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Abstract—The problem of the realization complexity for functions of the three-valued logic taking
values from the set {0, 1} by formulas over incomplete generating systems is considered. Upper and
lower asymptotic estimates for the corresponding Shannon functions are obtained.
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In this paper we consider the problem of the complexity of realization for functions of the three-valued
logic taking values from the set {0, 1} by formulas over finite systems. Some results in this direction were
obtained in [1]. All definitions can be found in [2–6].

Let k ≥ 2 and n ≥ 1. Assume Ek = {0, 1, . . . , k − 1}. By En
k we denote the set of all collections

α̃ = (α1, . . . , αn) such that α1, . . . , αn ∈ Ek. Denote the set of all functions of the k-valued logic by Pk

and the set of all functions of the three-valued logic taking values from the set E2 by P3,2. Let G ⊆ Pk.
Denote the closed class generated by the system G by [G] and the set of all functions from G dependent
on the variables x1, . . . , xn, n ≥ 1, by G(n). If f(x1, . . . , xn) ∈ [G], Φ is a formula over G realizing the
function f , and F ⊆ [G], then we denote the number of symbols of variables and constants contained in the
formula Φ (the complexity of the formula Φ) by L(Φ), the complexity of the function f by LG(f), and the
Shannon function for the set F by LG(F (n)). For a variable x contained in a formula Φ, denote the number
of occurrences of the variable x in the formula Φ by N(Φ; x).

Lupanov [4] proved that for any complete system of Boolean functions G the relation

LG(P2(n)) ∼ 2n

log2 n

holds (see also [2, 3]). It is known [7] that for any finite system G ⊆ P2 there exists a constant c = c(G)
such that each function f(x1, . . . , xn) from [G] satisfies the inequality LG(f) ≤ cn. In [8, 9], for some finite
complete bases G ⊆ Pk, k ≥ 3, the relation

LG(Pk(n)) ∼ kn

logk n

was obtained (see also [10]). An example of a sequence of functions of the 4-valued logic whose complexity
of realization in the class of formulas over some finite incomplete system has an over-exponential order of
growth with respect to the number of variables was given in [11].

We use the following notation from [12] for closed classes of Boolean functions: S is the set of all self-dual
functions; Ti is the set of all functions preserving the constant i, i = 0, 1; M is the set of all monotone
functions; L is the set of all linear functions; O∞ is the set of all functions satisfying the condition 〈0∞〉;
I∞ is the set of all functions satisfying the condition 〈1∞〉; K is the set of all conjunctions; D is the set of
all disjunctions; U is the set of all functions essentially dependent on at most one variable; C is the set of
all functions having no essential variables.

Assume

Li = L ∩ Ti, Mi = M ∩ Ti, Ki = K ∩ Ti, Di = D ∩ Ti, Ui = U ∩ Ti, Ci = C ∩ Ti, i = 0, 1;

M01 = M0 ∩ M1, L01 = L0 ∩ L1, K01 = K0 ∩ K1, D01 = D0 ∩ D1, U01 = U0 ∩ U1;

SU = S ∩ U, MU = M ∩ U, O∞
0 = T0 ∩ O∞, I∞1 = T1 ∩ I∞;

MO∞ = M ∩ O∞, MI∞ = M ∩ I∞, MO∞
0 = M ∩ O∞

0 , MI∞1 = M ∩ I∞1 .
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The projection of a function f(x1, . . . , xn) ∈ P3,2 is the Boolean function pr f(x1, . . . , xn) whose values
on an arbitrary collection α̃ ∈ En

2 are defined by the equality pr f(α̃) = f(α̃). The projection pr F of a set
of functions F ⊆ P3,2 is the set

⋃

{pr f}, where the union is taken over all functions f ∈ F . It is not difficult
to show that for any closed class F ⊆ P3,2 the set prF is a closed class of Boolean functions.

Let B be an arbitrary closed class of Boolean functions. Assume

pr−1B = {f ∈ P3,2 | pr f ∈ B}.

It is easy to see that the set pr−1B is a closed class and any closed class F ⊆ P3,2 such that prF = B
satisfies the relation F ⊆ pr−1B. Such a class pr−1B is called the maximal closed class. Thus, for each closed
class of Boolean functions we have the corresponding maximal class of functions from P3,2. It is known [6]
that a closed class pr−1B is finitely-generated if and only if B /∈ {C, C0, C1}.

Denote the function from P3,2 that is equal to 1 for x = i and to 0 in the other cases by ji(x), i ∈ E3.
By k(x) we denote the function from P3,2 that is equal to 1 for x ∈ E2 and to 0 for x = 2. By x + y and
x · y we denote the functions from P3,2 such that for any α, β ∈ E3 the equalities α + β = j1(α)⊕ j1(β) and
α · β = j1(α)&j1(β) holds respectively, where ⊕ and & are the addition and multiplication modulo 2. Let
p ∈ E3. Assume

δ(x1, x2) = j1(x1) · k(x2), θ(x1, x2) = j1(x1) + j2(x2), ρp(x1, x2, x3) = j1(x1) + jp(x2) · j2(x3);

ψp(x1, x2, x3) = j1(x3) + j1(x1) · jp(x2) · j2(x3), ζp(x1, x2, x3, x4) = j1(x4) + j1(x1) · jp(x2) · j2(x3).

Note that the projections of the functions δ, θ, ρp, ψp, ζp, where p ∈ E3, belong to the set U01. Assume
U = {j1, δ, θ, ρ0, ρ1, ρ2, ψ0, ψ1, ψ2, ζ0, ζ1, ζ2}. It is evident that pr U ⊆ U01. It is known [6] that [U] = pr−1U01

and also that for any closed class of Boolean functions B different from the classes C, C0, C1 and for any set
A ⊆ P3,2 such that prA = B the set A ∪ U is a generating system for the class pr−1B.

The main result of this paper is the following
Theorem 1. Let B be an arbitrary closed class of Boolean functions such that B /∈ {C, C0, C1}, E(B) be

an arbitrary finite subset of the set P3,2 such that [prE(B)] = B, and G = E(B) ∪ U. Then

3n

log2 n
� LG(pr−1B(n)) � 3n

log2 n
+ Lpr G(B(n)).

Present here a sketch of the proof of Theorem 1. First, based on the method from [13], we construct a
partition of the set Er

3 , r ≥ 3, into disjoint subsets U0, U1, . . . , UT (r) such that the cardinality of the set U0

satisfies the inequality

|U0| ≤ 2r + r · 2r−1 +
r(r − 1)

2
· 2r−2

and each of the sets Ui, i = 1, . . . , T (r), possesses the following properties:
1) Ui is a subset of some ball of radius 1;
2) there exists l = l(i) such that 1 ≤ l ≤ r and the lth component of each collection from Ui is equal to 2.
Then we estimate the cardinality T (r) of the given partition: we prove the inequality

T (r) ≤ 2 · 3r+1

r
· ln r.

Further, for each function f(x1, . . . , xn), n ≥ 3, from the maximal class pr−1B we construct a certain
decomposition. By gf (x1, . . . , xn) we denote the function from P3,2 whose values coincide with the values of
the function f on the set En

2 and are equal to zero on all collections from En
3 \ En

2 , and by ̂hf (x1, . . . , xn)
we denote the function from P3,2 whose values coincide with the values of the function f on the set En

3 \En
2

and are equal to zero on all collections from En
2 . Assume hf (x1, . . . , xn, xn+1) = j1(xn+1) + ̂hf (x1, . . . , xn).

It is evident that the function hf belongs to the class pr−1U01. It is easy to see that the following equality
is valid:

f(x1, . . . , xn) = hf(x1, . . . , xn, gf(x1, . . . , xn)). (1)

In addition, using the partition of the set Er
3 described above, we construct a representation for the func-

tion hf which is similar to the third representation of Boolean functions from [3].
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After that, we construct a formula Φh over the system G realizing the function hf so that

LG(Φh) � 3n

log2 n
, (2)

N(Φh; xn+1) = 1. (3)

Further, we construct a formula Φg over G realizing the function gf so that

L(Φg) ≤ LprG(B(n)) + c1n, (4)

where c1 is some constant dependent on G. Equality (1) and relations (2)–(4) imply the upper estimate for
the function LG(pr−1B(n)). The lower estimate follows from cardinality considerations (see, e.g., [2, 3]).

It follows from Theorem 1 that the problem of the behavior of the function LG(pr−1B(n)) can be reduced
in some cases to the problem of the complexity of realization of Boolean functions in incomplete bases
(i.e., to the problem of the behavior of the function Lpr G(B(n))). In particular, Theorem 1 and previously
known upper estimates for the complexity of realization of Boolean functions (see, e.g., [2, 4, 14]) imply
asymptotically exact estimates for Shannon functions corresponding to some maximal classes. Thus, the
following assertion is valid.

Theorem 2. Let B be a closed class of Boolean functions such that at least one of the following conditions
is satisfied :

1) L01 ⊆ B;
2) M01 ⊆ B;
3) B ∈ {O∞, O∞

0 , I∞, I∞1 , MO∞, MO∞
0 , MI∞, MI∞1 };

4) B ∈ {D01, D0, D1, D, K01, K0, K1, K, U, SU, U01, MU, U0, U1}.
Then there exists a finite system G ⊆ P3,2 such that [G] = pr−1B and

LG(pr−1B(n)) ∼ 3n

log2 n
.
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