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1 Introduction

The metric fixed-point theory [14, 18] and its variations [15] are far-reaching
developments of Banach’s contraction principle, where metric conditions on the un-
derlying space and maps under consideration play a fundamental role. This chapter
addresses fixed points of nonlinear maps in modular spaces introduced recently
by the author [3-10] as generalizations of Orlicz spaces and classical modular
spaces [19, 20, 22-27], where modular structures (involving nonlinearities with
more rapid growth than power-like functions), play the crucial role. Under different
contractive assumptions and the supplementary A,-condition on modulars fixed-
point theorems in classical modular linear spaces were established in [1, 16, 17].
We begin with a certain motivation of the definition of a (metric) modular,
introduced axiomatically in [7,9]. A simple and natural way to do it is to turn to
physical interpretations. Informally speaking, whereas a metric on a set represents
nonnegative finite distances between any two points of the set, a modular on a set
attributes a nonnegative (possibly, infinite valued) “field of (generalized) velocities™:
to each “time” A >0 (the absolute value of) an average velocity w;, (x,y) is associated
in such a way that in order to cover the “distance” between points x,y € X it takes
time A to move from x to y with velocity wy (x,y). Let us comment on this in more
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detail by exhibiting an appropriate example. If d(x,y) >0 is the distance from x to y
and a number A > 0 is interpreted as time, then the value

d
wa(ey) = 262 M

is the average velocity, with which one should move from x to y during time A, in
order to cover the distance d(x,y). The following properties of the quantity from
Eq. (1) are quite natural.

1. Two points x and y from X coincide (and d(x,y) = 0) if and only if any time
A > 0 will do to move from x to y with velocity wy (x,y) = 0 (i.e., no.movement
is needed at any time). Formally, given x,y € X, we have

x=y iff wy (x,y) =0 for all A >0 (nondegeneracy), 2)

where “iff” means as usual “if and only if”.

2. Assuming the distance function to be symmetric, d(x,y) = d(y,x), we find that
for any time A > 0, the average velocity during the movement from x to y is the
same as the average velocity in the opposite direction, i.e., for any x,y € X we
have

wy, (x,y) = wy (y,x) for all A >0 (symmetry). 3)

3. The third property of Eq. (1), which is, in a sense, a counterpart of the triangle
inequality (for velocities!), is the most important. Suppose the movement from
x to y happens to be made in two different ways, but the duration of time is the
same in each case: (a) passing through a third point z € X or (b) straightforward
from x to y. If A is the time needed to get from x to z and p is the time needed
to get from z to y, then the corresponding average velocities are w; (x,z) (during
the movement from x to z) and wy(z,y) (during the movement from z to y). The
total time needed for the movement in the case (a) is equal to A + u. Thus, in
order to move from x to y as in the case (b), one has to have the average velocity
equal to'w) ;(x;y). Since (as a rule) the straightforward distance d(x,y) does
not exceed the sum of the distances d(x,z) +d(z,y), it becomes clear from the
physical intuition that the velocity wy_,, (x,y) does not exceed at least one of the
velocities wy, (x,z) or wy (z,y). Formally, this is expressed as

WA+u (xvy) < max{w;t (X,Z),W/,l (Zvy)} <wy (X,Z) +w”(z,y) “4)

for all points x,y,z € X and all times A, > 0 (“triangle” inequality). In fact, these
inequalities can be verified rigorously: if, on the contrary, we assume that wy (x,z) <
wj 4 u(x,y) and wy (z,) < wyp (x,y), then multiplying the first inequality by A, the
second inequality—by p, summing the results and taking into account Eq. (1), we
find d(x,z) = Aw; (x,2) < Aw; 1, (x,y) and d(z,y) = pwy(z,y) < pwy 1 (x,y), and
it follows that d(x,z) +d(z,y) < (A 4 p)wy 4 (x,y) = d(x,y), which contradicts the
triangle inequality for d.
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Inequality (4) can be obtained in a little bit more general situation. Let f :
(0,00) — (0,00) be a function from the set of positive reals into itself such that the
function A — A /f(1) is nonincreasing on (0,c0). Setting wy (x,y) = d(x,y)/f(1)
(note that f(A) = A4 in Eq. (1)), we have

Wiy (6,y)= d(x,y) <d(x,z)+d(z,y)< A d(xz) uod(zy)
MDA ) T fAtn) T A+e f(A) At f(w)

S)Lj_uw;b(x,z)—l-kiuwﬂ(z,y)Sw;t(x,z)—l-wu(z,y). ®)
A nonclassical example of “generalized velocities” satisfying Eqgs. (2)-(4) is given
by wy (x,y) = if A <d(x,y) and wy (x,y) =0if A > d(x,y).

A (metric) modular on a set X is any one-parameter family w = {w) },~o of
functions wy, : X x X — [0, ] satisfying Eqgs. (2)—(4). In particular, the family given
by Eq. (1) is the canonical (=natural) modular on a metric space.(X,d), which
can be interpreted as a field of average velocities. For a different interpretation
of modulars related to the joint generalized variation of univariate maps and their
relationships with classical modulars on linear spaces we refer to [9] (cf. also
Sect. 4).

The difference between a metric (= distance function) and a modular on a set
is now clearly seen: a modular depends on a positive parameter and may assume
infinite values; the latter property means that it is impossible (or prohibited) to move
from x to y in time A, unless one moves with infinite velocity w; (x,y) = . In
addition (cf. Eq. (1)), the “velocity” wy, (x,) is nonincreasing as a function of “time”
A > 0. The knowledge of “average velocities” w) (x,y) for all A > 0 and x,y € X
provides more information than simply the knowledge of distances d(x,y) between
x and y: the distance d(x,y) can'be recovered as a “limit case” via the formula (again
cf. Eq. (1)):

d(x,y) =inf{A > 0:wy (x,y) < 1}.

Now we describe briefly the main result of this chapter. Given a modular w on a
set X, we introduce the modular space X,; = X%(xo) around a point xp € X as the set
of those x € X, for which wy, (x,xo) is finite for some A = A(x) > 0. Amap T : X, —
X,, is said-to be modular contractive if there exists a constant 0 < k < 1 such that for
all small enough A > 0 and all x,y € X/ we have wy, (Tx,Ty) < wy (x,y). Our main
result (Theorem 6) asserts that if w is convex and strict, X, is modular complete (the
emphasized notions will be introduced in the main text below) and T : X, — X}
is modular contractive, then 7 admits a (unique) fixed point: Tx, = x, for some
x« € X}. The successive approximations of x, constructed in the proof of this result
converge to x, in the modular sense, which is weaker than the metric convergence.
In particular, Banach’s contraction principle follows if we take into account Eq. (1).

This chapter is organized as follows. In Sect.2 we study modulars and convex
modulars and introduce two modular spaces. In Sect. 3 we introduce the notions of
modular convergence, modular limit and modular completeness and show that they
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are “weaker” than the corresponding metric notions. These notions are illustrated
in Sect.4 by examples. Section 5 is devoted to a fixed-point theorem for modular
contractions in modular complete modular metric spaces. This theorem is then
applied in Sect. 6 to the existence of solutions of a Carathéodory-type ordinary
differential equation with the right-hand side from the Orlicz space L?. Finally,
in Sect. 7 some concluding remarks are presented.

2 Modulars and Modular Spaces

In what follows X is a nonempty set, A > 0 is understood in the sense that 4 € (0, o)
and, in view of the disparity of the arguments, functions w : (0,00) x X XX =5 [0, o]
will be also written as wy (x,y) = w(A,x,y) forall A > 0 and x, y € X, so that w =
{W)L})l>0 withwy : X XX — [0,00]

Definition 1 ([7,9]). A function w: (0,00) x X x X — [0;0] is said to be a (metric)
modular on X if it satisfies the following three conditions:

(i) Givenx,y€ X, x=yiff wy(x,y) =0 forallA >0
(i) wy(x,y) =wy(yx)forall A >0andx,y€ X
(i) wyppu(x,y) <wy(x,2) +wp(y,z) foralld, 0 >0and x, y,z € X

If, instead of (i), the function w satisfies only
(i) wy(x,x)=0forall A >0andx€ X
then w is said to be a pseudomodular on X, and if w satisfies (i’) and

(is) given x,y € X, if there exists a number A > 0, possibly depending on x and y,
such that wy (x,y) =0, thenx =y

the function w is called a strict modular on X .
A modular (pseudomodular, strict modular) w on X is said to be convex if, instead
if (i), for all A, >0 and x,y,z € X, it satisfies the inequality:

. A
(iv) Wi (ey) < mwx (x,2) + ﬁw’l (»,2)

A motivation of the notion of convexity for modulars, which may look unexpected
at first glance, was given in [9, Theorem 3.11], cf. also inequality (5); a further
generalization of this notion was presented in [8, Sect. 5].

Given a metric space (X,d) with metric d, two canonical strict modulars are
associated with it: wy (x,y) = d(x,y) (denoted simply by d), which is independent
of the first argument A and is a (nonconvex) modular on X in the sense of (i)—(iii),
and the convex modular Eq. (1), which satisfies (i), (ii) and (iv). Both modulars d
and Eq. (1) assume only finite values on X.

Clearly, if w is a strict modular, then w is a modular, which in turn implies w is a
pseudomodular on X, and similar implications hold for convex w.
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The essential property of a pseudomodular w on X (cf. [9, Sect.2.3]) is that, for
any givenx,y € X, the function 0 < A — wy, (x,y) € [0, 0| is nonincreasing on (0, o),
and so, the limit from the right w; o (x,y) and the limit from the left w; _o(x,y) exist
in [0,0] and satisfy the inequalities:

WlJrO(xuy) < wa ('xay) < Wl,o(.x,y). (6)

A convex pseudomodular w on X has the following additional property: given
x,y € X, we have (cf. [9, Sect. 3.5]):

if 0<u <A,then W;L(x,y)g%wu(x,y)gwu(x,y), @)

i.e., functions A — w) (x,y) and A — Aw; (x,y) are nonincreasing on (0,eo).
Throughout this chapter we fix an element xo € X arbitrarily.

Definition 2 ([7,9]). Given a pseudomodular w on X, the two sets
X = Xw(x0) = {x €X :wy(x,x0) =0 as A — oo}
and
X =X(x0) = {x € X : 31 = A(x) >0 such that wy (x,x0) < e}
are said to be modular spaces (around xo).

It is clear that X,, C X}, and it'is known (cf. [9, Sects. 3.1 and 3.2]) that this
inclusion is proper in general. It follows from [9, Theorem 2.6] that if w is a modular
on X, then the modular space X,, can be equipped with a (nontrivial) metric d,,,
generated by w and given by

dy(x,y)=inf{A > 0:wy (x,y) <A}, x,y€X,. (8)
It will be shown later that d,, is a well-defined metric on a larger set X}

If w is a convex' modular on X, then according to [9, Sect. 3.5 and Theorem 3.6]
the two.modular spaces coincide, X,, = X}, and this common set can be endowed
with-a metric d;, given by

dy(x,y) =inf{d > 0:w; (x,y) < 1}, x,y € X ()

moreover, d;, is specifically equivalent to d,, (see [9, Theorem 3.9]). By the

convexity of w, the function wy (x,y) = Aw, (x,y) is a modular on X in the sense
of (i)—(iii) and (cf. [9, Formula (3.3)])

X=X, =Xy DXy, (10)

where the last inclusion may be proper; moreover, d; = d;, on Xj;.
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Even if w is a nonconvex modular on X, the quantity Eq. (9) is also defined for 153
all x,y € X}, but it has only few properties (cf. [9, Theorem 3.6]): d;;,(x,x) =0 and 154
d}(x,y) = d(y,x). In this case we have (cf. [9, Theorem 3.9 and Example 3.10]): if 155
dy(x,y) < 1, then d}(x,y) < dy,(x,y), and if d(x,y) > 1, then d), (x,y) < d};(x,y). 156

Let us illustrate the above in the case of a metric space (X,d) with the two 157
canonical modulars d and w from Eq. (1) on it. We have: X; = {xo} C X = X,, = 158

X, =X, and given x,y € X, dy(x,y) = d(x,y), d;j(x,y) =0, du(x,y) = \/d(x,y), 150
d*(x,y) = d(x,y) and d(x,y) = Aw,, (x,y) = d(x,y). Thus, the convex modular w 160
from Eq. (1) plays a more adequate role in restoring the metric space (X,d) from w 161
(cf. dj,=d on X,, = X, = X, whereas X; C X =X, d; = d and d; = 0), and so, 162
in what follows, any metric space (X,d) will be considered equipped only with the 163
modular Eq. (1). This convention is also justified as follows. 164

Now we exhibit the relationship between convex and nonconvex modulars and 1es
show that d,, is a well-defined metric on X;; (and not only onX,,). If w is a (not 1e6
necessarily convex) modular on X, then the function (cf. Eq. (1) where d(x,y) plays 167
the role of a modular) 168

v;b(x,y)zwl(;’y), A>0, x,yeX, 169

is always a convex modular on X. In fact, conditions (1) and (ii) are clear for v, and, 170
as for (iv), we have, by virtue of (iii) for w, 171

Wi (%,) < Waxg) +wu(r,2)

v)LJr/.L(xuy): /’L—F‘U = A-{—‘U
_ A Wl(x»z) u Wll(yvz) _ A U
TR e N TR TR W VA(X’ZH)LHJ vun2)-

Moreover, because w = v, we find from Eq. (10) that X,, C X, = X, = X;}. Since 172
di(x,y) =inf{d > 0: wy (x,y)/A <1} =d,(x,y) forall x,y € X, i.e., d} = d,, on 173
X5 and d} is-a metricon X7 = X7, then we conclude that d,, is a well-defined metric 174
on X (the same conclusion follows immediately from [8, Theorem 1]) with X' = 175
X5). This property distinguishes our theory of modulars from the classical theory: 176
if p is a classical modular on a linear space X in the sense of Musielak and Orlicz 177
[22] and wy (x,y) =p((x —y)/A), A >0, x,y € X, then the expression v (x,y) = 178
(L/ 2wy, (x,y) = (1/A)p((x —y)/A) is not allowed as a classical modular on X. 179
Since v is convex and d;f = d,, on X}, given x,y € X, by virtue of [9, Theorem 3.9], 1s0
we have 181

dyw(x,y) < 1iff dy(x,y) < 1,and dy,(x,y) < dy(x,y) < /dw(x,y); 182
183
dyw(x,y) > Liff dy(x,y) > 1,and \/d,(x,y) < d,(x,y) < dy(x,y). 184
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More metrics can be defined on X/ for a given modular w on X in the following
general way (cf. [8, Theorem 1]): if RT = [0,) and k : RT — R™ is superadditive
(e. k() +x(u) < x(A+u) forall A,u > 0) and such that x(«) > 0 for u > 0 and
k(4+0) = lim,, o x(u) = 0, then the function dy ,,(x,y) = inf{A > 0: wy (x,y) <
K(A)} is a well-defined metric on X

Given a pseudomodular (modular, strict modular, convex or not) w on X, A >0
and x,y € X, we define the left and right regularizations of w by

W)I(-xay) :Wlfo(xuy) and W)T(-xvy) :WlJrO(xuy)'
Since, by Eq. (6), wj (x,y) <wj (x,y) <wjy (x,y), and
wy, (%) <wy (x,y) SWL (x,y) forall 0<A <A<A, (11)

it is a routine matter to verify that w~ and w™ are pseudomodulars (modulars, strict
modulars, convex or not, respectively) on X, X,,- = X, = X,,+, X:;, =X = X‘j+,
d,- =dy=d,+ on X, and d; = dj, = d;, on Xj. For instance, let us check
the last two equalities for metrics. Given x,y € X;;; by virtue of Eq.(6), we find
d’_(x,y) > dy(x,y) > d, (x,y). Inorder to see that d* _(x,y) < d(x,y), we let A >
d;,(x,y) be arbitrary and choose pt such that d,(x,y) < 1 < A, which, by Eq. (11),
gives wy (x,y) <wy(x,y) <1, and so, @’ 2(x,y) <A, and then let  — d;(x,y). In
order to prove that dy;, (x,y) <d’. (x,y),welet A > d* . (x,y) be arbitrary and choose
p such that d; | (x,y) < p < A, which, by Eq.(11), implies w;, (x,y) < Wﬂ (x,y) <1,
and so, dy(x,y) <A, and then let A — @ (x,y).

In this way we have seen that the regularizations provide no new modular spaces
as compared to X,, and X and no new metrics as compared to d,, and d;,. The right
regularization will be needed in-Sect. 5 for the characterization of metric Lipschitz
maps in terms of underlying modulars.

3 Sequencesin Modular Spaces and Modular Convergence

The notions of modular convergence, modular limit, modular completeness, etc.,
which we study in this section, are known in the classical theory of modulars on
linear spaces (e.g., [20,22,25,27]). Since the theory of (metric) modulars from [7,
8, 10] is significantly more general than the classical theory, the notions mentioned
above do not carry over to metric modulars in a straightforward way and ought to
be reintroduced and justified.

Definition 3. Given a pseudomodular w on X, a sequence of elements {x,} =
{x,}>_, from X,, or X is said to be modular convergent (more precisely, w-
convergent) to an element x € X if there exists a number A > 0, possibly depending

on {x,} and x, such that lim,_,. wy (x,,x) = 0. This will be written briefly as
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Xn 2 x (as n — o), and any such element x will be called a modular limit of the
sequence {x, }.

Note that if lim,_,.w) (x;,x) = 0, then by virtue of the monotonicity of the
function A — wy (x,,x), we have limy, e wy (X,,x) = 0 forall yu > A.

It is clear for a metric space (X,d) and the modular Eq. (1) on it that the metric
convergence and the modular convergence in X coincide.

We are going to show that the modular convergence is much weaker than the
metric convergence (in the sense to be made more precise below). First, we study to
what extent the above definition is correct, and what is the relationship between the
modular and metric convergences in X,, and X;.

Theorem 1. Let w be a pseudomodular on X. We have:

(a) The modular spaces X,, and X, are closed with respect to the modular
convergence, i.e., if {x,} C Xy (or X}}), x € X and x, 20X, then x € X, (or
x € Xy, respectively).

(b) If wis a strict modular on X, then the modular limit is determined uniquely (if
it exists).

Proof. (a) Since x, — x, there exists a 29 = Ao({X, },x) > 0 such that Wi, (Xn,x) =0
asn —» oo,

1. First we treat the case when {x, } C X,,. Let € > 0 be arbitrarily fixed. Then
there is an nyp = ng(€) € N such that w; (xy,x) < &/2. Since x,, € X, =
Xy (x0), we have wy (x,,,x0) — 0 as A — oo, and so, there exists a A; =
A1(€) > 0 such that wy, (xny, %) < €/2. Then conditions (iii) and (ii) from
Definition 1 imply

Wi+ 4, (X,%0) < Wy (X,200) +wy, (X0,%n) < €.
The function A — w;, (x,x9) is nonincreasing on (0, ), and so,
wy (x,x0) < wpia, (6,x0) <€ forall A >2Ap+ A,
implying w (x,x0) —> 0 as A — o, i.e., x € X,,..
2. Now suppose that {x,} C X;. Then there exists an ny € N such that

Wy, (Xng,X) does not exceed 1. Since x,, € X5 = X/ (x0), there is a 4; > 0
such that wy, (X, X0) < eo. Now it follows from conditions (iii) and (ii) that

Wi+, (5,%0) < wi (X, ) +wp, (X0, Xn,) < o0,

and so, x € X;.

(b) Let {x,} C X,y or X} and x,y € X be such that x, Y x and x, 5 y. By the
definition of the modular convergence, there exist A = A({x,},x) > 0 and
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= p({x,},y) > 0 such that wy (x,,x) — 0 and wy(x,,y) — 0 as n — co. By
conditions (iii) and (ii),

Wi (6,Y) Swp (6,x) Fwp(3x) =0 as n— oo,

It follows that wy (x,y) = 0, and so, by condition (is) from Definition 1, we
getx =y. O

It was shown in [9, Theorem 2.13] that if w is a modular on X, then for {x,} C X,,
and x € X,, we have

lim dyy(x,,x) =0 iff  lim wy (x,,x) = 0 for all A >0, (12)

n—oeo n—yoo

and so, the metric convergence (with respect to the metric d,,) implies the modular

convergence (cf. Definition 3), but not vice versa in general: As the proof of [9,

Theorem 2.13] suggests, Eq. (12) is also true for {x,} C X;; andx € X;}. An assertion

similar to Eq. (12) holds for Cauchy sequences from the modular spaces X,, and X;.
Now we establish a result similar to Eq. (12) for convex modulars.

Theorem 2. Let w be a convex modular on X. Given a sequence {x,} from X, (=
X,v) and an element x € X;;, we have

lim d},(x,,x) =0 iff limwy (x,,x) =0 forall A > 0.
n—yoo n—yoo

A similar assertion holds for Cauchy sequences with respect to d,.

Proof. Step 1. Sufficiency. Given € > 0, by the assumption, there exists a number
no(€) € N such that we (x,,x) < 1 for all n > ng(€), and so, the Definition (9) of
d, implies d;(x,,x). < € for all n > ny(€).

Necessity. First, suppose that 0 < A < 1. Given € > 0, we have either (a) € < A or
(b) € > A. In case (a), by the assumption, there is an no(€) € N such that d};,(x,,x) <
&2 for all n.>ng (&), and so, by the definition of d, We2 (x4,x) < 1 for all n > ny(e).
Since €2 < %2 < A and € < A, inequality (7) yields

g2 €
— W2 (x,x) < —e<e forall n>np(e).

W)L(xn7x) S )L )L

In case (b) we set n(€) = no(A/2), where ng(-) is as above. Then, as we have just
established, wy (x,,x) <A/2 <¢e/2 < eforalln > n;(e).

Now, assume that A > 1. Again, given € > 0, we have either (a) € < A or (b)
€ > A. In case (a) there is an Ny(€) € N such that d};,(x,,x) < € for all n > Ny(€),
and so, we (x,,,x) < 1 for all n > Ny(€). Since € < A and A > 1, by virtue of Eq. (7),
we find

Wy, (X0, X) < —we(xn,x) < — <e forall n>Ny(e).
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In case (b) we put Ny (g) = No(1/2), where Ny(-) is as above. Then it follows that 281

wy, (Xn,x) <A/2<g/2 < eforalln> Nj(e). 282
Thus, we have shown that wy, (x,,x) — 0 as n — e forall A > 0. 283
Step 2. The assertion for Cauchy sequences is of the form 284
n}'iglwd;(x,,,xm) =0 iff n}}igl{)@w;L (%n,%m) =0 forall A > 0; 285
its proof is similar to the one given in Step 1 with suitable modifications. 286

EI

Theorem 2 shows, in particular, that in a metric space (X,d) with modular Eq. (1) 287
on it the metric and modular convergences are equivalent. 288

Definition 4. A pseudomodular w on X is said to satisfy the (sequential) Ajp- 289
condition (on X;}) if the following condition holds: given a sequence {x,} C X5 290
and x € X}, if there exists a number A > 0, possibly depending on {x,} and x, such 291

that limy, e W) (X,,x) = 0, then lim,, .. w) /z(x,,,x) =0. 292
A similar definition applies with X} replaced by X;,. 293
In the case of a metric space (X,d) the modular Eq. (1) clearly satisfies the Ay~ 204
condition on X. 295

The following important observation, which generalizes the corresponding result 296
from the theory of classical modulars on linear spaces (cf. [22, ,5.2.1V]), provides 297
a criterion for the metric and modular convergences to coincide. 298

Theorem 3. Given a modular w on X, gvehave the metric convergence on X, (with 299
respect to d,, if w is arbitrary, and with respect to d, if w is convex) coincides with 300
the modular convergence iff w satisfies the As-condition on X} 301

Proof. Let {x,} C X,5 and x € X, be given. We know from Eq. (12) and Theorem 2 302
that the metric convergence (with respect to d,, if w is a modular or with respect to 303

d;, if w is a convex modular) of x, to x is equivalent to 304
lim wy (x,,x) =0 for all A >0. (13)
n—soo

(=) Suppose that the metric convergence coincides with the modular conver- 305
gence on X,;. If there exists a Ag > 0 such that wj (x,,x) — 0 as n — oo, then x, is 306
modular convergent to x, and so, x,, converges to x in metric (d,, or d;). It follows 307
that Eq. (13) holds implying, in particular, wy, />(x,x) — 0 as n — o, and so, w 308
satisfies the A,-condition. 309

(<) By virtue of Eq.(13), the metric convergence on X;; always implies the 310
modular convergence, and so, it suffices to verify the converse assertion, namely: 311
if x, 2 x, then Eq.(13) holds. In fact, if x, < x, then wy, (x,,x) — 0 as n — e 312
for some constant 4 = Ao ({x,},x) > 0. The Ay-condition implies wy /> (xn,x) — 0 313
as n — eo, and so, the induction yields w; (xn,x) — 0 as n — oo for all j € N.
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Now, given A > 0, there exists a j = j(A) € N such that A > Ao/2/. By the
monotonicity of A — wy (x,,x), we have

Wi (X0, X) S Wy i (Xn,x) =0 as n— oo,

By the arbitrariness of A > 0, condition (13) follows. O

Definition 5. Given a modular w on X, a sequence {x,} C X;; is said to be
modular Cauchy (or w-Cauchy) if there exists a number A = A({x,}) > 0 such
that wy, (x,,x,) — 0 as n,m — o, ie.,

Ve > 03dnp(e) € Nsuch that Vi > nyg(g), m > no(€): wy (X, xm) < €.

It follows from Theorem 2 (Step 2 in its proof) and Definition 5 that a sequence
from X5, which is Cauchy in metric d,, or d},, is modular Cauchy.

Note that a modular convergent sequence is modular Cauchy. In fact, if x,, = x,
then wy (x,,x) — 0 as n — oo for some A > 0, and so, for each € > 0, there exists
an ng(€) € N such that wy (x,,x) < &/2 for all n > ny(€). It follows from (iii) that if
n,m > no(€), then wyy (Xn, Xm) < wy (Xn,X) +wy (Xm,x) < €, which implies that {x, }
is modular Cauchy.

The following definition will play an important role below.

Definition 6. Given a modular w on X, the modular space X} is said to be modular
complete (or w-complete) if each modular Cauchy sequence from X/ is modular
convergent in the following (more precise) sense: if {x,} C X5 and there exists a
A = A({x,}) > 0 such that 1imy, ;0 Wy, (X, %) = 0, then there exists an x € X}
such that lim,,_,. w), (x,,x) = 0.

The notions of modular convergence, modular limit and modular completeness,
introduced above, are illustrated by examples in the next section. It is clear from
Eq. (1) that for a metric space (X,d) these notions coincide with respective notions
in the metric space setting.

4 'Examples of Metric and Modular Convergences

We begin with recalling certain properties of ¢-functions and convex functions on
the set of all nonnegative reals R™ = [0, 00).

A function ¢ : RT — R" is said to be a @-function if it is continuous,
nondecreasing and unbounded (and so, (o) = lim,_;. @ (u) = =0) and assumes the
value zero only at zero: @(u) = 0 iff u = 0.

If @ : R™ — R* is a convex function such that ¢(u) = 0 iff u = 0, then it is
(automatically) continuous, strictly increasing and unbounded, and so, it is a convex
@-function. Also, @ is superadditive: @ (u; )+ @(uz2) < @(u; +uz) forall uy,u, € R
(cf. [19, Sect.1.1]). Moreover, ¢ admits the inverse function ¢! : R* — R*, which
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is continuous, strictly increasing, ¢! (u) = 0 iff u = 0, ¢! (s0) = oo, and which is
subadditive: ! (u1 +up) < @ '(uy) + @' (up) for all uy,ur € R*. The function ¢
is said to satisfy the Ay-condition at infinity (cf. [19, Sect. 1.4]) if there exist constants
K >0 and up > 0 such that ¢(2u) < Ko(u) for all u > u.

4.1. Let the triple (M,d,+) be a metric semigroup, i.e., the pair (M,d) is a metric
space with metric d, the pair (M,+) is an Abelian semigroup with respect
to the operation of addition + and d is translation invariant in the sense
that d(p+r,q+r) = d(p,q) for all p,q,r € M. Any normed linear space
(M,]-]) is a metric semigroup with the induced metric d(p,q) = |p— ¢/,
P,q € M, and the addition operation + from M. If K C M is a convex cone
(i.e., p+¢q,Ap € K whenever p,q € K and A > 0), then the triple (K,d,+)
is also a metric semigroup. A nontrivial example of a metric-semigroup is
as follows (cf. [12,26]). Let (Y,|-|) be a real normed space and M be the
family of all nonempty closed bounded convex subsets of ¥ equipped with the
Hausdorff metric d given by d(P,Q) = max{e(P,Q),e(0;,P)}, where P,QeM
and e(P, Q) = sup,cpinfyep|p — q|- Given P,Q € M, we define P® Q as the
closure in ¥ of the Minkowski sum P+ Q = {p+gq:p € P,q € Q}. Then the
triple (M,d,®) is a metric semigroup (actually, M is an abstract convex cone).
For more information on metric semigroups and their special cases, abstract
convex cones, including examples, we refer to [5, 6,9, 10] and references
therein.

Given a closed interval [a,b] C R with a < b, we denote by X = M1%?] the
set of all mappings x : [a,b] — M. If @ is a convex @-function on R, we define
a function w : (0,00) x X xX — [0,09] for all A > 0 and x,y € X by (note that
w depends on @)

wa(x,y) =sup Y’ ¢

T =]

where the supremum is taken over all partitions 7 = {7;}’" | of the interval
[a,blyie., mENanda=1y <) <fp < -+ <ty <ty =>b.It was shown in
[5; Sects. 3 and 4] that w is a convex pseudomodular on X. Thus, given xo € M,
the modular space X, = X" (xo) (here xo denotes also the constant mapping
xo(t) = xo for all ¢ € [a,b]), which was denoted in [5, Eq. (3.20) and Sect. 4.1]
by GVy([a,b];M) and called the space of mappings of bounded generalized
¢Q-variation, is well defined and, by the translation invariance of d on M, we
have x € X}, = GVy([a,b];M) iff x : [a,b] — M and there exists a constant
A = A(x) > 0 such that

wa (x,x0) =sup D @

T =1

(%)(E—liﬂ < oo (15)

348
349
350

351

352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372

373
374
375
376
377
378
379
380
381


vchistyakov
Inserted Text
,


Author's Proof

Modular Contractions and Their Application

Note that wy, (x,xo) from Eq. (15) is independent of xy € M; this value is called
the generalized @) -variation of x, where @, (u) = @(u/A), u € R*. Since
w satisfies on X conditions (i’), (ii) and (iv) (and not (i) in general) from
Definition 1, the quantity d;, from Eq. (9) is only a pseudometric on X}, and, in
particular, only d;(x,x) = 0 holds for x € X}, (note that d};(x,y) was denoted
by Ay (x,y) in [5, Equality (4.5)]).

4.2. In order to “turn” Eq. (14) into a modular, we fix an xy € M and set X = {x:
[a,b] = M | x(a) = xo} C X. We assert that w from Eq. (14) is a strict convex
modular on X. In fact, given x,y € X and t,s € [a,b] with ¢ # s, it follows from
Eq. (14) that

0 (d(x(r) +;f(|f)_’);(|§) +y<’>)> £ — 5| < wa (1),

and so, by the translation invariance of d and the triangle inequality,
|d(x(),3(1)) = d(x(s), y(s))| <d(x(2) +y(s),x(s)+(1))

<A e 2sfp! (M> (16)

It — s

Now, if we suppose that wy (x,y)= 0 for some A > 0, then for all ¢ € [a,b],
t # s = a, we get (note that x(a) = y(a) = xo)

d(x(1),y(1)) = |d(x(t), 5(1)) — d(x(a),y(a))[ 0.

Thus, x(t) = y(t) for all ¢ € [a,b], and so, x = y as elements of X.
It is clear for the modular space X5 = X5 (xo) that

X5 =%,0X = (Dh.b:M) X, (17)

ie,x eX}iff x: [a,b] = M, x(a) = xo and Eq. (15) holds for some A > 0.
Moreover, the function d;, from Eq. (9) is a metric on X;.

4.3. In this section we show that if (M,d,+) is a complete metric semigroup (i.e.
(M,d) is complete as a metric space), then the modular space X} from Eq. (17)
is modular complete in the sense of Definition 6.
Let {x,} C X;; be a w-Cauchy sequence, so that wj (x,,x,) — 0 as n,m —
o for some constant A = A({x,}) > 0. Given n,m € N and 7 € [a,b], t # a,
it follows from Eq. (16) with x = x,, y = x;, and s = a that (again note that
xu(a) = xq forall n € N)

t—a

d(xn(t),xm(t)) S A(t—a)o~! (M) '
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This estimate, the modular Cauchy property of {x,}, the continuity of ¢!
and the completeness of (M,d,+) imply the existence of an x : [a,b] — M,
x(a) = xp (and so, x € X), such that the sequence {x,} converges pointwise
on [a,b] to x, ie., limy_yed(x,(7),x(¢)) = 0 for all ¢ € [a,b]. We assert
that lim,,—.. wj (x,,x) = 0. By the (sequential) lower semicontinuity of the
functional w) (-, -) from Eq. (14) (cf. [5, Assertion (4.8) on p. 27]), we get

w, (xz,x) < liminfwy (xn,x,) for all neN. (18)
M—yoo

Now, given € > 0, by the modular Cauchy condition for {x,}, there is an
no(€) € N such that wy (x,,x,,) < € for all n > ny(&) and m > ny(€), and so,

Lmsupwy (xXn,%m) < sup wy (X, xm) < & for all n>ng(e).
m—yeo m>ng(€)

Since the limit inferior does not exceed the limit superior (for any real se-
quences), it follows from the last displayed line and Eq: (18) that wy (x,,x) < &
for all n > ng(¢€), i.e., wy, (xn,x) — 0 as n — . Finally, since, by Theorem 1(a),
X, is closed with respect to the modular convergence, we infer that x € X}/,
which was to be proved.

In order to be able to calculate explicitly, for the sake of simplicity we assume
furthermore that M = R with d(p,q). = |p — q|, p,q € R, and the function
@ satisfies the Orlicz condition at infinity: @(u)/u — o as u — . In this
case the value wy (x,0) (cf.Eq.(15) with A = 1) is known as the @-variation
of the function x : [a,b] — R (in the sense of F.Riesz, Yu.T.Medvedev and
W. Orlicz), the function x with w;(x,0) < o is said to be of bounded ¢-
variation on |a,b], and we have

w(x,y):w/m(x—y,o)—m<x%y,0>, A>0, x,yeX=R® (19)

Denote by AC[a, b] the space of all absolutely continuous real-valued functions
on_[a,b] and by L![a,b] the space of all (equivalence classes of) Lebesgue
summable functions on [a, b].

The following criterion is known for functions x : [a,b] — R to be in the
space GV, [a,b] = X, (for more details see [2], [5, Sects. 3 and 4], [11], [20,
Sect.2.4], [21]): x € GVy[a,b] iff wy (x,0) = wi(x/A,0) < oo for some A =
A(x) >0 (i.e., x/A is of bounded ¢-variation on [a,b]) iff x € AC[a,b] and
its derivative x' € L![a,b] (defined almost everywhere on [a,b]) satisfies the
condition:

b /
wy, (x,x0) = wy (x,0) = / (0] <@>dt <eo, xp€E€R. (20)
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4.5.

4.6.

Given xg € R, we set X = {x: [a,b] = R | x(a) = x0}, and so (cf. Eq. (17)),
X, =Xy(x0) ={xe€ @,b] :x(a) =xp}. 21

Thus, the modular w is strict and convex on X and the modular space Eq. (21)
is modular complete. Note that X} is not a linear subspace of GV [a,b], which
is a normed Banach algebra (cf. [3, Theorem 3.6]).

Here we present an example when the metric and modular convergences
coincide. This example is a modification of Example 3.5(c) from [5]. We set
[a,b] =[0,1], M = R and @(u) = " — 1 for u € R*. Clearly, ¢ satisfies the
Orlicz condition but does not satisfy the A>-condition at infinity.

Given a number o > 0, we define a function x4 : [0,1] — Rby

xq(t) =ar(l —logt) if 0<tr<1 and x4(0)=0.

Since x,(t) = —oatlogt for 0 <z < 1, by Eq. (20), for any number A > 0 we
find

w f0<A<a,

_ [ e _/‘ dr, N\yL
w;L(xa,O)—/o (P( 2 dl—ota/x = )LO‘ if A>o.

It follows that the modular w can take infinite values (although it is strict) and
that xo € X5 = X5(0) for all o > 0. Also, we have

d;(xe,0) =inf{A > 0:w; (x4,0) < 1} =20

Thus, if we set & = a(n) = 1/n and x, = x4, for n € N, then we find that
d;(xn,0) —-0.as n — e and wy (x,,0) = 0 as n — oo for all A > 0, and, in
accordance with Theorem 2, these two convergences are equivalent.

Here we expose an example when the modular convergence is weaker than the
metric convergence. Let [a,b], M and ¢ be as in Example 4.5.
Given 0 < B < 1, we define a function xg : [0,1] — R as follows:

xg(t)=t—(t+B)log(t+B)+BlogB if B>0 and 0<r<1

and
xo(t)=t—tlogt if 0<t<1 and x(0)=0.

Sincexk(t) = —log(t+B) for B > 0and ¢ € [0, 1], we have

lxp (1)|=—log(r+B)if 0 <7 <1-PB, and xj ()| =log(t+B) if 1 - B <r <1,
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and so, by virtue of Eq. (20), given A > 0, we find

1
wi(ip.0) = [ @y /A)dt =L +n=1, B>,

where

; /1,,3 dt % (1 —/3<’Ll>/’t> ifO<A#1,
l: — —
1B _logfB T

and

! A
= L (A+1)/A
h /1,ﬁ(t+ﬁ) dt A1 ((14—[3) 1> forall A >0.

Also, wy (x9,0) = if 0 < A < 1, and wy (x9,0)=1/(A—1)if A > 1 (cf.
Example 4.5 with o = 1). Thus, xg € X7 = X;(0) forall 0 < < 1.

Clearly, xg converges pointwise on [0, 1] toxg.as  — +0 (actually, the first
inequality in the proof of [5, Lemma 4.1(a)] shows that the convergence is
uniform on [0, 1]).

Now we calculate the values wy (xg;xo) for A > 0 and dj,(x,x0) and
investigate their convergence to zero as § — +0. Since

(xg —x0)'(r) =—log(t + B) +logr for 0<t<1,

we have

(g~ %0)'(1)] _ log(t +B) —logt _ AN
) = L —10g<1+7) )

and so, by virtue of Egs. (19) and (20),

W;L(Xﬁ,xo)Z/()l(P(KXB_))LCO)( ) ——1+/( )1/1 .

If0 <A <1, we have

(1—1—?)1/&21—1—? and ./01<1+§)dt:oo,

and 50, wy, (xg,xp) =coforall 0 < <land0 <A < 1.
Now suppose that A > 1. Then

1/ 1//1
(XB xo)*—l—l-/ <1+ > dt+/ <1+ > :—1+111+IIQ,
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where
B 1/ B
,,lg/ (%) d,:(zﬁ)l/z/ g — (2B g1=(1/2) _
Jo t 0 A—1
AB
ot/ AP
2 ,1—1_”) as f—+40
and

IIzg/ﬁl<l+g)dt:(l—ﬁ)—ﬁlogﬁ—>1 as fB— 40

It follows that wy (xg,x0) — 0 as B — +0 forall A > 1.

On the other hand, since w; (xg,x0) = e forall 0 < f.< I'and0 < 1 < 1
(as noticed above), we get d;(xg,X0) = inf{A > 0: wy(xg,%0) < 1} > 1, and
s0, d;,(xg,%o) cannot converge to zero as f — +0.

Thus, if we set B = B(n) = 1/n and x, = xp(,y for n € N, then we find
d;(xn,x0) #» 0 as n — oo, whereas w) (x,,x9) =0 as n = oo only for A > 1.

5 A Fixed-Point Theorem for Modular Contractions

Since convex modulars play the central role in this section, we concentrate mainly
on them. We begin with a characterization of d; -Lipschitz maps on the modular
space X, in terms of their generating convex modulars w.

Theorem 4. Let w be.a convex modular on X and k > 0 be a constant. Given a
map T : X} — X' and x,y € X}, the Lipschitz condition d;(Tx,Ty) < kd;,(x,y) is
equivalent to the following: wyy o(Tx,Ty) <1 for all A > 0 such that w) (x,y) < 1.

Proof. First, note that, given ¢ > 0, the function, defined by W) (x,y) = w, (x,y),

A >0, x,y € X, s also a convex modular on X and d;; = %dv*V:

dy(x,y)=inf{A >0 :wg; (x,y) <1} =inf{u/c>0:wy(x,y) <1} =

1
=—d;(x,y) for all x,y € X:=X}. (22)

c
Necessity. We may suppose that x # y. For any ¢ > k, by the assumption, we find
di(Tx,Ty) <kd;(x,y) < cd;(x,y), whence d;,(Tx,Ty) /c < d}(x,y). It follows that

if A > 0 is such that wy (x,y) < 1, then, by Eq. (9), d;(x,y) < A implying, in view
of Eq. (22),

1
A > —dy(Tx,Ty) =inf{u > 0:wey (Tx,Ty) < 1},
&
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and so, w, (Tx,Ty) < 1. Passing to the limit as ¢ — k+ 0, we arrive at the desired
inequality wyy o(Tx,Ty) < 1.

Sufficiency. By the assumption, the set {4 > 0:w; (x,y) < 1} is contained in the
set {4 > 0:w; (Tx,Ty) = wyo(Tx,Ty) < 1}, and so, taking the infima, by virtue
of Egs. (9), (22) and the equality d , = dj,, we get

dw(xay) Z Edw+ (TX, Ty) = Edw(Txa Ty)a

which implies that T satisfies the Lipschitz condition with constant . O

Theorem 4 can be reformulated as follows. Since (cf. [9, Theorem 3.8(a)] and
Eq.(9)), for A* = d(x,y),

(A%,00) C{A>0:wy (x,y) <1} C{A>0:wy (x,y) <1} C [A% ),

we have d(Tx, Ty) <kd},(x,y) iff wyy (Tx,Ty) < 1 forall A>A*=d (x,y).

For a metric space (X,d) and the modular w from Eq. (1) on it, Theorem 4 gives
the usual Lipschitz condition: d(Tx,Ty)/(kA) =wi(Tx,Ty) <1 for all A > 0
such that d(x,y)/A = wy (x,y) < 1, i.e., d(Tx,Ty) < kA for all A > d(x,y), and
0, d(Tx,Ty) < kd(x,y).

As a corollary of Theorem 4, we find that

if wiy (Tx, Ty) <w, (x,y) for all A >0, then d},(Tx,Ty) <kd;(x,y); (23)

in fact, it suffices to note only thatif A.> 0 is such that wy (x,y) < 1, then, by Eq. (6),
win+0(Tx, Ty) < wip (Tx,Ty) < wy(x,y) < 1, and apply Theorem 4.

Now we briefly comment on d,,-Lipschitz maps on X;;, where w is a general
modular on X and d, is the metric from Eq. (8). Note that, given ¢ > 0, the function
Wy (x,y) = L w3 (x,y) is also a modular on X and dy = 1 d,, on X% = X;;. Following
the lines of the proof of Theorem 4, we get

Theorem 5. Ifw is a modular on X and k > 0, given T : X, — X); and x,y € X,
we have dyy(Tx,Ty) < kdy(x,y) iff wipo(Tx,Ty) < kA for all A > 0 such that
Wy (63) < 4.

The following assertion is a corollary of Theorem 5:
if wiy (Tx, Ty) <kw; (x,y) for all A >0, then d,,(Tx,Ty) <kd,(x,y).
Definition 7. Given a (convex) modular w on X, amap 7T : X, — X} is said to be
modular contractive (or a w-contraction) provided there exist numbers 0 < k < 1

and Ay > 0, possibly depending on k, such that

wia (Tx,Ty) <wy (x,y) for all 0 <A <Ay and x,y € X} (24)
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A few remarks are in order. First, by virtue of Eq. (1), for a metric space (X,d),
condition (24) is equivalent to the usual one: d(Tx, Ty) < kd(x,y). Second, condition
(24) is a local one with respect to A as compared to the assumption on the left
in Eq. (23), and the principal inequality in it may be of the form oo < eo. Third, if,
in addition, w is strict and if we set oo /o0 = 1, then Eq. (24) is a consequence of the
following: there exists a number 0 </ < 1 such that

Tx,T
lim sup supM <1, (25)
Ao+0 \xAy  walxy)

where the supremum is taken over all x,y € X such that x # y. In order to see this,
we first note that the left-hand side in Eq. (25) is well defined in the sense that, by
virtue of (is) from Definition 1, w) (x,y) # 0 for all A > 0 and x #y. Choose any k
such that 4 < k < 1. It follows from Eq. (25) that

Tx,T k
lim sup supM <l<-—,
U0 2 c0u) \xy  Wa (X)) h

and so, there exists a Ly = Lo (k) > 0 such that

o (T TY)

<E for all 0< A <y,
x#y wl(x,y) h

whence y
Wh?u(TxaTy)Szwl(xay)v 0</’LS:L‘05 X,yGX:;-

Taking into account inequalities (7) and (h/k)A < A, we get

h/k)A h
wy (%,y) < ( /A) Wi/ia (X,) = ;W(h/k)z(x,)’)v

which together with the previous inequality gives
wir(Tx, Ty) <w(a(x,y) forall 0<A <py and x,y€X,.

Setting A’ = (h/k)A and Ao = (h/k)Uo and noting that 0 <A’ <Ag and hA =kA’, the
last inequality implies wyy/(Tx,Ty) < wys(x,y) for all 0 < A’ < A and x,y € X},
which is exactly Eq. (24).

The main result of this chapter is the following fixed-point theorem for modular
contractions in modular metric spaces X;.

Theorem 6. Let w be a strict convex modular on X such that the modular space X},
is w-complete and T : X, — X}, be a w-contractive map such that

for each A >0 there exists an x=x(A) € X\, such that w) (x, Tx) <. (26)
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Then T has a fixed point, i.e., Tx, = x, for some x, € X;. If, in addition, the modular
w assumes only finite values on X}, then condition (26) is redundant, the fixed point
x. of T is unique and for each X € X the sequence of iterates {T"X} is modular
convergent to X.

Proof. Since w is convex, the following inequality follows by induction from
condition (iv) of Definition 1:

=

M+A+-+ A,N)W;LlJr;Ler...Jr,lN (xl,xNH) < 2 A"W/l,- (xi,xi+1), 27
i=1

where N € N, A1, 42,...,Axy € (0,00) and x1,x,...,xy+1 € X. In the proof below
we will need a variant of this inequality. Let n,m € N, n > m, Ay, A1 o 1 €
(0,00) and Xy, Xppt 15 - - - %0 € X. SettmgN—n—m Aj = Ajim for j =1, 2
andx’ =Xjym—1 for j=1,2,...,N+1and applying Eq (27) to'the primed 1ambda S
andx s, we get

n—1

A+ A1+ '+A/n—l)wlm+2'”’+l+...+lnil (X X )< 2 /liwl,» (i, Xi11)- (28)

i=m

By the w-contractivity of T, there exist two numbers 0 < k < 1 and A9 = A9(k) >
0 such that condition (24) holds. Setting A1 = (1 —k)Ao, the assumption (26) implies
the existence of an element ¥ = ¥(A;)-€ X,; such that C = wy, (%,TX) is finite. We
set x; = Tx and x, = Tx,_ for all integer n > 2, and so, {x,} C X" and x, = T"%,
where T" designates the nth iterate of 7. We are going to show that the sequence
{x,} is w-Cauchy. Since k'A; < A; <# for all i € N, inequality (24) yields

wiin, (%, %41) = Wi,y (Txi-1, Tx) S wiaeig (xie1,%),
and it follows by induction that
Wiz, (xi,Xi01) Swy, (X, x1) =C for all ieN. (29)
Let integers n and m be such that n > m. We set

1k

A=A(n,m) ="M + K" 4 KA =k -

A1

By virtue of Eq. (28) with A; = k'A; and Eq. (29), we find

kA 1
2 (Xom, X ng iy (xi,Xit1) SI(ZH}”)C C, n>m.
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Taking into account that 590
A 1=Kk

10:1_116>k’” T % AM=Am,m)=A foral n>m, 591

and applying Eq. (7), we get 592
A 1" A

w%(xm,xn)ggwl(xm,xn)gkm % -ﬁCSkmC—)Oasm—wxx 593

Thus, the sequence {x,} is modular Cauchy, and so, by the w-completeness of X}, 594

there exists an x, € X, such that 595

Wi, (Xn, X)) =0 as n— oo, 596

Since w is strict, by Theorem 1(b), the modular limit x, of the sequence {x,} is so7

determined uniquely. 598
Let us show that x, is a fixed point of 7, i.e., Tx, = x,. In fact, by property (iii) 599
of Definition 1 and Eq. (24), we have (note that Tx;, =x,,1) 600

Wkt 1) (T X ) Wi (T, T ) A Wi (X5 X 1) <

W (e, X0 ) F Wy (X, X0 1) — 0 as n— oo

and 0, w412, (Txs,x.) = 0. By the strictness of w, Tx, = x... 601

Finally, assuming w to be finite valued on X}, we show that the fixed point of 602
T is unique. Suppose x.,ys € X;; are such that Tx, = x, and Ty, = y.. Then the 603
convexity of w and inequalities kAy < Ay and Eq. (24) imply 604

ko
Wi (X5 P35 ) < %wk%(x*,y*) = kwigy (Txe, Tyx) < kwy (X4, ¥5), 605

and since wy, (x«,yx) is finite, (1 —k)wy, (x:,y«) < 0. Thus, wy (x«,yx) = 0, and by
the strictness of w, we get x. = y,. The last assertion is clear. O

It is to be noted that assumption (26) in Theorem 6 is (probably) too strong, and eos
what we actually need for the iterative procedure to work in the proof of Theorem 6 e07
is only the existence of an X € X, such that w(;_y), (¥, TX) < e, where 4 is the e0s
constant from Eq. (24). 609

A standard corollary of Theorem 6 is as follows: if w is finite valued on X;; and s10
an nth iterate 7" of T : X;; — X, satisfies the assumptions of Theorem 6, then T 611
has a unique fixed point. In fact, by Theorem 6 applied to 7", T"x, = x, for some 612
x. € X}, Since T"(Tx,) = T(T"x,) = Tx,, the point Tx, is also a fixed point of 613
T", and so, the uniqueness of a fixed point of 7" implies Tx, = x.. We infer that 614
x, is a unique fixed point of T if y, € X and Ty. = y., then T"y, = T"~(Ty,) = &15
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7"y, =-.. =y,,ie.,y, is yet another fixed point of 7", and again the uniqueness
of a fixed point of 7" yields y. = x.

Another corollary of Theorem 6 concerns general (nonconvex) modulars w on X
(cf. Theorem 7). Taking into account Theorem 5 and its corollary, we have

Definition 8. Given a modular w on X, a map T : X, — X, is said to be strongly

modular contractive (or a strong w-contraction) if there exist numbers 0 < k < 1
and A9 = Ag(k) > O such that

wia (Tx, Ty) < kw, (x,y) for all 0 <A < Ay and x,y € X\, (30)

Clearly, condition (30) implies condition (24).

Theorem 7. Let w be a strict modular on X such that X is w-complete and T :
X — X be a strongly w-contractive map such that condition (26) holds. Then
T admits a fixed point. If, in addition, w is finite valued on X, then Eq.(26) is
redundant, the fixed point x, of T is unique and for each’X € X}, the sequence of
iterates {T"x} is modular convergent to x...

Proof. We set vy (x,y) = wy (x,y)/A for all A > O-and x,y € X. It was observed in
Sect. 2 that v is a convex modular on X. It is also clear that v is strict and the modular
space X;f = X is v-complete. Moreover, condition (30) for w implies condition (24)
for v, and Eq. (26) is satisfied with w replaced by v. By Theorem 6, applied to X and
v, there exists an x, € X = X} such that Tx, = x,. The remaining assertions are
obvious. O

6 An Application of the Fixed-Point Theorem

In this section we present a rather standard application of Theorem 6 to the
Carathéodory-type ordinary differential equations. The key interest will be in
obtaining the inequality (24).

Given a convex @-function @ on R" satisfying the Orlicz condition at infinity,
we denote by L?[a,b] the Orlicz space of real-valued functions on [a,b] (cf. [22,
Chap.1I]), i.e., a function z : [a,b] — R (or an almost everywhere finite-valued
function z on [a,b]) belongs to L?[a,b] provided z is measurable and p(z/A) < oo
for some number A = A(z) > 0, where p(z) = [” @(|z(r)])dt is the classical Orlicz
modular.

Suppose f : [a,b] x R — R is a (Carathéodory-type) function, which satisfies the
following two conditions:

(C.1) For each x € R the function f(-,x) = [t — f(¢,x)] is measurable on [a,b] and
there exists a point yo € R such that f(-,yo) € L?[a,b].

(C.2) There exists a constant L > 0 such that | f(¢,x) — f(z,y)| < L|x — y| for almost
allt € [a,b] and all x,y € R.
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Given xp € R, we let X’ be the modular space Eq. (21) generated by the modular
w from Eq. (14) under the assumptions from Example 4.4.
Consider the following integral operator:

(Tx)(t) =x0+ /atf(s,x(s))ds, xeX,, tE€]a,b]. @31)

Theorem 8. Under the assumptions (C.1) and (C.2), the operator T maps X, into
itself, and the following inequality holds in [0,es]:

Wrp—apr (Tx,Ty) <wy (x,y) for all A >0 and x,y € X, (32)

Proof. We will apply the Jensen integral inequality with the convex ¢@-function ¢
(e.g. [24, X.5.6]) several times:

w(b%a/ab'x(”"@Sb_iafab‘l’(lx@)l)dn xell'la,b), (33

where the intergral in the right-hand side is well defined in the sense that it takes
values in [0, e0].

1. First, we show that T is well defined on Xj. Let x € X}, i.e., x € GVyp[a,b] and

x(a) = xo. Since (cf. Example 4.4) x € ACla, b], by virtue of (C.1) and (C.2), the
composed function 7 — f(¢,x(¢)) is measurable on [a,b]. Let us prove that this
function belongs to L![a,b]. By Lebesgue’s theorem, x(¢) = xo + [/ x'(s)ds for
all ¢ € [a,b], and so, (C.2) yields

L (&, x(O)N ST, x(2) — £(t,50)| + | £(£,30)]
<LIx(t) = yo| + | f(t,y0)]

b
<L [ W()lds-+ Liso ~yol + |£(t.30) (34

foralmost all 7 € [a,b]. Since x € X, and 50, x € GV, [a, b], there exists a constant
A1 = Ay (x) > 0 such that (cf. Eq. (20))

b /
G = Wi (.X,X()) = /a () <%>d‘g <o,

and since, by (C.1), f(-,y0) €L?[a, b], there exists a constant A, = A2 (f(-,y0)) >0
such that

C2 = p(f(y0)/ %) _/ab(p<%zyo)|>dt < .

645

646
647

648
649

650
651

652
653

654
655
656
657
658

659
660

661

662
663



Author's Proof

V. V. Chistyakov

Setting g = LA; (b — a) + 1 4+ A, and noting that
LA(b—a) 1 A
2=

Ao Ao Ao

by the convexity of @, we find (see Eq. (34))

1

3

1 b ,
(P<% lL/“ |x'(s)|ds + L|xo — yo| + 1 £(,y0)]

)

LA (b—a) 1 PG| 1 A [ 1fC o)l
< Ao (p<b—a/a M dS>4—%(P(L|XO—)’0|)+%(,)<)L—2)7

and so, Eq. (34) and Jensen’s integral inequality yield

/abq) <|f(t’)mﬂ>dt < Ly gf;_a) C,+ b;oa(p(LPCO —yo|) + %Cz =Cp < oo.

Now, it follows from Eq. (33) that

G L (e, - ©
¢<Mb_a)/aIf(t,x(ﬂ)ldt)ém/a <p< = )msb—ja

implying

/ab . x(@)ldr < 2o(b—a)e™ (bc_oa> <o,

Thus, [t — f(¢,x(t))] € L'[a,b]. As a consequence, the operator T is well defined
on X5, and, by Eq.(31), Tx € AC[a,b] for all x € X;5, which implies that the
almost everywhere derivative (Tx)' belongs to L![a, b] and satisfies

(Tx) (t) = f(t,x(t)) for almost all ¢ € [a,b]. (36)
2. Itis clear from Eq. (31) that, given x € X}, (Tx)(a) = xp, and so, Tx € X = {y:

[a;b] = R | y(a) = xo}. Now we show that Tx € X;;. In fact, by virtue of Egs. (20),
(36) and (35), we have

e (T 0) = /ab m(wzw) i /ab (p<|f(t;:)(t))l> W< G

and so, T maps X into itself.
3. In order to obtain inequality (32), let A > 0 and x,y € X;;. Taking into account
Egs. (19), (20) and (36), we find
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|<Tx—Ty>’<r>|> "

b
wwauU%TW—wwaMUFJV“%i/¢< Lb—a)A

_ /ab (p(|f<r,xg(>;: i”;;y(f”')dt. 38)

Applying (C.2) and Lebesgue’s theorem, we get, for almost all ¢ € [a,b] (note
that x(a) = y(a) = xp),

[f(2,x(2)) = f (&, 9(0))] < Lix(2) = y(1)] < L./ab (e =)' (s)lds,

and so, by Eq. (33), the monotonicity of ¢, Egs. (20) and (19),

|f (. x(1) — f(t.5(1))] 1 —=p) ()]
¢< L(b—a)X >§¢<b—aL p) “)
L (=) (s)]
Sb—a/a (p( A )ds

1
:mwl(xvy)'

Now, inequality (32) follows from Eq. (38).

As a corollary of Theorems 6 and 8, we have

Theorem 9. Under the conditions (C.1) and (C.2), given xy € R, the initial value
problem

X (t).= f(t,x(t)) foralmostall t € la,b;] and x(a)=x (39)

admits a solution x € GVyla,b] with a < by € R such that L(b; —a) < 1.

Proof.. We know from Example 4.4 that w is a strict convex modular on the set
X ={x:]a,b1] = R|x(a) =xo} and that the modular space X,; = GVy[a,b;]NX is
w-complete. By Theorem 8, the operator 7' from Eq. (31) maps X} into itself and is
w-contractive. Since the inequality wy, (Tx, Ty) < wy (x,y) with0 < k=L(b; —a) <
1 holds for all A > 0, in the iterative procedure in the proo_f of Theorem 6, it suffices
to choose any X € X, such that w-(X,TX) < e for some A > 0. Since (x9)' = 0, by
virtue of Egs. (37) and (35), we find

bl—a

A
7o Ok —yol) + 22Cy <o

Ao

wy, (Tx0,%0) < Co =
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(the constants A, and C, being evaluated on the interval [a,b;]) with A=A =
L(by —a)+ 1+ 2,, and so, we may set X = xo. Now, by Theorem 6, the integral
operator 7 admits a fixed point: the equality Tx = x on [a, b] for some x € X} is, by
virtue of Eqgs. (31) and (36), equivalent to Eq. (39). O

7 Concluding Remarks

7.1. It is not our intention in this chapter to study the properties of solutions to
Eq.(39) in detail: after Theorem 9 on local solutions of Eq.(39) has been
established, the questions of uniqueness, extensions, etc. of solutions can be
studied following the same pattern as in, e.g., [13]. Theorems 8 and 9 are valid
(with the same proofs) for mappings x : [a,b] = M and f: [a,D] x M — M
satisfying (C.1) and (C.2), where (M,|-|) is a reflexive Banach space; the
details concerning the equality (20) in this case can be found in [2-5].

7.2. In the theory of the Carathéodory differential equations (39) (cf. [13]) the usual
assumption on the right-hand side is of the form |f(#,x)| < g(z) for almost all
t € [a,b] and all x € R, where g € L![a,b], and the resulting solution belongs
to ACla,b;] for some a < b; < b. However, it is known from [19, I1.8] that
L'[a,b] = Uge s LOa,b], where o4 is the set of all ¢-functions satisfying
the Orlicz condition at infinity.  Also, it follows from [2, Corollary 11] that
ACla,b] = Uye,» GVpla,b]. Thus, Theorem 9 reflects the regularity property
of solutions of Eq.(39). Note that, in contrast with functions from AC|a,b],
functions x from GVgla,b] have the “qualified” modulus of continuity [5,
Lemma 3.9(a)]: |x(r) —x(s)| < Cx- @y (|t —s|) for all 7,5 € [a,b], where C, =
d;(x,0) and gt R™ — RT is a subadditive function given by o, (u) =
up~'(1/u) for u > 0-and wy(+0) = my(0) = 0.

7.3. Theorem 8§ does not reflect all the flavour of Theorem 6, namely, the locality of
condition (24) and the modular convergence of the successive approximations
of the fixed points, and so, an appropriate example is yet to be found; however,
one may try to adjust Example 2.15 from [16] (note that Proposition 2.14 from
[16] is similar to our assertion (23) with k = 1).

Acknowledgements The individual research project No. 10-01-0071 “Metric modulars and their
topological, geometric and econometric properties with applications” was supported by the Pro-
gram “Scientific Foundation of the National Research University Higher School of Economics”.
The work on the project has been carried out at Laboratory of Algorithms and Technologies for
Networks Analysis, National Research University Higher School of Economics, and also partly
supported by Ministry of Education and Science of Russian Federation, Grant No. 11.G34.31.0057.
The author is grateful to Boris I. Goldengorin and Panos M. Pardalos for stimulating discussions
on the results of this chapter.

699

700
701

702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
7
718
719
720
721
722
723

724
725
726
27
728
729
730
731



Author's Proof

Modular Contractions and Their Application

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Ait Taleb, A., Hanebaly, E.: A fixed point theorem and its application to integral equations
in modular function spaces. Proc. Amer. Math. Soc. 128(2), 419426 (2000) MR1487352
(99j:47082)

. Chistyakov, V.V.: Mappings of bounded variation with values in a metric space: generaliza-

tions. Pontryagin Conference, Nonsmooth Analysis and Optimization, vol. 2. Moscow, New
York (1998) J. Math. Sci. 100(6), 2700-2715 (2000) MR1778990 (2001k:26012)

. Chistyakov, V.V.: Generalized variation of mappings with applications to composition opera-

tors and multifunctions. Positivity 5(4), 323-358 (2001) MR1856892 (2002k:47110)

. Chistyakov, V.V.: On multi-valued mappings of finite generalized variation. Mat. Zametki

71(4), 611-632 (2002) (in Russian) English translation: Math. Notes 71(3—4), 556-575 (2002)
MR1913590 (2003m:47093)

. Chistyakov, V.V.: Selections of bounded variation. J. Appl. Anal. 10(1), 1-82 (2004)

MR2081486 (2005i:26025)

. Chistyakov, V.V.: Lipschitzian Nemytskii operators in the cones of mappings of bounded

Wiener ¢-variation. Folia Math. 11(1), 15-39 (2004) MR2117294 (2005k:47142)

. Chistyakov, V.V.: Metric modulars and their application. Dokl. Akad. Nauk 406(2), 165-168

(2006) (in Russian) English translation: Dokl. Math. 73(1), 32-35 (2006) MR2258511
(2007i:46025)

. Chistyakov, V.V.: Modular metric spaces generated by F-modulars. Folia Math. 15(1), 3-24

(2008) MR2646913 (2011j:54030)

. Chistyakov, V.V.: Modular metric spaces, I: Basic concepts. Nonlinear Anal. 72(1), 1-14

(2010) MR2574913 (2011b:46016)

Chistyakov, V.V.: Modular metric spaces, II: Application to superposition operators. Nonlinear
Anal. 72(1), 15-30 (2010) MR2574914 (2011b:46017)

Cybertowicz, Z., Matuszewska, W.: Functions of bounded generalized variations. Comment.
Math. Prace Mat. 20, 29-52 (1977) MR0463381 (57 #3333)

De Blasi, E.S.: On the differentiability of multifunctions. Pacific J. Math. 66(1), 67-81 (1976)
MR0445534 (56 #3874)

Filippov, A.F.: Differential equations with discontinuous right-hand sides. Math. and Appl.,
vol. 18. Kluwer Acad. Publ. Group, Dordrecht (1988) MR1028776 (90i:34002)

Goebel, K., Kirk, W.A.: Topics in metric fixed point theory. Cambridge Studies in Advanced
Math., vol. 28. Cambridge University Press, Cambridge (1990) MR1074005 (92c:47070)
Hadzié, O., Pap; E.: Fixed point theory in probabilistic metric spaces. Math. Appl., vol. 536.
Kluwer Acad. Publ., Dordrecht (2001) MR1896451 (2003a:47113)

Khamsi, M:A., Koztowski, W.M., Reich, S.: Fixed point theory in modular function spaces.
Nonlinear Anal. 14(11), 935-953 (1990) MR 1058415 (91d:47042)

Khamsi, M.A:, Koztowski, WM., Shu Tao, C.: Some geometrical properties and fixed
point theorems in Orlicz spaces. J. Math. Anal. Appl. 155(2), 393—412 (1991) MR1097290
(92b:47092)

Kirk, W.A., Sims, B. (eds.): Handbook of Metric Fixed Point Theory. Kluwer Acad. Publ.,
Dordrecht (2001) MR1904271 (2003b:47002)

Krasnosel’skii, M.A., Rutickii, Ja. B.: Convex Functions and Orlicz Spaces. Fizmatgiz,
Moscow (1958) (in Russian) English translation: P. Noordhoff Ltd., Groningen, The Nether-
lands (1961) MRO126722 (23 #A4016)

Maligranda, L.: Orlicz spaces and interpolation. Seminars in Math., vol. 5. Univ. Estadual de
Campinas, Campinas SP, Brasil (1989) MR2264389 (2007e:46025)

Medvedev, Y.T.: Generalization of a theorem of F. Riesz. Uspekhi Mat. Nauk (N.S.) 8(6),
115-118 (1953) (in Russian) MR0061655 (15,860c)

Musielak, J.: Orlicz spaces and modular spaces. In: Lecture Notes in Math., vol. 1,034.
Springer, Berlin (1983) MR0724434 (85m:46028)

732

733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
T
778
779
780
781
782



Author's Proof

23.

24.

25.

26.

217.

V. V. Chistyakov

Nakano, H.: Modulared Semi-Ordered Linear Spaces. Maruzen, Tokyo (1950) MR0038565
(12,420a)

Natanson, I.P.: Theory of Functions of a Real Variable, 3rd edn. Nauka, Moscow (1974) (in
Russian) MR0354979 (50 #7456)

Orlicz, W.: Collected Papers, Part I, II. PWN—Polish Scientific Publishers, Warsaw (1988)
MR0963250 (89i:01141)

Radstrom, H.: An embedding theorem for spaces of convex sets. Proc. Amer. Math. Soc. 3,
165-169 (1952) MR0045938 (13,659¢)

Rao, M.M., Ren, Z.D.: Applications of orlicz spaces. Monogr. Textbooks Pure Appl. Math.,
vol. 250. Dekker, New York (2002) MR1890178 (2003e:46041)

783
784
785
786
787
788
789
790
791
792



Author's Proof

AQI.
AQ2.

AQ3.
AQ4.

AQS.

AUTHOR QUERIES

Repeated operators like (<, =) have been deleted [e.g., (5.16, 34, 38)]
according to SL2 Springer style. Please confirm if it is correc

Please check if “modular complete modular metric spaces” should be
changed to “complete modular metric spaces’

Please provide section heading for Sections 4.7=4.6 if required@

Section 4.4 has been changed to Example 4.4 for consistency. se check
and confirm.

Please confi hether we can remove section prefix from the list and
change it into normal list. @


vchistyakov
Sticky Note
I confirm that it is correct.

vchistyakov
Sticky Note
`modular complete modular metric spaces' is correct.

vchistyakov
Sticky Note
No section heading are required for Sections 4.1-4.6.

vchistyakov
Sticky Note
I confirm that this is correct.

vchistyakov
Sticky Note
Section prefix can be removed from the list.


	Modular Contractions and Their Application
	1 Introduction
	2 Modulars and Modular Spaces
	3 Sequences in Modular Spaces and Modular Convergence
	4 Examples of Metric and Modular Convergences
	5 A Fixed-Point Theorem for Modular Contractions
	6 An Application of the Fixed-Point Theorem
	7 Concluding Remarks
	References




