to it, which also has the advantage of standardizing the 

measurement scale on the same probabilistic scale. Finally, the variation ranges and 

other statistics provided by the VL coefficient tables allow us evaluate the quality of the 

most significant partition provided by the three models of probabilistic classification. 

This conclusion is supported by an appropriate set of validation coefficients, which are 

not presented in this work. 

 

5 Conclusions 
 

In this work, we compare the performances of classical indexes with an associated 

probabilistic approach for the comparison of pairs of partitions. The described 

resampling methodology is part of a work on the evaluation of the stability of the 

obtained classifications in a AHCA.  

Usual classical indexes show not to be a convenient choice since they may have 

distinct display ranges as well as quite different values for other statistics of location 

and dispersion or they do not take values in the entire variation interval but only in part 

of that interval. The probabilistic approach to the comparison of partitions using 

probabilistic coefficients of VL type has, among others, the advantage that all classical 

indexes used lead, exactly or asymptotically, to very close values of the probabilistic 

index (theoretically conduct to the same value, in the case of the reference hypothesis 

considered here) and in a probabilistic scale (0, 1). Thus, instead of determining 

various indexes the VL approach can be applied to any of the indexes belonging to a 

given class of distributionally equivalent indexes to carry out the comparison of 

partitions pairs with the same number of classes. 
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Abstract: Cluster analysis or “unsupervised” classification (from “unsupervised learning”, 
in pattern recognition literature) usually concerns a set of exploratory multivariate data 
analysis methods and techniques for grouping either statistical data units or variables into 
groups of similar elements, that is finding a clustering structure in the data. Classical 
clustering methods usually work with a set of objects as statistical data units described by a 
set of homogeneous (that is, of the same type) variables in a two-way framework. This 
paradigm can be extended in such way that data units may be either simple / first-order 
elements (e.g., objects, subjects, cases) or groups of / second-order or more elements from a 
population (e.g., subsets, samples, classes of a partition) and/or descriptive variables may 
simultaneously be of different (e.g., binary, multi-valued, histogram or interval) types. 
Therefore, one has a complex and/or heterogeneous data set under analysis. In that case 
classification will often be carried out by using a three-way or a symbolic/complex approach. 
The present work synthesizes previous methodological results and shows several 
developments mostly regarding hierarchical cluster analysis of complex data, where 
statistical data units are described by either a homogeneous or a heterogeneous set of 
variables. We will illustrate that approach on a case study issued from the statistical 
literature. The methodology has been applied with success in a data mining context, 
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concerning multivariate analysis of real-life data bases from economy, management, 
medicine, education and social sciences. 
 
Keywords: Three-way data, Symbolic data, Interval data, Cluster analysis, Similarity 
coefficient, Hierarchical clustering model.  
 

1 Introduction 
 
In complex and large data bases, we are very often concerned with matrices where 
data units are described by some heterogeneous set of variables. Therefore, the 
question arises of how we should measure the similarity between statistical data 
units in a coherent way, if different types of variables are involved. Traditionally, 
partial similarity coefficients for each type of variables are computed, and then a 
convex linear combination of those similarities gives a global similarity between 
data units. Such procedures should be performed in a consistent way, combining 
comparable similarity coefficients in a valid / robust global similarity. Clustering 
data sets where mixed variables types are involved has interested many 
researchers. In two-way data matrices a well known coefficient for comparing 
subjects described by different types of variables was already proposed in 1971 by 
Gower. Cluster analysis of symbolic data described by mixed variables types may 
be found, for instance, in Bacelar-Nicolau et al. (2009, 2010) and in De Carvalho 
and Souza (2010), while Chavent et al. (2003) and Bacelar-Nicolau et al. (2014) 
concern clustering of interval data, which plays a special role in this paper. A 
number of dissimilarity coefficients, like adaptive squared Euclidean, city-block, 
Hausdorff distances or generalized Minkowski metrics, among others, may be 
found in those papers, either in a hierarchical or in a non hierarchical clustering 
context. In this paper, we deal with a consistent global affinity coefficient as the 
basis of hierarchical clustering methods (Bacelar-Nicolau, 2002; Bacelar-Nicolau 
et al., 2009, 2010). The next section gives a brief description of our approach to 
clustering statistical data units described by three different types of variables 
commonly found in real databases. The third section illustrates a case study with 
mixed data that partially applies the methodology and the last section concerns 
conclusions and some developments.   
 
2 Complex and Heterogeneous Data 
 
Let D = {1,…,n} be a set of n statistical data units which are described by a set of p 
variables, Y = {Y1, ...,Yp}. Cluster analysis usually aims to obtain a classification of 
one of the two data sets, either D or Y, given the other one. Here we will be 
concerned with clustering models on the set of data units D. The data units can be 
either simple elements (e.g., subjects, individuals, cases) or subsets of objects in 
some population (e.g., subsamples of a sample, classes of a partition, subgroups of 
the population). Such kind of data might be represented in a generalized three-way 
data matrix where the k-th row, (k=1,… ,n),  gives the description of the k-th data 
unit by the p variables, and the (k,j)-th entry, (k=1,… ,n ; j=1,…,p), may contain 
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for instance a finite number of real values, a frequency distribution, a probability 
distribution or an interval of the real data set R, instead of one single value.   
In most mixed or heterogeneous data sets we have been studying, those values 
concern discrete, binary or interval types of variables, either conjointly or in two 
by two type combinations. Hence in the set Y = {Y1,...,Yj,..., Yj’,..., Yj’’,...,Yp} of p 
variables, we will assume that Yj represents a discrete or a categorical (modal) 

variable with mj (λ=1,...,mj) modalities, also called a histogram variable, Yj’ is a 
mj’ –dimensional binary vector and Yj’’ is an interval variable, where j, j’ and j’’ 
belong to {1,…,p} (e.g., Bacelar-Nicolau, 2000; Bacelar-Nicolau et al., 2009, 
2010). Thus the corresponding generalized columns have n rows, and the k-th row 

(k=1,… ,n) contains: for Yj , a frequency distribution  , where λkjn  

is the number of subjects in the k-th data unit who share the λ-th category of the j-

th variable;  for Yj’ , an element  of the power set , the whole binary 

sub-table being an element of ; for Yj’’ , an interval Ikj’’  of the real axis. 
Hence the data set may be represented by the following generalized table: 
 

Table 1. Generalized three-way data matrix with heterogeneous variables 

 

  D\V … Yj … Yj’ … Yj’’ … 

ΜΜΜΜ … ... …  …  … 

k … ( )
jkjmkj nn  ,...,1

  { } '1,0 jm

k
 … ''kjI  … 

ΜΜΜΜ … ... … … … … … 

k
’ 

… ( )
jjmkjk nn '1'  ,...,  … { } '

'1,0 jm

k
 … ''' jkI  … 

ΜΜΜΜ … ... … … … … … 

 
Therefore, a consistent global similarity (or dissimilarity) coefficient should be 
used for such mixed types of data.  
 

2.1. Discrete and categorical variable  
 

Let Yj be a discrete or a categorical (modal) variable with mj (λ=1,...,mj) 
modalities. Then, its general k-term (k=1,…,n) may be obtained by simply 

replacing λkjx by the frequency λkjn  of the λ-th category or modality (λ=1,...,mj). 

The relative frequencies •= kjkjkj nnp λ ,λ=1,...,mj, generate a discrete probability 

distribution, that is a profile, or else a histogram, ((m1, 1kjp ), …, (mj, 
jkjmp )).  

Therefore, in order to measure partial/local similarity between each pair (k, k’) of 
data units, over a modal variable, one may choose a similarity (or a dissimilarity) 
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coefficient for probability distributions (e.g., Bacelar-Nicolau, 1988; Bock and 
Diday, 2000; Bacelar-Nicolau, 2000).  
 
2.2. Binary vector 
 

Let us now take variable Yj’, a mj’ – dimensional binary vector (see Table 1). Given 
the data units k and k’, let us represent by sj’ the cardinal of positive agreements 

( λ'kjx = λ'' jkx =1), tj’ the cardinal of negative agreements ( λ'kjx = λ'' jkx =0), and uj’ 

and vj’ the cardinals of disagreements (respectively, λ'kjx =1, λ'' jkx =0 and λ'kjx =0, 

λ'' jkx =1). Then, we also have: ∑= =
'
1 ''''
jm

jkkjj xxs λ λλ , ∑ −−= =
'
1 '''' )1)(1(jm

jkkjj xxt λ λλ
, 

∑ −= =
'
1 '''' )1(jm

jkkjj xxu λ λλ
 and ∑ −= =

'
1 '''' )1(jm

jkkjj xxv λ λλ .  

One can find quite a large list of coefficients for binary data in the statistical 
literature, computed from those cardinals.  Thus, a local similarity coefficient for a  
pair of rows (k, k’), k, k’=1,…,n, over a binary vector, may be computed from the 
2×2 contingency table associated with the pair (k, k’) in the j’-th binary sub-table, 
as follows:  
 

Table 2. Table of agreements and disagreements for a binary vector  

 
k \ k’ Agreement (1) Disagreement (0) Total 

 

1 ∑ =
= '

1 ''''
jm

jkkjj xxs
λ λλ

 ∑ =
−= '

1 '''' )1(jm

jkkjj xxu
λ λλ

 ''' kjjj mus =+  

 

0 ∑ =
−= '

1 '''' )1(jm

jkkjj xxv
λ λλ

 ∑ =
−−= '

1 '''' )1)(1(jm

jkkjj xxt
λ λλ

 '''' kjjjj mmtv −=+  

Total 
'''' jkjj mvs =+  

''''' jkjjj mmtu −=+  
'jm  

 

where 'kjm  ( '' jkm ) denotes the cardinal of presences in the data unit k 

(respectively, k’) for the binary vector Yj’.  

 

2.3. Interval-type variable 
 
A variable Yj’’ defined on the set D of statistical data units is an interval variable if 
for all k∈D the subset Yj’’ (k) is an interval of the real data set R. Let Yj’’ be an 
interval variable associated with a generalized column  j’’ (see Table 1), where 

each cell (k, j’’) contains an interval ''kjI  (k =1,…,n) . 
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Let ''jI  be the union of the intervals '''''' : kjjkj III ∪=  (k =1,…,n). Thus, ''jI  is 

the domain of Yj’’. Let { }'''' ,...,1   : jj mI =λλ  be a set of mj’’ elementary intervals, 

such that the following properties hold, for :,...,1  ;'  ,,....,1', '' nkm j =≠= λλλλ  

i) λ'''' jj II ∪= ; ii) φ=∩ ''''' λλ jj II ; iii) λλ '''''' jjkj III =∩ , if φ≠∩ λ'''' jkj II , and  

φ=∩ λ'''' jkj II ,  otherwise.  

Let λ''kjx  be λλ '''''' jkjkj IIx ∩= , where    represents the interval range. Then, 

λλλλ '''''''''' I    if    jjkjjkj IIIx =∩= , and 0'' =λkjx ,  otherwise.  

Therefore, one has for each pair ( ''kjI , ''' jkI ) of intervals: 
''kj'kj' Ix =•

,   

''' jk'j'k' Ix =•
 and ∑ ∩==

''
1 ''''''''''
jm

jkkjjkkj IIxxλ λλ . Consequently, the (k,k’)-th 

pair of intervals in the j’’-th generalized column of Table 1, can be associated to a 
generalized 2×2 contingency table as follows: 
 

Table 3. Table of agreements and disagreements for interval variables 
 

k \ k’ Agreement Disagreement Total 
 

Agreement ''''''' jkkjj IIs ∩=  
c

jkkjj IIu ''''''' ∩=  '''''' kjjj Ius =+  

 

Disagreement ''''''' jk

c

kjj IIv ∩=  
c

jk

c

kjj IIt ''''''' ∩=  
c

kjjj Itv '''''' =+  

 

Total ''''''' jkjj Ivs =+  
c

jkjj Itu ''''''' =+  ''jI  

 
Into the cells of Table 3, agreements or disagreements are measured by the 
respective interval ranges, instead of the cardinals computed for a binary vector. 

Note that 
c

kjI ''  represents the complementary interval of ''kjI   in the domain ''jI .  

 
2.4. Global affinity coefficient 
 
The three approaches above for representing binary, modal and interval valued 
variables lead to a comprehensive approach for measuring global proximity 
between complex data units (k, k’) described by those heterogeneous kinds of 
variables. A special interesting case arises when only binary and interval valued 
variables are present in a database, since then all (the large list of) association 
coefficients for binary data defined from the 2×2 related contingency table can also 
be used in exactly the same way for interval data, from the corresponding 
generalized 2×2 contingency table. If modal variables are also present in the 
database, a global proximity coefficient between (k, k’)  has to consistently take in 
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account proximity between histograms as well. The affinity coefficient responds to 
those requirements. 
The affinity coefficient was formerly introduced by the pioneer work of K. 
Matusita, started with Matusita (1951) for measuring proximity between two 
probability distribution functions. It is related to a special case of the Hellinger (or 
Bhattacharyya) distance.  
We have extensively studied the affinity coefficient and its properties, several 
affinity generalizations and some particular cases in cluster analysis context (e.g., 
Bacelar-Nicolau, 1988, 2000, 2002; Bacelar-Nicolau et al., 2009, 2010). The 
weighted generalized affinity coefficient )',( kka , between a pair of statistical data 

units k, k’ ∈ D (k, k’=1,…,n), may be defined in a three-way context, as the 
weighted mean of  local / partial affinities between k and k’ over the j-th variable 
(j=1,…,p), as follows: 

     ( ) ∑∑∑ =
••

=
=

⋅⋅=⋅= jm

jk

jk

kj

kjp

j j

p

j x

x

x

x
jkkaffkka

1
'

'

1
1

j ;',    )',(
λ

λλππ                (1) 

where the sum named aff (k,k’;j) is the generalized local affinity between k and k’ 
over the j-th variable, mj representing the number of “modalities” of this variable; 

λkjx  is a real non-negative value (a suitable adaptation of the formula above may 

be considered if real or frequency negative values appear) whose meaning depends 
on the type of j-th variable or equivalently on the nature of the j-th corresponding 
sub-table and π j are weights such that 0≤ π j ≤ 1, Σ π j = 1.  
Either the local affinities, or the whole weighted generalized affinity coefficient, 
take values in the interval [0,1] and satisfy the set of main proprieties of a 
similarity coefficient.  
A probabilistic affinity coefficient may very often be associated with )',( kka , 

giving place to a probabilistic clustering approach. In this work, some hierarchical 
clustering models used such approach (e.g., Lerman, 1970, 1981, 2000; Bacelar-
Nicolau, 1987, 2000; Bacelar-Nicolau et al., 2010; Nicolau and Bacelar-Nicolau, 
1982, 1998). 
It is easy to prove that the generalized local affinity coefficient aff (k,k’;j) in the 
mathematical expression (1) applies for each of the three types of variables 
described above (see Sections 2.1, 2.2 and 2.3).  
 
For a histogram, the local affinity between k and k’ is given by: 
 
 
 
 
In the cases of a binary vector and an interval variable, we respectively obtain: 
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and 
 
 
 
 
Thus, we find the well known Ochiai coefficient for binary data, and a generalized 

Ochiai coefficient, for interval data. In both cases local affinities might 
consequently be computed through two different ways, either by using aff (k,k’;j’) 
and aff (k,k’;j’’), respectively (see expression (1)), or alternatively by using (see 
Tables 2 and 3) the 2×2 contingency and the 2×2 generalized contingency tables 
(Bacelar-Nicolau et al., 2009, 2010).  
In conclusion, the global weighted generalized affinity coefficient (1) holds for 
mixed data where histogram, binary and interval variables are simultaneously 
present. 
 
3. Application to a Case Study: Horse data set 
 
Here, we briefly illustrate how the extended generalized affinity coefficient works 
over a real data set where histogram and interval variables are present.  
The horse data set is issued from the literature of multivariate and symbolic data 
analysis. The data set (http://www.ceremade.dauphine.fr/~touati) consists of twelve 
(second order) statistical data units which represent groups of horse races from a 
sample of 60 races. The groups are described by three histogram and seven interval 
valued variables.  
The twelve data units are named as follows: ES/R, MA/R, EN/R, AM/R, EN/L, 
AM/L, ES/L, ES/D, EN/D, EN/P, ES/P and AM/P, where labels ES, EN, AM and 
MA refer to Southern Europe, Northern Europe, America and Arab World, 
respectively, while R, L, D and P refer to Racehorse, Leisure Horse, Draft Horse 

and Poney, respectively (De Carvalho and Souza, 2010).  
The histogram variables are Country (15 countries), Robe (10 categories) and 
Aptitude (9 categories) and the interval variables are Height at the withers / Size 

(min), Height at the withers / Size (max), Weight (min), Weight (max), Mares, 

Stallions and Birth. 
A brief description of the variables, by type, partial description over the set of 
statistical data units and number of modalities of each histogram variable or 
number of computed elementary intervals of each interval variable may be seen in 
the following table:  
 

Table 4. Short description of Horse data set variables 
 

( )k'j''kj''
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Thus each variable (generalized column) gave place to a sub-table with a suitable 
number of columns corresponding to a set of modalities (for the first three modal 
variables) or a set of elementary intervals (for the seven last interval valued 
variables).  
According to the previous table, the generalized data matrix describing the 
statistical data units (groups of horses), was split into ten sub-tables with twelve 
rows and a different number of columns. Table 5 partially illustrates the first and 
last sub-tables of the resulting generalized data matrix. 
 
Table 5. Partial representation of the transformed data matrix for Horse data set 

 

 
 
The two sub-tables represent, respectively, the first histogram variable Country 
(where the data units are described by their corresponding profiles, as they were 
displayed at the site) and the last interval variable Birth. 
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For the interval variable, Birth, each row of its sub-table contains the 16 ranges of 
the intersection intervals between each elementary interval and the interval 
assumed by Birth in the group of horses described by that row.  
In practice, for continuous variables (see variable Birth) we assume that the data 
were rounded to the nearest whole number, as it is usually done in classical 
statistics. Thus we represent each elementary interval by their so-called true limits 
(e.g. [20.5, 29.5] instead of [21, 29]). This is interesting particularly in case of 
elementary intervals that originally have equal lower and upper limits (e.g. [19.5, 
20.5]).   
 
The hierarchical clustering models we used for classifying the twelve complex data 
units were based on either the weighted generalized affinity coefficient 

)',( kka with equal weights,  /1 pj =π , or an associated coefficient related to the 

probabilistic approach referred to above (see Section 2). Both coefficients were 
combined with several classical (single linkage-SL, complete linkage-CL, etc.) and 
probabilistic VL (V for Validity, L for Linkage) aggregation criteria in order to 
obtain hierarchical clustering models. Note that the VL methodology is a 
probabilistic clustering approach based on the cumulative distribution function of 
similarity coefficients under suitable reference hypothesis (e.g. Bacelar-Nicolau, 
1987; Bacelar-Nicolau et al., 2009; Lerman, 1970, 1981, 2000), which may be 
combined either with classical or VL aggregation criteria.  
Two kinds of clustering typologies arise, one into four clusters and the other one 
into three clusters and a few singletons (from the corresponding numerical tables of 
similarities and aggregation criteria, as well as from appropriate quality/validity 
indexes to choose de most significant partitions). The dendrograms are represented 
in the following figure, where probabilistic and empirical hierarchical clustering 
approaches were respectively used:  
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               AV1 Dendrogram 

              Levels 1 to 11 

 

  ES/R --*--------*                                                   

                  |--*                                                

  ES/D --*        |  |                                                

         |--------*  |-----*                                          

  EN/R --*           |     |                                          

                     |     |--*              

  ES/L --*-----------*     |  |                                       

                           |  |                                       

  EN/D --*-----------------*  |-----*                                 

                              |     |                                 

  MA/R --*-----*              |     |                                 

               |--------------*     |                                 

  EN/L --*--*  |                    |--*                    

            |--*                    |  |                              

  AM/L --*--*                       |  |                              

                                    |  |                              

  EN/P --*-----------------------*  |  |                              

                                 |--*  |                              

  AM/R --*-----------------------*     |                              

                                       |   

  ES/P --*--------------*              |                              

                        |--------------*                              

  AM/P --*--------------*                                      

               CL Dendrogram 

              Levels 1 to 11 

 

  ES/R --*-----*                                                      

               |--------*                                             

  ES/D --*     |        |                                             

         |-----*        |-----------*                                 

  EN/R --*              |           |                                 

                        |           |      

  EN/D --*--------------*           |--*                              

                                    |  |                              

  ES/P --*-----------*              |  |                              

                     |--------------*  |                              

  AM/P --*-----------*                 |                              

                                       |                              

  MA/R --*--------*                    |                              

                  |--------*           |                              

  ES/L --*--------*        |           |                              

                           |--*        |   

  EN/L --*--*              |  |        |                              

            |--------------*  |--*     |                              

  AM/L --*--*                 |  |     |                              

                              |  |-----*                              

  EN/P --*--------------------*  |                                    

                                 |                                    

  AM/R --*-----------------------*   

 

 

Fig. 1. Dendrograms for hierarchical clustering models based on  
the global generalized affinity coefficient  

 
The main four clusters, obtained with the hierarchical clustering models associated 
with the dendrogram shown on the left side of Figure 1, are {ES/R, ES/D, EN/R, 
ES/L, EN/D}, {MA/R, EN/L, AM/L}, {EN/P, AM/R}, and {ES/P, AM/P}. 
Alternatively, three main clusters emerge from the models giving the dendrogram 
on the right side, {ES/R, ES/D, EN/R, EN/D}, {ES/P, AM/P} and {MA/R, ES/L, 
EN/L, AM/L}; then EN/P and AM/R join, one after the other, the third cluster, 
instead of merging together. 
The clusters {ES/R, ES/D, EN/R, EN/D}, {EN/L, AM/L} and {ES/P, AM/P} show 
to be consistent in the way they are built into the hierarchical clustering models we 
have analyzed.  
The following a priori classification into four classes was proposed for this data 
set: Racehorse (R)={ES/R, MA/R, EN/R, AM/R}, Leisure Horse (L)= {EN/L, 
AM/L, ES/L}, Draft horse (D)={ES/D, EN/D} and Poney (P)={EN/P, ES/P, 
AM/P}. Therefore, looking at the consistent clusters indicated above, the first one 
merges together the a priori draft horse and half racehorse classes. The second one 
is the a priori leisure horse class, without ES/L. The third one is the a priori poney 
class, without EN/P. 

The horse data set was analyzed, among others, by De Carvalho and Souza (2010), 
with three non-hierarchical different algorithms. In their study, the clustering 
results also do not replicate the a priori classification. Besides, the authors obtain 
different partitions with different methods but they also find some consistent 
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clusters, which in fact are the same consistent clusters we have listed above. Note 
that a hierarchical clustering model brings additional information on the way 
partitions are built.  
 
4. Conclusions. Future developments 
 
The three approaches described above for representing histograms, binary and 
interval valued variables lead to a comprehensive approach for measuring global 
proximity between complex data units (k, k’). The weighted generalized affinity 
coefficient holds for mixed data where those kinds of heterogeneous variables are 
present. In fact, it is a similarity coefficient defined for comparing distribution 
laws, gives the Ochiai and the generalized Ochiai coefficients for binary and 
interval variables, respectively, and may be represented by the same mathematical 
expression for all three types of variables. Consequently, a unique algorithm works 
for those variable types. 
Future developments include analyzing adaptive families of probabilistic clustering 
models and computational upgrading. Applications to real databases have mainly 
been developed in health and social sciences, education, economy and 
management. 
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Abstract. In this article we will look at a variation of the PageRank algorithm
originally used by L. Page and S. Brin to rank home pages on the Web. We will look
at a non-normalized variation of PageRank and show how this version of PageRank
relates to a random walk on a graph. The article has its main focus in understanding
the behavior of the ranking depending on the structure of the graph and how the
ranking changes as the graph change. More specific we will look at N-partite graphs
and see that by considering a random walk on the graph we can find explicit formulas
for PageRank of the vertices in the graph. Both the case with uniform and non-
uniform personalization vector are considered.
Keywords: PageRank, N-partite graph, random walk.

1 Introduction

Originally PageRank was introduced by L. Page and S. Brin 1996 in order
to rank homepages in order of relevance Brin and Page[4]. PageRank can be
computed as the stationary distribution of a random walk on a directed graph
using a slightly modified adjacency matrix and a low probability to move to a
new random vertex of the graph not depending on the outgoing edges of the
current vertex.

While PageRank was originally used to rank homepages, similar methods
have been used in other areas such as Eigentrust to combat malicious peers in
P2P networks Kamvar et al.[10] or evaluating the importance of certain actors
in financial networks Battiston et al.[2].

Much of the theory behind PageRank is well known from the results in linear
algebra and the study of non-negative matrices and Markov chains Berman and
Plemmons[3] Gantmacher[7] Rydén and Lindgren[11]. Apart from that some
more properties of PageRank have been studied such as the convergence speed
and its dependence on choice of damping factor c Haveliwala and Kamvar [8]
and condition number Kamvar and Haveliwala [9].

In this article we will see that using a non-normalized version of PageRank
using it is possible to find explicit expressions for PageRank for certain simple
graphs. Some types of graphs have been previously studied such as a line of
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vertices, complete graph or a combination of both Engström and Silvestrov [6],
here we will take a look at another common type of graph, namely N-partite
graphs. We will also consider both the case where the initial weight of vertices
can differ and see how that influences the rank.

2 Notation and definitions

Traditionally PageRank is defined as in Def. 1.

Definition 1. PageRank R(1) for vertices in system S consisting of n vertices
is defined as the (right) eigenvector with eigenvalue one to the matrix:

M = c(A + gu>)> + (1− c)ue> (1)

where A is the adjacency matrix weighted such that the sum over every non-
zero row is equal to one (size n× n), g is a n× 1 vector with zeros for vertices
with outgoing edges and 1 for all vertices with no outgoing edges (dangling
nodes), u is a n× 1 non-negative vector with ||u||1 = 1, e is a one-vector with
size n× 1 and 0 < c < 1 is a scalar.

Usually R(1) is also normalized such that ||R(1)||1 = 1 in which case PageRank
can be seen as the stationary distribution of the Markov chain described by
M> However we will use a slightly different version of PageRank (denoted R(3)

to keep consistent with previous work) as seen in Def. 2.

Definition 2. Consider a random walk on a graph with n vertices described
by A. We walk to a new vertex from our current with probability 0 < c < 1
and stop the random walk with probability 1 − c. Then PageRank R(3) for a
single vertex can be written as:

R
(3)
j =

vj +
∑

ei∈S,ei 6=ej

viP (ei → ej)

( ∞∑
k=0

(P (ej → ej))
k

)
. (2)

where P (ei → ej) is the probability to hit node ej in a random walk starting
in node ei. This can be seen as the expected number of visits to ej if we do
multiple random walks, starting in every vertex a number of times desribed by
V = [v1 v2 . . . vn]>.

We note that V corresponds to u in the original definition, except that it
does not need to have a unit norm. While the definition might look very
different it is worth to note that the two versions of PageRank are proportional
(R(3) ∝ R(1)), as can be seen for a very similar definition used in Engström et
al.[5] and in a similar proof here for R(3).

Theorem 1. PageRank as defined in Definition 2 is equivalent to:

R(3) =
R(1)||v||1

d
, d = 1−

∑
cA>R(1) (3)

where v is a non-negative weight vector such that u ∝ v. Hence R(3) ∝ R(1)

since they only differ by some scaling factor.
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Proof. Starting with Def. 2:

R
(3)
j =

 ∑
ei∈S,ei 6=ej

viP (ei → ej) + vj

( ∞∑
k=0

(P (ej → ej))
k

)
. (4)

(cA>)kij is the probability to be in vertex ei starting in vertex ej after k steps.
Multiplying with the vector v therefore gives the sum of all the probabilities
to be in node ei after k steps starting in every node once weighted by v. The
expected total number of visits is the sum of all probabilities to be in node ei
for every step starting in every node:

R
(3)
j =

(( ∞∑
k=0

(cA>)k

)
v

)
j

.

∞∑
k=0

(cA>)k is the Neumann series of (I− cA>)−1 which is guaranteed to con-

verge since cA> is non-negative and have column sum < 1. This gives:

R(3) =

(( ∞∑
k=0

(cA>)k

)
v

)
= (I− cA>)−1v .

We continue by rewriting R(1):

R(1) = MR(1) ⇔ (I− cA>)R(1) = (cug> + (1− c)ue>)R(1) .

Looking at the right hand side we get:

(cug> + (1− c)ue>)R(1) =
(

1− c + c
∑

R(1)
a

)
u =

(
1− c

∑
A>R(1)

)
u

where R(1)
a is the PageRank of all vertices with no outgoing edges. This gives:

R(1) = (I− cA>)−1
(

1− c
∑

A>R(1)
)
u . (5)

From (3) we have

R(3) =
R(1)||v||1

d
⇒ R(1) =

R(3)d

||v||1
. (6)

Substituting (6) into (5) gives:

R(3) = (I− cA>)−1
||v||1
d

(
1− c

∑
A>R(1)

)
u .

Since d = 1−
∑

cA>R(1) and v = ||v||1u we end up with

R(3) = (I− cA>)−1v .

Which is the same as what we got using Def. 2. ut
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By considering PageRank as defined in Def. 2 we can quite easily find the rank
for some different simple types of graph structures we would not as easily be
able to using Def. 1. This comes mainly from the fact that using PageRank
R(3) as defined in 2, it is obvious that a vertex can only influence the rank of
other vertices to which there is a path and that the number of vertices does
not have any influence on the rank of individual vertices. Neither of which is
true for R(1).

3 Bipartite graph

n



e∗n

...
...



m

Fig. 1. Bipartite graph with n vertices on one side and m vertices on the other.

Theorem 2. Consider a Bipartite graph with n vertices Gn on one side and m
vertices Gm on the other. Let weight vector V be the one vector, then PageRank

for one vertex e∗n ∈ Gn on the side with n vertices R
(3)
e∗n

can be written:

R
(3)
e∗n

=
n + mc

n− nc2
. (7)

To get the rank of a vertex on the other side, simply swap n and m with ea-
chother.

Proof. We will use the definition of PageRank as defined in Def. 2. Let en ∈ Gn

and em ∈ Gm. We then have

P (em → e∗n) =
c

n
+

(n− 1)c

n
cP (em → e∗n) . (8)

Where the probability to reach e∗n is written recursively as the probability to
reach e∗n in one step plus the probability that we reach e∗n times the probability
that we are back in any other state in Gn than the one we want to reach. Using
this to rewrite (8) we get:(

1− (n− 1)c2

n

)
P (em → e∗n) =

c

n
.
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⇔ P (em → e∗n) =
c

n

1(
n−(n−1)c2

n

) =
c

(n− (n− 1)c2)
. (9)

If we instead start on the same side as the target vertex we get the probability
as by first stepping once to the other side and use the previous results.

P (en → e∗n) = cP (em → e∗n) =
c2

(n− (n− 1)c2)
. (10)

The probability to get to e∗n starting in e∗n is the same as if we start in any
other vertex on the same side.

P (e∗n → e∗n) = P (en → e∗n) . (11)

From 2 we can write the pageRank as:

R
(3)
e∗n

= (1 + mP (em → e∗n) + (n− 1)P (en → e∗n))

( ∞∑
k=0

P (e∗n → e∗n)

)
.

Using (9) (10) and (11) we get:

R
(3)
e∗n

=

(
1 +

mc

(n− (n− 1)c2)
+

(n− 1)c2

(n− (n− 1)c2)

)(
n− (n− 1)c2

n− (n− 1)c2 − c2

)
=

n− (n− 1)c2 + mc + (n− 1)c2

n− (n− 1)c2 − c2
=

n + mc

n− nc2
.

ut

It is obvious that increasing the number of vertices on one side, decreases
the rank of all the vertices on that side, while at the same time it increases
the rank of those on the other side. We also note that in the symmetric case
n = m, then this can be simplified to

n + nc

n− nc2
=

1 + c

1− c2
=

1 + c

(1 + c)(1− c)
=

1

1− c
.

This is the same as for a complete graph, and what we would expect for any
strongly connected symmetric graph with no edges leading out of the graph.

3.1 Weighted bipartite graph

Theorem 3. Consider a Bipartite graph with n vertices Gn on one side and
m vertices Gm on the other. Then PageRank for one vertex e∗n ∈ Gn vertices

R
(3)
e∗n

can be written:

R
(3)
e∗n

=

ve∗n
(
n− (n− 1)c2

)
+

∑
eim∈Gm

veimc +
∑

ein∈en
ein 6=e∗n

veinc
2

 1

n− nc2
(12)

To get the rank of a vertex e∗m on the other side, simply swap n and m with
eachother.
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Proof. Using (2) and taking the sum of the weights over vertices in Gn and Gm

separately we get:

R
(3)
e∗n

=

ve∗n +
∑

eim∈Gm

veimP (em → e∗n)+

( ∞∑
k=0

P (e∗n → e∗n)

)

+

 ∑
ein∈Gn

ein 6=e∗n

veinP (en → e∗n)


( ∞∑

k=0

P (e∗n → e∗n)

)
.

Adding different weights obviously does not change the probabilities
P (e∗n → e∗n), P (u∗n → e∗n). Using (9), (10) and (11) we get:

R
(3)
e∗n

=

ve∗n +
∑

eim∈Gm

veimc

(n− (n− 1)c2)

( n− (n− 1)c2

n− (n− 1)c2 − c2

)

+

 ∑
ein∈Gn

ein 6=e∗n

veinc
2

(n− (n− 1)c2)


(

n− (n− 1)c2

n− (n− 1)c2 − c2

)
.

=

ve∗n
(
n− (n− 1)c2

)
+

∑
eim∈Gm

veimc +
∑

ein∈Gn

ein 6=e∗n

veinc
2

 1

n− nc2
.

ut

We note that Theorem 3 can also be used to find the rank of the vertices
in a bipartite graph even if it is part of a larger graph with potentially some
other edges from vertices outside the N-partite graph pointing at some of the
vertices in the N-partite graph. This since assuming the bipartite graph itself

does not have any edges to the outside, the return probability

∞∑
k=0

P (ei → ei)
k

will remain unchanged for vertices within the bipartite graph. If we know R(3)

for the vertices outside the bipartite graph we can find new weights vei by
calculating

vei = vei +
∑
j→i
j /∈GP

c

nj
R(3)

ej .

Here j → i denotes that there is an edge from vertex ej to vertex ei and nj is
the number of edges from ej . This is similar to how it is done when removing
’dangling nodes’ in the usual PageRank algorithm as in for example Andersson
and Silvestrov[1] and how we can find formulas for many other types of graphs
made up of more than one component Engström and Silvestrov[6].



Non-normalized PageRank and random walks on N-partite graphs 141

Using Theorem 3 we notice a couple of things, first of all increasing one’s
own weight (through links from the outside or by itself) will always give a more
or less linear increase in rank (more if n is small). Apart from that, we can also
see that increasing the weight of said vertex gives a higher increase in rank for
those on the other side than those on the same side (assuming n ≈ m). We can
also see that the number of vertices on the other side have no influence on the
rank, only their combined weight. On the other hand the number of vertices
on the same side is very important for the rank, the fewer vertices on the same
side the higher the rank.

3.2 N-partite graph

Theorem 4. Consider a N-partite graph with n vertices in every group of ver-
tices and N groups of vertices G1, G2, . . . , GN . Let V be the one vector, then

PageRank R
(3)
e∗n

for one vertex e∗n ∈ Gn can be written:

R
(3)
e∗n

=
1

1− c
. (13)

For N ≥ 2 and n ≥ 1.

Proof. First we note that if N = 1 there would be no edges between any pair
of vertices, hence we require N ≥ 2. We let eij ∈ Gj and let

eiu ∈ Gu =
⋃

r=1...N
r 6=j

Gr .

Using the definition in Def. 2 we find the probability to reach e∗j by writing it
recursively.

P (eu → e∗j ) =
c

(N − 1)n
+

c(N − 2)

N − 1
P (eu → e∗j ) +

c(n− 1)

(N − 1)n
cP (eu → e∗j ) .

(14)
Here the first term is the probability to end up in e∗j in one step, the second
is found by first going to any other vertex in Gu and the last by first going to
any other vertex except e∗j in Gj and back to Gu. Rewriting (14) we get:(

1− c(N − 2)

N − 1
− c2(n− 1)

(N − 1)n

)
P (eu → e∗j ) =

c

(N − 1)n

⇔ P (eu → e∗j ) =
c

(N − 1)n− c(N − 2)n− c2(n− 1)
. (15)

The probability to reach e∗j is obviously the same regardless of which vertex in
Gj we start in. This probability can easily be found as the first step from there
alwys takes us to Gu:

P (e∗j → e∗j ) = P (ej → e∗j ) = cP (eu → e∗j )

=
c2

(N − 1)n− c(N − 2)n− c2(n− 1)
.

(16)
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We assign
k = (N − 1)n− (N − 2)nc− c2(n− 1) . (17)

We write the PageRank R
(3)
e∗j

using (2) grouping the vertices in Gj and Gu

separately giving:

R
(3)
e∗j

=
(
1 + (n− 1)P (ej → e∗j ) + (N − 1)nP (eu → e∗j )

)( ∞∑
k=0

P (e∗j → e∗j )k

)
.

Using (15), (16) and (17) we end up with:

R
(3)
e∗j

=

(
k

k
+

(n− 1)c2

k
+

(N − 1)nc

k

)(
k

k − c2

)

=
k + (n− 1)c2 + (N − 1)nc

k − c2
.

Replacing k according to (15) once again and simplifying yields:

R
(3)
e∗j

=
(N − 1)n− c(N − 2)n− c2(n− 1) + (n− 1)c2 + (N − 1)nc

(N − 1)n− c(N − 2)n− c2(n− 1)− c2
.

=
(N − 1)n + nc

(N − 1)n− (N − 2)nc− nc2
=

(N − 1) + c

(N − 1)− (N − 2)c− c2
.

R
(3)
e∗j

=
(N − 1) + c

((N − 1) + c) (1− c)
=

1

1− c
.

Where we in the last step factorize and simplify since the nominator is a factor
of the denominator. ut

3.3 Weighted N-partite graph

Theorem 5. Consider a N-partite graph with n vertices in every group of ver-
tices and N > 1 groups of vertices G1, G2, . . . , GN and weight vector V then

PageRank R
(3)
e∗n

for one vertex e∗j ∈ Gj can be written:

R
(3)
e∗j

=
ve∗j
(
(N − 1)n− (N − 2)nc− c2(n− 1)

)
(N − 1)n− (N − 2)nc− nc2

+

∑
eij∈Gj

eij 6=e∗j

veijc
2 +

∑
eiu∈Gu

veiuc

(N − 1)n− (N − 2)nc− nc2
,

(18)

where eij ∈ Gj and

eiu ∈ Gu =
⋃

r=1...N
r 6=j

Gr .

For N ≥ 2 and n ≥ 1.
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Proof. Like for the bipartite case changing the weights does not change any of
P (ej → e∗j ), P (eu → e∗j ). From (2) and using the results in (15) and (16) gives:

R
(3)
e∗j

=

ve∗j +
∑

eij∈Gj

eij 6=e∗j

veijP (ej → e∗j )


( ∞∑

k=0

P (e∗j → e∗j )k

)

+

 ∑
eiu∈Gu

veiuP (eu → e∗j )

( ∞∑
k=0

P (e∗j → e∗j )k

)

=

ve∗j k

k
+
∑

eij∈Gj

ein 6=e∗j

veij
c2

k
+
∑

eiu∈Gu

veiu
c

k


(

k

k − c2

)
,

where k is as defined in (17). After some simple rewriting we end up with:

R
(3)
e∗j

=
ve∗j
(
(N − 1)n− (N − 2)nc− c2(n− 1)

)
(N − 1)n− (N − 2)nc− nc2

+

∑
eij∈Gj

eij 6=e∗j

veijc
2 +

∑
eiu∈Gu

veiuc

(N − 1)n− (N − 2)nc− nc2
,

ut
Similar to the weighted bipartite graph, Theorem 5 can also be used to find

the rank of vertices not only for different weight configurations V but also if
there are some other outside vertices linking to the N-partite graph. We can
see that with an increased weight vei we get more or less a constant increase in
rank of vertex ei. As before the weight of vertices in other groups give a higher
increase in rank to vertices in other groups than the other vertices in the same
group.

We note that this also gives the PageRank of vertices in a complete graph
(graph where every vertex link to every other) with weighted vertices. By
setting n = 1 we get the complete graph with PageRank:

R
(3)
e∗j

=
ve∗j ((N − 1)− (N − 2)c) +

∑
eiu∈Gu

veiuc

(N − 1)− (N − 2)c− c2
. (19)

It is worth to note that if we assume V is the one vector we end up with:

R
(3)
e∗j

=
((N − 1)− (N − 2)c) + (N − 1)c

(N − 1)− (N − 2)c− c2
=

(N − 1) + c

((N − 1) + c)(1− c)
=

1

1− c
.

We note that while N does not affect PageRank in the unweighted complete
graph, if we allow weights for vertices to be different it does. We see that
increasing ones own initial weight vi with w increases rank by a factor w/(1−c)
while it increases the rank of everyone else by a lower amount wc/((N − 1)−
(N − 2)c− c2), typically much lower unless N is very small.
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4 Conclusions

We have seen that using a non-normalized version of PageRank and a prob-
abilistic view we can find explicit expressions for some simple type of graphs
such as N-partite graphs. This could be done in both the case with unweighted
vertices as well as when they have different weights vi. For the unweighted case
we get very simple expressions, while for the weighted case we need to include
a couple of sums of weights over different types of vertices.

Using the found expressions for the rank in our examples we could also see
that it is easy to make some conclusions about the rate of change in rank if for
example the number of vertices or their weights change as well as the influence
of an outside vertex linking to one of the vertices in the N-partite graph.
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Stochastic Modelings in Software Reliability

Nuria Torrado1
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Abstract. The reliability of software systems has become a major concern for our
modern society because the demand for complex software systems has increased
within the first decade of the 21st century. A software reliability model (SRM) is a
mathematical tool to evaluate the software quantitatively. A large number of models
have been proposed in the literature to predict software failures (see, e.g. Singpur-
walla and Wilson[18]), but a few incorporate some significant metrics data observed
in software testing. In this work, we present a new procedure to predict numbers of
software failures using metrics information, from a Bayesian perspective. This new
Bayesian software reliability model has been developed in collaboration with R.E.
Lillo and M.P. Wiper (see Torrado et al.[19]).
Keywords: nonhomogeneous Poisson process, software failures, Bayesian statistical
methods.

1 Introduction

Software reliability is defined as the probability that the software will function
without failure under given environmental conditions during a specified period
of time. Most software reliability models (SRMs) are based on the assumption
that the software is possibly imperfectly corrected after each failure or after
various fixed time periods. Often, it will be the case that information in the
form of software metrics such as code length or complexity will be generated
each time the software is corrected. See Fenton and Pfleeger[4] for a review of
the main ideas.

From a statistical point of view, the random variables that characterize
software reliability are the epoch times in which a failure of software takes
place or the times between failures. Most of the well known models for software
reliability are centered around the interfailure times or the point processes that
they generate. A software reliability model specifies the general form of the
dependence of the failure process on the principal factors that affect it: fault
introduction, fault removal, and the operational environment.

A number of analytical models have been proposed for software reliability
assessment. For good recent reviews till 2007 see e.g. the book by Pham[12].

Most of the works in the literature are devoted to estimate model parame-
ters. Some important early references are Jelinski and Moranda[6], Moranda[10],

New Trends in Stochastic Modeling and Data Analysis (pp. 147-157)
Raimondo Manca - Sally McClean - Christos H Skiadas (Eds)
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Goel and Okumoto[5], Littlewood and Verrall[7], Mazzuchi and Soyer[9], Musa
and Okumoto[11], among others.

Some interesting software reliability modelling developed in the last two
decades can be found in Boland and Singh[1], Rinsaka et al.[15], Shibata et
al.[17], Wiper[20], Pievatolo et al.[13] and Torrado et al.[19].

In this paper, we shall develop an alternative approach to both Type I and
Type II software reliability models based on exponential interfailure times or
Poisson failure counts where the rates are modeled as Gaussian processes where
software metrics data are used as inputs. This approach may be thought of
as an extension of the work of Ray et al.[14] which generalizes this earlier,
parametric regression based method to a nonparametric regression model.

Rather than use classical statistical inference techniques we shall here adopt
a Bayesian approach, which has the advantages of being able to take into ac-
count any prior information available and also of taking parameter uncertainty
into account when prediction of reliability is undertaken. Starting from Little-
wood and Verrall[7], Bayesian approaches to many software reliability models
have been considered.

In the article and in the presentation a short overview on the wide field of
Bayesian inference in software reliability model is given, showing some results
given by Torrado et al.[19] and also some of the current research the author is
doing currently.

2 Short review on software reliability modeling

The use of statistical methods in software engineering has been increasing in
the last decades. In the context of this discipline, as we defined above, software
reliability measures the probability that a piece of software runs without failing
under certain operational conditions for a given time. In software testing, soft-
ware is run under an operational profile, that is certain conditions simulating
real usage and after a given test period, the software is modified in order to
correct any observed faults. Testing then proceeds until the software is judged
sufficiently reliable for release.

A software reliability model (SRM) is a mathematical tool to evaluate the
software quantitatively. The SRM’s have been extensively developed in the lit-
erature. Most SRM’s are based on stochastic counting processes, such as bino-
mial process, pure birth process and nonhomogeneous Poisson process (NHPP).
One may refer to two excellent books by Singpurwalla and Wilson[18] and
Pham[12] on this topic. These stochastic models attempt to model either the
times between successive failures of a piece of software or the number of failures
in fixed time periods. Our classification scheme (see Figure 1) follows that of
Singpurwalla and Wilson[18], and divides models into two types: Type I and
Type II.

Type I models are those that model the times between successive failures.
Under these types of models, the random variables T1, T2, . . ., are modeled
directly. This is often done by specifying the failure rate function for each
random variable, hi, i = 1, 2, . . ., an then invoking the exponentiation formula
to obtain their survival function, F̄i. Typically, each hi is a nondecreasing
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Fig. 1. Classification of software reliability (SR) models

function on t, for t ≥ 0 to reflect the fact that between failures the reliability
of the software increases.

Type II models are those that model the number of failures up to a given
time. These models are based on stochastic counting processes for N(t), the
number of times the software fails in an interval [0, t]. The earliest and best
known Type II models are those which assume that N(t) is described by a
Poisson process whose mean value function is based on assumptions about how
the software experiences failure.

It is remarkable that a model of either type defines a model of the other.
Specifically, for a sequence of interfailure times T1, T2, . . ., for which a Type I
model has been proposed, there is an implicit Type II model (cf. Singpurwalla
and Wilson[18]), because

N(t) = max

{
n |

n∑
i=1

Ti ≤ t

}
,

and conversely, for a Type II model there is a Type I model, because with
T0 = 0, and i = 2, 3, . . .,

Ti = inf {t | N(t) = i} − Ti−1.

It is noteworthy two differences between Type I and Type II models. First,
the total number of potential failures of Type II models is assumed to be in-
finite, so that the number of observed failures is a random variable having a
Poisson distribution, as opposed to a fixed number of faults N that is assumed
by Type I models. Second, in the Type II models the interfailure times are
dependent whereas in the Type I models they were typically assumed indepen-
dent.

2.1 Type I models

The Type I group of models is used to study the program hazard rate per fault
at the failure intervals. The hazard rate function of the i ’th interfailure time
of some of these models are reported in Table 1.
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Table 1. Some Type I software reliability models

hi(t) = φ (N − i+ 1) hi(t) = Dki−1

hi(t) = φ (N − p(i− 1)) hi(t) = φ (N − i− 1) t

The first model to be widely known and used is the model by Jelinski
and Moranda[6] (hereafter JM). They assume that the software contains an
unknown number, say N , of faults and that each time the software fails, a
bug is detected and perfectly corrected. Furthermore, the failure rate of Ti is
proportional to N − i+ 1, the number of faults remaining in the code, that is,
for some constant φ > 0, the hazard rate at the i ’th failure interval is given by

hi(t) = φ (N − i+ 1) , i = 1, . . . , N.

The survival function is

F̄i(t) = e−φ(N−i+1)t, i = 1, . . . , N.

The property of this model is that the failure rate is constant and the software
during the testing stage is unchanged or frozen.

A modification to the JM model is the Geometric Model developed by
Moranda[10]. He proposed a new model in which the program failure rate
function is initially a constant D and decreases geometrically at failure times.
In this case, the hazard rate function of the i ’th interfailure times is

hi(t) = Dki,

and its survival function is

F̄i(t) = e−tD ki ,

where D > 0 is the initial program failure rate and k is the parameter of a
geometric function (0 < k < 1).

Goel and Okumoto[5] extend the JM model by assuming that a fault is
removed with probability p whenever a failure occurs. This model is called
the JM model with imperfect debugging and the hazard rate function of time
between failures when the imperfect debugging is at the i ’th failure interval
becomes

hi(t) = φ (N − p(i− 1)) .

The survival function is

F̄i(t) = e−φ(N−p(i−1)) t, i = 1, . . . , N.

The model by Jelinski and Moranda is a special case of the preceding when
p = 1.
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The model by Schick and Wolverton[16] (hereafter SW) is another modifica-
tion of the JM model. They assumed that the hazard rate of Ti is proportional
to both the number of remaining faults in the software and the elapsed time
since last failure. Thus, the hazard rate function between the (i − 1)’th and
the i ’th failure can be expressed as

hi(t) = φ (N − i− 1) t,

where φ and N are the same as that defined in the JM model.

2.2 Type II models

In this subsection we shall describe briefly some Type II software reliability
models. The models described here are only a small subset of those which
appear in the literature.

The Type II models provide another analytical framework for describing the
software failure phenomenon during testing. Recall that in this case, we look
at N(t) as the number of failures to time t. Then, N(t) is modeled by a Poisson
distribution with mean Λ(t), that is, E [N(t)] = Λ(t). Under such models the
reliability of the software for a mission of duration t is simply Pr(N(t) = 0).

The Goel-Okumoto model [5], referred to hereafter as GO, is a NHPP vari-
ant of the JM model. The GO model assumes that the cumulative number of
failures detected by time t is a NHPP and its expectation could be described
by the mean value function

Λ(t) = a(1− e−bt). (1)

The intensity function is

λ(t) =
dΛ(t)

dt
= abe−bt.

Observe that ∆(t) <∞ as t→∞. Therefore, this model cannot be applied
to situations where new faults might be introduced in the process of debugging.
Some NHPP models can incorporate the situation where new faults may be
added during repairs, these models are the infinite failures models. It means
that ∆(t)→∞ as t→∞.

The Duane model [3], referred to hereafter as DU, originally devised for
hardware reliability model, is an infinite failures model. This model is a NHPP
with the expected number of failures

Λ(t) = atb, (2)

and the intensity function
λ(t) = abtb−1.

This function is increasing for b > 1, decreasing for b < 1 and constant for
b = 1. The DU model could be stochastically represented as a Weibull process,
allowing for statistical procedures to be used in the application of this model
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in reliability growth. In particular, this model is the counting process of the
record values from a Weibull distribution.

In these NHPP models, usually parameter a represents the mean number of
software failures that will eventually be detected, and parameter b represents
the probability that a failure is detected in a constant period.

Musa and Okumoto[11] proposed another model for infinite failures. This
NHPP is also called the logarithm Poisson model, referred to hereafter as MO.
The mean value function is

Λ(t) = a ln(1 + bt), t > 0,

and the intensity function is derived as

λ(t) =
ab

1 + bt
.

Let us mention an homogeneous pure birth process, referred to hereafter
as HPBP, for software reliability which is another variation of the JM model.
This model, proposed by Boland and Singh[1], is a birth process approach to
the geometric SRM. In this case, the cumulative number of failures detected
by time t is a HPBP with birth rates

λi = D · ki, i = 0, 1, . . . .

Boland and Singh[1] showed that the mean value function is

Λ(t) = Dt+

∞∑
i=1

(−1)i
(Dt)i+1

(i+ 1)!

i∏
j=1

(1− kj),

and the intensity function

λ(t) = D

1 +

∞∑
i=1

(−1)i
(Dt)i

i!

i∏
j=1

(1− kj)

 .

Other types of mean value functions suggested by Yamada and Osaki[21],
are the hyperexponential growth model and the Yamada-Osaki exponential
growth model, respectively. Some of these models are reported in Table 2. For
more details on software reliability models, see e.g. Pham [12] and Singpurwalla
and Wilson[18].

3 A new software reliability model

In this subsection we present a new approach to both Type I and Type II
software reliability models (see Section 2). Our model is a hierarchical non-
parametric regression model based on exponential interfailure times or Poisson
failure counts where the rates are modeled as Gaussian processes where software
metrics data are used as inputs.
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Table 2. Some Type II software reliability models

Λ(t) = a
(
1 − exp(−bt)

)
Λ(t) = a ln(1 + bt)

Λ(t) = a tb Λ(t) = D t+
∞∑
i=1

(−1)i (D t)i+1

(i+1)!

i∏
j=1

(1 − kj)

Λ(t) =
n∑

i=1

ai
(
1 − exp(−bit)

)
Λ(t) = a

n∑
i=1

pi
(
1 − exp(−bit)

)

Gaussian process models have recently been used in Bayesian approaches to
regression, classification and other areas. Formally, a Gaussian process is de-
fined as following: A Gaussian process (hereafter GP) is a collection of random
variables, any finite number of which have a joint Gaussian distribution.

It is well known that a GP is a generalization of the Gaussian probability
distribution. Just as a Gaussian distribution is fully specified by its mean and
covariance matrix, a GP is specified by a mean and a covariance function. We
define the mean function m(x) and the covariance function C(f(x), f(x′)) of
a real process f(x) as

m(x) = E [f(x)] ,

C(f(x), f(x′)) = E [(f(x)−m(x)) (f(x′)−m(x′))] .

GPs are used in regression and classification problems. Here, we consider a
regression problem where we have a data set D of M scalar observations with an
arbitrary distribution with parameter λi and that the software being analyzed is
possibly imperfectly corrected after each period. If we assume that we observe
the times between successive M failures, say T1 = t1, . . . , TM = tM , then, in
this case, D = {ti : i = 1, . . . ,M}. We might also assume that interfailure times
are exponentially distributed, that is,

Ti | λi ∼ E(λi).

When we assume that we observe the numbers of failures, sayN1 = n1, . . . , NM =
nM inM time periods of length L1, . . . , LM respectively, thenD = {ni : i = 1, . . . ,M}.
We also assume that the numbers of failures follows a Poisson distribution, that
is, for i = 1, . . . ,M , we have

Ni | λi ∼ P(Liλi) .

As part of the correction procedure, we shall suppose that after the (i−1)’th
failure the software is possibly imperfectly corrected and software metrics, say
xi = (xi1, . . . , xik) are generated for i = 1, . . . ,M . Such metrics may reflect
both characteristics of the code such as number of lines or also measures of the
amount of work undertaken on correction such as many hours or costs. Thus, it
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is reasonable to suppose that changes in the quality of the code will be reflected
in changes in the values of the software metrics.

In both cases, the rate, λi can be modeled as a function of the software
metrics, xi, available after the last correction as

lnλi | fi = f(xi) + εi, (3)

where εi ∼ N(0, σ2) and f : <k → < can take different forms. The most
important problem to consider is how to model the unknown function, f . One
possibility is to assume that f is a linear function of the software metrics, say

f(xi) = β0 +

k∑
j=1

βj xij ,

but there is quite a lot of evidence to illustrate that the relationship between
software quality and software metrics is often highly non-linear and therefore,
it seems preferable to use a more general, fully nonparametric model as for
instance a GP model. Therefore, we have an approach to both Type I and
Type II SR models which can be summarize, respectively, as following:

Ti | λi ∼ E(λi),

lnλi | fi = f(xi) + εi,

f | θ ∼ GP(0, C(θ)).

Ni | λi ∼ P(Liλi),

lnλi | fi = f(xi) + εi,

f | θ ∼ GP(0, C(θ)).

One possibility would be to use classical, nonparametric regression tech-
niques, but here we prefer to use a Bayesian approach, as outlined in the next
section.

4 A Bayesian approach to failure rate modeling

In this Section, we explain a Bayesian approach to software reliability modeling
using Gaussian process prior distributions for the functional form, f . In our
context, we propose using the Gaussian process as a prior distribution for
the function f of (3). This, so called Gaussian process prior distribution is
characterized by the form of the mean and covariance functions. Firstly, we
assume that the mean function is E[f(x)] = 0 and as covariance function we
shall assume the squared exponential covariance function defined as

C(f(xi), f(xj) | θ) = η2 exp

{
−1

2

k∑
`=1

ρ−2` (xi` − xj`)2
}
, (4)

where θ =
(
ρ21, . . . , ρ

2
k, η

2
)

is the unknown parameter set, i.e., the hyperparam-
eter set.

One advantage of the Gaussian process prior structure is that it leads to
straightforward inference and prediction in the presence of normal noise. From
(3), set ζi = log λi, when ζi = f(xi) + εi, for i = 1, 2, . . ..
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Assume now that for i = 1, 2, . . ., the number of failures in a fixed time
period of length Ti for the i’th release of the software follows a Poisson distri-
bution and that the logged failure rate, ζi, is modeled as described above.

The basic Bayesian model is completed by defining prior distributions for
the error variance, σ2 and for the GP parameters, θ. Here, we assume inverse
gamma priors, σ2 ∼ IG(αs, βs), η

2 ∼ IG(αe, βe) and ρ2j ∼ IG(αrj , βrj), for
j = 1, . . . , k.

In Torrado et al.[19], we present an explicit and detailed Bayesian posterior
inference for the failure rate model and applied this new model to three real
data sets.

Our proposed model class includes many simpler models such as the JM
model (see Section 2) which are independent of covariate information and also
simpler regression functions. Furthermore, in many problems we may often
have large numbers of metrics available and therefore, which model or which
metrics to choose is an important problem. The standard approach to model
selection in the classical context is to use selection criteria such as the Akaike or
Bayesian information criterion. The most popular Bayesian selection criterion
is the deviance information criterion (hereafter DIC). However, this criterion is
highly dependent on the stability of the posterior (mean) parameter estimates
and in the Gaussian process context, we have found that it is unstable. There-
fore, we prefer to use a variant of the DIC, denoted DIC3. This criterion is
defined, for the Type II model with data n = (n1, . . . , nM ) and model M as

−4E [ln p(nθ) | n,M] + 2 ln p̂(n | n,M),

where

p̂(n | n,M) =

M∏
i=1

p̂(ni | n,M),

and

p̂(ni | n,M) =
1

J

J∑
j=1

p(ni | n, λi,j ,M) =
1

J

J∑
j=1

λni
i,j e

−λi,j

ni!
.

This criterion is straightforward to calculate from the Markov Chain Monte
Carlo (MCMC) output and, in our experience, gives much more satisfactory
results than the DIC. As with the AIC and BIC, lower values of this criterion
imply better fitting models.

5 Applications to a real data set

Finally, we present the analysis of a real data set, see Torrado et al.[19] for the
analysis of two other real data sets.

The data set, referred to hereafter as DS, was presented by Dalal and McIn-
tosh[2]. This data set consists of number of failures in given time periods and
therefore can be analyzed using Type II models. DS contains approximately
400000 new or changed non-commentary source lines (hereafter NCNCSL), the
staff time spent testing and the number of faults found. In order to undertake
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Bayesian inference for the models described before, prior distributions for the
GP parameter σ2 and hyperparameters θ = (ρ21, . . . , ρ

2
k, η

2) must be defined.
As is typical in such problems, we shall assume independent, proper but rela-
tively uninformative inverse gamma, IG(α, β), priors, where α = β = 0.001.

We shall consider three training sets for DS consisting of 99 (50%), 149
(75%) and 178 (90%) data, and three test sets consist of 99, 49 and 20 data,
respectively. We then compute the estimated values of the deviance information
criterion of our model using the new or changed noncommentary source lines
(NCNCSL) as covariate. In order to study whether software metrics provide
information to the model, we compare the GP model with two classical NHPP-
SR models defined in Subsection 3. In particular, we shall consider a Bayesian
approach to the GO model and the DU model as follows,

Ni | a, b ∼ P(Λ(ti))

a ∼ G(αa, βa)

b ∼ G(αb, βb),

where Λ(t) is defined in (1) for the GO model and in (2) for the DU model.

Table 3. DIC3 criterion for DS

75% 90%

GP(NCNCSL) 299.80 517.90 625.73
GO-SRM 690.81 1.0786e+ 003 1.2929e+ 003
DU-SRM 694.12 1.0744e+ 003 1.3161e+ 003

From Table 3, it can be seen that our model can give the smallest DIC3

value, i.e., in the estimation of software failure data is appropriate to use soft-
ware metrics information.
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Abstract. Many features of biological populations can be described in terms of their 

heterogeneity by taking into account variations among individuals and cohorts in the 

population. In demography, the heterogeneity of populations can explain various features 

of age-dependent demographic observations including those related to mortality 

dynamics. Mortality dynamics is underlined by the Gompertz law stating that the 

mortality rate increases exponentially between sexual maturity and considerably old ages 

(i.e. between 20 and 80 years old). Deviations from the exponential increase are observed 

at early- and late-life intervals. Different models (i.e Heligman-Pollard model) were 

developed over the past decades to describe and explain these deviations. These models 

postulate that a few different processes take place in the population and affect its 

mortality dynamics. In this study we present a model based on an assumption that 

mortality dynamics is indeed underlined by the exponential law and the irregularities at 

young and very old ages are due to the heterogeneity of human population. We 

demonstrate that the model is capable of reproducing the entire pattern of mortality and 

explaining the deviations from the exponential growth. The model fitted to Swedish age-

dependent mortality rates indicates that the population should be composed of four 

subpopulations each following the exponential law of mortality increase over age. We 

also expand the idea of heterogeneity to probability density and survival functions, that is 

we adjust the model to the number of Swedish deaths and survivors instead of mortality 

rates. 
Keywords: Gompertz law, Heterogeneity, Mathematical model, Model fitting, 

Probability density, Survival function. 
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1  Introduction 
 

Analysis of the human mortality dynamics over the life-course is of 

great importance for many reasons including understanding the mechanisms of 

ageing and developing ways to control and extend the duration of lifespan. The 

mathematical modelling of the dynamics of human mortality makes a significant 

contribution to these studies. A number of studies have been performed to 

model (Makeham[21]; Siler[20]; Heligman and Pollard[12]; Lee and Carter[15]) 

and analyse (Gavrilov and Gavrilova[13]; de Magalhaes et al.[7]) mortality data 

as a function of age. Age-dependent mortality data are tabulated in life tables 

that contain essential information for the age-structure of a population (Preston 

et al.[17]).    

 Two of the basic quantities of interest tabulated in a human life table 

are the probability of death and the mortality rate. Probability of death, ,iq  is 

the probability for an individual aged i  to die before reaching age 1i +  and is 

expressed as the ratio of the number of deaths of people aged ,i  ,iN∆  divided 

by the number of individuals alive at exact age ,i iN . Death (or mortality) rate 

im  is defined as the number of deaths of people of age i  divided by the average 

number of individuals of age :i  

1

                                             (1) 
0.5( )

i
i

i i

N
m

N N +

∆
=

+
 

where the number of deaths of people aged i  is represented as: 

1.                                              (2) i i iN N N +∆ = −  

The average number of survivors within one-year age interval approximately 

coincides with the number of survivors at the centre of the interval and therefore 

the mortality rate is commonly referred as central death rate. 

Data on mortality rates can be found in two different formats 

depending on the way the data are recorded. Data recording deaths of 

individuals born the same year and growing up together (in the sense that they 

will celebrate their i-th birthday exactly i  years after their birth) form the cohort 

data. Data recording deaths occurring during a specific year form the period 

data. In order to illustrate the difference between the period and cohort data, we 

briefly introduce the Lexis diagram. The Lexis diagram (Lexis[19]) outlines the 

stocks and flows of a population and the occurrence of demographic events 

(such as deaths) over age and time. It is a two-dimension graph (Fig. 1) in which 

the vertical axis represents the age and the horizontal axis the time, both 

measured in same units (e.g. years). Deaths occurring in a parallelogram formed 

by two diagonal lines in Fig. 1 contribute to cohort mortality, while the deaths 

occurring in a rectangle outlined by two vertical lines in Fig. 1 - to period 

mortality. 
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Fig. 1. Lexis diagram 

The diagram illustrates demographic events as distributed over age and time. Cohort 

mortality rates refer to the deaths of a cohort that are occurring in a parallelogram formed 

by two diagonal lines. Period mortality rates refer to deaths occurring within a period 

outlined by two vertical lines. 

 

The mortality rate of human populations (and other species as well) 

advances exponentially with age (i.e. follows the Gompertz law of mortality 

(Gompertz[1])) for a significant part of the age range starting from the period of 

reproductive maturity (age ~35) up to extreme old ages (age ~100). 

Mathematically, the Gompertzian dynamics of mortality is expressed as 

0 ,                                                    (3)i
im m eβ=  

where 0m  is the initial mortality at age 0i =  and parameter β  defines the rate 

of change of mortality with age (usually called rate of ageing or Gompertz 

slope). 

Graphically, mortality data are most frequently plotted in semi-

logarithmic graphs (logarithm of mortality versus age) and therefore their 

exponential increase with age, as expressed by the Gompertz law of mortality 

(equation (3)), is represented with a straight line. Fig. 2 presents data (dots) on 

period mortality rates for the Swedish 2010 population together with the solid 

line representing the Gompertz function fitting the presented data. Even if the 

exponential growth accurately represents most of the ages, some peculiarities 

are observed in young (before 35) and extremely old (after 100) ages.  
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A number of mathematical models have been developed and used to 

analyse the human mortality dynamics and to clarify the deviations from the 

exponential growth. Various explanations have been given to the peculiarities of 

mortality at young and old ages. For example, the proposed explanations for the 

late-life mortality plateau include an assumption that the Gompertz law 

(exponential function) is not valid at those ages and that the mortality dynamics 

should be described by logistic, quadratic or some other mathematical functions 

(Gavrilov and Gavrilova[14]; Kannisto et al.[18]; Pham[5]). Other explanations 

take into account the heterogeneity of a population and its impact on the 

dynamics of mortality (Vaupel et al.[11]; Vaupel and Yashin[8]). The 

heterogeneity can be explained in different ways and can be described by 

different models (Lebreton[6]; Steinsaltz and Wachter[3]).  

  

 
Fig. 2. Mortality rates of the 2010-period Swedish population set in a semi-

logarithmic scale 
The data are taken from the Human Mortality Database (http://www.mortality.org). The 

Gompertz function with parameters 
6

0 8.7 10m −= ⋅  and 0.109β =  fits the data very 

well after the age of 35. Deviations from the exponential growth are observed at young 

(before 35) and considerably old (after 100) ages. 

 

In this work, we aim to analyse the dynamics of mortality in human 

populations using the mathematical model that associates the exponential law 

for mortality dynamics with the heterogeneity of populations. We also develop 

the model for continuous age, which complements the discrete model developed 

in Avraam et al.[2]. Both, the discrete and continuous models, can reproduce 

and explain the pattern formed by period or cohort mortality rates across the 
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entire lifespan and are able to explain the deviations from the exponential 

growth. The model is fitted to Swedish period data and it is shown that a 

theoretical heterogeneous population composed by four subpopulations can 

reproduce the actual data fairly well. The model proposed in Avraam et al.[2], is 

then reformulated for the analysis of the probability density and survival 

functions of the population.  

The remainder of this paper is structured as follows. In Section 2, the 

theoretical models in discrete and continuous age are introduced and their 

probability density and survival function for heterogeneous populations 

developed. Section 3 presents the fitting procedure we used. The models 

presented in Section 2 are applied to Swedish mortality rates in 2010 in Section 

4 and obtained results are discussed in Section 5. 

 

2  Mathematical model 
 
2.1. Discrete model of mortality in heterogeneous populations 

 

The main assumption of the model is that human populations are 

heterogeneous and composed of a number of subpopulations or individuals, 

which differ genetically and/or by life style factors (Vaupel et al.[10]; 

Vaupel[9]). The model that combines the heterogeneity with the Gompertz law 

of mortality (Avraam et al.[2]) has a further assumption that the mortality rate in 

each subpopulation grows exponentially (i.e. in the same way as in Gompertz 

law) with different mortality parameters ( 0 ,m β ) for each subpopulation, 

reflecting the variations in the genotype and life style. The notations 0 ,jN  0jm  

and jβ  are used for the initial size, initial mortality rate and rate of ageing of 

the j-th subpopulation respectively. The mortality or the central death rate of the 

j-th subpopulation at age i  is then expressed by the exponential function: 

0 .                                                  (4)j i

ji jm m e
β=  

Using the definition of mortality rate (equation (1)), the mortality of the entire 

heterogeneous population composed by n  subpopulations is given by: 

1

, 1

1 1

,                                         (5)

0.5

n

ji

j

i
n n

ji j i

j j

N

m

N N

=

+
= =

∆

=
 
 +
 
 

∑

∑ ∑
 

with jiN  and jiN∆  representing the number and the number of death of 

persons of age i  in subpopulation .j  By taking into account equations (1) and 

(4), equation (5) is rewritten as: 
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0

1 0

0

1 1 0

1 0.5
.                                    (6)
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When dealing with period data the number of individuals aged i  is constant for 

a stationary population and therefore the mortality rate is defined as the number 

of deaths iN∆  divided by the actual size .iN  Thus, the model of mortality 

(equation (6)) for period data is simplified and can be expressed as a sum of 

weighted exponential terms: 

1

0

1 1

1

,                              (7)j

n

ji
n n

ij

i ji ji ji jn
j j

ji

j

N

m m m e

N

βρ ρ=

= =

=

∆

= = =
∑

∑ ∑
∑

  

where each weight jiρ  represents the proportion of the j-th subpopulation in the 

whole population at age :i  

1

 with 1.

n
ji

ji ji
i j

N

N
ρ ρ

=

= =∑  

 

2.2. Continuous model of mortality in heterogeneous populations 

 

In the continuous model the age is defined by a real number x  

(continuous age) rather than by the integer number .i  For continuous age, the 

instantaneous mortality, xµ  at age x  (force of mortality) of a homogeneous 

population is defined as: 

0

1
( ) lim .                                     (8)

( ) ( )x

N dN
x

N x x N x dx
µ

∆ →

−∆ −
= =

∆
 

Substituting the Gompertz law in the LHS of equation (8) and solving the 

differential equation results in: 

0

( ) ,                                              (9)

xe

N x Ae

βµ
β

−
=  

where the constant of integration A  is equal to 0 /
0N e

µ β
 as estimated by the 

initial condition 0( 0) .N x N= =  This means that the expression for the 

population size N  at age x  depends on the initial mortality,  0 ,µ  and the 

mortality coefficient :β  

( )0 1

0( ) .                                         (10)

xe

N x N e

βµ
β

−
=  
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With heterogeneous populations, formula (10) is used to describe the size of 

each subpopulation at age .x  Therefore, the subscript j  is added in each 

parameter. As a result, the mortality of the entire population in continuous age is 

formulated by: 

0

0

( / )(1 )

0 0

1 1

( / )(1 )

0

1 1

( ) ( )

( ) .                 (11)

( )

xj
j j j

xj
j j

n n
x e

j j j j

j j

n n
e

j j

j j

x N x e N e

x

N x N e

β

β

β µ β

µ β

µ µ

µ

−

= =

−

= =

= =
∑ ∑
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By solving equation (11) at integer values of age ( x i= ), equation (6) is found, 

providing then a link between the dynamics of mortality in the continuous and 

discrete models. 

 

2.3. Probability density and survival function in heterogeneous populations 

 

The consideration of heterogeneity in human population can be used 

for the derivation of models for other mortality-related variables that exist in 

human life tables. Such variables are the number of survivors and the number of 

deaths at age .x  In this section, the models of probability density and survival 

function for heterogeneous populations are developed in continuous time. 

In a homogeneous population, ( )S x x+ ∆  denotes the probability of an 

individual to survive at age x x+ ∆  (usually called survival function) and is 

calculated as the difference between the probability to survive at age x  and the 

probability to die between x  and x x+ ∆ : 

( ) ( ) ( ) ( )                                   (12)S x x S x S x x xµ+ ∆ = − ∆  

( ) ( )
( ) ( ).                                 (13)

S x x S x
x S x

x
µ

+ ∆ −
⇒ = −

∆
 

The limit of LHS of equation (13) when x∆  tends to 0, is the derivative of ( )S x  

with respect to x : 

0

( ) ( ) ( )
lim ,                                      (14)
x

S x x S x dS x

x dx∆ →

+ ∆ −
=

∆
 

and therefore equation (13) can be written as the differential equation 

( )
( ) ( ).                                              (15)

dS x
x S x

dx
µ= −  

The solution of the differential equation (15) when the force of mortality ( )xµ  

follows the Gompertz law, is 

0( ) exp ,                                       (16)xS x A eβ
µ
β

 
= − 

 
 

where the constant of integration ,A  is given by the initial condition 

( 0) 1S x = =  and is equal to 0 /
.A e

µ β=   
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By multiplying the survival function with the initial size of the population 0N , 

we find the number of individuals alive at age x . Therefore, for the 

heterogeneous population, the theoretical number of survivors at age x  is given 

by: 

( )0

0 0 0

1

( ) ( ) exp 1 .                     (17)j

n
xj

j
jj

N x N S x N e
βµ

ρ
β

=

 
= = −  

 
∑  

 The probability density function ( ),f x  of a heterogeneous population 

is obtained similarly. The probability ( )q x  of an individual to die by age x  is 

the complement of the probability to survive at the same age (i.e 

( ) 1 ( )q x S x= − ) and therefore the probability density function is obtained by 

differentiating the cumulative distribution function ( )q x  with respect to x : 

( )0
0( ) '( ) exp 1 .                     (18)xf x q x x eβ

µ
µ β

β
 

= = − − 
 

 

By multiplying the probability density function with the size of the initial 

population, we have the theoretical distribution of deaths across the lifespan, 

0( ) ( ).N x N f x∆ =  

For the case of a heterogeneous population composed by n  

subpopulations, the distribution of deaths is given by the sum of the number of 

deaths of individuals from each subpopulation: 

( )0

0 0 0 0

1 1

( ) ( ) exp 1 .          (19)j

n n
xj

j j j j j
jj j

N x N f x N x e
βµ

ρ µ β
β

= =

 
∆ = = − −  

 
∑ ∑  

 

3  Fitting Procedure 
 

The practical and commonly-used Least Squares Method was 

performed for the estimation of the model parameters that minimize the sum of 

the squared residuals between the theoretical and observed values. Log-Linear 

regression was used for the comparison between the logarithm of actual 

mortality rates and the logarithm of the theoretical mortality rates (logarithm of 

equation (6) or (11)), while Linear-regression was used to compare the actual 

number of deaths and survivors with the theoretical number of deaths given by 

equation (19) and theoretical number of survivors given by equation (17) 

respectively. In order to select the model with the optimal number of 

subpopulations, we used the Bayesian Information Criterion (BIC) (Schwarz[4]) 

which is given by the formula 

( ) ( )2ln ln ,                                     (20)d e dBIC n k nσ= +
)

 

where dn is the number of data points, 
2
eσ

)
 is the sum of squared residuals 

divided by the number of data points and k  is the number of free parameters. 

The model with the lowest BIC value represents the optimum. Note that each 

subpopulation is characterised by three parameters (initial mortality, rate of 
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ageing and its size or proportion with respect to the whole population) and also 

the sum of the subpopulations fractions is equal to unity. Therefore, the model 

of heterogeneous population composed by n  subpopulations contains 

3 1k n= −  unknown parameters. 

 

4  Results 
 

The theoretical heterogeneous population model is fitted to three 

different sets of mortality-related data (mortality rates, number of deaths and 

number of survivors) for the 2010 period Swedish data for the entire population 

including males and females. The data come from the website of Human 

Mortality Database, (http://www.mortality.org). We first fit the model to the 

mortality rates introduced in Fig. 2. 
 

 
Fig. 3. The model of heterogeneous population fitted to the 2010 Swedish mortality 

rates 

The heterogeneous population composed by three (panel A), four (panel B) and five 

(panel C) subpopulations are presented. The observed mortality rates are denoted by the 

dot points, the mortality dynamics of the subpopulations are given by the dashed lines 

and the total mortality of the whole population by the solid curve. 

 

Fig. 3 presents the data and the fitted model composed by three (Fig. 

3A), four (Fig. 3B) and five (Fig. 3C) subpopulations. The BIC values reveal 

that the population composed by four subpopulations ( 334.07BIC = − ) fits the 

2010 period Swedish data better than the model of three ( 302.06BIC = − ) 

subpopulations and slightly better than the five-subpopulation model 
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( 315.73BIC = − ). In the four-subpopulation model (Fig. 3B), the first 

subpopulation considered as the frailest (the subpopulation with the highest 

initial mortality) explains the sharp decline of mortality pattern at infant ages. 

The second subpopulation (with initial mortality closed to 0.3) mainly forms the 

left part of the local minimum that is observed at young ages (ages 2-7). The 

third subpopulation with initial mortality around 0.001 forms the local hump 

that appears over the reproductive period (ages 20-30). This hump is frequently 

called the accidental hump since it reflects external death factors such as 

accidents (for both sexes) and maternal mortality (for females). The fourth 

subpopulation is the most robust (having the lowest initial mortality) and has the 

biggest initial fraction. It explains the exponential growth of mortality at the 

period of ageing. 

The fitting procedure is then applied to the numbers of deaths and 

survivors taken for the 2010 Swedish population, with equation (19) and 

equation (17) respectively. The BIC values indicate that the best fit to the 

observed numbers of deaths and survivors is obtained in both cases with a 

model composed by four subpopulations (Fig. 4).  

 

 
Fig. 4. The model of heterogeneous population fitted to the 2010 Swedish number of 

deaths and number of survivors 

A: The density function of heterogeneous population composed by four subpopulations is 

fitted to the actual numbers of deaths and B: The survival function of heterogeneous 

population composed by four subpopulations is fitted to the actual numbers of survivors. 

 

Consequently, the analysis shows that the assumption of population 

heterogeneity provides mathematical models that fit the mortality-related data 

(Fig. 3 and 4) better than a model of homogeneous population. On the other 

hand, the three attempts of fitting mortality-related data for the same population 

do not give the same values for the mortality parameters. The model for 

mortality rates of heterogeneous population provides the parameters that shape 

the mortality pattern of the entire lifespan, since by using the logarithm of 

mortality rates during the fitting procedure we increase the weight of young 

ages. The other two models (equations (17) and (19)) provide parameters that 

minimize the residuals mainly at adulthood span, since the differences between 

theoretical values and observations at young and extreme old ages are 

negligible. Besides, the theoretical relationships between equations (6), (11), 

(17) and (19) developed in Section 2 are valid only for cohort data with no 
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migration where the number of persons alive at age 1i +  ( 1iN + ) in year t  are 

equivalent to the number of persons alive at age i  in year 1t −  minus the 

number of persons who died at age i  in year 1,t −  .i iN N−∆  However, since 

we do not fit cohort data but period data and since the Swedish population is 

subject to migration flows, this relation does not hold, explaining partly the 

observed differences between the values of the parameters of the three fitted 

models. The mortality rates of the entire population resulting from the model 

applied to the three different sets of Swedish data are shown in Fig. 5. The 

dotted and dashed curves indicate that the parameters obtained by fitting the 

numbers of deaths and survivors, fail to accurately model the peculiarities of 

mortality pattern at early and extreme old ages. However they both create a 

smooth dip at around age 75 and thus better capture the mortality pattern at 

adult age than the curve of mortality obtained by fitting mortality rates (solid 

curve in Fig. 5). 

  

 
Fig. 5. Different fits of four-subpopulation heterogeneous model to 2010 Swedish 

mortality data 

The solid (red) curve represents the mortality pattern resulting from the heterogeneous 

model fitted to the mortality rates (same pattern as in Fig. 3B) while the dotted (green) 

and dashed (blue) curves show the mortality pattern resulting from the model fitted to the 

numbers of deaths and the numbers of survivors respectively. (For interpretation of the 

references to colour in this figure legend, the reader is referred to the electronic version 

of this book.) 

 

 

Conclusions 
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Modelling the dynamics of human mortality has long been the focus of 

various studies aiming an understanding the ageing processes and the causes of 

mortality at different ages. A number of studies have assessed the impact of 

heterogeneity on the dynamics of mortality, in particular at young and extremely 

old ages. The assumption that the population is heterogeneous combined with 

the assumption that the mortality dynamics of each subpopulation follows the 

exponential law, have been used to model the observed mortality dynamics and 

particularly to explain the deviations of mortality dynamics from the 

exponential growth (Avraam et al.[2]). In this work, we extended the model 

developed in Avraam et al.[2], from discrete to continuous time and we use it to 

reproduce and analyse the mortality dynamics across the entire human lifespan. 

The model contains meaningful demographic parameters and is capable of 

reproducing the actual data of a human population fairly well. The heterogeneity 

of a population is also used to derive models reproducing the patterns formed by 

the numbers of deaths and survivors.  

The model reveals that we need to consider only four subpopulations to 

reproduce with sufficient accuracy the Swedish period mortality-related data 

(Fig. 3B and 4). The four-subpopulation model appears to be the optimum in all 

three fitted models we developed, that are 1) fitted model to mortality rates, 2) 

fitted model to the number of deaths and 3) fitted model to the number of 

survivors. Even though it probably underestimates the real heterogeneity of 

human populations, it shows how a simple mathematical model can well 

represent actual human mortality dynamics. Our analysis indicates that the 

contribution of heterogeneity differs across ages. The mortality model suggests 

that a small subpopulation with high initial mortality explains the decline in 

mortality at young ages as this subpopulation gradually disappears. Generally, 

the faster-ageing subpopulations are eliminated with increasing age and the 

entire population starts to act more-and-more homogeneously, as if it was 

composed by a single (with the lowest mortality) subpopulation. 

The model presented in this study allows many future developments, 

such as an analysis of the time evolution of the Gompertz parameters. Indeed, 

such study could help to better understand past mortality evolutions, such as the 

ageing process, and could provide a new approach to forecast mortality trends of 

human populations. By comparing these projections with traditional forecasting 

techniques currently used in practice, such as the Lee-Carter and the Heligman-

Pollard models (see for example Gaille[16]), the analysis of potential future 

mortality developments will be enhanced.   
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Abstract. We consider the family of bivariate power series distributions. It is well
studied that the maximum likelihood estimator of its parameters is not robust to
outliers in the data. We consider the trimmed likelihood as a robust modification
of the classical maximum likelihood and find a lower bound of its breakdown point.
The distributions of this family serve well as offspring distributions in the two-type
discrete time branching processes. We construct the maximum likelihood estimators
of the process and show their relationship to the Harris type estimators of the mean
vector. On the basis of different sampling schemes we show construction methods for
the trimmed likelihood estimators.
Keywords: Bivariate power series distributions, Trimmed likelihood, Multitype
branching processes.

1 Introduction

Branching processes form an important class of stochastic processes with nu-
merous applications in different scientific and practical areas, many of them in-
volving multitype modeling. Generally speaking, there is a number of objects,
often called particles, cells, individuals, which, according to some probabilistic
law, reproduce (or ”branch”) and die out. They can be of multiple types and
may have different locations in space. Their evolution and generation may be
independent or according to certain probabilistic laws.
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One of the pioneering works on the formulation and handling of branch-
ing processes with several types of particles are the papers from 1947 by Kol-
mogorov and Dmitriev[12] and Kolmogorov and Sevastyanov[13] in the Markov
case. Since then there is an impressive number of work in the area of branching
processes theory and applications (see for example the books of Asmussen and
Herring[1], Athreya and Ney[3], Harris[9], Jagers[11], Sevastyanov[14], Yakovlev
and Yanev[27] and others).

Statistical estimation of the process’ characteristics like the mean number
of offspring, the criticality of the process, the offspring distribution and others,
is an important issue in their study. Some of the most recent approaches
devoted to the statistical inference for branching processes can be found in
González et al.[7]. The work of Jacob[10] gives a comprehensive overview of
the theoretical and statistical methods used in epidemiology. The importance
of simulation, computing and more flexible statistical procedures can also be
traced in González et al.[6].

As in other fields of statistics, there are different approaches for estima-
tion - parametric, nonparametric and semiparametric settings. One possible
approach for estimation in a contaminated sample is to combine the asymp-
totic distributions of the estimators with the method for constructing robust
estimators, based on the trimmed likelihood. Robust estimation of the off-
spring distribution on the basis of the asymptotic behaviour of the (relative)
frequencies in a multitype Bienayme-Galton-Watson branching process with a
random number of ancestors are studied in Stoimenova and Atanasov[21],[4].
These works are based on the papers on the asymptotics and applications in
cell biology in Yakovlev and Yanev[28],[29] and Yakovlev et al.[26]. The other
approach is to use the exact offspring distribution in a specified parametric
family like the multivariate power series. The robust estimation in the multi-
variate power series family is of inerest in itself. We consider numerical results
for simulated data samples of different types - samples over family trees and
over generation sizes - and compare estimators and their robust versions. In
the class of the univariate power series offspring distributions some topics of
the parametric estimation are considered in Stoimenova and Yanev[22] and of
the robust parametric estimation - in Stoimenova[20].

2 Multivariate power series estimation

Let us suppose that the discrete real-valued random variables X and Y have
the joint probability mass function of the form:

pij =
a(i, j)θi1θ

j
2

A(θ1, θ2)
, (1)

where (i, j) ∈ = is the set of possible values of the random vector (X,Y ),
(θ1, θ2) ∈ Θ ⊂ R+

2 is the vector of positive parameters from the parameter
space Θ, ak(i, j) > 0 is nonnegative real-valued function of the random vector
values, which may depend on some parameters, but does not depend on θ1 and
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θ2, and

A(θ1, θ2) =

∞∑
i=0

∞∑
j=0

a(i, j)θi1θ
j
2. (2)

We recall that the family of distributions having probability mass functions
of the form (1) is called bivariate power series distribution family. The function
A(θ1, θ2) is called the defining function of the distribution. Note that the form
(2) is the second-order Taylor expansion of the scalar-valued function of more
than one variable A(θ1, θ2) in a bivariate power series form. The coefficient
a(i, j) in the expansion is called the coefficient function.

The bivariate power series distribution family in (1) is a natural general-
ization of the univariate power series distribution family and a subclass of the
multivariate power series distribution family. There are many sources concern-
ing the properties and applications of the multivariate power series distribu-
tions. Among them we mention the pioneering papers of Katri[16], Patil[18],
Gerstenkorn[5] and the thorough books on discrete multivariate distributions
of Johnson et.al.[15] and discrete bivariate distributions of Kocherlakota[17]

The multivariate power series distributions form a subclass of the multivari-
ate discrete exponential family, hence inheriting its properties for the moments,
cumulants, covarances, additiveness and so on.

We recall that in the special cases when:

1. A(θ1, θ2) = (1+θ1+θ2)n, θi > 0, one has the trinomial distribution (positive
multinomial) in a reparametrized form with parameters pi = θi

1+θ1+θ2
∈

(0, 1):

pij =
a(ij)θi1θ

j
2

(1 + θ1 + θ2)n
=

n!

i!j!(n− i− j)!

(
θ1

1 + θ1 + θ2

)i(
θ2

1 + θ1 + θ2

)j
.

.

(
1− θ1

1 + θ1 + θ2
− θ2

1 + θ1 + θ2

)n−i−j
=

n!

i!j!(n− i− j)!
pi1p

j
2(1−p1−p2)n−i−j

Note that the multinomial distribution without reparametrization is not a
multivariate power series distribution in this sense since cannot be written
in the form (1).

2. A(θ1, θ2) = (1−θ1−θ2)−n, then one has the negative binomial distribution
(negative multinomial in the bivarate case) with the same parameter pi =
θi ∈ (0, 1), p1 + p2 < 1 and

pij =
a(ij)θi1θ

j
2

(1− θ1 − θ2)−n
=

(n+ i+ j − 1)!

i!j!(n− 1)!
pi1p

j
2(1− p1 − p2)n

3. A(θ1, θ2) = exp{θ1 +θ2}, θi > 0, then one has the bivarate Poisson (double
Poisson) with pi = θi > 0 and

pij =
a(ij)θi1θ

j
2

exp{θ1 + θ2}
=
θi1e
−θ1

i!

θj2e
−θ2

j!
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4. A(θ1, θ2) = − log(1 − θ1 − θ2), θi > 0, θ1 + θ2 < 1, one has the bivariate
logarithmic series distribution

pij = − (i+ j − 1)!

i!j! log(1− θ1 − θ2)
θi1θ

j
2

Given n independent bivariate random variables Nh = (Xh, Yh), h = 1,
2, . . . , n, each having the same multivariate power series distribution with prob-
ability mass function (1), the maximum likelihood estimators of the expected
values EX, EY are simply the arithmetic means of the coordinates of the
sample values:

ÊX =
1

n
(X1 + · · ·+Xn) = Xn and ÊY =

1

n
(Y1 + · · ·+ Yn) = Y n. (3)

The likelihood function has the form

L(N1, . . . , Nn; θ1, θ2) = A(θ1, θ2)−n

{
n∏
h=1

a(Xh, Yh)

}
θ

n∑
h=1

Xh

1 θ

n∑
h=1

Yh

2 . (4)

Using the well known property of the multivariate power series

EX =
θ1

A(θ1, θ2)

∂A(θ1, θ2)

∂θ1
and EY =

θ2
A(θ1, θ2)

∂A(θ1, θ2)

∂θ2
(5)

and equating ∂L
∂θ1

= 0, i = 1, 2, one has (3). Hence the maximum likelihood
estimators of the parameters θ1 and θ2 can be obtained as solutions of the
equations

Xn =
θ1

A(θ1, θ2)

∂A(θ1, θ2)

∂θ1
and Y n =

θ2
A(θ1, θ2)

∂A(θ1, θ2)

∂θ2
. (6)

Note that the sample mean is not robust to outliers in the data.

Example 1. Let us consider a simulated sample of 120 observations with double
Poisson distibution. Let 100 of them be ”true” observations with parameters
θ1 = 15, θ2 = 20. Let 20 observations be outliers in the sample, again bivariate
poisson distributied, but with different parameters: θ1 = 5, θ2 = 15. A graph
of the sample can be seen in Figure 1 below:

Figure 1: Simulated data sample from bivariate Poisson distribution with 100

”true” observations (black) and 20 outliers (red).
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We recall that in this case the maximum likelihood estimators (MLE) of
the parameters are the sample means itself. We obtain the following estimates:

MLE over the entire sample (120 observations): θ̂1 = 13.5167, θ̂2 = 19.3417

MLE for the ”true” observations (100 observations): θ̂1 =15.2200 θ̂2 =19.8700

MLE of the outliers (20 observations): θ̂1 =5.0000 θ̂2 =16.7000

2.1 Trimmed likelihood estimation

Example 1 shows that an estimator is needed, which allows for:

- a certain (high) percent of ’contaminated’ data: outliers
- an easy calculation of the breakdown point
- inheriting the consistency property of the maximum likelihood
- a direct application of the asymptotic and statistical theory for different

classes of branching processes

For the reasons above in our work we consider the trimmed likelihood es-
timators of order k (LTE(k)), a generalization of the maximum likelihood
estimators (MLE) and a subclass of the wighted and trimmed likelihood esti-
mators of order k (WLTE(k)), which are introduced and studied by Vandev
and Neykov[24],[25].

The WLTE(k) may be considered as a robust extension of the MLE that
possesses a high breakdown point. This modification considers the likelihood
of individual observations as residuals and applies the basic idea of the least
trimmed squares estimators (LTS) of Rousseeuw[19] using appropriate weights.

Vandev and Neykov[25] defined the WLTE(k) estimators θ̂, for the un-
known parameter θ ∈ Θ (θ may be a multivariate parameter, the only require-
ment imposed on Θ is to be a topological space) as

θ̂ = argmin
θ∈Θ

k∑
h=1

whfν(h) (θ) , (7)
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where fν(1) (θ) ≤ fν(2) (θ) ≤ · · · ≤ fν(n) (θ) are the ordered values of fh =
− logϕ (xh, θ) at θ, ϕ (xh, θ) is the probability density (probability mass func-
tion) of the observation xh, θ is an unknown parameter and ν = (ν(1), · · · , ν(n))
is a corresponding permutation of the indices, which may depend on θ.

The nonnegative weights wh ≥ 0, h = 1, · · · , k, are such that at least one
positive exists, or equivalently, an index k = max {h : wh > 0} exists. If all
weights wh = 1, h = 1, . . . , n, then one has the least trimmed estimator LTE.

The idea behind formula (7) is that in the likelihood function are included
only the k ”most probable” observations (those with the largest value of the
probability density function) from the sample of sample size n. The other n−k
observations are regarded as outliers. The number k, [n/2] < k ≤ n, is called
trimming factor and is used to calculate the breakdown point of the robust
estimator. If k = n and wi = 1, i = 1, . . . , n, one has the classical MLE.

Vandev and Neykov[25] proved that the finite sample breakdown point of
the WLTE(k) estimators is not less than (n− k)/n if n ≥ 3d, (n+ d)/2 ≤ k ≤
n − d, when Θ is a topological space and the set F = {fh(θ), h = 1, . . . , n} is
d-full.

A finite set F of n functions is called d-full, according to Vandev[23], if for
each subset of cardinality d of F , the supremum of this subset is a subcompact
function.

A real valued function g (θ) is called subcompact, if its Lesbegue sets
Lg (C) = {θ : g (θ) ≤ C} are compact for any constant C (Vandev and Neykov
[24]).

A simpler and easier to apply criterion for subcompactness is given in
Atanasov[2], stating that a real valued continuous function g (θ), defined on
an open subset of Θ ∈ Rn, is subcompact if and only if for any sequence of
points θs → θ0 where θ0 belongs to the boundary of Θ, g (θs) → ∞ when
s→∞. On the figure below one can see the form of the subcompact function:

Figure 2. The likelihood function over 200 observations for different values of the

trimming factor k based on subcompact likelihood curves.

We use the definition in Hampel et al.[8] of the finite sample breakdown
point of an estimator T , at the finite sample X = {xi; i = 1, · · · , n}, is defined

as the largest fraction m/n for which supX̃

∥∥∥T (X)− T
(
X̃
)∥∥∥ <∞, where X̃ is
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a sample obtained from X by replacing any m of the points in X by arbitrary
values.

Thus, if one wants to study the breakdown point of the WLTE(k) estimates
for a particular distribution, one has to find out the index d of fullness of the
corresponding set of log-density functions.

2.2 The breakdownpoint of the trimmed estimator of the power
series parameters

In the case of independent bivariate power series distributed observations Nh =
(Xh, Yh), h = 1, 2, . . . , n, trimming factor k and equal weights wh = 1, h =
1, . . . , n formula (7) for the LTE(k) has the form

̂(θ1, θ2) = argmin
(θ1,θ2)∈Θ

k∑
h=1

log

{
A(θ1, θ2)

a(Xν(h), Yν(h))θ
Xν(h)
1 θ

Yν(h)
2

}
, (8)

where (ν(1), · · · , ν(n)) is the permutation of the indices, for which{
A(θ1, θ2)

a(Xν(1), Yν(1))θ
Xν(1)
1 θ

Yν(1)
2

}
≤ · · · ≤

{
A(θ1, θ2)

a(Xν(n), Yν(n))θ
Xν(n)

1 θ
Yν(n)

2

}
.

Let us introduce the notations:

- = is the set of all posible values of the random vector (X,Y );
- =1 the set of all possible values of the random variable X, while =2 is the

set of all possible values of the random variable Y ;
- Υ is the convergence region of the series A(θ1, θ1), and ∂Υ is its boundary;
- MinV X ∈ =1 is the minimal value of the random variableX, andMinV Y ∈
=2 - the minimal value of the random variable Y ;

- MaxV X ∈ =1 is the maximal value of the random variable X (which may
be finite or infinity), and MaxV Y ∈ =2 - the maximal value of the random
variable Y ;

- If (MinV X,MinV Y ) ∈ =, then NMinV X,MinV Y is the observed number
vectors in the sample with minimal values of the coordinates;

- If MaxV X < ∞, MaxV Y < ∞ and (MaxV X,MaxV Y ) ∈ =, then
NMaxVX,MaxV Y is the observed number vectors in the sample with maxi-
mal values of the coordinates;

Lemma 1. Let us consider a sample of n independent bivariate power series
distributed observations. For the breakdown point of the LTE(k) estimator (8)
the following statements hold:

1. If |=| = ∞, (θ1, θ2) ∈ Υ , limθ1,θ2→∂Υ
A(θ1,θ2)

θi1θ
j
2

= ∞ ∀(i, j) ∈ = except for

(i, j) = (MinV X,MinV Y ), then the WLT (K) estimator exists and its
breakdownpoint is not less than [n − k]/n if n ≥ 3(NMinV X,MinV Y + 1),
[n+NMinV X,MinV Y + 1]/2 ≤ k ≤ n−NMinV X,MinV Y − 1.
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2. If |=| < ∞; θ1 ∈ (0,∞), θ2 ∈ (0,∞), then the WLT (K) estimator exists
and its breakdownpoint is not less than [n − k]/n, if
n ≥ 3(max{NMinV X,MinV Y , NMaxVX,MaxV Y } + 1), and
[n + max{NMinV X,MinV Y , NMaxVX,MaxV Y } + 1]/2 ≤ K ≤ n−
max{NMinV X,MinV Y , NMaxVX,MaxV Y } − 1.
If (MaxV X,MaxV Y ) /∈ =, then the statement in 1. hold.

3. If (θ1, θ2) ∈ Φ ⊂ Υ1, where Φ is a compact set, then the WLT (k) estimator
exists and its breakdownpoint is not less than [n−k]/n if n ≥ 3, [n+1]/2 ≤
k ≤ n− 1.

Proof. The proof is analogous to the proof in the case of univariate power series
(see Stoimenova[20]).

What we need to prove is that the function

Fij(θ1, θ2) =
A(θ1, θ2)

θi1θ
j
2

is subcompact or equivalently, that

lim
θ1,θ2→∂Υ

A(θ1, θ2)

θi1θ
j
2

=∞

for all (i, j) ∈ =. This is true under the conditions of Cases 1 and 2, except
for the values (MinV X,MinV Y ) and (MaxV X,MaxV Y ), when the limit
equals a constant. But the supremum of m functions Fij is always bigger than
their average and a continuous function, bigger than a subcompact function, is
subcompact, which completes the proof.

Case 3 follows from the fact that any continous function defined on a com-
pact set is subcompact.

Example 2. For the negative binomial, double Poisson and bivariate logarith-
mic series the conditions 1 hold. The value of the trimming factor and therefore
- the breakdown point depends on the number of (0,0) observations.

Example 3. The trimmed estimates with trimming factor 120−25 = 95 for the
data from Example 1 are θ1 =15.1569, θ2 =19.8529. In the simulated example
due to the large values of the parameters there are no (0,0) observations and
the trimming factor may be an integer in the region [61,119]. The breakdown
point for the trimming factor of 95 is not less than 0.208.

3 Multitype discrete time branching processes with
MPSOD

Let us suppose that our model describes the evolution of a population with two
types of particles, which reproduce independently of each other. Each particle
of, say, type 1 may have a number of offspring of type 1 and of type 2 according
to some bivariate probabilistic law.

Let us denote by T = {1, 2} the set of particle types. Let Zi(t), i = 1, 2,
t = 0, 1, 2, . . . , be the number of particles of type i in generation t. Let ξjk(t, l) be
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a r.v., representing the number of offspring of type j, j ∈ T , in the generation
t + 1, produced from the l-th particle of type k in the generation t. Each
particle, say the l-th particle of type k ∈ T living in the t−th generation (t=

0,1,2,. . . ), is associated with a random vector
−→
ξ k(t, l) = (ξ1k(t, l), ξ2k(t, l)). The

distribution of the random vector
−→
ξ k(t, l) does not depend on the generation,

where the parent particle lives, and on the index l. The offspring of the particles
in the generation t forms the next generation t+ 1. We denote by {pkij},

pkij = P (
−→
ξ k(t, l) = (i, j)) = P (ξ1k(t, l) = i, ξ2k(t, l) = j),

k = 1, 2; t = 0, 1, . . . , l = 1, 2, . . . , Z(t − 1), the bivariate joint distribution

(offspring distribution, offspring law) of the vector
−→
ξ k(t, l).

A two-type disctere time branching process (MBP) Z(t) is defined as a
sequence of random vectors

{Z(t) = (Z1(t), Z2(t))},

t ∈ N0 = {0, 1, 2, . . . }, where Zk(t), the number of particles of type k ∈ T in
generation t, satisfies the following recursive equations (the branching prop-
erty):

Zk(t+ 1) =

2∑
j=1

Zl(t)∑
l=1

ξkj (t, l).

The main properties of the MBP processes have been thoroughly studied in
many sources (see f.e. [1], [3], [9],[11] and others). One of the main problems
considered in the study of a given type of a branching process is to determine
the asymptotic behaviour of the process - whetheter it goes extinct or has an
unlimited growth. The MBP processes are divided in three classes: subcritical,
critical or supercritical, according to the magnitude of their real maximum-
modulus eigenvalue ρ of the mean matrix M = {mij}, whose elemens mij

are the mean numbers of offspring of type j of a descendant of type i. The
extinction occurs with probability 1 iff the process is subcritical (ρ < 1) or
critical (ρ = 1). Otherwise (in the supercritical case, when ρ > 1) it grows
exponentially. The estimation of the subcritical or critical MBP faces many
difficulties because of the limited (small) amount of data which may be observed
especially in cases of a rapid extinction.

Example 4. Note that when one wants to simulate a two-type MBP, one has
to specify the probability of a couple of offsping for the two types of particles.
The third row of the matrix P in the table below states that the particle of
type 1 (first column) has 2 children of type 1 (third column) and no children
of type 2 (fourth column) with probability 0.4 (second column). The second
column gives the probabilities pkij that a particle of type k has i children of type
1 and j children of type 2. A simulation of the process with the probability
matrix P , starting with two particles of type 1 and two particles of type 2 can
be seen on the figure on the right hand side.
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P = [1 0.2 1 0

1 0.2 0 1

1 0.4 2 0

1 0.1 1 2

1 0.1 2 1

2 0.2 1 0

2 0.2 0 1

2 0.3 2 0

2 0.3 0 2]

Figure 3. Generation of a MBP process given the distribution in matrix P.

3.1 Likelihood functions and robustness

As we have already noted, usually three sampling schemes are used for the
estimation of the MBP. Let us denote by

˜̃=(n) = {ξkj (t, l), k, j = 1, 2, t = 0, 1, . . . , n− 1, l = 1, 2, . . . , Zi(t)},

the observations over the entire family tree (one can observe the number of
offspring of each particle);

=̃(n) = {Zk(s, (i, j)), s = 0, 1, . . . , n− 1, k = 1, 2, (i, j) ∈ =k},

where

Zk(s, (i, j)) =

Z1(s)∑
h=1

Z2(s)∑
l=1

I{(ξk1 (s, l), ξk2 (s, l)) = (i, j)}

is the number of particles of type k in generation s with i offspring of type
1 and j offspring of type 2, =k is the set of all possible values of the random

vector
−→
ξ k(s, l) = (ξk1 (s, l), ξk2 (s, l)), I is the indicator variable; and

=(n) = {Z(0), . . . ,Z(n)}

is the sample over the generation sizes.
Let us suppose that the offspring distributions of the particles of type 1

and 2 are of the power series distribution family (1), (2), but with different
parameters which have to be estimated:

pkij =
ak(i, j)θi1kθ

j
2k

Ak(θ1k, θ2k)
, (9)

where k = 1, 2 is the particle type, (i, j) ∈ =k is in the set of possible number
of offspring of type 1 and 2, θ1k, θ2k ∈ Θk ⊂ R+ are unknown parameters,



Multivariate power series offspring distiributions 183

ak(i, j) > 0 is the coefficient function of the series and

Ak(θ1k, θ2k) =

∞∑
i=0

∞∑
j=0

ak(i, j)θi1kθ
j
2k (10)

is the defining function. In (1) and (2) we have added the additional index k
for the type of the descendant, hence obtaining (9) and (10).

When the entire family tree is observed, the likelihood function has the
form

L(
˜̃=(n)|θ1k, θ2k, k = 1, 2) = L(=̃(n)|θ1k, θ2k, k = 1, 2) =

=

2∏
k=1

n−1∏
s=1

∏
(i,j)∈=k

pkij =
2∏
k=1

n−1∏
s=1

∏
(i,j)∈=k

[
ak(i, j)

Ak(θ1k, θ2k)
θi1kθ

j
2k

]Zk(s,(i,j))
Due to the properties of the power series moments (5), in the branching

context

Eξik(s, l) = mik =
θik

Ak(θ1k, θ2k)

∂Ak(θ1k, θ2k)

∂θik
,

one derives the following Harris type estimators for the mean number of off-
spring of a given type i from a father of type k:

m̂ik = Eξik(t, l) =

n∑
s=1

Zki (s)

n−1∑
n=0

Zk(n)

,

where Zki (s) is the number of children of type i in generation s + 1, whose
father is of type k. Simulational results have shown, that this type of estimator
is not robust to outliers in the family tree.

Due to the independence of evolutions one can consider the likelihood func-

tion L(
˜̃=(n)|θ1k, θ2k, k = 1, 2) as a product of two likelihood functions, depend-

ing on different parameters:

L(
˜̃=(n)|θ1k, θ2k, k = 1, 2) = L(

˜̃=(n)|θ11, θ11)L(
˜̃=(n)|θ12, θ22) (11)

and study the breakdownpoints for each of them separately.
For each part of the likelihood (11) Lemma 1 holds, except for the inter-

pretation of the notation. Let us consider the distribution of the, say, type 1
particles. Then = ≡ =1 is the set of all posible values of the vectors of offspring
numbers; Υ ≡ Υ1 is the convergence region of the series A1(θ11, θ21), and ∂Υ1 is
its boundary; (MinV 11,MinV 12) ∈ =1 is the minimal numbers of offspring of
type 1 and 2 respectively; (MaxV 11,MaxV 12) ∈ =1 is the maximal numbers
of offspring of type 1 and 2 respectively; NMinV 11,MinV 12 ∈ =1 - the observed
number of type 1 particles with minimal numbers of offspring of type 1 and
2, and NMaxV 11,MaxV 12 ∈ =1 - the observed number of type 1 particles with
maximal numbers of offspring of type 1 and 2.
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Example 5. In the case of double Poisson offspring distribution for the particle
of, say, type 1, the value of the breakdownpoint of the WLT (K) estimator
depends on the observed number particles which do not give any offspring.

3.2 The generation sizes scheme

Let us suppose, that we are able to observe the generation sizes only. The
observations form the set

=(n) = {Z(0), . . . ,Z(n)}

The following statements are valid (see González et al.[6]):

P (
˜̃=(n)|=(n), θ11, θ21) =

n−1∏
s=0

P (
˜̃=(s)|Z(s),Z(s+ 1), θ11, θ21)

and

P (=̃(n)|=(n), θ11, θ21) =

n−1∏
s=0

P (=̃(s)|Z(s),Z(s+ 1), θ11, θ21).

Therefore in the situation of power series with finite support |=1|, |=2| <∞
one can use the multinomial distribution ([6]) to reconstruct the family tree:

P (=̃(s)|Z(s),Z(s+ 1), θ11, θ21) =

∏
k=1,2

[Zk(s)]!∏
(i,j)

[Zk(n,(i,j))]!

∏
(i,j)

[pkij ]
Zk(s,(i,j))

P (Z(s+ 1)|Z(s))

When the support |=1|, |=2| =∞, for some distributions (f.e. double Pois-
son) one can compute directly from the expression

P (
˜̃=(s)|Z(s),Z(s+ 1), θ11, θ21) =

∏
k=1,2

Zk(s)∏
l=1

pk
ξk1 (s,l),ξ

k
2 (s,l)

P (Z(s+ 1)|Z(s))
.

We may sumarize the procedure for the WLT (k) estimation on the basis of
the generation sizes in the following way:

1. Estimating the vector θ, for example using the Harris estimators on an
available subset of the family tree, free of outliers.

2. Generating a family tree, using the observed generation sizes and the
parameter value from 1.

3. Estimating the vector θ, using the WLT (K) estimator over the entire
family tree, and detecting the ’errors’.

This procedure gives good results if there are a few ”impulse” outliers in
the generation sizes on the basis of a process with a sufficiently large number
of generations.
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Abstract. We introduce a simple approach for testing the reliability of homogeneous
generators and the Markov property of the stochastic processes underlying empirical
time series of credit ratings. We analyze open access data provided by Moody’s and
show that the validity of these assumptions - existence of a homogeneous generator
and Markovianity - is not always guaranteed. Our analysis is based on a comparison
between empirical transition matrices aggregated over fixed time windows and can-
didate transition matrices generated from measurements taken over shorter periods.
Ratings are widely used in credit risk, and are a key element in risk assessment; our
results provide a tool for quantifying confidence in predictions extrapolated from rat-
ing time series.
Keywords: Generator matrices,Continuous Markov processes,Rating matrices,Credit
Risk.

1 Motivation and Scope

After the Basel II accord in 2004 [1], ratings became an increasingly im-
portant instrument in Credit Risk, as they allow banks to base their capital
requirements on internal as well as external rating systems. These ratings be-
came instrumental in evaluating the risk of a bond or loan and in the calculation
of the Value at Risk. As such, it is often desirable to quantify the uncertainty
in these ratings, and predict the likelihood that an institution will be upgraded
or downgraded in the near future. A common technique is to aggregate credit
rating transition data over yearly or quarterly periods, and to model future
transitions using these data. However, to be reliable the ratings’ evolution
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must obey particular features which we show below can be evaluated through
analysis of the data published by rating agencies. Two sufficient properties for
accepting the empirical data as a reliable indicator of future rating evolution
are the existence of a generator and Markovianity[2].

There is a wide literature about non-Markovianity of rating evaluations,
see e.g. Ref. [3] and references therein. To stress a test for the Markovianity of
a transition processes, introduced in 2006[4] and more recently developed by
D’Amico et al[5].

The representation of the evolution of a time-continuous process by an ag-
gregated transition matrix will not be adequate if the underlying process is
not Markov. Moreover, if there is no generator associated to the transition
matrix, the process underlying the ratings is not continuous. Different tech-
niques to estimate a transition matrix from a finite sample of data should be
employed depending on whether the process is time-homogeneous or not[6,7].
Theoretically, both the Markov and the time-homogeneous assumptions sim-
plify considerably the models in question[8], but typically only the latter is at
times dropped in order to build a more general theoretical framework.

In this paper we test how well both conditions are met in different periods
of time for a rating class in Moody’s database. We compare transition matrices
calculated under different assumptions and show that the Markov assumptions
change considerably in time. Moreover, by computing a generator for each one
of such different periods of time, assuming that homogeneity holds, i.e. the
generator is constant we show that the generator changes considerably in time.
Therefore we provide evidence that the rating series are not always Markovian
and time-homogeneous. Finally, we argue that these deviations from the as-
sumptions may, on the one hand, provide evidence for detecting discontinuities
in the rating process, e.g. when establishing new evaluation criteria for a bank
rating, and, on the other hand, can be taken as a tool for ascertaining how
complete and trustful such rating criteria are.

We start in Sec. 2 by describing the empirical data collected from Moody’s
and in Sec. 3 we describe how to test the validity of both the homogeneity and
Markovianity assumptions. Section 4 concludes the paper and presents some
discussion of our results in the light of finance rating procedures.

2 Data: Six Years of Rating Transitions

The data analyzed in this paper is publicly available data that Moody’s
needs to disclose and keep publicly available in compliance with Rule 17g-
2(d)(3) of US. SEC regulations [9].

The rating time series of each bank has a sample frequency of one day,
starting in August of 2007 and ending in January 1st of 2013. The data sample
is the set of rating histories from the banks around the world, that had a rating
at the final date. Each value indicates the rating class of Senior unsecured [10]
debt issues, at which the issuer is evaluated at that particular day.

One first important feature of this rating database is the growing number of
rated entities, as can be seen in Fig. 1. The number of banks NR included in the
data set increased almost monotonically during the total time-span analyzed
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Fig. 1. (a) Number of bank entities in Moody’s data sample as a function of time and
(b) the transition probability, computed as moving averages during one-year periods.

Fig. 2. Illustration of rating histograms for the rating state R̃ (left) and the corre-
sponding rating variations T = ∆R (right), where R is an integer encoding the rating
state, ranging from 0 (C) to 20 (Aaa). Three different days are selected: first day of
2009 (first row), 2011(second row) and 2013 (third row); cf. Fig. 3.

by us (see Fig. 1a). The first ratings in our database are from August of 2007.
Until middle 2012 the number of ratings in our database grows steadily at
a rate of about 3000 new ratings per year. In middle 2012 there is a great
influx of classifications in our database, and until 2014 the number of ratings
grows more irregularly and at an higher rate. Due to the increasing number
of ratings in our database, we will often use measures where the normalization
by the number of bank’s debt ratings in the database is accounted for.

We count in Moody’s database a total of NT = 3623 rating transitions,
that distribute heterogeneously in time. Indeed, the mean transition rate NT
per bank and per year also changes significantly, with a peaked activity during
the year of 2012 and 2013 (see Fig. 1b). This will be of importance when
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analyzing the evolution of the generator homogeneity and Markovianity of the
corresponding transition matrices.

The rating category is a measure of the capacity of the institution to meet
its financial obligations and to avoid default or government bailout. We have
ns = 21 rating states, using the usual Moody’s classification [10].

Figure 2 shows three plots (left) illustrating the histogram of rating states
at three different time, namely in January 2009, January of 2011 and January
of 2013.

Henceforth, we define R̃i(t) as the rating of the bank number i at the instant
t, and we map the rating states to a number series ordered by decreasing credit
risk: state R̃ = C corresponding to label R = 0, and state R̃ = Aaa to label
R = 20. With such a labelling it is possible to compute rating increments as

Ti(t, τ) = Ri(t)−Ri(t− τ). (1)

When Ti(t) > 0 (resp. < 0) it means that bank i saw its rating increased
(resp. decreased) during the last τ period of time. Unless stated otherwise we
will use always τ = 365 days. The plots in the right column of Fig. 2 show
the histograms of the corresponding rating increments evaluated in January of
2009, January of 2011 and January of 2013, respectively.

We call henceforth R(t) and T (t) the aggregated processes of the ratings
and rating increments, respectively, over all NR companies observed at time
t. Figure 3 shows the evolution of the first four moments for both rating
distributions (left) and transition distributions (right), with τ = 365 days.

The average rating 〈R〉 (Fig. 3a) decreased during most of the six year
period records. We should note, however, that this is partially due to the
new entries in the database whose initial rating is typically low, since 〈T 〉 has
positive periods during the first five years of the recorded set.

As for the rating variance σR (Fig. 3e), it steadily increases due to the
concentration, in earlier times, of rating states in the better rating classes
(〈T 〉 < 0). The transition process T however exhibit two periods of increased
variance σT (Fig. 3f), which reflect probably the respective increase in the
number of transitions (compare with Fig. 1b).

The rating skewness µR (Fig. 3c) is positive across the years analysed due
to the concentration of issuers in higher ratings.

The rating distribution is also typically leptokurtic (see Fig. 3d), as its kur-
tosis is always above three (Gaussian kurtosis), indicating a more pronounced
flatness around the average of rating distributions. Concerning the third and
fourth moments of transition distributions, Figs. 3g and 3h respectively, we see
large fluctuations during the periods with fewer transitions. One can clearly
sees a very high kurtosis and skewness, although the skewness maintains its
negative value for most of the interval considered.

3 What is the Underlying Continuous Process?

In the following we assume that the set of rating transitions has a continuous
processes underlying it, an assumption which has been the subject of previous
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Fig. 3. Evolution of the first statistical moments of (a-d) the rating state R distribu-
tion and (e-h) its one-year-increment T distribution. From top to bottom: averages
〈R〉 and 〈T 〉, variances σ2

R and σ2
T , skewnesses µR and µT , and kurtosis κR and κT .

Bullets indicate the days when the histograms in Fig. 2 were taken.

investigations without a clear result, see e.g. Ref. [11]. Even in case that
there is a continuous process, the corresponding generator may be constant
(homogeneous generator) or vary in time (non-homogeneous).

The non-homogeneity is important in the finance context since it limits
the range of models that can be used. In particular, it has been argued [6]
that a better method of estimating a transition matrix than the usual one
exists, if we consider time-homogeneity. I think that the world is, in general,
non-homogeneous! The main advantage of this method is the possibility to
capture very small transition probabilities between two states, even when no



194 Lencastre et al

transitions occurred between those two states. The time-homogeneity condition
is also important to check if the through the cycle rating philosophies [12,13]
allegedly used, which imply that that the ratings must not follow external
cycles, are being correctly followed or note. These methodologies do not hold
if criteria by which ratings are ascribed to banks are not constant in time, but
vary according to artificial or externally imposed factors[14].

Furthermore, another important feature of continuous transition processes
is their Markovianity. The Markov property is important if the current rating
of a bank is to be considered a complete indicator of its future risk. In this
section we will address both these conditions separately.

3.1 Testing Time-Homogeneity

Mathematically, if a time-continuous Markov process is time-homogeneous
then there is a constant matrix Q, called a generator, solution of

dM(t)

dt
= QM(t), (2)

where M is the transition matrix, with entries Mij giving the probability for
observing a transition from state i to state j (i, j = 1, . . . , ns). In other words,
a time-continuous process is time-homogeneous if, being Markov, its transition
matrix can be expressed as M(t) = eQt, and therefore it has a well-defined log-
arithm. We take the analogue from ordinary differential equations and loosely
call Q the logarithm of M.

Fig. 4. Testing for temporal homogeneity: difference between the log-likelihood L of
the transition matrix M(e) and the transition matrix M calculated assuming time-
homogeneity. Both matrices are calculated over a time interval tf − t0 (a) one month
and (b) one year. The log-likelihood was calculated using Eq. (4) at the first day of
each month from August 2008 to December 2013.

The mathematical conditions for the existence of a homogeneous generator
give a bivalent result[11,15] that does not take into consideration neither noise
generated from finite samples nor how distant an empirical process is from
being time-continuous. Therefore, we neglect several mathematical results that
determine if a generator exists or not, and assume that the process is Markov
and time-continuous. Being Markov and time-continuous means that there is
a generator satisfying Eq. (2) and that it either is constant or varies in time.
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Next, we estimate the closest constant generator Q directly from the em-
pirical data, compute the associated matrix M = eQt, and compare it with the
empirical transition matrix M(e). For estimating the generator matrix Q we
follow the approach described in Ref. [7], calculating its off-diagonal elements
as

Qij =
N

(ij)
T∫ tf

t0
N

(i)
R (t)dt

, (3)

where N
(ij)
T represents the number of transitions from i to j between the times

t0 and tf , and N
(i)
R (t) stands for the number of banks in state i at time t. The

diagonal elements Qii follow from the condition
∑
j Qij = 0.

To compute the distance between a time-homogeneous process and the em-
pirical process we compare M with M(e), and plot the statistic:

L =

∑
i,j N

(ij)
T

(
logMij − logM

(e)
ij

)
∑
i,j N

(ij)
T

. (4)

This is a log-likelihood ratio; loosely speaking it quantifies the error intro-
duced by making the assumption of time homogeneity. The results are shown
in Fig. 4: in panel (a) we aggregate the data in periods of one month while in
panel (b) the aggregation period is one year.

It can be seen that there are two periods when the time-homogeneity con-
dition becomes an insufficient approximation to the dynamics of the process
marked by significant increases in L. The first period starts in the latest half
2009, the second period around the middle of 2012.

These two periods can be better analysed taking also observations from
Fig. 3.

In late 2009 and early 2010 the mean of the transition process 〈T 〉 is rel-
atively close to zero, which contrasts to period of late 2008 and early 2009.
The high values of the variance σT is consistent with the relative high rate
of transition in this period. The strongly negative values of the skewness µT
indicate that there is some extreme transitions to lower rating states, which
is also consistent with the high values of the kurtosis κT . The relatively high
values of κT and the absolute value of µT tells us that the transitions did not
follow a general trend, but were composed by some very drastic movement by
just a few rated banks.

In 2012 the scenario is similar to 2010. Again there are more downgrades,
but now the influence of extreme events is less pronounced. The companies are
now much less clustered, i.e. with large dispersion in their ratings, as one can
see by the high values in σR.

3.2 Testing the Markov Hypothesis

Mathematically, a Markov process xt obeys the following condition:

Pr(xt1 |xt2 , xt3 , . . . ) = Pr(xt1 |xt2) (5)
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Fig. 5. Testing Markovianity: difference between the empirical transition matrix M
(e)
0τ

calculated over a time-interval [0, τ ] and the product of the half-period matrices, M
(e)

0
τ
2

and M
(e)
τ
2
τ
, using the L2-norm defined in Eqs. (7) and (8). Both matrices are calculated

over a time interval of (a) one month and (b) one year. The difference was calculated
at the first day of each month between August 2008 and December 2013.

with t1 > t2 > t3 > . . . . The conditional probability in the right hand-side of
Eq. (5), Pr(xt1 |xt2), is exactly specified by the transition matrix M.

The rating process should be assumed to be Markov, otherwise a rating
would not represent a uniform risk class, as its elements could be distinguished
according to their previous series of rating states.

From the definition of a Markov process in Eq. (5) it is straightforward to
show that a Markov process also obeys

Mt0tf =

N∏
n=1

Mtn−1tn , (6)

where N is the number of subintervals in [t0, tf ] and labels titj denote the time
interval [ti, tj ] considered when determining Mtitj . Here we fix N = 2 and
consider two equally spaced intervals with τ ≡ tf − t0 = 1 month and τ = 1
year. Equation (6) is known as the Chapman-Kolmogorov equation[16] and it
does not hold in general either when the process is non-Markov or when we
have an insufficiently short sample of data.

We will use the Chapman-Kolmogorov equation as a test indicating whe-
ther the rating database of Moody’s is Markov. To that end, we consider

empirical matrices M
(e)
0τ computed for one month and one year intervals, and

compare it with the associated product of the two corresponding half-periods,

M(e)
0τ = M

(e)

0
τ
2
M

(e)
τ
2 τ

. For the comparison we now use the L2-norm instead of

the the L log-likelihood, since the latter creates singularities when dealing with
zero entries in the matrices, which now occur more frequently. The L2-norm
of the transition matrix is the maximum singular value of A,

‖A‖ = σmax(A), (7)

and we compute it for the difference

A = M
(e)
0τ −M(e)

0τ , (8)
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where ‖ · ‖ represents the usual Euclidean norm.
Results are shown in Fig. 5. Clearly, there is one periods when the Markov

assumption seems less valid, namely in mid 2009. As said before, this coincides
with an abrupt change in the statistics of T and R.

4 Discussion and conclusions

We have addressed time series of credit ratings publicly available at Moody’s
online site and studied simple ways to compute the validity of the time-homoge-
neous and Markov assumptions. We have shown how the accuracy of these as-
sumptions varies with time. Naturally, when the Markov assumption fails, so
does the time-homogeneous assumption, in particular during 2009 and begin-
ning of 2010. In these periods the statistics of the process changed considerably.
In the end of the year of 2012 the accuracy of the time-homogeneous assumption
is low but the Markov approximation is within the usual fluctuation range.

One must stress that when the Markov assumption does not hold, the rat-
ings are not a complete measure of the risk of a given entity, since further
information besides the actual rating needs to be specified.

In fact, compared with homogeneous generators, non-homogeneity is by far
a more realistic assumption, but its modelling approach requires better and
higher sampled data. Such argument agrees with our findings that the present
assumptions used for deriving rating matrices are not the best ones either
because they deviate from more realistic assumptions, such as non-homogeneity,
or because they can not be derived from the present empirical knowledge of
the economical and financial environment.

Moreover, we can argue that even if well estimated, rating evaluations are
of poor significance for practical purposes: they are a well-derived metric, at
most, during expansive periods. We have shown how they fail during crisis and
during the transition between crisis and economical expansion, precisely the
periods where ratings are of used for decision-making and strategy adaptation
in the markets.

Our approach can be improved by introducing for instance a more sophis-
ticated procedure for extracting the histograms for the ratings and their in-
crements, namely using the kernel based density, which is known to converge
faster to the real distribution than the usual binning procedure. From this first
approach to investigate Moody’s rating database one can now approach the
embedding problem for the series of transition matrices, where different gen-
erators estimates can be compared. These and other issues will be addressed
elsewhere.
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Abstract. Financial models have to reflect the characteristics of markets in which
they are developed to be able to predict the future behaviour of a financial system.
The nature of most trading environments is characterised by uncertainty that is ex-
pressed in mathematical models in terms of volatilities. In contrast to the classical
Black–Scholes model with constant volatility, our model of mean-reversion type in-
cludes two stochastic volatilities, a fast-changing and a slow-changing, which can be
interpreted as the effects of weekends and the effects of seasons of the year (summer
and winter) on the asset price.

We perform explicitly the transition from the real-world probability measure to
the risk-neutral one by introducing two market prices of risk and applying Girsanov
Theorem. To solve the boundary value problem for the partial differential equation
that corresponds to the case of a European option, we perform both regular and singu-
lar multi-scale expansions in fractional powers of the speed of mean-reversion factors.
We then construct an approximate solution given by the classical two-dimensional
Black–Scholes model plus some terms that expand the results obtained by Black and
Scholes. Concrete examples are presented.
Keywords: Financial market, Mean reversion volatility, Risk-neutral measure, Par-
tial differential equation, Regular perturbation, Singular perturbation, European op-
tion.

1 Introduction

European options are financial instruments that are signed today to be executed
at a predetermined future time, i.e the maturity, and at a predefined price, i.e.
the strike price. Divided in two types, call (put) option is a contract that gives
the buyer of the contract the right but not obligation to buy (sell) an asset at
the strike price at maturity. One has to pay to get rights without obligations,
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the question is how much will be paid to buy such type of contract. The answer
to this question is addressed in various mathematical options pricing models.
This type of models gives the relation between parameters involved in the price
evolution of an asset and the value of its contingent claims, for example, a call
option on the asset. Since the price process is not deterministic, one has to
consider stochastic changes of prices that will impose the presence of volatility
terms on mathematic modelling. Black and Scholes [1] has presented the cel-
ebrated option pricing model considering volatility as constant. To overcome
the limitations of constant volatility many researchers have considered models
that incorporates stochastic volatility (Heston [2], Christoffersen et al [11], Hull
[9], Grzelak and Oosterlee [10], Chiarella and Ziveyi [3], among others).

Our model was considered by Christoffersen et al [11]. They write down
without proof the characteristic function of the log-spot price, and value the
European call option by Fourier inversion. In the present paper we apply
the approach by Fouque et al [7] instead. This approach gives us possibility to
analyse the structure of the approximate solution as a sum of the Black–Scholes
price and several correction terms, see formula (26).

A companion paper containing numerical calculations that illustrate the
accuracy of the approximation and comparison with the Fourier inversion ap-
proach, is in preparation.

2 The model

Consider the price evolution of an asset (for example an equity stock) that is
governed by the following stochastic differential equation

dSt = µSt dt+
√
V1,tSt dW1 +

√
V2,tSt dW2, (1)

where µ is the mean return of the asset, V1,t and V2,t are two uncorrelated and
finite variance processes described by Heston [2] that also change stochastically
according to the following equations

dV1,t =
1

ε
(θ1 − V1,t) dt+ ρ13

√
1

ε
V1,t dW1 +

√
1

ε
(1− ρ213)V1,t dW3,

dV2,t = δ(θ2 − V2,t)dt+ ρ24
√
δV2,t dW2 +

√
δ(1− ρ224)V2,t dW4.

(2)

Here
1

ε
and δ are the speeds of mean reversion; θ1 and θ2 are the long run

means;

√
1

ε
and
√
δ the instantaneous volatilities of V1,t and V2,t respectively

and Wi, i = {1, 2, 3, 4} are Wiener processes. The correlations between the
asset price St and the variance processes V1,t and V2,t are given respectively

by ρ13

√
V1,t
ε

and ρ24
√
V2,tδ which are chosen as in Chiarella and Ziveyi [3] to

avoid the product term
√
V1,tV2,t.

In equation (2) choosing ε and δ to be small and to follow Feller [4] condi-
tions, we have a fast mean reversion speed for V1,t and a slow mean reversion
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speed for V2,t. Therefore in our model the underlying asset price St is influ-
enced by two volatility terms that behave completely differently. For example,
one may change each month whereas the other one may change twice a day.

The finiteness of the two variances gives guarantee that equation (1) has a
solution under the real-world probability measure. In addition it ensures that
there exists an equivalent risk neutral measure under which the same equation
has a solution and the discounted stock price process under this measure is a
martingale.

2.1 Change of measure — application of Girsanov Theorem

According to Girsanov theorem (see for example Kijima [5]), under the equiv-
alent risk neutral measure the processes W ∗i , i = 1, . . . , 4, defined by dW ∗i =
λidt + dWi, where λi are the market prices of risk. Making use of this result,
we can write

dWi = −λi dt+ dW ∗i , i = 1, 2, 3, 4, (3)

where λ1 = µ−(r−q)
2
√
V1,t

; λ2 = µ−(r−q)
2
√
V2,t

; λ3 =
λ1

√
V1,tε√

1−ρ213
and λ4 =

λ2

√
V2,tε√

1−ρ224
. Sub-

stituting equation (3) in equations (1) and (2), collecting similar terms and
considering that under risk neutral measure µ is equal to r − q, we obtain the
following system of stochastic differential equations

dSt = (r − q)St dt+
√
V1,tSt dW ∗1 +

√
V2,tSt dW ∗2 ,

dV1,t =

(
1

ε
(θ1 − V1,t)−

1√
ε
λ3

√
V1,t(1− ρ213)

)
dt+

1√
ε

√
V1,tρ13 dW ∗1

+
1√
ε

√
V1,t(1− ρ213) dW ∗3 ,

dV2,t =

(
δ(θ2 − V2,t)−

√
δλ4

√
V2,t(1− ρ224)

)
dt+

√
δ
√
V2,tρ24 dW ∗2

+
√
δ
√
V2,t(1− ρ224) dW ∗4 .

(4)

Having our system given under risk neutral measure, the next step is to find
the option price U of the underlying asset. To do this we need to construct the
correlation matrix and perform some calculations.

σ =

 St
√
V1,t St

√
V2,t 0 0√

V1,t

ε ρ13 0

√
(1−ρ213)V1,t

ε 0

0 ρ24
√
δV2,t 0

√
δ(1− ρ224)V2,t

 ,

and

σσ> =


S2
t (V1,t + V2,t)

ρ13StV1,t√
ε

ρ24StV2,t
√
δ

ρ13StV1,t√
ε

V1,t
ε

0

ρ24StV2,t
√
δ 0 δV2,t

 .
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Let us now consider U = U(t, St, V1,t, V2,t) as a function that has continuous
second derivatives with respect to variables St, V1,t, and V2,t and first derivative
with respect to time. Using Feynman–Kac theorem (see for example Kijima
[5]), Andersen and Piterbarg [12] have proved that the solution of system of
differential equations (4) can also be expressed as the unique solution of the
following parabolic partial differential equation

(r − q)St
∂U

∂St
+

[
1

ε
(θ1 − V1,t)− λ1V1,t

]
∂U

∂V1,t
+ [δ(θ2 − V2,t)− λ2V2,t]

∂U

∂V2,t

+
1

2

[
(V1,t + V2,t)S

2
t

∂2U

∂S2
t

+
1

ε
V1,t

∂2U

∂V 2
1,t

+ δV2,t
∂2U

∂V 2
2,t

]

+
1√
ε
ρ13StV1,t

∂2U

∂St∂V1,t
+
√
δρ24StV2,t

∂2U

∂St∂V2,t
= rU − ∂U

∂t
,

subject to the terminal value condition U(T, St, V1,t, V2,t) = h(St). Here the co-
efficients of first order derivatives are coefficients of the dt terms in the stochas-
tic differential equations in (4) and the coefficients of second order derivatives
come from σσ>. Collecting terms with the same powers of ε and δ gives

1

ε

[
(θ1 − V1,t)

∂U

∂V1,t
+

1

2
V1,t

∂2U

∂V 2
1,t

]
+

1√
ε
ρ13StV1,t

∂2U

∂St∂V1,t

+
∂U

∂t
+ (r − q)St

∂U

∂St
− λ1V1,t

∂U

∂V1,t
− λ2V2,t

∂U

∂V2,t
+

1

2
(V1,t + V2,t)S

2
t

∂2U

∂S2
t

− rU

+
√
δρ24StV2,t

∂2U

∂St∂V2,t
+ δ

[
(θ2 − V2,t)

∂U

∂V2,t
+

1

2
V2,t

∂2U

∂V 2
2,t

]
= 0

or (
1

ε
L0 +

1√
ε
L1 + L2 +

√
δM1 + δM2

)
U = 0 (5)

for

L0 = (θ1 − V1,t)
∂

∂V1,t
+

1

2
V1,t

∂2

∂V 2
1,t

, (6)

L1 = ρ13StV1,t
∂2

∂St∂V1,t
,

L2 =
∂

∂t
+(r− q)St

∂

∂St
+

1

2
(V1,t+V2,t)S

2
t

∂2

∂S2
t

−r−λ1V1,t
∂

∂V1,t
−λ2V2,t

∂

∂V2,t
,

M1 = ρ24StV2,t
∂2

∂St∂V2,t
,

M2 = (θ2 − V2,t)
∂

∂V2,t
+

1

2
V2,t

∂2

∂V 2
2,t

.

Our aim is to find the price of a European option with payoff function h(St)
at maturity T . Taking into account the Markov property and the fact that our
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system is considered under the risk neutral probability measure, we can apply
Feynman–Kac theorem to obtain the option price as

U(t, St, V1,t, V2,t) = e−(T−t)E∗ [h(St) | St = s, V1,t = v1, V2,t = v2] .

Calculation of this expectation is very complicated because it involves many
parameters that have to be clearly measured and applied. To avoid this compli-
cation, we present a perturbation method that approximates the option price
by a quantity that depends on much less parameters than those imposed by
Feynman–Kac theorem. From our system and also our partial differential equa-
tion, it is clear that U(t, s, v1, v2) depends on ε and δ. From now on, to make
this dependence clear, we write Uε;δ(t, s, v1, v2) instead of U(t, s, v1, v2). Our
assumption is that if ε and δ are small, the associated operators will diverge and
be small respectively. Therefore we use the approach of singular and regular
perturbations.

3 Regular and singular perturbation

We now make a formal asymptotical expansion as presented in Fouque et al
[6] and Fouque et al [7]. We start by performing a regular perturbation with
respect to δ, followed by a singular perturbation with respect to ε.

Assume that our solution can be expressed in the following form

Uε,δ = Uε0 +
√
δUε1 + δUε2 + δ

√
δUε3 + · · · (7)

and use this expansion in (5) we have(
1

ε
L0 +

1√
ε
L1 + L2 +

√
δM1 + δM2

)
(Uε0 +

√
δUε1 +δUε2 +δ

√
δUε3 + · · · ) = 0.

Collecting terms with the same power of
√
δ, the above equation can be rear-

ranged into(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε0

+
√
δ

[(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε1 +M1U

ε
0

]
+ δ

[(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε2 +M1U

ε
1 +M2U

ε
0

]
+ δ
√
δ

[(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε3 +M2U

ε
1 +M1U

ε
2

]
+ δ2

[(
1

ε
L0 +

1√
ε
L1 + L2

)
Uε4 +M1U

ε
3 +M2U

ε
2

]
+ · · · = 0.

(8)

Since δ > 0, the asymptotic equality (8) holds only if all coefficients of δ are
equal to zero under some appropriate final conditions. In particular we have(

1

ε
L0 +

1√
ε
L1 + L2

)
Uε0 = 0, Uε0 (T, s, v1, v2) = h(s). (9)
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Solving the above partial differential equation with terminal condition h(s)
gives Uε0 . To obtain Uε1 we solve the following nonhomogeneous partial differ-
ential equation with terminal condition equal to zero, which follows also from
the asymptotic equality (8),(

1

ε
L0 +

1√
ε
L1 + L2

)
Uε1 +M1U

ε
0 = 0, Uε1 (T, s, v1, v2) = 0. (10)

3.1 First order approximation

Expanding each Uεi , i = 0, 1, 2, . . . in terms of ε gives

Uε,δ =
∑
i≥0

∑
j≥0

(
√
δ)i(
√
ε)jUj,i.

In particular

Uε0 = U0,0 +
√
εU1,0 + εU2,0 + ε

√
εU3,0 + · · · . (11)

Therefore the first order approximation is given by

Uε,δ = U0,0 + Uε1,0 + Uδ0,1, where Uε1,0 =
√
εU1,0 and U δ0,1 =

√
δU0,1. (12)

Let us start by computing U0,0 = U0. Equation (9) and (11) implies

1

ε
L0U0 +

1√
ε

(L0U1,0 + L1U0) + (L0U2,0 + L1U1,0 + L2U0)

+
√
ε (L0U3,0 + L1U2,0 + L2U1,0) + · · · = 0.

Since ε > 0 all coefficients of ε in the above equation should be equal to zero,
which yields

L0U0 = 0,

L0U1,0 + L1U0 = 0,

L0U2,0 + L1U1,0 + L2U0 = 0,

L0U3,0 + L1U2,0 + L2U1,0 = 0.

(13)

The first equation in (13) has exponential form solutions and can also have a
constant with respect to v1 as its solution, which suggests that we can write
U0 as U0 = U0(t, s, v2). The motivation of this choice is given in Fouque et al
[7] by the fact that we want to have the leading-order price independent of the
current value of the fast factor. Note that U0 in this form does not depend on
v1 and the operator L1 contains only the mixed partial derivative with respect
to the cross term of s and v1. Taking consideration of this fact we obtain from
the second equation in (13) L1U0 = 0 and hence L0U1,0 = 0. This implies that

U1,0 = U1,0(t, s, v2)

for the same reasons as in the first equation of (13). It follows that

L1U1,0 = 0. (14)
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The third equation in (13), together with equation (14), gives

L0U2,0 + L2U0 = 0, (15)

which is a Poisson equation for U2,0 with L2U0 as a source. The solvability
condition of Poisson equation (Fouque et al [7]) implies that

〈L2U0〉 = 0, (16)

where

〈f〉 =

∫
f(s)π(s)ds

denotes averaging over the invariant distribution Π.
Since U0 does not depend on either v1 or on the terms in the differential

equation defined by operator L2, it follows that〈
∂U0

∂t
+ (r − q)s∂U0

∂s
− λ2v2

∂U0

∂v2
+

1

2
(v1 + v2)s2

∂2U0

∂s2
− rU0

〉
= 0.

Thus we have the following partial differential equation

∂U0

∂t
+ (r − q)s∂U0

∂s
+

1

2
σ2
1(v2)s2

∂2U0

∂s2
− rU0 − λ2v2

∂U0

∂v2
= 0,

where σ2
1(v2) =

∫
(v1 + v2)Π(dv1).

The above partial differential equation is the Black–Scholes two-dimensional
partial differential equation (Conze et al [8]) with volatility given by averaged
effective volatility. Therefore we can rewrite it as

LBS(σ1(v2))UBS = 0,

with the payoff function

UBS(T, s, σ1(v2)) = h(s),

where the notation UBS stands for the solution to the corresponding two-
dimensional Black–Scholes model. Therefore we have

U0 = UBS . (17)

3.2 Fast time scale correction

After having described U0 as the price given by the two-dimensional Black–
Scholes model, we proceed to calculate the price value given by U1,0. The last
equality in equation (13) is also the Poisson equation on U3,0 and to be solvable
it must also follow the central condition, specifically the average of source term
must be in the null set of the operator L0, or

〈L1U2,0 + L2U1,0〉 = 0. (18)
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Since U1,0 does not depend no v1 the equation (18) can be written as

〈L1U2,0〉+ 〈L2〉U1,0 = 0.

From (15) and (16)

U2,0 = −L−10 (L2U0) = −L−10 [L2 − 〈L2〉]U0 + C(t, s, v2).

The term C(t, s, v2) does not have any impact on the solution of our equation,
since, for differential operator L1 it is constant. It follows therefore that

〈L1U2,0〉 = −〈L1L−10 (L2 − 〈L2〉)〉U0.

Making √
ε〈L1L−10 (L2 − 〈L2〉)〉 = Bε

our problem can be expressed as

√
ε〈L2〉U1,0 = 〈L2〉Uε1,0 = BεU0

with final condition equal to zero.

3.3 Formula for Uε
1,0 with European Options

To be able to compute Uε1,0 we need to compute the operator Bε. We start by
defining

Dk = xki
∂k

∂xki
; i = 1, 2, (19)

so that

L2 − 〈L2〉 =
1

2

(
f(v1, v2)− σ2(v2)

)
s2
∂2

∂s2
=

1

2

(
f(v1, v2)− σ2(v2)

)
D2.

Now, suppose that φ(v1, v2) is the solution of

L0φ(v1, v2) = f2(v1, v2)− σ2(v2).

Then

L2 − 〈L2〉 =
1

2
L0φ(v1, v2)D2

which implies that

L−10 (L2 − 〈L2〉) =
1

2
φ(v1, v2)D2;

L1L−10 (L2 − 〈L2〉) = L1
1

2
φ(v1, v2)D2

and

〈L1L−10 (L2 − 〈L2〉)〉 =

〈
ρ13sv1

∂2

∂s∂v1

〉
1

2
φ(v1, v2)D2

=

〈
1

2
ρ13v1

∂φ(v1, v2)

∂v1
D1D2

〉
.
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Due to the results above, the operator Bε can be written as

Bε =
√
ε

〈
1

2
ρ13v1

∂φ(v1, v2)

∂v1
D1D2

〉
=

√
ερ13
2

〈
v1
∂φ(v1, v2)

∂v1

〉
D1D2

or
Bε = −Υ ε2 (v2)D1D2

where Υ ε2 (v2) = −
√
ερ13
2

〈
v1
∂φ(v1,v2)

∂v1

〉
.

Considering European options, our equation can be expressed as

LBS(σ(v2))U1,0(t, s, v2)ε = BεUBS ; Uε1,0(T, s, v2) = 0 (20)

and Uε1,0 will be equal to −(T − t)BεUBS(t, s, σ(v2)). To prove this, we need to
show that it solves (20). Taking the left side of (20) and applying Uε1,0 gives

LBS(σ(v2))Uε1,0 = LBS(σ(v2))− (T − t)BεUBS(t, s, σ(v2))

LBS(σ(v2))Uε1,0 = BεUBS − (T − t)LBS(σ(v2))BεUBS

LBS(σ(v2))Uε1,0 = BεUBS ,
which proves that

Uε1,0 = −(T − t)BεUBS . (21)

3.4 Slow time scale correction for Uδ
0,1

We consider now the second term in expansion (7) and perform expansion as
we did in (11) to construct the U0,1 term, as follows

Uε1 = U0,1 +
√
εU1,1 + εU2,1 + ε

√
εU3,1 + · · · .

Using this expansion of U1 in (10) gives(
1

ε
L0 +

1√
ε
L1 + L2

)
(U0,1 +

√
εU1,1 + εU2,1 + ε

√
εU3,1 + · · · )

= −M1(U0 +
√
εU1,0 + εU2,0 + ε

√
εU3,0 + · · · ).

Collecting terms with the same power of
1√
ε

in the above equation yields

1

ε
L0U0,1 +

1√
ε

(L0U1,1 + L1U0,1) + (L0U2,1 +M1U0 + L1U1,1 + L2U0,1)

+
√
ε (L0U3,1 + L1U2,1 + L2U1,1 +M1U1,0) + · · · = 0,

which implies that

L0U0,1 = 0,

L0U1,1 + L1U0,1 = 0,

L0U2,1 +M1U0 + L1U1,1 + L2U0,1 = 0,

L0U3,1 + L1U2,1 + L2U1,1 +M1U1,0 = 0.

(22)
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From equations (22) with the same reasons as in equations (13) and (14) we
consider U0,1 to be constant with respect to fast factor v1. Therefore U0,1 =
U0,1(t, s, v2). As an immediate consequence of the above choice and the fact
that operator L1 contains only the mixed derivative with respect to the cross
term sv1, we have L0U1,1 = 0. It follows then U1,1 = U1,1(t, s, v2) implying
that L1U1,1 = 0 and the third equality in equation (22) can be transformed
into

L0U2,1 +M1U0 + L2U0,1 = 0.

The above is the Poisson equation in v1 and the solvability condition of the
Poisson equation implies that

〈L2U0,1 +M1U0〉 = 0.

Since the averaging procedure is done with respect to v1 and the fact that
U0,1, U0 do not depend on v1,, we can multiply both sides of the above equation

by
√
δ and obtain

〈L2〉U δ0,1 = −
√
δ〈M1〉U0

with 〈L2〉 defined in the same way as in (16). This means that we have a
non-homogeneous two-dimensional Black–Scholes partial differential equation
for Uδ0,1. We need now to compute the right hand side of our equation and we
do it by averaging M1 with respect to invariant distribution Π, i.e;

√
δ〈M1〉U0 =

√
δ

〈
ρ24sv2

∂2

∂s∂v2

〉
U0

=
√
δρ24 〈v2〉

∂

∂σ(v2)

∂σ(v2)

∂v2
D1U0 = 2AδUBS ;

where

Aδ = Θδ1(v2)D1
∂

∂σ(v2)
, Θδ1(v2) =

1

2

√
δρ24〈v2〉

∂σ(v2)

∂v2
. (23)

It follows then

LBSUδ0,1 = −2AδUBS ; Uδ0,1(T, s, v2) = 0. (24)

3.5 Formula for Uδ
0,1 with European Options

For European options, if U satisfies the partial differential equation from the
two-dimensional Black-Scholes model with given terminal condition, using the
Greeks (sensitivities of the option price to a single-unit change in the value of

a state variable or a parameter), the relation ∂U
∂σ = (T − t)σx2 ∂

2U
∂x2 holds (see

Fouque et al [7]). Making use of this property the operator Aδ defined in (23)
can be expressed as

Aδ = Θδ1(v2)D1(T − t)σ(v2)v22
∂2

∂v22
= σ(v2)(T − t)(Θδ1(v2)D1D2).

Using the above formula, problem (24) can be solved by

U δ0,1 = (T − t)AδUBS , (25)

which can also be proved similarly as we did with Uε1,0.
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3.6 First Order Approximation

From formulas (12), (17), (21) and (25) the first order approximation is given
by

Uε,δ = UBS + (T − t)
(
Aδ + Bε

)
UBS . (26)

4 Conclusions

In this paper we transformed the Chiarella and Ziveyi [3] model to a model
with two volatility parameters that influence the asset price with different fre-
quencies with one being fast-changing and the other slow-changing. Girsanov
theorem is applied to construct risk-neutral measures and Feynman–Kac theo-
rem is used to produce a partial differential equation that gives the option price
for the underlying asset. We introduce singular and regular perturbation in our
method. The obtained solution Uε,δ involves Greeks of the two-dimensional
Black–Scholes model evaluated at the average effective volatility. The contri-
bution of the fast-changing parameter and the slow-changing parameter to the
option price is contained in the average effective volatility and in the effects of
correlations factors ρ13 and ρ24 between Wiener processes that govern the asset
price, the fast variance process and the slow variance process. The presented
results generalise the corresponding results in Fouque et al. [9] to the setting
with two stochastic volatilities. In short, our solution gives the approximation
of European option price in a model with two stochastic volatilities. Specif-
ically our approximation contains a leading term which is the Black–Scholes
two-dimensional option price, in addition it contains influences of the fast-
changing and the slow-changing parameters that acts differently on the asset
price evolution.

5 Acknowledgements

This work was partially supported by Swedish SIDA Foundation International
Science Program. Betuel Canhanga thanks Division of Applied Mathematics,
School of Education, Culture and Communication, Mälardalen University for
creating excellent research and educational environment.

References

1. Black, F., and Scholes, M. ”The pricing of options and corporate liabilities”. J.
Political Economy 81:637–654 (1973).

2. Heston, S.L. ”A closed-form solution for options with stochastic volatility with
applications to bonds and currency options”. Rev. Finan. Stud. 6:327–343 (1993).

3. Chiarella, C, and Ziveyi, J. ”American option pricing under two stochastic volatility
processes”. J. Appl. Math. Comput. 224:283–310 (2013).

4. Feller, W. ”Two singular diffusion problems”. Ann. Math. 54:173–182 (1951).
5. Kijima, M. ”Stochastic Processes with Applications to Finance”, Second Edition,

Capman and Hall/CRC, (2013).



210 B. Canhanga et al

6. Fouque, J.-P., Papanicolaou, G., Sircar, R., and Solna, K. ”Singular Perturbation
in Option Pricing” (2011).

7. Fouque, J.-P., Papanicolaou, G., Sircar, R., and Solna, K. ”Multiscale stochastic
volatility for equity, interest rate and credit derivatives”, Cambridge University
Press, Cambridge (2011).

8. Conze, A., Lantos, N., and Pironneau, O. ”The forward Kolmogorov equation for
two dimenssional options”; University Pierre et Marie Curie; 2010.

9. John C. Hull ”Options, Futures, and Other Derivatives (5th Edition)”; Pearson;
2009.

10. Grzelak, L. A; Oosterlee, C.W ”On the Heston Model with stochastic interest
rate” SIAM J. Fin.Math.2: 255286; 2011.

11. Christoffersen, P.; Heston, S.; Jacobs, K. ”The shape and term structure of the
index option smirk: why multifactor stochastic volatility models work so well”
Manage.Sci.55(2) 1914-1932; 2009.

12. L. Andersen and V. Piterbarg. ”Interest rate modeling Volume 1 - foundations
and vanilla models”; Atlantic Financial Press, 2010.



Construction of moment-matching multinomial
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jump-diffusion process
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Abstract. Asian options are options whose value depends on the average asset price
during its lifetime. They are useful because they are less subject to price manipula-
tions. We consider Asian option pricing on a lattice where the underlying asset follows
Merton-Bates jump-diffusion model as given in Cont and Tankov[2]. We describe the
construction of the lattice using the moment matching technique which results in
an equation system described by a Vandermonde matrix. Using some properties of
Vandermonde matrices we calculate the jump probabilities of the resulting system.
Some conditions on the possible jump sizes in the lattice are also given.
Keywords: Jump-diffusion process, lattices, Vandermonde matrix, Asian options,
option pricing.

1 Pricing of Asian options and jump-diffusion option
pricing

Asian options are path dependent options whose payoffs depend on the average
price during a specific period of time before maturity. The averages are con-
sidered to be either geometric or arithmetic averages. Assuming the geometric
average results in a closed-form formula for the European option price within
the classical Black–Scholes model. This is because the geometric average of log-
normally distributed random variables also has a lognormal distribution and
this simplifies the mathematics involved in the pricing problem. In contrast,
the arithmetic average of lognormal random variables is not log-normally dis-
tributed, thus there exists no closed-form formula for European Asian options
based on the arithmetic average of the underlying asset prices. There are, how-
ever, approximation methods that have been developed to aid in pricing Asian
options, here we will consider lattice methods. Lattice methods are based on a
discrete approximation of the process such that the time span is divided into
n time steps and specifies asset price at each time step. At each time step the
process can jump to L different asset prices, henceforth referred to as nodes.
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We will model the options underlying asset using a Merton-Bates jump-
diffusion process. Popular methods for pricing (primarily American and Euro-
pean) options of jump-diffusion processes include binomial methods (L = 2, see
Cox et al.[3], Amin[1], Hilliard and Schwartz[5] among others) and trinomial
methods (L = 3, see Dai et al.[4] among others). For any of these methods
it is required that the first L moments match the asset return and that the
probabilities of moving to any given node is between zero and one.

Asian options can be priced on the lattice just like European and American
options. However, the pricing algorithm is more complex as the value of Asian
options is influenced by historical average prices of the underlying asset. For
most nodes, there is more than one possible option value at a node since there
is more than one price path reaching this node and most of these price paths
carry distinct historical average prices. Let S0, S1, ..., Sn denote the prices for
the underlying asset over the life of the option and K be the exercise price.
The arithmetic Asian call has a terminal value given by (c.f. Lyuu[7])

max

(
1

n+ 1

n∑
i=0

Si −K, 0

)
.

The value of the put has a terminal value of

max

(
K − 1

n+ 1

n∑
i=0

Si, 0

)
.

At initiation, Asian options cannot be more expensive than the standard Eu-
ropean options under the Black–Scholes Option Pricing Model. Asian options
are generally hard to price since there are usually many price paths that end
in the same node. As an example, suppose we wish to price an Asian option
on a binomial lattice and let us denote a change in asset price upwards with
Sk+1 = Sku and a downward change with Sk+1 = Skd. Given a node S0u

2d,
there are three different paths that lead to it. That is,

(
S0, S0u, S0u

2, S0u
2d
)
,(

S0, S0u, S0du, S0u
2d
)

and
(
S0, S0d, S0ud, S0u

2d
)
. This leads to different av-

erages. In the binomial tree the averages for the tree do not combine and thus,
a straightforward algorithm is to enumerate the 2n price paths for an n-period
binomial tree and the average payoffs. This is generally not possible but there
are approximation methods such as the one described in Hull and White[6].

Here we will consider multinomial methods with higher L. In Lundeng̊ard
et al.[8] it was shown that for the type of multinomial method described in
section 2 it will not always be possible to find a distance between the nodes
(jump-size) in the lattice such that the first L moments are matched. Here
some of the results from Lundeng̊ard et al.[8] will be further simplified and
some conditions for the existence of jump-sizes for quadrinomial (L = 4) and
pentanomial (L = 5) methods that ensures matching of the moments will be
shown. These conditions will not guarantee that the probability of moving
from one node to another is always between zero and one.
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2 Moment-matching multinomial lattice methods

We want to match the moments of a random variable X with a discrete random
variable Z. Let Z denote a discrete random variable as given below (Primbs et
al.[11]):

Z = m1 + (2i− L− 1)α with probability pi, i = 1, 2, ..., L,

where α is the jump size (distance between two outcomes), m1 is the mean of
X and L is the number of lattice nodes. Here α must be real and positive.

The requirement that the k:th moment matches the asset return on an
L-node lattice can be written:

L∑
i=1

pi(2i− L− 1)kαk = µk

where µk is the k:th moment. We will also use the notation µ0 = 1 which
means that matching to µ0 is equivalent to the sum of all probabilities being
equal to one.

Matching the first L moments can be written Ap = µ where p is a column
vector containing the jump probabilities, µ is a column vector containing the
moments and A is the general lattice matrix for the jump diffusion process that
takes the following form:

A =



1 · · · 1 · · · 1
(1− L)α · · · (2n− L− 1)α · · · (L− 1)α

...
. . .

...
. . .

...
((1− L)α)k · · · ((2n− L− 1)α)k · · · ((L− 1)α)k

...
. . .

...
. . .

...
((1− L)α)L · · · ((2n− L− 1)α)L · · · ((L− 1)α)L


.

Note that the general lattice matrix A is a non-square Vandermonde matrix,
c.f. definition 1.

Definition 1. A Vandermonde matrix is a square matrix of the form

VL =


1 1 . . . 1
x1 x2 . . . xL
x21 x22 . . . x2L
...

...
...

...

xL−11 xL−12 . . . xL−1L

 , (1)

where all xi are distinct numbers.

Note that the requirement that all xi are distinct is usually not included in
the definition. Here it has been added since two xi being equal would indicate
two overlapping nodes which can be combined to a single node. If all xi are
distinct the matrix is also guaranteed to be invertible.
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Choosing elements

xi = (2i− L− 1)α , 1 ≤ i ≤ L (2)

will give the general lattice matrix with the final row missing.
The inverse of the Vandermonde matrix is known, see Macon and Spitzbart[9],

and can be used to calculate the transition probabilities.

Theorem 1. The elements of the inverse of an L-dimensional Vandermonde
matrix VL can be calculated by

(
V −1L

)
ij

=
(−1)j−1σL−j,i

L∏
k=1
k 6=i

(xk − xi)

,

where σj,i is the jth elementary symmetric polynomial with variable xi set to
zero:

σj,i =
∑

1≤m1<m2<... <mj≤L

j∏
n=1

xmn
(1− δmn,i) , δa,b =

{
1 , a = b,
0 , a 6= b.

For a Vandermonde matrix, VL, with xi of the form (2) the expression for the
elements of the inverse matrix can be simplified.

(
V −1L

)
ij

=
(−1)j−i

2L−2αj−1 ·
σ̃L−j,i

(i− 1)!(L− i)!
(3)

and the σj,i terms can be simplified as follows

j = 2k + 1 : σ̃j,i = xL−i+1

∑
s∈B̃k

xi /∈s

π̃k(s),

j = 2k : σ̃j,i =
∑
s∈B̃k

xi /∈s

π̃k(s).

From this it is also clear that σ̃j,i = (−1)j σ̃j,L−i+1.

Proving theorem 1 does not require sophisticated arguments but takes some
work. We will prepare with proving the following lemma.

Lemma 1. Let B be a set of n distinct real values evenly distributed around
zero. Denote the set of combinations of k elements from B with Bk. Let
π : Bk 7→ R be the product of all elements in a given combination.
If k is odd ∑

s∈Bk

πk(s) = 0 (4)
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and if k is even ∑
s∈Bk

πk(s) =
∑

s∈Ã k
2

π̃ k
2
(s) (5)

where B̃ = {b ∈ B|b > 0}, B̃k is the set of combinations of k elements from B̃
and π̃ : B̃k 7→ R is the product of the square of the elements in a combination
multiplied by (−1)k.

Proof. When k is odd it is possible for all s ∈ Bk to rewrite the product
πk(s) = blπk−1(r) such that bl is not a factor in πk−1(r) for some bl ∈ B,
r ∈ Bk−1. If bl = 0 it is obvious that πk(s) = 0 and for any other al ∈ B there
is another combination t 6= s such that πk(t) = −blπk−1(r) = −πk(s) and thus∑

s∈Bk

πk(s) = 0 +
∑

r∈Bk−1

(br − br)πk(s) = 0.

When k is even we can use an argument analogous to the odd case and conclude
that for each combination s ∈ Bk that can be rewritten such that πk(s) =
blπk−1(r) where bl is not a factor in πk−1(r) for some bl ∈ B, r ∈ Bk−1 there
is also a combination that generate an annihilating term in the sum over all
the products. Thus the only remaining terms in the sum over the products will
contain both bl and −bl as factors and thus any term can be written on the
form

πk(s) =
∏
b∈s

b · (−b) = (−1)
k
2

∏
b∈s

b2.

Proof (Theorem 1). Showing that expression 3 is valid is a straightforward sim-
plification of the general expression of the inverse of the Vandermonde matrix
given in Macon and Spitzbart[9]. For more details, see Lundeng̊ard et al.[8].
Following this argument will give another expression for σj,i:

σj,i =
∑

1≤m1<m2<... <mj≤L

j∏
n=1

xmn(1− δmn,i) , δa,b =

{
1 , a = b,
0 , a 6= b.

With the notation used in Lemma 1 this expression can be rewritten as a sum
of products of combinations of the elements in x,

σ̃j,i =
∑

1≤m1<... <mj≤L

j∏
n=1

(2n− L− 1)(1− δmn,i) =
∑
s∈Bj

i/∈s

πj(s)

=
∑

s∈Bj−1

xi /∈s
−xi /∈s

−xiπj−1(s) +
∑
s∈Bj

xi /∈s
−xi /∈s

πj(s),

where B is the set formed by the values of the elements in x. Now the simplified
expression for σj,i in 1 follows by directly applying Lemma 1.
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Matching the lattice to the first L− 1 moments gives the equation

p = V −1L µ, (6)

where p and µ are vectors containing the probabilities and moments respec-
tively. Using formulas (1) and (6) gives

pi =

L∑
j=1

(
V −1

)
ij
µj−1 =

L∑
j=1

(−1)j−i

2L−1αj−1 ·
σ̃L−j,i

(i− 1)!(L− i)!
µj−1 . (7)

The lattice models also require that the L:th moment is matched:

L∑
i=1

pix
L
i = µL.

Using equation (7) this requirement can be rewritten as a polynomial equation
PL(α) = 0 where

PL(α) = −µL +

L∑
j=1

αL−j+1µj−1

(
L∑

i=1

(−1)j−i(2i− L− 1)Lσ̃L−j,i
2L−1(i− 1)!(L− i)!

)
(8)

and α is a real, positive number. For further details, see Lundeng̊ard et al.[8].
Next we will show that expression (8) can be simplified further.

Lemma 2. Let

c(j) =

L∑
i=1

(−1)L−j(2i− L− 1)Lσ̃L−j,i
2L−1(i− 1)!(L− i)!

. (9)

Then c(j) = 0 if L− j is even and if L− j is odd

c(j) =

bL
2 c∑

i=1

(−1)j−i(2i− L− 1)Lσ̃L−j,i
2L−2(i− 1)!(L− i)!

.

Proof. Split the sum into two parts:

c(j) =

bL
2 c∑

i=1

(−1)j−i(2i− L− 1)Lσ̃L−j,i
2L−1(i− 1)!(L− i)!

+

L∑
i=bL

2 c+1

(−1)j−i(2i− L− 1)Lσ̃L−j,i
2L−1(i− 1)!(L− i)!

.

Changing index in the second sum according to k = L− i+ 1 gives:

c(j) =

bL
2 c∑

i=1

(−1)j−i(2i− L− 1)Lσ̃L−j,i
2L−1(i− 1)!(L− i)!

+

bL
2 c+a∑
k=1

(−1)j−k−L+1(2k − L+ 1)Lσ̃L−j,L−k+1

2L−1(n− k)!(k − 1)!
.
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where a = 1 when L is odd and a = 0 when L is even.

The final remark in Theorem 1 gives σ̃L−j,i = (−1)L−j σ̃L−j,L−i+1 and thus
recombining the two sums gives:

c(j) =
(
1− (−1)L−j

) bL
2 c∑

i=1

(2i− L− 1)Lσ̃L−j,i
2L−1(i− 1)!(L− i)!

.

Since the factor in front of the sum is zero when j is odd and two otherwise
this concludes the proof.

Lemma 3. The polynomial given by (8) can be written on the form

P (α) =


µL −

bL
2 c∑

j=1

c(2j − 1) µL−2j α
L−2j if L even.

µL −
bL

2 c∑
j=1

c(2j) µL−2j+1 α
L−2j+1 if L odd.

(10)

where c(j) is defined by (9).

Proof. This lemma follows from substituting the c(j) in Lemma 2 in the poly-
nomial defined by (8).

3 On the existence of suitable jump sizes

There are conditions that must be satisfied for the moment matching lattice
methods to work. The distance between the lattice nodes, α, must be a positive
real root to the polynomial given by (10). For this α the probabilities to move
to node i, given by (7), must be between zero and one.

To examine whether there are any positive real roots for (10) Sturm’s the-
orem, formulated as in Prasolov[10], will be used.

Theorem 2 (Sturm’s theorem).
Let p0(x) be a polynomial and p1(x) = p′0(x). Using polynomial division we
can find p2(x), . . . , pn(x) such that

pk−2(x) = qk−1(x)pk−1(x)− pk(x),

pn−1(x) = qn(x)pn(x).

The sequence SL(x) = {p0(x), p1(x), . . . , pn(x)} is called the canonical Sturm
chain. The number of real roots of p0(x), m, confined between a and b, a < b,
p(a) 6= 0, p(b) 6= 0, is given by m = vL(a) − vL(b) where vL(x) is the number
of sign variations in S(x) ignoring zeros.

There are many sources for proofs of Sturm’s theorem, e.g. Prasolov[10].
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For the quadrinomial (L = 4) and pentanomial (L = 5) lattices the following
canonical Sturm chains correspond to the polynomial P (α) given by (10):

S4(α) =

{
− 9α4 + 10µ2α

2 − µ4, − 36α3 + 20µ2α,(
36

5

µ4

µ2
− 20µ2

)
α, − µ4

}
, (11)

S5(α) =

{
− 64µ1α

4 + 20µ3α
2 − µ5, − 256µ1α

3 + 40µ3α,

− 10µ3α
2 + µ5,

(
256

10

µ1

µ3
µ5 − 40µ3

)
α, µ5

}
. (12)

To find all the positive roots of P (α) we only need to consider the interval
confined between 0 and some r large enough that the highest order term will
dominate each expression in the Sturm chain. For this interval the sign of the
elements in SL(0) will be determined by the constant term in each polynomial
and the signs of the elements in SL(r) will be determined by the coefficients
of the highest order term. Since, by definition, increasing r will not change
the sign of any element the total number of real positive roots will be given by
q = vL(0)− vL(r).

Lemma 4. For L = 4 the polynomial P (α) given by (10) will have 2 positive
real roots if 36µ4 > 100µ2

2 else there will be no positive real roots. With an
underlying asset described by a Merton–Bates jump-diffusion process with Lévy
measure

l(dx) =
λ√

2πδ2
exp

(
− (dx− η)2

2δ2

)
, (13)

see Cont and Tankov [2], this corresponds to λ <
36

100

3 + 6η2 + η4

(1 + η2)2
.

Proof. Since all even-numbered moments are positive expression (11) gives

v4(0) = 0 and v4(r) = 0 unless
36

5

µ4

µ2
−20µ2 > 0 which will give v4(r) = 2. Thus

36µ4 > 100µ2
2 will give q = v4(r)−v4(0) = 2 positive real roots if 36µ4 > 100µ2

2.
With an underlying asset described by a Merton–Bates jump-diffusion process
given by (13) the second and fourth moments will be

µ2 =
λδ2(1 + η2)

σ2 + λδ2 + λη2
, (14)

µ4 =
λδ4(3 + 6η2 + η4)

(σ2 + λδ2 + λη2)2
, (15)

for derivations of these expressions see Lundeng̊ard et al.[8]. Substituting (14)
and (15) into the condition 36µ4 > 100µ2

2 and simplifying the expression gives
the result

λ <
36

100

3 + 6η2 + η4

(1 + η2)2
.
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Conditions on moments Number of real positive roots

µ1 > 0 , µ3 > 0 , µ5 < 0 : q =

{
1 if 16µ1µ5 > 25µ2

3,

0 otherwise.

µ1 > 0 , µ3 < 0 , µ5 > 0 : q =

{
1 if 16µ1µ5 < 25µ2

3,

0 otherwise.

µ1 < 0 , µ3 > 0 , µ5 < 0 : q =

{
1 if 16µ1µ5 > 25µ2

3,

0 otherwise.

µ1 > 0 , µ3 < 0 , µ5 < 0 : q = 1

µ1 < 0 , µ3 > 0 , µ5 > 0 : q = 1

µ1 = 0 , µ3 > 0 , µ5 > 0 : q = 1

µ1 = 0 , µ3 < 0 , µ5 < 0 : q = 1

otherwise : q = 0

Table 1. The number of real positive roots, q, of the polynomial P (α) given by (10)
for L = 5 depending on the signs µ1, µ3 and µ5.

Lemma 5. For L = 5 the number of positive real roots, q, of the polynomial
P (α) given by (10) will vary according to the table below.

Proof. For the Sturm chain S5 given by (12) we have S5(0) = {−µ5, µ5, 0, µ5}
and thus the number of sign changes is v5(0) = 1 unless µ5 = 0 which gives
v5(0) = 0. If none of the moments are equal to 0 then the signs of the elements

S5(r) is determined by the signs of µ1, µ3, µ5 and the expression
256

10

µ1

µ3
µ5 −

40µ3. Examining all 16 possible combinations of signs of these elements gives
the result that is shown in table 1 apart from the last three rows. If any moment
is allowed to be 0 then the elements whose sign needs to be considered changes.
For instance if µ1 = 0 then the signs of the elements S5(r) is determined by the
signs of µ3 and µ5. Examining all the cases when one or more of the relevant
parameters are equal to zero gives the remaining results shown in table 1.

Note that the existence of real positive roots does not guarantee that the
probabilities given by (7) will be between zero and one.
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Abstract. A method is proposed to reconstruct a cyclic time-inhomogeneous Markov process
from measured data. First, a time-inhomogeneous Markov model is fit to the data, taken here
from measurements on a wind turbine. From the time-dependent transition matrices, the time-
dependent Kramers-Moyal coefficients of the corresponding stochastic process are computed.
Further applications of this method are discussed.
Keywords: time-inhomogeneous Markov process; cyclic Markov process; Kramers-Moyal co-
efficients.

1 Introduction

Many complex systems can be described, within a certain level of modelization, as
stochastic processes. A general stochastic process can be characterized in the linear
noise approximation through a Fokker-Planck equation, in continuous variables. For
dealing with discrete variables in discrete time steps, often Markov Chains are the
models of choice. Although in many cases both approaches converge in the limit of
small time steps and increments of the stochastic variables, this correspondence is in
general non-trivial[11]. In the Fokker-Planck picture, the so-called Kramers-Moyal
(KM) coefficients provide a complete description of a given stochastic process[2].

In the past decades, numerical procedures have been established to estimate the
KM coefficients from measured stochastic data, which are applicable for any station-
ary, i.e. time-homogeneous, Markov process. These methods require large sequences
of data, but they are robust[1], have well-known errors and limitations[3], require little
intervention and are typically parameter-free[1,5].

However, for non-stationary Markov processes, much fewer methods and results
are available to our knowledge. In this case, estimations of the time-dependent KM co-
efficients can be obtained by two approaches: either the data from the inhomogeneous
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process is split into shorter, homogeneous sequences, on which then an estimate of the
KM coefficients can be performed through the aforementioned methods[13]. Or, if the
inhomogeneous process is also cyclic, a parametrized time-dependent ansatz for the
KM coefficients can be fit to the data[14]. Compared to the stationary processes, both
approaches for the inhomogeneous case require a much higher level of pre-analysis,
guesswork and iterative improvement.

In this paper, we present a method that allows to estimate the transition matrices of
a time-inhomogeneous Markov model from data. As reported in a previous publica-
tion[6], this method provides results with a considerable level of accuracy. Under well-
known limitations, the discrete Markov model corresponds to a continuous stochastic
process in the form of a Fokker-Planck equation, which is completely characterized,
in this case, through its time-dependent KM coefficients. From the transition matri-
ces, we can immediately calculate these KM coefficients, and therefore characterize
the dynamical features underlying the time-dependent stochastic process.

We apply this methodology to data from a turbine in a wind park, where measure-
ments of the wind velocity and direction, and the electric power output of the turbine
are taken in 10 minute intervals. The results presented from this analysis show the
general applicability of our method and are in agreement with previous findings.

This paper is organized as follows. We start in Sec. 2 by introducing both the cyclic
time-dependent Markov model and the procedure for extracting stochastic evolution
equations directly from data series. In Sec. 3 we describe the data and in Sec. 4 we
present the time-dependent functions that define the stochastic evolution of the state
of the wind turbine. Section 5 concludes the paper.

2 Methodology

This section describes the methodology used for the data analysis. In Sec. 2.1 the
cyclic inhomogeneous Markov model to represent the daily patterns in the data is
described and in Sec. 2.2 we explain how stochastic evolution equations are derived
directly from the Markov process transition matrices.

2.1 Modelling cyclic time-dependent Markov processes

The goal of this time-inhomogeneous Markov process is to get a model that accurately
reproduces the long-term behavior while considering the daily patterns observed in the
data. Thus, the proposed objective function combines two maximum likelihood esti-
mators: the first term maximizes the likelihood of the cycle-average probability; and,
the second term maximizes the likelihood of the time-dependent probability. The final
optimization problem is transformed into a convex one using the negative logarithm
of the objective function. This section gives a brief overview over the final optimiza-
tion problem. A detailed description of the objective function, the parametrization of
the time-variant probability functions, and the constraints that must be added to the
optimization problem to ensure its Markov properties is provided in [6].

A discrete finite Markov process {Xt ∈ S, t ≥ 0} is a stochastic process on a
discrete finite state space S = {s1, ..., sn}, n ∈ N, whose future evolution depends
only on its current state [8]. It can be fully described by the conditional probability
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Pr{Xt+1 = sj | Xt = si} of the Markov process moving to state sj at time step
t+1 given that it is in state si at time t. It is called the t-th step transition probability,
denoted as pi,j(t).

Being time-dependent, the Markov process has associated transition probability
matrices Pt that change with time. Considering n possible states, the matrices Pt
have dimension n × n with entries [Pt]i,j = pi,j(t) for all i, j = 1, . . . , n, satisfying
pi,j(t) ≥ 0 and

∑
j pi,j(t) = 1.

Markov process is called cyclic with period T ∈ R, if T is the smallest number,
such that pi,j(mT + r) = pi,j(r) for all m ∈ N and 0 ≤ r < T . See Ref. [9]. Since
this paper deals with discrete data, T and r can considered to be multiples of the time
step ∆t between successive data points and therefore integers. One can describe the
cyclic Markov process by T transition matrices Pr, r = 0, ..., T − 1. The remainder
of time step t modulo T will be denoted as rt and consequently rt = rt+mT . We fix
T = 1 day and use ∆t = 1.

In this paper, the transition probabilities pi,j(z) are modeled by Bernstein polyno-
mials, namely

pi,j(z) =

k∑
µ=0

βi,jµ bµ,k(z), (1)

where z = r/T indicates the time of the day (T = 1 day), bµ,k(z) is the µ-th Bernstein
basis polynomial of order k, and βi,jµ ∈ R. The choice of these polynomials has
several advantages properly described in [6].

To maximize the likelihood of the time-dependent transition probabilities given
the data, the objective function must consider the time of the day z when the tran-
sition happens. The corresponding term of the objective function is thus given by∑

(i,j)z∈Sz log(pi,j(z)), where Sz is the set of observed transitions together with the
time z when they happen. This estimator allows to compute the intra-cycle transition
probability functions, and thus to represent the daily patterns present in the data.

A second term is added to this function, namely
∑

(i,j)∈S log(p
avg
i,j ), where S

is the set of transitions observed in the data and pavgi,j is the cycle-average (daily)
probability of transition from state si to sj . It is given by pavgi,j = 1

k+1

∑k
µ=0 β

i,j
k . This

second term is the maximum likelihood estimator for the daily average probability
and its addition to the objective function increases the consistency of the long-term
behavior of the Markov process with the data.

Using the resulting overall objective function the optimization problem to be solved
for the transition probability coefficients βi,jµ is translated into the minimization of

L = −
∑

(i,j)∈S

log(
1

k + 1

k∑
µ=0

βi,jµ )−
∑

(i,j)z∈Sz

log(

k∑
µ=0

βi,jµ bµ,k(z)) (2)

subject to ∑
j

βi,jµ = 1 (3a)

βi,j0 = βi,jk = 1
2 (β

i,j
1 + βi,jk−1) (3b)

0 ≤ βi,jk ≤ 1 (3c)
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with i, j = 1, . . . , n and µ = 0, . . . , k, k being the order of the Bernstein polynomi-
als. Constraint (3a) assures the row-stochasticity of the transition matrices, while the
constraint (3b) imposes C0- and C1-continuity at z = 0. Constraint (3c) bound the
transition probabilities between 0 and 1. This constraint is derived using a property
of the Bernstein polynomials to always lie in the convex hull defined by their control
points ( kµ , βµ), µ = 0, ..., k. This convex hull bound can be tightened by subdivision
using the de Casteljau algorithm, as described in [6].

2.2 Extracting the stochastic evolution equation

In this section we characterize general stochastic processes through a Fokker-Planck
equation. We consider a N -dimensional stochastic process X = (X1(t), . . . , XN (t))
whose probability density function (PDF) f(X, t) evolves according to the Fokker-
Planck equation (FPE) [2]

∂f(X, t)

∂t
= −

N∑
i=1

∂

∂xi

[
D

(1)
i (X)f(X, t)

]
+

N∑
i=1

N∑
j=1

∂2

∂xi∂xj

[
D

(2)
ij (X)f(X, t)

]
. (4)

The functions D(1)
i and D

(2)
ij are the first and second Kramers-Moyal coefficients

respectively, more commonly called the drift and diffusion coefficients.
These coefficients provide a complete description of a given stochastic process and

are defined as

D(k)(X) = lim
∆t→0

1

∆t

M(k)(X, ∆t)

k!
, (5)

where M(k) are the first (k = 1) and second (k = 2) conditional moments. D(1) is
the drift vector and D(2) the diffusion matrix.

If the underlying process is stationary and therefore both drift and diffusion coef-
ficients do not explicitly depend on time t, the conditional moments can be directly
derived from the measured data as [1,5]:

M
(1)
i (X, ∆t) = 〈Yi(t+∆t)− Yi(t)|Y(t) = X〉

M
(2)
ij (X, ∆t) =

〈(Yi(t+∆t)− Yi(t))(Yj(t+∆t)− Yj(t))|Y(t) = X〉 ,
(6)

where Y(t) = (Y1(t), . . . , YN (t)) exhibits the N -dimensional vector of measured
variables at time t and 〈·|Y(t) = X〉 symbolizes a conditional averaging over the
entire measurement period, where only measurements with Y(t) = X are taken into
account. In practice binning or kernel based approaches with a certain threshold are
applied in order to evaluate the condition Y(t) = X. See e.g. Ref. [1] for details. If the
process is non-stationary and time-inhomogeneous, we must consider an explicit time-
dependence of the KM coefficients, which translates into time-dependent conditional
moments that can be calculated using a short-time propagator[1]. In our case, this



Modeling and analysis of cyclic inhomogeneous Markov processes 225

short-time propagator corresponds to the transition probabilities pi,j(t), yielding for
the first conditional moment

M (1)(Pk, vk, θk, t+∆t) =

 ∑
j pk,j(t) (vj − vk)∑
j pk,j(t) (Pj − Pk)∑
j pk,j(t) (θj − θk)

 . (7)

The expressions for higher conditional moments are straightforward and follow di-
rectly from Eq.(5).

3 Data description and accuracy of the model representation

The data for this study was obtained from a wind power turbine in a wind park located
in a mountainous region in Portugal. The time series consists of a three-year period
(2009-2011) of historical data gotten from the turbine data logger. The sampling time
of 10 minutes leads to 144 samples each day. The data-set comprises three variables,
wind power, speed and direction (nacelle orientation). The wind speed information
was collected from the anemometer placed in the wind turbine hub.

For this Markov model, each state is defined by the values of all three variables,
namely the wind speed, wind direction and power output. Figure 1 shows the data
observations and the state partitions projected into the wind direction and speed plane
(right) and the wind power and speed plane (left).

As expected, the observations projected into the wind power and speed plane de-
fine the characteristic power curve of the wind turbine.

Fig. 1. Representation of all data points projected into the: a) wind direction and speed plane
(left); and, b) wind power and speed plane (right). Each rectangle is the projection of a state
polyhedron into the two planes. Overall, they define the final state partition for the three-
dimensional variable space.

The data space is discretized unevenly to get a good resolution of the high-slope
region of the power curve. In a previous work [7], this partition was used in a time-
homogeneous Markov chain and proved to lead to an accurate representation of the
original data. The wind direction and power are divided by an equally spaced grid
leading to 12 and 20 classes with binwidth of 0.05 times the maximum power output
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and 30 degrees, respectively. The wind speed is divided as follows: values below the
cut-in speed (0.08) define one class; between the cut-in and rated wind speed (0.48)
the discretization is narrowed by selecting 10 classes with a binwidth of 0.04 times the
cut-out wind speed; and between the rated and cut-out wind speed (1) discretization
is widened and 4 classes are defined with a binwidth of 0.13 times the cut-out wind
speed. Data points with wind speed above the cut-out wind speed are discarded. The
complete state set is constructed by listing all possible combinations of the classes of
each variable. Due to physical constraints between the variables, most of the states are
empty and can are therefore discarded. This reduces the number of states from 3840
to 778, for this turbine.

To compare the model with the original data, wind power, speed and direction time
series were simulated adapting the method described by Sahin and Sen [10] to the
cyclic time-inhomogeneous Markov model as follows. First, we compute the cumu-
lative probability transition matrices P cum

r with entries [P cum
r ]i,j =

∑j
j′=0 pi,j′(r).

Then an initial state si, i.e. X0 = si, is randomly selected. A new datapoint Xt+1

is generated by uniformly selecting a random number ε between zero and one and
choosing for Xt+1 the corresponding state si′ such that the probability of reaching it
from the current state si fullfils [P cum

rt ]i,i′ ≥ ε.Based on this discrete state sequence, a
real value for the wind power/speed/direction variables is generated by sampling each
state partition uniformly.

Fig. 2. Two dimensional histograms of the synthetic time-series data, generated with the time-
variant Markov model (left) and the original data (right): speed-time (top) and direction-time
(bottom). Due to confidentiality, wind speed data values are reported as a fraction of the cut-out
speed, respectively.
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Fig. 3. Comparison of the probability distribution of wind power (left), wind speed (middle)
and wind direction (right) of the original with the synthesized data. Due to confidentiality, wind
power and speed data values are reported as a fraction of the rated power and the cut-out speed,
respectively.

From the synthetic as well as the original data, histograms are computed and com-
pared to demonstrate the models capability to reproduce the original data. Figure 2
shows the two dimensional histograms of wind speed-time and wind direction-time
for both the synthetic (left) and original time-series data (right). The comparison of
the histograms shows, that the model can capture the data’s daily patterns. Figure 3
shows the probability distribution of the wind power, speed and direction states, com-
puted from the original (dark blue) and the synthetic data (light blue). Comparison
shows, that the model is capable of reproducing the long-term statistics of the original
data.

4 The evolution of drift and diffusion in wind power output

With the procedure outlined in Sec. 2 and having the 144 transition matrices gen-
erated as described in Sec. 3 and 2.1, we can now reconstruct the time-dependent
stochastic process by calculating the KM coefficients D(i)(X̂, t) at each time step
t = 1, . . . , 144. Although we obtain the KM coefficients as a function of all three
stochastic variables, [P, v, θ], we here consider only their dependency on the velocity
and power production, X̂ = [P,v], averaging over the contributions from θ.

The results of this process are presented in Fig.4, where the reconstructed KM
coefficients are plotted for three time steps, namely at 6, 12 and 18 hours. The support
of the coefficients is limited to the available data which follows the power curves in
the v-P plane. From the inspection of Figs. 4, changes in time seem not significative.
This means, that even though both the Markov and the stochastic evolution model
contain additional degrees of freedom due to their time-dependent formulation, they
are capable of capturing the v-P -dependency, which is invariant. This is expected
since the wind turbine operation characteristics should not change through the daily
cycle. However, it can be seen in fig. 5 that the procedure is capable of detecting even
subtle temporal changes in the transition matrix, which lead to strong daily changes in
the KM coefficients.

For all plotted times, the drift coefficients D(1) indicate a restoring force towards
the power curve, in accordance with previous results[12]. The diffusion coefficients—
only the diagonal components are shown here—show an order of magnitude weaker
diffusion in the velocity than in the power, where the latter shows a strong component
for diffusion in the P− direction for the high slope region of the power curve. These
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results again are consistent with our previous analysis of a time-homogeneous model
[12]. Remarkably, the out-of the v, P− plane diffusion of the direction component
D

(2)
θθ is strongest for both very high and very low velocities, and for intermediate

velocities off the power curve.
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Fig. 4. The first (top two rows: power and speed) and second (bottom three rows: power, speed
and direction) Kramers-Moyal coefficients for various times (left: 6hours, middle: 12hours,
right: 18hours).
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Next, we present a closer inspection of the time-dependence of both drift and dif-
fusion, by considering their temporal evolution at a specific point, namely at (v, P ) =
(0.34, 0.53), which is close to the center of the power curve. Apparently, our method
creates smooth curves for the temporal evolution. This is expected since, as a con-
sequence of the parametrization of the Markov model, it can be shown that the con-
ditional moments used to derive the Drift and Diffusion coefficients also can be ex-
pressed by Bernstein polynomials in time. Most strikingly, it can be seen that the
temporal evolution of both the drift and diffusion coefficient is decoupled between
the components. Furthermore, for the same component the evolution of the diffusion
coefficient seems to be delayed with respect to the drift. The dominant component is
always the power production P , whose drift changes from a positive maximum at 6
h to a negative minimum at 17 h, i.e. the restoring force oscillates from a tendency to
higher P values in the morning to a tendency to lower P values in the evening.

It should be noted that the chosen point (v, P ) is not necessarily characteristic of
the wind field or of the turbine’s power production. Other points along the power
curve, specifically for low velocities and near the rated wind speed are either more
frequent or more characteristic, and their analysis should give increased insight into
the temporal evolution of wind speed and power production.
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Fig. 5. The first (left) and second (right) Kramers-Moyal coefficient, by components, near the
center of the power curve, (v, P ) = (0.34, 0.53),as a function of time.

5 Conclusions

We have shown in this paper how a time-dependent multi-dimensional stochastic pro-
cess can be reconstructed from experimental data. Our method provides results in
terms of the time-dependent transition matrix of a Markov model, from which the
time-dependent Kramers-Moyal coefficients for a corresponding continuous process
can be calculated. Application of this method to data from a turbine in a wind park
gives results consistent with a previous time-independent method, and adds surprising
new insight into the temporal dynamics of the wind field and the machine power pro-
duction. Preliminary results have shown that the dependence with time observed in
Fig. 5 changes depending which region of the power curve we choose. A more sys-
tematic study for the full power-velocity range will be carried out in an extended study.
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Future research will also address the question of applicability of our method to more
general cases, dealing also with the reliability and relative errors of this approach.

The aforementioned equivalence of the transition Matrix and the KM coefficients
is valid if two requirements are fulfilled. First, the transition amplitudes need to have
Gaussian shape, which corresponds to the existence of Gaussian noise in the stochas-
tic process. The validity of this assumption has been checked previously for a similar
system and can be reasonably assumed in this case. Secondly, the binning of the
stochastic variables for determining the Markov process transition matrix must be
small enough[11]. We will investigate the validity of this assumption and the corre-
sponding errors in a forthcoming publication.
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Abstract. In this work, we consider the modeling of forecasting temperature errors
in meteorology. In particular we do so for daily maximum and minimum temperatures
in the city of Porto and during the year 2011. Like in Lefebvre[6] we use pdfs of the
power normal family of pdfs that are obtained from the Gaussian pdf by raising
the Gaussian random variable to an exponent c where c = {(2k + 1)/(2j + 1)} and
k, j = {0, 1, . . .}. We compare the fit to the data of the power normal model pdf to
the fit of different non Gaussian models such as the Laplace and the Pearson type
IV. We conclude that the power normal model gives the best fitting results with
exponents close to those obtained by Lefebvre[6]. For the case of errors in minimum
temperature forecasts we found that the data is already approximately Gaussian.
Keywords: Nearly Gaussian random variable, kurtosis, power transformation.

1 Introduction

Forecasting in temperature and precipitation is important to agriculture, to es-
timate the demand of certain goods on over coming days. On daily basis, people
use weather forecasts to determine what clothe to wear, to plan outdoors activi-
ties and for the protection of life and goods. The problem of modeling forecasts
errors of temperatures has been addressed in Lefebvre[6] and Wilks[8] among
others. In temperature forecasts, common sense tell us that we should expect
a rather symmetrical error distribution with small deviation. For instance, on
a forecast of 15 degrees Celsius it is not expected to occur a temperature of 35
degrees.
Lefebvre[6] considered power transformations as a way to find a pdf for NG
variables. The power transform gives rise to the power normal pdf’s family.
The data that we use in application of this theory is the daily forecast errors
in maximum and minimum temperature in the city of Porto (one observa-
tion and respective forecast per day) and for the year 2011. On section (2)
we present the nearly Gaussian random variable. We calculate the ordinary
central moment and the kurtosis coefficient of a Gaussian variable X with zero
mean raised to a power c. We also describe a method to find the specific pdf
of the power normal family that models data. In section (3) we apply the
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method described on section (2) to the data. Firstly, we consider the errors
in maximum temperatures. Using the Lilliefors and the Shapiro-Wilk test we
conclude that normality is rejected. Using the sample kurtosis and a table of
the theoretical kurtosis of a power normal random variable we found the ex-
ponents 9/11 and 7/9 to be appropriated to transform the original data in a
sample with Gaussian distribution. This means that the original data can be
well fitted by a Gaussian distribution raised to the power 11/9 or 9/7. In the
case of the one day ahead forecast of minimum temperature errors we found
that normality is not rejected. In section (4), we compare the fit of the power
normal distribution to other distributions such as the Laplace and the Pearson
type IV and we compare the results of the Qui-square goodness-of-fit test to
conclude that all pvalues observed are greater than the usual significance levels
but the pvalue associated with the power normal is significantly greater than
the others.

2 Power transformation and the power normal

In this section we will follow Lefebvre[6]. The pdf of a random variable resulting
form the power transformation of a normal random variable is given in the
following proposition.

Proposition 1. If Y = Xc is gaussian, Y ∼ N(µ, σ2), then the pdf of the
power transformation of a Gaussian variable, X = Y 1/c is,

fX(x) =
1√
2πσ

c|xc−1| exp

[
−1

2

(
xc − µ
σ

)2
]
.

This transformation is related to the Box-Cox transformation. We will call
it the power normal pdf. The more interesting case for applications is when
µ is zero and c ∈]0, 1[ that is the range of c values for which Y is a nearly
Gaussian random variable. An example pdf is given in figure (2). In order to
identify the exponent c from experimental data we must relate c with some
statistical measure. If X is a Gaussian random variable with parameters µ = 0
and variance σ2, then for c > 0

E(Xc) =

∫ ∞
−∞

xc√
2πσ

e−
x2

2σ2 dx =
2c/2

2
√
π
σc[1 + (−1)c]Γ

(
c

2
+

1

2

)
,

where Γ is the gamma function. Hence, the following proposition (see Lefeb-
vre[6]) may be stated

Proposition 2. The kurtosis coefficient of the random variable Y = Xc when
X ∼ N(0, σ2) is given by

β2(c) =

∫∞
−∞

1√
2π
x4ce−x

2/2dx(∫∞
−∞

1√
2π
x2ce−x2/2dx

)2 =
√
π
Γ (2c+ 1

2 )

Γ 2(c+ 1
2 )
.
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Fig. 1. Pdf of a Gaussian variable raised to the power 0.7.

c β2(c) c β2(c)

7/9 2.237 17/15 3.58
9/11 2.358 15/13 3.08
11/13 2.447 11/15 2.11
13/15 2.514 19/21 2.643
15/17 2.566 23/25 2.697
17/19 2.6 29/31 2.753
13/11 3.828 31/33 2.767
23/19 3.979 21/23 2.672
11/9 4.042 35/37 2.79
9/7 4.404 37/39 2.8

Table 1. Kurtosis of the random variable Y = Xc where X ∼ N(0, 1) for a few
values of c.

We present the table (1) that shows β2(c) for some values of c. This table will
be used to select an exponent c, close to 1, so that, raising the values of the
nearly Gaussian sample to 1/c one obtains an approximately Gaussian sample.
Note that the identification of the exponent c requires that the variable should
have mean and skewness close to zero. To estimate the power normal parameter
for a given a sample x1, . . . , xn we center the data defining

zi = xi − x̄,

so that the mean of the zi is 0. Assuming that the skewness coefficient is close
to zero and the kurtosis is not close to 3 to be Gaussian then, by selecting
an appropriate c from table (1), we find the transformation W = Z1/c that is
likely to transform the data into a an approximately Gaussian.

3 Application to temperature forecasts

In this section we apply the method described in the last section. Our goal is
to find statistical models for the forecasting errors of minimum and maximum
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temperatures. The size of our data set is 347 (there is a few missing data).
We define X as X = TF − TO where TF is the forecast and TO the observed
temperatures. Firstly, we consider the one day ahead maximum temperature
forecasts during the year 2011.
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Fig. 2. Histogram and Gaussian fit to the errors X in maximum temperature fore-
casts.

The figure (2) is an histogram for the maximum temperature forecast errors
data with the Gaussian fit on top. We note that there are more observations in
the center when comparing to the Gaussian density. This feature is typical of
the nearly Gaussian random variables. Hence, we will try to fit an appropriate
member of the power normal family of distributions. But, before applying any
statistical test we must make sure that there is none or very little temporal
correlation among the data. A way of measuring temporal correlation is by
computing the sample autocorrelation function (ACF). The data with small
temporal correlation has an ACF within the 95% confidence bounds for white
noise. Since we’ve found 3 out of 20 values outside the bounds then we decided
to take a subset of the data. We kept only one in each pair of forecasting errors.
This procedure reduces the data size to an half (173). Using the software SPSS
we performed the Lilliefors and Shapiro-Wilk tests and we obtained pvalues of
0.023 and 0.1 respectively. The pvalue of Lilliefors test is less that the usual
significance levels (0.05 to 0.1) used in statistical tests. So, we conclude that
the Gaussian distribution is not a good model for X. Next, we tried classic
models for the forecast errors such as the Laplacian and the Student’s T and
in both cases it turned out that the models were not acceptable. Now, we turn
our attention to the power normal family. To find the right transformation we
must compute some statistics of the data first. Let us define the mean of X by

x̄ =

n∑
i=1

xi
n
,
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and

µ̂k =

n∑
i=1

(xi − x̄)k

n− 1
,

for k = 1, 2, ..., is the estimated k-th order central moment. The sample stan-
dard deviation sx =

√
µ̂2. The sample skewness coefficient is

b1 =
µ̂3

s3x
,

and the sample kurtosis is

b2 =
µ̂4

s4x
.

The observed statistics for the error in the maximum temperature are:

x̄ = −0.0458; sx= 1.616 b1 = 0.035; b2 = 3.567.

The mean is close to zero so there is no need to center the data. The kurtosis
of the reduced data set is 4.0583. Based on the kurtosis in table (1), we tried
the transformation

wk = x
9/11
k .

We found that the gaussian distribution is an acceptable model to the wk’s.
Applying the Lilliefors test (with Matlab) the p-value increased from 0.023
before the transformation to at least 0.2 and the p-value of the Shapiro-Wilk
p-value test is 0.439. Because the values of the sample kurtosis are not exactly
equal to those of the table we also tried another exponent close to 9/11. In
fact, trying

wk = x
7/9
k ,

and applying the Lilliefors and Shapiro-Wilks tests (with SPSS) we obtain
the p-values 0.2 and 0.439 which are equal to those obtained for the former
exponent. Hence, we can use a Gaussian distribution raised to the power 11/9
to model the data. Raising the original data to the power 9/11 we obtain an
approximately Gaussian distribution with mean -0.027 and standard deviation
1.311

X(9/11) ≈ N(−0.027, 1.3112).

4 Fitting results

In this section, we will compare the power normal family fitting results to those
of the symmetric Laplace and the Pearson IV distributions. Firstly, we consider
the Laplace distribution

f(x|µ, b) =
1

2b
exp

(
−|x− µ|

b

)
.
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The estimate for µ is zero and the maximum likelihood estimate for b is b =∑n
i=1 |Xi − µ̂|. Secondly, we considered the Pearson type IV distribution, its

pdf is

fX(x) = k

[
1 +

(
x− λ
a

)−m]
exp

{
−ν arctan

(
x− λ
a

)}
,

for x ∈ R and the parameters m, m > 1/2, ν, a and λ are real constants. The
normalizing constant k is given by,

k =
22m−2|Γ [m+ (iν/2)]|2

πaΓ (2m− 1)
.

Using the estimators given by the method of moments (see Stuart and Ord[7])
we obtained

m̂ = 5.5666, ν̂ = −1.6843, â = 4.2831, λ̂ = −0.8211.

The results of the chi-square tests are presented in table (2). We see that the

interval nj X Lap Pearson IV

(−∞, -2.5) 8 10.6870 9.4782 4.4115
(-2.5, -2) 11 7.01236 5.2715 7.9234
(-2, -1.5) 12 10.4451 8.20341 12.8885
(-1.5, -1,0) 11 14.8661 12.7660 18.4764
(-1, -0.5) 16 20.4931 19.8660 22.9571
(-0.5, 0) 31 32.2387 30.9149 24.566
(0,0.5) 31 25.1018 30.9149 22.7495
(0.5, 1) 21 17.5664 19.8659 18.4937
(1,1.5) 10 12.4670 12.7659 13.4767
(1.5,2) 9 8.50495 8.20342 8.996
(2, 2.5) 7 5.54012 5.27154 5.6398
(2.5, ∞) 6 7.92306 9.47825 3.3908
d2 8.63832 14.0892 13.1724
p-value 0.47131 0.11919 0.15496

Table 2. Chi-Square goodness of fit test to determine whether a Gaussian
N(−0.027, 1.3112) distribution raised to the power 11/9 is a good model for the raw
data. The five columns give the chosen subintervals, the number nj of observations
in each subinterval and the expected ej number of observations for each subinterval
and for the Gauss, Laplace and Pearson IV distributions in this order.

p-value of the observed statistic for the power transformation of the normal
is considerably better than the others. Next, we turn our attention to the
forecasts errors of minimum temperatures. Like in the case of the maximum
temperature when computing the ACF there are 2 values outside the 95%
confidence bounds therefore we decided to eliminate one value in each two. The
observed statistics for the error in the minimum temperature for the reduced
data set are:
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x̄ = 0.099; sx= 1.52 b1 = −0.04; b2 = 2.67.

Applying the Lilliefors and the Shapiro-Wilk tests (again with SPSS) we found a
pvalue of at least 0.2 for the Lilliefors test and a pvalue of 0.439 for the Shapiro-
Wilk test. This means that the data is already approximately Gaussian and
there is no need for transformations.

5 Concluding remarks

In this paper, we show that a using an appropriate exponent of the form
(2k + 1)/(2j + 1), k, j = 0, 1, ... the power transformation of a nearly Gaus-
sian random variable can be Gaussian. The transformation is bijective so it
may be used in both positive and negative data. We applied the method de-
scribed in section (2) to data consisting of the one day ahead forecast errors in
daily maximum and minimum temperatures. In the case of errors in maximum
temperatures we used both Lilliefors and Shapiro-Wilk tests and we concluded
that normality was rejected. Afterwards, using the sample kurtosis and the
table (1) we found the appropriate exponents 9/11 and 7/9 that transform the
original data in a sample with Gaussian distribution. Fitting results of the
power normal, Laplace and Pearson IV distributions were compared and the
pvalue of the power normal was found to be significantly greater than the other
two. Surprisingly, in the case of the one day ahead forecast for daily minimum
temperature errors, normality was not rejected.
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Abstract: The current research focuses on different general modeling approaches to determine the 
presence or absence of multiple change points in each row of the 2-D data congregated at 
numerous time points on different subjects. Two approaches, Classical and Bayesian were 
implemented to estimate the change points in the per capita income change of 50 US states 
observed from 1948 to 2013. The Classical approach was applied following Random effects 
model with three terms in consideration viz., common term for all subjects, subject specific error 
term and individual error term. Estimation of change points were done by least square theory. The 
Bayesian approach was employed concerning three assumptions: (a) subjects follow normal 
distribution having a change in parameters after the change points, (b) a correlation exists among 
the parameters before and after the change point for each subject, (c) change points of different 
series follow a common distribution. In this approach, estimation was performed by Markov 
Chain Monte Carlo (MCMC) method. A comparison amid the two estimates was executed by 
determining the standard error. In conclusion, two change points were observed in many of the 
states, generally, in 1984 and 1988. Some of the states exhibited no evidence of structural changes 
implying diminished effect of Great Moderation. The Bayesian approach displayed better estimate 
over the Classical one.  
Keywords: Panel data, Change point, Classical approach, Least square theory, Bayesian 
approach, Markov Chain Monte Carlo method. 

 

            1  Introduction 

 
In various applications, the data obtained during an extensive time period has 

to be investigated representing that probable statistical model may alter once or several 
times during the period of surveillance. The alteration in statistical model signifies a 
change and the point of alteration occurrence is the change point. In a series of random 
variables             if             follows a common distribution F and  
                 have distribution G with F ≠ G, then, the index ‘ ’ is called the 
change point. The change-point problem was first introduced in the quality control 
context by Page [1]. The application of change point problems is found in statistical 
quality control theory, reliability, stochastic process, testing and estimation of change in 
the patterns of a regression models in statistics as well as in subjects like genetics, 
medicine, finance, stock market data and various others fields. Statistical exploration of 
change-point problems depend on the type of data to be examined. Time series data is 
usually of two types: one-dimensional and multi-dimensional or panel data. A 2-D data 
quite often, may be a panel data gathered at several time points on numeral subjects. 
Introduction of a shared involvement for all the themes (subjects) may lead to single or 
multiple change points occasionally called structural changes, in each row of panel data. 

Some prominent instances are evidence of structural breaks in volatility due to 
Great Moderation in each of the 50 US states, change in blood pressure of patients in 
data recorded weekly before and after application of a certain drug, monthly number of 
traffic deaths on rural interstate roads for all US states from the time period of April, 
1985 to April,1989 including the year in which the 55 miles per hour speed limit was 
lifted, etc. 

 ________________________ 
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Several literature have been reported on change point analysis of panel data. A 
common break model with breaks occurring at the same time point for all the subjects 
was developed by Joseph [2]. The assumption was that the pre-break data was sampled 
from a common single distribution and post break data from a common distribution. 

Joseph and Berger [3] have taken into account the fact that time of break may not be 
same for all the subjects and developed a model with the assumption that change points 
are not identical; rather they are samples from a common distribution function with 
parameter. Model with common break for all subjects and the break point being 
estimated by the theory of least squares was suggested by Bai and Perron [4] along with 
the consistency and asymptotic distribution of the estimate. The method was also 
extended for partial structural change model where not all the parameters but only a few 
are subject to shifts due to structural change. An efficient dynamic programming 
algorithm was proposed by Bai and Perron [5] to obtain global minimizers of the sum of 
squared residuals for both pure and partial structural change model. A simulation 
analysis was carried out by Bai and Perron [6] to access the adequacy of the previously 
proposed methods and compare between their relative merits, size and power of tests for 
structural change. Bai [7] studied the problem of common breaks in heterogeneous 
means and variances in panel data i.e., magnitude of change for the series depend on 
index, but assumed that breaks for all the subjects occur at the same time. 

However a more realistic model is that the break points in the panel data occur 
at different time points for each of the subjects and common break points would be a 
special case of the more realistic model. More practical assumptions are (i) the change 
points of different subjects do not occur at the same time and (ii) the magnitude of break 
depends on the subjects i.e., the amount of change may not be same for all the subjects. 
A model for US data on quarterly personal income in million dollars of states from 1st 
quarter of the year 1948 to the third quarter of the year 2012 during Great Moderation 
has been proposed by taking into account the above mentioned assumptions. But this 
model has an intrinsic assumption that observations are independent in each row of the 
data i.e., the observations taken over regular time interval for the same subject are 
independent of each other. This assumption is not at all true, as the internal 
characteristic of the subject is the common internal aspect that is existent among all the 
observations recorded over time on a particular subject. The elimination of this common 
internal factor will end in independent observations along each row of the panel data. 
Analyzing these independent observations acquired after removal of the internal shared 
factor for each subject to estimate their change point will result in an improved and 
more precise estimation of change point for the panel data.  

In the present research article, a methodology to eliminate internal communal 
factor for each subject have been proposed and the change point analysis of the resulting 
independent data have been accomplished under the assumption of heterogeneity in the 
timings of structural changes. Assessment of change point is done in both Classical and 
Bayesian approach. The Classical method was applied following one way Random 
effects model with three terms in consideration viz., common term for all subjects 
signifying the common effect of the whole panel data, subject specific error term 
symbolizing the common internal effect of each subject and individual error term. 
Change points were calculated using the theory of least squares. The Bayesian tactic was 
hired concerning three assumptions: (a) subjects follow normal distribution having a 
change in parameters after the change points, (b) a correlation exists among the 
parameters before and after the change point for each subject which represents the 
internal common effect of each subject before and after the change point, (c) change 
points of different series follow a common distribution signifying common effect of the 
whole panel data. In this method, assessment was executed by Markov Chain Monte 
Carlo (MCMC) method. Comparison amid the two methods is also exhibited. 

The rest of the research article is organised as follows: Section 2 discusses the 
general structure of panel data in detail particularly that of the US state level data from 
1948 first quarter to 2012 third quarter on which the model of interest is based. Section 
3 defines our model and Section 4 describes the methodology to eradicate internal 
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communal factor for each subject of the panel data, whereas Section 5 and Section 6 
demonstrates the analysis by Classical methodology and Bayesian methodology 
respectively. Section 7 explains the results and the comparisons and section 8 concludes 
the paper. 

 

           2  Panel data 

 
The structure of the panel data has the form of an N x T matrix X as follows. 

Each sequence                 represents observations over time from the     subject, 
         . A change is said to have occurred at    in sequence or row   ,           , 
and         , if                

 are identically distributed with common 
distribution function     and                        are identically distributed with 
common distribution function     with         . If      , then there is no change in 
row ‘ ’. Thus            gives the change points which are generally unknown. The 
distributions of the points of change, ‘   ’, and the unknown parameters of the 
distributions                     are to be estimated from the data matrix (1). 
 

                               

(

 
 
 
 
 

                         
                        

                         
                        

                                                        
                                                        
                                                        
                                                        
                                                        

                         
                        )

 
 
 
 
 

         ……. (1) 

 
Instance: During 1980s, the major United States macroeconomic time series of output 
growth and inflation have experienced a considerable decrease in volatility. This is 
generally talked about to as Great Moderation. The origin behind this reduction may be 
that better monetary policy steadied the economy or may be upgraded inventory control 
facilitated the stabilization. The data is published by the Bureau of Economic Analysis, 
USA. A structure of the data on 50 US state level quarterly personal incomes from 1st 
quarter of the year 1948 to 3rd quarter of the year 2012 is given in Table 1. 
  
Table 1. Structure of the data on US state level quarterly total personal income in 

US million dollars from 1
st
 quarter of 1948 to 3

rd
 quarter of 2012 

 

 1948 

Q1 

1948 

Q2 

1948 

Q3 

1948 

Q4 

1949 

Q1 
………. 

2012 

Q2 

2012 

Q3 

Alabama 2459 2582 2638 2681 2551 ……… 171631 172835 
Alaska 297 311 333 356 388 ……… 33918 34050 

Arizona 862 892 945 922 918 ……… 235331 236833 
Colorado 1752 1807 1858 1852 1804 ……… 233400 234776 

….. ……. ……… ……… ……… ……… ……… ……… ………. 
…. …….. ……… ……… ………. ……… ……… ……… ………. 

West Virginia 2033 1969 2200 2188 2092 ……… 64126 64271 
 

 
Observing Table 1, it can be straightforwardly understood that each cell value 

signifies quarterly income of each state of US, each row of the table represents each state 
of US and each of the time interval is denoted by each column of the panel data matrix.  
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One way to track down the source of the Great Moderation is to analyze the data 
at state level. States are subjected to conjoint nation-wide and global shocks. A recent 
work by Owyang et al. [8] described the state-level facts of Great Moderation in growth 
rate of unemployment. However, the researchers conducted the structural change analysis 
by univariate method i.e., they estimated the change point series by series without taking 
into account the similarity among different states. Liao [9] in his unpublished manuscript 
fitted a multivariate model for change point detection at the state level for data on per 
capita income of the states. But the assumption of normal distribution for income was not 
quite reasonable. 

In the present research article, we at first, modelled the data on 50 US state level 
quarterly total personal incomes supposing the data to follow Pareto distribution. The 
reason behind using Pareto distribution is that it is generally taken as the typical income 
distribution. We assumed that per capita incomes of each state follow Pareto distribution 
and there is change in the parameter values of the distribution after the change point 
which requires to be estimated. Later on, we eliminated the common influence of a state 
from observations over time in each row of the panel data matrix and remodelled the data 
and estimated the data using Classical as well as Bayesian approach. The following 
Sections describe the detailed accomplishment of the work done. 

 
            3  The model 

 
Considering the data on per capita quarterly income of    US states from 1st 

quarter of the year      to 3rd quarter of the year      we have,      and      . 
 
The growth in log of income is computed for state i,           and time point 

t,             as,          
          (                 )     (                   )   

 
We made the following assumptions for our model: 
 

i. Series i experiences a single structural break at time τi , i=1,2.. N 
ii. τi ≠ τj, for some i ≠ j , that is, structural break does not occur at the same time for 

all the N series. 
iii. Magnitude of change occurred may vary for each series. 
iv. For series  , 

 
                                      (    )                        

                                            (    )                                         ……. (2) 
 

Therefore,     *    + ,      ;          ;          are the unknown 
model parameters along with    (           ) , vector of change points assumed to 
follow normal distribution i.e., 

 
                                     (      

 )                    
                          

The model parameters * ⃗   ⃗   ⃗⃗ ⃗⃗ ⃗+ need to be estimated. 
 
Initial values of   ’s are chosen from growth rate graph of the states. As for 

example, for the state Colorado, the graph in Fig. 1 is as follows: 
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Fig. 1. Income growth in terms of difference in logarithm for the state Colorado 

 

Hence, from the above graph, the initial estimate of     is taken to be     i.e., 3rd 
quarter of        The model parameters were estimated by Gibbs Sampling and Markov 
Chain Monte Carlo technique. The steps of estimation are as follows: 
 

Step 1: Given initial values (   
( )

   
( )

   
( )

   
( )

)                     
Step 2: Update parameters             
             Given initial values (   

( )
   

( )
   

( )
   

( )
)                     and data 

matrix X, the posterior conditional distribution of    
( )  is, 
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           (   
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and that of    
( )  is,  
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) 

Step 3: Update parameters              
             (           )     (       )  (        ) 
             Draw   

( )
 given    

( )
   

( )
   

( )
  

Step 4: Update parameters    and                  
             Draw (   

( )
   

( )
 ) given (   

( )
   

( )
   )  

(  
( )

   
( )

     
( )

 )                         (
(    

 
       )

  

           
 

 
 

 
     

 

 
∑(        ) 

 

   

 
   (        )

 

 (    )
) 

 
 But the dependence between     and     in (2) for each            is not 

taken into account in this model. Hence we go for the next model which is a more 
generalized one. 

A generalised panel data model is given by, 
 
         

                                                           ……. (3) 
 

where,   denote subjects present in each row of the panel data e.g., households, 
individuals, countries, etc.;   denotes the time intervals at which observations are realised; 
  denotes the scalar that symbolises the common effect of panel data which is present in 
all observations,      denotes the vector of parameters are may have altered after the 
change point,     denotes the     observation on   explanatory variables (covariates) at 
time t and     denotes the error term corresponding to     observation on   explanatory 
variables at time t. 
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  Now as observations for each subject over time are interdependent, so the error 
term     can be splitted as,  
 

                                                                            …….. (4) 
 
 where,    denotes unobservable individual specific effect for each of the subjects 
that leads to correlation among observations in each row and     denotes the purely 
random disturbance term. 

Our problem is to eliminate the unknown    term which will result in 
independent observations across each row of the panel data. 
 

            4  Elimination of Communal effect 
 
As    ’s are unknown and random quantities, it is reasonable to assume that   

   
are independent and identically distributed with     (    

 )  and also the random 
disturbance term    ’s are independent and identically distributed with  
            (    

 ). Another practical assumption is that   ’s are independent of     ’s 
and the covariate matrix     is independent of    and    . Hence the model is a one way 

random effects model. Inference pertains to large population from which the sample is 
drawn. Writing equation (3) as, 

                                      ………… (5) 
 

where,   is the      response vector,   is      covariate matrix,        is 
the augmented matrix of the form   ,     -,    denotes the set of unknown parameters 
(    ) and     is vector of ones of dimension   . 
 
 Therefore   (                                            ) in (4) 
can be written in the form ,  

        …………… (6) 
 

where,   (                                            )  and 
   (           ) and         ,    being the identity matrix of order     and 
   is a vector of ones of dimension  . 

Thus we have the final equation as,  
 

           …………. (7) 
 

Now             where    is a matrix of ones of dimension    .  
 

Denoting   as variance-covariance matrix of   we have, 
   (   )     (   )    

     
With 

   (   )    
    

              
   (       )    

    
              

                   
              

                  
 

In order to obtain the generalized least squares estimator of the regression 
coefficients,   is required. But   is a huge matrix of dimension        

 
A suitable technique is replacing     by    ̅,    by      ̅. Hence          ̅   

So,      
 (     ̅)+   

 (     )    
 (     ̅) 

 

              Collecting terms with same matrices,   (   
    

 )(     ̅)    
 (     ) 
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where,   

     
    

                                                      
and    

                                                     (   ) 
 

            Now,     
 

  
   

 

  
   implying   

 

  
 

  
  

 

  
  implying    

 
 

  
  

  
    

 

Taking the transformation,       
 

 

  ,       
 

 

  , following equation is 
obtained, 
 

               
           

                                               ……….(8) 
  

  Hence the observations within each row are independent of each other as after 
the transformation the term μi  is removed from the model. But, there may be dependency 
among the rows (as there may be some common factor affecting all the subjects in the 
panel) e.g., how different patients suffering from the same disease respond to a new 
treatment; when the same treatment being given to all the patients. This dependency is 
taken care off during estimation of change points. 
 

            5  Classical method of estimation 
 

  In Classical strategy, change points were computed applying the theory of least 
squares. The dependency among the subjects was taken care off by the following two 
ways: 
 

i. Assuming common break for all the rows of the panel 
ii. Assuming each row has break points at different times. 

 

Under the assumption of common break and considering two breaks present in 
the data for each row, we have the model for each of the   subject,            as, 
 

   
        

       
              

    
        

       
                    

   
        

       
                   

 
  Then the sum of squared residuals for the equation in the     row is given by, 

   (     )  ∑(   
        

)
 
 

  

   

∑ (   
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∑ (   
        

)
 

 

      

 

 
where,                                         

 
Total sum of squared residuals for all the   equations is as follows, 

   (     )  ∑    (     )

 

   

 

 
Thus the least square estimator for the break points in the common break model 

for the panel data is obtained as, 
                 (  ̂   ̂)                              (     )          ………(9) 

 
Under the assumption of break points at different times and considering two 

breaks present in the data for each row, we have the model for each of the   subject, 
           as, 
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  Then the sum of squared residuals for the equation in the     row is given by, 
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where,                                           

 
Thus the least square estimator for the break points in the     row for the panel 

data model is acquired as, 
                        (   

̂    
̂)                               (       )          ………….(10) 

 

            6  Bayesian method of estimation 
 
In Bayesian strategy, change points were figured applying the Markov Chain 

Monte Carlo (MCMC) technique. The dependency among the subjects was taken care off 
by the following two ways: 

 

i. Assuming common break for all the rows of the panel 
ii. Assuming each row has break points at different times. 

 

Under the assumption of common break and considering two breaks present in 
the data for each row, we have the model for each of the   subject,            as, 
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 )         
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 )              
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 )             

 
Likelihood for the series   is given by, 
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Hence, likelihood for the panel data is given by, 
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    ……… (11) 
 

From this likelihood, the common change points    and    and other unknown 
parameters were estimated by the MCMC technique. 

Under the assumption of break points at different times and considering two 
breaks present in the data for each row, we have the model for each of the   subject, 
           as, 

   
            (      

   
 )          
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Likelihood for the row   is given by, 
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……… (12) 
 

From the above likelihood, the common change points     and     and other 
unknown parameters for each row were estimated by the MCMC technique as before. 
 

7  Results and Discussion  
 

7.1 Estimation of parameters by Gibbs sampling method for the model in 

equation (2) 
 

The estimated values of the change points for each of the 50 states along with the 
standard errors are given in Table 2. 

From Table 2, it was observed that the panel data method resulted in 
concentrated pattern of breaks around 1984 and 1988. The standard errors of the estimates 
of change points for our model were significantly less than that of single series model for 
each state proposed by Owyang et al. [8]. Our model also comparatively gave better 
estimates than panel data model fitted by Liao [9]. The change point estimates of some 
states like Delaware, Minnesota and Tennessee had large standard errors. This indicated 
that they had no effect of Great Moderation. The states which had small standard errors 
like Arizona, Arkansas, Colorado, District of Columbia, Idaho, Kansas, Kentucky, Maine, 
Maryland, Massachusetts, Missouri, Montana, Nebraska, Nevada, New Hampshire, New 
York, North Carolina, North Dakota, Vermont, West Virginia etc, had very high effect in 
their income due to Great Moderation. Pennsylvania was an exception whose standard 
error of the estimated change point increased from 3.214 (single series model) to 27.768 
in our model. It was 38.626 in the model by Liao [9]. This may be due to the fact that 
there is more than one structural break present in these states. This necessitates the 
extension of our model for the investigation of multiple structural breaks.  

 

           Table 2: Estimated change points and the standard errors for each state 
 

Alabama  Alaska  Arizona  Arkanas  California  Colorado  Connecticut  
1984Q3  1988Q2  1985Q1  1984Q1  1988Q4  1982Q3  1988Q4  
9.8765  9.1293  2.6754  3.8321  6.4532  4.3215  5.6219  

Delaware District of 

Columbia Florida Georgia Hawaii Idaho Illinois 

1983Q1  1969Q3  1988Q3  1985Q3  1991Q3  1983Q1  1987Q2  
40.4532  2.5648  5.4278  5.1762  8.3651  4.8327  17.6432  
Indiana  Iowa  Kansas  Kentucky  Louisiana  Maine  Maryland  
1984Q4  2000Q3  1984Q1  1984Q3  1986Q4  1989Q2  1989Q1  
8.7634  25.4265  2.3567  1.9456  1.9274  2.6345  2.7362  

Massachusetts  Michigan  Minnesota  Mississippi  Missouri  Montana  Nebraska  
1989Q1  1983Q2  1994Q1  1957Q1  1984Q4  1983Q3  1984Q2  
2.8654  8.7369  14.7861  5.9327  2.8387  2.1758  1.5046  

Nevada New 

Hampshire New Jersey New Mexico New York North 

Carolina North Dakota 

1981Q3  1989Q1  1989Q1  1984Q2  1987Q3  1984Q4  1989Q1  
2.5476  3.3277  4.2163  5.1456  3.8605  1.4677  0.5659  

Ohio Oklahoma Oregon Pennsylvania Rhode 

Island 
South 

Carolina South Dakota 

1984Q4  1982Q3  1982Q1  1966Q4  1989Q1  1984Q3  1983Q3  
5.9457  3.397  3.2177  27.768  3.6058  4.1285  4.9626  

Tennessee Texas Utah Vermont Virginia Washington West 

Virginia 
1985Q4  1983Q2  1983Q1  1989Q2  1986Q2  2003Q4  1981Q4  

13.226  6.9788  5.3124  2.2341  7.6773  4.6378  1.6541  
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As an illustration, we have again exhibited the estimated change point of 
Colorado graphically in Fig. 2. 

 

   
Fig. 2. Total Income (million US dollars) graph of Colorado showing the estimated 

change point (red dot) and the initial value taken for Gibbs Sampling (black 

dot) 
 

             7.2 Estimation of parameters for the model in equation (9) and (11) 
 

Estimated common structural break for all the states by Classical and Bayesian 
method and the standard errors are given in the following Table 3. 

 

Table 3. Estimated common change points and the standard errors  
 

            Common break for all states 

1st break 2nd break 

Classical method 
1984Q4 1988Q3 
9.8765 8.7865 

Bayesian method 
1984Q4 1988Q3 
6.2564 5.7234 

 

From the Table 3, it is clear that most of the states of the panel data have two 
breaks, first break around the 4th quarter of 1984 and the second break around 3rd quarter 
of the year 1988. Bayesian estimators of the break points have lower standard errors than 
the Classical one, hence, Bayesian strategy gave better estimate than the classical one.  

 

             7.3 Estimation of parameters for the model in equation (10) and (12) 
 

 

The histogram in Fig. 3 of the estimated break points for all the states exhibit 
two peaks, one peak around 1984 and another around 1988 and is in accordance with the 
conclusion drawn from the common breaks model. 

 

         
Fig. 3. Histogram of the estimated break points for all the states 
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Estimated structural breaks for each of the states by Classical and Bayesian 
method for each of the states is given in Table 4. The upper value for each state gave the 
Classical estimate while the lower value depicted the Bayesian estimate. From Table 4, it 
is clear that Bayesian method gives better estimates as the standard errors are low. 

 
             Table 4. Estimated change points for different states 

 
Alabama Alaska Arizona Arkanas California Colorado Connecticut 

1981 
Q2 

1984 
Q3 

1970 
Q3 

1988 
Q2 

1964 
Q3 

1985 
Q1 1984 Q1 1966 

Q4 
1987 
Q1 

1982 
Q2 

1997 
Q2 

1967 
Q2 

1985 
Q1 

1981 
Q2 

1984 
Q3 

1970 
Q3 

1988 
Q2 

1964 
Q3 

1985 
Q1 1984 Q1 1966 

Q4 
1987 
Q1 

1982 
Q2 

1997 
Q2 

1967 
Q2 

1985 
Q1 

Delaware District of 

Columbia Florida Georgia Hawaii Idaho Illinois 

1953
Q3 

1988
Q1 

1965
Q1 

1988
Q3 

1971
Q1 

1988
Q1 

1957
Q4 

1983
Q1 1984Q3 1984Q4 1959

Q1 
1984
Q3 

1953
Q3 

1988
Q1 

1965
Q1 

1988
Q3 

1971
Q1 

1988
Q1 

1957
Q4 

1983
Q1 1984Q3 1984Q4 1959

Q1 
1984
Q3 

Indiana Iowa Kansas Kentucky Louisiana Maine Maryland 

1957Q4 1967
Q2 

1984
Q3 

1959
Q1 

1984
Q1 

1960
Q4 

1984
Q1 

1956
Q1 

1978
Q3 

1966
Q2 

1988
Q1 

1960
Q3 

1988
Q1 

1957Q4 1967
Q2 

1984
Q3 

1959
Q1 

1984
Q1 

1960
Q4 

1984
Q1 

1956
Q1 

1978
Q3 

1966
Q2 

1988
Q1 

1960
Q3 

1988
Q1 

Massachusetts Michigan Minnesota Mississippi Missouri Montana Nebraska 
1959
Q1 

1983
Q1 

1957
Q4 

1979
Q1 

1968
Q1 

1983
Q1 1956Q3 1960

Q1 
1981
Q3 

1955
Q2 

1981
Q3 

1967
Q1 

1981
Q2 

1959
Q1 

1983
Q1 

1957
Q4 

1979
Q1 

1968
Q1 

1983
Q1 1956Q3 1960

Q1 
1981
Q3 

1955
Q2 

1981
Q3 

1967
Q1 

1981
Q2 

Nevada New 

Hampshire New Jersey New Mexico New York North 

Carolina North Dakota 

1962
Q1 

1983
Q1 
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Q1 

1985
Q4 
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Q1 

1985
Q4 

1963
Q2 

1982
Q1 

1963
Q2 

1982
Q2 

1958
Q3 

1981
Q4 

1962
Q4 

1981
Q1 

1962
Q1 

1983
Q1 

1959
Q1 

1985
Q4 

1959
Q1 

1985
Q4 

1963
Q2 

1982
Q1 

1963
Q2 

1982
Q2 

1958
Q3 

1981
Q4 

1962
Q4 

1981
Q1 

Ohio Oklahoma Oregon Pennsylvania Rhode Island South 

Carolina South Dakota 

1959
Q1 

1984
Q4 

1972
Q2 

1981
Q3 1975Q4 1958

Q3 
1982
Q2 

1958
Q1 

1984
Q4 

1959
Q1 

1981
Q2 

1960
Q4 

1981
Q3 

1959
Q1 

1984
Q4 

1972
Q2 

1981
Q3 1975Q4 1958

Q3 
1982
Q2 

1958
Q1 

1984
Q4 

1959
Q1 

1981
Q2 

1960
Q4 

1981
Q3 

Tennessee Texas Utah Vermont Virginia Washington West Virginia 
1957
Q3 

1981
Q2 

1958
Q1 
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Q3 

1959
Q2 

1981
Q4 
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Q1 

1984
Q3 

1963
Q3 

1984
Q4 

1959
Q1 

1977
Q3 

1958
Q2 

1978
Q3 

1957
Q3 

1981
Q2 

1958
Q1 

1978
Q3 

1959
Q2 

1981
Q4 

1959
Q1 

1984
Q3 

1963
Q3 

1984
Q4 

1959
Q1 

1977
Q3 

1958
Q2 

1978
Q3 

 
As an illustration we again observe the graph of Colorado in Fig. 4, which 

shows that the graph stabilises after the first change point (red dot) and it has a structural 
shift during the second change point (green dot). 

 

 

                          
 

                

 

 

 

 

 

 

 

 

 

 

             Fig. 4. Graph of state Colorado with two break points 
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The graphs of posterior distribution of break dates for each of the states as 
shown in Fig. 5 shows the location of change points for each of the 50 states of US over 
the years. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 5. Histogram of the posterior distribution of the estimated break points for 

individual states 
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            Conclusions 
Most of the states have two change points with some exceptions. The graph of 

Colorado clearly depicted that structural breaks are more efficiently captured by our 
present model. The model takes into account the inter-dependency among the subjects 
i.e., interdependency among the data of each state which is a practical intrinsic 
assumption of every panel data. Bayesian model has low standard errors than the 
Classical model. States having single or no change points or change points much before 
1984 or change points much after 1989 can be analyzed individually to inspect the fact 
whether changes were due to Great moderation or due to any other reason.  

A two way random effects model can be implemented to eliminate the common 
factor present for all the subjects. 
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Abstract. Text mining in scientific and technical fields requires terminological re-
sources to access the knowledge of the domain, but such resources suffer of low cov-
erage. Approaches based on linguistic rules have been proposed to automatically
extract terms to help the terminology building from corpora. However, the quality
of the term extraction results is not sufficient and existing term ranking metrics fail
to offer convicting results. We propose to improve the C-Value ranking metrics by
considering the syntactic role of the nested terms and by optimising the parame-
ters with a genetic algorithm. Evaluation performed on a biomedical text collection
demonstrates the C-Value parametrisation better rank the extracted terms: the av-
erage precision increases by 9% when compared to the frequency based ranking and
by 12% when compared to the C-Value based ranking.
Keywords: C-Value, Genetic algorithm, Terminology, Text Mining, Natural lan-
guage processing.

1 Introduction

Text mining in scientific and technical fields such as medicine, legal domain,
energy production, requires terminological resources to access the vocabulary
and the knowledge of the domain Meystre et al. [19]. While this knowledge is
usually recorded in terminologies, such resources suffer of low coverage when
they identify terms in corpora Bodenreider et al. [2], McCray et al. [18].

Approaches mainly based on linguistic rules, have been proposed to auto-
matically identify noun phrases which are potential terminological entities, i.e.
candidate terms Cabré et al. [5]. But it remains difficult to catch the specialisa-
tion level of the extracted noun phrases, and to recognise terms of the domain.
In a text mining perspective, candidate terms have to be first ranked according
to their termhood and then the term list is cut off to reduce the number of
irrelevant noun phrases with linguistic characteristics similar to terms. Several
term ranking metrics as the C-Value used the frequency or the length of the
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terms Frantzi et al. [11], but also lexical or contextual information Drouin [9].
However, these metrics fail to offer corpus-independent methods for filtering or
ranking the extracted terms. We assume this is due to the lack of use of syn-
tactic information in the ranking metrics and also that the termhood requires
to take into account terminological practice of each domain. Thus, we propose
to improve the integration of information as term length, nestedness and fre-
quency, by (i) parametrising the C-Value according to the syntactic role of the
terms and (ii) by optimising the parameter values with a genetic algorithm to
reflect the terminological practice.

We first present related work (section 2). Then we describe the corpus and
the term extraction method we used (section 3) and the parametrised C-Value
and the optimisation method (section 4). The section 5 discusses the results
and the impact of the proposed measure on the term ranking.

2 Background

The identification of the termhood usually takes place after the candidate term
extraction. It can be helped by using statistical information and metrics or the
contexts of the noun phrase. Frequency of the noun phrase has been commonly
used as ranking metric Daille [6], Justeson and Katz [14], Drouin [9]. But such
statistical information is not sufficient to fully capture the termhood Velardi
et al. [21] and especially decreases either the recall as many candidate terms
occur only once in the corpus Justeson and Katz [14], Drouin [8], Dowdall et al.
[7] or the precision Frantzi et al. [11]. The length of the noun phrases, i.e. the
number of words, may also be a clue to distinguish terms among the noun
phrases extracted from texts. Thus, Drouin [8] proposes to consider that the
inverted length of the terms: longer is a term, less important is the term. Such
information combined to the frequency slightly increases the precision: single
word candidate terms or short noun phrases are preferred. On the contrary, C-
Value Frantzi et al. [10] intends to promote the longer candidate terms. Even
if its impact has not been clearly evaluated, the increase of the precision seems
to remain low. Given these results, the contribution of the term length seems
corpus-dependent.

But the main contribution of the C-Value is to take into account the nest-
edness of the candidate terms, i.e. the string inclusion of a term in another,
and thus their independence compared to the other terms. The C-Value as-
sumes the frequency and the length of the noun phrase reflect its termhood.
However, when the candidate term is nested in longer candidate terms, the
termhood negatively depends on the frequency of the longer candidate terms,
which is positively moderated by the number of candidate terms including the
current noun phrase (equation 1). The measure takes into account statistical
information associates to the terms and leads to measure the independence of
terms Frantzi et al. [10], Maynard and Ananiadou [17]. Long multi-word terms
which are not components of other terms are favoured. In order to considered
the single word term in the same manner than the multi-words terms, Drouin
[8] adds 1 to the length of the terms |t|.
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C − V alue(t) =

{
log2(|t|+ 1) · f(t) if t is not nested in a term
log2(|t|+ 1) · (f(t)− 1

P (Tt)

∑
t′∈Tt f(t′)) otherwise

(1)

where f(t) is the frequency of the term t in the document collection, |t| is the
number of words of the term t, f(t′) is the frequency of the term t as component
of a longest term, Tt is the set of terms that nest the term t, P (Tt) is the number
of longer terms that nest the term t. The logarithm of the term length aims at
attenuating the effect of the length of the candidate term. When compared to
the frequency, the impact of the C-Value has been demonstrated, especially on
nested terms. The precision increases by about 31% for the candidate terms
only appearing as nested, but only by 1% for all the candidate term Frantzi
et al. [11]; Drouin [8] also observes that the C-Value concentrates the relevant
candidate terms at the top of the list.

The context of the candidate terms may be also helpful to identify the
termhood of the extracted noun phrases. The NC-Value attempts to combine
contextual information with the C-Value Frantzi et al. [11]. It assumes the top-
ranked candidate terms are relevant and their context may reflect the termhood.
The list of candidate terms ranked by the C-Value is re-ranked according to the
frequency of the words in the context of the top-ranked candidate terms. While
Frantzi et al. [11] reports improvements, the impact of the context is variable or
may depend on the corpora: Korkontzelos et al. [16] observes that the C-Value
and the NC-value give equivalent results on two biomedical corpora. Termhood
can also be defined as the semantic relatedness to a domain, represented as a
vector of generic words occurring in the corpus Bordea et al. [3]. Such a model
outperform the NC-Value on a biomedical corpus while the both are equivalent
for a keyphrase extraction.

While a specialised lexicon defined by contrast with a non-technical corpus
can be used as starting point for focusing the term extraction on noun phrases
containing specific words Drouin [9], ranking and filtering the candidate term
list may also rely on the lexicon. Velardi et al. [21] proposes a combination
of contrastive and consensus metrics to model the relevance and the lexical
cohesion of the candidate terms in regard to the domain. The evaluation of the
metrics on a tourism corpus, after the pruning of the term list, and comparison
with frequency, show a increase of the precision but at the expense of the recall.
However, the same approach used on three other corpora underperforms the
NC-value in most of the case Bordea et al. [3].

These works show that identifying the termhood remains difficult and re-
sults depend on the corpus. The C-Value appears to outperform frequency
and, in most of the case, is equivalent to metrics using the context of candi-
date terms. However we argue that there is still room for improvement as the
C-Value equally considers all the candidate terms without taking into account
the syntactic role of the candidate terms in the longer terms.
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3 Corpus and term extraction

3.1 Corpus description and pre-processing

In the following experiments, we use the Genia corpus Kim et al. [15]. The
topic of this collection of 1,999 Medline abstracts is the transcription fac-
tors in human bloods cells. The corpus contains 18,545 sentences and 436,967
words. Each abstract is annotated with terms (mostly noun phrases) referring
to physical biological entities (organisms, proteins, cells, genes) and biologically
meaningful terms (e.g. molecular functions). We consider the 36,607 annotated
terms (97,829 occurrences) as our reference on this corpus.

The corpus has been pre-processed in the Ogmios platform Hamon et al.
[12]. The platform has been configured to perform a word and sentence seg-
mentation, and then associates to each word its part-of-speech category and
its lemma with the Genia Tagger Tsuruoka et al. [20]. 49,249 candidate terms
have been extracted by YATEA (section 3.2).

3.2 Term extraction

The extraction of the candidate terms is performed by the term extractor YATEA
Aubin and Hamon [1]. Each noun phrase which seems to be relevant in the
targeted domain, is represented by a syntactic binary tree describing the syn-
tactic role of the two term component. For instance the head component of
the candidate term full maturation of erythrocytes is full maturation and the
modifier component is erythrocytes. Recursively, maturation is the head com-
ponent of full maturation and full its modifier component. At this step, each
component can be a multi-word or a single-word term and is considered as a
candidate term. The parsing of the terms provides the syntactic role of the
terms but also the information on their nestedness. Statistical measures as the
frequency or the C-Value are also associated to each term.

4 Parametrised C-Value and optimisation method

In this section, we describe the parametrisation of the C-Value in order to
better take into account the terminological practice, the syntactic role and the
distribution of the nested terms.

4.1 C-Value parametrisation

The original C-Value gives strong influence to the length of the terms (|t|):
C-Value ranks a very long term found only once above a shorter term. How-
ever, this choice may depend on the terminological practice of each domain.
The ranking metrics has to be more flexible instead of always preferring long

version 3.02, http://www.nactem.ac.uk/genia/genia-corpus/event-corpus
http://www.ncbi.nlm.nih.gov/pubmed

http://search.cpan.org/~thhamon/Lingua-YaTeA/
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high frequency terms and the weight of the candidate term length may be
parametrised. To keep the effect of the term length on the frequencies (log2(|t|))
and to give more effect to the shorter terms if required, we change the length

weight as the log2

(
|t|+1
|t|

)
. We also consider the exponential parameter α ≥ 0

on the term length for taking into account the terminological practice which

would prefer short or long terms: log2( |t|+1
|t|α ). A large α will give a penalty to

long terms, while a low α < 1 will instead penalise short terms. The figure 1
illustrates the variation of log2(|t| + 1) − αlog2(|t|) on the Genia corpus when
α = 0.5, 1 or 1.5.

Fig. 1. Example of log2(|t|+ 1)− αlog2(|t|) variation for several α values.

C − V alue′(t) =



log2

(
|t|+1
|t|αR

)
· f(t), if t is not nested in a term (Root)

log2

(
|t|+1
|t|αH

)
· (f(t)− 1

P (Tt)

∑
t′∈Tt f(t′)),

if t is a Head term

log2

(
|t|+1
|t|αM

)
· (f(t)− 1

P (Tt)

∑
t′∈Tt f(t′)),

if t is a Modifier term
(2)

This modification of the modified length weight do not take into the syn-
tactic role of the terms and their nestedness. However, we have three different
types of terms: (i) root terms which are not nested in any other term, (ii) head
terms which have been defined as the head of another term and (iii) modifier
terms which have been defined as the modifier of another term. To reflect these
three syntactic role, we defined three distinct parameters α: αR for the root
terms, αH for the head terms, αM for the modifier terms (equation (2). We do
note that a term can be both a Head term and Modifier term, but if it is a Root
term it can not be any other type as well. Moreover, if a term is both Head
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and Modifier we will calculate both metrics and take the average of the values.
With this modified C-Value, candidate terms appearing in modifier position
are differently ranked from those appearing in head position.

The longer candidate terms including a nested term are equally considered
in the C-Value. The nested term is then penalised with mean of the nesting
term frequencies independently of their distribution. For instance, it gives the
same penalty to a term included in three terms with frequencies 10, 1 and 1, as
a term included in three terms with the equal frequencies 4, 4, and 4. In that
respect, instead of using the mean of the frequency, we use a β-norm to give
more penalty to a term nested in several terms with unbalanced distribution
of the frequencies (see equation (3)). Indeed, when β > 1, the more equally
distributed the term is among the including terms, lower is penalty given by the
C − V alue∗(t). While when β < 1, it gives a higher penalty the more equally
distributed the term is. If β is close to 1 the distribution is not taken into
account. If β ≥ 1 the largest possible penalty to a term is equal to

∑
t′∈Tt f(t′)

and occurs when the term is only included in another (|Tt| = 1).
Moreover keeping either the nested terms or the nesting terms, or even

both may be influenced by the terminological practice. We add a parameter c
to define the influence of nesting terms: higher c gives a higher penalty if the
term is included in other terms. As it can not be assumed the parameters β and
c have the same values with the Head terms and Modifier terms, we distinguish
them: βH and cH for the Head terms, and βM and cM for the Modifier terms.
The equation 3 summarises our proposition of improvement on the C-Value,
namely the C-Value∗.

C − V alue∗ =



log2

(
|t|+1
|t|αR

)
· f(t), if t is not nested in a term (Root)

log2

(
|t|+1
|t|αH

)
·
(
f(t)− cH

(∑
t′∈Tt f(t′)βH

)1/βH)
,

if t is a Head term

log2

(
|t|+1
|t|αM

)
·
(
f(t)− cM

(∑
t′∈Tt f(t′)βM

)1/βM)
,

if t is a Modifier term

(3)

4.2 Genetic algorithm-based optimisation model

In order to better reflect the terminological practice, we use a genetic algorithm
to optimise the parameters (αR, αH , αM , β and c) according to the corpus. The
parameters are estimated using a real-coded genetic algorithm Wright [22] with
fitness function: f =

∑
i∈I r(i) where I = {N/6, 2N/6, 3N/6, 4N/6, 5N/6},

N is the total number of terms, and r(i) is the number of annotated terms
among the i highest ranked terms. For the genetic algorithm we use a pop-
ulation of 200 individuals. Parents are selected using a tournament selection
scheme and a BLX-0.5 blend crossover scheme to create new samples Herrera
et al. [13]. We use a 20% mutation rate where we replace an old parameter
with a new randomly generated one.

We define several model configurations to increasingly evaluate the impact
of the parameters and the role of the genetic algorithm (table 1). The model



Genetic algorithm-based C-Value for term ranking 263

M1 does not use the genetic algorithm and the parameters are set to 1. Each
parameter is then set to 1, the genetic algorithm has to estimate the optimal
value of the others (models Mβc, Mα3c, Mα3β) given examples issued from the
corpus. We then estimate three parameters α equally and β and c separately
(model Mαβc). The syntactic role of the terms is also distinguished by esti-
mating separately the three parameters α only (model Mα3βc) and then also
the two parameters β and c (model Mα3β2c2).

Model Parameters Model Parameters

M1 α = β = c = 1 Mαβc αR = αH = αM , βH = βM , cH = cM
Mβc α = 1, βH = βM , cH = cM Mα3βc αR, αH , αM , βH = βM , cH = cM
Mα3c αR, αH , αM , β = 1, cH = cM Mα3β2c2 αR, αH , αM , βH , βM , cH , cM
Mα3β αR, αH , αM , βH = βM , c = 1

Table 1. Model definition and parameter settings

5 Results and discussion

We performed experiments on the Genia corpus (section 3.1) to evaluate the
behaviour of the parameters and identify the best configurations. We use sev-
eral measures to evaluate the results against the reference: precision, recall,
F-measure and the average precision Buckley and Voorhees [4]. We also con-
sider the R-precision Buckley and Voorhees [4], i.e. the precision at the rank
R corresponding to the number of terms to recognise in the given corpus. This
evaluation measure can also be viewed as the point where the precision and
the recall are equals, and in that respect, as the rank for which the precision
should be optimal and more suitable for terminology building. The obtained
results are compared to two baselines: the ranking with the frequency and with
the C-Value (equation (1)).

Model R-prectrain R-prectest avg Prectrain avg Prectest
frequency 0.4590 0.4671 0.4338 0.4441
C-Value 0.3344 0.3594 0.3935 0.4147

M1 0.5091 0.5090 0.5088 0.5124
Mβc 0.4974 0.5084 0.4910 0.5002
Mα3c 0.5259 0.5285 0.5416 0.5407
Mα3β 0.5293 0.5272 0.5387 0.5363
Mαβc 0.5144 0.5139 0.5266 0.5269
Mα3βc 0.5197 0.5207 0.5386 0.5360
Mα3β2c2 0.5222 0.5233 0.5330 0.5262

Table 2. R-precision and average precision on the Genia corpus (60% for training,
40% for test).

First, the corpus has been randomly split in two parts: 60% for the training,
40% for the test. The genetic algorithm estimates the parameter values on the
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training part and we evaluate the defined values on the test part. Parameters
estimation are stopped after 50 iterations using a population size of 200 (as
described at the section 4.2). Although the result is likely to get a little better
with more time, we observed in preliminary experiments the improvement is
expected to be very small. The table 2 presents the R-precision and the average
precision on the training and test set. We observe that the training and test
sets give very similar results. Also regarding the baselines, the ranking based
on the original C-Value has lower R-precision and average precision than the
ranking using the frequency. However, all the models based on the C-Value∗

outperform the baselines: when comparing results with frequency on the test
set, the average precision increases from 4,5 to 9% depending on the models,
and between 8.5% and 12% regarding the C-Value; similar improvements are
observed with the R-precision.

(a) Precision (b) Recall

(c) F-measure (d) Average Precision

Fig. 2. Evolution of the precision, the recall, the F-measure and the average precision
on the ranked list of candidate terms extracted from the test part of Genia.

The evolution of the precision, the recall, the F-measure and the average
precision according to the ranking of the terms extracted from the test set can
be seen in figure 2. We only present the models M1, the best model regarding
the average precision (Mα3c) and the models where all the parameters are
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defined by the genetic algorithm. For the very first terms, the precision and
the average precision are better with frequency and the C-Value while the recall
and the F-measure are similar for all the ranking models. In particular, the
evolution of the average precision (figure 2(d)) shows that the model Mα3β2c2

approaches the curve shape of the frequency and the C-Value ranking, and
then tend to be similar for the first ranked terms. But we can observe that the
models based on the C-Value∗ improved the ranking after one hundred terms
and until 70% of the list of candidate terms, regarding the precision as well
as the recall. Moreover, the average precision of these models remains higher
than results obtained with the frequency and the C-Value. The models based
on the C-Value∗ rank similarly the candidate terms even if the results obtained
with the model M1 appears to be a little lower than the others mainly with
the recall and the F-measure. We also perform a 10-fold cross-validation on
the corpus to study how the model can adapt the parameters of the C-Value∗

and evaluate the stability of the parameter values. Table 4 presents the results
of the cross-validation. As previously, C-Value∗ based models consistently give
better R-precision and average precision than using only the frequency or the C-
Value. The variation of the results on the ten sets is very low and demonstrates
the stability of the evaluation measure.

Model αR αH αM βH βM cH cM
M1 1 1 1 1 1 1 1
Mβc 1 1 1 0.997 0.997 0.7095 0.7095
Mα3c 1.1014 1.0344 0 1 1 0.91 0.91
Mα3β 1.1622 1.1445 0.075 1.0132 1.0132 1 1
Mαβc 1.1604 1.1604 1.1604 1.0140 1.014 0.9953 0.9953
Mα3βc 1.1067 1.0961 0.0857 0.9538 0.9538 0.8316 0.8316
Mα3β2c2 1.3005 0.6093 0.7381 1.5085 1.1307 1.5224 1.17

Table 3. Values of the parameters estimated by the genetic algorithm on the Genia
training part.

Model R-prec R-prec variation Mean avg Prec

Frequency 0.3882 6.7096 · 10−5 0.3589
C-Value 0.3055 9.9977 · 10−5 0.3509

M1 0.4208 9.4632 · 10−5 0.3956
Mα3c 0.4318 1.5695 · 10−4 0.4212
Mα3β 0.4324 1.3770 · 10−4 0.4098
Mα3βc 0.4317 1.5274 · 10−4 0.4165
Mα3β2c2 0.4337 1.4017 · 10−4 0.4191

Table 4. Evaluation with a 10-fold cross-validation on the models.

Table 3 presents the parameter values estimated by the genetic algorithm
on the 60% training part of the Genia corpus. The mean value and the variance
of the parameters estimated for the 10-fold cross validation is given in table 5.
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The low variances of the values for the 10-fold cross-validation shows that the
random definition of the sub-corpus has no influence on the ranking. Compar-
ison of models and the parameters values lead to several observations. Even
if the genetic algorithm has a positive impact on the results, the M1 is useful
for ranking the terms when there are no annotated terms for training. The pa-
rameters α strongly influence the results: equally setting them has a negative
effect (model Mαβc) and leads to the worst model (Mβc) when they are set
to 1. The weight of the Modifier terms is significantly smaller than the other
two α, with a value close to 0. It means that the shorter Modifier candidate
terms are penalised. On the contrary, as αR and αH have values higher than
1, we can note that shorter Head or Root candidate terms are preferred. The
parameter β is usually very close to 1, which means the distribution among
included terms is not taken into account, and more, when we set it to 1, we
obtain the best R-precision and average precision (model Mα3c). The value of
the parameter c varies between 0 and 1 and we also observed that setting it to
1 does not have a large impact on the average precision and the term ranking
even if the R-precision is a little bit lower (model Mα3β compared to Mα3βc).
Unsurprisingly, more parameters generally leads to better results. But defining
all the parameters thanks to the genetic algorithm (model Mα3β2c2) does not
lead to the best results. We can also observe that the values set in this model
are rather different from the others models. We assume that the genetic algo-
rithm sets local optimal values for the parameters without being able to find
global ones.

Model αR αH αM βH βM cH cM

Mα3c
mean 1.1040 1.0743 0 (1) 0.9115

variance 5.2 · 10−6 0.0015 0 (0) 1.3 · 10−5

Mα3β
mean 1.2058 1.1262 0.3400 1.0078 (1)

variance 0.0011 0.0005 0.0116 2.2 · 10−5 (0)

Mα3βc
mean 1.1389 1.0905 0.1216 0.9891 0.9255

variance 0.0002 0.0022 0.0102 0.0003 0.0035

Mα3β2c2
mean 1.1661 0.9059 0.3046 1.2843 1.0581 1.0705 0.8991

variance 0.0042 0.0452 0.0405 0.2780 0.0024 0.0481 0.0154

Table 5. Parameter estimation with a 10-fold cross-validation on the models.

6 Conclusion

We work on the ranking of candidate terms extracted from specialised corpora.
We propose an improved and parametrised C-Value, the C-Value∗, to better
take into account the syntactic role of the nested terms when considering the
length of the term to rank, but also the distribution of the terms including
it. Parameters are optimised with a standard genetic algorithm. With this
new ranking measure, R-precision and average precision increase respectively
by 9 and by 12% on the text collection used for the evaluation. Study of
the evolution of the precision, the recall and the F-measure shows a notable
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improvement on 70% of the ranked list of candidate terms. As future works,
we plan to study the behaviour of the C-Value∗ and the parameter estimation
method on smaller training set. This point is crucial as it is unusual to have
corpora with annotated terms. Besides, we would like to evaluate how the
method may depend on the corpora and the used term extractor.
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Abstract. The major objective of this work is the analysis of the relationship of
employment and fertility in Germany, also regarding causality. Based on Germany’s
current panel analysis of intimate relationships and family dynamics (pairfam), Cox’s
proportional hazards model is used to investigate the influence of labor force parti-
cipation of women on the transition into motherhood. The obtained results serve as
validation of an earlier study presented in Schröder and Brüderl [25], where the effect
of employment on the fertility is analyzed for women based on the data of the West-
German Family Survey 2000, using a proportional hazards model with a piecewise
constant baseline hazard. In general, the estimated effects for the Cox model based
on the pairfam data are surprisingly consistent with the results from Schröder and
Brüderl [25], whereas indirect causality test results disagree.
Keywords: Pairfam, Employment, Fertility, Event data analysis, Cox’s proportional
hazards model.

1 Introduction

Today, there exist already several empirical studies in the literature, which
clearly indicate that there is evidence for an influence of female labor force
participation on the fertility. In this context, Schröder and Brüderl [25] men-
tion several works which use event data analysis for different western industrial
nations to show that employed women have a lower transition rate for delivering
a (further) child than non-working women, see e.g. Felmlee [11] and Budig [6]
for the US or Liefbroer and Corijn [23] for Flanders and the Netherlands. Apart
from a few studies such as Kohlmann and Kopp [17], Kreyenfeld [18], Dorn-
seiff and Sackmann [10], Lauer and Weber [20] or Kreyenfeld [19], which partly
have a different analytical focus or exhibit some methodical problems, the work
of Schröder and Brüderl [25] is the first study that explicitly analyzes if and
to what extent there is a relationship between the labor force participation
of women and their fertility in Germany, based on the West-German Family
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Survey 2000. This study is replicated and validated here for the territory of
the reunified Germany based on Germany’s current panel analysis of intimate
relationships and family dynamics (pairfam), release 4.0 (Nauck et al. [24]). A
detailed description of the study can be found in Huinink et al. [16]. So the
main focus in this work is the analysis of the influence of labor force participa-
tion of women on the transition into motherhood. Besides, like Schröder and
Brüderl [25] we also investigate the causality of a possible (negative) effect of
employment on the fertility, using a similar indirect causality test as proposed
there. Note that our analyses are also restricted on transitions of childless
women into motherhood, i.e. women delivering their first child.

The rest of the article is structured as follows. The most important soci-
ological theories concerning employment and fertility are shortly summarized
in Section 2. In Section 3 we discuss some theoretical aspects concerning the
causality of a potential negative effect of female labor force participation on
the fertility and propose a suitable indirect causality test. The data, the used
methods and the results are presented in Section 4, before we finally conclude
in Section 5.

2 Sociological theories concerning employment and
fertility

Though lively discussed in media and social sciences, according to Schröder and
Brüderl [25] only few theoretical approaches concerning the explicit mechanisms
of employment and fertility exist. Schröder and Brüderl [25] provide a compact
summary of the existing sociological theories and hypothesis in this context.
Among the most important and relevant theories are the following two:

The hypothesis of incompatibility of roles: the roles of a woman as mother on
the one hand and as employee on the other hand are generally incompatible,
as simultaneous childcare and labor force participation would either reduce the
productivity of the job performance or the quality of childcare.

The hypothesis of substitution: both of these roles are linked with certain re-
wards or incentives of e.g. emotional, social or financial kind; furthermore, the
rewards that go along with one role can partially be substituted by those of
the other role.

However, the gist of both theories does not directly explain why labor force
participation thus necessarily has a negative effect on the fertility, because
according to Schröder and Brüderl [25] employed women could simply give up
their role as employee by the time they want to have children. At this point
another theory has to be mentioned, which plays a major role in this context.

The economic theory of fertility: this theory is embedded in the well-known
rational choice framework for understanding and modeling social and economic
behavior. Here, the main idea is that couples are regarded as consumers, who
take their decision with regard to the number of children they want to have after
an extensive cost-benefit-assessment. Among the most famous protectionists
of the economic theory of fertility are Leibenstein and Becker.
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Leibenstein [21] considers children to implicate three different types of bene-
fit: a consume benefit, as children are a general enrichment for parents, bringing
affection and personal gratification to them; an income benefit, arising from
the productive activities of the children; and finally, an insurance benefit, as
children care and assist their parents in their old ages. At the same time,
children cause direct (food, clothes, education etc.) and indirect costs (the
raising of children goes along with a huge expenditure of time, strongly limit-
ing the engagement of the parents in other activities) for their parents. While
nowadays the last two types of benefit became more or less obsolete, at least
in western industrial nations, where child labor is illegal since many decades
and the requirement of insurance is transferred as far as possible to responsible
institutions (compare Huinink and Konietzka [15]), the consume benefit has
remained rather consistent and can already be achieved by a small number of
children, according to Leibenstein [21]. At the same time, with increasing eco-
nomic wealth, the costs of children have generally increased. Consequently, by
the theory of Leibenstein the number of children is decreasing with increasing
economic wealth.

A similar approach is presented in Becker [3], where children are regarded
as consumer products, offering psychological benefit to their parents. Both the
quantity and quality of children are included, the quality of children covering
several characteristics such as education, health or future income. For Becker
quantity and quality of children can (at least partly) be substituted, creating
an incentive for parents to invest into the quality of their children, i.e. to spend
more efforts on care and education, rather than to realize a higher number of
children. On the other hand, similar to Leibenstein’s indirect costs of children,
Becker associates the costs that arise by the time spent for children. The idea is
that child education is highly time-consuming and hence competes with other
activities, e.g. employment. The time used for education could instead be used
for employment, and the corresponding loss of earnings generates the so-called
opportunity costs. This aspect is especially relevant for an employed woman.
As soon as she stops working, even if only temporarily, her opportunity costs
increase. Besides, the higher the wage rate the higher the opportunity costs
(see Huinink and Konietzka [15]). Finally, as for Becker quantity and quality
of children are more or less exchangeable, an employed women can realize her
psychological benefit by investing in the quality of a child instead of deciding
to get another child. Accordingly, with more and more women being employed
and increasing income levels, also Becker’s theory indicates a general decline
in the number of children in developed nations. For more information about
the economic theory of fertility, see also Hotz et al. [14]. A useful introduction
and summary regarding important highlights of the attempts to develop an
“economic” theory of human fertility are found in Leibenstein [22].

Several models exist, which consider the connection between the decision of
women with respect to labor force participation and a demand for children, see
e.g. Willis [28]. In most of these models the decisions relating to fertility and
time allocation depend on basic economic variables such as man’s income and
woman’s wage rate. As in these models the decisions relating to the number of
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children and to the time that a woman spends for labor force participation are
usually ultimately determined at the beginning of the marriage, these models
are called static life time models.

As pointed out by Schröder and Brüderl [25], so-called dynamic life cycle
models are more realistic, where the whole life time is divided into periods
and then for each period the time is determined that a woman spends for
child education and employment (or leisure time, depending on the model)
together with the corresponding fertility decision. The major assumption in
these models is that the previous employment history and the current work
effort have an influence on the income. Consequently, employed women are
able to achieve higher wage rates than non-working women and hence, these
models expect a causal negative effect of employment on the fertility.

As already stated in the introduction, in fact several studies exist that
confirm this hypothesis. In particular, Schröder and Brüderl [25] have found
that practically all studies that base on event data analysis and investigate
the influence of female labor force participation and fertility in western indus-
trial nations have found such a negative effect, which is independent from the
country and from the parity of the child. Apparently, the existing empirical
studies confirm the theoretical considerations presented in this section. How-
ever, in spite of the results of existing studies, following Schröder and Brüderl
[25] one has to be careful when making statements with regard to causality of
this negative effect and a more sophisticated analysis seems necessary, see next
section.

3 Causality

In this section we discuss some theoretical aspects concerning the causality
of the negative effect of female labor force participation on the fertility. Ac-
cording to Schröder and Brüderl [25], one cannot directly conclude from the
results of the presented existing studies that the effect is causal, i.e. the reason
for the probability of birth being lower for employed women than for non-
working women is in fact their labor force participation. If so, reversely, this
would require that the decisions related to the labor force participation are
made independent from the fertility decisions. But Schröder and Brüderl [25]
point out that it is also conceivable that fertility decisions may have an in-
fluence on the labor force participation. Some studies have tried to account
for this problem by considering suitable control indicators for the fertility and
employment intentions, see e.g. Budig [6] or Cramer [9], but unfortunately
the operationalization of these variables is quite imprecise. However, in most
analyses the fertility intentions are not controlled at all. Otherwise, the results
of two studies for Sweden (Hoem and Hoem [13]) and Great-Britain (Wright
et al. [29]) indicate that fertility decisions also influence the labor force par-
ticipation. Hence, Schröder and Brüderl [25] conclude that the relationship
between employment and labor force participation is in fact quite complex. In
this context they also graphically illustrate how, beside the employment sta-
tus, also attitudes, moral concepts and long-term plans on the one hand, but
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also opportunities and restrictions on the other hand could have effects on the
fertility.

But for the present analysis the relationship between fertility decisions and
the preceding employment status is of most interest. In this context, one prob-
lem is that the exact time of a fertility decision cannot be observed and usually
birth is used as a simple indicator. Hence, neither the influence of the pre-
ceding employment status on the fertility decision nor a possible influence of
a fertility decision on the subsequent employment period can be analyzed in
a reasonable way. For this reason, Schröder and Brüderl [25] also mention
that it is possible that the effect of the current labor force participation on the
fertility, to which most of the studies mentioned in Section 1 refer, in fact is
an effect of the anticipated fertility on the employment status. Furthermore,
they point out that for an optimal analysis of the influence of the employment
status on the fertility a data set would be required, which contains the fertility
intentions as a time-dependent covariate with the same temporal preciseness
as the employment variable. For this purpose a panel with rather short inter-
view intervals would be required. Unfortunately, such data are currently not
available, neither for our analysis nor in Schröder and Brüderl [25].

Another important aspect in this context is the problem of so-called unob-
served heterogeneity, also known as self-selection or spurious correlation. Even
if the fertility intentions could be observed at any time and an effect of the
preceding employment status on the fertility would be discovered, statements
concerning the causality of this effect can only be made, if one can control for
all factors which may have an influence on both the employment status and the
fertility decision. If instead some of these factors are unobservable, then the
relationship between fertility and labor force participation is (at least partly)
a spurious correlation, i.e. non-working women would possibly be more likely
to get children than employed women anyway (also without a causal effect of
the employment status on the fertility), simply because they differ with respect
to some unobserved factors relevant for the fertility decision. Hence, the effect
of the employment status on the fertility would (at least partly) reflect this
unobserved heterogeneity1 , compare Schröder and Brüderl [25].

Regarding these theoretical considerations, a major task is now to find a
suitable method, which allows to empirically test the causality of the employ-
ment effect. Ideally, panel data containing the fertility intentions as a time-
dependent covariate with the same temporal preciseness as the employment
variable would be available, but as mentioned above such data are not (yet) on
hand. Hence, Schröder and Brüderl [25] propose two indirect2 causality tests.

1Possible candidates for such unobserved factors are the family, employment and
career orientation or the fertility intentions. In this context Schröder and Brüderl [25]
mention several research results, which indicate that such unobserved factors might
be relevant. For example, Stolzenberg and Waite [26] found a negative relationship
between (long-term) fertility intentions and employment plans and Cramer [9] and
Budig [6] show that fertility intentions actually have an effect on the fertility.
2Schröder and Brüderl [25] call these tests indirect, because they base on additional
assumptions, which cannot be checked on the basis of their data. Nevertheless, the
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The first test assumes that women have different family orientations and
can be divided into different (observable) groups according to their family ori-
entation. It analyzes the progress of the effect of employment on the fertility
over the cohorts and is based on the assumption that the differences with regard
to family orientation between employed on non-working women have increased
over the cohorts3 . However, in the following analysis we abstain from perform-
ing this test for two reasons. First, pairfam’s youngest cohort covers people
born in the years 1971-1973, so even women from the youngest cohort already
benefit from modern opportunities and working time organization models in-
creasing the compatibility of family and work, such as e.g. public financial
support, part-time work, trust-based working etc., when they reach their re-
productive age. Second, in total pairfam contains only three different cohorts
and people from the third cohort (1991-1993) are still in their teens at the time
of the third interview wave (2010/2011). So, our data basis contains basically
women belonging to only two different cohorts and hence, the corresponding
indirect causality test would not be very meaningful.

With their second indirect causality test Schröder and Brüderl [25] want to
check if the effect of the current employment status on the fertility in fact results
from a reverse effect of an anticipated fertility decision on the employment
status. The idea is that if some women would determine their employment
status due to a preceding fertility decision, then one could expect among the
group of women, who change from employment to unemployment and vice
versa, a high percentage of such women. For this reason women are divided
into the following four different groups: (a) mainly employed, (b) mainly non-
working, (c) changers from employment to unemployment and (d) changers
from unemployment to employment. For women belonging to group (c) one
would expect very high transition rates for the transition into motherhood,
while on the contrary for women belonging to group (d), very low transition
rates are expected. Finally, for the other two groups (a) and (b) one would
expect moderate transition rates lying in between. If instead only the current
employment status causally affects the transition rate into motherhood, one
would expect that the transition rate of currently employed women is much
lower than the one of currently non-working women, independent of the former
employment history. Following Schröder and Brüderl [25], we hope that if we
regard a survival model with a single categorical covariate for these four groups,
this allows us some conclusions about the causality of the effect of employment
on the fertility or whether the effect in fact results from a reverse effect of an

tests are quite transparent, compare e.g. Brüderl et al. [5] or Beck and Hartmann [2]
for similar test applications.
3The idea behind this assumption is that while in the 1950s and 1960s the bigger
part of the female population was extensively restricting their labor force partici-
pation when getting their children, nowadays women have many possibilities and
alternatives to combine their professional career with their family life, with the con-
sequence that today only women with a very strong child-orientation are supposed
to decide themselves against labor force participation. Hence, an increasing effect of
employment over the cohorts would indicate self-selection as described in Section 3.
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anticipated fertility decision on the employment status. We present the results
of the corresponding indirect causality test in Section 4.

4 Data, methods and results

In this section we first illustrate the data and shortly comment on operational-
ization. Furthermore, we explain the used methods and finally present the
results.

4.1 Data

Germany’s current panel analysis of intimate relationships and family dynamics
(pairfam, release 4.0; Nauck et al. [24]), started in 2008 and contains about
12,000 randomly chosen respondents, belonging to the birth cohorts 1971-73,
1981-83 and 1991-93. Pairfam follows the cohort approach, i.e. the main focus
is on anchor persons of certain birth cohorts, who provide in yearly conducted
interviews detailed information, orientations and attitudes (mainly concerning
the family situation) of themselves and their partners. A detailed description
of the study is found in Huinink et al. [16].

Here, for a subsample of 2,289 women the retention time (in days) until the
birth of the first child is considered as the dependent variable, starting at their
14th birthdays. In order to ensure that the independent time-varying covariates
are temporally preceding the events, the duration until conception (and not
birth) is considered, i.e. the time of event is determined by subtracting 7.5
months from the date of birth, which is when women usually notice pregnancy.
For each woman the employment status is given as a time-varying categorical
covariate with eight categories, compare Table 3. Note that due to gaps in the
women’s employment histories a category called “no info” is introduced. As in
the study of Schröder and Brüderl [25], for women who belong to this category
for longer than 24 months it is set to “unemployed”. Besides, several other
time-varying and time-constant control variables are considered. Tables 2-4
give an overview of all considered variables together with their proportions in
the sample. An extraction of the data set is shown in Table 1.

Id start stop birth employment education relationship cohort # siblings education level
level status of parents

111000 0 730 0 school apprenticeship single 1 1 traineeship
111000 730 1434 0 no info apprenticeship single 1 1 traineeship
111000 1434 1891 0 no info apprenticeship cohab 1 1 traineeship
111000 1891 1939 1 full-time apprenticeship cohab 1 1 traineeship
907000 0 365 0 school secondary educ. single 2 0 traineeship
907000 365 2438 0 no info secondary educ. single 2 0 traineeship

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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Table 1: Structure of the data

For the indirect causality test we extract a second, smaller data set, called
event.data.test, with the employment status as the only covariate of interest.
Observations in the categories “school”, “education” or “no info” are dropped.
As in Schröder and Brüderl [25], we construct the time-varying covariate em-
ploy.test with four categories: (a) mainly employed, (b) mainly non-working,
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(c) changers from employment to unemployment, (d) changers from unem-
ployment to employment. Each category is computed proportionally on the
preceding intervals (threshold: > 50%) and also accounts for the current em-
ployment status. E.g., if a woman has been employed for more than 50 % of
her employment biography and is currently unemployed, then she is currently
in status (c).

One can observe that most of the variables have similar proportions com-
pared to the West-German Family Survey 2000 , with the major difference
that for the variable employment status we found higher proportions in the
categories “school” and “no info” and consequently lower proportions in the
categories “full-time employed”, “part-time employed” and “education”, see
Table 3.

4.2 Methods

In the following we use a semi-parametric approach, which is suitable for the
estimation of the influence of specific covariates on the survival time of certain
statistical objects. The most common class of models used in the literature is
the class of hazard rate models, in particular the so-called proportional hazards
rate (PH-)model. This model belongs to the class of semi-parametric regres-
sion models, as for the baseline hazard function no specific form needs to be
assumed. proportion

Birth cohort
1971-1973 0.49
1981-1983 0.41
1991-1993 0.10
# siblings
no siblings 0.20
one sibling 0.44
two siblings 0.21
three or more siblings 0.14
Education level of parents
university with PhD 0.015
university without PhD 0.095
A levels 0.003
college of higher education 0.138
apprenticeship 0.103
traineeship 0.440
general secondary education 0.005
secondary education 0.024
no graduation 0.007
other graduation 0.001
no info 0.169

Number of women 2,289
Number of events 1,371

Table 2: Distribution of the time-constant covariates in the sample



Employment and Fertility 277

# days proportion

Employment status
full-time employed 3,089,174 0.274
self-employed 85,560 0.007
part-time employed 252,396 0.022
marginally employed 107,087 0.009
education 165,165 0.015
school 2,634,246 0.233
unempl./job-seeking/housewife 216,639 0.019
no info 4,737,190 0.420
Education level
university with PhD 483,529 0.043
university without PhD 1,669,741 0.148
A levels 396,253 0.035
college of higher education 1,764,788 0.156
apprenticeship 2,226,048 0.197
traineeship 4,004,395 0.355
general secondary education 298,837 0.026
secondary education 299,438 0.027
no graduation 45,206 0.004
no info 99,222 0.009
Relationship status
single 5,471,726 0.485
partner 3,310,963 0.293
cohabitation 1,904,906 0.169
married 599,862 0.053

Number of women 2,289
Number of events 1,371
Number of days 11,287,457

Table 3: Distribution of the time-varying covariates in the sample

# days proportion

Combination employment history/
current employment status
continuously unemployed 150,340 0.040 (0.013)
change from employed to unemployed 66,299 0.018 (0.006)
change from unemployed to employed 85,717 0.023 (0.008)
continuously employed 3,448,500 0.919 (0.306)

Number of women 1,705
Number of events 863
Number of days 3,750,856

Table 4: Distribution of the four groups that are considered in the indirect causality
test; in brackets: proportion with respect to the main data set

The influence of explanatory variables is modeled parametrically, assuming
that these covariates directly influence an individual’s hazard rate. The hazard
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rate has the following well-known form:

λ(t,x) = λ0(t) exp(xtβββ) = λ0(t) exp(x1β1) · . . . · exp(xpβp),

with baseline-hazard λ0(t) and linear predictor xtβββ (usually containing no in-
tercept β0, as it is already covered by λ0(t)). The hazard rate is defined as
follows:

λ(t,x) = lim
∆t→0

P (t ≤ T < t+∆t|T ≥ t,x)

∆t
,

representing the instantaneous risk of a transition at time t (here: a transition
into motherhood), given that the transition did not yet occur. Characteristic
property is the proportionality of the hazard rates: for two arbitrary individuals
with corresponding vectors of covariates xi,xj we get

λ(t,xi)

λ(t,xj)
=
λ0(t) exp(xtiβββ)

λ0(t) exp(xtjβββ)
= exp((xi − xj)

tβββ),

i.e. the proportion of the hazard rates of woman i and j at time t is not
depending on time, but solely on their covariate realizations; major objective
is the estimation of the covariate effects βββ.

4.3 Results

In the following we consider two rather similar PH-models, the famous Cox-
model (Cox [7]) and the so-called piece-wise constant (PWC-)model (e.g. Bloss-
feld et al. [4]). In the PWC-model the basic assumption is that the baseline
hazard can change on predefined intervals, but remains constant within these
intervals. In contrast, the Cox-model uses the so-called Nelson-Aalen estima-
tor (Aalen [1]) for the baseline hazard. The corresponding cumulative baseline
hazard functions are illustrated in Figure 1, showing that the PWC cumulative
hazard is coarser, but has the same general course as the Cox estimate. Exem-
plarily, a Cox model incorporating all covariates from Section 4.1 can be fitted
in R using the package survival (Therneau and Grambsch [27]) by the call:

>cox.obj <- coxph(Surv(start,stop,birth) ∼ employment + education

+ relationship + siblings + edu.parents + cohort + cluster(id),

data=event.data, method="breslow") ,

presuming that all categorical covariates are already transformed into factors4 .
Similarly, a PWC-model can be fitted using the phreg function from the R
package eha. Figure 1 also shows the effect of the employment status on the
cumulative baseline hazard functions for both approaches: women, who are
still at school (blue), have the lowest transition rate into motherhood, whereas
women in the reference category (represented by the baseline hazard; black),
i.e. who are unemployed, job-seeking or housewives have the highest transition
rate. As the Cox estimates are smoother, exhibit no big jumps and hence

4The cluster(id) term in the formula implies that robust variance estimators are
used. The method argument specifies the method for tie handling.
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more adequately model the data structure, in the following we focus on the
Cox model when comparing our results with those obtained in Schröder and
Brüderl [25].

Figure 2 shows the estimated fixed effects and 95%-confidence intervals
corresponding to the German Family Survey 2000 (Schröder and Brüderl [25];
dashed lines) and the pairfam data (solid lines). As not all covariates exhibit
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exactly the same categories for both studies, only the effects of those covariates
are shown where a comparison is (at least approximately) possible. Note that
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the effects of the parents’ education level are not shown here, as in the pairfam
study it is measured in more detailed levels compared to the German family
survey. First, it turns out that the estimated effects for the Cox model based
on pairfam are surprisingly consistent with those from Schröder and Brüderl
[25]. Second, standard errors and confidence intervals are larger for the pairfam
data, which is partly due to the used special variance-robustness method. All
estimated (exponential) regression coefficients together with standard errors
are presented in Table 6 in the Appendix.

In detail, we get the following results. Similar to Schröder and Brüderl [25],
we find a strong negative, significant effect when women still go to school. Be-
sides, the categories “part-time employed” and especially “full-time employed”
have negative effects on the transition into motherhood compared to unem-
ployed women, the first effect being close to significance and the latter being
significant. Hence, our results confirm a negative effect of female labor force
participation on the fertility for whole Germany. Later, we focus on the inves-
tigation of the causality of this effect.

With respect to the other control variables we find that the degree of insti-
tutionalization of the relationship shows the expected effects: married women
have the highest transition rate into motherhood, followed by (unmarried)
women who live together with their partner and women who live (apart) to-
gether with a partner; single women have the lowest transition rates. While
the birth cohort has no influence on the hazard rate, women who grow up with
many siblings have significantly higher transition rates. Besides, it is seen that
in comparison to the reference category “no graduation” higher educational
levels, except for the two types of secondary education, have negative effects,
with similar trends as in Schröder and Brüderl [25], though without being sig-
nificant. Similar tendencies, but with significance, are observed for the parents’
level of education see Table 6. Next, we consider several goodness-of-fit criteria
for the fitted model.

Goodness-of-fit
First, we check the proportional hazards (PH-)assumption for the hazard func-
tion. Grambsch and Therneau [12] propose a test on the validity of the PH-
assumption against the alternative of time-varying coefficients. While Table 6
in the Appendix shows that the global test rejects the PH-assumption, also
tests for single covariates should be considered, in particular those correspond-
ing to key variables. A closer examination of the single tests shows that for
the variables education level and relationship status the PH-assumption is gen-
erally violated (α = 0.05), as for at least one category the null hypothesis
is significantly rejected. In contrast, for the variables employment status, co-
hort, number of siblings and parents’ education level the PH-assumption is not
rejected.

The model’s overall performance can be graphically assessed by investigat-
ing the Cox-Snell residuals (Cox and Snell [8]), i.e. by comparing empirical and
theoretical cumulative hazard functions of the residuals. If the true underlying
model is close to the specified one, the estimated cumulative hazard rate of
the Cox-Snell residuals is close to the bisecting line, which is generally fulfilled
here, see Figure 3 in the Appendix. Besides, similar to the residuals of an or-
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dinary least-squares-estimator in linear regression, the Cox-deviance residuals
can be regarded, separately for each covariate. They should vary symmetrically
around zero and are also suitable to detect outliers. Figure 4 in the Appendix
shows the Cox-deviance residuals, exemplarily for the covariates employment
status and relationship status, which manifest a slight negative trend, i.e. sur-
vival times are slightly over-estimated by the model. Consequently, some model
assumptions might be violated. Nevertheless, all in all the fitted model seems
appropriate and provides an adequate fit.

Indirect causality test
To check if the effect of the current employment status on the fertility in fact re-
sults from a reverse effect of an anticipated fertility decision on the employment
status, we fit the following model:

>cox.obj2 <- coxph(Surv(start,stop,birth) ∼ employ.test + cluster(id),

data=event.data.test, method="breslow") ,

which is based on the smaller data set event.data.test and on the constructed
time-varying covariate employ.test, introduced in Section 4.1. Even though the
fitted effects in Table 5 show the same trend as in Schröder and Brüderl [25],
they are far from significance. Hence, our test does not directly indicate that
the estimated negative effect of female labor force participation is not causal.

exp(β)SB exp(β)pairfam

Combination employment history/
current employment status
continuously unemployed 1 1
change from employment to unemployment 1.822∗ ∗ ∗ 1.014
changers from unemployment to employment 0.449∗ 0.653
continuously employed 0.862 0.776

individuals 2,093 1,705
number of events 1,447 863

Table 5: Comparison of the indirect causality test results for the German Fam-
ily Survey 2000 data (Schröder and Brüderl [25]; exp(β)SB) and the pairfam data
(exp(β)pairfam); •p < 0.1;∗ p < 0.05;∗∗ p < 0.01;∗∗∗ p < 0.001.

5 Conclusion

In this work the relationship of employment and fertility in reunified Germany
is analyzed on basis of the pairfam data, also regarding causality. We find
that the estimated effects for a Cox proportional hazards model based on the
pairfam data are surprisingly consistent with the results of an earlier study
from Schröder and Brüderl [25], which is based on the West-German Family
Survey 2000. However, a corresponding indirect causality test cannot confirm
the opposite direction, namely that self-selection in terms of anticipated fertility
decisions also affects employment. We conclude that with respect to causality
a more sophisticated analysis seems necessary.
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Fig. 3: Cox-Snell residuals for the Cox-model
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Fig. 4: Cox-deviance residuals for the Cox-model
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exp(β) se(β) ρ χ2 P (· > χ2)

Employment status
(Ref.: unempl./job-seeking/housewife)
education 0.708 0.244 0.006 0.045 .832
full-time employed 0.747• 0.154 0.046 3.572 .059
marginally employed 0.604 0.318 0.006 0.051 .822
no info 0.882 0.157 0.037 2.444 .118
part-time employed 0.786 0.200 0.024 1.031 .310
school 0.247∗∗∗ 0.392 -0.014 0.292 .589
self-employed 0.794 0.279 0.048 3.679 .055
Cohort
(Ref.: cohort 1)
cohort 2 1.049 0.065 0.006 0.059 .809
cohort 3 0.884 0.348 0.016 0.392 .531
Relationship status
(Ref.: partner)
cohabitation 3.103∗∗∗ 0.084 0.008 0.125 .724
married 6.543∗∗∗ 0.098 -0.085 14.208 < .001
single 0.272∗∗∗ 0.131 -0.042 3.027 .082
Education level
(Ref.: no graduation)
A levels 0.730 0.717 0.040 9.826 .002
apprenticeship 0.546 0.696 0.040 10.362 .001
college of higher education 0.440 0.697 0.045 13.069 < .001
general secondary education 1.100 0.717 0.034 7.321 .007
no info 0.611 0.983 0.014 0.802 .370
secondary education 1.513 0.703 0.034 7.425 .006
traineeship 0.579 0.695 0.038 9.284 .002
university with PhD 0.342 0.711 0.046 13.158 < .001
university without PhD 0.358 0.697 0.049 15.783 < .001
# siblings
(Ref.: no siblings)
one sibling 1.042 0.082 0.045 0.09 7.68e-01
two siblings 0.967 0.097 0.036 2.59 1.08e-01
three or more siblings 1.291∗ 0.106 -0.004 0.03 8.54e-01
Education level parents
(Ref.: no graduation)
A levels 0.430 0.516 -0.018 0.345 .557
apprenticeship 0.492∗ 0.296 -0.056 3.557 .059
college of higher education 0.526∗ 0.293 -0.052 3.084 .079
general secondary education 1.156 0.553 -0.007 0.068 .795
no info 0.725 0.291 -0.076 6.448 .112
secondary education 0.578 0.343 -0.045 3.104 .078
traineeship 0.573• 0.286 -0.070 5.385 .020
other 0.134∗∗∗ 0.330 0.013 0.185 .667
university with PhD 0.429∗ 0.395 -0.043 2.347 .125
university without PhD 0.603• 0.298 -0.054 3.202 .074

Global test 158.451 < .001

Table 6: Estimated (exponential) regression coefficients together with robust stan-
dard errors (left) and test on the PH-assumption (right) for the Cox-model on the
pairfam-data; •p < 0.1;∗ p < 0.05;∗∗ p < 0.01;∗∗∗ p < 0.001.
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Abstract. In this paper we apply data-mining techniques to a classification and
discrimination problem using hourly energy (electricity) consumption data from 350
Swedish households over the duration of one month.

There are two goals of the project, first we want to find a good classifier which
could be used to classify households into either apartment or detached house given
such energy consumption data, second we are interested in finding which feature
variables of the energy consumption data would be useful for discriminating between
the two classes.

To characterise each household, we compute selected statistical attributes of the
data as well as the load profile throughout the day for that household. In order
to select a good representative set of feature variables, we first rank the variable
importance using technique of random forest. In an attempt to find a few “best”
predictors as well as finding a good classifier, two classification techniques are used
namely classification tree and linear discriminant analysis.

Both the classification tree and the linear discriminant analysis are shown to be
plausible classification models on the given data under a 10-fold cross-validation pro-
cedure. Discriminating feature variables found by both classification methods give
consistent and good results when used as predictors.
Keywords: data-mining, energy consumption data, classification of energy cus-
tomers, discrimination of energy data, discrimination and classification.

1 Introduction

In this paper we consider a classification and discrimination problem on a
large data set of actual energy (electricity) consumption measurements for 350
Swedish households. The goal is to classify the energy-using households into
two classes with one being apartments and the other one being detached houses.
We also attempt to find the “best” feature variables that can be used to discrim-
inate the two classes. The motivation is to both discover knowledge from the
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real-world data and also make predictions later when one needs to determine
the source of a given time series of energy measurements. To solve this classifi-
cation and discrimination problem, we apply data-mining techniques including
random forests, classification tree and discriminant analysis. The technique of
random forests is used for ranking the set of the candidate feature variables and
the classification tree and discriminant analysis are used both as classification
models and methods for finding discriminating feature variables.

There are several reviews summarizing the methods used when classify-
ing and clustering different electric loads (Zhou et. al [13]) and consumption
patterns (Chicco [3]). Both of these discuss the importance of load data prepa-
ration, pre-clustering, clustering implementation, cluster analysis and finally
determine applications for the clusters. Some key methodologies used are: K-
Means, hierarchical clustering, fuzzy clustering and self-organization mapping
(López et al. [7]; Zhou et. al. [13]). Jota et al. [6] shows on the possibilities
to use load curves to obtain a deeper understanding of the building energy
usage in various types of commercial buildings and hospitals. In several papers
clustering techniques are used in order to provide electric customer segmenta-
tion (López et al.[7]; Chicco [4]) and same principles are valid to distinguish
different types of domestic consumers such as apartments and houses.

In the present work, the most crucial task for the classification problem
is to find good predictors, i.e. to select a set of feature variables that can
well explain the differences in terms of energy consumption between an apart-
ment and a detached house. Some standard statistical attributes like mean,
standard deviation, skewness, kurtosis and quantiles are used. In searching
for the best predictors we also find it interesting to use some heuristic vari-
ables like the maximum/minimum hourly consumption during an average day
(named as“dailyMaxMean”/“dailyMinMean”). Moreover the daily load profile,
defined here as the hourly consumption at clock hour 00:00, 01:00, ... 23:00
averaged over all working days during the month, are included in the set of at-
tributes. Daily load profiles are used to characterise the consumption patterns
of households in for example Rodrigues et.al.[9].

2 The data

Our study is on a data set of electricity consumption measurements provided by
the Swedish Energy Agency. The data set consists of 350 Swedish households
with each household observed for one month during the period from year 2005
to 2008. The original data contains detailed electricity consumption mea-
surements divided in ten-minute intervals for each electric component in the
household, such as light sources, cold appliances, white goods, audiovisuals and
their seasonally-adjusted counterparts. We work on the seasonally-adjusted
measurements so we assume that the time of data collection for each household
has limited impact on our classification/discrimination problem. For more de-
tails regarding to this data set we refer to the report from the Swedish end-use

The original data contains measurement for 389 households and we use a subset of
the data here.
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metering campaign (Zimmerman [14]) and the description of its project “Im-
proved energy statistics in buildings and industry” (Swedish Energy Agency
[10]). The present study uses one-hour data which is the total electricity con-
sumption aggregated in two steps. The first step is to obtain electricity con-
sumption for each ten-minute time interval by aggregating measurements from
all sources, i.e. including all light sources and all appliance sources. The second
step is to sum up all ten-minute intervals within a specific clock hour.

There are problems of missing values. Most often the problem is that the
recorded consumption values exist for electrical appliances but not for the light
sources. Such problems are treated in the ten-minute measurements level. The
treatments are different for two different cases. The more frequent case is that
those missing values for light sources appear at the beginning or the end of the
observation time period, which is handled by simply removing the existing extra
values for appliances before aggregation. In some cases the missing values occur
in the middle of the observation period, these missing values are approximated
by the average value at that point in time for the same weekdays.

3 Feature selection

The processed data contains information on building type, namely apartments
or detached houses, and hourly electricity consumption values which we will
use to perform the classification task. Take the hourly electricity consumption
observations for a specific household as a sample. Since we have in total 350
households monitored for approximately one month, we have then 350 samples
each contains approximately 30×24 = 720 observation values. To fit a classifier
on this data, we need to select feature variables that are relevant for this clas-
sification. We start with building two separate histograms on all samples that
have building type as apartment and detached house respectively, as shown in
Figure 1 below.

The histograms suggest that the empirical distributions of apartments (called
flats in Figure 1 for brevity) and houses differ obviously in mean and the tail
behaviour of both left and right tails. Therefore we include into our set of can-
didate feature variables nine standard statistics: mean (of hourly consumption
for each household), standard deviation, skewness, kurtosis, median, 25%/75%
quantiles and “gMaxima”/“gMinima” (the maximum /minimum value over
all observed hourly consumption values for that household). We shall also in-
clude two more heuristic variables, namely the average/mean of daily maximum
(hourly) consumption values (hereafter shortened to “dailyMaxMean”) and the
average/mean of daily minimum (hourly) consumption values (hereafter short-
ened to “dailyMinMean”). The variable“dailyMinMean” is calculated in two
steps. First we compute the minimum hourly consumption value for each day
then in the second step we average over all 30 observation days. The intu-
ition to “dailyMaxMean” is obvious, apartments should in general have lower
hourly peak than houses. On the other hand, detached houses tend to have
lower hourly minimum usage than apartments, hence “dailyMinMean” is in-
cluded in our set. For each sample/household, we can compute a single value
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Fig. 1. Histograms of hourly energy consumption values for apartments (left) and
houses (right)

of each of the above-mentioned 11 variables which are then used to characterise
the corresponding sample/household.

We run a Random Forest in R to rank the importance of these variables.
The random forest technique is an ensemble method formed by a large set of
tree-based models each of which are grown with random subspace method (see
Breiman [1] for details). As shown in Figure 2 (left), the random forest tech-
nique ranks the variable “25% quantile” as the most explanatory variable for
predicting the building type, followed by “dailyMinMean”, “mean” and so on.
This is an interesting result since intuitively one might think the mean hourly
consumption is the most useful variable in predicting whether the correspond-
ing household is a detached house or an apartment.

Let us define the load profile of a household as the electricity consumption
for each specific clock hour during an average working day. For instance, sup-
pose that a household is observed for one month, then its load profile at 8 am is
the hourly consumption occurred during 8:00 and 9:00 o’clock averaged over all
working days (i.e. about 20 working days). It might be interesting to include
the load profile into the set of feature variables since houses and apartments
might have different patterns in terms of its load profile throughout the day.
Figure 2 (right) gives the ranking by the random forest technique when we
include the 24 load values at clock hour 00:00, 01:00, 02:00, ... 23:00, namely,
“X0”, ..., “X23”, averaged over all working days during the month. It confirms
that “25% quantile” and “dailyMinMean” are important variables, but also
ranks the load values at 06:00 and 07:00 clock as highly relevant for classifying
houses and apartments.

The horizontal axis in both parts of Figure 2 gives the “MeanDecreaseAccu-
racy” of each variable which is the percentage increase in the error of the forest
if we remove that variable. This percentage increase in error is calculated as the
average increase in the mean squared error of each classification tree grown in
the forest. To select a subset of the feature variables, we decide on the thresh-
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Fig. 2. Variable importance ranking on statistical feature variables (left) and on all
feature variables (right)

old value of 10 for “MeanDecreaseAccuracy” in Figures 2 (right) which gives
the following set of feature variables: “quantile25”,“dailyMinMean”, “mean”,
“dailyMaxMean”, “gMinima”, “quantile75” , “gMaxima”, and the load values
Xi with i = 3− 8, 11, 20. We will fit the data using a classification tree in the
next section using both the whole set of 15 feature variables or some selected
subsets of it.

4 A classification tree

We start with formulating the classification problem. Our training data consists
N = 350 observations (xi, f(xi)), i = 1, 2, . . . , N . Each observation contains
p = 15 features variables as selected from the previous section, i.e. xi =
(xi1, xi2, . . . , xip) and the target f(xi) which is the classification outcome k,
k = 1, 2 (apartment or house).

A classification tree uses recursive binary splitting of feature variables x =
(x1, x2, . . . , xp) to partition the feature space into a set of regions, sayM regions
R1, R2, . . . , RM . The classification outcome for an observation in a specific
region Rm,m = 1, . . . ,M is modelled by the majority class in this region km,
km = 1 or = 2, and hence

f̂(x) =

M∑
m=1

kmI(x ∈ Rm), (1)

where I is the indicator function.
Some error minimization criterion, for instance minimizing the impurity

measures the Gini index or the entropy, is adopted to decide on the splitting
variables and splitting points and in general the shape of the tree. For a detailed
discussion on the classification tree method we refer to Breiman et al.[2].
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We use rpart package (Therneau and Atkinson [11]) in R to fit a classi-
fication tree to our training data. To make a graphical representation of the
tree we use the DMwR package (Torgo [12]).

Fig. 3. The default classification tree (CP 0.01)

The tree in Figure 3 uses the whole set of the 15 feature variables. It
partitions the feature space into six regions Ri, i = 1, 2, . . . corresponding to
the six terminal nodes/leaves of the tree. For example region R1 is determined
if conditions X6 < 368.9 and “dailyMinMean” ≥ 248.8 are satisfied. There’re
136 apartments (called flats in the tree) and 0 houses in this region hence
k1 = 1. Consider an observation xj ∈ R1, then by formula (1) the classification

outcome f̂(xj) = k1 = 1.
When we build a classification tree, we need to consider the trade-off be-

tween the benefit of an accurate prediction and the risk of an oversized and
over-fitted tree. To reach the best balance between these two we can check the
corresponding cost complexity parameter (cp) values and relative errors, i.e. to
perform a so-called a cost complexity pruning (Breiman et. al.[2]) of the tree.

For each sub-tree of the default tree given in Figure 3, we have the following
information on the corresponding cost complexity parameter (CP), number of
splits (Nsplit), relative error (Rel error) on the training data itself, the ten-
fold cross validation relative error (Rel xerror) and its standard deviation
(std) with prefix “x” in xerror standing for “cross-validation”, as presented
in Table 1.

The most useful estimate on the predictive performance is Rel xerror

which refers to the average relative error computed from ten-fold cross vali-
dation procedures. This validation procedure randomly partitions the data set
into 10 subsets, use 9 of them as the training data to fit a classifier on, the
remaining 1 subset is used for evaluating the classifier. Note that the relative
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Table 1. Errors on the training set and 10-fold cross validation errors for sub-trees
of the default tree (Root node error: 171/350 = 0.48857)

CP Nsplit Rel error Rel xerror (std) Abs error Abs xerror (std)

1. 0.8363 0 1.0000 1.0000 (0.0547) 0.4886 0.4886 (0.0267)
2. 0.0292 1 0.1637 0.2047 (0.0328) 0.0800 0.1000 (0.0160)
3. 0.0175 3 0.1053 0.1754 (0.0306) 0.0514 0.0857 (0.0150)
4. 0.0100 5 0.0702 0.1637 (0.0297) 0.0343 0.0800 (0.0145)

error from a ten-fold cross validation procedure is a random variable with es-
timated mean Rel xerror and standard deviation std due to the randomness
of this validation method.

It is worth mentioning that both Rel error and Rel xerror are errors
relative to the root node error (0.48857). The root node error is simply the
misclassification error if we use the majority class to predict all households
before any splitting. Since we have 179 houses and 171 apartments in the
data sets, by classifying all households as houses lead to a root node error of
171/350 = 0.48857. The corresponding absolute (misclassification) errors on
the training data, denoted by Abs error, and the average absolute error for
ten-fold cross validation method, denoted by Abs xerror, are smaller and equal
to Rel error and Rel xerror multiplied with the root node error (0.48857)
respectively. In Table 1 we also list Abs error and Abs xerror together with
their standard deviations in order to be able to compare the results to those
from the linear discriminant analysis conducted in the coming section.

The default tree in Figure 3 is tree number 4 with 5 tests and an average
relative error of 0.16374 with standard deviation of 0.029681 using ten-fold
cross validation. However the simpler tree number 3 has a value of 0.17544
which is within one standard deviation of Rel xerror for tree number 3, i.e.
0.17544 ∈ (0.16374−0.029681, 0.16374+0.029681). Using the so-called “1-SE”
selection approach, we may choose tree number 3 as our classification model.
We will call the sub-tree chosen in this way the “best tree” The corresponding
absolute (misclassification) cross-validation error is 8.57%.

Experiments have been made by fitting a classification tree on various sub-
sets of the predictors (hereafter phrases “feature variable” and “predictors”
are used interchangeably), all 15 feature variables selected by Random Forest
excluding load values (hereafter shortened to “all variables”) or all load val-
ues selected by Random Forest (hereafter shortened to “all load values”), all
variables + load values or a selection of only a few variables. The resulting
absolute misclassification errors on the training set, for the best tree and from
a 10-fold cross validation procedure can be found in Table 2.

Note that (i) the first row for “all variables + all load values” refers to
best tree given in Table 1; (ii) the best tree for “all load values” can have
nsplit of 3 at another experiment since it is chosen using the “1-SE” rule
of the random variable xerror which is the cross-validation error; (iii) Other
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Table 2. Error of the best tree on training set and 10-fold cross validation error for
different predictor variables

Predictors Nsplit Abs error Abs xerror (std)

all variables + all load values 3 0.0514 0.0857 (0.0150)
all variables 3 0.0629 0.0914 (0.0154)
all load values 1 0.0800 0.1029 (0.0162)
dailyMinMean + 25% quantile 5 0.0429 0.0771 (0.0143)
load values X6 +dailyMinMean 5 0.0371 0.0629 (0.0130)
load values X7 +dailyMinMean 3 0.0600 0.0800 (0.0145)

pairs of predictor have also been tested other than those given in Table 2, with
no results better than 8.00% Abs xerror.

From Table 2, one can see that using a classification tree is very suitable for
this problem since the cross validation errors Abs xerror are moderately low.
The best performed tree, however, is obtained by using a pair of predictors
namely “dailyMinMean” combined with “25% quantile” (Abs xerror of 7.71
%) or one of the morning load values for 6am (Abs xerror of 6.29 %) or 7am
(Abs xerror of 8.00 %). These quantities are very easy to obtain given a time
series of the energy consumption data. We note that the high ranking load
values given by Random Forest as in Figure 2 and the 25% quantile all have
a very high correlation with each other. For example 25% quantile and load
value X7 have a correlation of 0.89. This explains why either the morning load
values or “25% quantile” can be combined with “dailyMinMean” for a good
result.

For illustration, two scatter plots of some of these “best predictors” are
given below in Figure 4, with houses plotted in red plus signs and apartments
in green circles.

5 Linear discriminant analysis

Looking at the scatter plots in Figure 4 we can clearly make out the two classes
(houses and apartments). As an alternative to the tree classification method
we also classify the data using linear discriminant analysis as described in
Johnson and Wichern [5]. The analysis will be done using the original 11
feature variables and 24 load variables as well as a subset of the 15 “best”
variables as indicated by the Random Forest ranking.

The same N = 350 observations x1, x2, . . . , xN where each observation con-
tains a number of variables xi = (xi1, xi2, . . . , xip) with p varying between 2
and 35 depending on choice of variables used. The goal is to classify each
observation as either an apartment or a house.

First a multivariate Gaussian distribution is fitted to each class k, k = 1, 2
(apartment and house respectively) with mean µk, the mean is estimated from
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Fig. 4. A scatter plot (left) and a 3D scatter plot on selected variables (right)

the N observations using the sample mean:

µ̂k =

∑N
n=1Mnkxn∑N
n=1Mnk

,

where Mnk = 1, if obeservation n belongs to class k and Mnk = 0 otherwise.
Both classes are assumed to have the same covariance matrix which is es-

timated using the sample covariance where we first subtract corresponding
sample mean from the observations of each class. The elements qnm of the
sample covariance matrix Q can be written as:

qnm =
1

N − 1

N∑
i=1

(xin − µ̂in)(xim − µ̂im)

where µ̂in =
∑K

k=1Mik(µ̂k)n, is the sample mean of variable n for the class of
which observation i belongs, K is the number of classes (K = 2 in this case).
To classify an observation we start by calculating the posterior probability that
the observation belongs to every class and find the class it is most likely to come
from. With 2 classes, using equal misclassification cost and prior probability
(we have approximately the same number of houses as apartments in our data)
we can classify an observation xi by calculating:

ŷi = (µ̂1 − µ̂2)Q−1xi

m̂ =
1

2
(µ̂1 − µ̂2)Q−1(µ̂1 + µ̂2).

If ŷi > m̂ we assign xi to class 1 (apartment) and if not we assign it to
class 2 (house). m̂ can be seen as the “midpoint” between the two classes
where we simply check on which side an observation lies. This is also equal to
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Fisher’s discriminant function since we have equal misclassification and prior
probabilities (Johnson and Wichern [5]).

To do the classification we use the “ClassificationDiscriminant” object and
the related functions in MATLAB (Statistics Toolbox). We perform linear dis-
criminant analysis for multiple sets of predictors: all original feature variables,
all load values, all original feature variables and all load values or a selection
of only a few variables. The resulting absolute misclassification errors on the
training set and from a 10-fold cross validation procedure can be found in Ta-
ble 3. The other pairs among those ranking high as indicated by the Random

Table 3. Error on training set and 10-fold cross validation error for different predictor
variables

predictors Abs error Abs xerror (xstd)

all original variables + all load values 0.0971 0.1057 (0.0487)
all original variables 0.0857 0.0886 (0.0494)
all load values 0.1400 0.1600 (0.0715)
dailyMinMean + 25% quantile 0.0600 0.0686 (0.0335)
load values X6 +dailyMinMean 0.0800 0.0800 (0.0295)
load values X7 +dailyMinMean 0.1057 0.1057 (0.0674)

Forest feature selection have also been tried, as well as some combinations of
3 − 4 variables in the cases where the first two gave a reasonable result. In
most cases this gave an absolute cross-validation error around 0.08− 0.1 when
dailyMinMean is used and around 0.12 − 0.16 if not. It is worth repeating
that the highly ranked load values suggested by Random Forest and the 25%
quantile are all highly correlated with each other. In our experiments the “dai-
lyMinMean” together with “25% quantile” give the best result, replacing “25%
quantile” with one of the load values gave worse result even though they have a
higher ranking from the Random Forest. Using the “dailyMinMean” together
with “25% quantile” we obtain a very low error rate as seen in Table 3, both
in terms of absolute error on the training data set as well as the absolute error
from a 10-fold cross-validation procedure. A scatter plot of these two variables
as well as the line separating the two classes made from our analysis can be
seen in Fig. 5.

6 Conclusion and future work

We have observed different patterns in terms of energy consumption for dif-
ferent building types as house and apartments on a data set of energy con-
sumption values for 350 Swedish households. Motivated by this observation,
we have conducted a classification and discrimination task using techniques as
random forest, classification tree and linear discriminant analysis method. We
note that statistics like the mean of daily minimum (hourly) consumption val-
ues (shortened as “dailyMinMean”) along with “25% quantile” or the morning
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Fig. 5. A scatter plot of dailyMinMean and 25% quantile and a plot of the classifi-
cation boundary. y = −241.58 + 17.6x

load values worked well as predictors when trying to discriminate between the
two classes (house or apartment). This result is further confirmed by the fit-
ted classification models, namely the classification tree and linear discriminant
analysis method. In addition, load profile at certain morning clock hours can
also be useful in the classifying task, given the fact that they are highly cor-
related to the feature variable “25% quantile”. These quantities can be easily
obtained given a time series of energy consumption data with unknown building
type.

We have found that the classification tree method is a plausible classifier for
our case. In particular, the best trees built using pairs of “X6”+ “dailyMin-
Mean” and “25% quantile” + “dailyMinMean” have cross-validation (absolute)
errors of 6.29% and 7.71% respectively, as shown in Table 2.

The linear discriminant analysis has also shown to give good results on our
data set. When the best predictors such as “25% quantile” and “dailyMin-
Mean” are used for the linear discriminant analysis, we obtain only 6.29%
10-fold cross validation (absolute) error.

The classification has been done with hourly energy consumption values
aggregated from the original data of consumption values for each ten-minute
interval. A natural question arises as to whether the high-frequency ten-minute
data provides more information in the classification task or a customer cluster-
ing task than the lower-frequency data like one-hour data. We have addressed
these questions in the follow-up work by Ni et al.[8].

7 Acknowledgements

The authors are very grateful to the Swedish Energy Agency for the financial
support under research grant 33707-1. Special thanks also go to the article’s
anonymous reviewer, who provided thorough and in-depth feedback that im-
proved this article in a substantial way. Appreciations also go to professor



298 Ni, Y. et al.

Sergei Silvestrov who has been very helpful in facilitating the research project
and company Revolution Analytics for providing the useful software Revolution
R Enterprise 6.0 for academic users.

References

1. Breiman, L., Random forests. Machine Learning, 45,1, 5–32, 2001.
2. Breiman, L., Friedman, J. Olshen, R., and Stone, C.,Classification and regression

trees. Statistics/Probability Series. Wadsworth & Brooks/Cole Advanced Books
& Software, 1984.

3. Chicco, G. Overview and performance assessment of the clustering methods for
electrical load pattern grouping. Energy, Vol. 42, 1, pp. 68–80, 2012.

4. Chicco, G., Napoli, R., Piglione, F. Application of clustering algorithms and self
organising maps to classify electricity customers. Proc. of IEEE Power Tech
Conference, Bologna, 23–26 June, 2003.

5. Johnson, R. A. and Wichern, D. W. Applied multivariate statistical analysis, 5thed.
Prentice Hall, 2002.

6. Jota, P.R.S., Silva, V.R.B., Jota, F.G. Building load management using cluster
and statistical analyses. International Journal of Electrical Power and Energy
Systems, Vol. 33, 8, pp. 1498–1505, 2011.
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Vandermonde matrices, extreme points and
orthogonal polynomials
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(e-mail: jonas.osterberg@mdh.se, karl.lundengard@mdh.se,
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Abstract. Vandermonde matrices and their determinant appear in many different
problems, including interpolation of data, moment matching in stochastic processes
with applications to computer-aided decision support and in various types of numeri-
cal analysis. Motivated by these and other applications the values of the determinant
of Vandermonde matrices are analyzed both visually and analytically over the unit
sphere in various dimensions and under various norms. The extreme points of the
determinant over these surfaces are related to polynomials and classical orthogonal
polynomials in particular. Some of the polynomials are identified and recursive defi-
nitions are provided.
Keywords: Vandermonde matrix, Determinant, Extreme points, Orthogonal poly-
nomials, Moment matching.

1 The Vandermonde matrix

A rectangular Vandermonde matrix of size m × n is determined by n values
xn = (x1, · · · , xn) and is defined by

Vmn(xn) =
[
xi−1j

]
mn

=


1 1 · · · 1
x1 x2 · · · xn
...

...
. . .

...
xm−11 xm−12 · · · xm−1n

 . (1)

Note that some authors use the transpose of this as the definition and possibly
also let indices run from 0. All entries in the first row of Vandermonde matrices
are ones and by considering 00 = 1 this is true even when some xj is zero.
We have the following well known theorem.

Theorem 1. The determinant of (square) Vandermonde matrices has the well
known form

detVn(xn) ≡ vn(xn) =
∏

1≤i<j≤n

(xj − xi). (2)
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This determinant is also simply referred to as the Vandermonde determinant.
Perhaps the most well known application of Vandermonde matrices is poly-

nomial interpolation. Given a set of points (xi, yi) ∈ C2, 1 ≤ i ≤ n, define the
two row vectors xn = (x1, · · · , xn) and yn = (y1, · · · , yn) and let all xi be pair-
wise distinct. Then the polynomial of minimal degree that interpolates these
points has coefficients cn where cnVn(xn) = yn, that is cn = ynVn(xn)−1.
Note that since the xi are pairwise distinct the determinant vn(xn) is non-
zero by Theorem 1 and so the solution is unique. More information and an
expansion on this can be found in El-Mikkawy[1] and references therein.

There are other applications as well, for instance in Lundeng̊ard et al.[4] we
find an application of the Vandermonde matrix to moment matching of random
variables with a discrete random variable. This has applications in pricing of
Asian options and other areas.

In the article Klein and Spreij[3] we find an application of Vandermonde
matrices to the important area of time-series analysis.

The work done here recaptures the work presented in Szegő[7]. A more
explicit treatment is provided together with some slight generalization of the
ideas.

2 Optimizing the determinant

Consider the unit (n− 1)-sphere under the p-norm (p ∈ Z, p ≥ 1), we define

Sn−1p = {xn ∈ Rn : |x1|p + · · ·+ |xn|p = 1} .

When p = 2 we have the Euclidean norm and thus the usual (n − 1)-sphere,
when p = ∞ we have the cube defined by the boundary of [−1, 1]n. The
2-sphere for some different norms are depicted in Figure 1.

Fig. 1. Value of v3(x3) over: S2
2 (left), S2

4 (middle left), S2
8 (middle right) and S2

∞
(right).

The four separate plots in Figure 1 are all rotated slightly by the same
transformation for visual clarity and the mappings of color to value are slightly
different between the figures. The positive maxima can be seen to lie in the
dark red regions and the minima can be found in the dark blue regions. As we
soon will see the extreme points on S22 are (−1/

√
2, 0, 1/

√
2) and the vectors

constructed by permutating the coordinates of this vector, making a total of 6 =
3! extreme points. Similarily, for the cube we have the vectors formed by the six



Vandermonde matrices, extreme points and orthogonal polynomials 301

permutations of the coordinates in (−1, 0, 1). The two stated vectors are both
maxima and are shown in the top left maxima in the figures, odd permutations
of these vectors will give minima and even permutations will give again maxima.
This follows directly from the anti-symmetry of the Vandermonde determinant,
given a permutation σ ∈ Sn we have vn(xσ1

, · · · , xσn
) = sgn(σ)vn(x1, · · · , xn).

We are thus faced with the problem of maximizing |vn(xn)| over Sn−1p .
By the symmetry of |vn| we do not loose any generality by assuming that the
coordinates are ordered and pairwise distinct, x1 < · · · < xn.

Theorem 2. The coordinates x1 < · · · < xn, n ≥ 2, that maximize the abso-
lute value of the Vandermonde determinant over the unit sphere in Rn, under
the p-norm, that is Sn−1p , are unique. Furthermore, the coordinates are sym-
metric so that xi = −xn−i+1 for 1 ≤ i ≤ n and the total number of maxima,
counting permutations, are n!.

This is an extension of a result presented by Szegő[7, p.140].

Proof. Suppose that we have two different sequences of coordinates xn and x′n:

x1 < · · · < xn,

x′1 < · · · < x′n,

both maximizing |vn| on Sn−1p , so |vn(x1, · · · , xn)| = |vn(x′1, · · · , x′n)| = vmaxn

is the maximum value. Now define a new configuration zn defined by,

zi =
xi + x′i

2σ
, 1 ≤ i ≤ n,

where σ > 0 is a normalization constant to assure that zn lies on the sphere.
It is easy to see that we have

z1 < · · · < zn.

Note that σ ≤ 1 by necessity since Sn−1p is the boundary of a convex set.
This follows directly from the absolute homogeneity and the triangle inequality
associated with the p-norm:∥∥∥∥xn + x′n

2

∥∥∥∥
p

≤
∥∥∥xn

2

∥∥∥
p

+

∥∥∥∥x′n2
∥∥∥∥
p

= 1.

We have established that zn lies on Sn−1p . For each 1 ≤ i < j ≤ n we now have

|zj − zi| =
∣∣xj + x′j − xi − x′i

∣∣
2σ

=
|xj − xi|+

∣∣x′j − x′i∣∣
2σ

≥ |xj − xi|
1
2
∣∣x′j − x′i∣∣ 12 ,

where the last step follows from σ < 1 and the general relation(
a+ b

2

)2

=

(
a− b

2

)2

+ ab ≥ ab.
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It follows that

|vn(zn)| ≥ |vn(xn)|
1
2 |vn(x′n)|

1
2 = vmaxn ,

and to not have a contradiction, we must have that the equality holds, that is
xn = x′n, and so the maximum is unique.

Now, consider

vn(−xn) = (−1)
n(n−1)

2 vn(xn),

which follows easily from the degree of the expansion of vn, where every term is

of degree n(n−1)
2 . If follows that if xn is a maximum of |vn| on the sphere then

−xn is also a maximum. Now, since the maximum with ordered coordinates
x1 < · · · < xn is unique we must have that −xn = x1, · · · ,−x1 = xn, that is
xi = −xn−i+1 for 1 ≤ i ≤ n and so the maxima are symmetric.

From xi = −xn−i+1 and the pairwise distinctness of the coordinates (the
determinant is non-zero at the maximum) we have that the n! permutations
(xσ1 , · · · , xσn) are the distinct maxima. ut

Remark 1. The condition xi = −xn−i+1 for the ordered maximum x1 < · · · <
xn implies that the maxima all lie in the hyperplane x1 + · · ·+ xn = 0. These
facts can be used to visualize vn on Sn−1p for n = 4, 5, 6, 7, while we for n ≥ 8
have more than three degrees of freedom.

As an interesting example we provide a plot of v4 over all points on the
Euclidean hypersphere that is constructed by selecting an orthonormal basis
in R4 that is in turn orthogonal to (1, 1, 1, 1). We do not miss any extrema by
doing this since all extrema, considered as points in R4, must be orthogonal to
this vector. We provide both a 3D plot and a plot in spherical coordinates by
the following transformations.

x4 =


−1 −1 0
−1 1 0
1 0 −1
1 0 1


1/
√

4 0 0

0 1/
√

2 0

0 0 1/
√

2

 t. (3)

t(θ, φ) =

cos(φ) sin(θ)
sin(φ)

cos(φ) cos(θ)

 . (4)

In Figure 2 the placement of the 4! = 24 extreme points of vn over S32 can
be seen.

Motivated by the fact that there is only one set of coordinates and that
the maxima are constructed from different orderings of these, it makes sense
to instead consider the polynomial constructed from these coordinates. Our
task now is to find the polynomials that define the optimizing coordinates for
different n ≥ 2 and p ≥ 1,

Pnp (x) =

n∏
i=1

(x− xi),



Vandermonde matrices, extreme points and orthogonal polynomials 303

Fig. 2. The values of the Vandermonde determinant over S3
2 .

where xi are the distinct maximizing coordinates that depend on n and p. We
have

Pnp
′(xk) =

n∑
j=1

n∏
i=1
i6=j

(x− xi)
∣∣∣∣
x=xk

=

n∏
i=1
i 6=k

(xk − xi),

Pnp
′′(xk) =

n∑
l=1

n∑
j=1
j 6=l

n∏
i=1
i 6=j
i6=l

(x− xi)
∣∣∣∣
x=xk

=

n∑
j=1
j 6=k

n∏
i=1
i 6=j
i 6=k

(xk − xi) +

n∑
l=1
l 6=k

n∏
i=1
i 6=l
i 6=k

(xk − xi)

= 2

n∑
j=1
j 6=k

n∏
i=1
i6=j
i6=k

(xk − xi),

and it is easy to show that

Pnp
′′(xk)

Pnp
′(xk)

= 2

n∑
i=1
i 6=k

1

xk − xi
. (5)

Define

snp (xn) =

(
n∑
i=1

|xi|p
)
− 1,

so that snp vanishes exactly on the unit sphere under the p-norm, that is Sn−1p ={
xn ∈ Rn : snp (xn) = 0

}
. We have the partial derivatives

∂snp (xn)

∂xk
= p |xk|p−1 sgn(xk).

To maximize |vn(xn)| over the surface snp (xn) = 0 we transform the objec-
tive function by applying a (strictly increasing) logarithm:

wn(xn) = log(|vn(xn)|) =
∑

1≤i≤j

log(|xj − xi|),
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with partial derivatives

∂wn(xn)

∂xk
=

n∑
i=1
i 6=k

1

xk − xi
=

1

2

Pnp
′′(xk)

Pnp
′(xk)

.

By the method of Lagrange multipliers we now have that the maxima of
|vn(xn)| on Sn−1p must be stationary points to the Lagrangian

Λ(xn, λ) = wn(xn)− λsnp (xn), (6)

which explicitly means
∂wn(xn)

∂xk
= λ

∂snp (xn)

∂xk
,

for some multiplier λ ∈ R. We then get

1

2

Pnp
′′(xk)

Pnp
′(xk)

= λp |xk|p−1 sgn(xk).

Letting ρ = −2λp we then get

Pnp
′′(xk) + ρ |xk|p−1 sgn(xk)Pnp

′(xk) = 0. (7)

This leads us to our first set of polynomials defining the solution to our maxi-
mization problem.

Theorem 3. The polynomial Pn2 , of degree n > 2 and with a leading coefficient
of 1, whose roots form the coordinates in the points xn ∈ Rn that maximize
|vn(xn)| over the Euclidean hypersphere Sn−1 satisfy the differential equation

Pn2
′′(x) + n(1− n)xPn2

′(x) + n2(n− 1)Pn2 (x) = 0. (8)

Furthermore, the coefficients for the three terms of highest degree are

cn = 1, cn−1 = 0, cn−2 = −1

2
, (9)

and the subsequent coefficients are defined recursively by

ck = − (k + 1)(k + 2)

n(n− 1)(n− k)
ck+2. (10)

Proof. By Equation (7) we have

Pn2
′′(x) + ρxPn2

′(x)

∣∣∣∣
x=xk

= 0, 1 ≤ k ≤ n.

The left part of this equation represents n evaluations of a polynomial of degree
n that vanishes on x1, · · · , xn and must thus be a constant multiple of Pn2 , that
we defined as the polynomial that vanishes on x1, · · · , xn, and so

Pn2
′′(x) + ρxPn2

′(x) + σPn2 (x) = 0.



Vandermonde matrices, extreme points and orthogonal polynomials 305

Two find the coefficients σ and ρ we need to adapt this polynomial to the
sphere. We require

∑n
i=1 x

2
i = 1 and by the symmetry from Remark 1 we have∑n

i=1 xi = 0. The condition cn = 1 is by choice. The condition cn−1 = 0
follows from the expansion of the coefficients in Pn2 .

P pn(x) =

n∏
i=1

(x− xi) =

n∑
k=0

(−1)n−ken−k(x1, · · · , xn)xk,

where ek is the elementary symmetric polynomial defined by

ek(x1, · · · , xn) =
∑

i1<···<ik

xi1xi2 · · ·xik .

We have cn−1 = −e1(x1, · · · , xn) = −(x1 + · · · + xn) = 0. The condition
cn−2 = − 1

2 places us on the unit sphere

e1(x1, · · · , xn)2 − 2e2(x1, · · · , xn) = x21 + · · ·+ x2n = 1,

−2e2(x1, · · · , xn) = 1,

cn−2 = e2(x1, · · · , xn) = −1

2
.

This establishes Equation (9) in the theorem.
Now, the coefficients cn, · · · , c0 for any polynomial solution p(x) of degree

n to a differential equation on the form

pn′′(x) + ρxpn′(x) + σpn(x) = 0,

must satisfy

ρncn + σcn = 0

ρ(n− 1)cn−1 + σcn−1 = 0

n(n− 1)cn + ρ(n− 2)cn−2 + σcn−2 = 0.

The second of these equations is trivial since cn−1 = 0. The first and third
equation simplifies to

ρn+ σ = 0,

n(n− 1)− 1

2
ρ(n− 2)− 1

2
σ = 0,

and so

ρ =
−2n(n− 1)

n− (n− 2)
= −n(n− 1)

σ = n2(n− 1),

which establishes Equation (8) in the theorem.
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For the recursive formula for the coefficients cn−3, · · · , c0, Equation (10),
we again look at the slightly more general case and retain ρ, σ. The coefficients
for the polynomial p satisfying

pn′′(x) + ρxpn′(x) + σpn(x) = 0,

must satisfy

ck+2(k + 1)(k + 2) + ρkck + σck = 0,

that is

ck =
−(k + 1)(k + 2)

ρk + σ
ck+2.

For Pn2 we then have

ck =
−(k + 1)(k + 2)

−n(n− 1)k + n2(n− 1)
ck+2, (11)

and Equation (10) follows. ut

The case p =∞ follows in a similar manner.

Theorem 4. The polynomial Pn∞, of degree n > 2 and with a leading coefficient
of 1, whose roots form the coordinates in the points xn ∈ Rn that maximize
|vn(xn)| over the cube Sn−1∞ satisfy

Pn∞(x) = (x− 1)(x+ 1)pn∞(x). (12)

where pn∞ is defined by the differential equation:

(1− x2)pn∞
′′(x)− 4xpn∞

′(x) +m(m+ 3)pn∞(x) = 0,

where m = n−2 is the degree of the polynomial pn∞. Furthermore, the first two
coefficients for pn∞ are cm = 1, cm−1 = 0 and the subsequent coefficients satisfy

ck =
(k + 1)(k + 2)

k(k + 3)−m(m+ 3)
ck+2. (13)

Proof. It is easy to show that the coordinates −1 and +1 must be present in
the maxima points, if they were not then we could rescale the point so that the
value of |vn(xn)| is increased, which is not allowed. We may thus assume the
ordered sequence of coordinates

−1 = x1 < · · · < xn = +1.

The absolute value of the Vandermonde determinant then becomes

|vn(xn)| = 2

n−1∏
i=2

(|1 + xi| |1− xi|)
∏

1<i<j<n

|xj − xi| .
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We now take the logarithm of this, differentiate and equate the partial deriva-
tives to zero to find the stationary points (actually maxima), and arrive at

1

xk + 1
+

1

xk − 1
+

n−1∑
i=2
i6=k

1

xk − xi
= 0, 1 < k < n,

which by the essence of Equation (5) can be written

1

xk + 1
+

1

xk − 1
+

1

2

pn∞
′′(xk)

pn∞
′(xk)

= 0, 1 < k < n, (14)

for some polynomial pn∞ constructed from the roots x2, · · · , xn−1.
The left part of Equation (14) now identifies a differential expression on pn∞

which we by the same method as for p = 2 identify by a multiple of pn∞, that is

(1− x2)pn∞
′′(x)− 4xpn∞

′(x) + σpn∞(x) = 0. (15)

The constant σ is found by considering the coefficient for xm:

−m(m− 1)− 4m+ σ = 0 ⇔ σ = m(m+ 3).

Finally
(1− x2)pn∞

′′(x)− 4xpn∞
′(x) +m(m+ 3)pn∞(x) = 0.

The polynomial that provide all coordinates for the maxima is then

Pn∞(x) = (x− 1)(x+ 1)pn∞. (16)

Equation (13) follows by the same methods as for p = 2, that is, by identifying
all coefficients in the differential equation to be identically zero. ut

We have provided the means to describe the coordinates of the extreme
points of the Vandermonde determinant over the unit spheres under the Eu-
clidean norm and under the infinity norm. The resulting polynomials can be
identified by rescaled Hermite polynomials, Hn(x

√
n(n− 1)/2), and Gegen-

bauer polynomials, C
(3/2)
n (x), respectively. For norms other than p = 2 and

p =∞ further analysis is warranted.
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Abstract: Based on the Health State Theory several demographic and health state 

indicators were calculated for the Pomaks of Organi and Kehros, a Slavic speaking 
population from Mountainous Rhodopi (Greece). Results indicate a rapid health 

transition and a general improvement of the health status of the population. Gradually, by 

the 1990s Pomaks converge to the total population of Thrace.  

Keywords: Pomaks, Thrace, Health State Indicators 

 

1  Introduction 
 

Life table analysis has for long been (Graunt [3], Halley [4]) used to estimate 

probabilities of survival and life expectancy in different ages during the course 

of human life. However, if applied in its classical form - as a technique aimed to 

describe the patterns of mortality and survival - it fails to give an overall picture 

of the total health status of a population and its changes with age and time, 

especially, if health is positively defined not simply as the absence of a disease 

or infirmity but in a broader way as “a state of complete physical, mental and 

social well being” (WHO [20]). Several solutions have been given to this 

problem.  

 

In order to mathematically describe the state of health of a population, Chiang 

[1] introduced the term “Index of health Hx”, based on the probability 

distribution of the number and the duration of illness and the time lost due to 

death (time of death) calculated from data from the Canadian Sickness Survey, 

1950-1951. Sanders [8] used life table techniques to construct tables of 

“effective life years”, as a measure of the current health of the population based 

on mortality and morbidity rates.  In that case, morbidity was measured by the 

functional adequacy of an individual to fulfill the role which a healthy member 

of his age and sex is expected to fulfill in his society. Sullivan [9] criticized 

these approaches on grounds of the methodology used and its effectiveness in 

measuring the health status of a population and later [10] he used life table 

techniques to calculate two related indices: the expectation of life free of 
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disability and the expectation of disability, based on published data of the 

current abridge life tables and surveys conducted by the National Center for 

Health Statistics. Torrance [19] developed a health status index model for the 

determination of the amount of health improvement created by a health care 

program, calculating a point-in-time health index (Ht), a period-of-time health 

index (Ht1,t2) and a health life expectancy index (Ex). The first measures the 

instantaneous health of all individuals in the population at a single point in time 

and averages these to give a group’s index. The second is similar but it refers to 

a period of time, i.e. a year. The third is calculated by a method that uses the 

actual mortality and morbidity experience of the population to determine a table 

of age and sex specific health expectancy figures.   

 

Jansen and Skiadas [5] introduced the general theory of dynamic models for 

modeling human life using life table data from France and Belgium; this was the 

first effort to exclusively use published death and population statistics in order 

for the health status of the population to be evaluated. In their model, the main 

assumption regarding the state of human health is that it follows a stochastic 

process expressed by a variable named S(t) and that the end of life time is 

reached when this stochastic variable arrives at a minimum level of health state. 

However an important hypothesis was set: despite the fact that the health state 

of an individual is unpredictable the mortality curve of human populations can 

be modeled and because of that the health state form derived from these data 

can be modeled too (see Skiadas and Skiadas [17]. Then the Health State 

Function (Hx) of a population was introduced, elaborated later (Skiadas and 

Skiadas [11] [12] [13] [14] [15] [16] [18]) and evaluated with several methods 

(see Skiadas and Skiadas, [17]), with particular emphasis on the calculation of 

the Loss of Healthy years (see Skiadas and Skiadas [17] in comparison with 

Mathers et al. [6] [7]).  The mathematical formula for the calculation of Health 

State Hx is:  

 

where k is a parameter given by k=max(d(x) ) and d(x) is the number of deaths 

per 100.000 of population provided by the classical Life Tables, or preferably 

they may correspond to the probability density function. According to theory 

developed by Jansen and Skiadas [5], the Health State Function has an 

improvement stage of human health during the first years after birth, followed 

by a decreasing one during middle and old ages.   

 
Based on the Health State Theory (HST) many Demographic and Human 

Development Indicators have been proposed and calculated efficiently for 

numerous national populations based on data published by National Statistical 

Services or found in other databases (see Skiadas and Skiadas [15] [14] [13]). 

This paper is a first attempt to apply the Health State Theory techniques to data 
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already used for the evaluation of the mortality transition in the Pomaks of 

Organi and Kehros (Zafeiris [22] [21]), i.e. it is a first effort to apply HST on 

small and isolated populations. 

 

Map 1: the geographic location of the under 

study population 

The data used here are from two former administrative communities, namely 

Organi and Kehros, located in the northeastern part of the Department of 

Rhodopi of Greek Thrace, over the Rhodopi Mountain (Map, 1; see Zafeiris, 

[22] [21]). These communities were comprised of 23 settlements and extended 

to an area of 346 Km
2
. They are inhabited by the Pomaks; in general a Muslim 

population, speaking a Slavic idiom with many Greek and Turkish loan words, 

spread on both sides of the Greek-Bulgarian borders. Pomaks of Organi and 

Kehros constituted a geographically and culturally isolated population, 

struggling for their survival in quite a harsh environment. In the past they were 

small farmers, stockbreeders and woodcutters. Though field work evidence 

suggests that a time varying trend of migration from their mountainous 

dwellings to the plains of Greek Thrace was observed in the past, after the arsis 

of geographic isolation because of the construction of roads in the Rhodopi 

Mountain, this trend was magnified and a significant and continuous increasing 

number of them settled in small lowland villages and the city of Komotini. 

Thus, the aim of this study is the analysis of health characteristics of a 

population firstly at its original mountainous place and secondly in the place to 

which it has gradually dispersed through time.  

 

 

2  Data and Methods 
 

The methodology used for the preparation of the abridged life tables for males 

and females is described in Zafeiris [22]. On these tables, the calculations based 

on the Health State Theory (Skiadas & Skiadas [13] [14] [15]) were made. As it 

is said before, the Health State Function (Hx) aims to the quantification of the 

health state of a population and is based on the death probability function (gx) 

and a parameter called k, which is calculated from the gx distribution (see 

Skiadas & Skiadas [11], p. 97). However, because the studied population is 

small the Hx distributions were subjected to chance fluctuations by age. In order 

to smooth them two order polynomial trend lines were fitted, in which as 

intercept the H0 values were set, i.e. the health state level of infants (the R
2
 was 

at all times much greater than 0,90). Because the original life tables were 

“closing” by the age of 85, the Hx values beyond this age were estimated with 

the use of the fitted line.  
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According to this fitted line the following health state indicators were calculated 

and used in this paper: H0, Hmax - i.e. the maximum value of the Hx distribution 

which is a measure of the maximum health state achieved by the population - 

and Total Health state (THS), which corresponds to the sum of Hx values before 

the zero point of the health status of the population and is then a comprehensive 

assessment of the health levels of the population. Afterwards, the total health 

state from max to zero health was estimated as a sum of the Hx values from the 

maximum point of the Health State Function until its zero point and will be an 

overall measure of health during its progressive reduction phase in the human 

life cycle. Additionally, the “loss of Healthy Life Years” because of severe 

causes (LHLY1) as well as that because of moderate and severe causes 

(LHLY3) were calculated (see Skiadas and Skiadas [12], p. 18). Based on that, 

life expectancy at birth for moderate & severe disability causes (HLEB 3) as 

well as that only of the severe causes (HLEB 1) were calculated simply as the 

difference of life expectancy at birth (LEB) and LHYL3 or LHLY1 respectively 

(see Skiadas & Skiadas [11], p. 101). 

 

The results of the analysis were compared with 

those of the urban, rural and total populations 

(including semi-urban) of Thrace and the 

relevant ones of the entire country, for which, 

in order to be comparable, exactly the same 

method described above was used. Then, a 

principal component analysis was carried out 

in order to visualize the geometric 

relationships among the populations studied, in 

fact in order for these to be classified 

according to their survival and health 

characteristics and the similarities they 

exhibited. Several rotation methods of PCA 

were used, giving similar results. The one cited 

here is the Oblimin with Kaiser Normalization 

which is a method for oblique (non-

orthogonal) rotation (see Field [2], pp. 702-

703). The variables used are seen in Table 1, 

however because of the scaling differences 

existing among them their values were 

transformed to their z-scores before the 

method appliance. The PCA was performed with 2 factors, as suggested by the 

scree plot (not cited here) of the eigenvalues against factors and the Kaiser 

criterion for keeping in a PCA all factors with eigenvalue greater than 1 (see 

Field [2], pp. 677-678). The KMO test (Keiser-Meyer-Olkin measure of 

sampling adequacy) was 0.763, well above the value of 0.5 which is considered 

the minimum accepted value for which the factor analysis yield distinct and 

reliable factors (see Field [2], pp. 684-685). The Bartlett’s test of sphericity was 

1929,991 (p<0.000) and the determinant of the correlation matrix was 2,18E-15 

Rotated factor loadings 

component 1 2 

LEB ,977 -,213 

Hmax  ,937 -,452 

THS ,938 -,479 

THS from max 

to zero health 

,873 ,128 

LHLY1 -,215 ,958 

LHLY3 -,411 ,903 

HLEB3 ,953 -,494 

HLEB1 ,958 -,415 

Ho  ,892 -,127 

Table 1. Factor loadings of 

PCA 
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which indicate the validity of the PCA (See Field [2], pp. 694-695). The two 

factors PCA explained 91.272% of the variance observed, 72,193% by the first 

component and 19,079% by the second one. The scatter diagram produced by 

the PCA was based on the relevant regression scores of the components 

extracted by the analysis.  

 

 

3  Results 
 

Mortality transition in the Pomaks of Organi and Kehros (Pomaks from now on) 

(Zafeiris [21] [22]) was accompanied, quite predictably, by a rapid transition of 

the health status of the population (Figure 1).  

 

In that course, females’ total health state level (THS) was increased by 54,3% 

between 1962 and 1992 (calculations based on the results cited in Figure 2). 

Similarly, males’ THS increased by 36,8% between 1967 (when its minimum 

value was observed) and 1992. Between 1962 and 1967 males’ THS seem to 

have declined. Females, on the contrary, at the same time had 18,3% gains in 

their THS.  

 

It must be stressed out that despite the fact that THS levels prevailed 

significantly in the female population, in 1962 the opposite is observed. This is 

because of the elevated death probabilities of women mainly of reproductive 

age, because of the total absence of maternity homes and in general of the basic 

infrastructure for ensuring the health status of the mothers and their children. 

This absence was also imminent later on though it not easily recognized in the 

analysis results. In any case, a similar but insignificant reversal is found in 1982.  

 

If these temporal trends are compared with the urban, rural and total populations 

of Thrace and then with those of the entire country, a rather complicated pattern 

of THS levels transition emerges. While male levels seem to be more or less 

stable between 1961 and 1971 in the entire country,  in Thrace they decreased 

by about 2-2,5%; a trend that continued until 1981 in the rural and urban 

populations while in the total one THS levels remained stable. In contrast, 

between 1971 and 1981 the country’s populations had significant gains. 

Consequently, a progressive divergence of the Thrace was observed until 1981. 

Eventually its populations would start to converge as a result of the acceleration 

of the health state transition between 1981 and 1991, but this convergence was 

not fully completed by 1991.  
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Fig. 1. Life expectance at birth (LEB) versus total health state levels (THS; 

fitted values). 

 

 

 
 

Fig. 2. Total health state levels (THS; fitted values).  

 

Thracian females, like males, were also under held a “counter transition” of the 

THS levels, but in them this was more intense and finalized earlier; between 

1961 and 1971 their “losses” were at the range of 2-7%, but between 1971 and 
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1981 their “gains” were high (~7-10%). The growth of THS levels continued 

later, even if it slowed significantly (~4% growth) apart from the rural 

population where it remained rather high (7,1%). Meanwhile, a continuous 

growth of THS levels was observed in the female populations of the entire 

country. This growth was originally minor, accelerated between 1971 and 1981 

and then stalled, but still remained positive. Because of the different tempo of 

the THS transition, in the end the Thracian populations and those of the entire 

country converged significantly.   

 

The different tempo of this transition is described by the relative growth of THS 

levels between 1961 and 1991. For the entire country THS gains were 4,9-6,4% 

for males and 9,5-10,2% for females. In Thrace they were about 2,7-6,8 and 6,7-

12,3% respectively. But between 1971 and 1991 males had an increase of about 

5% and females of 7,3-8,% for the entire country, while the respective figures 

for Thrace were 4,8-7,4% and 13,7-14,7%.  

 

However, comparing these figures with those of the Pomaks it is obvious that 

THS transition was more rapid and intense in them. At the end - even if at the 

beginning their population was cited quite distantly - it followed the 

aforementioned trend of convergence with the others. Males, through a variable 

course, outpaced the Thracian populations in 1982, filling the “gap” observed 

between Thrace and the entire country. Female Pomaks followed a time variable 

but ultimately increasing course of their THS levels but these were consistently 

smaller than those of the Thracian populations until 1992. Then they prevailed 

in THS levels slightly and converged and even outpaced the population of the 

entire county.   

 

 
Fig. 3. H0 versus maximum health state level. 
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Between 1961 and 1991 THS temporal changes were accompanied by a variable 

but ultimately increasing trend of the health state level of the infants (H0) in all 

the populations studied (Figure 3). In males, three groups of populations were 

formed during that course. At the highest levels of H0, i.e. at the best health state 

of the infants, the populations from the entire country were positioned, followed 

by the Thracian populations in the middle. Pomaks, for most of the time were 

located at the outskirts of this scheme, with lower H0 levels and time-varying 

differences with the other populations and only in 1991 did they manage to 

converge with them. A similar pattern is observed for the female Pomaks, but 

there the differences with the other populations were greater at all times.  

 

Meanwhile, maximum health state (Hmax) levels of males increased 

significantly. While originally Pomaks were below them, in 1972 they outpaced 

the Thracian populations and, despite the observed discontinuities, they 

gradually converged with those of the entire country. Females of Pomak origin, 

in their turn, converged, and even outpaced, the other populations only in 1992. 

As a result, because of the differences observed at the starting point and the 

maximum level of the health state distribution by sex and age, Pomaks, either 

males or females, were mounted apart from the other populations studied as it is 

seen in Figure 3, and only after 1991 is a significant convergence.  

 
 

Fig. 4. Total Health State from max-to-zero Health. 

 

The total health state from max to zero health is quite dissimilar among the 

populations studied (Figure 4). As an overall measure of health during its 
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progressive reduction phase in the human life cycle, it seems that the Pomak 

women, on one hand were in accordance with the general tendency of the with 

time improvement of their health status after middle age even if that took place 

in quite different tempos and followed different timetables among the 

populations studied. On the other hand, and for the majority of the times 

studied, Pomaks experienced larger burdens than those of the other women. The 

original convergence trend of Pomaks which was observed until 1977 was 

interrupted later and only in 1991 do they exhibit significant similarities with 

the other populations. A similar pattern of improvement of the total health status 

after middle age is observed in Pomak males, but their convergence was not 

interrupted in any way and after 1977 they exhibited major similarities with the 

other populations and in some cases they overtook them.  

 

The Healthy life expectancy under severe and moderate causes (HLEB3) is in 

accordance with this trend of a significant lag of the health status of the Pomak 

population up to one time point and its convergence with the other populations 

later on (Figure 5). Obviously, women live longer than males - as evidenced by 

their LEB levels (Figure 1), and judging from the HLEB3 they are burdened by 

serious diseases later in their lives. However, an important exception is found 

for the Pomak women in 1962, as a result of their low health status in those days 

which was discussed previously. 

 

Because of this, their losses of healthy years because of moderate and severe 

causes (LHLY3) were at their maximum values then. Afterwards, following a 

variable course their losses were gradually limited and at the end they were fully 

converged with the other populations. Pomak males followed a variable and 

eventually convergence course through time in both LHLY3 and HLEB3 levels. 

In total, Pomaks, both males and females, tended to cluster apart from the other 

populations until 1981, when their distances became smaller, as seen in their 

positions in the scatter diagrams of Figure 5. Later on, they exhibited many 

similarities with the other populations.  

 

This distinction is apparent if the losses of healthy life years because of severe 

causes (LHLY1) and the relevant life expectancy (HLEB1) are taken into 

consideration (Figure 5). The temporal trends of both male and female 

populations are largely similar with those described above for LHLY3 and 

HLEB3, though more tight groupings are observed because in reality LHLY1 

and HLEB1 (severe causes) is one of the components of LHLY1 and HLEB1; 

the other one is the component of the moderate causes.   
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Fig. 5. LHLY1 versus HLEB1 and LHLY3 versus HLEB3. 
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Fig. 6. PCA analysis results.  

 

The principal components analysis (PCA) condenses the high variability 

observed among the populations studied (Figure 6). In general, a clear and 

predictable distinction of males and females is observed which is combined 

within the two sexes with a general tendency of convergence of all the 

populations studied. Around 1961, all the female populations, except the 

Pomaks which were placed distantly apart, clustered together according to a 

pattern in which those from the entire country had somewhat better health and 

survival characteristics. Ten years later because of the variations of component 

2, which mainly summarizes the information for the years lost because of the 

moderate and severe causes, the Thracian women were differentiated 

significantly. However, their distances with the other women of the entire 

country because of component 1 were rather small. Pomak women in their turn 

reduced their distances from other populations but these remained large. From 

1981 onwards, all the female populations started to exhibit more similarities and 

the Pomak one diminished its distances with the others even further. As a result 

by 1991 all the female populations had very similar health and survival 

characteristics.  

 

The observed variability was higher in the male populations studied, where a 

tripartite pattern of differentiation in health and survival characteristics is more 
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visible. According to this pattern the populations from the entire country had 

better health and survival characteristics than the others, even if they were 

somewhat diverse concerning component 2 levels. They were followed by the 

Thracian populations and then by the Pomaks. As happened with the females, in 

all the populations a significant change in their health and survival 

characteristics was observed through time and the Pomaks, originally distantly 

apart, finally managed to converge with the others. However, even in 1991, a 

significant variability was observed for the male populations and their 

convergence was not as strong as that of the females.  

 
  

Conclusions 
 

Significant differences were found in the demographic and health state 

indicators among the populations per period of study. The mortality transition 

was accompanied by a health transition, which led to the gradual convergence of 

these populations, even if it had a different momentum and pace among the 

populations studied. Women benefited more during this transition.  

 

The original differences found in the Pomak population must be attributed to the 

natural and manmade environment, social, economic and cultural, in which they 

struggled for their survival. The environmental conditions are adverse in 

Rhodopi, especially during wintertime, and agricultural production was limited. 

The population lived in conditions of underdevelopment and every day activities 

acted as rather aggravating factors concerning health and mortality. The 

geographic isolation of mountainous Rhodopi was accompanied by if not non-

existent at least inadequate health infrastructure and provision of health. This 

situation was aggravated still further because of the low economic and 

educational status of the population. Originally, as field work evidence suggests, 

some women, giving excuses based on their perception about their religious 

beliefs, refused to be examined by medical doctors. This practice was eventually 

abandoned completely, and it is well known that the presence of medical doctors 

in the mountainous area has positively contributed to the decline of mortality 

since (and quite obviously) diseases and accidents could be addressed more 

easily. However, women’s health and also child mortality were aggravated in 

the past because of the absence of qualified medical personnel, i.e. obstetricians 

and midwives, which caused the high divergence observed in the female 

population in the past. Later on, this problem diminished because Pomak 

women started to give birth to their children in obstetric clinics in Komotini and 

the nearby city of Alexandropoulis.  

 

The convergence of the Pomak population with the Thracian ones and the 

populations of the entire country reflect the socio-economic transition under 

held by them after the arsis of the geographic isolation and gradual dispersion of 

part of the population in the lowlands. Gradually, either in the highlands or the 

lowlands, they were exposed to a different and less isolated socio-economic 
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environment into which they were fully integrated. Their exposure to the free 

economy with paid work status or because of their involvement mainly with 

technical occupations, accompanied by cultural diffusion processes caused 

several economic, social and cultural transformations in the Pomak micro 

society and led to a rise in living standards, health provision and consequently to 

the improvement of health status and a reduction in mortality (see Zafeiris [21] 

[22]. 
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Abstract: Using archive data, the Pomaks of Organi and Kehros (Greek Thrace) were 

studied. In order for the mortality transition to be evaluated a life table analysis was 

carried out. Results suggest a rapid mortality transition. Finally, Pomaks have converged 

to the total Thracian population.  
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1  Introduction 
 

While much has been done concerning the life table analysis of mortality and 

health of Greece (see for example Skiadas & Skiadas [16] [15] [14]), such 

techniques have rarely been used in order to estimate mortality levels and 

transitions in the anthropological populations of the country. This paper is an 

attempt to apply these techniques to isolated populations, using the available 

archive data for the Pomaks of two former municipalities of Rhodopi, Greece 

(Zafeiris [21]). In a subsequent paper the Health State Theory techniques will 

also be applied for the calculation of several health state and demographic 

indicators for this population. 

 

 

Map 1: The major Pomak areas (in grey).  

The Pomaks (Map 1) were originally a mountainous population mainly living on 

either side of the Greek – Bulgarian Borders (Bacharov [2]; Georgieva [4]; 
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Zafeiris [21]). They use a Slavic dialect with numerous Turkish and Greek loans 

and they are Muslims, in fact Islamised ex-Christian populations (Georgieva [4]; 

Papachristodoulou [10]).   

 

This study concerns the mortality transition of the Pomaks of Organi and 

Kehros, i.e of two former administrative communities (part nowadays of the 

municipality of Fillyra) which are located in the most north-eastern part of the 

Department of Rhodopi of Greek Thrace over Rhodopi Mountain. The 

community of Organi consisted of 11 settlements, and covered an area of 200 

Km
2
. That of Kehros covered an area of 146 Km

2 
and consisted of 12 

settlements (National Statistical Service of Greece [8]). Pomaks, while 

originally geographically or even culturally isolated, lived in a harsh 

environment, where forests of conifers and deciduous trees were interspersed 

among limited cultivations and moderately extensive pasture lands. In its 

traditional stage, the local economy was based on family production. People 

were small farmers, cultivating mainly tobacco and crops and other products for 

home use. Others were involved in stockbreeding or forestry. Through time 

many of them have permanently migrated to the lowland villages and to a lesser 

degree to the city of Komotini, adapting to new environments and activities. 

Thus, the aim of this study is the analysis of mortality of a population firstly at 

its original mountainous place and secondly in the place in which it has 

gradually dispersed through time.  

 

 

2  Data and Methods  
We have used the civil register archives of the former municipalities of Organi 

and Kehros in order to reconstruct the life lines of every person of the two 

populations. The main book used was the Registrar General of the two 

municipalities, along with birth, death and marriage books. The Registrar 

General book is comprised of numbered family registers, each one containing 

registries for every member of a nuclear family which consists in its typical 

form of the head of the family (the husband) and his wife (or wives in the case 

of remarriage(s)) and the children of the family. For each one of them surname, 

first name, father’s and mother’s names are known along with demographic 

information: birth date, death date, marriage, transcription to another 

municipality, loss of citizenship, divorce. When a child from a family gets 

married it is transcribed to another family registry as head (husband) if it is a 

male or as a wife if it is a female, and it is deleted from the paternal one. 

However, in a special column of the book the number of the family of 

destination is written during this process, while the number of the family of 

origin is written in another column in the new family registry. It must be noted 

that the divorced husbands remain as heads at their family registry. Women are 

transcribed to a new family registry as divorced, following the same procedure 

as above. So formally, a person’s position in the archive can be identified by a 

series of reference numbers consisting of its paternal family number and the 

number of the family registries in which it has been transcribed. In that way a 
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person can be followed up until their death or deletion because of their 

transcription following migration to another municipality. 

 

 
Fig. 1. An algorithm for data entry in the computer. 

However, the Registrar General and the other available books were in hand 

written form and the data contained within should be stored in a database 

manually in order for the analysis to be carried out. As obvious in the previous 

paragraph the majority of the people were included in the Registrar General 

book more than once, in some cases 3, 4 or more times and no demographic 

analysis can be carried out, if this is not taken into consideration. In addition, the 

demographic data of the different sources or book registries had to be easily 

updated, as is also the case with the genealogical relationships of the members 

of the populations. Because none of the known available commercial software 
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was considered suitable for this purpose a new one was developed, named in 

this stage of development Demstat V2 (Demographic Statistics V2).  

 

It was built in a Visual Fox Pro environment and it was based on the SQL 

language syntax (see http://msdn.microsoft.com/en-us/vfoxpro/default). It 

retains a four-fold process. Firstly, a relational database was constructed 

consisting of 18 tables, connected to each other by various keys and relational 

expressions. A special effort was made in order to find the most parsimonious 

solution during this process: on one hand personal time and effort along with 

computer and memory requirements should be taken into consideration and on 

the other hand every one of the archival books used should be able to be 

reproduced in its original, but digital form. The last was because data entry after 

its finalization had to be verified digitally once again. Secondly, a friendly user 

interface was constructed comprised of several forms, programs and routines. 

The basic characteristic of this interface was that data could be entered into the 

computer in a dynamic way according to the strategy that the user chose every 

time as the most suitable for each case. One of the algorithms used for this is 

described in Figure 1.  

 

Additionally, in parallel to the original data entry for the persons, a digital 

library of all surnames and first names existing in the population was created for 

spelling errors to be checked. If such errors were identified, a new corrected 

form of the mistakenly written entry was entered in the library. Because the 

population is a Muslim one a variety of sources was used (Underhill [20]; 

Tuncay & Κaratzas [18]; Pampoukis [9]; Tzemos [19]). Afterwards, a new 

corrected record from the library was added for every person’s mistakenly 

written surname or name in the database. However, the original form of every 

surname and name was also kept. 

 

The third aim of the software was the construction of the genealogical trees and 

pedigrees of the population in any possible form: patrilineal, matrilineal, 

bilateral etc. The fourth aim of the software was the demographic and 

genealogical analysis of the population which was based on the life lines of the 

persons of the population. The demographic analysis was based on the two 

dimensional form of Lexis diagram (see Feeney [3]), which as is known for 

every person contains information about its cohort, the date of occurrence of a 

demographic event and the age of that person in that demographic event. 

However, because persons’ life lines were known, for the analysis of any 

demographic phenomenon either the average population or the relevant person 

years lived in the population in a time period could be used. Similarly, the 

analysis could be based by choice either on the “squares” or the 

“parallelograms” of the lexis diagram.  

 

After entering the data, a validation of the records took place following three 

procedures. In order for the manually entered records to be validated for their 

precision concerning the people linkages the Registrar General Book was 
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restored digitally in both original and digital state of family and people 

registries. Then a routine was built in SQL in order for the different reference 

numbers to be followed up and the records corresponding to them to be 

compared using several criteria like surname, name, father’s and mother’s name 

(corrected forms), birth date, death date, marriage date. If these criteria were 

satisfied the relevant records were considered to refer to the same person and the 

manual linkage of the records done before was verified. Afterwards the opposite 

routine was used; people were firstly identified by the criteria described above 

and secondly their reference numbers were compared. In the third procedure a 

manual check of the results of the process took place, as happened with a few 

problematic records like those with mistaken reference numbers or mistaken 

father’s names etc.   

 

 
Fig. 2. A patrilineal genealogical tree or pedigree. 
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Then the patrilineal genealogies (Figure 2) of the population were constructed 

and used as a basic research tool in the field work carried out afterwards, when 

data were tested for their validity and completeness and the data base was once 

again updated if any omitted or false data were found. We have to note that 

inhabitants not registered in the Registrar General Book were not identified 

during the field work, because the population lives in a mountainous area and 

the only type of immigration which occurred there was the marital one which 

presupposes registration in the archives. However, through time many of the 

registered citizens of the two municipalities migrated to the Rhodopi plain, 

mainly to small villages of the area and to a lesser degree to the urban center of 

Komotini. 

 

The life line for each of the members of the populations was constructed and 

used in the following analysis. By studying all these life lines at any given time 

period, i.e. by studying the population at risk of a specific demographic 

phenomenon, the person-years lived by the members of the population were 

calculated as well as its composition by sex and age and the demographic events 

which occurred (see Preston et al. [12], pp. 3-16). In this analysis, as the starting 

point of a person’s life line was considered their birth, unless an immigrant 

where their date of migration is considered as the starting point, and as the 

terminal point of the life line were considered the death of a person, their 

transcription to another municipality and the end of the research. The average 

population for every year was calculated as the mean population between two 

subsequent New Year’s days.   

 

Then the age specific mortality rates per sex were calculated using standard 

procedures (see for example Preston et al. [12], p. 21-23) for five year periods 

because the population is small and subjected to chance fluctuations. For each of 

the 5-year periods the numerator of the age specific mortality rate formula was 

smoothed as the average annual number of deaths per age class during that 

period, while as denominator the average population in the middle year of that 

period was used. Subsequently a life table analysis (see Preston et al. [12], pp. 

38-69) was carried out for both sexes based on one year age classes up to the 

age of five, and five years long age classes for the older ages. Life tables were 

considered to be closed by the age of 85 for both sexes. 

 

The probability of death for life table analysis was calculated using the Chiang’s 

method (Namboodiri [6], p. 85):  
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where nMx is the age specific mortality rate between age x and [x+n), n is the 

length of the age interval in an abridged life table and nax is the fraction of the 

interval between x and [x+n) birthdays lived on average by those dying in that 
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interval. The values nax were calculated directly from the data for the ages less 

than 5 years. For the older age classes, because the observed number of deaths 

was small, deaths were considered to be equally distributed in each age class.  

 
In order for the results of the analysis to be compared with the population of 

Thrace and Greece published data concerning deaths per sex and age and the 

relevant age distributions were used (vital events statistics and population 

censuses results published by the National Statistic Service of Greece, nowadays 

National Statistical Authority, www.statistics.gr ) and life tables for the census 

years between 1961 and 1991 were calculated. Infant mortality rate (IMR) and 

though q0 was calculated following Pressat [11] as: 
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where D stands for infant deaths and b for births, where t is the year. The 

number of infant deaths was smoothed as the mean number of infant deaths in 

the census year and its adjusting ones. For years 1 to 5 the Reed-Merrell formula 

([13], cit. Naboodiri [6]) was used:   
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where n=1, a=0.008 and nMx the age specific mortality rates. For the remaining 

age groups the Chiang’s method was used.  

 

The calculated death probabilities were applied to an abridged life table (closing 

at the age of 85) prepared by Skiadas and Skiadas ([14] [15] [16]), in order for 

the life expectancies at birth to be estimated. 

 
 

3  Results 

The Pomak population of Organi and Kehros (Pomaks from now on) underwent 

a rapid mortality transition between 1962 and 1992 (Figure 3). During that 

period, female life expectancy at birth (LEB) increased by 35,4%, from 57,4 to 

77,8 years. Similarly, LEB of the male population increased by 15,4 years or by 

27,3%. However, if Pomaks are compared with the total, the rural and the urban 

population of Thrace, as well as with the analogous populations of Greece, for 

most of the time a three zone pattern of classification is emerging. At the upper 

zone, that of the highest LEB, though the lower mortality, the population of 

Greece is located. The middle zone is formed by the Thracian population and 

the third one - that of the higher mortality – by the Pomaks.   
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This tripartite scheme results from the economic, social and political peripheral 

inequalities observed in the country.  It is indicative of that situation that in 

Thrace, even in the 1980s, the local economy was based on the primary sector, 

especially agricultural production, which accounted for 70% of the income of 

the inhabitants (Stathakis [17]). Even more, in 2001 the whole region of Eastern 

Macedonia and Thrace was in the first position (i.e. the worst one) of the 

Human Poverty Index (HPI) ranking among the regions of Greece and in the last 

position according to its Human Development Index (HDI) (see Kalogirou et al. 

[5], pp. 50 and 57 respectively).  

 

 

 

 
Fig. 3. Life expectancy at birth (LEB) in various populations 
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Table 1. Life expectancy in Thrace  

 

  Males Females 

  Total 
(1)

 Urban  Rural  Total Urban  Rural  

1961- 67,1 67,1 66,7 69,9 70,9 69,3 

1971- 67,4 67,2 67,3 72,1 72,5 71,6 

1981- 70,3 70,6 69,1 76,1 76,4 75,4 

1991- 72,2 72,7 71,9 77,7 77,5 77,7 

(1) Including semi-urban population 

 

 

 

Pomaks in their turn struggled for their survival in the past in adverse 

environmental conditions, especially during winter time. According to data of 

the Hellenic National Meteorological Service 

(http://www.hnms.gr/hnms/greek/index_html), the average temperature between 

years 1960 and 1982 in Komotini ranged between 4,62 and 6,9 
o
C in the winter 

months, while the respective lower ones ranged between -3,76 and -7,32 
o
C. 

Official data for mountainous Rhodopi is absent; however temperatures there 

are rather lower. According to the NGO “Arktouros” [1] in 1978-89 in 

Sidironero (Drama) they were less than -10
 o

C during winter and in Leivaditis 

(Xanthi) lower than -12 down to -20 
o
C.   

 

More than that, the geographic isolation of the Pomak region in the past was 

another aggravating factor of mortality. Transportation and communication 

among the small settlements and the lowlands of Rhodopi was carried out 

mainly by mules and camels through the treacherous mountain paths. Started 

mainly after the 1960s, all efforts for the construction of roads were partially 

efficient; characteristically in the early 1990s the only paved road was the one 

connecting Komotini with Organi. Additionally, if not absent, electricity supply 

was gradually available for a few of the villages, as was the case with telephone 

connections and only much later did local infrastructures improve in an 

adequate way (Zafeiris [21]).  

 

It is not surprising then that the local economy was rather a pre-industrial one, 

based on limited resources and with no real opportunities for economic 

development, which as a matter of fact was the problem with the mountainous 
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Greece as a whole and especially with the Department of Rhodopi in those days. 

Additionally the medical care of the population was largely inadequate and even 

in the 1990s it was administered by few small agrarian clinics. All that, along 

with the very high illiteracy rate of the population, can explain the high 

mortality rates of this epoch. Characteristically enough, even in 1981 in the 

highlands of the Department of Rhodopi, only 35% of the males and 33% of the 

females had finished the bilingual minority elementary schools existing in 

Greek Thrace, while the illiteracy rate was 37,4% and 45% respectively 

(National Statistical Service of Greece [7]).  

 

However, through time a general arsis of the geographic isolation took place in 

mountainous Rhodopi. Meanwhile a significant portion of the population had 

migrated to the lowland villages or the city of Komotini, and several 

transformation processes occurred in the whole of the Muslim minority of the 

area, like the modernization of agricultural production, the involvement of the 

population in the open market economy etc. A progressive elevation of the 

living standards and Health Services was observed and as a result the mortality 

rates reduced (especially infant mortality) as did the “mortality gap” between 

the Pomaks and the other people of the area (Zafeiris [21]). 

 

Despite the fact that Thrace is still one of the poorest areas of the Greek 

periphery all the populations benefited a lot from the developmental processes 

which occurred in the country between 1961 and 1991 (Table 1; Figure 1). 

During that time the LEB of the total population of Thrace increased, though at 

a lower rate than that of the Pomaks; 11,2% for the total female population, 

9,4% for the urban and 12,4 for the rural one. The respective figures for the 

male population were between 7,6-8,3%. As a result by 1991 Pomaks had 

totally converged to the population of Thrace. In the mean time LEB in the total 

population of the country has increased somewhere near 6,6-8%, and both the 

Thracian population and the Pomaks have converged to the total population of 

Greece. However, important differences still existed in 1991, even though these 

became lesser in comparison to those which existed in the past.  

 

In the Thracian population, females’ improvements in LEB between 1961 and 

1971 were more than 2 years for the total and the rural population and 1,6 for 

the urban one, while male gains were small. In 1981 mortality transition was 

accelerated and at the end, in 1991, the total, urban and rural populations per sex 

converged, when the observed differences among them were very small.   

 

It is obvious that the observed LEB differences between the two sexes are 

positively correlated with LEB levels until 1981: the higher the LEB the greater 

the differences in LEB between males and females. In 1991, when LEB was at 



A method for calculating life tables using archive data 335 

its maximum levels the differences between the two sexes narrow, though they 

remain big enough. Overall, females have all the time longer lives and they 

benefited more than males during mortality transition in the area.     

 

In Pomaks, LEB sex differences per studied period tended to be smaller in 

comparison to the population of Thrace until 1987. Field work evidence 

suggests that on the one hand everyday life and the general living conditions in 

mountainous Rhodopi in the past were aggravating factors for the chances for 

survival. On the other hand women of reproductive ages were additionally 

burdened by complications during pregnancy, delivery and the postpartum 

period. In the past, because of their geographic isolation and the absence of 

qualified medical personnel, these women used to give birth to their children at 

home aided by the older women of the village and some uneducated midwives. 

Nowadays, all the Pomak women benefit from the tertiary health system of 

Thrace, and especially the obstetric clinics of the General Hospital of Komotini 

and the University Hospital of Alexandroupolis. Probably this is one of the 

reasons that in 1987 the differences between the two sexes were maximized.  

 

 

 

Conclusions 
 

Through time a general trend of decrease in mortality levels in Thrace was 

observed. The most rapid mortality transition was that of the Pomak population 

of Organi and Kehros which had the greatest improvements in life expectancy at 

birth. As a result by the end of the study all the Thracian populations converge 

to lower mortality levels.  
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Abstract: The aim of the work  is to create an automated system of calculating the cross 
spectral characteristics of the two time series. Among them there are cross amplitude, 

coherence spectral density, the phase shift, as well as correlation and fractal indexes 

computing in a real time mode. The complex processes the two time series, 

corresponding to values of blood flow velocity (BFV) and systemic arterial pressure 

(SAP), connected via Doppler graft or stored on the media in text format. 

Keywords: automated system of calculating, two time series, cross spectral 

characteristics, fractal indexes. 

 

1. Introduction. Regulation of cerebral circulation is a perfect physiological 

mechanism aimed to provide chemical and physical brain homeostasis. 

Clarification of the functional tasks of cerebral blood flow regulation in 

dependence with an input perturbation provides a conceptual framework for the 

development of methods for controlling the regulation of cerebral circulation. 

Study of cerebral regulation’s features has important role in clinic. The state of 

regulatory mechanisms determines the laws of the pathogenic process in various 

lesions of the brain. 

At the present time for the assessment of cerebral blood flow regulation 

mechanisms different types of functional test based on transcranial Doppler are 

used. 

Anyway, these tests involves impact on the body of the subject, which 

inevitably leads to some distortion reactions. This led for further improvement 

of noninvasive assessment of cerebral blood flow regulation, which allow to 
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monitor parameters of cerebral and systemic hemodynamic in the absence of 

any external influences. 

 Being a truly non-invasive, this method allows to evaluate the state of 

regulatory circuits of the cerebral blood flow circulation in situ, and that 

determines its value for the clinic.  

Analysis of slow-wave processes for assessing cerebral autoregulation (CA) is 

inextricably linked with a Software Package, which is under consideration.   

The currently known linear and fractal figures are necessary to calculate some 

nonlinear parameters. Thus, one method of processing is a linear frequency 

analysis . For a discrete signal, frequency sequence is searched by a 

conventional fast Fourier transform algorithm. The resulting array of 

frequencies has several indicators of low and high frequency components, and 

with its help we can calculate the power spectral density, and other 

characteristics.  

Also, when using nonlinear analysis the delay option must be set to restore the 

attractor by Takens delay. 

The main characteristics of the nonlinear signal in the work are: a two-

dimensional reconstructed attractor and correlation dimension and its dynamic 

trend in the embedding space of dimension 3. Graphical objects score calculated 

in real time represented on the graphs as well as the changing trend component.  

This paper considers the currently known linear and fractal figures. Such 

presentation is necessary to calculate some nonlinear parameters. Thus, one 

method of processing is a linear frequency analysis. For a discrete signal 

frequency sequence is searched by a conventional fast Fourier transform 

algorithm. The resulting array of frequencies has several indicators of low and 

high frequency components, and with its help we can calculate the power 

spectral density, and other characteristics [1,2] .  

Also, when using nonlinear analysis the delay option must be set to restore the 

attractor by Takens delay.  Usually it is made to look like the first zero of the 

autocorrelation function.  

The main characteristics of the nonlinear signal in the work are: a two-

dimensional reconstructed attractor and correlation dimension and its dynamic 

trend in the embedding space of dimension 3.  

Graphical objects score calculated in real time represented on the graphs as well 

as the changing trend component 
. 
2. The functionality of the interface. In the target present package 

contains 5 tabs - menu " FILE "," CROSS SPECTRAL ANALISYS "," 

FRACTAL ANALISYS "," PARAMETERS "," HELP ". 
2.1. Menu. "File" - standard, with features:  

- Open the file (data file with the extension *. Txt, package file with the 

extension *. Cdm, open). Recall that in practical calculations will need to open 

two different files.  

- Get data from Doppler graft (retrieve data from the Doppler)  
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- Save package file (with the extension *. cdm, save)  

- Save any image processed data (graphical extension, save image)  

- Interrupt the program (exit) 

2.2. Menu "CROSS SPECTRAL ANALYSIS" contains the maximum possible 

number of points in the array (150,000 for each time series):  

- Spectral density LFV  

- Spectral density SAP  

- Joint spectral density LFV and SAP  

- Coherency  

- Cross amplitude  

- Phase offset 

2.3 .  Menu " FRACTAL ANALYSIS ." The delay parameter is set statically 

and not change at all times when handling a single signal. The user decides how 

to ask - or kind of attractor , or by calculating the autocorrelation function . 

Separately, you can run the processing , pre- used settings in the menu settings ( 

Functional properties : 

- A two-dimensional image of the attractor of the system (2D phase space) 

            - Calculation of the correlation dimension (the dimension of the 

embedding space 

            3 , correlation dimension). 

2.4 . " Menu "Options. 

- Task tab weight window (background Hannah Bartlett, Hamming, Nutall, 

Gauss, Dolph-Chebyshev, weight window)  

- Tab job processing parameters (window width, etc. processing parameters)  

- Task tab delay parameter (delay time)  

- Check for trends allocation (allocation trends) 

 

3. Numerical algorithms  
1. Menu "CROSS SPECTAL ANALYSIS":  

To calculate the DFT applied by the algorithm of fast transformation. As the 

real part of the time series used LCS as imaginary - SAD. To obtain the 

transformation Xk constructed cumulative spectral density, their individual 

spectral density 
2 2(Re ) (Im )k kX X , phase shift (as the arctangent of the 

ratio), coherence (as normalized amplitude). For more details see [3]. 

2. Menu "FRACTAL ANALYSIS":  

At the initial stage, we propose to carry out a separate spectral analysis of time 

series BFV and separately for the time series of SAD.  

To specify the method of two-dimensional attractor delays Takens:  

1 2( ) ( ( ), ( ),..., ( ( 1))) ( , ,..., )nx i a i a i a i n x x x       

where a (i) - the original time series, n - the dimension of the embedding τ - time 

delay, and the resulting vector - coordinates of one point on the reconstructed 

attractor.  
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In this case n satisfies the conditions of Takens:  2[ ] 1,An d   

where dA - the reduced dimension of the attractor. 
 

Takens theorem asserts that the number of samples N → ∞ constructed by the 

delay map is smooth and reversible almost any delay τ. Properties built so 

attractor metrically (and probability) equivalent to the original attractor of a 

dynamical system.  
The most acceptable method recommended in the literature [4,6,7, etc.], is to 

find the first zero of the autocorrelation function: 

1

1
( ) ( )( )

N

k k

k

B a a a a
N












  



 

where the original time series, ( )ka a k t  , min{ ( ) 0}
i

opt iB


    

Application of this method is associated with the hypothesis uncorrelated 

coordinate points of the attractor by the orthogonality of the basis vectors 

embedding space. However, these claims are not equivalent, and the choice of 

the delay parameter in this manner is not always optimal. An alternative method 

is to build a function of the average mutual information method AM Fraiser et 

al., Described in [6-9]. For this purpose, the interval [min ,max ]k k
k k

a a  is 

divided into L equal parts. Typically, [8] L is selected from the Stark formula: 

2[log ] 1L N 
 

Event «a (t) belongs to the i-th interval " refers to Ai, event «a (t + τ) 

belongs to the j-th interval » - Bj. P - probability of the corresponding event. 

Function of the average mutual information is defined as : 

 2

1 1

( )
( ) ( ) log

( ) ( )

L L
i j

i j

i j i j

P A B
I P A B

P A P B


 

     

and as the optimal delay parameter selected first local minimum of the 

function constructed : 

 min{ ( ) 0, ( ) 0, ( ) 0}
i

opt i i iI I I


           

Function of the average mutual information is a more accurate measure of 

independence . [6] It is also shown that for some test data ( attractor of the 

Lorenz equations ) value of the optimal delay parameter obtained by this 

method is preferred over the first . 
( )

2
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0
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This equality conveniently represented in the following form : 



  Calculating the Fractal and Cross Spectral Parameters   343 

 

0

ln( ( ))
lim

ln( )

C






 

  

where 
2

, 1

1
( ) lim ( ( , ))

m

i j
m

i j

C r r x x
m

 




   - - the correlation integral , 

1, 0
( )

0, 0


 




 


 - the Heaviside function , ρ - distance in N- dimensional 

space. Attractors , consisting of a finite number of points , it is easy to 

understand that the following expression of the correlation integral : 
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Fig.1. Bookkeeping  scheme  

 

Accepted that  2( )
D

C r r . Location 2ln ( ) lnC r D r  and correlation 

dimension can be evaluated to give the slope of the logarithm of the correlation 

integral . The easiest way to obtain a linear dependence on the sequence of pilot 

data , as is known , is a method of least squares. Despite its simplicity , in this 

case, it is quite suitable , since we can choose their own range of distances r and 

consider , say, a uniform grid. Based on the method of least squares , we obtain 

the following system for the estimation of the correlation dimension : 

2

2

2

1 1 1

2

1 1

( )

ln ( ) ln ln ln

ln ( ) ln

M M M

i i i i

i i i

M M

i i

i i

y x D x b

C r r D r b r

C r D r bM

  

 

 


 



  


  

 

 

where M - number of measurements of the correlation integral for different 

distances ri ( calculated , in this case , on a uniform grid ) . 

The validity of the above law is limited to the values ri, quite small compared to 

the size of the attractor. Obviously, with increasing r to the size of the attractor 

C (r) → 1, and a decrease due to the finite points on the attractor C (r) → 0 and 

the specified power law is valid only in a limited range of r ( the so-called 

scaling range ) which can be used to determine the dimension of the attractor . 
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This range must be set to practice under consideration for biomedical signals 

and change depending on the type of signal (like attractor corresponding signal). 

In the case of experimental data, we do not know the dimension of the phase 

space of the system. But it is shown that for the considered it sufficient to 

calculate the signals in spaces with dimension N = 3 . 

The bookkeeping  scheme of the program represented in Fig.1. 

The work performed under the auspices of cerebral pathology lab, St. Petersburg 

Neurosurgical Institute. Head of the laboratory - Professor V.Semenyutin. 
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Abstract: At present, the majority of developed countries deal with the phenomenon of 

population ageing. This ongoing process is primarily caused by the increasing life 
expectancy at birth. Length of life is usually expressed by the indicator of life expectancy 

at age x. The values of life expectancy and modal age at death are different from the view 

of time evolution. This is particularly because life expectancy is the average age of 

deceased persons in the stationary population, whereas modal age at death is the most 
common age at death. The aim of this article is to analyse the trends in the development 

of the death rates in selected European countries using various methods for the death 

rates compensation. By means of data from the Human mortality database life 

expectancies and modal ages at death in selected countries will be calculated and 
compared. The purpose of this paper is to highlight the changes in the trend and 

dynamics of the life expectancy at birth and to compare its progress with the trend and 

dynamics of the modal age at death. By comparing the evolution of life expectancy at 

birth, life expectancy at age 65 and modal age at death, it is visible that modal age at 
death is not increasing as rapidly as life expectancy at age x. It is necessary to 

compensate the values of modal age at death or to use a more accurate calculation 

applying the Gompertz-Makeham function. Furthermore, there is a noticeable difference 

in the development of Western and Eastern Europe. 
 

Keywords: Population ageing, Life expectancy at birth, Modal age at death 

 

1 Introduction 
 

21th century is from the demographic point of view mainly associated with the 

issue of population aging. This process is accompanied by an increasing rate of 

elderly persons, especially in economically developed countries. Mortality rates 

are improving and people live longer. The development of mortality in 

developed countries was neither linear nor logistic. Periods of faster or slower 

decline varied in time and some trends in mortality were unexpected. Currently, 

mailto:jana.langhamrova@vse.cz
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decrease in mortality in older age groups is mentioned as a major factor in the 

aging population. Trend of continuous aging of the European population will 

continue in the next period. Demographic aging is defined as a shift of the age 

structure to older ages (Gavrilov - Heuveline, 2003).  

The question of longevity - the individual's ability to survive and the average 

length of human life have always been the object of interest of human 

populations. Longevity is often incorrectly defined as the presence of a larger 

group of old aged people at some territory in a certain population. This term 

does not refer to the upper limit of human life, which we can reach. It reports 

that natural life expectancy is increasing for which we consider modal age at 

death (Pavlík, 2009). In studies of longevity the most often used indicators are 

life expectancy and modal age at death. 

Life expectancy is an indicator like average. It represents the average age of 

deaths in a stationary population. Modal age at death is an indicator like mode. 

It is the age at which adults most frequently die and from this perspective it 

better captures the length of human life than the life expectancy (Demopædia). 

Modal age at death is kind of a typical age, which most people in the population 

are expected to live. 

From a long-term view, life expectancy and modal age at death are extending in 

most of the selected countries. This ongoing growth has a different intensity for 

each country. In the Czech Republic, and even in the former socialist countries, 

growth in life expectancy was noticed only in the 1990s of the 20th century. In 

some of the Western European countries, for example in Austria, life 

expectancy has been growing steadily since the 1970s of the 20th century. This 

has created significant differences in life expectancy and modal age at death 

between countries. These differences are slowly decreasing as the differences in 

mortality between women and men are descending. However, male excess 

mortality remains in all selected countries. 

Since the beginning of the 20th century we have been watching a significant 

improvement in the development of life expectancy and modal age at death. The 

increase of life expectancy is generally seen as a positive process. Primary 

impulse of the increase of life expectancy was caused by decline of infant 

mortality and consequently by decrease of mortality in older age groups. Due to 

the improvement of mortality ratios, modal age at death is increasing and life 

expectancy is gradually approaching. While examining trends in mortality, life 

expectancy and modal age at death should be followed synchronously. As long 

as mortality rates of different age groups will tend to improve, life expectancy 

and modal age at death will increase as well. The speed of development will 

depend on the ages that contribute to the improved mortality rates (Wilmoth, 

2000).  

Unlike life expectancy at birth, modal age at death is substantially affected by 

mortality of adults and therefore reacts more sensitive to changes that occur 

among older aged population (Horiuchi 2008; Kannisto 2001). In countries with 

low mortality rates, where most of the deaths are recorded in old age, the 

indicator modal age at death becomes primary for monitoring the changes in the 

age-at-death distribution (Ouellette - Bourbeau, 2011). After improved mortality 
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in the first years of life, the current answer for extending life expectancy and 

modal age at death is associated with reducing mortality rates in old ages.  

Life expectancy is extending due to low child mortality and modal age at death 

is increasing due to the decline in mortality rates at high ages (Canudas-Romo, 

2010). The differences in the trends over time of these indicators of longevity 

well reflect their orientation to various aspects of mortality (Cheung – Robine, 

2009). Life expectancy is currently the most commonly used mortality indicator 

despite the fact that it includes disadvantages of mean. Modal age at death has 

no disadvantages of average, it is the modal age at death among adults. For the 

purpose of this article life tables were calculated for selected countries. Life 

expectancy was calculated by (Fiala, 2005) using the Gompertz-Makeham 

function. In this article we present only the method for calculating the modal 

age at death. 

 

2 Calculating Modal Age at Death              

Modal age at death can be estimated as a rough estimate (age at last birthday 

with the maximum number of deaths). We are looking for an age when the 

number of deaths in mortality tables is the highest.  

However, as already mentioned, this is only a rough estimate and more accurate 

results are obtained when using parameters of Gompertz-Makeham function. 

Calculation of modal age at death was performed by Fiala (2005). For this 

calculation it is necessary to know some source data as total deaths is specified 

age group (Mt,x) and mid-year population in the same age group (    ̅̅ ̅̅̅) or total 

population at the beginning of one year (    ) or total population at the end of 

one year (      ). Primary characteristics of mortality are age-specific death 

rates. Age-specific death rate for one calendar year is calculated using the 

formula  

xt

xt

xt
S

M
m

,

,

,  . 

 

When we don´t know the number of mid-year population, but we have the 

number of total population at the beginning of the year t and t+1, we use the 

following formula 
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Where Mt,x is the number of total deaths in completed years x and in calendar 

year t, St,x is the total population aged x at the beginning of the year t. 

Compensation of age-specific death rates at age 60 and above can be calculated 

by Gompertz-Makeham equation  
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We select the beginning of the first x0 = 60 and the length of intervals k = 8. We 

calculate the summation of empirical death rates by age in each interval and 

mark them as G1, G2, G3 
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Now we can calculate the value of the parameter c of Gompertz-Makeham 

function whose eighth squared value can be expressed by using the sum of 

empirical death rates by age in each interval  
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Furthermore, it is necessary to calculate the value of the subexpression, by 

which we can express the remaining two parameters of the function 

 

1

1
)...1(

8
5,6075,60






c

c
ccccKc

. 

 

We can calculate the parameters b by using next expressions 
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And according to these parameters of the Gompertz-Makeham function we can 

now calculate the modal age at death more precisely  
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3 Modal Age at Death and Life Expectancy in Selected 

European Countries 

For reasons of comparison, countries representing the former socialist countries 

were selected (Bulgaria, Czech Republic, Slovakia, Ukraine) and the advanced 

Western countries (Austria, France, the Netherlands, Sweden). Choice of 

countries was also carried out according to the availability of required data. Not 

all countries are listed here because of the length of the article. Calculations are 

based on the data from "Human Mortality Database" for available years. 
Differences in modal age at death between women and men were smoothed by 

using the three-year moving average method to better reflect the trend over time. 

In this article this method was used only in case of differences in modal age at 

death between woman and men.  

There are visible differences among the former socialist countries in the 

development of modal age at death, because modal age at death is developing 

more slowly compared to Western countries. At the beginning of the studied 

period differences in modal age at death between men and women were lower – 

5 years for men and 3 years for women. Lowest values of modal age at death 

showed men in 1950 in the Czech Republic and Austria, women in the Czech 

Republic and Slovakia, highest values of modal age at death were for men and 

women in the Netherlands and Sweden. The highest values of modal age at 

death at the end of the studied period achieved France for both men and women. 

By contrast, the lowest values for both men and women were achieved by 

Ukraine (see figure 1 and figure 2). During the followed period differences 

between countries increased significantly, from a long-term view there is a 

divergence in the development of modal age at death. The difference between 

the countries at the end of the studied period was markedly higher – 14,5 years 

for men and 8,5 years for women. 

From the perspective of the male excess mortality (see figure 1 and figure 2) it 

is visible how modal age at death for men and women differs in selected 

countries in different years. Again, differences between the former socialist 

countries and Western countries are noticeable. The smallest variance in modal 

age at death between men and women in 2010 was in Sweden and France and 

the highest variance was in Ukraine (see figure 3). According to figures 1 and 2 

we can see that there was no growth in the decades at the beginning of the 

studied period, but rather a slight decrease of modal age at death. Only since 

1970s there is an extending modal age at death in majority of the countries.  

There was a considerable variability in the distribution of deaths by age in the 

previous period. At the present time, difference in the distribution of deaths by 

age has stabilized. What is more, the current model of mortality decrease where 

most of deaths are concentrated in a tight age range and where variability is low, 

could be kept for the future development (Wilmoth – Horiuchi, 1999).  

Although mortality has been concentrated into shorter age intervals, it is 

impossible to tell for sure that it ever would be modified into one point in age. 

In human longevity, heterogeneity is a factor of individual variation (Vaupel 

1979; Wilmoth – Horiuchi, 1998). 
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Fig. 1 Modal age at death for men in selected European countries in 1950-2012 

 
Fig. 2 Modal age at death for women in selected European countries in 1950-

2012 
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Fig. 3 Difference in modal age at death between women and men in selected 

European countries in 1950-2012 
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Fig. 4 Modal age at death, life expectancy at birth, probable age at death of 65-year-

old and 80-year-old men in selected European countries in 1950-2012 

55

60

65

70

75

80

85

90

1950 1960 1970 1980 1990 2000 2010

Austria 

55

60

65

70

75

80

85

90

1950 1960 1970 1980 1990 2000 2010

Bulgaria 

55

60

65

70

75

80

85

90

1950 1960 1970 1980 1990 2000 2010

Czech Republic 

55

60

65

70

75

80

85

90

1950 1960 1970 1980 1990 2000 2010

France 

55

60

65

70

75

80

85

90

1950 1960 1970 1980 1990 2000 2010

Netherlands 

55

60

65

70

75

80

85

90

1950 1960 1970 1980 1990 2000 2010

Slovakia 

55

60

65

70

75

80

85

90

1950 1960 1970 1980 1990 2000 2010

Sweden 

55

60

65

70

75

80

85

90

1959 1969 1979 1989 1999 2009

Ukraine 



  Life Expectancy and Modal Age at Death in European Countries    355 

 

 
Fig. 5 Modal age at death, life expectancy at birth, probable age at death of 65-year-

old and 80-year-old women in selected European countries in 1950-2012 
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Figure 4 and figure 5 compare the behaviour of modal age at death, life 

expectancy at birth and probable age at death for both men and women in 

monitored European countries in 1950-2012. The probable age of death we 

understand life expectancy for a x-year-old person plus age x years. Extending 

life expectancy and modal age at death for men and women are significant in 

Austria, Czech Republic, France, the Netherlands and Sweden. In Bulgaria, 

Slovakia and Ukraine the growth tendency of these indicators is not as high as 

in previous countries. From the figures 4 and 5 it is visible that modal age at 

death is copying the behaviour of probable age at death of 80-year-old men and 

women in the last decades and this trend is mainly in Western countries 

(Austria, France, the Netherlands, Sweden).  

 

4 Conclusions 

 
Life expectancy is influenced by infant mortality and by mortality at younger 

ages. Modal age at death is influenced by mortality in older ages. That is why it 

better reflects the typical life expectancy and longevity characteristics. 

Therefore, it is an appropriate complementary indicator for the evaluation of 

population aging. In terms of trends in life expectancy and modal age at death in 

the years 1950-2012 there is an increase of lifespan in most of the selected 

countries. Different trend is evident in the former socialist countries and in 

Western countries. In all countries male excess mortality is considerable. 

Expected future increase in life expectancy and modal age at death will 

considerably speed up the process of demographic aging. Population growth of 

Europe stagnates or is at very low levels. Acceleration of population aging 

means a burden for the productive part of the population and at this level we can 

not expect a significant improvement. According to projections, future working 

part of the population will be significantly formed by older people as well, due 

to improving mortality rates and longer lifespan. Evolution of mortality rates 

affects the process and intensity of population aging of developed countries. 

Mortality in the highest age groups in the next period may be affected by 

changes in the evolution of mortality. On the one hand, increase in the future 

longevity can be expected and modern technology will greatly help to reduce 

mortality at old ages (Illes et al., 2007). On the other hand, decrease of mortality 

can be slowed by epidemic of obesity and diabetes in developed countries 

(Olshansky et al., 2005). In the following period, these contradictory trends may 

influence the development of mortality and subsequently reflect on the process 

of demographic aging of populations of developed countries.  
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Abstract: The Brazilian semiarid region is the world's largest in terms of density 
population and extension with 22 million inhabitants in 2010. An ecological study 

addressing the mortality by aggression for 137 microregions of the Brazilian semiarid 

region to young males, in the year 2010, was performed. Two indicators were calculated 

for each microregion: standardized mortality rates by violence and an indicator named 
Reducible Gaps of Mortality. We investigated the correlation between standardized 

mortality rates and a set of 154 indicators that express living conditions. 18 of them were 

considered as significant. By means of the multivariate technique - Principal Component 

Analysis - the construction of a Synthetic Indicator was performed, which was 
categorized in four strata reflecting different living conditions and mortality rates. The 

results showed that microregions with high values of mortality rates by aggressions were 

present in all strata, thus contradicting some studies linking high rates of mortality due to 

aggression to low condition of life. This paradox allowed us to raise issues to identify the 
most vulnerable regions, and contribute to the decision making process to combat 

mortality by violence of the Brazilian semiarid population. 

Keywords: Mortality by violence. Living conditions. Young.   

 

1  Introduction 

 
The semiarid region is divided into 137 microregions and, in turn, distributed in 

1,135 municipalities in the geographic space of 9 (from 27) units of the 

federation. It is the world's largest in terms of population density and extent, 

with some 22.6 million people in 2010, and represent approximately 12% of the 

population. The indicators show that the level of development is considered as 

the most precarious of the country, and flattens to many African countries less 

developed, Brasil [1]. 

mailto:antunes@de.ufpb.br
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Currently, public security gains prominence among the issues that most concern 

the Brazilian society, and takes along with health and education, the priority for 

the attention of public authorities according to Waiselfisz [2]. Today the 

external causes in Brazil are the third most frequent cause of death, and 

predominate in the age group 10-24 years for males, Brasil [3]. Paradoxically, 

has occupied a limited place in the themes discussed by public administrators to 

implement policies to promote the common welfare in this region, UNICEF [4]. 

It is a problem to be overcome, the lack of a synthetic statistical indicator that 

expresses the association between living conditions and mortality from violence. 

In seeking to answer this question, we have as main objective the construction 

of a synthetic indicator for young men aged 10-24 years in the Brazilian 

semiarid region. 

 

2  Methods 

 
This is an ecological study of census basis that covers nine states. The 

geographical units of study are the 137 microregions that form the semiarid region 

in 2010. The following demographic and socioeconomic indicators were used: 

population, income, education and health. Data on deaths of residents were 

obtained from the website of the Ministry of Health through the Brazil Mortality 

Information System [5].  Indicators related to cause of death from aggression of 

the youths and indicators of living conditions were calculated: a) Standardized 

Mortality Rate (SMR); b) Reducible Gaps of Mortality (RGM), which means how 

much a region missed in preventing a particular cause of mortality compared with 

the SMR of a reference region (Here we considered the median of the 

microregions) c) 154 indicators on living conditions (health, education and 

income) were selected, which were obtained from Brazil Atlas of Human 

Development [6] produced by the United Nations Development Programme . 

In order to measure the degree and direction of the linear association between the 

variables (living conditions and mortality rates by aggression) the Pearson 

correlation coefficient was calculated, and was built a correlation matrix on them, 

adopting a  level of significance of α = 0.05. 

The multivariate technique Factor Analysis (FA) was used for the calculation of a 

Synthetic Indicator corresponding to each microregion (Hair et al., [7]. The 

number of factors extracted was obtained by the criterion of latent roots 

(eigenvalues) greater than one. The method of orthogonal Varimax rotation was 

used to facilitate the reading of the factors and simplify the columns of the matrix 

factors. The measures used were the adequacy of Kaiser-Meyer-Olkin (KMO) and 

Bartlett Sphericity Test, which indicate the degree of susceptibility or adjustment 

to the FA. Thus, one can evaluate that the confidence level of the data for the 

multivariate method of FA was successfully employed. Another measure of fitness 

used consisted of verifying the communality of the variables with values ≥ 0.50 as 

having a sufficient explanation. Thus, variables were identified and grouped into 

factors. A Synthetic Indicator was generated by the linear combination of the 

variables and coefficients generated by principal component. Therefore, the 
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Synthetic Indicator, which summarizes the living conditions and mortality by 

aggression for the semiarid microregions was given by: 

 

Synthetic Indicator dk = w1k ν1k + w2k ν2k + … + wpk νpk 

Where k represents the number of microregions (137), p is the number of variables 

(ν) selected by the correlation test (18), and (w) the weights or coefficients 

generated by the main component. 

After obtaining the values of the Synthetic Indicator, which represent living 

conditions together with mortality by aggressions, the microregions were sorted in 

descending order into quartiles, corresponding to four strata. As a way to show a 

correspondence of our indicator with a very known Synthetic Indicator (Human 

Development Index - HDI), to each stratum was assigned a combination that 

associates the degree of HDI with a degree of violence: (I) HDI medium with high 

degree of violence, (II) HDI medium with low degree of violence; (III) HDI low 

with high degree of violence (IV) HDI low with low degree of violence. This made 

it possible to identify the best and worst microregions in terms of living conditions 

associated with different degrees of deaths from violence. 

 

3  Results and Discussion 

 
The figures show that 53% of the municipalities in the semiarid region showed a 

degree of urbanization higher than 50%, much lower than the rest of the country, 

reaching up to about 85%. With a small urban predominance, the male mortality 

by aggressions exceeded significantly the female mortality in 2010. The mortality 

by aggressions on the total deaths for the young men was very high reaching a 

percentage of 62.1%. For women, this percentage reached a maximum value of 

33.4%. Among men, 72 of the 37 microregions, ie, 52.2% of them had a 

percentage of deaths by aggressions higher than 25%. Similarly, high rates of 

standardized mortality were found. The rates for men ranged between 3.6 and 63.3 

deaths/100.000 men, while for women the range was between 1.3 and 21.5 

deaths/100.000 women. 

The values of RGM suggest that the states of Ceará, Pernambuco and Alagoas 

stood out for having the majority of microregions in the most critical situation, 

with positive values, compared to the median value. This is indicative of a greater 

need for attention to reducing the incidence of these deaths. The States of Paraiba, 

Sergipe and Bahia presented the values of the microregions in two situations: 

below and higher in relation to the SMR of the microrregion considered as 

reference. The states of Rio Grande do Norte and Minas Gerais have had most of 

their microregions in a more favorable situation with negative values. The Piauí 

State, was the only one with SMR below (negative) the reference value. 

The correlation matrix among the 154 variables used initially to express the 

conditions of life and SMR by aggression, revealed that only 18 of them were 

statistically significant (p<0.05). They correspond to the six dimensions of the 
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Brazil Atlas of Human Development [6]: demography, income, employment, 

housing, vulnerability and education, the latter being responsible for the largest 

number of indicators. 

From the 18 selected variables, 6 factors were selected after applying the technique 

of factor analysis (FA). These factors explained 75.9% of the total variability in 

the data. They include the variables of living conditions correlated with SMR by 

aggression, which were used for the stratification of the microregions towards 

greater explicability of the multivariate analysis. 

To confirm the hypothesis that the correlation matrix is an identity matrix (Table 

1), Bartlett's test of sphericity produced a chi-square statistic equal to 1941.390 

with degree of freedom (df) of 153, providing significant p-value = 0.000, whose 

decision was to reject the null hypothesis H0: the correlation matrix is an identity 

matrix. Therefore, the correlation matrix is significantly different from the identity 

matrix. The KMO index - a measure of sampling adequacy showed a score of 

0.730 indicating that the adequacy of the factor analysis method was "medium" for 

the treatment of the data. The communality for each variable presented a 

recommended value, ie, above 0.50. 

The classification of variables in each factor was based on the value of the 

factorial loading. The six factors were selected for analysis using the latent root 

criterion, where the factor/component is selected if its eigenvalue is greater than 

one (1). The first factor explained most of the variability in the data (27.0%), and 

involved six indicators/variables with prevalent coefficients. This factor was 

formed by the dimension related to education indicators. The second factor was 

formed by two indicators related to the work and income. In the third factor 

appeared indicators of the dimension: housing, vulnerability and demography. 

Fourth, fifth and sixth factors included indicators related to income, work and 

vulnerability. 

The correspondence from the Synthetic Indicator proposed in this work with the 

HDI indicator combined with different levels of violence is shown in Table 1, 

classified in four strata. 

Table 1. Classification of stratum, according to the condition of life and the 

standardized mortality rates by aggression of the microregions of the semiarid for 

young males, Brazil 2010.  

 
Sources of basic data:  Brazil 2013 Human Development Atlas [6]. 
HDI - Human Development Index, SMR - Standardized Mortality Rate by aggression. 

The values of the Synthetic Indicator for microregions according to the adopted 

classification are shown in Table 2. The microregions that comprise the stratum I, 

associates a standard of living expressed by an average of HDI of 0.611, classified  
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Table 2. Classification of microregions of the semiarid, according to the living  

conditions and mortality rates by aggression for males, Brazil 2010. 

 

 
Sources of basic data: Brazil 2013 Human Development Atlas [6].  
HDI: Human Development Index.  
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as medium degree of violence. The microregions were considered with high level 

of violence. In stratum II the average HDI with a score of 0.601, was also 

considered medium grade, and was associated with a low level of violence. 

Stratum III presented an average HDI of 0.586 and stratum IV with 0.578, both 

considered of low levels. The microregions were associated, respectively, to a high 

and low level of violence. 

All strata included microregions with high and low values of SMR by agression, 

no matter the level of the HDI, medium or low. For instance, the microregion of 

Mossoró  (RN) with the highest score (3667.9) in Stratum I was associated to a 

very high mortality rate. At the other extreme is the microregion of  Irecê (BA) 

with the lowest score (-32.4) in the Stratum II, which was associated to a low 

mortality rate. Similarly, this fact was also observed when considering the Stratum 

III and IV. Strong positive association was found for microregions with a medium 

score of living conditions and a low mortality rate. On the other hand, 

microregions with low life conditions was associated with high mortality. This fact 

sugests a paradox for the Brazilian semiarid region. 

In many cases it was possible to note the disparity between microregions 

belonging to the same State. The regions of almost all states were classified in all 

strata. It was unable to identify a unique pattern of relationship between level of 

living conditions and level of violence. These relationships occurred in various 

ways, independent of the level of development of the region. 

 

4  Conclusions 

 
The mortality rates by aggressions and reducible gaps of mortality revealed high 

magnitudes at several regions of the semiarid region. The results point to the need 

for development of more effective and explicit politics to prevent these deaths 

among youth. The link between high mortality rates by aggressions and low living 

condition is very usual. Nevertheless, it was found that the microregions of the 

Brazilian semiarid region in 2010 with high levels of mortality were present in all 

strata of living conditions (medium or low). 

In the application of Factor Analysis, the first factor explained most of the 

variability in the data (27.0%), which was formed by indicators related to 

education dimension. Groot and Brink [8] in a study conducted in 1996 in the 

Netherlands, Duenhas and Gonçalves [9] in Spain, Soares [10] for a set of 

countries, support the idea that education is a means of crime prevention, 

especially violent crimes. These authors argue that education can contribute to 

reducing violence. 

For Brazil, study carried out by Lobo and Fernandez [11] covering ten counties in 

the metropolitan region of Salvador for the period 1993-1999 indicated that if 

municipalities have access to education could contribute to reducing crime. 

Duenhas and Gonçalves [9] found that municipalities that spent more on education 

and public safety in the period 2000-2005 presented fewest number of homicides 

per hundred thousand inhabitants. Using longitudinal aggregate data regarding to 

Census 1991 and 2000, Oliveira [12] found association between crime to the size 
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of cities. This study raises the hypothesis that cities with larger populations have 

higher rates of homicide. Also argued that inequality, poverty and inefficiency of 

teaching contribute to increased violence in Brazil. França, Paes and Andrade [13] 

developed a study for Brazilian metropolitan and non-metropolitan areas for 2000. 

They found that the M-HDI (Municipal Human Development Index) acted in the 

opposite direction: a higher degree of development of these municipalities favored 

a lower rate of young homicide. 

The conclusions drawn by the authors do not seem to express what we found for 

the semiarid region of Brazil. Violence is present both in very urbanized regions as 

in the less urbanized; in more developed regions or not; both in regions with 

higher educational level as the lower level. Thus, it appears that violence in the 

semiarid region presents multiple relationships difficult to capture. The 

coexistence of different living conditions associated with different levels of 

violence in these regions appears as a paradox, whose population coexists with an 

open insecurity. The existence of this paradox makes it difficult to identify any 

patterns of association between living conditions and violence. 

Even considering limitations such as data quality for some microregions, and 

measurement errors in the construction of the indicators, the results suggest that 

one can not explain violence by a single variable, or by a short set of them. Despite 

the effort to capture the violence of young people, after a selection of 154 

indicators/variables that resulted in 18 of them statistically significant, which 

represented various dimensions of living conditions, the theme does not end here. 
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Abstract. This paper focuses on the smoothing procedure used at Statistics Sweden for 

handling of probabilities of death for persons in the highest ages, where the population is 

small and mortality is high. The paper also demonstrates how the smoothing affects the 
estimated average life expectancies at the national and regional levels. 
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1 Introduction 
Life expectancy tables in Sweden are based on data on population size and 

deaths during either a one-year or a five-year period. The tables are produced 

annually for the whole country, for its 21 counties and 290 municipalities (the 

table based on one year of data is only produced for the whole country). In 

addition to the remaining average life expectancies, the publication of the life 

expectancy table includes sex-specific probabilities of death for all ages. 

In 2012, Statistics Sweden conducted a review of the calculations for the 

periodic life expectancy tables. The project had two main objectives, of which 

the second is addressed in this paper: 

 

1. A quality assured production system, and 

2. Review of the handling of probabilities of death for very old persons at 

the national and regional levels. 

 

Usable estimates of probabilities of death 
xq  can be difficult to obtain for the 

highest ages in a population. Since there might be few survivors and hence few 

deaths in higher ages the observed probabilities of death can often be seen to 

fluctuate significantly between ages or between time periods.  
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Fig.1. Non smoothed probabilities of death (‰) for the population of Sweden 

2012 and 2013 

 

To address this problem Statistics Sweden applies a smoothing procedure to the 

probabilities of death for the highest ages and over the years various methods to 

do this has been tried. Until 1986 Wittstein’s method was used, which 

overestimated the probabilities of death for the oldest persons. Therefore in 

1987, Sten Martinelle at Statistics Sweden constructed a new smoothing 

procedure which was used successfully for many years. However, this method, 

where by Martinelles modeled probabilities of death replaced the observed 

probabilities for ages 90 and above, relied heavily on mortality data for Sweden 

and some other countries up to 1987 and did not fully take into account the 

observed probabilities to be smoothed. Therefore, over time, the smoothing 

process deteriorated, resulting in a systematic underestimation of probabilities 

of death and an overestimation of the remaining life expectancy for newborns, 

e0. Thus, in 2012, when the calculations for the life expectancy table were up for 

review it was decided that Martinelles method was to be evaluated, resulting in 

an updated method which provides smoothed probabilities of death with a better 

fit to the observed data.    

This report focuses on the updated method used since 2012 by Statistics 

Sweden. It also demonstrates how the updated smoothing affects estimated 

average life expectancies at the national and regional levels. 

 

 

2 The model for smoothing probabilities of death 

The updated method used by Statistics Sweden for smoothing of the 

probabilities of death in high ages is based on the model chosen by Sten 

Martinelle for old-age mortality, Martinelle[3].  
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The basic assumption underlying the model states that age specific adult 

mortality for a single individual in a population, in terms of the force of 

mortality )(x  where x denotes age, is well approximated by the Gompertz-

Makeham formula 

.0,0,0)(  kBABeAx kx
 

The constant B is called the ‘frailty’ of the individual and measures his or her 

inability to withstand destruction. 

In the past many authors has pointed out that it is medically well established that 

frailty is different for different individuals in a population. It is hence customary 

to assume that frailty follows a probability distribution over a population rather 

than being the same number for all individuals. This line of thought has given 

rise to the study of so called frailty models within the theory of survival 

analysis, see for example Wienke[5]. It was proved by Beard[1] that if the 

frailty B is gamma distributed then the mean of the force of mortality taken over 

the population follows the Perks formula, as suggested by Perks already in 

1932, Perks (1932): 

.0,0,0,0
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Martinelles main objection towards using Perks formula is that it implies that 

the force of mortality approaches a constant limit value DB /  in high ages. He 

argues that there is no empirical evidence for a plateau in the mortality for 

centenarians. Therefore he modifies the assumption leading to Perks formula, 

and replaces the assumption of a gamma distributed frailty with an assumption 

of a frailty with a generalized gamma distribution which has been shifted to the 

right, thus assuming that it is impossible for the frailty to assume values very 

close to zero. 

In the case where the constant A in the Gompertz-Makeham formula is assumed 

to be zero, which seems reasonable in Sweden in modern times, Martinelles 

model of the frangible man states the following: 

If the force of mortality for individuals with frailty z follow the Gompertz-

Makeham law kxzezx )|( and the frailty variable z has a shifted gamma 

distribution with density 
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Where   and  are the mean and the relative standard deviation of the 

variable cz  .  

As usual the probabilities of death 
xq is (with good approximation) associated 

with the force of mortality by  

.1 )(x

x eq    

Substituting the expression above for the modelled mean force of mortality into 

this expression for
xq , we end up with the formula we use for smoothing of the 

probabilities of death for high ages 

kx
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. 

This far, the new updated procedure used by Statistics Sweden since 2012 

follows Martinelles suggestions in Martinelle[3]. The fitting of the model to 

mortality data is however new and improved. Martinelle used a large set of 

historical mortality data for a number of countries to produce a more or less 

universal smoothing curve which was used for all regions and all time periods. 

Instead of using a large set of historical data the model is now, whenever 

possible, fitted using only probabilities of death observed for the region and the 

time period for which the life expectancy table is to be produced. Thus the 

smoothed probabilities now more explicitly take into account the observed 

difference in mortality between regions and between time periods.  

The model for the age specific probabilities of death contains 4 

parameters: , k , c and . The modeled probabilities dependence on  and 

k is indicated in the diagram below where 
710363,1 c  and 710535,5  .   

 

 
 

 
Fig.2. Modeled probabilities of death 
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For the very high ages a decrease in  leads to a steeper increase of the 

probabilities of death between ages, an increase in k leads to an almost constant 

increase of the probabilities for a broad interval of high ages. 

It is technically cumbersome to fit this model to mortality data without first 

fixing two of the parameters. After testing numerous different parameter settings 

against data we decided to fix the parameters 5,0 and 14,0k . Our 

experimentation also showed that it is not recommended to use probabilities of 

death for all available ages to fit the model. We got much better results when we 

restricted the mortality data used as input to the fitting procedure to ages in a 

span between m and n , to be specified below, then when we used all ages or 

even all higher ages. Finally we decided it preferable to use age specific weights 

in the fitting of the model. The reason for this is that especially for smaller 

populations, the probabilities of death for certain ages can be zero (if no one 

dies) or one (if everybody dies) and these extreme values has a tendency to gain 

an unjustified influence on the modeled probabilities of death for the other ages. 

Therefore we decided to use the number of deaths per age as weights in the 

fitting of the model. 

To fit the model to observed probabilities of death we use a weighted least 

square method: If the model ),( cqq xx  , where  and k has been fixed as 

above, is to be fitted to the observed probabilities of death 
nm qq ~,...,~  over the 

age interval from age m to age n , we try to find c and   which minimizes the 

expression 
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1

1






n

mx

xxx cqqv
mn


 

 

where xv are the nonnegative weights. To do this in practice we use the model 

procedure in SAS.  

 

 

3 Results 
 

At the national level, the model is fitted using probabilities of death observed in 

the age interval between 90m and 100n years. Since the number of 

individuals in the higher ages, and hence the number of deaths among them, has 

increased over the years the age at which the smoothing start to take place was 

also increased from 91 to 95 years. 
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Fig.3. Observed and adjusted probabilities of death by sex and age (90 to 113) 

for Sweden 2012 

 

The effect of the update of the smoothing method on the probabilities of death 

can be seen in the diagram below. For example the probability of death for 

women age 100 in 2011 was raised by over 10% with the updated method 

compared with the old method. 

 

 
Fig.4. Difference in probability of death between new and old smoothing 

method 2011 
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Although the probabilities of death for ages 95 and over have clearly changed 

with the new method compared with the old one, the update of the smoothing 

method did not bring about particularly large changes in average life 

expectancies for the whole of Sweden. As suspected, the updated method gives 

life expectancies which are very close to those gained if the life expectancy 

table were to be produced without any smoothing. For the whole country the 

smoothing has thus more of a cosmetic effect on the mortality data (which is a 

good thing and can be very important for the presentation of the data). 

 

Sex Age 
No 

smoothing 

Old 

smoothing 

method 

Updated 

smoothing 

method 

Male e0 79.8 79.81 79.79 

  e85 5.51 5.54 5.5 

Female e0 83.67 83.7 83.67 

  e85 6.61 6.66 6.61 

     
 

Table.1. Average life expectancies for Sweden 2011 
 

At the county level, in order to capture regional differences in mortality among 

the elderly, the model is also fitted using only the observed probabilities of 

death for the region at hand. However, the population in most counties is too 

small to appropriately apply the same method for the counties as for the national 

level. After extensive testing, it was decided that the fitting of the model would 

be based on observations in the age interval of 80 to 100. It was also decided 

that the smoothed probabilities of death would be used from the age of 90.  

 
Fig.5. Observed and adjusted probabilities of death (‰) by sex and age (90 to 

115) for Örebro county 2012 
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The updated smoothing method has a larger impact on the life expectancies for 

the counties than for the whole of Sweden, but the effects are not dramatic. 

Among the counties we noted the greatest change for the county of Norrbotten 

(2007-2011) where the updated method subtracts about a month from the mean 

total lifespan of women. Also for the counties, the updated method (compared 

with the old one) gives life expectancies which are closer to those gained if the 

life expectancy table were to be produced without any smoothing. 

 

In the smoothing of the probabilities of death for municipalities, the population 

and hence the number of deaths are in many cases too small to use as basis for 

the fitting of the model. There are 290 municipalities In Sweden with 

populations ranging from just under 2 500 inhabitants to nearly 900 000 

inhabitants. One-half of the municipalities have a population of around 15 000 

inhabitants or less. Therefore, the smoothed probabilities of death at the 

corresponding county level are used for all the constituent municipalities from 

the age of 90. An exception is made for the three largest municipalities: 

Stockholm, Gothenburg and Malmö, where the adjustment of probabilities of 

death is based on the individual municipalities in the same way as for the 

counties. 

 

 
Fig.6. Observed and adjusted probabilities of death (‰) by sex and age for the 

municipality of Sandviken (population 40 000) 2013. The smoothing curves 

have been borrowed from the county of Gästrikland 

 

 

The updated method has had a greater impact at the municipal level than at the 

national and county levels. Based on the period 2007-2011, the average life 

expectancy for newborn females is affected up to a shorter life expectancy of 

just over three months, compared with the old smoothing procedure. The largest 
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increase in average life expectancy for newborns in a municipality was an 

increase of about two months. 

At the national level and for some of the counties the effect of the smoothing on 

the average life expectancies is marginal for the most ages, compared to results 

gained without smoothing. However, for many municipalities the smoothing of 

the probabilities of death is absolutely necessary. Without it, for some 

municipalities, we would end up with very unstable average life expectancies. 

For example, for the small municipality of Jokkmokk in the north of Sweden, 

the smoothing subtracts 150 days from e0 for women. 

 

 

 
Fig.7. Difference in average life expectancy by age between smoothed and not 

smoothed results for Jokkmokk 2013 

 

Conclusions 
 

For the study of differences in mortality between time periods and between 

geographical regions it is important that the mortality data is analyzed using 

methods which preserve the differences. In this paper we have demonstrated a 

method for smoothing of mortality data for the elderly which does just that. 

For the probabilities of death for the elderly the smoothing has a large effect for 

individual ages, and usable estimates of these probabilities are important in 

many applications. However, for large and stable regions like the whole of 

Sweden, the smoothing does not have a large effect on remaining life 

expectancies; actually our new updated method for smoothing gives results 

which are closer to ‘non-smoothed’ life expectancies than the old smoothing 

method. This is a good thing since we don’t want to add model effects where 

they are not needed. 
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For smaller regions some form of model is necessary in the production of the 

life table and our smoothing procedure works well at the county level and for 

most of the municipalities. However for the smallest municipalities the methods 

needed to produce a reliable life table should be studied further.  
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Abstract. In this work we present a new technique using the Crump-Mode-Jagers
branching process theory to model human population. We are addressing questions
like: How the population grows according to given scenarios and how these results
could be used in decision making to choose an appropriate demographic policy. Nowa-
days, such issues are especially important in view of the tasks before the knowledge-
based society. Our aim is to estimate the growth of young population and the pen-
sioners count and to forecast the development of the population structure in time.
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Introduction

Studying the population and forecasting its development and age structure is
important for governments. It allows them to make an efficient policy so the
negative developments are slowed down. It is important not only to make a
policy to target the maximization of the total population count but to target
the specific age groups that are important for the economy and the country
as a whole. For example the study shows the working force in Bulgaria is
diminishing, the number of young people finishing school and possibly going to
universities is decreasing, which affects not only universities but businesses too.
Less qualified specialists means some companies may struggle finding enough
specialists in future and the less qualified work is less paid so the GDP of the
country is affected. As a consequence the ability of the government to issue
debt is more limited and more costly. This is an example that demographic
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problems are something that affects many aspects of life in the country. Most
demographic problems however take much time to be solved so the social policy
and demographic strategy must be lingering and long term.

The empirical results are derived using General Branching Process Theory.
We choose the General Branching Process (GBP) as a model because of its
generality and flexibility (see Jagers [7]). Modelling human population however
requires some additional tools presented in Trayanov [15] and Trayanov and
Slavtchova-Bojkova [16]. These models however are developed for a population
of women only so in this article we show how we can adjust them to include the
population of men. In Section 1 we present a brief description of the proposed
mathematical model of human population. In Section 2 we discuss the data we
need and the available data. Then in Section 3 we present the empirical results
and their implication for the population of Bulgaria.

1 Mathematical model.

A branching process is a model describing particles or individuals who live
and die according to some probabilistic laws and give birth to one or more
individuals in different moments of time according to probabilistic laws (see
Slavtchova-Bojkova and Yanev [13] and Jagers [7]). The General Branching
Process (GBP) gives the most flexible and close to reality stochastic model
for a population and is general enough to incorporate the complex stochastic
processes of birth and death. Women in this model can give birth to different
number of children and in different moments of time. In addition the life length
of women and men are modelled by random variables. This generality of the
model is the reason the theory of Branching processes is a natural candidate
for modelling human population.

In this section we present a brief description of the theory behind our model.
First we define a GBP starting from a woman aged 0 at time 0. If x is an
individual, we denote λx to be his/her life length and ξx to be her point process
describing her the births in time. A point process is a random measure that
represents the number of children born to a woman in a particular interval. The
number of children born in interval [a, b] is denoted by ξ([a, b]). An accurate
mathematical definition of point process can be found in Jagers [7] and Feller
[4]. We denote ξx(t) = ξ([0, t]) and µx(t) = Eξx(t) which is the expected
number of children that woman x gives birth to till age t.

Let f(s) = E(sξ(∞)), |s| ≤ 1, L(t) = P(λx ≤ t) and µ̂ is the Laplace-Stieltjes
transformation of µ and S(t) = 1−L(t). We denote zat to be the the number of
people at time t on age less then a. The stochastic process zat is called General
Branching Process. A key mathematical result is that we can actually compute
the expected number of individuals with the following theorem.

Theorem 1. (see Jagers [7]) If f(s) < ∞, |s| ≤ 1, then mt = E(zt) < ∞,∀t
and ma

t = E(zat ) satisfies

ma
t = 1[0,a)(t){1− L(t)}+

t∫
0

ma
t−uµ(du). (1)
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If m = µ(∞) < 1, then lim
t→∞

mt = 0. If m = 1 and µ is non-lattice, then

ma
t →

a∫
0

{1− L(u)}du
∞∫
0

uµ(du)

.

If further
∞∫
0

tL(dt) <∞, then

ma
t →

∞∫
0

uL(du)

∞∫
0

uµ(du)

.

If m > 1, µ is non-lattice and α > 0 is the Malthusian parameter defined by
µ̂(α) = 1, then for 0 ≤ a ≤ ∞

ma
t ∼ eαt

a∫
0

e−αu{1− L(u)}du
∞∫
0

ue−αuµ(du)

.

In the lattice cases corresponding assertions hold.

This theorem however gives us the expected population starting from a
woman aged 0 at time 0. To calculate the expected population that starts
from a woman aged b at time 0 we use the following theorem.

Theorem 2. (see Trayanov [15]) If we denote bmt to be the expected number
of individuals started from a woman aged b and bµ(t) to be her point process
expectation then the following holds.

bmt = bS(t) +

t∫
0

mt−u bµ(b+ du), (2)

where bS(t) denotes the probability a woman of age b to survive to b+ t, i.e.

bS(t) =
S(b+ t)

S(b)
. (3)

To model real population however we need additional assumptions. We
assume the fertility interval for each woman is [12, 50] and women do not give
birth outside it. In terms of GBP this means

P(ξ [a, b) = 0)) = 1, when [a, b) ∩ [12, 50] = ∅
P(ξ[λ,∞) = 0) = 1.
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This assumption is made because we do not have data for births on ages less
than 12 and greater than 50 and because births outside this age interval are
very few and can be disregarded. The second assumption is that a woman
could have 0 or 1 child during a year and each birth is a live birth. This means
the number of live births is equal to the number of women who gave birth. The
assumption is made because of missing data for the number of women that give
birth and available data for the number of children born each year. In addition
we do not have data for the sex of the child born, so we assume the probability
for a girl is 100/205.

The model above gives us information of how a stationary population will
change over time, but it is not sufficient to describe a dynamic population
with changing birth and death laws. This problem could be easily avoided
however (see Trayanov and Bojkova[16]). We achieve this varying environment
by making population projection for only one year forward using the model and
then change the birth and death laws according to what we forecast them to be
and repeat the same for the next year. This gives us projections year after year
incorporating the point process forecast and the life length forecast. For every
year we know the number of men by age and we can model their contribution
with the same equation 2 noting that their function µ(t) is actually zero for
every t. The contribution of a single man aged b at time t is actually his
survivability function bS(t). This small enhancement in the model allows us
to include the men in predicting the age structure. We must note that their
survivability function is different from women and is modelled separately.

2 Incorporating the available data into the model.

In order to calculate bmt in Theorem 2 from real data we need the following
mathematical result which reduces it to solving equation 1 in Theorem 1.

Theorem 3. see Trayanov [15] If mt has a continuous second derivative then
a third order approximation of equation (2) is given by

bmt ≈ bS(t) +

n∑
k=1

mb+k−0.5 · bµ(b+ k − 1, b+ k),

where the expected number of births in [b+ k − 1, b+ k) of a woman aged b is

bµ[b+ k − 1, b+ k) = bS(b+ k − 1) · P(ξ [b+ k − 1, b+ k) = 1|λ ≥ b+ k − 1).

The probability P(ξ [b, b+ 1) = 1|λ ≥ b) can be calculated from the Age Specific
Fertility Rate and the expected number of years lived by a woman in [b, b+1)
(see Trayanov [15]).

The data we use can be seen in Eurostat database [3]. We use the number
of births and deaths by age and sex, the population count by age and sex. We
use data both by age reached during the year and by age of last birthday. There
are some missing data about the death count for ages 80+ for some years so
we need to fill them first and we use the Kannisto model (see Thatcher et al.
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[14]) for this purpose. Then we calculate the fertility and mortality rates using
the methodology described in Wilmoth et al. [17] and Shkolnikov [12] and then
calculate the age specific fertility and mortality probabilities (see Chiang [2],
Keyfitz [8] and Mode [9]) for every year since 1960. These probabilities however
contain noise which we want to filter first and we achieve this with smoothing
splines. The smoothing splines theory is explained more accurately in Ramsay
[11] and de Boor [1].

3 Forecasting scenarios. Empirical results

In this section we will focus on forecasting the age structure and the population
count. We discuss two scenarios for forecasting. The first scenario is called ”No
Change” because it assumes the current birth and death probabilities don’t
change in time. It projects the current state into the future. Although this
projection gives us information about the future it gives us information about
the present state too, answering the question if the the current state persists
through time what development it expresses.

The second scenario is called ”Dynamic Scenario” because it tries to cap-
ture trends in birth and death probabilities. This scenario requires several
procedures to calculate:

• Principal Components Analysis (PCA) is used for decomposition of log-
death probabilities and the point process density function for each year
from 1980 to 2012. This gives us the main directions in which these function
historically changed and reduces the forecasting of enormous amounts of
points for each curve to forecasting only several parameters (see Hyndman
[6]).

• ARIMA model is used to fit and forecast the principal components of birth
and death probabilities. We find the best model according to AIC and use
it to forecast the curves (see Hyndman [6]).

• We feed the forecasts into the General Branching Process model and com-
pute the expected future population by age.

Fig. 1. Total population count.

The expected future total population count can be seen on Figure 1. We can
see that according to both scenarios the population is decreasing rapidly in the
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next 50 years. There are 3.57 mil men and 3.76 mil women by the beginning of
year 2012. The ”No Change” scenario is expecting this count to be reduced to
2.03 mil men and 2.21 mil women by the end of 2061. The ”Dynamic” scenario
gives us slightly less pessimistic expectations for 2.21 mil men and 2.48 mil
women by the end of 2061. This is a reduction of 38% and 32% respectively.

Fig. 2. Number of retired people.

The two scenarios give similar forecasts for the total population count but
forecast different structure of the population. This can be seen in Figures 3
and 6. In Figure 3 we can see the number of retired women is far greater than
the number of retired men as of 2012 and the model is expecting this ratio to
continue to grow. This is partly due to the smaller retirement age of women
in Bulgaria (age 63) than men (which retire on age 65) but it is also result of
different mortality rates for men and women. Women traditionally live longer
than men. In Bulgaria the expected life length of women is 77 as of 2012 and
is greater than the expected life length of men (70). The Dynamic scenario
expects the life length for men to stay the same and for women to live 3 years
longer in year 2060.

Fig. 3. Ratio of retired women against retired men.

An interesting feature in Figure 2 is that even though the percentage of
pensioners is increasing in the past years it is expected to slow down in the
near future and begin to decrease. It is interesting to see if this decrease of
people on pension will help the economy recover. On Figure 4 is displayed the
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percentage of working people and how it will change over time. It shows that
even though people on pension will decrease, those on working age will decrease
even more so the economy will be under even greater demographic stress than
it is now.

Fig. 4. Percentage of people on working age.

The ”Dynamic” scenario shows that the population on working age is ex-
pected to decrease by 46%, whereas the people on pension are expected to
decrease by 22%. This puts Bulgaria in a very difficult position because the
working force will have to earn more to sustain the people on pension or the
government will have to increase the retirement age. Calculations show that
if we want to keep the current ratio of people on working age to people on
pension in 2062, we need to gradually increase the retirement age of men by 4
years and to increase the retirement age of women even more - 6 years.

Fig. 5. Newborns count.

Another application of the model could be forecasting the number of new-
borns which can be used as a predictor of how many children will need kinder-
garten or the number of people on age 6 or 7 years which is a predictor of
how many children will be beginning school in the future. Figure 6 shows the
number of children beginning school is expected to decrease till 2035 but then
it will start growing again. This change of trend is caused by the current age
structure of the population that will change over time. The number of new-
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borns is shown on Figure 5. It is expected to decrease till year 2030 due to the
bad age structure but eventually it will start growing again.

Fig. 6. People of age 6 or 7.

The number of people on age 18 and 19 is going to decrease till year 2017
by 25% and then start to increase for short while. This is important because
the number of people on this age is the main source of students for universities.
A decrease with 25% for 5 years puts the universities in difficult position.
Calculations show that the number of young people of age between 18 and
30 is going to decrease too by 14% in year 2017 and continue decreasing till
year 2026 by 34%. This results in fewer candidates for students and less young
people in the economy.

Fig. 7. People of age 18 and 19.

4 Final remarks

Modelling and forecasting the population is important for the country. It tells
us about the current state and what is wrong with it so the government can
make an efficient demographic policy. It tells us what to expect in the future
so we can prepare. It gives us a tool to make social plans like how many new
kindergartens we need to build in the future or can we expect a low number
of students in the schools or universities. It answers economic questions - how
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many people will be on working age and how many on pension so the gov-
ernment could adjust their policy appropriately and efficiently. The forecast
results for Bulgaria should teach us that we need to pay attention to demogra-
phy and make a social policy that counteracts these trends. The demographic
problems are difficult to solve, affect many aspects of life in the country and
require a long term strategy to be solved.
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Abstract. In this paper we propose an estimator for the joint probability of Markov
chains of finite order, with finite alphabet. First, the joint probabilities are found
through a Partition Markov Model, using the Bayesian Information Criterion. Second,
the corresponding discrete copula is computed and the Partition Markov estimation
is applied to each marginal process. Finally, the copula is rearranged in the space
defined by the marginal estimations and a new estimator is defined. Its efficiency is
tested by simulations studies obtaining that it improves the predictions done through
a Bayesian Information Criterion.
Keywords: Multivariate Markov chains, Copula theory, Model selection, Correction
through the marginal.

1 Introduction

In this work we combine two statistical concepts with the purpose of defining a
natural correction for the joint probabilities’ estimation of multivariate Marko-
vian processes. The first concept is the Partition Markov model and the second
one is the Copula model.
The Partition Markov model was introduced in Garćıa and González-López[6]
and it generalizes the Variable Length Markov Chains models. This model is
based on the identification of a partition of the state space which allows to di-
vide the space in parts, the elements inside each part are considered equivalents,
where the equivalence between two elements is the equality of the transition
probability from them to any other element in the alphabet of the process. The
identification of the partition allows to reduce the number of parameters to be
estimated for building the model when comparing with the estimation done
without it. On the other hand, copula models describes the association among
random variables independently of their marginal distributions. They have
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been used for various purposes. Some recent results are Garćıa et al.[9], giv-
ing assistance for the development of new measures of dependence, Garćıa and
González-López[7], classifying and discriminating between objects, Fernández
and González-López[2] and [3], under the Bayesian assumptions developing es-
timators, between others. Indeed copulas and related concepts were also used
recently in the construction of hypothesis tests, as shown in Genest and Remil-
lard[10] and Garćıa and González-López[8]. And here, they are presented as a
tool to improve the quality of the estimates of the joint probabilities in Markov
processes.
The performance of the corrected estimation proposed here is illustrated by a
simulation analysis.

2 Background

Let (Zt) be a discrete time, Markov chain with memory M on a finite alphabet
A, with state space S = AM . Denote the string amam+1 . . . an by anm, where
ai ∈ A, m ≤ i ≤ n. This means that each string is a concatenation of elements
from A. Also note that the state space is composed by strings of size M (con-
catenations of M elements from A). Denote by P (a|s) = Prob(Zt = a|Zt−1

t−M =
s) the transition probability from s to a, with s ∈ S and a ∈ A.
The following definitions are necessary to state the model that we estimate and
apply in this work.

Definition 1. Given two strings s, r ∈ S, s and r are equivalent (denoted by
s ∼p r) if P (a|s) = P (a|r), ∀a ∈ A.

Definition 2. Given (Zt) a discrete time Markov chain with memory M, on
a finite alphabet A, (Zt) is a Markov chain with partition L if this partition is
the one defined by the equivalence relationship ∼p introduced by Definition 1.

Then, given (Zt) a discrete time Markov chain with memory M, on a finite al-

phabet A, the Partition Markov Model (PMM) is defined by
(
L, {P (·|L)}L∈L

)
,

where the partition L was introduced in Definition 2 and the probability
P (a|L), for L ∈ L and a ∈ A, is defined by P (a|s) for any string s ∈ L.
The PMM were introduced in Garćıa and González-López[5] and explored in
Garćıa and González-López[6] and Garćıa and Fernández[4]. Indeed, these
models generalize the well-known models (i) variable length Markov chains of
finite order and (ii) Markov chains of finite order.

What follows shows the construction of discrete copulas that the present
study made use of. More details concerning this issue, as well as about con-
tinuous copulas, can be found in Joe[11]. Define (Z1, . . . , ZK) as a vector
of discrete random variables, where the variable Zk takes values in the do-
main Dk = {zk1, zk2, . . . , zkmk

} and mk is some integer greater than 1, for
k = 1, . . . ,K. Suppose also that Prob(Z1 = z1i1 , . . . , ZK = zKiK ) = pz1i1 ...zKiK

.
In addition we denote the univariate marginal distribution of Z1 as being
pz1i1•...• =

∑
i2
. . .
∑

iK
pz1i1z2i2 ...zKiK

, for each z1i1 ∈ D1. And the cumu-
lative marginal distribution F1, applied to an arbitrary point z, is given by
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F1(z) =
∑

z1i1≤z
pz1i1•...•. Similarly, it can be obtained the definitions for all

other coordinates, k = 2, . . . ,K.
The K-variate copula density is given by

c(u1, . . . , uK) =


pz1i1

...zKiK

pz1i1
•...•×...×p•...•zKiK

,

if(u1, . . . , uK) ∈ ⊗K
k=1[Fk(zkik−1), Fk(zkik)[

0, otherwise,

(1)

with Fk(zk1−1) = Fk(zk0) = 0, for k = 1, . . . ,K.
The function c(u1, . . . , uK) satisfies the following characteristics (i) it is a prob-
ability mass function, displayed in [0, 1]K , (ii) the univariate marginal distri-
butions are U(0, 1) and (iii) the cumulative distribution C of c verifies

Prob(Z1 ≤ z1i1 , . . . , ZK ≤ zKiK ) = C
(
F1(z1i1), . . . , FK(zKiK )

)
, (2)

for all (z1i1 , . . . , zKiK ) ∈ ⊗K
k=1Dk. But, in opposition with the continuous case,

c is not unique in the sense that there are other copula functions C which also
satisfies (2).

3 Estimation proposed

In this section we introduce a strategy to estimate the joint conditional prob-
abilities of stochastic processes. Given (Zt) a discrete time Markov chain with
memory M, on a finite alphabet A and state space S = AM , the estimation
of the probabilities is traditionally performed by maximum likelihood with the
help of some penalty criterion. Csiszár and Talata[1] and Garćıa and González-
López[5] show that the Bayesian Information Criterion (BIC) enables, for a
sample size big enough, a consistent estimate of the partition given in Defini-
tion 2 as well as for conditional probabilities. An efficient algorithm to find
the partition can be found in Garćıa and González-López[6]. The goal of this
work is to improve the predictive ability of the joint conditional probabilities
estimated as suggested in Garćıa and González-López[5] and [6], by means of
a marginal adjustment through the discrete copulas defined in Section 2.

Suppose that Zt is a discrete time Markov chain with memory M0 on a
finite alphabet A = ⊗K

k=1Bk, with state space S = ⊗K
k=1B

M0

k . Suppose also
that Zt = (Z1t, . . . , ZKt), with marginal discrete time Zkt, Markov chain with
memory Mk on the finite alphabet Bk. In order to simplify the notation we
assume Mk = M and M > M0. This last assumption ensures that, using
marginal Mk memories, each joint string s can be decomposed into marginal
strings, using these memories Mk.
Let us take an arbitrary string s = zM1 ∈ S, with M > M0, recalling that
znm = zmzm+1 . . . zn where zj = (z1j , . . . , zKj) and a = (a1, . . . , aK) ∈ A. Then
the joint probability Prob(Zt = a|Zt−1

t−M = s) can be related to the one of order
M0 by means of

Prob(Zt = a|Zt−1
t−M = s) = Prob(Zt = a|Zt−1

t−M0
= zMM−M0+1). (3)
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Hence, it can be computed efficiently from the PMM of memory M0 built for the
multidimensional process Zt. From the estimated multidimensional probability,
all the univariate marginal probabilities can be derived and, also, the estimated
copula cLZ |s(u1, . . . , uK) for each string s can be computed from the equation
(1).

The marginal processes Zkt, k = 1, . . . ,K allow to build the PMM one
by one. We will denote by P̂LZk

(ak|zkMk1 ) each marginal point probability esti-

mated from the partition LZk
, we also denote by F̂LZk

(ak|zkMk1 ) each cumulative
distribution for k = 1, . . . ,K.
In the next equation we introduce the estimation of (3) proposed here

P̂ (a|s) =

∫ F̂LZ1
(a+

1 |z
1M
11 )

F̂LZ1
(a1|z1M

11 )

. . .

∫ F̂LZK
(a+

K |z
KM
K1 )

F̂LZK
(aK |zKM

K1 )

cLZ |s(u1, . . . , uK)duK . . . du1 (4)

where a+k is the element immediately superior to ak in the alphabet Bk. k =
1, . . . ,K.

4 Simulation study

In order to explore the performance of the technique proposed here, P̂ (from
equation (4)) with the standard method of estimation P̂LZ

, there were inves-
tigated the models described in Table 4. For each model W and sample size
T , there were randomly generated 100 datasets consisting of two parts. The
first part, with size T , is used as training set. The second part, of size 10000,
is used to test the prediction efficiency, commonly called testing set.
Models 1 and 2 represent processes with marginal alphabets of dimension 2,
with T ∈ {50, 100, 150, 200, 300, 500, 1000}. Their probability of transition at
time t depends on the value of the process at time t − M, where M is the
order of the process. Model 1 is of order 2 and Model 2 has order M = 4. On
the other hand, Model 3 has marginal alphabet of dimension 3. In this last
case it was considered a sample size T ∈ {100, 250, 500, 750, 1000} and a model
showing a process in which the probability of transition at time t depends on
the value of the process at time t− 3 as follows,

Prob(Zt = zt|Zt−3 = s) = 0.6 if zt = s and 0.05 otherwise. (5)

The comparison of the hit rates of the method proposed here are presented
in Figure (1). We note how the standard estimate worsens their hit rates by
increasing the order of the process, while this increase of the order does not
impact the hit rates when using equation (4).
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Model 1 and 2

s zt = (0, 0) zt = (1, 0) zt = (0, 1) zt = (1, 1)

zt−2 = (0, 0) 0.7 0.1 0.05 0.15

zt−2 = (1, 0) 0.25 0.65 0.05 0.05

zt−2 = (0, 1) 0.05 0.1 0.8 0.05

zt−2 = (1, 1) 0.05 0.05 0.1 0.8

Table 1. PMM’s Transition probabilities used for the simulation study of dimension
2. The cells contain Prob(Zt = zt|Zt−1

t−M = s).
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Fig. 1. Success Rates: settings with marginal alphabets of dimension 2 and 3, rates
computed from P̂LZ (Standard) and computed from P̂ -equation (4) (Corrected).
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Abstract. We have investigated the relations between 4 selected countries’ (USA,
Australia, Japan and UK) daily returns of the REIT (Real Estate Investment Trust)
indexes in different time periods, determined by the recent global financial markets
crises (July 1, 2008 – April 30, 2009). We have applied the fitting by copulas to the
residuals of ARMA–GARCH filters. We considered models from strict Archimedean
copulas (Joe, Frank, Clayton and Gumbel) families and their mixtures with corre-
sponding survival copulas as well as their perturbation. For selecting the optimal
models we have applied the Kolmogorov – Smirnov – Anderson – Darling (KSAD)
test statistic (for which we also constructed a GoF simulation based test). We ob-
served that for all 3 considered time periods, the minimal (considerably reduced)
value of KSAD were received for perturbed copulas.
Keywords: Copula, Perturbed copulas, Real Estate Investment Trust (REIT) index,
returns of REIT indexes.

1 Introduction

We have investigated the relations between 4 selected countries’ (USA, Aus-
tralia, Japan and UK) daily returns of the REIT (Real Estate Investment
Trust) indexes in different time periods, determined by the recent global fi-
nancial markets crises (July 1, 2008 – April 30, 2009). We have applied the
fitting by copulas to the residuals of ARMA–GARCH filters. We fitted these
residuals by suitable marginal distributions in one of the Normal, Logistic and
Laplace classes of distributions. Next, for each considered time period and
all six possible couples of filtered residuals, we investigated models from strict
Archimedean copulas (Joe, Frank, Clayton and Gumbel) families and their
mixtures with corresponding survival copulas (that have been applied e.g. in
Patton’s paper [15]) as well as their perturbations given in our paper Mesiar
et al.[12]. We observed that for all three considered time periods, the minimal
(considerably reduced) value of Kolmogorov–Smirnov–Anderson–Darling test
statistic were received for perturbed model.
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The paper is organized as follows. In the second section we present selected
models of univariate (marginal) distributions as well as a brief overview of the
theory of copulas including the methodology of their fitting to two–dimensional
time series. The third section is devoted to perturbations of bivariate copulas.
The fourth section, contains application to real data modelling. First we filter
the considered group of REIT indexes (separately in the individual time sub–
periods) by ARMA–GARCH models (in order to avoid a possible violation
of the i.i.d. property). Then we fit the resulting time series of residuals by
suitable marginal distributions and apply non–parametric correlation analyses
(based on the Kendall coefficients) to all possible couples of the residual time
series (for the individual time sub–periods). Next we provide an overview of
the best copula models for different time sub–periods and selected significantly
correlated pairs of returns of REIT indexes. Finally, some conclusions are
presented.

2 Fitting univariate and bivariate distributions

2.1 Selected classes of univariate distributions

Recall that a Logistic distribution (see [5]) is determined by two parameters
(µ, β) and its probability density function is given by

f(x, µ, β) =
e−

x−µ
β

β
(
e−

x−µ
β + 1

)2 .

Moreover, its theoretical parameters satisfy the relations

E[X] = µ, D[X] =
π2β2

3
, Skewness = 0, Kurtosis = 4.2.

Similarly a Laplace distribution (see [10]) is determined by two parameters
(µ, β) and its probability density function is given by

f(x, µ, β) ==


e
− x−µ

β

2β x ≥ µ

e
−µ−x

β

2β otherwise

.

Its theoretical parameters satisfy the relations

E[X] = µ, D[X] = 2β2, Skewness = 0, Kurtosis = 6.

For all GoF tests with Logistic and Laplace distributions we applied the Ander-
son–Darling GoF test (see e.g. Anderson and Darling [3], Anderson [2]) that
effectively uses a test statistic based on

A2
n = n

∫ ∞
−∞

(
F̂ (x)− F (x)

)2

F (x))(1− F (x)
dF (x), (1)
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where n is the sample size, F̂ (x) is the empirical distribution function and F (x)
is the specified distribution function. It was shown in Anderson and Darling
[3] that (1) can be written as

A2
n = −n− 1

n

n∑
k=1

(2k − 1)
(
log
(
1− u(−k+n+1)

)
+ log u(k)

)
,

where u(k) = F (x(k)) and x(1) < ... < x(n) is the ordered sample. The p-values
of Anderson–Darling GoF test were calculated by the software Mathematica,
version 9.

2.2 Copulas

Copula represents a multivariate distribution that capture the dependence
structure among random variables. It is a great tool for building flexible mul-
tivariate stochastic models. Copula offers the choice of an appropriate model
for the dependence between random variables independently from the selection
of marginal distributions. This concept was introduced in the early 50’s and
became popular in several fields beyond statistics and probability theory, such
as finance, actuarial science, fuzzy set theory, hydrology, etc.

Definition 1. A function C : [0, 1]2 → [0, 1] is called a (bivariate) copula
whenever it is

i) 2–increasing, i.e.,

VC ([u1, u2]× [v1, v2]) = C(u1, v1) + C(u2, v2)− C(u1, v2)− C(u2, v1) ≥ 0

for all 0 ≤ u1 ≤ u2 ≤ 1, 0 ≤ v1 ≤ v2 ≤ 1 (recall that VC ([u1, u2]× [v1, v2])
is the C–volume of the rectangle [u1, u2]× [v1, v2]);

ii) grounded, i.e., C(u, 0) = C(0, v) = 0 for all u, v ∈ [0, 1];
iii) it has a neutral element e = 1, i.e., C(u, 1) = u and C(1, v) = v for all

u, v ∈ [0, 1].

Sklar[16] proved in 1959 that H(x, y) = C(F (x), G(y)), where H is the
joint distribution function of a random vector (X,Y ) with marginal distribution
functions F and G. If the marginals are continuous, the copula is unique. Thus,
the copula function has other important interpretation as the joint distribution
function.

For more details, examples and applications we recommend monographs
Joe[9] and Nelsen[13]. The Table 1 provides a summary of some selected basic
facts that are related to some classes of Archimedean copulas that we utilize
in our analyses.

We follow the approach of Patton[15] and consider a so–called survival cop-
ula derived from a given copula C(u, v) corresponding to the couple (X,Y )
by

SC(u, v) = u+ v − 1 + C(1− u, 1− v) (2)

which is the copula related to the couple (−X,−Y ) with the marginal distri-
bution functions

F−X(x) = 1− FX(−x+) and F−Y (y) = 1− FY (−y+). (3)
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Family of Parameter Bivariate copula
copulas C(u, v)

Gumbel θ ≥ 1 e−[(−ln(u))θ+(−ln(v))θ ]
1
θ

Clayton (strict) θ > 0 (u−θ + v−θ − 1)−
1
θ

Frank θ ∈ < − 1
θ ln(1 +

(e−θu−1) (e−θv−1)

(e−θ−1)
)

Joe θ ∈ [1,∞) 1−
(

(1− u)θ + (1− v)θ − (1− u)θ(1− v)θ
)1/θ

Ali-Mikhail-Haq θ ∈ [−1, 1] uv
1−θ(1−u)(1−v)

Table 1. Some Archimedean copulas

2.3 Fitting of copulas

In practical fitting of the data we have utilized the maximum pseudolikeli-
hood method (MPL) of parameter estimation with initial parameters estimates
received by the minimalization of the mean square distance to the empirical
copula Cn presented e.g. in Genest and Favre[7]

Cn(u, v) =
1

n

n∑
i=1

1

(
Ri
n+ 1

≤ u, Si
n+ 1

≤ v
)

where n is the sample size, Ri stands for the rank of Xi among X1, . . . , Xn,
Si stands for the rank of Yi among Y1, . . . , Yn and 1(Ω) denoting the indicator
function of set Ω. It requires that the copula Cθ(u, v) is absolutely continuous

with density cθ(u, v) = ∂2

∂u ∂vCθ(u, v). This method (described e.g. in Genest
and Favre[7]) involves maximizing a rank-based log-likelihood of the form

L(θ) =

n∑
i=1

ln

(
cθ

(
Ri
n+ 1

;
Si

n+ 1

))
.

where θ is vector of parameters in the model. Note that arguments Ri
n+1 ,

Si
n+1

equal to the corresponding values of the empirical marginal distributional func-
tions of random variables X and Y.

For selecting the optimal models we applied the Kolmogorov – Smirnov
– Anderson – Darling (KSAD, for which we use the abbreviation AD) test
statistic defined e.g. in Berg and Bakken[6]

AD(θ) =
√
n max |

Cn

(
Ri
n+1 ,

Si
n+1

)
− Cθ

(
Ri
n+1 ,

Si
n+1

)
Cθ

(
Ri
n+1 ,

Si
n+1

)
∗ (1− Cθ

(
Ri
n+1 ,

Si
n+1

)
)
| (4)

for which we also constructed a GoF simulation based test, when comparing
models with their submodels and different families of models.

3 Perturbation of bivariate copulas

Fitting of an appropriate copula to real data is one of major tasks in ap-
plication of copulas. For this purpose, a large buffer of potential copulas is
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necessary, preferably parametric families of copulas. Once we know approx-
imately a copula C appropriate to model the observed data, we look for a
minor perturbation of C which fit better then C itself. This is, e.g., the case
of Farlie–Gumbel–Morgenstern (FGM) class of copulas, all of them being a
perturbation of the independence copula Π, Π(u, v) = u v. Recall that FGM
family

(
CFGMα

)
α∈[−1,1]

of copulas is given by

CFGMα (u, v) = u v + αu (1− u) v (1− v). (5)

Several generalizations of FGM approach to perturb the product copula Π
can be found in literature, see, for example Amblard and Girard[1], Bairamov
and Kotz [4], Rodŕıguez–Lallena and Úbeda–Flores[14].

For a given copula C : [0, 1]2 → [0, 1], we will look for constraints on the
noise H : [0, 1]2 → < so that the function CH : [0, 1]2 → [0, 1] given by

CH(u, v) = max (0, C(u, v) +H(u, v)) (6)

is also a copula. Obviously FGM copulas given by (5) are linked to C = Π and
Hα(u, v) = α ∗ u ∗ (1− u) ∗ v ∗ (1− v) (observe that in this case, no truncation
is necessary).

For a fixed copula C : [0, 1]2 → [0, 1], consider the function CH given by (6).
To satisfy the groundedness condition of copulas by CH , necessarily H(u, 0) ≤ 0
and H(0, v) ≤ 0 for all u, v ∈ [0, 1]. Similarly, e = 1 is a neutral element of CH
only if H(u, 1) = H(1, v) = 0 for all u, v ∈ [0, 1]. The main problem to ensure
that CH is a copula is to guarantee the 2–increasingness of CH , which depends
both on C and H.

In general, if C is a singular copula, the function H 6= 0 cannot be absolutely
continuous. Similarly, if C is an absolutely continuous copula, H cannot be
singular. Therefore, as a special case of the perturbation (7), one can deal with
perturbation related to functions f, g : [0, 1]→ [0, 1] and constant λ ∈ < in the
form already discussed in Mesiar et al.[11], namely

Cλ,f,g(u, v) = max (0, C(u, v) + λC(f(u), f(v))) . (7)

Obviously, FGM family given in (5) can be seen as a special case of construction
(6), considering C = Π, λ ∈ [−1, 1] and f = g given by f(x) = x − x2. Note
that as a necessary condition to ensure that e = 1 is a neutral element of Cλ,f,g,
one should consider f(1) = g(1) = 0. On the other hand, if λ ≤ 0, then Cλ,f,g is
always grounded. However, if λ > 0, then one should consider C(f(0), g(0)) = 0
(which is trivially satisfied for any copula C if f(0) = g(0) = 0).

In the case when no truncation is necessary, we have two general results.

Proposition 1. Let C : [0, 1]2 → [0, 1] be a copula and H : [0, 1]2 → [0, 1] be a
function so that C +H ≥ 0 and CH is a copula, i.e., CH = C +H is a copula.
Then also CλH = C + λH is a copula for each λ ∈ [0, 1].

Proposition 2. Under the constraints of Proposition 1, the function ĈH̄ is a
copula, where Ĉ : [0, 1]2 → [0, 1] is the survival copula related to C,

Ĉ(u, v) = u+ v − 1 + C(1− u, 1− v),



400 Komorńık et al.

and H̄ : [0, 1]2 → [0, 1] is given by

H̄(u, v) = H(1− u, 1− v).

We have a next perturbation method valid for any copula C.

Theorem 1. Let C : [0, 1]2 → [0, 1] be a copula and define HC
λ : [0, 1]2 →

[0, 1], λ ∈ [0, 1] by

HC
λ (u, v) = λ (u− C(u, v)) (v − C(u, v)).

Then CHCλ : [0, 1]2 → [0, 1] given by

CHCλ (u, v) = C(u, v) +HC
λ (u, v) (8)

is a copula for each λ ∈ [0, 1] and any copula C.

4 Application to real data modelling

4.1 Real Estate Investment Trust

A REIT (Real Estate Investment Trust ) is a company that mainly owns,
and in most cases, operates income–producing real estate such as apartments,
shopping centers, offices, hotels and warehouses. Some REITs also engage in
financing real estate. The shares of many REITs are traded on major stock
exchanges.

REIT Index Series is designed to present investors with a comprehensive
family of REIT performance indexes that spans the commercial real estate
space across the economy of the country. The index series provides investors
with exposure to all investment and property sectors. In addition, the more
narrowly focused property sector and sub–sector indexes provide the facility to
concentrate commercial real estate exposure in more selected markets.

We have investigated the relations between 4 selected countries’ (USA, Aus-
tralia, Japan and UK) daily returns of the REIT (Real Estate Investment Trust)
indexes in different time periods, determined by the recent global financial mar-
kets crises (July 1, 2008 – April 30, 2009) that can be also clearly identified
from next Figure 1, presenting the parallel development of the considered REIT
indexes.

We have performed filtering of the returns of all individual REIT indexes (in
order to avoid a possible violation of the i.i.d. property) by ARMA–GARCH
models (separately for the individual considered time sub-periods). Some basic
descriptive statistical characteristics of 12 resulting time series are presented
in Tables 2, 3 and 4 (mean values equal to 0 are in accordance to the expected
properties of residuals of filtering).

The values of kurtosis for all 12 considered time series suggest that only the
UK data during and after the crisis can be well fitted by Normal distributions
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Fig. 1. Real Estate Investment Trust indexes in different time periods (USA = red,
Australia = blue, Japan = green, UK = cyan)

Country Mean Standard deviation Skewness Kurtosis Min Max

USA 0.00 0.71 0.07 4.31 -3.85 3.31

Australia 0.00 0.39 0.14 4.83 -2.12 1.82

Japan 0.00 0.03 0.18 3.59 -0.09 0.11

U.K. 0.00 0.02 0.14 4.95 -0.07 0.08

Table 2. Descriptive statistics for filtered returns of the REIT indexes before crisis

Country Mean Standard deviation Skewness Kurtosis Min Max

USA 0.00 0.05 0.08 5.29 -0.23 0.24

Australia 0.00 0.08 -0.55 5.01 -0.49 0.26

Japan 0.00 0.05 -0.23 5.08 -0.29 0.16

U.K. 0.00 0.03 0.05 3.27 -0.10 0.11

Table 3. Descriptive statistics for filtered returns of the REIT indexes during crisis

Country Mean Standard deviation Skewness Kurtosis Min Max

USA 0.00 0.02 0.98 7.18 -0.11 0.44

Australia 0.00 0.01 0.90 6.97 -0.04 0.21

Japan 0.00 0.02 0.31 7.23 -0.12 0.29

U.K. 0.00 0.02 0.01 3.25 -0.08 0.08

Table 4. Descriptive statistics for filtered returns of the REIT indexes after crisis

(with the theoretical value of kurtosis equal to 3). This intuitive guess has
been justified by the results of Jarque-Bera GoF test (see e.g. [8]) applied to
all 12 time series. For fitting the remaining 10 time series, we utilized the
Logistic and Laplace classes of distributions that have larger theoretical values
of kurtosis.

Resulting types of distributions and their parameters for all 12 time series
together with p-values are shown in Table 5, 6 and 7.

For all three time sub-periods and all couples of (filtered) returns of the
REIT indexes we have performed the non–parametric correlation analyses ba-
sed on the Kendall coefficients (see Table 8, 9 and 10). We have observed that
the values of the correlation coefficients have dropped substantially between the
first and the second considered time sub-periods and even more dramatically
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Country Type of distribution Parameters p–value

USA Logistic µ = 0, β = 0.3908 0.97

Australia Logistic µ = 0, β = 0.2123 0.49

Japan Logistic µ = 0, β = 0.0155 0.21

U.K. Logistic µ = 0, β = 0.0082 0.18

Table 5. Marginal distributions for filtered returns of the REIT indexes before crisis

Country Type of distribution Parameters p–value

USA Logistic µ = 0, β = 0.0288 0.09

Australia Logistic µ = 0, β = 0.0427 0.11

Japan Logistic µ = 0, β = 0.0297 0.33

U.K. Normal µ = 0, σ = 0.0344 0.45

Table 6. Marginal distributions for filtered returns of the REIT indexes during crisis

Country Type of distribution Parameters p–value

USA Laplace µ = 0, β = 0.0142 0.12

Australia Laplace µ = 0, β = 0.0097 0.16

Japan Laplace µ = 0, β = 0.0120 0.15

U.K. Normal µ = 0, σ = 0.0247 0.44

Table 7. Marginal distributions for filtered returns of the REIT indexes after crisis

for the third sub-period. These changes are illustrated in the scatter plots (see
Figure 2 – Figure 7).

before crisis USA Australia Japan UK

USA 1 0.994 0.731 0.737

Australia 0.994 1 0.727 0.738

Japan 0.731 0.727 1 0.609

UK 0.737 0.738 0.609 1

Table 8. The values of the Kendall’s correlation coefficient τ for the pre–crisis period

during crisis USA Australia Japan UK

USA 1 0.301 0.267 0.306

Australia 0.301 1 0.535 0.397

Japan 0.267 0.535 1 0.378

UK 0.306 0.397 0.378 1

Table 9. The values of the Kendall’s correlation coefficient τ for the crisis period
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after crisis USA Australia Japan UK

USA 1 0.111 0.061 0.221

Australia 0.111 1 0.222 0.087

Japan 0.061 0.222 1 0.073

UK 0.221 0.087 0.073 1

Table 10. The values of the Kendall’s correlation coefficient τ for the post–crisis
period

Fig. 2. USA & Australia

Fig. 3. USA & Japan

Fig. 4. USA & U.K.

We have applied the fitting by copulas to the residuals of ARMA–GARCH
filters. We considered models from strict Archimedean copulas (Joe CJ , Frank
CF , Clayton CCl and Gumbel CG) families and their mixtures with correspond-
ing survival copulas Ĉ as well as their perturbations given by (8). We also tried
the Farlie–Gumbel–Morgenstern (FGM) and Ali–Mikhail–Haq (AMH) copulas,
but these had the greatest values of the AD for all the pairs and time periods.
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Fig. 5. Japan & Australia

Fig. 6. Japan & U.K.

Fig. 7. Australia & U.K.

For estimation of parameters for each type of models we have used the
maximum pseudo–likelihood method. For selecting the optimal models we have
applied the Kolmogorov – Smirnov – Anderson – Darling (for which we have
used the abbreviation AD) test statistic (4). For all of them, the simulation
based GoF test yielded p–value > 0.1. Overview of optimal types of copulas
for all couples and all time sub–periods of the filtered returns of REIT indexes
is in Table 11 – Table 16.

5 Concluding remarks

We have found suitable marginal distribution models for all considered time
series of filtered returns of REIT indexes and considered time period in one
of Normal, Logistic or Laplace classes of distributions. We can observe that
(although there is no clear relation between the pseudo likelihood functions
and AD criterion) for all considered 6 couples of (filtered) returns of REIT
indexes in 3 time periods and for all 6 couples of considered models the best
perturbed models have lower values of AD criterion than the best models in
the corresponding non–perturbed model classes. Moreover, for a great majority
(16/18) of the considered 18 couples of (filtered) returns of REIT indexes, the
non–perturbed models corresponding to the optimal perturbed ones attain the
minimal values of the AD criterion among all considered non–perturbed classes
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Type of copula 03.01.2000–31.07.2008 01.08.2008–30.04.2009 01.05.2009–08.05.2012

λ θ AD λ θ AD λ θ AD

CG x 1.99 4.42 x 1.31 2.56 x 1.05 8.81

CG +HC
G

λ 0.98 1.80 4.23 0.63 1.18 2.44 0.16 1.03 8.43

0.5 ∗ (CG + ĈG) x 2.19 1.72 x 1.80 1.27 x 1.65 1.82

0.5 ∗ (CG + ĈG) +H
0.5∗(CG+ĈG)
λ

0.79 1.98 1.55 0.46 1.24 1.03 0.05 1.08 1.74

CCl x 1.48 4.96 x 0.48 1.85 x 0.17 2.26

CCl +HC
Cl

λ 0.97 1.18 3.72 0.76 0.24 1.45 0.04 0.17 2.19

0.5 ∗ (CCl + ĈCl) x 1.56 1.98 x 0.21 1.42 x 0.43 3.49

0.5 ∗ (CCl + ĈCl) +H
0.5∗(CCl+ĈCl)
λ

0.98 1.71 1.52 0.53 0.42 1.69 0.03 0.16 3.27

CJ x 2.25 12.09 x 1.40 4.09 x 1.04 10.32

CJ +HC
J

λ 0.97 1.94 9.98 0.83 1.15 3.03 0.22 1.02 9.45

0.5 ∗ (CJ + ĈJ ) x 2.72 2.07 x 2.56 1.63 x 4.01 1.48

0.5 ∗ (CJ + ĈJ ) +H
0.5∗(CJ+ĈJ )
λ

0.99 2.56 1.97 0.65 1.30 1.27 0.23 1.13 1.34

Table 11. The overview of optimal types of copulas for the couple USA & Japan of
the (filtered) returns of REIT indexes

Type of copula 03.01.2000–31.07.2008 01.08.2008–30.04.2009 01.05.2009 – 08.05.2012

λ θ AD λ θ AD λ θ AD

CG x 2.21 3.75 x 1.42 3.54 x 1.27 6.05

CG +HC
G

λ 0.45 2.13 3.29 0.25 1.38 3.32 0.36 1.20 5.83

0.5 ∗ (CG + ĈG) x 1.90 1.60 x 1.05 1.68 x 1.13 1.79

0.5 ∗ (CG + ĈG) +H
0.5∗(CG+ĈG)
λ

0.07 2.31 1.47 0.08 1.47 1.38 0.06 1.29 1.58

CCl x 1.62 5.27 x 0.76 1.37 x 0.43 2.27

CCl +HC
Cl

λ 0.98 1.32 4.22 0.41 0.65 1.22 0.62 0.24 1.93

0.5 ∗ (CCl + ĈCl) x 2.18 2.23 x 1.41 1.97 x 0.54 1.78

0.5 ∗ (CCl + ĈCl) +H
0.5∗(CCl+ĈCl)
λ

0.54 2.17 2.12 0.02 0.87 1.71 0.05 0.59 1.62

CJ x 2.60 10.00 x 1.51 6.46 x 1.34 12.05

CJ +HC
J

λ 0.97 2.29 7.75 0.77 1.31 5.33 0.68 1.18 9.21

0.5 ∗ (CJ + ĈJ ) x 2.91 2.25 x 1.40 1.91 x 1.16 1.77

0.5 ∗ (CJ + ĈJ ) +H
0.5∗(CJ+ĈJ )
λ

0.61 2.96 2.16 0.09 1.72 1.81 0.14 1.45 1.65

Table 12. The overview of optimal types of copulas for the couple USA & UK of the
(filtered) returns of REIT indexes

Type of copula 03.01.2000–31.07.2008 01.08.2008–30.04.2009 01.05.2009–08.05.2012

λ θ AD λ θ AD λ θ AD

CG x 4.74 2.11 x 1.42 2.81 x 1.12 5.92

CG +HC
G

λ 0.95 4.18 1.92 0.08 1.41 2.49 0.06 1.11 5.58

0.5 ∗ (CG + ĈG) x 7.03 1.67 x 1.27 1.57 x 1.04 2.05

0.5 ∗ (CG + ĈG) +H
0.5∗(CG+ĈG)
λ

0.97 6.64 1.46 0.05 1.44 1.54 0.05 1.14 1.98

CCl x 5.94 4.07 x 0.59 1.95 x 0.22 1.53

CCl +HC
Cl

λ 0.98 5.63 3.94 0.68 0.40 1.56 0.10 0.19 1.27

0.5 ∗ (CCl + ĈCl) x 11.08 1.58 x 0.56 1.88 x 0.80 2.19

0.5 ∗ (CCl + ĈCl) +H
0.5∗(CCl+ĈCl)
λ

0.98 11.96 1.54 0.21 0.71 1.73 0.04 0.28 2.16

CJ x 7.92 4.15 x 1.15 6.18 x 1.55 4.65

CJ +HC
J

λ 0.95 7.07 3.78 0.26 1.09 5.51 0.59 1.39 3.75

0.5 ∗ (CJ + ĈJ ) x 13.81 1.58 x 2.15 1.88 x 1.39 1.80

0.5 ∗ (CJ + ĈJ ) +H
0.5∗(CJ+ĈJ )
λ

0.99 13.65 1.54 0.03 1.24 1.58 0.30 1.59 1.57

Table 13. The overview of optimal types of copulas for the couple USA & Australia
of the (filtered) returns of REIT indexes

of models for the (filtered) returns of REIT indexes (for 2 remaining couples
they narrowly exceed the minimum values). Moreover, for 17 of 18 considered
couples of (filtered) returns of REIT indexes the θ coefficients of the optimal
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Type of copula 03.01.2000–31.07.2008 01.08.2008–30.04.2009 01.05.2009–08.05.2012

λ θ AD λ θ AD λ θ AD

CG x 1.97 3.77 x 1.97 3.70 x 1.28 4.54

CG +HC
G

λ 0.97 1.77 3.68 0.93 1.78 3.14 0.08 1.27 4.42

0.5 ∗ (CG + ĈG) x 2.29 1.76 x 2.39 1.45 x 1.13 1.71

0.5 ∗ (CG + ĈG) +H
0.5∗(CG+ĈG)
λ

0.89 1.91 1.52 0.44 2.01 1.32 0.05 1.31 1.61

CCl x 1.41 4.95 x 1.34 2.31 x 0.46 2.20

CCl +HC
Cl

λ 0.95 1.11 3.65 0.98 1.04 1.93 0.45 0.33 1.76

0.5 ∗ (CCl + ĈCl) x 1.32 1.85 x 1.56 1.55 x 1.27 1.77

0.5 ∗ (CCl + ĈCl) +H
0.5∗(CCl+ĈCl)
λ

0.97 1.65 1.76 0.76 1.75 1.47 0.05 0.60 1.65

CJ x 2.21 11.53 x 2.25 12.41 x 1.36 7.35

CJ +HC
J

λ 0.98 1.90 10.05 0.96 1.94 10.84 0.53 1.22 6.28

0.5 ∗ (CJ + ĈJ ) x 3.06 1.81 x 2.73 1.55 x 1.34 1.35

0.5 ∗ (CJ + ĈJ ) +H
0.5∗(CJ+ĈJ )
λ

0.98 2.51 1.74 0.81 2.60 1.48 0.03 1.51 1.18

Table 14. The overview of optimal types of copulas for the couple Japan & Australia
of the (filtered) returns of REIT indexes

Type of copula 03.01.2000–31.07.2008 01.08.2008–30.04.2009 01.05.2009–08.05.2012

λ θ AD λ θ AD λ θ AD

CG x 1.66 5.01 x 1.53 2.67 x 1.07 4.27

CG +HC
G

λ 0.98 1.46 4.66 0.85 1.36 2.57 0.23 1.0. 4.14

0.5 ∗ (CG + ĈG) x 1.64 1.54 x 1.49 1.35 x 1.08 1.86

0.5 ∗ (CG + ĈG) +H
0.5∗(CG+ĈG)
λ

0.55 1.64 1.37 0.48 1.49 1.23 0.05 1.09 1.79

CCl x 1.01 4.74 x 0.88 1.86 x 0.16 1.40

CCl +HC
Cl

λ 0.97 0.71 3.07 0.93 0.61 1.24 0.02 0.15 1.35

0.5 ∗ (CCl + ĈCl) x 1.64 1.74 x 1.49 1.62 x 1.09 2.01

0.5 ∗ (CCl + ĈCl) +H
0.5∗(CCl+ĈCl)
λ

0.71 1.16 1.58 0.79 0.76 1.54 0.03 0.18 1.94

CJ x 1.83 5.99 x 1.66 4.50 x 1.07 5.10

CJ +HC
J

λ 0.97 1.53 2.81 0.99 1.37 4.09 0.30 1.02 4.52

0.5 ∗ (CJ + ĈJ ) x 1.16 1.83 x 0.76 1.53 x 0.18 1.56

0.5 ∗ (CJ + ĈJ ) +H
0.5∗(CJ+ĈJ )
λ

0.83 1.97 1.63 0.88 1.61 1.38 0.02 1.14 1.47

Table 15. The overview of optimal types of copulas for the couple Japan & U.K. of
the (filtered) returns of REIT indexes

Type of copula 03.01.2000–31.07.2008 01.08.2008–30.04.2009 01.05.2009–08.05.2012

λ θ AD λ θ AD λ θ AD

CG x 2.26 3.94 x 1.59 2.78 x 1.08 2.98

CG +HC
G

λ 0.24 2.22 3.57 0.77 1.43 2.07 0.23 1.04 2.72

0.5 ∗ (CG + ĈG) x 2.35 1.71 x 1.62 1.05 x 1.09 1.68

0.5 ∗ (CG + ĈG) +H
0.5∗(CG+ĈG)
λ

0.02 2.33 1.67 0.17 1.64 0.93 0.02 1.09 1.61

CCl x 1.68 5.39 x 0.94 1.97 x 0.15 1.88

CCl +HC
Cl

λ 0.98 1.38 4.44 0.98 0.66 1.65 0.24 0.08 1.29

0.5 ∗ (CCl + ĈCl) x 2.35 2.75 x 1.62 1.31 x 1.09 1.73

0.5 ∗ (CCl + ĈCl) +H
0.5∗(CCl+ĈCl)
λ

0.42 2.26 2.63 0.72 0.89 1.08 0.02 0.21 1.57

CJ x 2.68 5.22 x 1.73 6.08 x 1.10 3.69

CJ +HC
J

λ 0.98 2.37 5.00 0.96 1.44 5.04 0.32 1.04 3.21

0.5 ∗ (CJ + ĈJ ) x 2.26 2.82 x 0.89 1.15 x 0.20 1.70

0.5 ∗ (CJ + ĈJ ) +H
0.5∗(CJ+ĈJ )
λ

0.49 3.04 2.65 0.79 1.75 1.09 0.15 1.11 1.42

Table 16. The overview of optimal types of copulas for the couple U.K. & Australia
of the (filtered) returns of REIT indexes

models do not considerably differ from the values of optimal models in the
corresponding classes of non–perturbed models. The only exception to this
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phenomenon could be attributed to very flat shapes of the respective pseudo
likelihood functions around they minimum values.
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14. Rodŕıguez–Lallena, J. A., Úbeda–Flores, M.: A new class of bivariate copulas.
Statistics & Probability Letters 66, 315–325 (2004)

15. Patton, A.J.: Modelling Asymmetric Exchange Rate Dependence. International
Economic Review, 47, 2, 527–556 (2006)
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Abstract. In this paper we survey how an inner product derived from an Uvarov
transformation of the Laguerre weight function is used in the orthogonalization proce-
dure of a sequence of martingales related to a Lévy process. The orthogonalization is
done by isometry and it is based in previous works of Nualart and Schoutens (see [18]
and [19]), where the resulting set of pairwise strongly orthogonal martingales involved
are used as integrators in the so-called chaotic representation property. Finally, we
give an idea of how to generalize the above works.
Keywords: Orthogonal polynomials; Laguerre-type polynomials; Krall-Laguerre
polynomials; Inner products; Lévy processes; Stochastic processes.

1 Introduction

The Laguerre orthogonal polynomials are defined as the polynomials orthogonal
with respect to the Gamma distribution. Therefore, they are orthogonal with
respect to the inner product in the linear space P of polynomials with real
coefficients (see [2])

〈p, q〉α =

∫ ∞
0

pqxαe−xdx, α > −1, p, q ∈ P. (1)

From now on, {L̂αn(x)}n≥0 stands for the sequence of monic Laguerre polyno-
mials orthogonal with respect to (1). From the above inner product, let us
introduce the modified inner product

〈p, q〉 =

∫ ∞
0

pqxαe−xdx+ σ2p(c)q(c), α > −1, p, q ∈ P (2)

where σ2 ∈ R+, and c ∈ (−∞, 0]. Notice that 〈p, q〉 = 〈p, q〉α + σ2p(c)q(c),
so therefore (2) can be interpreted as a modification (or perturbation) of the
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Laguerre measure dµα(x) = xαe−xdx with a discrete measure given by a mass
point at x = c,

dµ̃α(x) = xαe−xdx+ σ2δ(x− c),
where δ(x− c) is the Dirac delta at x = c. This perturbation is known as the
Uvarov perturbation of the measure dµα(x) (see [5], [6], [7] and the references
given there). The case c = 0 has been deeply studied in the literature (see
[3], [4], [11] among others). These polynomials are called either Laguerre-type
polynomials (see, for instance, [3] and [14]) or Krall-Laguerre polynomials (in
[8]). They were also obtained by T.H. Koornwinder [12] as a special limit case
of the Jacobi-Koornwinder (Jacobi type) orthogonal polynomials, and they are
also known as Laguerre-Koornwinder polynomials.

A Lévy process is a stochastic process with independent and stationary
increments which consists of three basic stochastically independent parts: a
deterministic part, a pure jump part and a Brownian motion. Lévy processes
play an important role in many fields of science. For example, in engineer-
ing, they are used for the study of networks; in the actuarial science, for the
calculation of insurance and re-insurance risk and, in economics, for continu-
ous time-series models. In the last decades, the study of the relation between
orthogonal polynomials and Lévy processes have become increasing, see [17],
[18], [21] and [22].

Consider a Lévy process and let σ2 the constant of the Brownian motion
part and ν its Lévy measure. Nualart and Schoutens [17] and Schoutens [19]
have shown that there exists an isometry between the space of orthogonal
polynomials with respect to the inner product (2) when c = 0 and the space
of strongly orthogonal martingales which are the building blocks of a kind
of chaotic representation of the square functionals of the Lévy process. The
chaotic representation property (CRP) says that any square integrable random
variable measurable with respect to normal martingales X can be expressed as
an orthogonal sum of multiple stochastic integrals with respect to X. Based in
the aforementioned previous works of Nualart and Schoutens, we are interested
in finding new isometries that encompass the above cases using new families of
orthogonal polynomials that generalize the Laguerre-type orthogonal polyno-
mials used by Schoutens in [18]. Recently, several authors have begun to study
the case when c is a negative number, i.e., the mass point is located outside the
support of the Laguerre measure. The study of their asymptotic and analytic
properties can be founded in [5], [6] or [7].

Our main goal is to consider a natural generalization of the work done in
[18]. In other words, meanwhile Schoutens analyzed the connection between
Lévy processes and Laguerre-type orthogonal polynomials with respect to the
inner product (2) for the particular case c = 0, we study a more general case
where c ∈ (−∞, 0). In our opinion, the differences between these two cases
are sufficient to justify a new study of the isometry of these polynomials with
certain sets of martingales.

The structure of the manuscript is as follows. In Section 2, we summa-
rize some properties of Laguerre-type orthogonal polynomials to be used in the
sequel. We briefly review the concept of Lévy process and study the orthogo-
nalization procedure for a sequence of martingales related to the powers of the
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jumps of this stochastic process in Section 3. As an original contribution that
have not been published elsewhere, in Section 4 we provide the explicit coeffi-
cients of the generalize Laguerre-type orthogonal polynomials which eventually
can lead to the desired isometry with some new space of Teugel martingales.
We also discuss the work done so far and stress the problems founded to figure
out the desired isometry, and give some few ideas that may help to find isome-
tries for these new families of modified (standard and non standard) sequences
of orthogonal polynomials.

2 Laguerre-type orthogonal polynomials

First, we review some basic properties of classical Laguerre polynomials L̂αn(x)

useful in the sequel. Their corresponding norm is given by ||L̂αn||2α = n!Γ (n+α+
1). Dealing with Laguerre polynomials, it is customary to use the normalization
such that the leading coefficient of the n-th degree classical Laguerre polynomial

(denoted by L
(α)
n (x)) equals (−1)n

n! , i.e., L
(α)
n (x) = (−1)n

n! xn+ lower degree terms,
and therefore

L(α)
n (x) =

(−1)n

n!
L̂αn(x).

It is very well known that these polynomials satisfy the following three term
recurrence relation

xL̂αn(x) = L̂αn+1(x) + βnL̂
α
n(x) + γnL̂

α
n−1(x), n ≥ 1, (3)

with initial conditions L̂α0 (x) = 1, L̂α1 (x) = x − (α + 1), and recurrence coeffi-
cients βn = 2n + α + 1, γn = n(n + α) for every n ≥ 1 (see [16], [23] among
others). They constitute a family of classical orthogonal polynomials (see [13]
and [16]), and they are the eigenfunctions of a second order linear differential
operator with polynomial coefficients. The kernel polynomials (see [2, Ch.I,
Â§7]) associated with Laguerre polynomials will play a key role in order to
obtain some conclusions of the manuscript. Let

Kn(x, y) =

n∑
k=0

L̂αk (x)L̂αk (y)

||L̂αk ||2α

denotes the n-th kernel polynomial associated with the Laguerre orthogonal
polynomials. Thus, according to the Christoffel-Darboux formula, for every
n ∈ N we get the alternative expression

Kn(x, y) =
L̂αn+1(x)L̂αn(y)− L̂αn+1(y)L̂αn(x)

x− y
1

||L̂αn||2α
.

The limit when y → x is known as the confluent form of the n-th kernel, and
it reads

Kn(x, x) =

n∑
k=0

[L̂αk (x)]2

||L̂αk ||2α
=

[L̂αn+1(x)]′ L̂αn(x)− [L̂αn(x)]′ L̂αn+1(x)

||L̂αn||2α
.
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From now on, {L̂α,c,σ2

n (x)}n≥0 denotes the sequence of monic polynomials

orthogonal with respect to (2) when c ∈ (−∞, 0), and {L̂α,σ2

n (x)}n≥0 stands
for the monic Laguerre-type orthogonal polynomials with c = 0.

We next present some specific properties of L̂α,c,σ
2

n (x), showing the differ-
ences which appear when c = 0 or c ∈ (−∞, 0). The first remarkable fact is
that the position of the first (or least) zero of the Laguerre-type polynomials,
strongly depends on the value of the real and positive parameter σ2, and the
position of the mass point c (see [7] for detailed study). Obviously, if σ2 = 0,
the zeros of the Laguerre-type polynomials trivially reduces to the zeros of the
classical Laguerre polynomials. Moreover, if σ2 > 0 and c ∈ (−∞, 0), then one

can find values of σ2 for which the least zero of L̂α,c,σ
2

n (x), n ≥ 1, is located in
the interval (c, 0), i.e., outside of the support of the classic Laguerre measure,
whereas if σ2 > 0 and c = 0 this phenomenon does not occur at all, and all the
zeros of L̂α,σ

2

n (x), n ≥ 1, are located inside the interval (0,+∞) for any value

of σ2. For every n = 1, 2, . . ., the polynomials L̂α,c,σ
2

n (x) satisfy as well a three
term recurrence relation

xL̂α,c,σ
2

n (x) = L̂α,c,σ
2

n+1 (x) + β̃nL̂
α,c,σ2

n (x) + γ̃nL̂
α,c,σ2

n−1 (x), n ≥ 1,

with recurrence coefficients

β̃n = βn +
L̂αn+1 (c)

L̂αn (c)

(
1− 1 + σ2Kn−1(c, c)

1 + σ2Kn(c, c)

)
− L̂αn (c)

L̂αn−1 (c)

(
1− 1 + σ2Kn−2(c, c)

1 + σ2Kn−1(c, c)

)
,

γ̃n =

(
1 + σ2Kn(c, c)

) (
1 + σ2Kn−2(c, c)

)
(1 + σ2Kn−1(c, c))

2 γn.

where βn and γn are the recurrence coefficients in (3) for the classical Laguerre

polynomials. Notice that L̂αn (c) 6= 0 for every n = 0, 1, 2, . . ., because c does
not belong to the support of the classical Laguerre measure. Finally, a very
remarkable difference appear when we express the aforementioned families in
terms of Gauss hypergeometric functions. The classical Laguerre polynomials
L̂αn(x) can be expressed as hypergeometric functions of type 1F1 (see [9], [23]
among others). The addition of a mass point at c = 0 implies that the Laguerre-

type polynomials L̂α,σ
2

n (x), which are used in [18], are expressed in terms of

2F2 hypergeometric functions (see, for example [10]), meanwhile moving the
mass point to c < 0, as in our case, implies that the Laguerre-type polynomials
L̂α,c,σ

2

n (x) turn to be expressed in terms of 3F3 hypergeometric functions (see
[5]).

3 Lévy processes and Teugels martingales

Let X = {Xt, t ≥ 0} be a Lévy process (meaning that X has stationary and
independent increments and is continuous in probability and that X0 = 0),
cadlag and centered, with moments of all orders. Let us remind that a stochas-
tic process is cadlag if its sample paths are right continuous and have left-hand
limits. Denote by σ2 the variance of the Gaussian part of X and by ν its Lévy
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measure. The existence of moments of all orders of Xt implies that the Lévy
measure ν has moments of all orders ≥ 2. Write

mn =

∫
R
xnν(dx) for n ≥ 2.

For background on all these notions, we refer to Bertoin [1] and Sato [20].
Following Nualart and Schoutens [17], we introduce the square-integrable mar-
tingales (and Lévy processes) called Teugels martingales, related to the powers
of the jumps of the process:

Y
(1)
t = Xt,

Y
(n)
t =

∑
0<s≤t

(∆Xt)
n −mnt, n ≥ 2,

where ∆Xt = Xt −Xt− is the jump size at time t and

Xt− = lim
s<t,s→t

Xs, t > 0

is the left limit process. The compensated power jump process Y (n) of order n
is a normal martingale.

An important question is the orthogonalization of the set
{
Y (n), n = 1, 2, . . .

}
of martingales, called Teugels Martingales, as stochastic integrators of a kind
of chaotic representation as we briefly discuss in the Introduction. Specif-
ically, let M2 be the space of square-integrable martingales M such that
suptE(M2

t ) <∞ and M0 = 0 a.s. We recall that two martingales M,N ∈M2

are strongly orthogonal if and only if their product MN is a uniform integrable
martingale. Nualart and Schoutens [17] showed that every random variable F
in L2(Ω,F) has a representation of the form

F = E [F ] +

∞∑
j=1

∑
(i1,...,ij)∈Nj

∫ ∞
0

∫ t1−

0

. . .

∫ tj−1−

0

f(i1,...,ij)(t1, . . . , tj)dH
(ij)
tj . . . dH

(i2)
t2 dH

(i1)
t1

where f(i1,...,ij)’s are real deterministic functions, N = {1, 2, 3, . . .} and
{
H(i), i = 1, 2, . . .

}
is an orthogonalized set of martingales. A direct consequence is the weaker
predictable representation property (PRP) with respect to the same set of or-
thogonalized martingales, saying that every random variable F in L2(Ω,F) has
a representation of the form

F = E [F ] +

∞∑
j=1

∫ ∞
0

Φ(i)
s dH(i)

s ,

where Φ
(i)
s is predictable (see [17] for more details).

Nualart and Schoutens[17], by using the measure dµ = xrν(dx) +σ2δ0(dx),
where δ0 denotes the Dirac measure at point 0, σ2 is the variance of the Gaus-
sian part and ν the Lévy measure of a Lévy process, showed that the mapping
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xn−1 ←→ Y (n) defines an isometry between the space of polynomials P ⊆ L2(µ)
and Span(

{
Y (1), Y (2), Y (3), . . .

}
) ⊆ H2([0, 1]), where H2([0, 1]) is the space of

square integrable martingales on the time interval [0, 1]. This isometry is given
by the equality

〈xi−1, xj−1〉1 = mi+j + σ21{i=j=1} = 〈Y (i), Y (j)〉2, fori, j ≥ 1.

Here the scalar product 〈·,·〉1 in L2(µ) is given by

〈p(x), q(x)〉1 =

∫ +∞

−∞
p(x)q(x)x2ν(dx) + σ2p(0)q(0),

whereas 〈·,·〉2 denotes the scalar product inH2([0, 1]). We observe that, because
of the special structure of the Teugels martingales, forM,N ∈ Span(

{
Y (1), Y (2), Y (3), . . .

}
)

the relation 〈M,N〉2 = 0 is equivalent to the property that the martingales M
and N are strongly orthogonal.

Nualart and Schoutens[17] and Schoutens[18] used this isometry for an
orthogonalization procedure of the Teugels martingales: If the polynomials
P0, P1, . . . are an orthogonalization of the monomials

{
1, x, x2, . . .

}
in L2(µ) and

if these monomials
{

1, x, x2, . . .
}

in L2(µ) are substituted by
{
Y (1), Y (2), Y (3), . . .

}
,

then we obtain a system of strongly orthogonal martingales
{
H(1), H(2), H(3), . . .

}
with Span(

{
H(1), H(2), H(3), . . .

}
) = Span(

{
Y (1), Y (2), Y (3), . . .

}
). In particu-

lar, if the Lévy process is a Gamma process, then the obtained polynomials are
just the Laguerre polynomials with parameter α = 1. This makes it possible to
find the coefficients for the above linear martingale transformation explicitly.

Here we consider a modified measure dµc = x2ν(dx) + σ2δc(dx), where δc
denotes the Dirac measure at point c < 0, σ2 is the variance of the Gaussian
part and ν the Lévy measure of a Lévy process. In the concrete case of a
Laguerre weight function this is related with the notion of the Uvarov trans-
formation. In the case of the Gamma process this would lead to Laguerre-type
polynomials also called Krall-Laguerre polynomials defined in Section 2.

Thus, we consider a new first space Sc1 as the space of all real polynomials
on the positive real line endowed with the scalar product 〈·,·〉1 given by

〈p(x), q(x)〉1 =

∫ +∞

−∞
p(x)q(x)x2ν(dx) + σ2p(c)q(c)

and a second space

S2 = {a1Y (1) + a2Y
(2) + · · ·+ anY

(n) : n ∈ {1, 2, . . .} , ai ∈ R, i = 1, . . . , n}

endowed with the scalar product

〈X,Y 〉2 = E([X,Y ]1).

The elements of the space S2 are linear combinations of Teugels martingales and
the orthogonalization procedure produces a set of strongly pairwise orthogonal
martingales

{H(j) = a1,jY
(1) + · · ·+ aj,jY

(j), j = 1, 2, . . . }

that can be used in the chaotic representation property defined above.
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4 Coefficients in the orthogonalization procedure

As detailed in [18], the coefficients of the Laguerre-type polynomials when
c = 0 are used in the orthogonalization process of the Teugels martingales. In
this section, as an original contribution we give the coefficients of the modified
Laguerre-type polynomials for c < 0 which, to the best of our knowledge, they
have not been previously computed or published elsewhere. Our guess is that
these coefficients will eventually be needed in new attempts to find the desired
new isometries.

In order to find the coefficients {bk,n}nk=0 of the Laguerre-type polynomials

Lα,c,σ
2

n (x) when c ∈ (−∞, 0), we introduce the notation

λα,cn =
L
(α)
n+1 (c)

L
(α)
n (c)

, and κα,cn = 1 + σ2Kn(c, c).

Notice that L
(α)
n (c) 6= 0 for every n = 0, 1, 2, . . ., because c does not belong

to the support of the classical Laguerre measure. In [5, Th. 1] the authors
obtained a connection formula between the monic Laguerre-type orthogonal
polynomials and the classical monic Laguerre orthogonal polynomials. Fol-
lowing [18], we will consider the alternative normalization of Laguerre-type

polynomials with leading coefficient (−1)n
n! κα,cn−1, and we will denote them by

Lα,c,σ
2

n (x) when c ∈ (−∞, 0), and by Lα,σ
2

n (x) when c = 0. Using this normal-
ization, the connection formula [5, Th. 1] between the Laguerre-type and the
classical Laguerre polynomials reads

(x− c)Lα,c,σ
2

n (x) = AnL
(α)
n+1(x) +BnL

(α)
n (x) + CnL

(α)
n−1(x), (4)

where

An = −(n+ 1)κα,cn−1,

Bn = (n+ 1)κα,cn−1λ
α,c
n + (n+ α)

κα,cn
λα,cn−1

,

Cn = −(n+ α)κα,cn .

Next, we would like to obtain the coefficients {bk,n}nk=0 such that

Lα,c,σ
2

n (x) = bn,nx
n + bn−1,nx

n−1 + · · ·+ b1,nx+ b0,n.

Proposition 1. Let

Lα,c,σ
2

n (x) =

n∑
k=0

bk,nx
k

be the Laguerre-type polynomials, orthogonal with respect to the inner product
(2). Then, the sequence {bk,n}nk=0 is given by{

bn,n =
(−1)n

n!
κα,cn−1,

bk−1,n = tk,n+1 + cbk,n, k = n, n− 1, . . . , 1,
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where

tk,n+1 =


(−1)n

n!
κα,cn−1, for k = n+ 1,

uk,n(α, c)

n!k!
(−n)k(α+ k + 1)n−k, for 0 ≤ k ≤ n,

uk,n(α, c) = (n+ 1)

(
λα,cn +

α+ (n+ 1)

k − (n+ 1)

)
κα,cn−1 +

(
(k − n) +

(α+ n)

λα,cn−1

)
κα,cn

and
n+1∑
k=0

tk,n+1c
k = 0.

Proof. The proof will be divided into 2 steps. First, from (4) we will obtain
the coefficients {tk,n+1}n+1

k=0 of the polynomial

Tn+1(x) = (x− c)Lα,c,σ
2

n (x) =

n+1∑
k=0

tk,n+1x
k, (5)

which is obviously related with the Laguerre-type polynomials Lα,c,σ
2

n (x). Sec-
ond, we obtain the desired coefficients {bk,n}nk=0 from {tk,n+1}n+1

k=0 .
From (4), and the explicit coefficients for the classical Laguerre polynomials

with leading coefficient (−1)n
n! , (see [18])

L(α)
n (x) =

1

n!

n∑
k=0

(−n)k(α+ k + 1)n−k
xk

k!
, α > −1,

we get

(x− c)Lα,c,σ
2

n (x) =
(−1)n

n!
κα,cn−1x

n+1+
1

n!

n∑
k=0

uk,n(α, c)(−n)k(α+k+1)n−k
xk

k!
,

where

uk,n(α, c) = (n+ 1)

(
λα,cn +

α+ (n+ 1)

k − (n+ 1)

)
κα,cn−1 +

(
(k − n) +

(α+ n)

λα,cn−1

)
κα,cn .

Thus,

tk,n+1 =


(−1)n

n!
κα,cn−1, for k = n+ 1,

uk,n(α, c)

n!k!
(−n)k(α+ k + 1)n−k, for 0 ≤ k ≤ n.

(6)

Next, we deduce the sequence {bk,n}nk=0 in terms of {tk,n+1}n+1
k=0 . (5) makes it

obvious that, for every n ≥ 0

Tn+1(x) = (x− c)Lα,c,σ
2

n (x),

tn+1,n+1x
n+1 +

n∑
k=1

tk,n+1x
k + t0,n+1 = bn,nx

n+1 +

n∑
k=1

(bk−1,n − cbk)xk − cb0,n,
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being c a root of Tn+1(x), i.e.

n+1∑
k=0

tk,n+1c
k = 0.

Hence, the following relations matching the coefficients of Tn+1(x) and Lα,c,σ
2

n (x)
hold  tn+1,n+1 = bn,n,

tk,n+1 = bk−1,n − cbk,n, 1 ≤ k ≤ n,
t0,n+1 = −cb0,n.

The above provide a simple recursive rule to obtain the n coefficients of Lα,c,σ
2

n (x),
as follows {

bn,n = tn+1,n+1,
bk−1,n = tk,n+1 + cbk,n, k = n, n− 1, . . . , 1.

From (6) the statement holds.

To give an idea of the work done so far, we mention our first attempt to
get a new isometry for values of c < 0, we tried to construct a new family of
martingales

Ỹ (i) =

i−1∑
`=0

(
i− 1

`

)
1

c`
Y (`+1)

that are suitable linear combinations of Teugels martingales. If we consider the
basis

{(x
c
− 1)n}n≥0

then we though that it could be possible to find that (xc−1)n−1 ←→ Ỹ (n) works
as an isometry between S1 and S2, but when one computes 〈(xc − 1)i−1, (xc −
1)j−1〉1 and 〈Ỹ (i), Ỹ (j)〉2 one clearly sees that the above process fails. Work is
currently underway on a new isometry and we hope to report these findings in
a future paper.

By way of conclusion, we would like to remark that the substantial and
recent advances (see the nice survey [15] ) in these kind of modified inner prod-
ucts, such as the ones studied here, open the door to a vast mine of beautiful,
interesting and accessible open problems.
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21. J.L. Solé and F. Utzet, Time-Space harmonic polynomials relative to a Lévy pro-
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de Catalunya (CEEISCAT). Hospital Universitari Germans Trias i Pujol. CIBER
Epidemiologia i Salut Pública (CIBERESP), Ctra. de Caet, s/n, 08916 Badalona,
Spain (E-mail: aesteve@iconcologia.net)

Abstract. The Distance-Based Generalized Linear Model (DB-GLM) is a general-
ization of the classical GLM to the DB framework. The DB-GLM is non-linear on
original predictors because its information is entered in the model by means of a
squared distances matrix. In a previous work, we defined influence coefficients for
original factors in the DB-GLM to measure its importance. Now, with the aim to
test the null hypothesis that each coefficient is equal to a fixed value, we define a
t-like test statistic, we estimate its null hypothesis distribution by a bootstrapping
pairs methodology and use it to obtain percentile confidence intervals. We make an
example with actuarial data, and we fit the models with the dbstats package for R.
Keywords: Distance-based generalized linear model, Influence coefficients, Wald
test, Confidence intervals, Actuarial science, R.

1 Introduction

The DB-GLM, defined in Boj et al.[2], extends the ordinary GLM (McCullagh
and Nelder[14] allowing information on predictors to be entered as interdis-
tances between observation pairs instead of as individual coordinates. In turn,
these interdistances may have been computed from arbitrary, non-numerical
observed predictors.

The estimation process of a DB-GLM is schematically as follows: a Eu-
clidean configuration is obtained by a metric multidimensional scaling-like pro-
cedure, then the linear predictor of the underlying GLM is a linear combination
of the resulting Euclidean coordinates, latent variables in the model. Therefore
influence coefficients of the original observed predictors cannot be computed as
in the ordinary GLM.
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In Boj et al.[4] we proposed a definition of local influence coefficients for
the DB-GLM depending on the nature of risk factors (numerical or categor-
ical/binary). These coefficients measure the relative importance of each ob-
served variable. In this paper, we study how to adapt the Wald test of predictor
significance to the DB-GLM environment.

To this end, firstly we apply the definition of influence coefficients and the
bootstrap by pairs methodology to estimate the distribution of coefficients, as
is given in Boj et al.[4]. In this way we are able to estimate the coefficients of
the DB-GLM and its associated standard errors. Then, we propose a procedure
to adapt the Wald statistic to the DB-GLM. We construct simple confidence
intervals by using a standard normal distribution, and percentile t confidence
intervals by using a bootstrap t∗ distribution, where both types of confidence
intervals are understood in the sense defined in MacKinnon[12]. The t∗ dis-
tribution of the percentile intervals follows the null hypothesis of the test in
the bootstrap data generation process. In this way, the percentile t confidence
intervals are useful to test the null hypothesis that a coefficient is equal to a
fixed real value.

We illustrate the calculation of percentile t confidence intervals with a
well known actuarial dataset. We estimate the related DB-GLM by using the
dbglm function of the dbstats R package (Boj et al.[3], R Development Core
Team[15]).

The paper is structured as follows. In Section 2 we describe the proposed
procedure for the Wald test in the DB-GLM. Firstly, in Sub-section 2.1, we
recall the definition of influence coefficients; secondly, in Sub-section 2.2, we
construct simple and percentile t confidence intervals. In Section 3 we make
an example. Finally, in Section 4, we conclude.

2 Hypothesis testing: the Wald test

The main objective of this work is to adapt the Wald test to the DB-GLM.
The Wald test contrasts the null hypothesis H0 : βj = β0. The statistic:

τj =
β̂j − β0
std
(
β̂j

) (1)

follows (in the classical GLM) an asymptotically t distribution. In (1) β̂j is

the unrestricted estimate of the parameter β̂j that is being tested and std(β̂j)
is its standard error.

In the next two subsections, we propose a procedure to estimate a boot-
strapped t∗ distribution for the DB-GLM that follows the null hypothesis,
H0 : βj = β0. First we recall the definition of influence coefficients and the
bootstrap by pairs methodology to estimate coefficient distribution explained in
Boj et al.[4]. Then, we show how to construct simple and percentile confidence
intervals, taking into account the bootstrapped t∗ distribution that follows the
null hypothesis of the test.
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2.1 Influence coefficients for the DB-GLM

Assume we have a response variable Y observed for n individuals, and a set
of p risk factors Fj for j = 1, . . . , p. In ordinary GLM the relation between
response and linear predictor is

ŷ = g−1 (η̂) = g−1
(
β̂0 + F1 · β̂1 + F2 · β̂2 + · · ·+ Fp · β̂p

)
,

where we can measure the influence of the predictor Fj by means of β̂j for
j = 1, . . . , p. But in DB-GLM the relation of each observable predictor Fj with
the prediction is not linear. The idea underlying our definition in Boj et al.[4]

of influence is to mimic that of the β̂j in GLM.
The influence of each Fj we want to quantify depends on a reference/virtual

individual f0 which we take as reference or origin. Let f0 =
(
f01 , f

0
2 , . . . , f

0
p

)
be

the vector with the p predictor values of a reference individual. For instance f0

consists of mean or median in numerical coordinates and the mode in binary
or qualitative coordinates.

For categorical (or binary) predictors we defined the influence coefficients

β̂j for j = 1, . . . , p as the increment in the estimated linear predictor η̂ when
the j -th predictor value of f0 changes to another level. As a short notation:

βj = ∆j η̂|f0 for j = 1, . . . , p

For quantitative predictors we define the influence coefficients β̂j for j =
1, . . . , p as:

βj = ∂η̂
∂Fj

∣∣∣
f0

for j = 1, . . . , p

the speed of the estimated linear predictor η̂ changes as f0 moves along the
curve:

f0 + t× sj
(

0, . . . , 0, 1
j−th

, 0, . . . , 0

)
, t ∈ (−ε,+ε)

where sj is the standard deviation of the j -th quantitative predictor.

2.2 Bootstrap confidence intervals

There is an extensive literature on the numerous ways to construct bootstrap
confidence intervals. MacKinnon[12] proposed that the simplest approach is
to calculate the bootstrap standard error and use it to construct confidence
intervals based on the normal distribution. A simple confidence interval for βj
at level 1− α is:[

β̂j − std∗
(
β̂j

)
× z

1−α/2
, β̂j + std∗

(
β̂j

)
× z

1−α/2

]
, (2)

where z
1−α/2

denotes the 1−α/2 quantile of the standard normal distribution.

If, e.g., α = 0.05 this is equal to 1.96. The simple bootstrap confidence interval
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can be modified so that it will be centred on a bias-corrected estimate of βj by

simply replacing β̂j in (2) by β̃j = β̂j −
(

¯̂
β∗
j − β̂j

)
= 2β̂j − ¯̂

β∗
j .

In Boj et al.[4] we proposed a bootstrap by pairs methodology to estimate

the distribution of βj and its standard deviation, std∗
(
β̂j

)
, where we refer for

a detailed description of the method.
The pairs bootstrap is easy to implement and it can be applied to a wide

range of models. The resampling technique consists of n response-predictor
pairs from the original data, see Boj et al.[1],[4], Davidson and Hinkley[5], Efron
and Tibshirani[6] or Hall[9] among other references. Then, one can generate B
bootstrap samples from which to estimate the statistic of interest. However, the
bootstrap data generation process in the bootstrap by pairs does not impose
any restrictions on βj .

If we are testing some restrictions, e.g. H0 : βj = β0, we need to modify
the bootstrap data generation process in such a way that the given restrictions
are enforced, yielding a valid bootstrap test statistic. A way to proceed is to
use the modified bootstrap test statistic:

τ̂ bj =
β̂bj − β̂j
std∗

(
β̂j

) (3)

where β̂bj is the estimate of βj from the b-th bootstrap sample, for b = 1, . . . , B

where B is the sample size, and the denominator std∗
(
β̂j

)
is the standard

error of the β̂j distribution. As the estimate of βj from the bootstrap samples

should, on average, be equal to β̂j , the null hypothesis tested by τ̂ bj is true in
the pairs bootstrap data generation process. In this way, we can compare the
statistic of the original sample,

τ̂j =
β̂j − β0
std∗

(
β̂j

) ,
with the bootstrap t∗ distribution given by (3), and calculate a p-value by:

p̂∗ (τ̂j) =
1

B

B∑
b=1

I
(∣∣τ̂ bj ∣∣ > |τ̂j |),

or by,

p̂∗ (τ̂j) = 2 min

(
1

B

B∑
b=1

I
(
τ̂ bj ≤ τ̂j

)
,
1

B

B∑
b=1

I
(
τ̂ bj > τ̂j

))
.

An interval that has better properties than the simple bootstrap confidence
interval is the percentile t confidence interval. A percentile t confidence interval
for βj at level 1− α is defined as:[

β̂j − std∗
(
β̂j

)
× t∗

1−α/2
, β̂j − std∗

(
β̂j

)
× t∗α/2

]
(4)
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where t∗δ is the δ quantile of the bootstrap distribution of the t∗ statistic defined
in (3). For example, if α = 0.05 then α/2 = 0.025 and 1−α/2 = 0.975 and t∗α/2

is

the 0.025 quantile of the bootstrap t∗ distribution and t∗
1−α/2

is the 0.975 one.

The t∗ distribution given by (3) follows the null hypothesis, then the percentile
t confidence interval (4) is usefully for the hypothesis testing H0 : βj = β0 with
β0 a fixed real value. With these type of confidence intervals it is not necessary
to repeat the calculations if we want to change the value of β0, unlike what
happens with p-values.

3 Application

We use a data set on Swedish third-party motor insurance in 1977 described in
Hallin and Ingenbleek[10] and also used in Boj et al.[2],[4]. Data are included
in the package faraway for R under the name motorins. The total number
of observations is n = 295 corresponding to different non-empty risk groups.
We analyze claim frequency, defined by the number of claims and the expo-
sure variable number of insured in policy-years. There are three risk factors:
Distance (kilometers travelled by year, with 5 levels), Bonus (level in the scale
of Bonus, with continuous numerical values from 1 to 7) and Make (with 9
nominal categories). We code Bonus and Distance (using its class mark) as
numerical variables and Make as categorical nominal. We assume a Poisson
error distribution and the logarithmic link.

We fit DB-GLM to the main effects of the three risk factors, using the dbglm
function in the dbstats package (see Boj et al.[3]. The similarity is computed
with Gower’s similarity index (metric = "gower"), taking into account all the
geometric variability (rel.gvar = 1), i.e., the model named dbglm1 in the Ap-
pendix A of Boj et al.[2], with a residual deviance of 454.1 on 276 degrees of
freedom:

Call:

dbglm(formula = yfactor(MakeC) + KmC + BonC , data = Motor1, family

= poisson(link = "log"), method = "rel.gvar", metric = "gower",

weights = w, rel.gvar = 1)

family: poisson

metric: gower

Degrees of Freedom: 294 Total (i.e. Null); 276 Residual 236

Null Deviance: 6978 237

Residual Deviance: 454.1

In Boj et al.[4] eleven coefficients were estimated: nine for the levels Make1
to Make9, and two for the numerical factors Distance and Bonus. The linear
predictor was:
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η = β0 + F1 · β1 + F2 · β2 + · · ·+ F10 · β10 + ε =
βMake1 + FMake2 · βMake2 + FMake3 · βMake3 + FMake4 · βMake4+
FMake5 · βMake5 + FMake6 · βMake6 + FMake7 · βMake7+
FMake8 · βMake8 + FMake9 · βMake9 + FKm · βKm + FBon · βBon + ε.

The reference individual chosen was:

f0 =
(
Make = 1,Km = Km,Bon = Bon

)
= (1, 9683.82, 5.58) ,

being the class Make = 1 the corresponding to the intercept term β0.
In Boj et al.[4] one can find, in Table 1, the results of the estimated influence

coefficients for this model, dbglm1, and the corresponding standard errors using
size B = 1000 for the bootstrap. Table 2 Table 2 contains simple bootstrap
confidence intervals, (2), at level 0.95.

Now, we complete the example with a quantitative measure for the sig-
nificance of predictors using the Wald test. We construct the corresponding
percentile t confidence intervals, (4), at level 0.95. In Figures from 1 to 11
we show the histograms of the bootstrap t∗ distributions given by (3) for the
different predictors of the dbglm1 model. In Table 1, one can find: in the
first column the estimated betas; in the second column the 97.5 quantile of
the bootstrapped null distribution given by the 1000 values of (3); in the third
column the 2.5 quantile of the same bootstrap distribution; and in the fourth
column the percentile t confidence intervals given by (4). As a result, we do
not have the 0 value in any of the percentile t confidence intervals of Table 1,
and it means that all the coefficients are significant in the dbglm1 model.

Fig. 1. Bootstrap t∗ distribution of
β̂Make1 for the dbglm1 model.

Fig. 2. Bootstrap t∗ distribution of
β̂Make2 for the dbglm1 model.

4 Conclusions

In Boj et al.[4] we define -local valid- influence coefficients for the DB-GLM.
Additionally, we propose a bootstrap methodology to estimate standard errors
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Fig. 3. Bootstrap t∗ distribution of
β̂Make3 for the dbglm1 model.

Fig. 4. Bootstrap t∗ distribution of
β̂Make4 for the dbglm1 model.

Fig. 5. Bootstrap t∗ distribution of
β̂Make5 for the dbglm1 model.

Fig. 6. Bootstrap t∗ distribution of
β̂Make6 for the dbglm1 model.

Fig. 7. Bootstrap t∗ distribution of
β̂Make7 for the dbglm1 model.

Fig. 8. Bootstrap t∗ distribution of
β̂Make8 for the dbglm1 model.
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Fig. 9. Bootstrap t∗ distribution of
β̂Make9 for the dbglm1 model.

Fig. 10. Bootstrap t∗ distribution of
β̂Km for the dbglm1 model.

Fig. 11. Bootstrap t∗ distribution of
β̂Bon for the dbglm1 model.

and to calculate simple bootstrap confidence intervals as an informative mea-
sure. The proposed bootstrap methodology is bootstrapping pairs which could
be adequate when we use DB regression models (see Boj et al.[1]).

The pairs bootstrap is very easy to implement and it can be applied to a
wide range of models. However it sufers from two major deficiencies (see MacK-
innon[11],[12],[13]). The first is that the bootstrap data generation process does
not impose any restriction on βj . Then, if we are testing restrictions on βj , as
opposed to estimating standard errors or forming simple confidence intervals,
we need to modify the bootstrap test statistic so that it will test something
that will be true in the bootstrap data generation process. Or, alternatively, we
can modify the resampling scheme so that the null hypothesis will be respected
in the bootstrap data generating process, see Boj et al.[1] and Flachaire[7],[8].
The other deficiency of the pairs bootstrap is that, compared with the residual
bootstrap (when it is valid) and with the wild bootstrap, the pairs bootstrap
generally does not yield very accurate results. But the pairs bootstrap is less
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β̂ t∗
1−α/2

t∗α/2
Percentile t confidence intervals

β̂Make1 −1.857e+ 0 1.962086 −1.908919 [−1.860e+ 0,−1.853e+ 0]

β̂Make2 1.312e− 01 1.882888 −1.849325 [1.251e− 01, 1.371e− 01]

β̂Make3 −2.142e− 01 1.828144 −1.976043 [−2.260e− 01,−2.014e− 01]

β̂Make4 −4.977e− 01 1.930592 −2.144194 [−5.028e− 01,−4.919e− 01]

β̂Make5 1.239e− 01 1.81118 −1.968902 [1.178e− 01, 1.305e− 01]

β̂Make6 −3.880e− 01 1.916472 −2.03158 [−3.926e− 01,−3.832e− 01]

β̂Make7 −1.304e− 01 1.968073 −1.909681 [−1.410e− 01,−1.200e− 01]

β̂Make8 1.363e− 01 1.872734 −1.998162 [1.081e− 01, 1.664e− 01]

β̂Make9 −2.361e− 02 1.799623 −2.038099 [−2.597 − 02,−2.093e− 02]

β̂Km 1.069e− 05 2.022189 −1.953856 [1.050e− 05, 1.087e− 05]

β̂Bon −3.733e− 02 2.113138 −1.685741 [−4.111e− 02,−3.431e− 02]

Table 1. Estimated coefficients; quantiles 97.5 and 2.5 of the t∗ distributions; and
percentile t confidence intervals assuming α = 0.05, for the dbglm1 model.

sensible to the hypotheses of the model than the residual bootstrap. And the
estimated standard error via the pairs bootstrap offers reasonable results when
some hypotheses of the model are not satisfied.

To complete the study of influence coefficients for the DB-GLM initiated in
Boj et al.[4], in this work we propose a procedure to obtain an estimation of the
Wald statistic. Our objective is to contrast the null hypothesis, H0 : βj = β0.
For this aim, we compute percentile t confidence intervals given by formula (4).
The bootstrapped t∗ distribution given by (3) follows the null hypothesis, then
the percentile t confidence interval (4) is adequate for the hypothesis testing
H0 : βj = β0 given β0 a fixed real value. With these type of confidence intervals
it is not necessary to repeat the calculations if we want to contrast the null
hypothesis for different values of β0, unlike what happens when using p-values.

In the example, we have calculated percentile t confidence intervals for the
coefficients of the motorins dataset related to the model with the main effects,
named tt dbglm1. And we have obtained that all risk factors could be entered
as a tariff variables in the final model.

The most important result of this work is that with the defined bootstrap
percentile t confidence intervals we can study in an statistical way the signifi-
cance of the influence coefficients defined in Boj et al.[4] for the DB-GLM. And
this is an important question in actuarial rate-making, where the selection of
risk factors is the basis of the problem.

Acknowledgments Work supported in part by the Spanish Ministerio de
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