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Baxter Operators in Ruijsenaars Hyperbolic
System I: Commutativity of QQ-Operators

N. Belousov, S. Derkachov, S. Kharchev and S. Khoroshkin

Abstract. We introduce Baxter Q-operators for the quantum Ruijsenaars
hyperbolic system. We prove that they represent a commuting family
of integral operators and also commute with Macdonald difference op-
erators, which are gauge equivalent to the Ruijsenaars Hamiltonians of
the quantum system. The proof of commutativity of the Baxter opera-
tors uses a hypergeometric identity on rational functions that generalize

Ruijsenaars kernel identities.
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1. Introduction

1.1. Ruijsenaars System

In this paper, we develop the theory of Baxter operators for relativistic hy-
perbolic Ruijsenaars system [20]. This model is parametrized by three positive
constants wy,ws (“periods”) and g (coupling constant), subject to the relation

0<g<wi+ws. (1.1)
The dual coupling constant
g =witwr—yg (1.2)

is used as well everywhere.
The Ruijsenaars system is governed by commuting symmetric difference
operators

1
hz ™ (z; —x; —1g) sh? X (z; — x; +19)
H(ghe) = 3 ] 2ot e T
IC[n] i€l 2072(55171'3‘) el Shz‘z(xi*m]‘)
|I|—7']¢I JEr
(1.3)
acting on meromorphic functions of n complex variables analytic in the strip
[Imaz;| <wy+e, >0

Here and in what follows we denote tuples of n variables as

Ty = (T1,...,Tp). (1.4)
The sum in (1.3) is taken over all subsets
C[n]=A1,...,n} (1.5)
of cardinality r. By T} we denote shift operators
T, = ez (Te )@y, -z xn) = f(zr, .z Fa, .0 2n),
(1.6)

with 77, being their product
Tf, = [[e (1.7)
icl
for any subset I C [n].
The Ruijsenaars operators (1.3) are closely related to Macdonald opera-

tors
—x;—1
M, (z,; glw) = Z H 9) STy (1.8)
IC[n] i€l w2 (i 756])
|I|=r &1

Namely, denote by u(z|w) the function
(3lw) = Sa(12kw) Sz (—12 + ') (1.9)
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and by p(x,|w) the product

e, |w) = H p(x; — ;). (1.10)
t,j=1
1#]
Here S3(z|w) is the double sine function, its definition and key properties are
given in Appendix A. Then,

V(s |w) M. (2,; glw) = H.(x,,g|w). (1.11)
(wnlw)
Note that the function p(x,|w) is non-negative (assuming real constants
g7w17w2)7 since
pzlw)p(—rlw) = 5o (1r|w) Sy (—ur|w)Sa (1 + g7 |w) Sa2 (-1 + g"|w) 112)
* 2 :
— |Sa(lw)Salaz + g*[w)]

Ruijsenaars operators are symmetric with respect to the pairing

(0.0) = [ pl@n)ila)den,

while the Macdonald operators are symmetric with respect to the pairing
(o) = [ plan)ilen)n(an)d,. (113)

2. Kernel Function and Kernel Identities

Unlike the original Ruijsenaars’ setting, we do not suppose that the periods
w1,wo and the coupling constant g are real positive. Instead, we assume ev-
erywhere that all of them are complex numbers with positive real parts

Rew; >0, Rews > 0, Reg > 0. (1.14)
We also require the condition
0 < Reg < Rew; + Rews. (1.15)

Further we usually fix the periods w = (w1,w2) and for brevity skip them in
the notation, for example we use the symbol Sz (z) for the double sine function

Sa(z) := Sa(z|w).

Denote by K (z) the following function of a complex variable

K(z)= 85" (22—1—92) Syt (—zz—i—%) . (1.16)
In terms of the Ruijsenaars hyperbolic Gamma function
G(2) = Sy <zz+ 1 ;wz’) (1.17)

using reflection formula for the double sine function (A.6) it can be written as

K(2) =G (2~ %) G (= + %) . (1.18)
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Also let
Zn:(Zl,...,Zn), yn:(yl?"'ayn)7 Ziayie(c

be two tuples of n complex variables. The Ruijsenaars kernel function K (z,,,vy,,)
is defined as a product

K(2n,y,) H K(» (1.19)

3,7=1
The kernel function K(z,,y,,) satisfies the relations
(M7-(Zn;g) _MT'(_yn;g))K(z’myn) =0, r=1,...,n, (120)

that is K(z,,y) is a zero value eigenfunction for commuting difference opera-
tors

M, (zn59) — My (=Y, 9),
see [22]. The relations (1.20) are the corollary of the trigonometric version
of kernel function identity [22], valid for any tuples z,, and y,, of n complex
variables and arbitrary parameter a:

n

sin(z; — z; sin(z; — yq + @)
Z H H sml(zz —zj) H sml . Ya)

IC[n]) i€l \je[n]\I a=1
[=r

B sin(y, bera Losin(zi — Yo + @)
I =

AC[n] a€A \be[n]\A Sin(Ya — i=1
|A|=r

(1.21)

In the following we also use the kernel function with the second argument
being a tuple of n — 1 complex variables

K(zny) = [T T K= v)- (1.22)

1.3. Baxter Q-Operators

Let us introduce the family of Baxter Q-operators @, (\) parameterized by
A € C as the integral operators

(@Q@n(N)S) (zn) = - Q(zn, Yn; N f(y)dy,, (1.23)
with the kernel
Q(Zny Y, \) = 7™ ETYIK (2, y, uly,,) zj,y; € R. (1.24)
Here and in what follows we denote the sum of tuple components as
Z, =21+ ...+ zp.

The Q-operator maps functions of n real variables to functions of n real vari-
ables.
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The following theorem is a simple consequence of kernel function identi-
ties (1.21); its proof is given in Sect. 2.

Theorem 1. Under the condition

0 <Reg < Rews (1.25)
the operators Q,(\) commute with Macdonald operators M, (z,; g|lw)
M, (205 9) Qn(A) = Qn(N) My (205 9), r=1,...,n (1.26)
Assume in addition to (1.14), (1.15) that
g
=R > 0. 1.27
Vg € 1w (1.27)

Due to the bounds for the functions K (y) and u(y) (B.3) proven in Appendix B,
the product of two Q-operators

Qn(N) Qn(p)

is a well-defined integral operator with the kernel @, (z,,wn;\, p) given by
absolutely convergent integral

Qn(zn, wn; A, p) = - Q(zn, Y; QY wni p)dy,, (1.28)

and the domain that consists of fast decreasing functions f(w,,), see Proposi-
tion 5 and remark after it in Appendix B. The main result of this paper is the
commutativity of Baxter QQ-operators, its proof is given in Sects. 3 and 4.

Theorem 2. Under the conditions (1.14), (1.15), (1.27) Baater operators com-
mute
Qn(A) Qn(p) = Qnlp) Qn(A). (1.29)
The kernels of the operators in both sides of (1.29) are analytic functions of
A, p in the strip
g
wiwa '

[ Im(X — p)| < Re (1.30)
Remark. Both sides of the relation (1.29) depend analytically on all the pa-

rameters \, p, g, w in the region of absolute convergence of the integrals.

As it was observed for other integrable systems (see lectures [23] for re-
view), the classical analog of the Baxter Q-operator is a special canonical trans-
formation called Backlund transformation. In the paper [16] V. Kuznetsov and
E. Sklyanin proposed a general scheme that relates the kernel of a Q-operator
and generating function of the corresponding Backlund transformation. In the
work [7] M. Hallnds and S. Ruijsenaars showed that in the certain classical
limit the kernel and measure functions K(z,,y,,), #(y,,) contained in the Q-
operator kernel (1.24) give rise to the Backlund transformation for the classical
Ruijsenaars system. In this context, the Q-operator we defined is a quantum
counterpart of this transformation.

We also note that for the case of two particles n = 2 (and real constants
w1, ws, g) such an operator first implicitly appeared in the work [11]. Moreover,
the commutativity of Q-operators in this particular case also follows from the
results of [11].
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1.4. Hypergeometric Identities

The proof of Theorem 2 consists of residue calculation of the integrals (1.28).
This includes the proof of cancellation of higher-order poles and the equality
of sums of ordinary poles. The latter is equivalent to certain identity for ba-
sic hypergeometric series, which resembles duality transformation theorem for
multiple hypergeometric series by Y. Kajihara and M. Noumi, see [14].

Let ¢ and t be formal variables. Denote by (z;¢)x the g-analog of the
Pochhammer symbol,

(e =(1-2)(1—gz)(1-¢""2). (1.31)

Let u = (uy,...,u,) and v = (vy,...,v,) be two tuples of n variables.

Theorem 3. For any integer K, we have the following equality of rational func-
tions

3 ﬁ(qt';Q)ki " ﬁ (t(_qlq_kjui/ujﬂ])ki 5 ﬁ (tuj/va; @)r;

A @e oo (@Pufugae o 52 (u/va )
i#i
_ ¥ ﬁ (gt @k, ﬁ (g e va/vn e, ﬁ (tu;/va3 @),
k= 4=l (4 q)r. ab=1 (g va/Vb; Ok, i1 (wj/va; @),
a#b

(1.32)

Here the sum on both sides of the equality is taken over n tuples of
non-negative integers with total sum equal to K

k:(kl,...,k‘n), k; >0, ki+...+k, =K. (133)

Note that the kernel function identity (1.21) is a particular limit of the hyper-
geometric identity (1.32), see [4] for details.

After our work was completed, O. Warnaar and H. Rosengren commu-
nicated to us that an elliptic analog of this identity was proven by different
methods in the papers [17, Corollary 4.3], [6, eq. (6.7)].

1.5. Further Results
Denote by A, (\) the integral operator

(A @) = (@) [ Mot s NI gy (139

with the kernel
MA@y 13 N) = €T E L K (@, 9, (Y, _1) (1.35)

and the constant

dis(9) = Gy VEESa(e)] (1.36)

The operator A, (A) maps functions of n — 1 real variables to functions of n
real variables. M. Hallnds and S. Ruijsenaars [8] proved that for real periods
w under the condition

0 <Reg < wq (1.37)
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the function
Ux, (€n; 9lw) = An(An) Ano1(An—1) -+ Ag(Ag) 200 (1.38)

is given by absolutely convergent integral and represents the joint eigenfunction
of Macdonald operators

Mr(wn;g)‘I’An(icn;g) = er(€2ﬂ)\lwla SRR 627r>\nw1)\1,)‘" (wn;g), r=1,...,n.

(1.39)
Here e,(z1,...,2y,) is m-th elementary symmetric function,

er(21y..0y2n) = Z Ziy tt Zi

1<41<i2<...<1p<n

In the next paper [3], we show that the operators (1.35) can be obtained
in the certain limit from Baxter Q-operators, so that the commutativity of Q-
operators imply commutation relations between A-operators and Q-operators,
and between A-operators themselves. These relations allow to derive important
properties of the eigenfunction. In particular, we show that the eigenfunction
(1.38)

1. enjoys duality property
U, (@n; glw) = Vo, (An, §7|@), (1.40)

and consequently admits another iterative integral representation given
by Mellin-Barnes type of integrals over spectral parameters \;. Here we

denoted a
a= 1.41
= (1.41)
for any a € C, so that
R 1 1 N e R . *
w:(v)» g= 9 , g =w1+ws—g= g ; (1.42)
Wo W1 wiWws wWiw2

2. is symmetric function of the coordinates z;, as well as of the spectral
variables A;;
3. is an eigenfunction of the Baxter Q-operator with the eigenvalue

jﬁK(AAj)jﬁ%—l(Zo\)\j)Jrg o)

(1.43)

w) Syt (—z()\ — M)+ g

4. is a solution of bispectral problem for Macdonald operators M,.(x,; g|w)
and Mg(Ay; §*|w):
M, (@; g|w)Un, (@0 g) = e, (2191, 2T )Wy (@205 9),
. . 2mxy 2may (144)
My(A; §71@) U, (203 9) = es(e =2 .. e =2 )Wy (205 9),
if Reg < Rews and Re §* < Rew,.
For the hyperbolic Calogero—Sutherland model, which represents a non-
relativistic limit of the Ruijsenaars system, the latter result was established in
[12] and [13].
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2. Baxter and Macdonald Operators Commute

Theorem 1 follows from the kernel function identity and from the invariance
of the measure u(x,)dx, with respect to the Macdonald operators.

We present here two proofs of this theorem. Both work for complex pe-
riods wy,ws and coupling constant g. The first prove is direct analytical. The
second one is its short algebraic reformulation. It exploits symmetry properties
of the Macdonald operators with respect to symmetric bilinear pairing (2.22)
in a way analogous to [18, Chapter VI, §9]. We describe here both proofs
since the first one allows to visualize the appearing restriction on the coupling
constant g, while the second outlines the responsible algebraic properties.

I. Direct proof. Let ®(z,,) be a function of n complex variables z,, = (21, ..., 2,)
analytic in a strip

II.: —e—Rew; <Imz; <Rew; +e. (2.1)
We are going to prove the equality

M, (213 9) Qn(A) @(25) = Qn(A) My (205 9) P(240), r=1,...,n. (22)

Explicitly it looks as

M, (zn;9) / 1(y,) K (2, y,) ™2 &80 0(y,) dy,,

e (2.3)

B /u(yn) K(2n,y,) €™ E0 Y M, (y,:9) 2(y,) dy,,.
R’V‘L

Here we assume convergence of the corresponding integrals and z,, € R"™. Note
the important property of the integration contour R™ in the integral (2.3): it
separates two series of poles of the kernel function

Wi = zzj+%+mw1+kw2 and Wi = zzk—%—mwl—ka)g, m,k >0,
(2.4)
and two series of poles of the measure function
1 = 1y + g+ mwy + kws and Wi = Wi — g —Mwy — kwa, m,k >0,
(2.5)
see (A.11), (A.12) for the poles and zeros of the double sine function.
The left hand side of (2.2) looks as
My(2039) QuN 0(z) = 3 [T - 5 0) e, ()8,
- %) ”
IC[n] i€l
|I|=r FEMINI

(2.6)
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where the shift operator T, ' is defined in (1.7). Consider the summand

corresponding to subset [ = {11, i2,...,1-}. Denote this summand by J;:
shX- (z; — z; —19)
Jp = T K MMz Y B(y,,) dy,,.
I Shwlz (Zi _ Zj) I,z /:u(yn) (zn7yn)e (yn) Yn

Rn
(2.7)
Shifts act non-trivially on the kernel K (z,,y,,) and exponent 2™ 2:~%,) By
(1.16), (1.19) we have

*

_ L
7 Ky = L[] B 805 ey

iel i€l a= 1Sh ~ Yo — 15 —19) (2.8)
H —w 271'2)\(z -Y, ) — 627rrAw1 . e2ﬂ1)\(5nfgn)’
iel

where in the first formula we have transformed the right hand side to the form
similar to (1.21).

The operator T "“! shifts z; and we have to shift the integration contour
n (2.7), so that the conditions (2.4) are satisfied with the replacement of #z;
by 2z; + w1. That is the shifted contour should separate set of poles

*

zya:zzj+%+mw1+kw2, m,k >0, jél, 29)

zyazzzj—i—%—&-(m—i—l)wl—l—kwg, m,k >0, jel, '
from

zya:zzj—%—mwl—kwg, m,k >0, J&1, (2.10)

Zya:zzj—g—(77171)(4)17/%(,027 m,k >0, jel,

and also separate two series of poles (2.5) of the measure functions. For this,
we can use the contour

C: Imy, = —c, fRe%+Rew1<c<Re%, a=1,...,n (2.11)
which exists provided
Reg* > Rewy, or equivalently Reg < Rews. (2.12)

Since the contour C' does not depend on a set I, we can permute integration
and summation procedures, so that

M (2139) Qu(N) @(20) = Y Jr =
e
I|l=r

* /Sr(zmyn)u(yn)K(zmyn)ewmé”l")‘P(yn)dym

(2.13)
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where

Sr(Zn, Yy)

T (g — 2 —1g) g
I e I

T (. po 7
H[“EI jelm\I shy (i —2j) 25 shZ(zi — ya — 2% —19)

Define similar sum

Sr(ym Zn)

=2 1| 11

AC[n] a€A \be[n]\A
|A|=r

WLQ (ya - yb) };[1 Shwlz(zi — Yg — ’L% — Zg)

One can see that the sum S, (z,,y,,) is obtained from the left hand side of the
kernel function identity (1.21) by the change of variables

s *

2K — — 2k, Yo — E<ya Ly Zg), a— Zag (2.14)
wa w2 2 w2

and there is the same correspondence between S, (y,,, z,) and the right hand
side of (1.21). It implies the equality

Sr(zn,Yy,) = gr(ynvzn)' (2.15)
Thus, we rewrite (2.13) as

M, (zn;9) Qn(A) ®(25)

= / 8y (Y 2 Vi) K (2, ) 2™ ) B(y )y, (216)

and apply to each occurring summand the same procedure in opposite direc-
tion. Namely, for any subset A C [n] of cardinality r in the integral

JA*/ Shwlz (ya_yb“‘ZQ) ﬁ Shwlz(zi_ya_ L)
acA be Shwlz (Ya — W) Shw%( — Ya — Zg —19)
% 627rz>\(z7L yn)’u(y )K(Zm yn) (I)(yn) dyn
(2.17)
we perform the change of integration variables
Ya = Ya — W1, a€ A (2.18)
We have
— 2 — zi)
T, K(zn,y 2 K(2n,y,),
aeHA gAnl ya—zl—lgz —19)
w Shwl(ya — Yo — 7,(4)1) (_ )Shul(ya —Y» — Zg)
HT 1 H ZL( _ ) ’ hl(Q _ . *) N’(yn)v
acA acA wg Ya — Yb S. o3 Ya — Yb — 19

be[n]\A
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H T w1y 27r1/\(zn v,) 672777‘)\1411 . 627”)‘(5n72n). (219)
acA

Using (2.19) and the relations

*

W Shwl (ya — Y + Zg) - Shwl(zz —Ya — ZL)
H T, H H Sﬁl g Shw%(;i _ g 2

acd aéa \ocpa S0z Wa = 00) Ya — 1% —19)

11l 1 (=1)shZ- (Yo — yo — 19%) H shZ (2 — ya + 1% +19)

a€A \be[n]\A ws Wa = —wn) sh (20 —ya + 1)

(2.20)
we see that
Ty = [ dy i) K (2, 73
¢ (2.21)
shZ- (ya Y — Zg » '
. H sh HTy“ ‘(Y
acA acA
be[n]\A

where the contour C is the deformation of the contour C according to the
change of variables (2.18). In the assumption Reg* > Rew; we may choose
again C' = R™ provided the conditions (2.5) on separation of the poles of the
measure are not spoiled during the move of the contour. Note that zeros of
the measure p(y,,) cancel the poles of the hyperbolic sine functions in the last
line of (2.21).

On the other hand, zeros of the sine functions

v
sh— (ya — yp —19)
9%}

cancel poles
Yo = Ya — g — 1PW3, p=>0

of the measure function, so that the first pole which we can meet during the
move of the contour is

Yo = Ya — 19 — W1

and its shift does not touch the real plane. Then, we can deform the contour
C to its original position R™. Summing up (2.21) with the integration contour
replaced by R™ we arrive at the statement of Theorem 1. O

II. Algebraic version. In the space of functions ¢(z,) analytical in the strip
TI. (2.1) and satisfying the bound

0(zn) = 0|z ™), Re z — o0, z eIl

introduce the symmetric bilinear pairing

(p,9) = /n O(Y) U~y 1(y,)dy,,- (2.22)
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Denote by 7, the operator that changes the sign of argument in a function

T’y@(yn) = @(_yn)

Then, we can rewrite this pairing as

() = /n oY)y [V (Y)Y, dy,,- (2.23)

The eigenvalue property (1.20) of the Ruijsenaars kernel function K(z,,y,,)
can be written as

M (205 9)K (Zn,Yp) = 7y My (Y5 9) 7y K (20, Y,)- (2.24)

However, if we want to use the relation (2.24) for the operator with a kernel
containing K (z,,¥y,,), we should impose the condition (2.12) in order to have
correctly defined shift operators. Macdonald operators are symmetric with
respect to the pairing (2.6) (compare with [18, Chapter VI, §9, eq.(9.4)])

(M (Y, 9) 0(Y): V(Y) = (Mr(Y,;9) V(Y1) 0 (Y1) - (2.25)
Then, the left hand side of the relation (2.2) can be written as

M, (zn;9) (K(znv Yn) e2m>\;n, e?m M, Ty (I)(yn))

= 2T 2T (M, (2 0K (2 y,), €7 7, D(y,)). (2.26)
Using (2.24) we rewrite (2.26) as
2N 2T (1 My, )7y K (2 U, 2T, 7, 0(y,)) o)
= 22T (M, (y,5 )Ty K (20, Y,)s €270 B(y,,)). .
Next applying (2.25) we have
TN TN (1 K (20, y,), Mi(y,,39)e 2 0(y,,))
= T2 (1, K (20, y,)s € 2T My, 9)8(y,,)) (2.28)
T (K (20, Y,), €7y Mi(y,059)2(y,,))-
The last line of (2.28) coincides with the right hand side of (2.2). O
3. Commutativity of Baxter Operators
The commutativity of Q-operators
Qn(p) Qn(p") = Qn(p) Qn(p) (3.1)
follows from the equality of the kernels
Qn(2n, Tn; p,p') = Qu(Zn, Tns ', p) (3-2)

of their products

n
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One can further note that the variables z,, and x,, enter the equality (3.2) in
a similar way. Thus, we combine them into a common 2n array

Zop = {21,y 20, X1y, T}
and set
2n n
Qn (ZQn; /\) = / ezﬂl/\g” H H K(Za - yz)U(yn)dyn (34)
" a=1i=1
Then, the equality (3.2) takes the form of the following integral identity
Qn(ZQn; )\) = 627”A£2"Qn (ZQn; _>\)7 (35)
where we put
A=p —p.

Under the condition (1.27), both integrals in (3.5) absolutely converge uni-
formly on compact subsets of the parameters, see Proposition 5 in Appen-
dix B. Thus, both sides of the equality (3.5) are analytic functions of all the
parameters therein. Having in mind these analyticity properties we prove the
equality (3.5) step by step following the plan below.

1. We prove that for complex periods wy,ws with Rew; > 0 and wy /we ¢ R
both integrals may be calculated by residues technique for big enough
negative values of Re A. In other words, one can find a sequence of con-
tours that in the limit encircle all poles in the corresponding half plane
(for each integration variable) and such that the integrals over encircling
contours tend to zero.

2. Next we assume that the real parameters z; are generic. Under this as-
sumption, we prove that the sum of residues over higher order poles van-
ishes. For this, we accumulate the vanishing properties of the integration
measure /(y,,) into Lemma 4, which says that the sum of 4" integrand
values over the points with interchanged coefficients at the periods gives
zero of order 2r. This lemma is used to describe the result of k successive
integrations computed by residues and to show that after each integration
higher-order poles vanish.

3. At this stage, we are left with the sum of simple poles on both sides; each
of them is a product of one-dimensional residues integrals over shifted pa-
rameters z;. Their sums decompose into the sums of (2:) series, depend-
ing of which parameters z; enter the residue calculations. The equalities
of corresponding series reduce to certain identities on rational functions
which we prove separately. The identities generalize Ruijsenaars’ kernel
function identity and could be treated as certain duality transformations
for multivalued basic hypergeometric series [14].

4. Finally, due to analyticity of the statement (3.5) we conclude that it
is valid first for all values of the parameters z;, Re A and as well for
w1/wy € R (in particular, for real values of the periods wy, ws).
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3.1. Estimates of Integrals Over Encircling Contours

In the end of this subsection, we prove that the integrals in QQ-commutativity
identity (3.5) can be calculated by residues in the case wq/wo & R.

Denote by o; the arguments of the periods w;, |o;| < 7/2. Since the double
sine function is invariant under permutation of wy, ws, suppose for definiteness
that o1 > 09. Let Dy and D_ be the cones of poles (A.11) and zeros (A.12)
of the double sine function Ss(z|w):

Dy ={z:03<argz <oy}, D_={z:im+oy<argz<m+o1},
D=D,UD._.

In the first step of our plan, we consider contour in the limit encircling big
interval in the real line to a big semicircle in the corresponding half plane.
This contour contains three different parts and inside each part the needed
bounds are obtained in different ways. In the part of the contour close to the
real plane we apply the bound given in Proposition 6 in Appendix B. In the
next part of the contour which lies in the regular region C\ D, we use the
general statements about at most exponential growth of the functions K and
1, see (A.29), (A.33).

A subtle point is the estimate of the integrand along the part of the
contour lying in “forbidden” areas D, U D_ and passing between poles of the
double sine function. This estimate is not possible for purely real periods or for
periods whose ratio is real. Therefore, for the estimates in the area Dy U D_
we assume

Im L > 0. (3.6)
wa
Then, we use an infinite product representation of the double sine function,
Sa(zlw) = ¥ P22CI0) (2 |w) = e7 % P22GI0) o (7 w) 3.7)
where
Gy JL ()
r(z|lw m=
Pel) = oy ~ % (38)
H (1 _ Q‘Qme wy )
m=1
>  om _2;\';2
, oy AL (e
¥ (Z‘LU) = ’(z|w) T "> 2miz (39)
H (1 7q2m6_ wo )
m=1
with
w1 o2
q= e s , qg=e vl (310)

and Bs 2(z|w) is a particular multiple Bernoulli polynomial (A.2). For any real
to and €, 0 < € < 1 denote by Iy 4 (to, €) the strip in the complex plane of the
variable z, bounded from one side

IL 4 (to,e) ={z =tw1 + 0wy | t > tg, e <O <1—c}. (3.11)
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Lemma 1. The function ¢(z|w) is restricted and bounded from zero in any
St’l“ip H17+(t(),8),

0<C < |p(zlw)| < Cq for z €Il 4+ (to,€). (3.12)

Proof. Let wy/wy = a+if, § > 0 and assume first that ¢y > 0. Consider the
nominator of ¢(z|w). It could be written as

T(Z‘w) — H (1 _ q2m62ﬂ1%) _ H <1 B e?ﬂl((m+t):;+9))

m>0 m>0

(3.13)
— H (1 _ e—27r/3(m+t)e27rz(a(m+t)+9)) -
m>0
We have for t > 0
|e—27rﬁ(m+t)62m(a(m+t)+9)| — e 2mB(mt) 1 (3.14)
Due to inequality
1—lfa| <1 —af <1+]a| (3.15)
we get the following bound for the nominator r(z|w) of ¢(z|w)
€a(to) < |r(zlw)| < mgs(to)
where
&(to) =[] (1 _ e—2wﬁ(m+to)) c om0 =[] (1 n 6—2wﬁ(m+t0)) .

m>0 m>0

Both these infinite products are converging products not equal to zero. In
order to extend the desired bound for negative values of ty, we note that this
extension adds finite product of factors; each of them is bounded from zero

due to the restriction on 6. Let

Y2 _ e ud,  d>o.
w1

Consider the denominator s(z|w) of p(z|w). It looks as

s(zlw) = H (1 B qgmeszl) _ H (1 _ e—27rd(m—9)627rz(—c(m—9)+t)>.

m>1 m>1
(3.16)
For 6 < 1, we have
|6727rd(m70)eZﬂz(fc(erQ)ft)| _ 6727rd(m79) < 1.
Again, using inequality (3.15) we get the bound
€a(e) < ls(zlw)| < my(e)
where
gle) = [T (1=em9) o) = I (1+e729))  (3.7)
m>0 m>0
are convergent infinite products. O

Remarks. Similar arguments give the two-sided bound for the values of the
functions p(z|w) and ¢'(z|w) in generic strips.
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FIGURE 1. The parameter m € Z controls a place of the
strip IT; 1 in the (Zwn, Zws)-lattice. The value of t( determines
where strip starts, and the parameter € defines its thickness

1. The function ¢(z|w) and its inverse are restricted in strips

Iy 4 (to,m,e) ={z =tw1 + 0wy |t >ty, m+e<b<m+1—c}, (3.18)
Iy, _(tg,m,e) ={z = —twag — Ow;1 | t > 1y, m+e<b§<m+1—c} (3.19)

where me Z, 0 <e < 1.

2. The function ¢'(z|w) and its inverse are restricted in any strip

H2,+(t0,m75) :{z:tw2+9w1 |t>t()7 m+5<0<m+1—5}, (320)
Hl,_(to,m,e) = {Z: —twy — Owy |t> tg, m+e < 0 < m+1—5} (3.21)

where m e Z, 0 <e < 1.

Next we consider the function ¢(z|w)p~1(z + g|w). Assume that

g & Zwy + Zws.

(3.22)

First of all note that for any ¢y € R there exist 0 < &’ < e, t{; € R and Ny € Z
such that the strip {z = —g 4+ twy +0ws | t > 1o, €’ <0 < 1—¢'} is inside the
strip I1; 4 (¢}, No, ). Then, for any N € Z the ratio ¢(z|w)p (2 + g|lw) has
no poles and no zeros in the strip IIy 4 (to, IV, €) and is restricted in this strip.
We now show that its bound is not more than exponential on N.

Lemma 2. There exist real a,b and Cy,Cs > 0, such that

Cre™™ < |p(zlw)e™ (2 + glw)| < Cye®™

in the strip Iy 4 (to, N, €).
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Proof. First of all note that the bounds for the product r(z|w) do not depend
on N for any strip II 4 (¢o, N,e) (the bound (3.14) doesn’t depend on the
range of ). We just have to estimate the ratio s(z|w)s™!(z + g|w) in the strip
IT; +(to, N, ¢e). This product can be divided into two parts: one is an infinite
convergent product

H (1 _ quBQﬂ"Lﬁ)

m>N

0 (1-@nem s

m>N-+Ng

(3.23)

Soo(z|lw) =

which after the change of the product indices can be evaluated in the strip
ITy 4 (o, N, €) independently of N

G0 _ 1y < )
77&(5) <| 00( | )|< fé(E),

where &(¢) and n}(e) are given in (3.17); and another is a finite product

H <1 _ qgm62nzi>

1<m<N

(3.24)

SO(Z\W) = PYSREE)
1— ("I‘Zme w1 )
1<m<N+Nj
2w 2
0y —2m1E—
- 4y 2m(N—1)Z2" II <q e “r = 1)
B g N(N-1), ( )5 1<m<N
- TN 11 ?
G~ (N+No)(N+No—1) 2 (VMo =1, I1 (ézme*mz_l)
1<m<N+Ny

(3.25)
where both 2z’ = z — Nws and 2" = 2z + g — (N + Ny)ws are now in the strip
I, +(t0,0,e) = II; 4 (to, ). The second fraction can be bounded from both
sides independently of N with a help of analogous infinite product, that is

~9 —271-1,5—/7
/ o (¢me™a-1) |

E(/;l(s) 1<m<N —; < 77;1(6 (326)
Na(€) 11 (g?me‘Q’”Tl — 1) &a(e)
1<m<N+No
The estimate of the first one is also pure exponential
Oy 2™ AN (2e=1-No) |(ﬂ2N0N+N0(N071)627rd(N71)(0’70”)6727rdN0
< C2627TdN(17267N0) (327)
This ends the proof of Lemma 2. O

Analogous statement holds for the function ¢’(z|w) in corresponding
strips.

For each 0 < € < 1 and positive integers M, N denote by IT; y (to, N, M, ¢)
the bounded open region

H17+(t0,M,N,€):{Z:tw1+0w2 |t0 <t<N, M+€<9<M+1*6}
(3.28)
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Lemma 2, its analog for the function ¢’(z|w) and the relations (3.7) immedi-
ately imply the following corollary.

Corollary 1. The ratio Ss(z|w)S; ' (z + glw) admits a two sided exponential
bound in the region Iy 4 (to, M, N,¢)

Cre®NFM) |6y (2|w) S5 1z + glw)| < CaetW+M) (3.29)
for some real a,b and Cq,Cs > 0.
Remark. Analogous exponential bounds hold for the regions
Iy 4 (to, M, N,e) ={z =twa + 0wy |to <t <N, M+e<f<M+1—¢}
I _(to, M,N,e) ={z = —twy; —Owa |tg <t <N, M+e<O0<M+1—¢}

HQV_(to,M,N,S) :{Z fth+0w1 ‘ to <t<N, M+€<9<M+].*€}
(3.30)

The proofs are similar.

Corollary 2. For big negative values of the real part of the parameter \ the
integral in the left hand side of (3.5) can be computed by residues calculation,
moving the integration contours to the lower half plane; and the integral in the
right hand side of (3.5) can be also computed by residues calculation, moving
the integration contours to the upper half plane.

Proof. The residue calculation means that the initial straight contour in the
integral in the left hand side of (3.5) is enclosed by a contour where, for in-
stance,
[yl > [y2| > ...> |yal >1, Imy; <0

and we argue that the integral over this enclosing contour tends to zero when
the contour grows. For each variable y; its integration contour is either lies in
the regular region for all occurring function S(wy; —a;)S~'(1y; + g —a;) or in
the cones of singularities of these functions. In the part of the contour close
to the real line, we apply the bound given in Proposition 6 in Appendix B. In
the next part of the contour which lies in the regular region C\D, using the
general statements about at most exponential growth, see (A.29), (A.33), we
suppress the integrand by fast decreasing exponent e?™* ¥ with sufficiently
big negative values of Re . Inside the irregular cone D we put the contour into
proper regions Iy 4 (t;, M;, Ni, €;), k = 1,2 for sufficiently large M; and N;.
In the proper regions all functions grow at most exponentially, see Corollary 1
and remark after it, therefore we suppress them by fast decreasing exponent
e?™ W as well. The same procedure for the integral in the right hand side of
(3.5).

In the case n = 1 the @Q-commutativity integral (3.4) is one-dimensional

Qo1 22 0) = / dys K (21— y)K (2 — 1) €™, (331)
R

and the corresponding enclosing contour Cy, s that appears when we calculate

it by residues
= + Res (3.32)
/R /CN,M Z
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Im oy,

Reyy

F1GURE 2. The contour in the case n = 1. We denoted z; =
zj —1g9*/2 and for clarity circled all labeled poles

is shown in Fig. 2. There are two sequences of poles in the lower half-plane

¥

Y1 =2z — % —imlw; — 1mPws, j=1,2, m'>0. (3.33)
Small circles around poles in Fig. 2 are restricted regions: the broken line stays
away from the poles at the distance more than their radii (consequently, we
have fixed exponent parameters a,b from Corollary 1). The angle o is deter-
mined from the condition (B.16), so that we have exponentially decreasing
bound near the real line given in Proposition 6. The integers N, M are chosen
such that the contour Cn ps passes right above the pole z; — 19*/2 — 1Nwy
from the left and the pole zo — 1g* /2 — 1Mw; from the right. O

3.2. Reduction to Simple Poles

3.2.1. Chains of Integrals and Double Zeros Lemma. Denote by F' the inte-
grand of the left hand side of Q-commutativity relation (3.4)

2n n n
F(y,,z2n) = ™ [T I K Wi = 20) [] 1lwi —v))- (3.34)
a=1i=1 ij=1

i#]

We integrate this function over y; by residues in the order of increasing indices.
Let G, be the result of m successive integrations

G (Yt ts -+ -+ s Zam) = / g - - / dys F(yy, zon)- (3.35)
R R
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Moving contours to the lower half-plane we meet poles of the function K (y; —
Za)

* *

Wi = 124 + ‘% +mlor +miwe, =1z — % —m'wy —m’wy  (3.36)

and of the function p(y; — y;)

Wi =1 + g+ mtwy + m2w2, Wi = — g — mlw; — m2wsy (3.37)

where m!, m? > 0. Below we prove (see Proposition 1) that the resulting

function G,, can be written solely in terms of two typical residue integrals
with simple poles.
The first typical integral is Ji(24]b,m*, m?). It depends on a complex

parameter z,, on the index b of the variable y, and on the pair (m!, m?) of
non-negative integers. It is given by one-dimensional residue
1,2
J1(za)b,m”,m?) = —2m Reszyb:wa_‘_%_‘_mlwl4_m2w2 F(y,,, zon)- (3.38)

Additionally, it is a function of all other parameters z. and variables y; different
from yp. This residue is nonzero due to the poles of functions K (3.36).

The second typical integral is k-fold residue integral Iy (vi,|tk, my). It
depends on a complex valued variable y;, with ip € [n] = {1,...,n}, on a
sequence %y, of k distinct indices

i = (i1, .,ik),  da € [n]\ {io}
corresponding to variables y;, in (3.34), and on two non-negative sequences of
k integers
my, = (mi,...,mL;m3,...,ms), m;-ZO.
We define Iy, (y4, |k, my) as the following k-fold residue integral
I (i 3%, my) = (—2m1)* Res

Wi =Wig+g9+miwi+mivs T
: Reszyik:zyik_l+g+m}cw1+m£wg F(yn? z2ﬂ)' (339)

Additionally, it is a function of parameters z, and all variables y; which are
not engaged in the integration procedure. It naturally refers to the point

Wiy, = Wip + 9+ m%wl + m%wg,

Wi, = Wi, + 29 + (m% + m%)wl + (m% + m%)wz,
(3.40)

Wi, = Wi, + kg + (m% —&—...—l—m,lc)wl + (m? +...+mi)w2.

This residue is nonzero due to the poles of functions p (3.37). Note that,
although in G,, (3.35) we integrate over y;_ in the order of increasing indices
iq, the multidimensional pole (3.40) is simple, so the definition (3.39) does not
depend on the order of residues.

We name the integrals Ji(z,|b,m', m?) and I, (y;,|éx, my) as chain in-
tegrals and picture them as chains of vertices with the corresponding labels,
see Fig.3. Note that length of the line in Jj-chain is twice smaller than in
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Yo
Ji(za|b,mt,m?) = m!, m? l
Z(l
. Yio
(a) Ji-integral miv m%
Yiy
Ya mév m%
1, 4 ylz
Yo I, (Yip|ir, M) =
I3 (yalis,m3) = 3,0
o Yir_a
2a 1 1 2
y My, My,
3
yik
(b) Example: (c) I-integral

10 =4, i3 = (27 173)7
ms3 = (1,3,2;4,0,1)

FI1GURE 3. Chain integrals

Ij-chains. This rule reflects difference between constants g*/2 and g in residue
points of chain integrals.

The chain integrals are parametrized by the cycles in the space of cor-
responding integration variables. It is natural to define the direct product of
chain integrals as the integrals over direct products of corresponding cycles.
More precisely, assume that all the variables y;, of the first chain integral in-
cluding integration variables and the free variable are different from those of
the second chain integral. Then, the direct product of these two chain inte-
grals is defined as the integral over corresponding product of the contours. For
instance, the direct product

I, (Yio L, ) X 1y (yiy |8}, M)

of two chain integrals is defined for disjoint sets 45 and 4, and generic param-
eters y;, and y;; as k + [ fold residue integral

(—2m1)**! Res

Res

Res

Wi =i +g+miwi+miws T lyikzzyikil+g+m}€w1+miw2
W =1 +g+m’%w1+m’%w2 e
Reszyﬂ:zy%gil +g+m’l1w1 +m’12w2 F(yn7 Z2n)
A direct product of integrals will be pictured simply by placing the cor-
responding chains next to each other, see Fig. 4.
The main technical result of this subsection is the following statement.

Proposition 1. For generic w, g and za, the function G (Yma1,-- -, Yn, Z2n)
defined by (3.35) is a sum of all possible direct products of chains Ji(z4|
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Ys
1,0 Ye
2.3 l Y5 ys 0,3
<1 3,1 Y2
Y1

FIGURE 4. Direct product of three chain integrals

Y3

Yi Yy Yi Ys o
°e 9 o n {a,b} C {1,...,6}
Yj
number 6 6
of terms (2) 2 (1) 2 2

FiGURE 5. All possible direct products for n = 3, m = 2. The
sum over all possible edge parameters and indices i, j,a, b is
implied

b,m',m?) and I (yi,|ix, mr), such that parameters z, are distinct inside each
summand and indices of integration variables do not exceed m.

Note that the function G, (0, z2,) coincides with the integral (3.4)
Gn(@a z2n) = Qn (z2n; )\) (341)

An immediate corollary of Proposition 1 is the following observation.

Corollary 3. The integral in the left hand side of (3.5) is the sum of all possible
direct products of one-dimensional residues Jy(zq|b,m', m?) with distinct z,.

Indeed, in this case free parameters of possible chains could not be any
integration variables y,, so we have a sum of direct products of chain integrals
J1(24|b, m*, m?). The same result holds for the right hand side of (3.5).

For the proof of Proposition 1, we need the following property of zeros
location of the measure function u(y,,). Choose a pair of variables, say y; and
ys. Let

w1 = a4+ e+ plwr + pPwa, woe =a+ ¢glwr + ¢Pwe, pi¢t € Z. (3.42)

Set

m'=p'—q¢',  m®=p*—¢%
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3

1,m? 1 1 2,m? 2
Let the operator 733" permute p* and ¢* and the operator 773" permute p

and ¢2, so that

1
7_11277” F(y17y27-~-aynaz2n)
= F(a+€+ qlwl +p2WQaa4>plWl +q2w23 e 7ynaz2n)a
2
7_12277” F(y17y27-~-ayn;z2n)

=Fla+e+p'w + wa,a+ ¢twy 4+ p2wa, ..., Y, Z2n)-

1 2
In other words, the operators 7_112,m and 7'122’m are the following shift operators:
! 2
1,m* {11 _ (W —miwr 2,m? [ W1 (w1 — mPwsy
T12 (zy2> - (2y2+m1w1) , o T19 <2y2> = <2y2+m2w2> . (3.43)

Lemma 3. For generic a, variables y; and parameters z,

1 2
(A4 715" YA+ 75" VF(y,, 22n) = O(e?), & —0. (3.44)
In other words, the sum of four summands
1,7n1 2,m2 1,7n1 2,7n2
F(Yp,zon) + 713" F(Yp,22n) + 713" F(Yp,22n) + 703" 713" F(Y, 22n)
(3.45)
has zero of the second order at the hyperplane

11 — y2) = mrwy +miwy. (3.46)

Proof of Lemma 3. Note that shift operators in (3.44) act only on ¥y, ys. De-
note by A the part of function F' that does not depend on y1,ys

F(yna an) = 627”/\(yl+y2)A(y37 <o Yns an)B(yn’ 2.'2”). (347)
The exponent is invariant under the shifts. Using reflection formula
Sy (2) = Sa(wr + w2 — 2) (3.48)

we can write the remaining part B in the form
B = Sy(u(y1 — y2)) S2(2(y2 — 1)) S2(v(yr — y2) + g%) S2(e(y2 — y1) + g7)
< [T SaCwn —b) Sa(1ya — b) Sa (b — 1y1) Sa (B — w2), (3.49)
(b,b')

where pairs (b,0’) contain all other variables y;, 2, (j # 1,2) and constants.
Moreover, the first two functions can be written as (A.5)

Sa(u(y1 — y2))S2(2(yz — 1)) = —4sin %(yl — yo)sin %(yl — ). (3.50)

For the variables y;,y> at the points (3.42) we use the last formula with a
factorization property (A.10)

1 2
So(z + pluwn + plwn) = (—1)P1P Sa(z+p WS{)(%)(Z +p wz), Yez
2

(3.51)
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to separate coordinates p’, ¢’ in the function B
B(p'.q":p%,¢*) = CBi(p",q") B2(p*. ¢°) (3.52)
where C' does not depend on any p’, ¢7. The signs coming from (3.51) disappear

since each of them occurs an even number of times. Clearly, B; differ only by
wj. Therefore, it is sufficient to prove that

1+ 3™ B (0", ¢Y) = O(e). (3.53)
Evaluating B; at ¢ = 0 we obtain a function antisymmetric with respect to
pqh:
Bi(p',q")|._,
= ()" sin T~ 0) S0 — g +97) Sal(a’ P o +97)

X H Sa(p'wi 4+ a—b) Sa(q'wr +a —b) Sa (b —a—p'wi) Sa (b —a — q'wr).
(b,b7)

(3.54)
Since all functions in By are analytic, the identity (3.53) follows. O

Now let my, again denote two sequences of integers (without requiring
them to be non-negative)

(1 1.2 2 i
my = (my,...my;mi,...,mg), m} € Z.
. . 1,my 2,my 1,my
We attach to this sequence 2k shift operators 775 ", 715 *, ... Tok—1 2k

2,m g
Tak—1.2k: SO that
1
lemk . 1Y25—1 _ W2j—1 — Mjwi
ANy Wy +mjor )
2
7_2,_mk o W2i-1 ) _ W2j—1 — Mjwa
=120\ ay; 1Waj + m?wg ’
_ 1 2
e1 =1(y1 — y2) — (Myw1 + mjws),

ex = 1(Yok—1 — Y2r) — (Mpw1 + miws),

and denote by Fi(y,,, Z2,) the sum of 4¥ summands

Set

k

Fr(yn,z2n) = | [T (0 4+72,"0) (04757 05) | F(Ys 220) (3.55)
j=1

The following statement is a direct consequence of Lemma 3.

Lemma 4. The function Fy(y,,, zon) has zero of order 2k on the intersection
of hyperplanes
e1=...=¢,=0. (3.56)
Moreover, its Taylor expansion in a generic point of the plane (3.56) starts
from e e}
Fi(Yn, 22n) = €1 -+ €h - Hi (Y0 220), (3.57)



Vol. 25 (2024) Baxter Operators in Ruijsenaars Hyperbolic System I 3231

where Hy(y,,, zon) s regular at generic point of (3.56).

Proof. Using Lemma 3 for generic values of all the variables and parameters,
we have

1, 2,
(1+ TZjle,Qj) (1+ TQjle,Zj)F(yna Zon) = &5 - Hj(y,,, Z2n)
for any j =1,..., k, where H;(y,,, Z2,) is analytic function on the hyperplane

1 2
©(Y2j—1 — Y2j) = mjwi + mjwa

and in particular on the plane (3.56). Since all operators 7'21 ]Tf o in the product
(3.55) commute, the same is true for the total expression F. So, F}, is analytic
with respect to €; and has zero of the second order at €; = 0 for all 5. Then

its Taylor expansion in ¢; starts with the g2 .. E% term. O

3.2.2. Induction Step: Fusion of Chain Integrals. We are ready now to prove
the induction step of Proposition 1. We regard the result G, (Y41, - - - s Yns Z2n)
of the first m integrations as an analytical function of parameters y,, 11, .., Yn,
Zon. Thus, during the integration over the variable y,,+1 we can assume that
all the parameters y,12,...,Yn, 22, are generic so that there are no singu-
larities between different factors in each summand of G (Ymt1, - -5 Yns Z2n)-
It means that the induction step reduces to the consideration of the fusions
of chain integrals (3.38) and (3.39). Namely, we now consider one-dimensional
integrals

Resuy, =g +c Tk (Yio |2k, M) X 1y (5,157, 1) (3.58)
Reszyio=zzj+c 1, (yi0|ik'7 mk) X Jl(za|b7 ml’ 7%2)7 (359)
Resuy, =iz;+¢ Lk (Yiol Tk, M) - (3.60)

Below we prove that all such residues cancel each other, except ones that form
new chain integrals I;;11 and J;. Having in mind that in the original integral
(3.4) all the parameters were real, we assume that in the first integral the
variable y;, is real and in the second and third integrals the parameter z, is
also real.

Consider the residue (3.58) first. For better convenience denote the vari-
ables y;, taking part in the integral I (y;,|¢x, my) by letters x;, . The residue
(3.58) could be nonzero only if the integration variable x;, meets the point
corresponding to the pole of the measure function either

Sy, —wi,) +9g7)  or Sz, —y;,)+9°) (3.61)
This happens when the variables #(y;, — z;,) or «(z;, — y;,) in the arguments
of the functions in (3.61) equal to g + m'w; + m2wy for some non-negative
integers m' and m?, see (A.11). Moreover, a number of such singularities can
appear together giving a multiple pole. A typical example is shown in Fig. 6.
The pairs of numbers on each edge indicate corresponding integers m' and
m?. When one of them is negative, the corresponding edge is dashed, which
means the missing of the corresponding singularity. In the case of the multiple
singularity instead of single fusion integral, we consider the fusion of several
summands of the function Gy, (Ym+1, - - - Yn, Z2,) which fit using of Lemma 4.
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Yjo Yo
3,1 3,1
0,0 0,1 0,0
L1 1,1
(a) First order pole: (b) Second order pole:
my = (0;1), my = (21),
m3: (37()’1717071) ﬁl3 = (3707171a071)

FIGURE 6. Fusions of chains with different edge parameters.
Solid lines correspond to singularities

FIGURE 7. The pole (3.62) with a =0, b =2

We then justify that such sum either vanishes or it is given by a simple residue
of the first order which we analyze further.

Consider each type of singularity (3.61) separately. In the first singularity
imposed by the pole of S(«(y;, — x:,) + ¢*), we have the relation

Wi, =i, +9+pwr+pws,  php? >0 (3.62)
In the second
wi, =W, + 9+ ¢ wr+¢we, ¢l g" >0 (3.63)

Consider the first case (3.62), example is shown in Fig. 7.
If a < k, then in the chain I there is a variable x;,, , such that

1 2 1 2
Wigp = W4, +9+ Mg 41W1 + Mg 1wW2, Mat1,Mgt1 > Oa (364)
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and at the residue point we have the relation
Wi, = 1@, Fnlor+nloy, 0t =pt—mi. (3.65)

This relation coincides with the hyperplane from Lemma 3, which we apply

as follows. By definition (3.43) shift operators T;”

+iias, act on the variables y;, ,
Yigsr = Ti ., aS

1 2
Lt Wi N — [ Wi — w1 L2m? Wiy N — [ Wi — W2
o = 1 , =T = 5 )
Jetatt \uwy, Wi, +nwr Jostatl \ex;, Wi, , T N°We
(3.66)

In our case yj;,, x;,,, are integration variables inside the residue integral (3.58).
By action of shift operators on the residue integral we assume action on its
residue points, for instance

1,nt
7:>0 Res
Jbsta+1

Res

VT, =T, +g+m}l+lw1+mg+1w2 = 1Ty :zz,u+g+(mé+17n1)w1+m§+1w2 .

(3.67)

Then, instead of the single residue integral (3.58) consider the sum of four
integrals

! 2
Resua, =y te (17505 ) (L7070 ) e (g [ak, mu) < Io (o157, 70) -
(3.68)
Here
c=0b—-a—-1)g+ (i +...+mi —mi —... —m} —pHw
+ (i mE—m?— . —m2 —pHwy, (3.69)

where p! and p? are given by (3.62). The four residue integrals (3.68) differ by
parameters on the edges. At the same time by induction assumption the func-
tion G, (3.35) equals the sum of all possible chain integrals. In particular, it
contains direct products I x I; with all possible non-negative edge parameters

> I (@iglin, mi) X 1 (y5,1d;, 174) - (3.70)

it >
m],mJ_O

Parameters on the edges in the shifted integrals from the sum (3.68) could be
negative, depending on the integers my,, m;, p'. However, the chain integral
with at least one negative edge parameter equals zero, since, as we noted
earlier, the residues in it can be taken in any order and

Reszyi:zyj+g+h1w1+h2w2 F(y'rm ZQN) = Oa (371)

unless both A* > 0. Thus, all of the four residue integrals in (3.68) either are
contained in the sum (3.70) or equal to zero.

To apply Lemma 3 to the sum (3.68), we shift the integration variables
in each integral in order to remove the dependence on edge parameters from
residue points. For the chain integral Iy (x;, |k, my) in (3.68), we define new
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integration variables Z;_ by the following shifts
1T4, = 1T4, + C,
1wy, =12, + g+ miwy +miws + ¢,

Wi, =1, + 29 + (Mg 4+ my)wr + (mF +m3)ws + ¢, (3.72)

1y, =135, +kg+ (ml 4+ .o mp)wr + (M2 .+ mi)ws +c

and similarly for all other chain integrals in the sum (3.68). Now only the
integrands depend on edge parameters. Denote two tuples

LTr+1 = (-731'07 s ’xik)7 Y41 = (yjov s 7yjl) (373)

with components given by the formulas (3.72) and analogous ones with y;,.
Then, we rewrite (3.68) as one single residue integral

k l
Res”_”io =1Yjq H Resliis =T, H Res@js =Wjs_1
s=1

s=1

(3.74)
1 2
R IR S L N

Jbylat1 Jbylat1

Here by dots we mean all other variables of the integrand. Lemma 3 says
that the integrand in the last formula has additional zero of the order two
at the hyperplane (3.65). This double zero compensates two possible simple
singularities along the hyperplanes

Wy, =1, +9+ plwl +p2w2, and Wi,y = Wiy, + 9+ rlwl + 7’2w2.
(3.75)
The same statement holds for the singularity (3.63) once b < k.

Note also that due to inequalities pi >0, m%aﬂ >0,Reg>0Rew; >0,
all the new points the shifted variables »y;, and wx;, , have positive real part
once the variable 2x;, does have.

Suppose there are no singularities in the residue integral (3.58) except
(3.75). Then we cancel this integral applying Lemma 3 in the described way.
Next assume there are other singularities besides (3.75). Among all pairs with
singularities let yj;,,x;, be the one with the smallest index a (upper diago-
nal line). The corresponding singularity is of the type either (3.62) or (3.63).
Consider the first case (3.62). Denote

r=min(k —a— 1,1 - ), (3.76)

see example in Fig. 8.
Then, there are r + 1 pairs of variables y;, . ., %i,,,., with a € {0,...,7},
for which we have relations

_ 1 2 _ 1 2
Wi, = Wi,y =+ Ng pW1 + NapW2, oo Wi, = Wi, g, —+ Ngtr btrW1 + Nt b rW2-

(3.77)
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Yo Lig
Yj Tiy
Yia Ty
Yijs

FiGure 8. Third order pole with a=0,b=1and r =1

Now we apply Lemma 4 for the intersection of hyperplanes (3.77) repeat-
ing the procedure described above for Lemma 3. Let us consider the sum of
471 integrals

Resz; =y +¢ Tt I (@ig |8k, k) Lo (Y5037, ™01) (3.78)
where Tj; denotes the sum of shift operators
- Lng ot 2 pabt
Th = H (1 + ij+a7iai{»l+a) (1 + ij«#aaiai#l«i»(y). (379)
a=0

This operator shifts the parameters on the edges of chain integrals I, I;. The
arguments above show that all such integrals are either contained in the sum
(3.70) or equal to zero. Therefore, we can consider the sum (3.78) instead of
the single residue (3.58).

Making linear changes of variables analogous to (3.72), we may regard
this sum of integrals as a residue integral

k !
Resiz, =g, H Resiz, =z, H Resig; —g; Tt F(@k41, Y15 -+ ),
s=1

s=1
(3.80)
where x4, components are given by (3.72) and similarly for y;, ;. By Lemma 4
the number of poles in this one-dimensional integral could exceed the number
of zeros of integrand by one only in two cases.

I. We have the singularity
Wiy =i, +g+p'wi +piws,  plp® >0 (3.81)

II. We have the singularity
wi, = wy + g+ g'wr+ ws,  ¢lg" >0 (3.82)

Otherwise the sum (3.78) vanishes. Similarly, for the residue between pair of
variables x;,,y;, of the second type (3.63) we have vanishing sum, unless the
same two cases.

Consider the case I. Note that d > 0 since otherwise Imx;, > 0. Define
two new chain integrals Txi—at1 (Tig |8y — a1, M) and Lot (yjolda_1,
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Yo Lig Yjo Lig
Yjy iy Yiu Tiy
Yjo Yjo
Yjs Yijs

FIGURE 9. Singularity of the type (3.81) with d = 2 and the
corresponding pair of new chains from the right

m;_,) as follows

/%

Sgkl Z.;:isa m$:mi’
B . . . ’n — t
s=k+1: d = Ja Mkt1 =P (3.83)
Cl = "=l .
s>k+1: = jJi-1+s—k, m —m§—1+sfka
s<d: j;:jsa ’ﬁ’L;Z:ﬁlé-

This definition is rather simple in terms of pictures, see example in Fig. 9.
The following lemma describes cancellation mechanism for such integrals.

Lemma 5.
Resuz; o =uy;0+e Thi I (Tig ik, mek) I (Ys017 0, 01) +

Resua; =1y +e Tht Thti—dt1 (Tio|tht1—dr1s Mbri—as1) La—1 (Yjoldy_1,Ma—1) =0,
(3.84)
where the operator Ty is defined in (53.79).

Proof. Indeed, by the arguments above both integrals are simple residue in-
tegrals with the same integrand and singularities. In the shifted variables Z;,
and g;_, all the singularities are at the diagonals

xi5:$is+1, 5:07“'7k_17 yjszyj5+1, SIO,...,l—17
Tiy = Yjsga—rs s=a,...,k, Tigpy = Yjsra—n—1> s=a,...,k—1,
(3.85)

where §;, = y;,. Lemma 4 says that we may present the integrand in the form

(‘%ia-u - gja+d—k)2 T (i'lk - gjd—1)2

k—1 B B -1 B B k 5 5 k—1 5 B
H (xis - xis+1) H (yjs - yjs+1) H (mis - yj.€+d—k) H (‘Tis+1 - yj.<+d—k—1)
s=0 s=0 s=a s=a

H(&p41,9,1)
where H (i:k+1, Y, +1) does not have singularities on integration contour. Re-

placing each factor (Z;,,, — §j5+d—k)2 of the nominator by

((‘%is - ‘%2371) + (‘%isfl - gj.<+d—k)) ((‘%Zs - gj.<+d—k—1) + (gj.<+d—k—1 - gjs+d—k))



Vol. 25 (2024) Baxter Operators in Ruijsenaars Hyperbolic System I 3237

Yjo

Y

Ty
FI1GURE 10. Two chain integrals give a new one

we obtain the sum of simple fractions such that the number of factors in
denominator of each of them equals the number of integration. One can then
also note that only one fraction

1 ~ ~
k—1 1—1 H(xk-i-l, yl+1) (3.86)
(iik - ijd) 1;10 (Cﬁz — :Eisﬂ) 1;[0 (gjs - g.js+1)

gives non-trivial contribution to the both integrals (3.84). The corresponding
integrals can be computed. The first one equals

H(&41,9141)

Zis=Tjg»5=0,...k5 Ujs=Tjq,5=1,...,1"

the second to

—H (Zrs1,U111)

jis :gj() 5 S:O,...,k; st :’gjo 5 S:l,...,l’
so that their sum equals zero. O
The same arguments hold for fusions of type IT unless d # 0. For d = 0
the corresponding fusion of chain integrals is by definition the chain integral
1

./ /
—ZmI’““Jfl(yiO“kHHa Miti41) (3.87)
where
. . 1 ~
SSZZ Z;:‘]S’ m'$:mé,
. -/ s 1A . )
s=1+1: i41 = o, mH_l—qZ7
A VA3

s>14+1: i, =ds_1, m me_;_q-

Here, the integers ¢° are given by the relation (3.82). See example in
Fig. 10.

This ends the consideration of fusions of chains integrals (3.58). All of
them cancel, except new chains (3.87).

Consider now the fusion (3.59)

ReSia, oz, e Tk (Ui ik, 7o) J1 (25 |b, ' m?). (3.88)
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L

-, le

Yo I, 9 Tiy
Zj \\

e Ty

FIGURE 11. Singularities (3.89), (3.90), (3.91) are shown with
dashed lines (a = 2). Dotted line shows a possible zero (3.92)

Here we again change symbols y to x in the chain I;. There could appear such
singularities, labeled by a fixed number a:

*

1, =12 + % + plws + pPws, ptp? >0, (3.89)

Wiy =W+ 9+ q'wi + Pws, q'.q* >0, (3.90)

Wy =15, , + g+ riwr + 12w, rtr? > 0. (3.91)

See example in Fig. 11. Once there is a pole (3.90), there is a zero at the point
Wigyy = 125 — % +slwr + 57w, s'=m'+¢ +1>0 (3.92)

given by the function S™*(2x;, , , —12;+9*/2). Once we have a singularity (3.89)
or (3.91), we are in the position of Lemma 3 with respect to the variables y,
and x;, and consider instead of the residue (3.88) the corresponding sum of
four integrals with shift operators, for which we have additional zero of the
second order.

Analyzing the balance of poles and zeros, we conclude that the residue
(3.88) could be non-trivial only when a = k + 1, so that the variables x;_  and

*j,,, are missing and the residue (3.88) is taken along the only singularity

Wy = 1, + g+ 1wy + 2wy, rtr? > 0. (3.93)
Finally, consider the residue (3.60). In the calculation
Resw:io:zzjv +c Ik (yio |7'k7 mk)

we could meet only one pole of the form (3.89) together with zero (3.92) if
the variable x;_,, exists, see Fig. 12. Thus, the only non-trivial result could be
only when k£ = a and the residue is taken along the singularity

*

=125 + % + plwy + pwo, pt,p? > 0. (3.94)

One can note that the resulting integrals obtained in the calculations of the
fusion integrals (3.59) and (3.60) coincide up to a sign and cancel each other
except for the case k = 0 in (3.60), see Fig. 12.
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Lig Lig
T e T
-9Ta =0 + ,,”/ =0
2 o - T, T, l
T, z; o’ Zj
(a) Pole and zero cancel each (b) Residues of the type (3.59) and (3.60) cancel each other

other (a # k)
FIGURE 12. Cancellation of residues

But for k = 0 this gives precisely the new chain J; (z;ig, p*, p?). For their
direct products Ji (z4|b, m', m?) x Jy (z.|d, n*,n?) the indices a and ¢ could not
coincide since otherwise we can apply Lemma 3 to the variables y;, and y4 and
cancel the sum of four corresponding terms.

This ends the proof of Proposition 1. O

3.3. Simple Poles Calculations
In the previous subsections, we proved that

1. Both integrals in (3.5) can be calculated by residues, moving the contours
of integration either to the lower or to the upper half planes depending
on the sign of Re \;

2. Inresidue calculations only direct products of simple poles J; (za|b7 m?, m2)
(3.38) with distinct z, contribute to the integrals, see Corollary 3 to
Proposition 1.

Now consider the integral Q. (z2,;A) in the left hand side of (3.5). By
Corollary 3, it equals the sum of all possible direct products

J1 (24, b1, my,m?) x ... x Ji(2a, |bn, m;, m2) (3.95)

with distinct indices ay,...,a,. These indices form a subset I C [2n] =
{1,...,2n} of cardinality n. Collecting the direct products with a given choice
of the set I we arrive at the sum of (2") series

Qulzeni V) = 3 B P ZT')LI(u, v) (3.96)
IC[2n]
[I|=n
over
u = ™A and v =22, (3.97)

The series converges for sufficiently big negative Re A\. More precisely, denote
two sequences of non-negative integers

m' = (mi,...,mb), m? = (m3,...,m2) (3.98)

and the sum of their components in a standard way

|m'| =mi +...+m. (3.99)
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Then, the function L (u,v) equals

L (u,v) = n! (—2m)" Z Liy guMo® (3.100)
M,K>0
where L}, j is the following sum of multiple residues
LM K = Z LrInl,nL2

m;>0: jm'|=M
m?2>0: lm?|=K

(3.101)

with
Lt = Res

mlm?2 — wr=1z4, + 2 loj4+m2ws
) Y1=12i; + 5 tmiwi+miws

. ReslynzmnJr%er;wﬁm%w2 w(y,,) H H K(y; — zq).  (3.102)
a=1j=1

In the same way, we compute the integral in the right hand side of (3.5),
but moving the integration contours to the upper half plane. Again it is ex-
pressed via the sum of chain integrals with different sign due to the opposite
orientation of the contours. Collecting the terms where the indices a; of the
parameters z,, belong to a given subset J C [2n] of cardinality n we get a sum

of (*") series
—27TA 7$+1 > oz
Qnlz2ni—A) = Y e = )RJ(u,v) (3.103)
JC[2n]
|J|=n
over the same variables u and v defined in (3.97). Here

R? (u,v) = n! (2m)" Z RM ruMof (3.104)
M,K>0

where Rf; ; is the following sum of multiple residues

R]{J,K - E R;]n17m2

ml>0: |m ! |=M (3.105)
m2>0: lm?|=K
with
J — * P
Ryt 2 = Reswl:whJ,Tfm%(mfm%w2
TRes, et 2, 1Y) H H K(y; — 2a).  (3.106)

a=1j=1
For any subset I C [2n] of cardinality n denote by I the complement
I=[2n]\I
of I in the set [2n].
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Proposition 2. For any I C [2n], |I| = n, we have the equality of series
L' (u,v) = (=1)" R (u, v) (3.107)
Equivalently,
L= (-1)"RL forany  M,K>0. (3.108)

Proposition 2 immediately implies the equality (3.5) due to (3.96) and
(3.103). Thus, it also implies the commutativity of Q-operators (3.1).

Proof of Proposition 2. It is clear by symmetry arguments, that it is sufficient
to prove the equalities (3.108) for the set Iy = {1,...,n}. For the sake of
convenience below we change the notation for variables z, in the following
way

12q — Za, a=1,...,n, 1Zn4i — Ty, 1=1,...,n. (3.109)

Using (A.14), we get the precise value of the multiple residue (3.102),

po (e H (et Sy Hg” + mgwn + miws)
mimE T (=2m)n ey H g 1 2sin ”7“’1 " “1 2sin ”l“’2
n
X H {S o — 2+ (ml —mi)wy + (m2 —m)ws)
a,b=1
a#b

Sa(za — 2p 4+ g* + (my — mp)wi + (M2 — mi)ws)

-1 1 2 —1 1 2
Sy (2a — 26+ " + mgwi1 + miwa) Sy (24 — 2 — Mpw1 — mbwg)}

X H Syl (za — ;s + g% + mlwr + miws)
1,a=1

Stz — 2o — miwy —m2ws).

(3.110)
For a variable « and integer m, k denote by [z|w],, , the hyperbolic analog of
the Pochhammer symbol:

Sg(l‘)
z|Wmp = (—1)™F . 3.111
[llm ke = (1) Sa(z 4+ mwy + kws) ( )
For non-negative m and k
[]|w]m.k = Il 2sinT T+ swy ||2 a:—i— w2 (3.112)

In these notations, the expression (3.110) can be rewritten as follows

w1w2 n/2

Ly 2 = (@RI H Sy (20 — i+ %) S5 (i — za)

i,a=1

n
g |w ml,m2
<11
w1 + w2|w]m1 m2

a=1
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1 [2a — 25 + g* + (M} — mp)wr + (M2 — m3)wa| W]t m2
by [2a — 26 — Mpw1 — MFwa| W1 2
n
[Za —x; + g*|w]m}1,mg
< | PO . (3.113)
v a a®'l a2 mL,m2

i,a=1
The inversion formula (A.6) implies the following symmetry of the hyperbolic
Pochhammer symbol:

[z — mwy — kwa|w]p k= [w1 + w2 — Z|wW]pm k- (3.114)

With its use we simplify the relation (3.113) as follows

n/2 n
Io _ (wiw2) H -1 o N g—1¢ .
Bt me = (—2mS2(g))™ o2, Sy (za =i +9") Sy (i — 2a)

[g*|w]m{1l,mg H [Za —Zpt+9— méwl - mng|w}m},y,mg

1 2
ml,m2 atb [2a — 25 — mywy — mbw2|w}m}l,m§

[Za — T+ g*|w]m}l,m3

[Za —T; +wy + W2|w]m}l,mg .

(3.115)

Analogous calculations for the multiple residue (3.106) for J = I give

_ (wiwg)™? 1 (—1)’"1’”2“’““’12 Sy (g - miwy + miwy)

Rgl m2 - n
’ (2m)™ 13 H : 1 2sin ”“’1 I 11 2sin “lw?
n
X H |:52(l‘i —x;+ (m]l - m})w1 + (mjz - mf)wg)
ij=1
1#]
So(z; —xj+g" + (m]1 —m})wy + (m? —m?)ws)
Syt — x4+ g + mjwi + miws) Sy (i —xj —miw — m?wg)}
n
X H S5 (2 — w4 g% + mjws +miws)
i,a=1
Syt (zs — 24 — miwy — miws),
(3.116)
so that
wlwz T _
R s =t T 57 e )57 01 = 2)
i,a=1
ﬁ 9" w]ins,m2 [ —j + 9 — mjws — miwa| Wl 2
X K2
i ot walwl e i = @y = miwr = miws|wl
% ﬁ 71’1+g|&-’]m mf ]
Za:l a = Ti + w1+ wo|w]pt e

(3.117)
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Comparing (3.115) and (3.117), we see that the equality (3.108) is equivalent
to the relation

Z H g |U) ml,m?2 [Za —Zpt+9g— méwl — m%wﬂw]mi,mg
|m*|=M a=1 w1+ wafw] M MG kb [2a — 2 — m%wl - m%w2|w]méqmg
lm?|=K

y H = Zi + 9" W]t m2

i a= 1 xz + (4)1 + w2|w}m1 m2

[l“ —Tj+g-— mlwl - m2w2‘w]m 3.m2

Z H g |w m m H ?
w1 + wa|w] 2 [, — xj — mlwy — m2ws|w],

2

|m?t|=M i= 1 m},m3 i#£] 1,m3
|m?|=K
« H — T +g*|w]m ,m? .
i,a= 1 $z+w1 +UJ2|W] %7"”3
(3.118)

Here, the sums in both sides of the relation are taken over two sequences
m! and m? (3.98) of non-negative integers with their fixed sums equal to M
and K,

ml >0, m=>"ml=M = |m’=> m!=K. (3.119)

Make the change of variables
T; — T+ wy + wa. (3.120)

Then, the relation (3.118) looks as

Z f[ w1 +wg — g|w]m}1,mi

Im =M a=1 [wi + walwlng mz
Im?|=K

ﬁ [2a — 2 + g — Mpw1 — MFwa|W]m1 m2

(20 = 26 — Myw1 — Mjwa|W]im1 m2

a,b=1
a#b

= ’_g|w}m1 m?2
<11 E

— Xy |w}m ,m2

ia=1
B O fwr +wa — 9|°-’]m1 m?
|m1|—Mi1;[1 w1+ @2]@liny n
m2|=K
norg— x4 g —miw — m?w2|w]m},m?
}_:[1 [2i — 2 — mwy — miws|W]1 2
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n _xt wm. 2
H 91t mz (3.121)

— x;|w]

1 2
my My

The factorization formula (A.10) is equivalent to the factorization of the hy-
perbolic Pochhammer symbol:

[@|wW]m i = [@wi]m - [z]w2]k- (3.122)
Here
[|w1]m = 52(51% [z|wa]k = 52(52&2@ (3.123)

For non-negative m and k

m—1

[|wi]m = H 2sin 7 i zw17 [|wa]r = H 2sinm +jw2. (3.124)

w
i=0 2 =0

By using (3.122) and canceling the appearing sings, we can factorize each ratio
in (3.121) into the product over periods:

[wi +ws — glwlmi mz (w1 = glwi]ms  [wo — glwo]m:
[wi +wolwlmime  [wilwi]lme [walwilmz

(20 — 2 + g — Mjw1 — m§w2|w]m;,m§ . [2a — 26 + g — mpwi|wi]ms
[2a — 26 — Mpw1 — MFwa|W]m1 2  [Za— 2 — mywi|wilm
y [2a — 20 + g — Mwa|wa]m2

[24 — 2 — m%w2|wg]mg

(20 = @i — glwlmi mz  [2a — i — glwilmi _ [2a — @i — glwalm2

[2a — xﬂw]mi:mi  Jza— J;i|w1]m(11 [2a — LEi‘wg]mZ

Thus, the relation (3.121) decouples into two independent identities

Z H g|w1 ﬁ [Za _Zb+g_mzwl‘wl}m},
[wi]wi]m2 2 — méwl\wl}m}l

Im1|=M a=1 ap=1 Fa T b
a#b
n
H — o — glwi]me
i,a=1 Za o xi|w1]m}z
Z H 9|W1 ﬁ [ —x; +g— m%w1|W1]m1
Iml|=M i=1 W1|LU1 ij=1 [xi — T mzlw1|wl]m1
i#]
i — T w 1
H i Sl (3.125)
i,a=1 Za o l’i|w1]m1
and
Z H |w2 f[ [Za —2p+g— mgCU2|w2]mg
22K a1 [wa|wa]m2 s [2a — 26 — Mjwa|wa]m2

a#b
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n
H g\wg]
Za xz‘wQ]mi

1,a=1
Z H |w2 rn[ [l’i — Ty + g — m?Wg|UJ2]m2
mgimt welwelmz 02y i — 2y — M3 ws|wl,n2
i#j
n
[2a — Ti — glwa]mz
H oy 3.126
Pt [2a — 2 |w2]m2 ( )

These are precisely hypergeometric identities (1.32) written in additive form.
Their proof is given in the next section. Using it we complete the proof
of Proposition 2 and of the main statement of commutativity of Baxter Q-
operators. [l

4. Proof of Hypergeometric Identities

The relations (3.125) and (3.126) are equivalent modulo the interchange of the
periods. We choose (3.126). Rewrite it in the common multiplicative notations
of basic hypergeometry. Set

2wy —2mg 2mez; 2Tz

qg=e =1 t=e =1 | u; =e “1 Vg =€ “1 . (4.1)

Denote by (z;¢)r and [z;¢|x non-symmetric and symmetric g-analogs of
Pochhammer symbols,

(z@)k = (1= 2)(1 —qz)-- (1= ¢"'2),
[Z;Q]k — (21/2 _ 2_1/2)(q1/2zl/2 _ q—1/22—1/2) (42)

(D22 (k) /2, -1/2)

Then, (3.126) becomes

2 y ﬁ [t_l_q;kjui/UﬁQ]ki y ﬁ [t /vas alk,
K i e laPuifugiali, 52y [u/va; dlk,
1]
_ ﬁ lat; dlka ﬁ [t g e va/vpi alk, ﬁ [tu;/va; qlka
et 4k, izt la=*evafonialh, 2y [45/vai dlk
a#b

(4.3)

in terms of symmetric g-Pochhammers. Here, the sum in both sides of the
equality is taken over n-tuples of non-negative integers with total sum equal
to K

k=(ki,....ky), k>0, ki+...+k,=K.
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It has the same form in terms of traditional non-symmetric g-Pochhammer
symbols:
n

(gt “LgFiugfuy; o (g /vas @)y
I | e el | R

(uj/vay Q)kj

\k | Ki=1 ]: a,j=1
g
S ﬁ qt q ﬁ (g e va /o0 Ok, ﬁ (tu;/va; @)k,
o =K am1 Dk, ab=1 (g7 Fava/vp; O, aj=1 (uj/va; @),
a#b
(4.4)
However, it is more convenient for us to prove the symmetric version of identity

(4.3).

The proof follows the standard line of complex analysis: in a rather tricky
way we check that the difference of the left and right hand sides has zero
residues at all possible simple poles. Thus, both sides are the Laurent poly-
nomials symmetric over the variables u; and over the variables v;. Then, the
asymptotic analysis of these polynomials shows that their difference is actually
equal to zero.

The crucial step—calculation of the residues of both sides of the equality—
divides into two parts. First we show that each side is regular at the diagonals
u; = qPuj and v, = ¢°v, between the variables of the same group, see Lemma 6.
In this calculation, we actually observe the canceling of terms grouped in cor-
responding pairs. Then, we show that residues at mixed diagonals u; = ¢Pv,
vanish. This is done by induction, using the non-trivial relation between such
residues stated in Lemma 7. Below we give a brief proof of both lemmas; all
technical details are presented in our paper [4].

It is not difficult to verify that all the poles in (4.3) are simple. Consider
the left hand side of (4.3) as the function of u; and calculate the residue of
this function at the point

up = usq”, p € Z. (4.5)

For each k, > 7_, kj = K denote by Uy, = Ui (u;v) the corresponding sum-
mand of the left hand side of (4.3), and by Vi = Vg (u;v) the corresponding
summand of the right hand side of (4.3)7

n n _ . n
Uy = H H Jul/uj; 4k, % [tuj/UaQQ]kj
=1 =1 J’LLZ/'U/j7 ]k aj=1 [’U/j/’l)a;q]kj ’
Vi = ﬁ « H ,“Ua/vb; ]k?b « - [tuj/va;Q]ka.
a=1 a,b=1 "o va /vb; gk, aj=1 [uj/va; k.,
a;éb

The summands Uy, which contribute to the residue at the point (4.5), are
divided into two groups. The denominators of the terms Uy from the first
group k € I, contain Pochhammer symbol

[q~*2uy Jus; qli,
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which vanishes at the point (4.5). It happens when
ko — ki +1<p < ko,
so that
Ip:{k7 |k|:Kk12k2+1_p7 kQ Zp}

The denominators of the terms U; in the second group I € 11, contain Pochham-
mer

[q " ua/ua; gl
which vanishes at the point (4.5). It happens when

“h<p<l—-UL -1,
so that
II,={l,l|=K: 11 > —p,la > 1 + 1+ p}.
Define the maps of sets ¢, : I, — I1, and 9, : 11, — I, by the same formulas
Gp: Iy = 11, Gplkr ko, k') = (k2 —p, k1 +p, k),
Yp: 1L, — I, (ki ko, k') = (ko — p, k1 + p, k)
where k' = (ks, ..., k).

Lemma 6. 1. Maps ¢, and v, establish bijections between the sets I, and
1I,;

Py
2. For any k € I,
Resu,—uqqr Uk (U5 0) + Resy, —uqqr Ug, (k) (u5v) = 0, (4.6)
Resyy=v,qr Vi (u;v) + Respy,—v,qr Vg, (i) (w;v) = 0. (4.7)

Proof of Lemma 6. The first part is purely combinatorial and can be checked
directly. Let us prove the second part.

Note first that each summand Uy (u; v) of the left hand side of (4.3) has
the following structure

uk: (u7 ) )
jv) = 4.
Uk (’LL, ’U) Z/{k(u,’l), 1 ( 8)
where
(u;v;t) H qt; qli; % H [t g iu fuy; g, % H [tu;/va; qlr,;- (4.9)
=1 7‘,]%:,1 a,j=1
i#]

The following identity

ukthgk/ (u; v; t) |u1:qPU2 = ukz*p’k1+;l7,k' (u; v; t) |u1:unQ7
k= (kh kQ, k/) € Ip (410)

valid for any k = (ki, ke, k') € I, is established with a help of an explicit bi-
jection between linear factors of the products in both sides of equality (4.10).
Then, this equality implies the statement (4.6) about zero sum of the residues.
Indeed, the relation (4.10) establishes a bijection between all nonzero fac-
tors of the denominators Uy, k, k' (W; V5 1)|uy=gru, and Upy—p ky4+p ke (003 1)
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and the equality of their products. Factors in denominators of Uy, x, x(u;v)
and U, _p g, +p.k’ (u; v) which tend to zero when u; tends to ¢Pus are

g P2 fuy and  ¢"ug/uy — ¢ P Puy Jus. (4.11)

They give inputs into residues, which just differ by sign. Thus, we arrive at
(4.6). For the proof of (4.7), we note that the involution

U1/u2*q

T U vi_l, v; ui_l (4.12)

exchanges each Uy with Vi, as well as the left and right hand sides of (4.3).
O

Corollary 4. Both sides of (4.3) have no poles of the form u; = ¢’u; and
Ve = qPuy.

For any non-negative integer p denote by ¢, (u;v) the following rational
function of w = (uq,...,u,) and v = (v1,...,0,):

@p(u;v):(_l)p[ [tg; g]2p H [tu;/v1; dlp H [tu1/vs; 4] (4.13)

G dlplas dlp-1 i [ /ugidly 55 [oo/ons q

Lemma 7. For any 1 <p <k, and k' € Zgal

Res,, —gr-1u, o Vi g (w50) = @, (u;0) X Vi, g (qui,w's ¢ ug, '),

(4.14)

1 i
Res,, —gr—1u, o Uy, 1 (u30) = ¢ (usv) x Ug,—ppr (qui, w5 ¢~ Hug, v').
(4.15)

Proof of Lemma 7. 1t is a direct computation which uses the following prop-
erties of g-Pochhammer symbols:

(47w qlm X [u]n = [q"%; qln—p X [U; QJimtp, (4.16)

[qu; gl % [g~ " P uT gl = (1P [qui glmap X (a7 0 s glay  (417)
which are valid for any u and integer m,n,p. Here we assume that

[2:q]n = (q1/221/2 -~ q71/2271/2)71 o (qn/221/2 -~ (]771/2271/2)717 n>0.

(4.18)

For more technical details, see [4]. g

Proof of Theorem 3. We are ready now to prove the equality (4.3) and thus
Theorem 3 by induction over K. Denote the difference of the left and right
hand sides of (4.3) by Wk (u;v). Assume that Wi (u,v) = 0 for all K < N
and any m-tuples of variables w = (u1,...,um), v = (v1,...,0y) for arbitrary
m. Summing up the difference of (4.14) and (4.15) over all k with |k| = K, we
get the relation

1
Resy, —gr—14, UTWK(U;U) = pp(u;v) X Wr_,(u*,v%), (4.19)
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where
uw* = (qui,u’), v* = (¢ tug,v'). (4.20)

By the induction assumption the right hand side of (4.19) equals zero. Taking
in mind the symmetricity of Wi (u;v) with respect to permutation of u; and
of v; we conclude that it has no poles at all. Since W (u;v) is a homogeneous
rational function of the variables u; and v; of total degree zero, it is equal
to a constant, which could depend on ¢ and t. To compute this constant, we
consider the behavior of this function in asymptotic zone

U LUy L oo LUy LV L Vg Lo L 07 (4.21)
Here both sides of (4.3) tend to

Z H {qt.; qlk, % t%((n*1)k1+(TL*3)}€2+~~~+(3*n)kn71+(1*n)kn) Nk o

(4.22)

Therefore, Wi (u; v) tends to zero in this asymptotic zone and so equals zero
identically. This completes the induction step, the proof of the identity (4.3)
and of Theorem 3. g

Acknowledgements

We are grateful to Ole Warnaar and Hjalmar Rosengren for communicating to
us their results. We also thank referees for their helpful comments and remarks.
The work of N. Belousov (Sect. 3) was supported by the Euler International
Mathematical Institute, grant No. 075-15-2022-289. The work of S. Derka-
chov was supported by the Theoretical Physics and Mathematics Advance-
ment Foundation “BASIS”. The work of S. Kharchev (Sect.2) was supported
by the Russian Science Foundation (Grant No. 23-41-00049). The work of S.
Khoroshkin (Sect.4) was supported by the International Laboratory of Cluster
Geometry of National Research University Higher School of Economics, Rus-
sian Federation Government grant, ag. No. 075-15-2021-608 dated 08.06.2021.
He also thanks the Weizmann Institute of Science for the kind hospitality dur-
ing the summer of 2022. A big part of this work was done during his stay
there.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive
rights to this article under a publishing agreement with the author(s) or other
rightsholder(s); author self-archiving of the accepted manuscript version of
this article is solely governed by the terms of such publishing agreement and
applicable law.



3250 N. Belousov et al. Ann. Henri Poincaré

Appendix
A. Double Gamma and Sine Functions

The Barnes double Gamma function I's(z|w) [1] is defined by the relation

)
s=0

Fa(elo) = exp 1 a(s,510) )

where (5(s, z|w) is the analytical continuation of the series
Ca(s, 2|w) = Z (z 4+ niwr + naws) ™%, Res > 2
’nl,nQZO
which under assumptions (1.14) and Re z > 0 can be presented by the integral
e (=t)* dt
1 —e wit) (1 —e~w2t) 2mat

Ca(s, zlw) =T(1 — s)/c (

over the Hankel contour C' enclosing the ray {¢t > 0} counterclockwise. Under
the same assumptions analogous integral presentation of InT's(z|w) looks as
follows

~y e #tIn(—t) dt
T _p . Al
n s (z|w) B 22(2|w) + /C (1 — e=wrt) (1 — e—w2t) 2mat (A1)
Here
2 2 2
By (z|lw) = AN e 2+ A 9wy ) (A2)
wWiwg Wiw2 6wiws

is a particular multiple Bernoulli polynomial, v is the Euler constant.
The double sine function Sa(2) := Sa(z|w), see [15] and references therein,
is then defined as

So(z|w) = Ta(wy + ws — 2|w)T5 (z|w). (A.3)
It satisfies functional relations
_ ) = 2sin LZ, %z = 2sin 1~ (A4)
SQ(Z"’Wl) wo SQ(Z +(U2) w1
and inversion relation
TZ TZ
S2(2)S2(—2z) = —4sin — sin — A5
2(2)S2(—2) sin o sin oy (A.5)
or equivalently
S2(2)S2 (w1 +we — 2) = 1. (A.6)

The double sine function is a homogeneous function of all its arguments
SZ(’YZ"le?’wa) = 52(2|w17w2)7 S (07 OO) (A7)
and is invariant under permutation of periods

SQ(Z|(U1,(U2) = SQ(Z|(,{J2,W1). (AS)
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The relation (A.4) has a useful corollary

k—1
Sa(z) k
= )" 2sin —(z + jw 2sin — (2 + jw
So(z + mwy + kws) (-1 71_[0 UJQ( Jw 71_[0 wl( jen).

Sa(z — mwy — kws)

Sa(2)

= mkHQbmw— z— jwy Hlen—z—]wg)

Jj=1 j=1
(A.9)
that holds for m,k > 0. The latter relations also imply the following factor-
ization formula

So(2)Sa (2 + mwi + kws) = (—1)™* Sy (2 + mw1 ) Sz (2 + kws) (A.10)
for m, k € Z. The function S3(z) is a meromorphic function of z with poles at
Zm k= M + kwa, m,k>1 (A.11)

and zeros at
Zm —k = —mwy — kwa, m,k > 0. (A.12)

For w; /wy ¢ Q all poles and zeros are simple. The residues of So(z) and S5 ()
at these points are

Res Sy(z) = Y1¥2 (_1)mk (A.13)

Z2=Zm,k 27 m=1 TSW1 " 71'[&)2 ’
sin 2si
51;11 wWa H w1
/ -1 mk—i—m—i—k
Res S, '(2) = Y12 ( ) . (A.14)

Z=Zom,—k 2 7le2

k
TSWq .
I] 2sin

w2 =1 w1

m
1] 2
s=1
The integral representation for the logarithm of double sine function

— Ooﬂ sh [(2z — w1 — w2)t] 22— w1 —w
I 9(2) 7/0 2t ( sh(wyt)sh(wat) wiwat > (A.15)

holds true for Re z € (0, Re (w1 + wa)).
The double dine function also can be written in terms of Ruijsenaars
hyperbolic Gamma function G(z|w) [21]

(A.16)

G(z|w) = Sy (ZZ + 4 T ‘w)

or Faddeev quantum dilogarithm v(z|w) [5]

v(z|lw) = Sy (—zz 4+ + 2 ’w) exp(ﬁ [22 + @D (A.17)

Both functions G(z|w) and 7(z|w) were investigated independently.

In what follows, we use the same notations as in Sect. 3.1. Denote by o;
the arguments of the periods w;, |o;| < 7/2. Since the double sine function is
invariant under permutation of wq,ws, suppose for definiteness that o1 > os.
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Let D4y and D_ be the cones of poles and zeros of the double sine function
Sa(z|w):
Dy ={z:03<argz <oy}, D_={zim+oy<argz<m+o1},
D=D,UD._.

Denote by d(z,D;) and d(z,D_) the distances between a point z and the
cones Dy. Then, the Barnes’ Stirling formula for the logarithm of the double
Gamma function, see [1, §§85-86], with error term suggested by E. Rains [19,
Theorem 2.6] looks as

22 w1 + wo
40)1&)2 20)1CL)Q

1
Inlo(z|lw) = —53272(2‘(4})11’12 + z+ O(d_l(z;D,)) .
(A.18)
Here z € C\ D_. Moreover, the estimates for the error term given in [2, §57]

are uniform on compact subsets of parameters w separated from zero. Then,
for z € C\(D4y UD_)

In S3(zjw) = InTy(w; + we — z|w1,ws) — InTa(z|wy, we)
A.19
= i%BQ’Q(ZV-U) + O(d_l(Z,D)) ( )

where the sign + is taken for z in the upper half plane and the sign — for z in
the lower half plane (and not in D). Finally, in the same notations,

S0 (L) o
SZ(Z + g|CU) N ¥me1w2 z 2 + O<d (Za D)) . (AQO)
Equivalently, for z € C\ D
_Sazlw) Frl (-5 ) .
So(z+glw) ¢ (1+ O(d (ZvD)>) (A.21)

Using the asymptotics (A.21), we can derive the following bounds which we
use for the study of integrals convergence throughout the paper.
Let K C C be a closed subset of a complex plane satisfying the following
conditions:
1. K is inside the domain of analyticity of Sy(z|w)S; (2 + glw);
2. There exists R > 0 and p > |g| such that KN{|z| > R} does not intersect

with D and
d(K n{|z| > R},D) > p. (A.22)
Proposition 3. Under the conditions 1 and 2 above, we have a bound
|92 (2|w)S5 (2 + glw)| < CeTH4% s e K. (A.23)

The constant C' can be stated uniform as the parameters g, w;,ws range
in a compact domain separated from zero values of periods.

Proof. Due to (A.21) and condition 2, there exist R; > R and C; such that
|92 (2|w)S5 (2 + glw)| < Cre™™* 8%, zeK, |2/ > R (A.24)
On the other hand, the set

Kn{? <R} (A.25)
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is compact and belongs to the region of analyticity of the function Ss(z|w)
S5 (2 + g|w). Thus, this function is bounded on the set (A.25),

|Sg(z|w)52_1(z + glw)| < Cs, ze K, |z| < R;. (A.26)

At the same time both real functions eT ¢ @& are analytic and positive on

the compact set (A.25). Thus, they are bounded from below on this set
eTReLils > 05 > 0. (A.27)

Combining (A.26) and (A.27), we conclude that there exists a positive constant
Cy such that

w192

|Sa(2w) Sy (2 + glw)| < Cae™ %2, 2 €K, |2 < Ry (A.28)
Combining (A.24) and (A.28) we arrive at the proof of Proposition 3. O

There are two straightforward corollaries of Proposition 3. First, since
|Rez| < |z|, (A.23) implies that the function Sy(z|w)Sy *(z + glw) grows at
most exponentially

|Sa(2|w) S5t (2 + glw)| < Ce?l*, ze K. (A.29)

Second, assume that K is contained in a strip |Re z| < b for some b > 0. Then,
(A.23) implies the bound

|92 (2|w)S5 1 (2 + glw)| < Ceo @Bl 2= s iy e K. (A.30)
The same statement holds for the inverse ratio. Namely, Let K/ C C be
a closed subset of a complex plane satisfying the following conditions:

1’. K’ is inside the domain of analyticity of Sy *(z|w)S2(z + glw);
2. There exists R' > 0 and p’ > |g| such that K’ N {|z| > R’} does not
intersect with D and

d(K' N {|z| > R'},D) > p. (A.31)

Proposition 4. Under the conditions 1’ and 2" above, we have a bound

TLgZ

|55 (2]w) Sa (= + glw)| < C'eF e s, (A.32)

In particular, the function Sy ! (z|w)Sa(z + glw) grows at most exponen-
tially

|55 (2|w) B2 (2 + glw) | < C'el?l z € K. (A.33)

If K’ is contained in a strip |Re z| < b’ for some b’ > 0, then

1951 (2|w)Sa (2 + glw)| < Ol RemB . s —apiye K. (A34)
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B. Bounds for Integrals

Both functions pu(z) and K(z) can be presented as the ratios of double sine
functions that appear in Propositions 3 and 4

w(z) = 82(12) 85" (12 + g),

B.1
K(Z>:SQ<ZZ+WI;—LU2+§)SQI(lZ—f—wl;wz—g). ( )

The conditions (1.14) and (1.15) imply that both functions have a strip of
analyticity which include the real line of the parameter z. For brevity, we also
denote by v, the constant in the assumption (1.27)

9

= . B.2
vy = Re o >0 (B.2)
Then, by (A.30) and (A.34) we have
K(y)| < Ce™m™alvl
) y €R, (B.3)

lu(y)| < Ce™slvl,

where C' is a positive constant uniform for a compact subset of parameters
w1,ws and g preserving the conditions above. Assume also the condition

[ImA| <6 <y, (B.4)

with some positive §.

Proposition 5. The integral (3.4) corresponding to the kernel of Q-operators
product

n 2n n
Qn (2203 N) :/R dy, [ wwi—v) [TT]E W —2) ™% (B.5)
" i,j=1 a=1i=1

i#]
converges uniformly with respect to the parameters A\, z,, w, g, while the pa-

rameters z,, w, g range over compact sets preserving the conditions (1.14),
(1.15) and (B.2) and the parameter \ varies satisfying the condition (B.4)

Proof. Denote integrand by F. Using (B.3), we arrive at the following bound

n 2n n n
|F|<C exp<mg 1w =yl =7 Y Y [y — zal + Re (2mAZyZ—)>,
i=1

ij=1 a=1i=1
i

(B.6)
where constant C' depends on g, w. Using for the first two sums inequalities

v —yil <yl +1yils |y = 2al = |93l = |zl (B.7)

together with |z,] < M (since all z, vary over compact set) and for the last

sum inequality
n n
pEESIIT
i=1 i=1
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we arrive at

|F| < C exp (27r1/gn2M + 27 (| Im A| — vy) Z |yZ> . (B.8)

i=1
Since A satisfies (B.4), the bound (B.8) implies the statement of the proposi-
tion. O

Remark. As it can be seen from the bound (B.6), the second inequality from
the line (B.7) and the bound on the measure function

|(zn)| < Cexp <7Tl/g Z |zi — z]|> < Cexp (27wg(n -1 Z zl|> (B.9)

ij=1 i=1

1#]
the product of two Q-operators @, (M@, (p) is well defined on fast decreasing
functions f(z,) bounded as

|f(zn)| < Cexp (—Wug[Sn—Q—i— } Z'Z’|> (B.10)

with any € > 0. In the case Imp = 0, the bound does not depend on the
Q-operators parameters

|f(zn)| < Cexp <ﬂug(3n2+€)2|zi|>. (B.11)

i=1

Besides the integral (3.4) over the real plane in Sect. 3.1 we consider the
iterated integral with the same kernel over big semicircles. The study of its
convergence and vanishing in the limit splits into three parts: the behavior near
real plane where the integrand should rapidly vanish; the total exponential
bound of the integrand

F=puly,) [TTI 5@ - z) (B.12)
a=11i=1

with the exponent e*™*%. in the regular domain C\ D; and the exponential

bound of the integrand (B.12) in the irregular domain D. The second part
is performed by using inequalities (B.7) and exponential bounds (A.29) and
(A.33). The third part follows from the same inequalities (B.7) and the results
of Sect. 3.1.

Finally, for the first part we need a bound similar to (B.8) but for the
arguments in a cone around a real line. This can be done for the parameter A
with negative real part, so that

2\ = —R + 10, R >0, 0] <276 < 27y, (B.13)

and the integration variables on the cone around a real line with negative
imaginary parts

yi = ¥i(1 £2tgy;), 7i € R, tyitgpi <0, 0<p; <o (B.14)
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Here o is the angle of the cone. The sign 4+ (or —) corresponds to g; < 0 (or
y; > 0). Denote also

g
W12

= vy (1 4+ 1tgyy), a = |tgpgtgol. (B.15)
Suppose the following inequality is satisfied
2mvy(1 — (2n— 1)a) — 0] > ¢ (B.16)

for some € > 0. For the fixed parameters g, 6 this inequality tells us, how small
should be o, that is how narrow should be the cone around a real line, in order
to have the following bound.

Proposition 6. Under the conditions (B.13), (B.14), (B.16) we have the bound
|F| < C exp (52 |gi>. (B.17)
i=1

Proof. For the variables on the cone (B.14) use the bound (A.23) for measure
function together with (B.15)

lu(yi —y;)| < Cexp (’Re wwfa (yi — yj)‘) < Cexp(ﬂ'l/g(l + a)(|gi] + |y]|)>
(B.18)

In the same spirit we use the bound (A.32) for kernel function assuming big
enough values of |y;| (compared to z,) and, as before, |z,| < M

|K (y; — 2za)| < C"exp <¥Re g {z(yi — Za)+ %]) <’ exp(—m/g(l — a)\gﬁ).

wiw?2
(B.19)
Therefore, for the whole integrand we have the bound
1. om0 32 ) -1 -0) 33+ 03 )
i,j=1 a=1i=1
i]#j
(B.20)
which implies
n
|F| < C exp <[27r1/g((2n—1 ) — 1) +16]] Z|yz> : (B.21)
Then, the proposition follows from the condition (B.16). O
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