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Abstract We study the a priori semimeasure of sets of Py-random infinite sequences,
where Py is a family of probability distributions depending on a real parameter 6.
In the case when for a computable probability distribution Py an effectively strictly
consistent estimator exists, we show that Levin’s a priory semimeasure of the set of
all Py-random sequences is positive if and only if the parameter 6 is a computable
real number. We show that the a priory semimeasure of the set |, Iy, where Iy is
the set of all Pg-random sequences and the union is taken over all algorithmically
non-random 6, is positive.

Keywords Martin-Lof random sequences - A priory semimeasure - Probabilistic
machines - Bernoully sequences - Parametric families of probability distributions -
Algorithmic information theory - Turing degrees

1 Introduction

We use algorithmic randomness theory to analyze “the size” of sets of infinite se-
quences random with respect to parametric families of probability distributions. We
use Levin’s [16] a priory lower semicomputable semimeasure as the main tool for
this analysis.

Let a parametric family of probability distributions Py, where 6 is a real number,
be given such that an effectively strictly consistent estimator exists for this family. The
Bernoulli family with a real parameter 6 is an example of such family. Theorem 1
shows that Levin’s a priory semimeasure of the set of all Pyj-random sequences is
positive if and only if the parameter value 6 is a computable real number.
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In this way, the a priory semimeasure of the set of all Py-random sequences is zero
for non-computable 6. As follows from Theorem 2 the set of Py-random sequences
have positive a priory semimeasure if these 6 form a set of sequences Martin-Lof
random with respect to some computable prior.

We give in Appendix the simple proof of our previous result formulated in The-
orem 3 which says that Levin’s a priory semimeasure of the set of all infinite binary
sequences non-equivalent by Turing to Martin-L6f random sequences is positive. In
particular, these sequences are non-random with respect to each computable proba-
bility distribution.

We use this result to prove our main result—Theorem 4. This theorem shows that a
probabilistic machine can be constructed, which with probability close to one outputs
arandom 6-Bernoulli sequence such that the parameter 6 is not random with respect
to each computable probability distribution. This result can be interpreted such that
the Bayesian statistical approach is insufficient to cover all possible “meaningful”
cases for f-random sequences.

This paper is an extended version of the conference paper [15].

2 Preliminaries

Let E be the set of all finite binary sequences, A be the empty sequence, and €2 be
the set of all infinite binary sequences. We write x C y if a sequence y is an extension
of a sequence x, [(x) is the length of x. For any w € Q, 0" = w; - - - w,. A real-valued
function P (x), where x € &, is called semimeasure if

PA) =1,
P(x0)+ P(x1) < P(x)

ey

for all x, and the function P is semicomputable from below; this means that the set
{(r,x) : v < P(x)}, where r is a rational number, is recursively enumerable. A defin-
ition of upper semicomputability is analogous.

Solomonoff [11] proposed ideas for defining the a priori probability distribution
on the basis of the general theory of algorithms. Levin [3, 16] gave a precise form
of Solomonoff’s ideas in a concept of a maximal semimeasure semicomputable from
below (see also Li and Vitanyi [7], Sect. 4.5, Shen et al. [10]). Levin proved that there
exists a maximal to within a multiplicative positive constant factor semimeasure M
semicomputable from below, i.e. such that for every semimeasure P semicomputable
from below a positive constant ¢ exists such that the inequality

cM(x) = P(x) @

holds for all x. The semimeasure M is called the a priory or universal semimeasure.
For any semimeasure Q, its support set E ¢ is a set of all infinite sequences w such
that Q(«") > O for all n,i.e., Eg =Jg)=0 T
A function P is a measure if (1) holds, where both inequality signs < are replaced
on =. Any function P satisfying (1) (with equalities) can be extended on all Borel
subsets of 2 if we define P(I'y) = P(x) in 2, where x e Eand 'y, = {w e Q:
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x C w}; after that, we use the standard method for extending P to all Borel subsets
of Q. By simple set in €2 we mean a union of intervals I",, from a finite set.
A measure P is computable if it is, at one time, lower and upper semicomputable.
For technical reasons, for any semimeasure P, we consider the maximal measure
P such that P < P. This measure satisfies

P(x) = inf Z P(y).

l(y)=n,xSy

In general, the measure P is non-computable (and it is not a probability measure). By
(2), for each lower semicomputable semimeasure P, the inequality cM(A) > P(A)
holds for every Borel set A, where c is a positive constant.

In the manner of Levin’s papers [4-6, 16] (see also [14]), we consider com-
binations of probabilistic and deterministic processes as the most general class of
processes for generating data. With any probabilistic process some computable prob-
ability distribution can be assigned. Any deterministic process is realized by means
of an algorithm. Algorithmic processes transform sequences generated by probabilis-
tic processes into new sequences. More precise, a probabilistic computer is a pair
(P, F), where P is a computable probability distribution, and F is a Turing machine
supplied with an additional input tape. In the process of computation this machine
reads on this tape a sequence o distributed according to P and produces a sequence
' = F(w) (a correct definition see in [4, 7, 10, 14]). So, we can compute the proba-
bility

OQx)=PlweQ:x C F(w)}

that the result F'(w) of the computation begins with a finite sequence x. It is easy to
see that Q(x) is a semimeasure semicomputable from below.

Generally, the semimeasure Q can not be a probability distribution on €2, since
F (w) may be finite for some infinite w.

The converse result is proved in Zvonkin and Levin [16]: for every semimeasure
QO (x) semicomputable from below a probabilistic computer (L, F') exists such that

0(x) = L{w|x C F(w)},

for all x, where L(x) =27!® is the uniform probability distribution on the set of all
binary sequences.

Analogously, for any Borel set A C Q consisting of infinite sequences, we con-
sider the probability

0(A)=L{a e Q: F(a) € A} A3)

of generating a sequence w € A by means of a probabilistic computer F. Obviously,
we have cM(A) > Q(A) for all such A, where c is a positive constant.

Therefore, by (2) and (3) M(x) and M (A) define universal upper bounds of the
probability of generating x and w € A by probabilistic computers.

We distinguish between subsets of € of M-measure 0 and subsets of positive
measure M. If M(A) = 0 then the probability of generating a sequence w € A by
means of any probabilistic computer is equal to 0.
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The simplest example of a set of M-measure 0 is A = {w}, where ® is a non-
computable sequence. Indeed, if M{w} > 0 then there exist a rational r > 0 such that
M (w™) > r for all n. Obviously, there are only finite number of uncomparable strings
x such that M (x) > r. Then there exists an k such that ok C x and M (x) > r imply
x € w. We can compute each bit of @ by enumerating all such x.

The sets of M-measure 0 were described by Levin [4, 5] in terms of quantity of
information.

We refer readers to Li and Vitdnyi [7] and to Shen et al. [10] for the theory of
algorithmic randomness. We use the definition of a random sequence in terms of
universal probability. Let P be some computable measure in 2. The deficiency of
randomness of a sequence w € Q with respect to P is defined as

M n
d(w|P) =sup P((z))")) ,

“

where " = wjw; - - - w,. This definition leads to the same class of random sequences
as the original Martin-Lof [8] definition. Let Rp be the set of all infinite binary se-
quences random with respect to a measure P

Rp ={we Q:d(w|P) < oo}. %)

We also consider parametric families of probability distributions Py (x), where 0 is a
real number; we suppose that & € [0, 1]. An example of such a family is the Bernoulli
family Bg(x) = 6%(1 —0)"~*, where n is the length of x and k is the number of ones
in it.

We associate with a binary sequence 016 -- - a real number with the binary ex-
pansion 0.616; - - -. When the sequence 616, - - - is computable or random with respect
to some measure we say that the number 0.016, - - - is computable or random with
respect to the corresponding measure in [0, 1].

We consider probability distributions Py computable with respect to a parameter 6.
Informally, this means that there exists an algorithm enumerating all triples (x, ry, 72),
where x € E and r1, rp are rational numbers, such that 7| < Py(x) < ro. This algo-
rithm uses an infinite sequence 6 as an additional input; if some triple (x, rq, rp) is
enumerated by this algorithm then only a finite initial fragment of 6 was used in the
process of computation (for correct definition, see also Shen et al. [10] and Vovk and
V’yugin [12]).

Analogously, we consider parametric lower semicomputable semimeasures. It can
be proved that there exist a universal parametric lower semicomputable semimeasure
Mpy. This means that for each parametric lower semicomputable semimeasure Ry
there exists a positive constant C such that C Mg (x) > Ry (x) for all x and 6.

The corresponding definition of randomness with respect to a family Py is ob-
tained by relativization of (4) with respect to 6

M n
dp(w) = sup P;((ac)()” ))

(see also [3]). This definition leads to the same class of random sequences as the
original Martin-Lof [8] definition relativized with respect to a parameter 6.
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For any 6, let
Ip ={w € Q:dy(w) < 0}

be the set of all infinite binary sequences random with respect to the measure Py. In
case of Bernoulli family, we call elements of this set 6-Bernoulli sequences.

3 Randomness with Respect to a Parameter Family

We need some statistical notions (see Cox and Hinkley [2]). Let Py be some com-
putable parametric family of probability distributions. A function 6(x) from E to
[0, 1] is called an estimator. An estimator 0 is called strictly consistent if for each
parameter value 6 for Py-almost all w,

(™) — 0

as n — 00.

Let € and § be rational numbers. An estimator 6 is called effectively strictly con-
sistent if there exists a computable function N (e, §) such that for each 6 for all €
and §

Pg{wesz: sup |é(w")—0|>6}§8. (6)
n>N(e,3)

The strong law of large numbers Borovkov [1] (Chap. 5)

n
i=l1

shows that the function (o) = 1 3
mator for the Bernoulli family By.

w; is a computable strictly consistent esti-

Proposition 1 For any effectively strictly consistent estimator 0,

lim §(0") =6

n—oo

foreach w e Iy.

Proof Assume an infinite sequence o to be Martin-L6f random with respect to Py
for some 6.
At first, we prove that lim,,_, o, 8 (@") exists. Let for j =1,2,...,

Wi={eeQ:@nk>N1/j,27U D)0 — @b > 1/)).

By (6) for any 0, Po(W;) < 2-J for all j. Define V; = Uj>l- W; for all i. By de-
finition for any 6, Py(V;) < 27 for all i. Also, any set V; can be represented as a
recursively enumerable union of intervals of type I'y. To reduce this definition of
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Martin-Lof test to the definition of the test (4) define a sequence of uniform lower
semicomputable parametric semimeasures

Roi(x) = {2' Py(x) if xSV,
0 otherwise

and consider the mixture Ry (x) = Zfil ﬁR@i (x).

Suppose that lim,,_, 6(w") does not exist. Then for each sufficiently large j,
|0 (0™) — G(wk)| > 1/j for infinitely many n and k. This implies that w € V; for all i,
and then for some positive constant c,

My (" Ry (0"
dg(w) = sup 0 (@) Zsupﬂz
n P@(wn) n CPG(Q)”)

)

i.e., w is not Martin-L6f random with respect to Py.

Suppose that lim,,—, o é(a)”) # 0. Then the rational numbers 7}, r exist such that
r1 < lim,_ o 6 (") < rp and 0 ¢ [r1, rz]. Since the estimator 9 is consistent, Pyl :
r1 < limy_ oo 0 (") < rp} =0, and we can effectively (using €) enumerate an infinite
sequence of positive integer numbers n| < ny < - -- such that for

Wj/. = U{F" A(x) =nj,r <0(x) <rl,

we have Py(W)) < 27/ for all j. Define V/ = U W) for all i. We have

1
Py (Vl.’) <27 andw e Vl.’ for all i. Then w can not be Martin-Lof random with respect

to Py. These two contradictions obtained above prove the proposition. |

The following theorem generalizes the simplest example of a set of M-measure 0
presented in Sect. 2. It can be interpreted such that Pg-random sequences with “a pre-
specified” non-computable parameter 6 can not be obtained in any combinations of
stochastic and deterministic processes.

Theorem 1 Assume a computable parametric family Py of probability distributions
has an effectively strictly consistent estimator. Then for each 6, M (1p) > 0 if and only
if 0 is computable.

Proof If 6 is computable real number then the probability distribution Py is also
computable and by (2) cM(lg) > Py(Iy) = 1, where ¢ is a positive constant.

The proof of the converse assertion is more complicated. Let 6 be an effectively
strictly consistent estimator for a computable parametric family Py.

Assume M (Iy) > 0. There exists a simple set V (a union of a finite set of intervals)
and a rational number r such that %M(V) <r <M(IpUV).For any finite set X C E,
let X = U, cx T

Let n be a positive integer number. We compute a rational approximation 6, of 6
up to % as follows. Using the exhaustive search, we find a finite set X,, of pairwise
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incomparable finite sequences of length > N (1/n,27") such that

X, SV, Y M@ >r,
xeX, { (7)
10(x) —6(x")| < —
2n

for all x, x” € X,,. If any such set X,, will be found, we put 6,, = é(x), where x is the
minimal element of X, with respect to some natural (lexicographic) ordering of all
finite binary sequences.

Let us prove that for each n some such set X,, exists. Since M(Iy N'V) > r, there
exists a closed (in the topology defined by intervals I'y) set E € Iy NV such that
M (E) > r. Consider the function

fe(w) =inf{n n>k, |6 —0| < i}.
4n

By Proposition 1 this function is defined and continuous on the set E and, since
E is compact, it is bounded on E. Hence, for each k, there exists a finite set
X C E consisting of pairwise incomparable sequences of length > k such that E C X
and |0(x) — (x| < % for all x, x’ € X. Since E C X, we have Doiex M(x) >r.
Therefore, the set X,, can be found by exhaustive search.

Lemma 1 For any Borel set V C €, M(V) >0and V C Iy imply Po(V) > 0.

Proof By definition of My each computable parametric measure Py is absolutely
continuous with respect to the measure My, and so, we have representation

_ d Py -
Py(X) = Xm(w)dMe(w), ®

0

where j—g; (w) is the Radon-Nicodim derivative; it exists for Mg-almost all w.

By definition we have for Mpy-almost all w € I

a5 lim 2 > liminf 22 (") > Cy.py > 0. 9
ﬂ(w) nggoﬁ(w) ,‘JE}Q) ﬁ(a}) 0,0 > ®

By definition cg Mg(X )y > M(X ) for all Borel sets X, where cy is some positive
constant (depending on ). Then by (8) and (9) the inequality M (X) > O implies
Py(X) > 0 for each Borel set X. O

We rewrite (6) in the form

. 1
En:{weQ: sup |0(a)N)—9|2—}. (10)
N>N(1/(2n),2=") 2n

By definition Py (E,) < 27" for all n. We prove that X,, € E, for almost all n. Sup-
pose that the opposite assertion holds. Then there exists an increasing infinite se-
quence of positive integer numbers ny, na, ... suchthat X,,, C E,, foralli =1,2,....

@ Springer



Theory Comput Syst (2012) 50:296-312 303

This implies Py(X,,;) <27" for all i. For any k, define Uy = | ;- Xy, . Clearly, we
have for all k, M(Uy) > r and Pp(Uy) < 3., 27" <27+L, Let U = (\ U. Then
Py(U)=0and M(U) >r > sM(V). From U C V and M(lp N V) > 1M (V) the
inequality M (Ip N U) > 0 follows. Then the set Iy N U consists of Py-random se-
quences, Py(Ip NU) =0 and M(IyNU) > 0. This is a contradiction with Lemma 1.

Assume X,, € E, for all n > ng. Let also, a finite sequence x, € X, is defined
such that

Iy, N(Q\ E,) #0.
Then from I (x,) > N (ﬁ, 27 the inequality

|0 ¢en) — 0] < L
2n

follows. By (7) we obtain |6, — 0| < % This means that the real number 6 is com-
putable. Theorem is proved. g

Let O be a computable probability distribution on 6s (i.e., on the set 2). Then the
Bayesian mixture with respect to the prior Q

P(x) = / Py(x)dQ(0)

is also computable probability distribution.
Recall that Rg is the set of all infinite sequences Martin-L6f random with re-
spect to a computable probability measure Q. Obviously, P({_ycr 0 Ip) = 1, and then

M (Uge Ro Ip)) > 0. Moreover, it follows from Corollary 4 of Vovk and V’yugin [12]

Theorem 2 For any computable measure Q, a sequence w is random with respect to
the Bayesian mixture P if and only if w is random with respect to a measure Py for
some 0 random with respect to the measure Q; in other words,

Rp = U Iy.

0€Rp

Notice that each computable 6 is Martin-L6f random with respect to the com-
putable probability distribution concentrated on this sequence.

4 Randomness with Respect to Non-random Parameters

We show in this section that the Bayesian approach is insufficient to cover all possible
“meaningful” cases: a probabilistic machine can be constructed, which with proba-
bility close to one outputs a random 8-Bernoulli sequence, where the parameter 6 is
not random with respect to each computable probability distribution.
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Let P(£2) be the set of all computable probability measures on 2 and let

S= |J re

PeP(Q)

be the set of all sequences Martin-L6f random with respect to computable proba-
bility measures, where Rp is the set of all P-random sequences (5). We call these
sequences—stochastic. Let S¢ be a complement of S—the set of non-stochastic se-
quences.

An infinite binary sequence « is Turing reducible to an infinite binary sequence
if @ = F(B) for some computable operation F'; we denote this @ <7 8. Two infinite
sequences « and B are Turing equivalent if « <7 B and 8 <7 «. Let

Cl(S) ={a:Ip(BeS &P =T a)}. (11)

The complement of the set (11), CI(S)¢ = Q \ CI(S), contains all sequences non-
random with respect to all computable probability distributions, i.e., CI(S)¢ € S¢;
moreover, it contains all sequences which can not be Turing equivalent to stochastic
sequences. Also, no stochastic sequence can be Turing reducible to a sequence from
CI(S)°.

V’yugin [13, 14] proved that M (CI(S)€) > 0.!

Theorem :“5 For any €, 0 < € < 1, a lower semicomputable semimeasure Q exists
such that Q(Eg) > 1 —€ and Eg C CI(S)°.

For completeness of presentation we give in Appendix a new simplified proof of
this theorem.

We show that result of Theorem 3 can be extended to parameters of the Bernoulli
family.

Theorem 4 Let Iy be the set of all 6-Bernoulli sequences. Then
m( J 1w)=o.
9eCl(S)¢

In terms of probabilistic computers, for any €, 0 < € < 1, a probabilistic machine
(L, F) can be constructed, which with probability > 1 — € generates an 0-Bernoulli
sequence, where 0 € CI(S)€ (i.e., 0 is non-stochastic).

Proof For any € > 0, 0 < € < 1, we define a lower semicomputable semimeasure P

such that
13( U I@) >1—e.
0eCI(S)e

The proof of the theorem is based on Theorem 3.

IDoes CI(S) = S holds is an open question.
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Let Q be the semimeasure defined in this theorem. For any w ¢ Ep we have
O (w™) =0 for all sufficiently large n. For the measure

R*<x>=/Be<x)dQ<9), (12)

where By is the Bernoulli measure, we have R~ (2) > 1 — ¢ by Theorem 3, and
R™(Upecus) 10) =0

Unfortunately, we can not conclude that cM > R~ for some constant c, since the
measure R~ is not represented in the form R~ = P for some lower semicomputable
semimeasure P. To overcome this problem, we consider some semicomputable ap-
proximation of this measure.

For any finite binary sequences « and x, let B, (x) = (0 7)X (1 —6H)N=K where
N is the length of x and K is the number of ones in it, 6~ is the left side of the
subinterval corresponding to the sequence « and @7 is its right side. By definition
B, (x) < By(x) forallo~ <6 <6T.

Let € be a rational number such that 0 < € < 1. Let Q°(x) be equal to the maximal
rational number r < Q(x) computed in s steps of enumeration of Q(x) from below.
Using Theorem 3, we can define for n = 1, 2, ... and for each x of length n a com-
putable sequence of positive integer numbers s, > n and a sequence of finite binary

Sequences oy 1, &y, 2, - . ., 0y k, of length > n such that the function P (x) defined by
kx
P(x)=)_ By (x)Q"(ex) (13)

i=1

is a semimeasure, i.e., such that condition (1) holds for all x, and such that

Z Px)>1—¢ (14)

I(x)=n

holds for all n. These sequences exist, since the limit function R~ defined by (12) is
a measure satisfying R™(2) > 1 —e.

By definition the semimeasure P(x) is lower semicomputable. Then cM (x) >
P (x) holds for all x € E, where c is a positive constant.

To prove that P(Q2\ (Ug Is) = 0 we consider some probability measure ot>0.
Since (1) holds, it is possible to define some non-computable measure Q7 satisfying
these properties in many different ways. Define the mixture of the Bernoulli measures
with respect to QO

R+(X)=/BO(X)dQ+(9). (15)
By deﬁnition_ RT(Q\ U Iy) = 0. Using definitions (13) and (15), it can be easily
proved that P < R™.Then P(Q\ Ue Ip) = 0. By Theorem 3 CI(S) € Q\ Ep, and

then Q(CI(S)) = 0. By (13) we have P(Uyccys) Io) = 0. By (14) we have P(Q) >
1 — €. Then 15(U96Cl($)C Ip) > 1 — €. Therefore, M(Ugea(s)f Ip) > 0. d
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Theorem 4 can be easily extended for an arbitrary parametric family Py com-
putable with respect to a real parameter 8. We pass the details of computability with
respect to a real parameter 6.

In this case using continuity of Py with respect to the parameter 6, we can define
instead of B, (x) arational approximation P, (x) of Py(x) from below such that (14)
holds. The corresponding measure P (x) is defined by (13), where B (x) is replaced
with P (x).

Moreover, we can strengthen this result replacing € \ CI(S)¢ with an arbi-
trary Borel set A of parameters (where A C €2) such that M(A) > 0. In this case
for any € > 0, a lower semicomputable semimeasure Q exists such that 0(A) >
1 — €/2. The proof is analogous to the proof of Theorem 4 with an exception that
Q(CI(8)) =0 is replaced with Q(R\ A) < €/2 and P(Ugecys) Io) =0 is replaced
with P(UeeQ\A Iy) <e€/2.

Therefore, we have proved the following

Theorem 5 Assume a parametric family Py of probability distributions computable
with respect to a parameter 6 is given. Let also for any 0, Iy be the set of all se-
quences random with respect to a probability measure Py. Then for any Borel A C Q,
if M(A) > 0 then M(Uge 4 Io) > 0.

5 Conclusion

In this paper we have analyzed parametric probabilistic models in the algorithmic
theory framework. We used Levin’s a priory lower semicomputable semimeasure as
the main tool for this analysis.

We say that a property of infinite sequences has no “empirical meaning” if Levin’s
a priory semimeasure of the set of all sequences possessing this property is zero.
Equivalently, any probabilistic computer can output a sequence possessing this prop-
erty only with probability 0.

Evidently, the a priory semimeasure of a set of infinite sequences Martin-Lof ran-
dom with respect to a computable measure is positive. We have proved that the a pri-
ory semimeasure of the set of P-random sequences is zero if this measure depends
on an individual non-computable parameter 6 even if this measure is computable
with respect to 6. In this respect, the mathematical model of the biased coin with
“a prespecified” probability 6 of head is meaningless when 6 is a non-computable
real number. For example, a non-computable real number 6 can be defined by means
of a mathematical theory. Non-computable parameters 6 can have empirical mean-
ing only in their totality, i.e., as elements of some uncountable sets. For example,
Py-random sequences with non-computable 6 can be generated by a Bayesian mix-
ture of these Py using a computable prior. In this case, evidently, the semicomputable

2In the algorithmic randomness framework, the problem of generating infinite sequences possessing a
given property using probabilistic computers was considered by Zvonkin and Levin in the survey [16]
(Sect. 4), where original results of Levin, Petri, Bardzin and Agafonov closely related to this work were
presented.
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semimeasure of the set of all sequences random with respect to this mixture is posi-
tive.

We have presented an example which shows that Bayesian approach is insufficient
to cover all possible “meaningful” cases for 8-random sequences. We have shown
that a probabilistic machine with probability close to 1 can generate 8-Bernoulli se-
quences, where 6 is not only non-computable but cannot be Turing equivalent to
sequences Martin-Lof random with respect to a computable probability distribution.
This result can be considered as a counterexample for Bayesian approach to statistics.
This approach is based on assumption that parameters 6 are random with respect to
some a priory probability distribution.

Acknowledgements This research was partially supported by Russian foundation for fundamental re-
search: 09-07-00180a and 09-01-00709a.

Appedix: Proof of Theorem 3

Recall that E is the support set of a semimeasure Q. In that follows for any € > 0
we define a semicomputable semimeasure Q such that

(1) Q(Eg)>1—¢;

(2) for each w € E¢ and for each computable operation F such that F(w) is infi-
nite, the sequence F(w) is not Martin-L6f random with respect to the uniform
probability measure L on €.

By Theorem 4.2 from [16] for each computable measure P on €2, there exist two
computable operations F and G such that

(3) F(w) € Q2 for each w random with respect to L, and G(F (w)) = w;
(4) for each sequence w random with respect to P (and such that P{w} = 0), the
sequence G(w) is random with respect to L.

By (1)-(4) each sequence w € E ¢ can not be Martin-L6f random with respect to any
computable probability measure P.

We will construct a semicomputable semimeasure Q as some sort of network flow.
We define an infinite network on the base of the infinite binary tree. This network has
no sink; the top of the tree (empty sequence) is the source.

Each x € E defines two edges (x,x0) and (x,x1) of length one. In the con-
struction below we will add to the network extra edges (x, y) of length > 1, where
x,y € E,x Cyandy # x0, x1. By the length of the edge (x, y) we mean the number
[(y) —I(x). For any edge 0 = (x, y) we denote by st(c) = x its starting vertex and
by ter(o) = y its terminal vertex. A computable function g (o) defined on all edges
of length one and on all extra edges and taking rational values is called a network if

forall x € E
Y gq)=<l.

o: st(o)=x

Let G be the set of all extra edges of the network ¢ (it is a part of the domain of g).
By g-flow we mean the minimal semimeasure P such that P > R, where the function
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R is defined by the following recursive equations
RO =1,
Ry =Y. q@)RGH0) (16)

o: ter(o)=y

for y # M. It is easy to see that this semimeasure P is lower semicomputable if g is
computable.

A network g is called elementary if the set of extra edges is finite and g (o) = 1/2
for almost all edges of unit length. For any network g, we define the network flow
delay function (g-delay function)

dx)=1—¢q(x,x0) —g(x,x1).

The construction below works with all programs i computing the operations F; (x).?
We define some function p(n) such that for each positive integer number m we have
p(n) = m for infinitely many n. For example, we can define p({(m,k)) = m and
p'({m, k)) = k for all m and k, where (m, k) is some computable one-to-one enumer-
ation of all pairs of nonnegative integer numbers. Then for each step n we compute
(i,s) = p(n), where i is a program and s is a number (we call s number of a session);
s0,i = p(p(n)) and s = p'(p(n)).

Let a program i, a number s, finite binary sequences x and y, an elementary net-
work ¢, and a nonnegative integer number n be given. Define B((i, s), x, y, g, n) be
true if the following conditions hold

@) I(y)=n,xCy;
(i) d(y*) <1 for all k, 1 < k < n, where d is the g-delay function and y* =
Y1 Yk
(i) [(F;(y)) > {(x,s).

Let B({i, s), x, y, q, n) be false, otherwise. Define

B(x.q.n) =min{y: p((y)) = p((x)), B{(p(pI(x))), p'(pU(x))). X, y.q.n)}

Here p(p(l(x))) is a program and p’(p(I(x))) is a number of session; min is consid-
ered for lexicographical ordering of strings; we suppose that min ¢ is undefined.

Lemma 2 For each computable operation F; and for each finite sequence x such
that F(w) € Q for some infinite extension o of x (i.e., x C w), B(x, g, n) is defined
for all sufficiently large n such that p(p(n)) =1i.

Proof The needed sequence y exists for all sufficiently large n, since [(F;(w")) >
(x, s) holds for all sufficiently large n, p(n) = (i, s). O

3The existence of the effectively computable sequence {F;} such that for each computable operation F,
F = F; for some i is proved in [9].
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The goal of the construction below is the following. Each extra edge o will be as-
signed to some task number I = (i, s) such that p(/(st(c))) = p(I(ter(c))) = I. The
goal of the task I is to define a finite set of extra edges o such that for each infinite
binary sequence w one of the following conditions hold: either w contains some extra
edge as a subword, or the network flow delay function d equals 1 on some initial frag-
ment of w. For each extra edge o added to the network g, B(/, st(o), ter(o), q”_l , 1)
is true; it is false, otherwise. Lemma 5 shows that Q(E 0) > 1—¢€, where Q is the
g-flow and E is its support set.

Construction Let p(n) = (n + ng)? for some sufficiently large ng (the value ng will
be specified below in the proof of Lemma 5).

Using the mathematical induction by n, we define a sequence g” of elementary
networks. Put ¢%(0) = 1/2 for all edges o of length one.

Assume 7 > 0 and a network ¢" ! is defined. Let "~ be the ¢! -delay function
and let G"~! be the set of all extra edges. We suppose also that /(ter(c)) < n for all
oeG

Let us define a network ¢". At first, we define a network flow delay function d"
and a set G".

Let w(l, q"‘l) be equal to the minimal m such that p(m) = I and m > l(ter(o))
for each extra edge o € G"~! such that p(I(st(0))) < I.

The inequality w(I,q™) # w(l,¢q™ ") can be induced by some task J < I
that adds an extra edge o = (x,y) such that I(y) > w(, g™ 1 and p((x)) =
p((y)) = J.Lemma 3 (below) will show that this can happen only at finitely many
steps of the construction.

The construction can be split up into two cases.

Case 1. w(p(n), q"~') = n (the goal of this part is to start a new task I = p(n) or
to restart the existing task I = p(n) if it was destroyed by some task J < I at some
preceding step).

Put d"(y) = 1/p(n) for [(y) = n and define d" (y) = d"~'(y) for all other y. Put
also G" = G" 1.

Case 2. w(p(n), ¢" ') <n (the goal of this part is to process the task I = p(n)).
Let C,, be the set of all x such that w(/,¢"~!) <I(x) <n,0<d"'(x) <1, the
function B(x, q”_l,n) is defined* and there is no extra edge o € G"~! such that
st(o) =x.
In this case for each x € C, define d"(B(x,¢" ', n)) =0, and for all other y of
length n such that x C y define

d"(y)=d""'(x)/(1 =d"" (x)).
Define d" (y) = d"~!(y) for all other y. We add extra edges to G"~!, namely, define

G"=G""U{(x, B(x,q" " \n):x e C,).

4n particular, p(I(x)) = I and [(B(x, q"_1 ,n)) =n.
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We say that the task I = p(n) adds the extra edge (x, B(x, q"‘l, n)) to the net-
work and that all existing tasks J > I are destroyed by the task /.
After Cases 1 and 2, define for each edge o of unit length

1
q"(0) = s —d" (st(0)))

and g" (o) = d" (st (o)) for each extra edge o € G".

Using this construction, we define the network g = lim,,_, o, ¢", the network flow
delay function d = lim,,_, o d", and the set of extra edges G = Un G".

The functions ¢ and d are computable and the set G is recursive by their defini-
tions. Let Q denote the g-flow.

The following lemma shows that any task can add new extra edges only at finite
number of steps.

Let G(I) be the set of all extra edges added by the task I, w(l,q) =
lim;, 0o w(I, g").

Lemma 3 The set G(I) is finite and w(l, q) < oo forall I.

Proof Note that if G(J) is finite for all J < [ then w(/, q) < co. Then we must
prove that the set G (1) is finite for all /. Suppose that the opposite assertion holds.
Let I be the minimal number such that G(7) is infinite. By choice of I the sets G(J)
for all J < I are finite. Then w(/, g) < oo.

By definition if d(w™) # 0 then p,, = 1/d (™) is a positive integer number. Be-
sides, if (0", y), (0™, y") € G(I), where n < m and I(y) = m, then p, > p,. Hence,
for each w € Q2 a maximal m exists such that (0™, y) € G(I) for some y or no such
extra edge exists. In the latter case put m = w(l, q¢). Define u(w) = 1/d (™).

By the construction the integer valued function u(w) is constant on the interval
I',m. Hence, it is continuous in the topology generated by such intervals. Since €2
is compact in this topology, u(w) is bounded. Then for some m’, u(w) = u(a)m/) for
all w. By the construction if any extra edge of /th type was added to G(/) at some
step then d(y) > d(x) holds for some new pair (x,y) such that x C y. This is a
contradiction if G (1) is infinite. O

An infinite sequence « € 2 is called an /-extension of a finite sequence x if x C «
and B(I, x,a", n) is true for almost all 7.

A sequence o € Q is called I-closed if d(a¢") = 1 for some n such that
p(n) = I, where d is the g-delay function. Note that if o € G(I) is some extra
edge then B(I, st(o), ter(o), n) is true, where n = [(ter(c)).

Lemma 4 Assume for each initial fragment " of an infinite sequence w some
I -extension exists. Then either the sequence w will be I-closed in the process of
the construction or w contains an extra edge of Ith type (i.e. such that ter(c) C w for
some o € G(I)).

Proof Assume a sequence w is not /-closed. By Lemma 3 the maximal m exists
such that p(m) = I and d(0™) > 0. Since the sequence w™ has an [-extension and
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d(@®) < 1 for all k, by Case 2 of the construction a new extra edge (0™, y) of Ith
type must be added to the binary tree. By the construction d(y) = 0 and d(z) # 0 for
all z such that 0™ C z,1(z) =1(y), and z # y. By the choice of m we have y C w. [

Obviously, Q(y) = 0 if and only if g(o) = 0 for some edge o of unit length
located on y (this edge satisfies ter(o) C y and d(st(o)) = 1). Then the relation
Q(y) =0isrecursive and Eg = Q\ U ()= ['x-

Lemma 5 It holds Q(EQ) >1—e€.

Proof We bound Q(S2) from below. For any n, let ¢" be the network defined at
step n, R" be defined by (16), and d" be the corresponding g"-delay function. If
w(p(n), q”‘l) =n (i.e., Case 1 holds at step n) then

Y d"WR W)= (n+no) Y R"w) < (n+no) "7, a7

l(u)=n

Assume Case 2 holds at the step n and x € C,, such that (x, y) € G for some y,
[(y) = n. Since by the construction d" (y) =0,

n n dn_l(x) n
> d"(9R D= Ty > R@. (18)
l(z)=n,xCz 1(z)=n,xCz,2#y
We have
Y. RT'@=d-d" )R ). (19)

1(z)=n,xCz,z£y

By the construction R"(z) = R"1(z) for z such that I(z) =n, x C z, 2 # y. Then

Y d"@R'@) <d" @R (x). (20)

l(2)=n,xCz

By definition }_(n + no) "2 < e. After that, using (17) and (20) we can prove by the
mathematical induction on n that

Q(Q):igf Z Q(u) > inf Z Ru)>1—e.

I(u)=n l(u)=n

Lemma is proved. g
Lemma 6 For any infinite sequence w € Eg and for any computable operation F
if the sequence F(w) is infinite then it is not Martin-Lof random with respect to the

uniform probability distribution.

Proof Assume that w is an infinite sequence and F is a computable operation such
that F(w) is infinite. Then F; = F for some i. Define

Us = {Tpegn-1.n) 1 X € Co p(n) = (i, )},
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where C,, is the set from Case 2 of the construction. By definition

L(Uy) = Z 27<x,s) <2¢s

xeCy

for some positive constant ¢, and F;(w) € [, Us. Therefore, the sequence F(w) is
not Martin-Lof random. Lemma 6 and Theorem 3 are proved. O
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