
Self-consistent molecular dynamics calculation of diffusion in higher n-alkanes
Nikolay D. Kondratyuk, Genri E. Norman, and Vladimir V. Stegailov 
 
Citation: The Journal of Chemical Physics 145, 204504 (2016); doi: 10.1063/1.4967873 
View online: http://dx.doi.org/10.1063/1.4967873 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jcp/145/20?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
Molecular dynamics insight to phase transition in n-alkanes with carbon nanofillers 
AIP Advances 5, 057141 (2015); 10.1063/1.4921561 
 
Self-consistent field theory based molecular dynamics with linear system-size scaling 
J. Chem. Phys. 140, 134109 (2014); 10.1063/1.4869865 
 
Molecular dynamics simulations of diffusion and clustering along critical isotherms of medium-chain n-alkanes 
J. Chem. Phys. 138, 024317 (2013); 10.1063/1.4773282 
 
Molecular dynamics of n-hexane: A quasi-elastic neutron scattering study on the bulk and spatially
nanochannel-confined liquid 
J. Chem. Phys. 136, 124505 (2012); 10.1063/1.3696684 
 
Detailed molecular dynamics simulation of the self-diffusion of n-alkane and cis-1,4 polyisoprene oligomer
melts 
J. Chem. Phys. 116, 436 (2002); 10.1063/1.1416872 
 
 

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  95.220.1.57 On: Wed, 07 Dec

2016 06:56:40

http://scitation.aip.org/content/aip/journal/jcp?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/2086508239/x01/AIP-PT/JCP_ArticleDL_110916/APR_1640x440BannerAd11-15.jpg/434f71374e315a556e61414141774c75?x
http://scitation.aip.org/search?value1=Nikolay+D.+Kondratyuk&option1=author
http://scitation.aip.org/search?value1=Genri+E.+Norman&option1=author
http://scitation.aip.org/search?value1=Vladimir+V.+Stegailov&option1=author
http://scitation.aip.org/content/aip/journal/jcp?ver=pdfcov
http://dx.doi.org/10.1063/1.4967873
http://scitation.aip.org/content/aip/journal/jcp/145/20?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/journal/adva/5/5/10.1063/1.4921561?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/140/13/10.1063/1.4869865?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/138/2/10.1063/1.4773282?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/136/12/10.1063/1.3696684?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/136/12/10.1063/1.3696684?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/116/1/10.1063/1.1416872?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/116/1/10.1063/1.1416872?ver=pdfcov


THE JOURNAL OF CHEMICAL PHYSICS 145, 204504 (2016)

Self-consistent molecular dynamics calculation of diffusion
in higher n-alkanes

Nikolay D. Kondratyuk,1,2,a) Genri E. Norman,1 and Vladimir V. Stegailov1
1Joint Institute for High Temperatures of the Russian Academy of Sciences, Moscow 125412, Russia
2Moscow Institute of Physics and Technology, Dolgoprudny 141700, Russia

(Received 12 September 2016; accepted 2 November 2016; published online 23 November 2016)

Diffusion is one of the key subjects of molecular modeling and simulation studies. However, there
is an unresolved lack of consistency between Einstein-Smoluchowski (E-S) and Green-Kubo (G-K)
methods for diffusion coefficient calculations in systems of complex molecules. In this paper, we
analyze this problem for the case of liquid n-triacontane. The non-conventional long-time tails of the
velocity autocorrelation function (VACF) are found for this system. Temperature dependence of the
VACF tail decay exponent is defined. The proper inclusion of the long-time tail contributions to the
diffusion coefficient calculation results in the consistency between G-K and E-S methods. Having
considered the major factors influencing the precision of the diffusion rate calculations in comparison
with experimental data (system size effects and force field parameters), we point to hydrogen nuclear
quantum effects as, presumably, the last obstacle to fully consistent n-alkane description. Published
by AIP Publishing. [http://dx.doi.org/10.1063/1.4967873]

I. INTRODUCTION

Decades of molecular modeling and simulation history
have not still provided the desirable accuracy of material prop-
erty calculations in many cases. Diffusion rate calculations in
liquids of complex molecules are among them.

There are two equivalent approaches for the calculation of
the diffusion coefficient: the Einstein-Smoluchowski (E-S) and
Green-Kubo (G-K) methods.1 The first one uses a mean-square
displacement (MSD), the second takes an integral of a veloc-
ity autocorrelation function (VACF). The E-S formula is used
more frequently in molecular dynamics (MD) simulations2–30

than the G-K method2,7,11,13,14,17,29,30 because MSD is easier
to interpret and due to the problems with integration to infinite
time in the G-K method. The agreement between both meth-
ods is demonstrated in the case of atomic and simple molecular
liquids.11,14,29 The disagreement appears in polyatomic molec-
ular systems: the G-K method gives overestimated values in
comparison with the E-S approach.2,7,13,17 The reason for this
discrepancy has not been understood yet.

The first simulation results on diffusion were obtained
for n-butane liquid.2 The united-atom approach was used with
frozen bond and angle values. The rotation of the end atoms
around the central bond (dihedral interaction) was adjusted
to the experimental data that were available at that moment.
The authors used both E-S and G-K methods and the G-
K method gave the overestimated values of diffusivity. The
more complicated form of the united-atom force field was
used for understanding the nature of diffusion in n-pentane
and n-decane.3,4 Padilla and Toxvaerd showed (by varying
CHX-CH2-CH2-CHX torsion barriers) that the diffusion in n-
alkanes depends on the dihedral interactions and hypothesized

a)Email: kondratyuk@phystech.edu

that molecular flexibility determines the decay of VACF. Lee
and Pak7 showed the agreement of both the methods for some
n-alkanes up to n-C17H36 but the asymptotic behavior of VACF
was not studied also.

Later, molecular dynamics studies of the thermodynamic
properties and the calculations of diffusivity using the E-S
relation for various alkanes were published: for n-decane,
n-tetracosane, and squalane,5 for branched alkanes,6 for n-
alkanes (6 ≤ n ≤ 66),8 for n-C100H202,31 for C30 isomers,9

for n-dodecane,18 for hexane, decane, and heptadecane,32 and
for polyethylene.33 The united-atom force fields were used in
most of these works and were shown to overestimate diffu-
sion coefficients. The VACF asymptotes have not been stud-
ied enough for systems of complex molecules (n-alkanes in
particular).

The long-time tail of VACF reflects the physical nature
of the system. It decays exponentially in Brownian gases.
VACF has two asymptotic exponential regimes in nano-
particle liquids.10,12,15 The oscillation behavior of VACF is
obtained for an ion movement in a liquid.34 A hydrody-
namic power law t�3/2 is predicted in the case of atomic
liquids and dense gases.35 It is a result of collective motions.
Simulations for Lennard-Jones liquids demonstrate this
fact.12,36–40

Here, we use n-triacontane (n-C30H62) as an example of
a polyatomic molecule. In Section II, we describe the force
fields, simulation details of MD, and the equilibration process.
The E-S method is considered in Section III: the averaging
technique, the results obtained, and system size effects. The
G-K method is treated in Section IV: the averaging technique,
VACFs, their asymptotes, and the numerical integration prob-
lem. The convergence between the E-S and G-K methods is
achieved in Section V. The diffusion coefficients obtained are
compared with experimental data at different temperatures in
Section VI.

0021-9606/2016/145(20)/204504/9/$30.00 145, 204504-1 Published by AIP Publishing.
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II. MODELING AND SIMULATION TECHNIQUES
A. Force fields for n-triacontane

The potential energy of the n-triacontane liquid can be
modeled as follows:

E =
∑

bonds

Kbond(r − req)2 +
∑

angles

Kangle(θ − θeq)2

+
∑

dihedrals

4∑
i=1

Ki(1 + (−1)i+1 cos iφ)

+

N−1∑
i=1

N∑
j>1

{
4ε

[
(σ/rij)

12 − (σ/rij)
6
]
+ Cqiqj/rij

}
,

where the first three terms are valence bond, valence angle,
and dihedral interactions correspondingly. Non-bonded forces
are described by Lennard-Jones and Coulomb terms.

Two all-atom force fieldsare used: Optimized Potentials
for Liquid Simulations All-Atom (OPLS-AA)41 and its mod-
ified version for long hydrocarbonsL-OPLS-AA.42 The sim-
ulation with the Transferable Potentials for Phase Equilibria
United-Atom (TraPPE-UA)43 potential is performed at 353 K,
400 K, and 450 K to show effects connected with the absence
of hydrogen atoms in the model.5,6,8,9,44–46

B. Details of molecular dynamics calculations

All the diffusivity calculations in the all-atom models are
performed for the equilibrated systems of the 3375 C30H62

molecules. In the case of TraPPE-UA, the system size is 8000
molecules. Non-bonded 1-4 interactions are scaled with 0.5
factor in the OPLS-AA and the L-OPLS-AA simulations. The
cutoff radius is 12 Å in the all-atom force fields and 14 Å in the
TraPPE-UA potential. Long-range Coulomb interactions are
calculated using the particle-particle particle-mash method.47

The NVE ensemble48 is used. The equations of motion
are integrated with a timestep of 1 fs. The simulations are
performed in periodic boundary conditions (PBCs) using the
LAMMPS package.49

C. System equilibration

The equilibration procedure is done in the following
way. The initial configuration is gas of the 125 replicated n-
triacontane molecules. The distance between them is larger
than the force field cutoff radius. At the first stage, the temper-
ature is set to 600 K. This temperature is needed to disorder
the initial structure rapidly. After 0.1 ns of the NVE integra-
tion, the molecules get random orientations. The second stage
is the compression to the experimental density 0.77 g/cm3 for
0.1 ns. The third stage is the relaxation in the NPT ensemble
for 2 ns (P = 1 atm, T = 360 K). The average density at the
last 0.5 ns is chosen as the equilibrium density for the given
force field at 360 K. The fourth stage is the relaxation in the
NVT ensemble at the same equilibrium density for 2 ns. The
last stage is the relaxation in the NVE ensemble for 0.5 ns
after creating the velocity distribution that corresponds to 700
K and cooling back to 360 K in the NVT ensemble. The total
linear momentum of the system is zeroed at the end of the
relaxation process because the flow (that can be created during

the relaxation process) affects the accuracy of the diffusivity
calculation.

The relative shape anisotropy parameter κ2 is used during
the relaxation process in addition to the temperature, pressure,
and density. This parameter can be found from the following
equation: κ2 = (λ4

1+λ
4
2+λ

4
3)/(λ2

1 + λ
2
2 + λ

2
3)

2
−1/2, where λ1,

λ2, and λ3 are the eigenvalues of the molecule inertia tensor
divided by its mass. 〈κ2〉 reflects the information about the
average molecule conformation in the system (for details see
Ref. 50).

It is not computationally efficient to repeat this equilibrat-
ing process for each other temperature; thus, the following
technique is used. Each subsequent temperature and density
state is obtained from the previous one. The first stage is cre-
ating the velocity distribution that corresponds to 700 K. The
system is compressed to the Yaws52 fit density in the NVE
ensemble for 100 ps at the second stage. The third stage is
relaxation in the NVT ensemble at the desired T value. At
the fourth stage, the system relaxes in the NPT ensemble
(P ∼ 1 atm) for 500 ps and the average density is calcu-
lated during this stage. The fifth stage is compressing from
the end instantaneous density to the average density in the
NVE ensemble for 100 ps. After all, the total system linear
moment is zeroed, and the velocity distribution is scaled to the
value of T.

The calculations of the n-triacontane diffusivity are per-
formed for the obtained densities and temperatures that are
shown in Fig. 1. OPLS-AA (the blue open circles) reproduces
the densities which correspond to the experimental values from
the Tataevsky’s book51 (the dashed red curve with triangles).
L-OPLS-AA (the green circles) underestimates the density
systematically by 2%-3% in comparison with the experimental
data. The TraPPE-UA force field (the dark red circles) gives
the densities that are close to the Yaws52 equation of state
(the black dashed curve). The calculations in L-OPLS-AA and
TraPPE-UA for the experimental density at 400 K are per-
formed to evaluate the influence of density on the diffusion
coefficient. Such a sophisticated relaxation procedure with

FIG. 1. The equation of state for n-triacontane at P = 1 atm (density ρ vs.
temperature T ). The circles are the equilibrium densities obtained in the L-
OPLS-AA (green filled), the OPLS-AA (blue open), and the TraPPE-UA (dark
red filled) force fields after the relaxation process. The dashed red curve with
triangles corresponds to the experimental data,51 the black dashed line is the
Yaws equation of state.52
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respect to monoatomic liquids is connected with the complex
structure of the n-triacontane molecule.

III. EINSTEIN-SMOLUCHOWSKI METHOD

The self-diffusion coefficient D can be obtained from the
long-time limit of the molecular center of mass (COM) MSD
〈∆r2〉 using the E-S relation 〈∆r2〉 = 6Dt + const.

A. Averaging technique

The diffusivity simulation is performed for the sys-
tems of 3375 (OPLS-AA, L-OPLS-AA) and 8000 (TraPPE-
UA) molecules in the NVE ensemble. These configurations
are obtained by replicating the equilibrated systems of 125
molecules. The initially identical parts of the replicated sys-
tems become statistically independent at the time scale of
picoseconds. This time is significantly less than full MD trajec-
tories. The averages for MSDs and VACFs are obtained from
1 ns equilibrated MD trajectories. The following technique is
used.

The whole trajectory is divided into statistically indepen-
dent parts. At the first step τ0 = 0, the average is taken over
the molecules

〈∆r2〉τ0
(t) =

N∑
i=1

(ri(t + τ0) − ri(τ0))2/N , (1)

where N is the number of molecules. The second step is the
additional averaging over the intervals that is achieved by the
shifting of the time point τi,

〈∆r2〉(t) =
M∑

i=1

〈∆r2〉τi
(t)/M, (2)

where M is the number of independent moments τi.
The duration of these shifting intervals should be more

than the value of the dynamic memory time tmem.48 This time
corresponds to the moment when the numerical solution of
the equations of motion forgets its initial conditions due to the
Lyapunov instability. The obtained estimates of the dynamic
memory time are about 1.5 ps in the all-atom force fields and
about 2.5 ps in the TraPPE-UA potential (for more information

see Appendix A). The tmem value is higher in the united-atom
model due to the absence of hydrogen atoms which oscillate
faster than pseudo atoms CH2 and CH3.

B. Mean-square displacements

MSD 〈∆r2〉(t) in such basic systems as Lennard-Jones
gases and liquids has two smoothly connected regimes: the
ballistic regime 〈∆r2〉 = v2t2 and the diffusive regime 〈∆r2〉

= 6Dt. Pomeau36 predicts more general asymptotic equa-
tion for MSD at times greater than ballistic: 〈∆r2〉(t)' 6Dt
+
∑∞

n=1 ant1/2n
+ const. However, the non-linear terms do not

appear in simple liquids due to the predominance of the linear
term.

The n-C30H62 MSD has a subdiffusive part between the
ballistic and diffusive regimes in both all-atom force fields
(Figs. 2(a) and 2(b)) where 〈∆r2〉 ∼ tα, α < 1. The subdif-
fusion corresponds to the second part of the Pomeau MSD
equation and demonstrates the predominance of the non-
linear terms at intermediate time scales. The situation when
such translational regime appears is studied in many theoreti-
cal, numerical, and experimental works.14,19,21,26,27,29,53,54 The
reasons of this regime can be described in the following way.
The molecules are entangled and do not have enough energy to
escape from the neighbor cages at low temperatures because
the system is closely packed. At higher temperatures, the sub-
diffusive regime is less pronounced because the molecules are
able to move more freely due to the increase of the kinetic
molecule energy and the decrease of the density.

The diffusion coefficients are obtained from the linear
asymptotes of 〈∆r2〉(t). A test MSD calculation is performed
up to 10 ns to show that the linear asymptote stays the same
(Fig. 3).

C. System size effects for the Einstein-
Smoluchowski method

Yeh and Hummer55 showed that the system-size cor-
rection which appears due to PBC should be applied in the
E-S method. It scales as BN�1/3, where N is the number of
molecules.55 Yeh and Hummer used 2000 H2O molecules,
and the correction was about 10% of the absolute value of
diffusivity. The results of diffusivity calculations for different

FIG. 2. The MSD time dependence at different temperatures in the L-OPLS-AA (Fig. 2(a)) and OPLS-AA (Fig. 2(b)) force fields. The dashed lines correspond
to the linear infinite-time asymptotes.
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FIG. 3. MSD time dependencies at the larger time scale in the L-OPLS-AA
force field at 533 K. The solid curve and dashed line are MSD and linear
asymptote, respectively, from Fig. 2(a). Squares correspond to MSD up to 10
ns. The coloring is the same as in Fig. 2(a).

system sizes in L-OPLS-AA at 400 K and TraPPE-UA at
353 K are shown in Fig. 4. The obtained size correction is
about 6% for 3375 molecules in the all-atom models and
4% for 8000 molecules in the TraPPE-UA potential. The
interesting fact is that the value of B is similar in both models.

The DE−S temperature dependencies match the Arrhenius
equation DE−S = D0 exp(−∆E/kBT ), where∆E is the effective
activation energy and kB is the Boltzmann constant. The values
of D0 and ∆E for OPLS-AA, L-OPLS-AA, and TraPPE-UA
are presented in Table I. The comparison with the experimental
values of D is discussed in Section VII.

IV. GREEN-KUBO METHOD

Also, the diffusion coefficient is given by the theoretically
equivalent G-K integral formula: D = ∫

∞
0 Cv(t)dt/3, where

Cv ≡ 〈v(0)v(t)〉 is the molecule COM velocity autocorrela-
tion function (VACF), v(0) and v(t) are the molecule COM
velocities at time moments 0 and t.

A. Averaging technique

The same averaging technique as in Sec. III A is
used.

FIG. 4. The dependence of the diffusivity on the size of system in the TraPPE-
UA (at 353 K) and L-OPLS-AA (at 400 K) force fields.

TABLE I. The Arrhenius equation parameters D0 and ∆E obtained using the
Einstein-Smoluchowski method in the OPLS-AA, L-OPLS-AA, and TraPPE-
UA force fields

Force field OPLS-AA L-OPLS-AA TraPPE-UA

D0 1700 ± 50 1630 ± 30 730 ± 20
∆E 4.9 ± 0.2 4.6 ± 0.1 3.5 ± 0.1

〈v(0)v(t)〉τ0 =
N∑

i=1

vi(τ0)vi(t + τ0)/N ,

〈v(0)v(t)〉 =
M∑

i=1

〈v(0)v(t)〉τi/M.

The difference between both calculation methods lies in
the range of time scales. The characteristic times when the
asymptotic tails of the VACF can be obtained (∼ 5 ps for
the systems used in this work) are a hundred times less than the
times that are needed for the observing linear 〈∆r2〉(t) asymp-
tote in the case of the E-S method (∼ 750 ps). Consequently,
the number of intervals M obtained from the same 1 ns tra-
jectory is about 60 in the E-S method (60 values τi separated
by 4 ps) and M = 700 in the G-K method (700 values τi sep-
arated by 2 ps because the VACF asymptotes require better
sampling).

B. Velocity autocorrelation functions

The molecule COM VACFs are calculated from exactly
the same trajectories as the COM MSDs (Figs. 5(a) and 5(b)).
The negative region of VACF is typical for atomic liquids
and dense gases when rebounding collisions are more fre-
quent than scattering collisions.56,57 The nature of this region
in n-C30H62 is due to the molecular bending. This effect
becomes weaker with the increase of temperature because
the density becomes lower (Fig. 1) and the free volume
increases.

C. VACF asymptotes

For simple liquids, VACF has the form36 Cv(t)
'
∑∞

n=1 bnt1/2n−2. The authors39 demonstrate the crossover
of the subleading term t�7/4 (n = 2) at intermediate time
scales to the leading term t�3/2 (n = 1) in the Lennard-Jones
fluid. This term corresponds to the Navier-Stokes hydrody-
namics regime and is called the hydrodynamic tail.35,57,58

The physical nature of this asymptote t�3/2 can be explained
in the following way. The initial momentum of a particle
is shared with its neighbors after microscopic times due
to the viscous friction. The diameter of this viscous layer
rises as a square root of time. The neighbor layer is spheri-
cal in a three-dimensional system and the asymptotic power
is 3/2.58

The sum of VACF terms
∑∞

n=1 bnt1/2n−2 can be approxi-
mated by the effective function t−β , β = 3/2 in simple liquids.
The different β powers can be discovered due to the
slow diffusion process in the liquid considered (Figs. 5(a)
and 5(b)). The β dependencies on the inverse temperature
in the one and the same time interval are shown in Fig. 6.
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FIG. 5. The asymptotes of the normalized VACF in the L-OPLS-AA (a) and OPLS-AA (b) models at different temperatures. The dashed lines are the VACF
tails. Both axes are presented in the logarithmic scale. The coloring is the same as in Figs. 2(a) and 2(b). The full time VACFs are in the left lower corner.

The situation β = 2 (n → ∞) appears in the OPLS-AA force
field (the blue open circles) at low temperatures. β decreases
smoothly to the leading term 3/2 as temperature increases
and density becomes lower. This β behavior reflects the
fact that the dynamics of molecules becomes faster. The
hydrodynamic regime (β = 3/2, n → 1) can be observed
at T > 500 K which is also confirmed by the absence
of the subdiffusion region on the MSD dependence on
time.

The shift of the β(1/T ) dependence to lower temperatures
in the L-OPLS-AA force field (the green circles in Fig. 6) could
reflect the fact that the melting temperatures of long n-alkanes
are lower in L-OPLS-AA than in OPLS-AA.42 The solidi-
fication at the nanosecond time scale in OPLS-AA together
with the absence of solidification in L-OPLS-AA is shown in
Appendix B.

Note that the values of β in the TraPPE-UA force field (the
dark red circles) coincide with the conventional 3/2 hydro-
dynamic power law and do not depend on the temperature.
The non-linear MSD terms are also indistinguishable in our
results. Therefore, such unusual values of β in OPLS-AA and

FIG. 6. The circles show β dependencies on 1/T for the L-OPLS-AA (green),
the OPLS-AA (blue open), and the TraPPE-UA (dark red) force fields. Two
gray dashed lines correspond to the first (n = 1) and infinite terms (n → ∞)
of the Pomeau VACF form.58

L-OPLS-AA can be connected with explicit hydrogen atoms
influence in the all-atom force fields.

The VACF tails may be of interest for authors who
study the VACF asymptotes in polymers in terms of the
mode-coupling approach.59,60 The results on diffusion are
assumed to be a step toward supplementing macroscopic
models.61–64

D. Numerical integration problem

It is a long-standing question of how to calculate cor-
rectly the G-K integral. Some authors considered that it should
be cut at tPBC

10,12 for avoiding the influence of PBC. Others
suggested to cut VACF when the integral becomes a constant
value,2,7,11,13,14,17,24,29,65 and this technique provides a good
agreement between the E-S and G-K methods in simple liquids
but not in liquids that consist of complex molecules.2,7,13,17

Thus, the G-K method gives the overestimated value of the
diffusion coefficient in comparison with the E-S method in
some n-alkane liquids2,7 and in ionic liquids13,17 especially at
low temperatures.

FIG. 7. The values of diffusivity D that are calculated using the Einstein-
Smoluchowski (filled squares) and Green-Kubo (open circles) relations in
different force fields. The shaded regions show the discrepancies between the
theoretically equivalent methods.
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The similar problems exist with the calculation of the dif-
fusion coefficient for the n-triacontane (Fig. 7). The value of
the diffusion coefficient DPBC

num that is obtained by the numerical
integration of Cv(t) till the moment tPBC = 7.5 ps is larger than
the E-S value. For example, G-K gives DPBC

num = 18.7 · 10−6

cm2/s at T = 490 K, but the E-S method gives 14.85 · 10−6

cm2/s in the L-OPLS-AA potential.

V. CONVERGENCE OF THE EINSTEIN-
SMOLUCHOWSKI AND GREEN-KUBO METHODS

Nichols and Wheeler30 showed that the VACF integration
can be subdivided into the numerical Dnum and the analyti-
cal asymptotic contribution Da in the binary Lennard-Jones
liquid. Such an approach is used to achieve convergence
between the E-S and G-K methods in this work as well. The
moment when Cv starts to follow At−β is about ta = 2 ps
(Figs. 5(a) and 2(b)). Thus, at T = 490 K in L-OPLS-AA,
the numerical part Dnum = ∫

ta
0 Cv(t)dt/3= 20.9 cm2/s and the

value of Da = ∫
∞

ta Cv(t)dt/3=−5.6 · 10−6 cm2/s. The result-
ing D can be found by summing up these parts of the integral
D = Dnum + Da = 15.3 · 10−6 cm2/s.

This technique provides the agreement between the E-S
and G-K methods at all temperatures (Table II).

We assume that t�3/2 can be found at much longer time
scales at low temperatures in OPLS-AA and L-OPLS-AA. The
problem is that the observation of the VACF terms depends on
the system size because of the PBC influence10,12,37 at times
greater than tPBC ∼ L/2vs (where L is the size of the system,
vs is the speed of sound, estimated as 1000 m/s based on the
data of Khasanshin and Shchemelev66). VACFs for different
system sizes in TraPPE-UA are presented in Fig. 8.

We consider that the observation of the hydrodynamic
regime t�3/2 at low temperatures in the all-atom models is not
necessary. The analytical contribution of this term would be
several orders of magnitude less at the time scales where t�3/2

can be observed.

VI. DIFFERENT FORCE FIELDS VS. EXPERIMENT

Our size-corrected results are compared with the diffusion
coefficients measured in the experiment in the wide tem-
perature range67 (Fig. 9). The error estimation is discussed
in Appendix C. The experimental data match the Arrhenius
dependence. We see that the OPLS-AA and the L-OPLS-AA
force fields predict ∆E quite accurately (4.9 ± 0.2 kcal/mol

TABLE II. The numerical VACF integrals Dnum, the analytical contribu-
tions Da, the resulting DG−K (Green-Kubo), DE−S (size-corrected Einstein-
Smoluchowski), and the powers β obtained in the L-OPLS-AA force
field

T Dnum Da DG−K DE−S β

360 6.9 �4.1 2.8 2.75 1.90
380 8.7 �4.9 3.8 4.00 1.80
400 10.5 �5.2 5.3 5.30 1.70
440 15.2 �6.5 8.7 8.50 1.55
470 17.7 �5.8 11.9 12.20 1.50
490 20.9 �5.6 15.3 14.85 1.45

FIG. 8. The dependence of VACF on the size of the system in the TraPPE-UA
force field at 353 K. The green, blue, and red curves are VACFs obtained for
N = 125, 1000, 8000 molecules correspondingly. The dashed vertical lines
correspond to the times LN /2vs (LN is the size of simulation box, vs is the
velocity of sound) when the periodic boundary conditions begin to influence.
The red dashed line corresponds to the hydrodynamic tail At−3/2.

and 4.6± 0.1 kcal/mol, respectively, the experimental value is
4.5±0.1 kcal/mol). The values of diffusion are about 1.8 times
lower in the OPLS-AA force field. D0 coincides with the exper-
imental value in the L-OPLS-AA model at the equilibrium
densities of the model (2%-3% lower than the experimental
densities). The green area demonstrates the values of D that
can be obtained by varying the density back up to the experi-
mental values. It shows that the increase of D0 in L-OPLS-AA
is not just the effect of the higher equilibrium density but also
the effect of the change of the force field parameterization.

Conversely to all-atom models, the calculations in the
TraPPE-UA model show that the united-atom approach over-
estimates the diffusion coefficient of n-triacontane because the
absence of hydrogen atoms increases the molecule free vol-
ume. The value of activation energy ∆E is 3.5 ± 0.1 kcal/mol
which is much lower than the experimental value. The
sensitivity to density variation is higher for TraPPE-UA

FIG. 9. The comparison of the n-triacontane diffusivity D obtained by the
E-S (the filled squares) and G-K (the open circles) methods at different T
with the experimental data (the black circles)67 in Arrhenius coordinates for
the OPLS-AA (blue), the L-OPLS-AA (green), and the TraPPE-UA (dark
red) force fields. The red filled squares are the calculations in the L-OPLS-
AA and TraPPE-UA potentials at the experimental density.51 The filled green
areas correspond to the values of diffusion coefficients that can be obtained
by varying density from the equilibrium up to the experimental values51 in
the L-OPLS-AA (green) and the TraPPE-UA (dark red) models.
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than in the L-OPLS-AA model (see two red filled squares
in Fig. 9).

VII. CONCLUSIONS

The MD diffusivity for the n-triacontane liquid is cal-
culated using the Einstein-Smoluchowski and Green-Kubo
methods. The simulations are performed in the OPLS-AA,
the L-OPLS-AA, and the TraPPE-UA force fields at different
temperatures.

• The molecule MSDs and VACFs are calculated from
the equilibrated MD trajectories. MSDs have pro-
nounced subdiffusive regime in the all-atom force fields
at low temperatures. VACF asymptotes t−β differ from
the conventional hydrodynamic power law t�3/2 in this
case. These facts validate the thesis that the molecular
dynamics is slower in the all-atom force fields than in
the united-atom model where both MSDs and VACFs
correspond to simple liquids.

• The non-hydrodynamic VACF asymptotic tails in
OPLS-AA and L-OPLS-AA are consequences of diffi-
culties in the molecular motion. The subleading terms
(n ≥ 2) of the Pomeau equation

∑∞
n=1 t1/2n−2 pre-

vail the hydrodynamic tail t�3/2 at low temperatures.
The leading term t�3/2 starts dominating at 500 K in
OPLS-AA and at 470 K in L-OPLS-AA which corre-
spond to the almost not pronounced MSD subdiffusive
regimes at these temperatures. On the other hand, the
hydrodynamic asymptote occurs in TraPPE-UA at all
temperatures considered. It can be connected with the
absence of the hydrogen atoms in the model.

• The consideration of the asymptotic tail contribution
to the VACF integral is the key to the proper conver-
gence of the diffusivity values obtained by the Einstein-
Smoluchowski and Green-Kubo methods. After the
careful analysis of the VACF long-time tails and the sys-
tem size effects, the E-S and G-K methods have been
shown to give the same values of the diffusion coef-
ficient. The observation of the hydrodynamic regime
t�3/2 is not necessary at low temperatures in the all-
atom models because of the relatively small analytical
contribution of this term to the G-K integral in this
case.

• The calculated diffusion coefficients are compared with
the experimental data. Both OPLS-AA and L-OPLS-
AA force fields reproduce the Arrhenius barrier ∆E
with a good accuracy, but the D0 prefactors are differ-
ent. On the other hand, TraPPE-UA significantly over-
estimates the value of diffusivity. Two best force fields
for n-triacontane considered show a duality: either
we have the correct density of liquid n-triacontane in
OPLS-AA but this liquid is unstable and solidifies with
1.8 times slower diffusion rate or we have the correct
diffusion rate and stable liquid but at 2%-3% lower
density in L-OPLS-AA. We can suggest a hypothesis
that, perhaps, the only way to get a fully consistent
description both for the equation of state and for the
transport properties of higher n-alkanes is to take into

account the quantum nature of hydrogen atoms dynam-
ics. Path-integral MD calculations showed that such
quantum corrections significantly influence the diffu-
sion in water (see Spura et al.68). The same effect can
be expected for alkanes since the energy of C–H bonds
in alkanes is only 20% lower than the energy of the
O–H bond in water. The application of the path-integral
MD for higher alkanes is too computationally expen-
sive nowadays but might become possible in the near
future.
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APPENDIX A: DYNAMIC MEMORY TIME

The dynamic memory time can be characterized by the
following equations:

〈∆r2〉 =
1
N

N∑
i=1

(ri(t) − r′i (t))
2, 〈∆v2〉 =

1
N

N∑
i=1

(vi(t) − v′(t))2,

(A1)

where (r; v)(t) and (r′; v′)(t) are the trajectories with the same
initial conditions, integrated using time steps ∆t and ∆t

′

. The
asymptotes of these divergences are 〈∆r2〉 = A exp(Kt) and
〈∆v2〉 = B exp(Kt), if t . tmem. 〈∆r2〉 = 2D(t − tm) and 〈∆v2〉

= 2vth
2, if t & tmem, where D is the diffusion coefficient, vth

=
√

3kBT/m.
The divergences (3) are calculated for molecule centers

of mass using two trajectories integrated with ∆t = 0.1 fs

FIG. 10. The dependence of the 〈∆v2〉 on time in the OPLS-AA (the red
squares) and TraPPE-UA (the blue squares) force fields. The value of tmem is
higher in the TraPPE-UA model due to the absence of hydrogen atoms.
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FIG. 11. The initial liquid configurations (Nmol = 1000) in the OPLS-AA and L-OPLS-AA force fields at 400 K are shown in the left parts of Figs. 11(a) and
11(b), respectively. The molecules are colored differently to emphasize ordering. The systems after 1.6 ns are presented in the right parts of Figs. 11(a) and
11(b). The green arrows show the domains where the molecules are oriented in one direction.

and ∆t = 1 fs (Fig. 10). The obtained estimates of the dynamic
memory time are about 1.5 ps in the all-atom force fields and
about 2.5 ps in the TraPPE-UA potential.

APPENDIX B: LIQUID-GEL TRANSITION IN OPLS-AA

The errors in OPLS-AA could reflect the fact that the
system is not in an equilibrium state. It is a metastable liq-
uid at P = 1 atm and T = 400 K in the OPLS-AA force
field which solidifies at the nanosecond time scale (e.g.,
after about 1.6 ns for the system of 1000 molecules, see
Fig. 11(a)). The VMD package69 is used to visualize the
system configurations. The corresponding snapshots of the
n-triacontane are presented in Fig. 11(a) (green arrows cor-
respond to the domains where the molecules are oriented in
the same direction). Siu et al.42 obtained the same behavior
for n-pentane liquid. The modified L-OPLS-AA reproduces
liquid n-triacontane (Fig. 11(b)) with no crystal-like domains
after 1.6 ns.

APPENDIX C: ERRORS ESTIMATION
1. E-S method

The MSD values are averaged over the X, Y, and Z direc-
tions. The errors are the deviations between the average and
the maximum value of the diffusivity in a certain direction.

2. G-K method

The error bars of DGK which are pointed in Fig. 9 are
determined by the accuracy of β. They are evaluated in
the following way. The maximum Dmax

a (that corresponds to
the minimum suitable β) and minimum Dmin

a (maximum β)
analytical integrals are calculated. The average contributions
Dave

a = (Dmin
a +Dmax

a )/2 are used to calculate the G-K integrals
Dave

G−K = Dnum + Dave
a . The errors are the differences between

the average and the extreme values of the analytical integrals.
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