AFFINE MONOIDS OF CORANK ONE
YULIA ZAITSEVA

ABSTRACT. We give a classification of noncommutative algebraic monoid structures on
normal affine varieties such that the group of invertible elements of the monoid is connected,
solvable, and has a one-dimensional unipotent radical. We describe the set of idempotents
and the center of such a monoid and give a criterion for existence of the zero element.

1. INTRODUCTION

An (affine) algebraic monoid is an irreducible (affine) algebraic variety X with an asso-
ciative multiplication p: X x X — X, (x,y) — x * y, which is a morphism of algebraic
varieties and admits a unity 1 € X such that 1 xx = x %1 =z for all z € X. The group of
invertible elements G(X) of an algebraic monoid X is an algebraic group, which is Zariski
open in X. According to [19, Theorem 3|, every algebraic monoid X with an affine group of
invertible elements G(X) is an affine monoid. For more information on algebraic monoids,
see [16, 17, 18, 21].

An affine algebraic monoid X is called reductive (solvable, commutative) if G(X) is
a reductive (solvable, commutative) affine algebraic group. The most developed is the
theory of reductive monoids, see e.g. the combinatorial classification of reductive monoids
in [21, 18].

By the (co)rank of a monoid X we mean the (co)dimension of a maximal torus in G(X).
Let the ground field K be algebraically closed and of characteristic zero. In the commutative
case, the group G(X) splits into the direct product of an algebraic torus (K*)" and a
commutative unipotent group G2, where G, = (K, +) is the additive group of the ground
field.

In [1], commutative monoids on affine spaces are studied. In particular, [1, Proposition 1|
gives a classification of commutative monoid structures of ranks 0, n—1, and n on A™. This
implies a classification of commutative monoids on A and A?, and [1, Theorem 1] provides
a classification on A3. In |20], these classifications are extended to non-closed ground fields
of characteristic zero.

In [10], a classification of commutative monoid structures of rank 0, n — 1, and n on
normal affine varieties is obtained. It turns out that such an affine algebraic variety is
toric, and structures of corank one are described by Demazure roots of the variety. The
classification is given in terms of comultiplications p*: K[X| — K[X] ® K[X]:

X X XL H X @ )P,
where p is the primitive vector on a ray of the cone of X and e is a Demazure root corre-

sponding to this ray, see Section 3 for definitions. In particular, it implies the classification
of commutative monoid structures of any rank for normal affine surfaces.
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In [6], a classification of noncommutative monoids on affine surfaces is given. In this
case, G(X) is a semidirect product of K* and G,. It is proved that the surface is toric and
the comultiplication has the form

Xu — Xu ® Xu<1 ® Xe1 + Xeg ® 1)(;0,u)7 (1)

where eq, e5 are two Demazure roots corresponding to the same ray of the cone of X with
primitive vector p.

In this work, we obtain a classification of noncommutative affine monoids of corank one
on normal varieties of an arbitrary dimension. This result generalizes classifications in [10]
and [6]. Let X be such a monoid. In Proposition 1 we show that X is toric. It was proved
earlier in [6] for affine monoids of dimension 2. Then we get a classification of monoid
structures of corank one in terms of comultiplications and toric geometry in Theorem 1,
see Section 5 for a proof. It turns out that formula (1) works in arbitrary dimension.
Theorem 2 is the specialization of the classification to affine spaces. In Theorem 3, we
obtain a description of idempotents in X. In contrast to the commutative case, the number
of idempotents may be infinite under some conditions on Demazure roots e;,e; and the
cone o of the toric variety. In Proposition 3, we study geometry of the subvariety E(X)
of all idempotents in X. In particular, we show that any irreducible component of E(X)
is either isomorphic to the affine line or is an isolated point. In Proposition 4, it is proved
that the monoid X admits the zero element if and only if - = 0 and —e;, —es ¢ oV
In Proposition 5, the system of equations defining the center Z(X) of X is obtained. It
follows that dim Z(X) = dim X —2; moreover, all irreducible components have the maximal
dimension if X is an affine space; see Corollaries 3 and 4. Finally, the connection between
irreducible components of F(X) and the center is given in Proposition 6.

The author is grateful to Ivan Arzhantsev for valuable suggestions, attention to this work
and permanent support, and to Roman Avdeev for useful comments. Special thanks are
due to the anonymous reviewer for substantial corrections and remarks.

2. SEMIDIRECT PRODUCTS AND THE TORIC STRUCTURE

Definition 1. An (affine) irreducible normal algebraic variety X with a morphism
X xX = X, (z,y) = x *y, is called an (affine) algebraic monoid if x* (yxz) = (xxy)*z
for all z,y, z € X and there exists a point 1 € X called unity such that 1 sz =2z %1 = x.

Let X be an affine monoid of dimension n. Then the group G(X) of invertible elements
of X is a connected affine algebraic group, which is Zariski open in X, see [18, Theorem 1|
and [19, Theorem 5|. Recall that the rank and the corank of an affine algebraic group G
are the dimension and the codimension of a maximal torus in G, respectively. By the
rank and the corank of a monoid X we mean the rank and the corank of the group G(X),
respectively.

The aim of the present work is to study affine monoids of corank one. In this case, G(X)
has no semisimple part since any root subgroup in a semisimple group occurs together with
an opposite one. So G(X) has a one-dimensional unipotent radical and G(X) = G, X\ T,
where G, = (K, +) and T is a torus of dimension n — 1.

By definition of a semidirect product, the group operation in G(X) is defined by a
homomorphism x: 7' — Aut(G,) = K*:

(a,t] - (o 1] = (a + x(t), t'], (2)
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where o, o’ € G, and t,t' € T. We denote this group Gy. Thus
Gy =G, N T,
where T is an algebraic torus of dimension n — 1 and the multiplication is defined by (2).
Notice that according to (2) we have (o, t] = (o, 1](0,t] = a - t, where a € G,, t € T.
There is also a dual way to write the elements of G,. Namely, for an element (o, t] € G,
consider 8 = x (t)a € G,. Then t- 3 = (0,t](8,1] = (x(¢)5,t] = (a,t]. Thus for any
element g € G, we have two decompositions

g=(a,t]=a-t=1[t,p)=t-p.
The dual multiplication rule is
[t.8)-[t',8") = [tt',x(t) "' B+ B).

The group G, is commutative if and only if x = 0. Let us denote the center of a group G
by Z(G).

Lemma 1. If x # 0, then Z(G,) = {0} x Ker x.
Proof. Let (a,t] € Z(Gy), i.e.

(a+x(@), tt'] = (x(t)a + o, 't] (3)
for any o € G, and t' € T. Since there exists t' € T with x(¢') # 1, condition (3) for

o' = 0,1 implies & = 0 and x(¢) = 1. Conversely, for (o, t] € {0} x Ker x equation (3) turns
into (o, tt'] = (o, t't]. O

Definition 2. A group embedding of an algebraic group G is an irreducible algebraic va-
riety X with an open embedding G < X such that the action of G x G on G by left and
right multiplication can be extended to an action of G x G on X.

If X is a monoid, then G(X) < X is a group embedding. For affine monoids the
converse is also true, i.e. if X is an affine group embedding of GG, then the multiplication
on G extends to a multiplication X x X — X in such a way that G is the group G(X) of
invertible elements of X, see [21, Theorem 1] for characteristic zero and |18, Proposition 1|
for the general case.

Recall that a normal irreducible algebraic variety is called toric if it admits an effective
action of an algebraic torus T with an open orbit, see |8, 12, 14]. In other words, a toric
variety is a group embedding of an algebraic torus. The main result of this section is the
following statement.

Proposition 1. Any affine monoid X of corank one is a toric variety. Moreover, the group
of invertible elements G(X) is invariant with respect to the acting torus T.

Proof. If x = 0, then G, is commutative and the result follows from [2, Theorem 2 and
Lemma 2|.

Let x # 0. First consider the actions of GG, on itself by left and right multiplication. Let
a group homomorphism 6: T' x T' — Aut(G,,) be defined by

0(t1:12)(9) = tagty "
An element (t1,t3) € T x T belongs to the kernel of 6 if and only if (¢;,%) belongs to
the diagonal of the center diag Z(G,) = {(9,9) | ¢ € Z(G,)} € G x Gy. By Lemma 1,
Z(Gy) = {0} x Ker x € G, AT, so Ker# = diag Ker x. Since 7" x T is a torus, the image

T =1Im6é C Aut(G,)
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is a torus as well. It is isomorphic to (T' x T')/ diag Ker y, so the torus T has dimension
dmT=mn—-1)+n—-1)—(n—2)=n.

Thus we have an effective action of T on G, coming from left and right multiplications
of G, on itself. By definition of a group embedding, this action can be extended to the
action on X, so there exists an effective action of T on X. It is known that any effective
action of a torus of dimension coinciding with the dimension of a variety has an open orbit,
see |9, Corollaire 1, P. 521]. We have dim T = dim G,, = dim X = n, so both actions of T
on G, and X have an open orbit. O

The idea of the following generalization of Proposition 1 was proposed by Sergey Gorchin-
skiy and Constantin Shramov. Consider a solvable monoid X, i.e. a monoid with a solvable
group of invertible elements G(X). Then G(X) = U X\ T, where T is a torus and U is the
unipotent radical of G(X). In some cases it can be proved that X is toric as well.

Namely, let the multiplication in a semidirect product G = U X T be given by a homo-
morphism ¢: T'— Aut(U):

(u, ] - (', ] = (w- () (), 2], w' €U, 1" eT.

Definition 3. This semidirect product is called active if dim7T 4+ dimImy = dim G or,
equivalently, dimIm ¢ = dim U.

Example 1. Any connected affine algebraic group of corank one is solvable, and the semidi-
rect product G, = G, X\ T is active if and only if y # 0.

Since U is a unipotent group, it is isomorphic to a vector space as an algebraic variety.
Let us prove that we can choose coordinates in U in such a way that 7" acts on U linearly.

Lemma 2. There are coordinates in U such that (T) C GL(U).

Proof. For G = U X\T and its Lie algebra g = u & t, consider the conjugation
¥ G — Awt(G),  ¥(9)(d) =999,

and the adjoint representation
Ad: G — Aut(g), Ad(g) = dy(g).
Since U is normal in G, we have restrictions
: T — Aut(U) and Ad: T — Aut(u) C GL(u).

It is known that the exponential map exp: u — U is bijective and commutes with the
differential, i.e. expo(t) = Ad(t) o exp for any t € T'. So exp takes coordinates on u to U
in such a way that ¢ (t) € GL(U) for any ¢t € T O

So one may assume that ¥ (t) = diag(x1(t), ..., xx(t)) € GL(U), where x;, 1 <1i < k, are
characters of the torus 7. In these terms, the semidirect product is active if and only if x;
are linearly independent.

Example 2. Notice that dimIm < dim 7', so for an active semidirect product there is a

necessary condition dim 7" > % dim G. For example, the solvable group B of upper triangular

n X n matrices is the semidirect product of the group of unitriangular matrices U and the
n(n+1)

torus of diagonal matrices T'. It is not active for n > 3 since dimT" =n < %dim G=—7-.

For n = 3 we have dim7T = 3 = %dim B, however, the semidirect product is not active as
well since v (diag(t;, s, t3)) acts on U with linear dependent characters ¢, ", #1157, tot3 .
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Example 3. The group

ty 0 ... 0 Uq
0O to ... 0 Ug
G = e e Ky e K
0 0 ... th—1 Up—
o 0 ... 0 tn

is an active semidirect product of the group U of unitriangular matrices of G and the torus
of diagonal matrices T since (1) C GL(U) is generated by linearly independent characters
tt,t ottt

Proposition 2. Any solvable affine monoid X with active group of invertible elements is
a toric variety. Moreover, the group of invertible elements G(X) is invariant with respect
to the acting torus T.

Proof. Following the proof of Proposition 1, consider the map 6: T'x T'— Aut(G) and the
torus T =Im 6. An element (¢;,t2) € T x T belongs to Ker§ if and only if t; =, € Z(G).
Notice that ¢t = (0,¢] € Z(G) if and only if ¢ € Ker . Indeed, if (¢(¢)(u'), tt'] = (v, t't] for
any v € U, t € T, then 9(t) = id. So Ker = diag Ker 1.

Since dim 7"+ dim Im ¥ = dim G, the torus T has dimension

dim(T x T) —dimKer = dim7 + dim 7T — (dim 7" — dimIm ¢)) = dim G = dim X.
As above, it follows that the action of T has an open orbit on G(X) and X. O

It would be interesting to investigate affine algebraic monoids with an arbitrary active
group of invertible elements, and we plan to do it in a further publication. In this article,
we concentrate on affine monoids of corank one.

3. PRELIMINARIES ON TORIC VARIETIES

3.1. Polyhedral cones of an affine toric variety. Let us recall basic facts on affine toric
varieties; see, for example, [12, Section 1.3]. Let N be a lattice of rank n, Ng = N ®z Q be
the rational vector space of dimension n, and o C Ng be a strongly convex polyhedral cone.
Below we give a construction of an affine toric variety X, of dimension n corresponding to
the cone o. It is known that all affine toric varieties arise in this way.

Let M = Hom(N,Z) be the dual lattice, Mg = M ®z Q be the corresponding rational
vector space, and (-, -): Ng x Mg — Q be the natural pairing. We can consider M as
the lattice of characters of a torus T = Hom(M,K*) of dimension n; for a lattice element
u e M, let x*: T — K* be the corresponding character. Then the dual lattice N is
identified with the lattice of one-parameter subgroups of the torus T = N ®7;K*. Consider
the polyhedral cone ¢V dual to the cone o:

o' ={u€ Mg | (v,u) >0 forall veoc}.

Then ¢V is a cone of full dimension, S, = M N ¢V is a finitely generated semigroup with
7S, = M, and K[S,] = @ Kx* is a finitely generated K-algebra. We define X, as the

UESs
spectrum of the algebra K[S,].

Consider K as a semigroup with respect to multiplication. Any semigroup homomor-
phism S, — K defines an algebra homomorphism K[X,] — K, which corresponds to a
point in X,. Conversely, any point in X, is defined by some semigroup homomorphism
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S, — K. The torus T can be identified with the subset Xy of X, as the restrictions of
group homomorphisms M — K* to semigroup homomorphisms S, — K.

In fact, X is open in X,, so any character x" of the torus T can be identified with a
rational function on X,. We have the decomposition

K[X,] = PKx". (4)
UESs
Let an element ¢ of the torus T act on x* by multiplication by x*(¢). This defines the action
of T on K[X,] and hence the action of T on X,.

3.2. Faces and toric open subsets. Recall that a face of a cone is the intersection of the
cone with a supporting hyperplane. There is a bijection between faces of the dual cones o
and oV: for any k-dimensional face 7 of the cone o the set

N’ ={ue Mg|{vu)=0 Yver}no’

is an (n — k)-dimensional face of ¢V, and, conversely, for any face v of the cone o" of
dimension k the set y* N ¢ is a face of o of dimension n — k. Faces of dimension one are
called rays, and faces of codimension one are called facets.

Any homomorphism of semigroups S, — S, defines a homomorphism K[S,] — K[S,/] of
algebras and a morphism Spec K[S,.] — SpecK[S,]. In particular, if 7 C o, then S, D S,,
which determines a morphism X, — X,. It can be proved that the morphism X, — X,
is an open embedding if and only if 7 is a face of the cone o. Moreover, in this case
S, = Sy + Zso(—'), where v/ € M and 7 = o Nu't, or, equivalently, v’ € M is from the
relative interior of the dual face 7 N " of the cone ¢¥. Then K[S,] is the localization of
K[S,] at x*, which determines an embedding X, C X, as a principal open subset. In terms
of semigroup homomorphisms, X, consists of points S, — K such that the image of v is
nonzero, or, equivalently, the image of any «' € M from the relative interior of 7 N oV is
nonzero. In particular, for all faces 7 of o, the actions of T on X, defined in subsection 3.1
are compatible and have the open orbit is X,.

3.3. Torus orbits. It is known that T-orbits on X, correspond to faces of the cone o,
see [12, Section 3.1]. More precisely, for a face 7 C o denote by x, the distinguished point
in X, given by the following semigroup homomorphism S, — K:

1 ifuertt
u — .
0 otherwise.

By O, we denote the T-orbit of the point x,; it has dimension n — dim7. In terms of
semigroup homomorphisms it consists of homomorphisms S, — K such that

K< if u € 7+,
U — ]
0 otherwise.

It is known thatill orbits of T on X, are of the form O, for a face 7 of . If v is a face
of 7, then O, C O,,. For more details, see |7, Theorem 3.2.6]|.

3.4. Locally nilpotent derivations, G,-actions, and Demazure roots. For an alge-
bra A, a linear operator 0: A — A is a derivation if it satisfies the Leibniz rule:

6(fg) =0(f)g+ folg)

for any f,g € A. A derivation ¢ is called locally nilpotent (LND) if for any f € A there
exists a number n € Z-q such that 6”(f) = 0. The exponential map defines a bijection
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between locally nilpotent derivations on an algebra A and rational G,-actions on A, see [11,
Section 1.5]. More precisely, an LND 6 on A defines the G,-action a - f = exp(ad)(f) for
a € G, f € A; conversely, given an action ¢: G, x A — A, (o, f) — « - f, we can recover
the LND ¢ as (%) la=o. For an affine algebraic variety X, G,-actions on X are in bijection
with G,-actions on K[X], and so with LNDs on the algebra K[X].

Let A = @ A, be graded by a semigroup S. A derivation 6: A — A is called homoge-
uesS
neous if it maps homogeneous elements to homogeneous ones. It follows from the Leibniz

rule that, for a domain A, a homogeneous derivation has the degree degd € ZS such that
0(Ay) € Aytdegs for any u € S.

Let X, be an affine toric variety, and let p;, € N, 1 <7 < m, be primitive vectors on the
rays of the cone 0. For any 1 < ¢ < m, denote

R, ={eec M| (p,e)=—1, (pj,e) >0 forall j #1i, 1<j<m}.
The elements of the set R = | | R, are called the Demazure roots of the toric variety X,.

1<i<m
It is easy to see that if e € R;, v is a face of o, and e € 4+, then the cone generated by v
and p; is a face of o as well.

Demazure roots of X, are in one-to-one correspondence with nonzero homogeneous LNDs
on the algebra K[X,| with respect to grading (4) up to proportionality. Homogeneous LNDs
on K[X,| are, in turn, in one-to-one correspondence with G,-actions on X, normalized
by the acting torus T, see [13, Theorem 2.7|. A Demazure root e is the degree of the
corresponding LND, and the action of the torus T on G, by conjugation is the multiplication

by x°.

4. CLASSIFICATION RESULTS

Let X be an affine monoid with multiplication X x X — X. The dual homomorphism
of algebras of regular functions is the comultiplication K[X| — K[X] ® K[X]. The co-
multiplication determines the multiplication, so affine monoids can be described in these
terms.

Let us formulate the main result.

Theorem 1. Let X be an affine monoid of corank one. Then X = X, is toric, and the
comultiplication K[X,] — K[X,] ® K[X,] has the form

Xu — Xu ® Xu (1 ® Xel + Xeg ® 1)<p,u)’ (5)

where K[ X,] = @ Kx" as in equation (4), p is the primitive vector on a ray of the cone o,
uESo—
and ey, ey are Demazure roots corresponding to p. Conversely, for any affine toric vari-

ety X5, any primitive vector p on a ray of the cone o, and any Demazure roots eq, e
corresponding to the same p, formula (5) defines a monoid structure of corank one on X,.
The group of invertible elements is the toric open subset X, C X, isomorphic to the

group G, for x = x“*~ .

Remark 1. Consider an automorphism of the lattice NV such that the corresponding auto-
morphism of the vector space Ny preserves the cone o. Let e, map to e, under the dual
automorphism of the lattice M, where e;, k = 1,2, are two Demazure roots corresponding
to the same ray of 0. Then two monoid structures on X, given by e;, e; and by €], €}, are
isomorphic.
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Example 4. Let us find all monoid structures of rank 2 on the quadratic cone

X = {vw = 2t} C A%,
see |10, Example 5| for the commutative case. It is an affine toric variety given by the
cone o with p; = (1,0,0), po = (0,1,0), p3 = (1,0,1), and py = (0,1,1), see Figure 1.
Indeed, the semigroup S, = M N ¢V is generated by vectors (1,0,0), (0,1,0), (0,0,1),
and (1,1, —1); for the functions v = Y100 4 = yO10) 5 = OO0 "and ¢ = YLL7D | we
obtain K[X] = K[v,w, z,t] with relation vw = zt. All vectors p; are equivalent up to an

N l K. M
0,0/1) A :
pa=(0,1,1) (©.0f1 : Ry
ps = (1’0’ 1) p2 = (0,1,0) >
> (0,1,0)

> (1,0,0)
/\{p1 =399 1,1,-1)
| o’

FIGURE 1. The cones of X in Example 4.

automorphism of the lattice N, let p = p;. The set of corresponding Demazure roots equals
9%1 — {(—171{?,[) | k? 6 Z)O,l G Z>0}7
take e; = (—1,ky,(l1) and es = (—1, ko, l5). According to Theorem 1, the product of x,y € X
is defined by the formula
X“(x % y) = X"“(2)x"(y) (X (y) + x* ()P,

l.e.

(U:wwzu Z$7t$) * (Uy’wlﬁzlﬂty) =

_ k1 11 ko o ki+1 _01—1 ko+1 _lo—1
= (Vow,' 2z} + VW7 27, Wy, Za2y, w2 T w2 T,
The proof of Theorem 1 is given in the next section. Let us specialize the result to the
case of affine space.

Theorem 2. Any monoid structure of corank one on A™ up to a polynomial change of
variables is given by

(1, @n) * (Y1 ey Un) = (T1Y1s ooy T 1Yno1, TP T Y + yi’l .. .yz*ffxn),

where ay,...,ap_1,b1,...,bp_1 € Z>y.

Proof. According to |5] one can assume that the toric structure on A" from Theorem 1 is
given by diagonal matrices. The cones ¢ C Ny and 0¥ C Mg of the affine space A" are
the positive octants in the corresponding rational vector spaces. Since all rays of o are
equivalent up to automorphism, we can consider only one ray p with the primitive vector
p=(0,...,0,1) € N. It remains to choose two Demazure roots e; = (by,...,b,_1,—1),
es = (ag,...,an_1,—1), a1,...,an_1,b1,...,bh_1 € Z>p, and use formula (5) for all basis
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vectors u = wu;, corresponding to coordinates x; on A", 1 < i< n. Forl <:1<n—1, we
have x“i(z xy) = x“(z)x" (y) = z;y;, and for i = n we obtain

Un, Un Un e e _ by — — a Ay — —
X (2 k) = X" (@)X (1) (" (y) + X2(@)) = 2oy (U7 -y Syt 2l ).

t

5. PROOF OF THEOREM 1

The proof is divided into four subsections below. The first three subsections contain the
proof of the direct implication of the theorem, and the last subsection provides the converse
implication.

5.1. Preliminary results. Let X be an affine monoid of corank one. By Proposition 1,
the variety X is toric with respect to the torus T, and the open subset G, C X is invariant
with respect to T, i.e. is a toric variety as well. Let X = X, for a cone ¢ C Ng and
G, = X, for a cone p C Ng. As an algebraic variety, the group G, = G, X\ T is isomorphic
to the direct product of the line G, and the torus 7. Then the cone p C Ny is a ray and
the dual cone p¥ C My is a halfspace.

Notice that the inclusion G, = X, — X = X, restricts to the identity map on the open
orbit of the torus action. So it comes from the inclusion of semigroups S, C S, and of
cones p — o as in subsection 3.2. Since X, C X, is an open embedding, the cone p is a
face of the cone o, see subsection 3.2. So p is a ray of the cone o.

The action of T =Im 6 on G, comes from left and right multiplications of 7" on G,, see
Proposition 1. If we act on a point (a,t] € G, by an element 0(t1,t3) € T, t1,t2 € T, we
obtain a point

0(t1,t2) (e, 1]) = (0, 0a] (. 1)(0, £ 7] = (x(tr)ax, tatty ). (6)
Notice that x(t1) = x(#}) does not depend on a choice of a representative (tq,ts) =
0(ty,t,) € T since Kerf = diagKer x. So 6(t1,t2) — x(t1) is a character of T. It follows
that the coordinate function a € K[G,] is homogeneous with respect to grading (4) corre-
sponding to the action of T. The function 8 = x!(t)a € K[G,] is homogeneous as well.
Multiplying @ and 8 by an appropriate scalar we may assume that & = x® and 8 = x° for
some a,b € S,. Notice that a € K[G,] and 1/a ¢ K[G,], whence a € S, does not belong
to the face pt, i.e. (p,a) > 0.

5.2. Comultiplication on K[G,]|. Let G be the group of invertible elements in X. Then
G is open in X, the algebra K[X] is a subalgebra of K[G], and the comultiplication on
K[X] is the restriction of the comultiplication K[G] — K|G]| ® K[G] corresponding to the
multiplication in the group G.

Therefore, we are interested in the comultiplication on K[G,].
Lemma 3. The comultiplication K|G,] — K[G,] ® K[G,] is given by
X=X eyt (1leat + 87 e1)Pw, (7)
where v € S, and K[G,]| = @ Kx".

ueS,
Proof. Consider the orbits of the action of the torus T on X, = G, = G, X\ T. The cone p

has two faces 0 and p, so according to subsection 3.3 there are two orbits X, = Oy U O,.
By formula (6), we see that Oy = {a # 0} is the open orbit and O, = {a = 0} = T is
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its complement. The torus Hom(M (p), K*) for the sublattice M(p) = p= N M in M is
identified with O,, so K[T] = K[M(p)].

Since K[G,] = K[T'][e], the semigroup S, is generated by the lattice M(p) and a € S,
where a = x®. Notice that (p,u; + us) = (p,ur) + (p, uz) and x"“1 742 = xy*“1x¥2. Then it is
sufficient to check formula (7) for u € M(p) and for u = a.

For u € M(p) we obtain x* — x* ® x* since x* € K[T| are multiplied as characters
in T" C G,. Notice that for u € M(p) formula (7) also turns into x* — x* ® x* since
(p,u) = 0.

By equation (2) we also have @ — a ® 1 + x(t) ® a. Let us check that it coincides with
formula (7) for x* = a, i.e. for u = a. Notice that

a®l+yt)@a=axa(lea +x(tHat®1),

where x(t)a=! = B71. The exponent (p,a) is equal to 1 since the sublattice M(p) =
{ue M| (p,u) = 0} and the element a € p" generate a semigroup S, in M such that
7S, = M. O

5.3. Derivations and Demazure roots. By Lemma 3, the comultiplication on K[X,] is
the restriction of the comultiplication on K[G,], see equation (7):

X' xtextlea !+ o P

Denote e; = —a and e5 = —b, where @ = x* and 8 = %, a,b € S,. We have seen in the
proof of Lemma 3 that (p,a) =1, so (p,e;) = —1. In the same way (p, e3) = —1.
Consider two G,-actions on G, coming from left and right multiplication by G, C G,:

Gq X GX — Gx’ o - (ay t] = (O/—f—a’ t];
Gy x G, = Gy, [t,0) B=1t0+0).

To obtain the corresponding LNDs on K[G,| = K[T|[a] = K[T[B], we differentiate dual
actions of G, on K[G,] at o =0 and ' = 0:
d d
—; O = —.
do dp

Left and right multiplications on G, can be extended to X,. Since the algebra K[X,]| is
invariant with respect to the action by left and right multiplication, the algebra K[X,] is

also invariant with respect to derivations §; and d,. Notice that 6; and J, are homogeneous
LNDs on K[X] with respect to the grading K[X,] = @ Kx* with degrees e; and e,

UESU
respectively, since @™ = x°* and B~ = y°2. It follows that e; and ey are Demazure roots
of X,. Since (p,e1) = (p,e2) = —1, they correspond to the ray p. Thus we proved that the
comultiplication on K[X,]| is given by formula (5).

o =

1

5.4. The inverse implication. First let us provide the proof of the following lemma.

Lemma 4. Let G be an affine algebraic group and G — X be an open embedding into an
affine algebraic variety X. Let p: K|G] — K[G] ® K[G] be the comultiplication on K[G]
and p(K[X]) C K[X] @ K[X]. Then the restriction of u to K[X] defines a comultiplication
on K[X] that corresponds to some monoid structure on X.

Proof. 1f pn(K[X]) C K[X] ® K[X], then the dual map X x X — X is a morphism, which
restricts to the group multiplication G x G — G. Since the former is associative and admits
a unity, the same holds for X x X — X. 0
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Now let X, be an affine toric variety, p be the primitive vector on a ray p of the cone
o C Ny, and e1,e; € M be Demazure roots corresponding to p. Iirst let us prove that
formula (5) defines a map to K[X,] ® K[X,]. We have

oo
~—

XX lexT HxEe ) = Y (<p7z'u>> XXt (
it+j=(pu)
Notice that, according to the definition of a Demazure root, (p,u + ies) = (p,u) —i > 0,
and for the primitive vector p’ on any other ray of the cone o we have (p',u + ies) =
(p/,u) +i(p/,ea) = 040 =0 as well. So xy*"2 € K[X,]. Similarly, x“** € K[X,].
Consider the natural open embedding of the toric variety X, with the cone p into X,
see subsection 3.2. Let us show that the unity of the given multiplication is the point z,,
see subsection 3.3. Recall that by the definition of this point for u € S, we have x*(z,) =1
if u € pt and x“(z,) = 0 otherwise. Suppose z € X,,, u € S,. Then

u b, u u+te u+je u

Clara) = 3 () o) - o)
7;+j:<P,'U4>

Indeed, the last equality holds since (p,u + je;) = 0 if and only if j = (p, u).

Let us prove that the set of invertible elements in the monoid X, is a subset of X,,.
Consider a point z € X, and assume that there exists the inverse y = x=! € X,,. Then for
any u € S, in the relative interior of the facet p= N " we have (p,u) = 0, so formula (8)
gives

X“(zxy) = x"(z)x"(y),

. 1 ifue ph,
€T pry
X p> {0 otherwise.

that has to equal 1 since

So x“(r) € KX if u is in the relative interior of the facet p= N V. According to the
description of the open subset X, in subsection 3.2, we obtain z € X,.

Finally, since ej, ey are Demazure roots with (p,e;) = (p,eq) = —1, it follows that
—ey1, —ez € pY, so the characters o := x ™ and f := x~° are regular functions on X,. The
restriction of comultiplication (5) to the open subset X, coincides with formula (7), so all
points in X, are invertible and X, = G, where x = a/B. Thus X, is a monoid with the
group of invertible elements X, of corank one by Lemma 4. This completes the proof of
Theorem 1.

6. IDEMPOTENT ELEMENTS

The classification of affine monoids of corank one from Theorem 1 allows us to study
algebraic properties of such monoids.

Let us give the classification of idempotents in X, i.e. elements x € X such that zxx = x.

Theorem 3. In the notation of Theorem 1, for any face v of the cone o the set of idem-
potents I, in the orbit O, in X is as follows:

(a) E, = {z,} if p is a ray of y;

(b) E, =@ if p is not a ray of vy and ey, es ¢ v*;

(¢c) E, =@ if p is not a ray of v and ey, e € y*;

(d) E,=0,N {x*=1 Yu € cone(y, p)= N S,} otherwise.
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Remark 2. Let e be a Demazure root corresponding to the ray p of the cone o, which is
not a ray of the cone v, and e € y*. Then cone(, p) is a face of o, see subsection 3.4.

A proof of Theorem 3 is given at the end of this section.
Example 5. Let X = A? and the multiplication be given by formula
(z1,22) * (y1,92) = (T1y1, 27Y2 +T2), a > 0.

Denote a basis of N by s1, so. According to the proof of Theorem 2, the monoid corresponds
to the cone o = cone(sy, $2), the ray p with the primitive vector p = s, € N and Demazure
roots e; = (a,—1) € M, e5 = (0, —1) € M, see Figure 2.

N p M 1 A’ |E, =0,
o Y \ Y )
o
Oo
p = S92 ug pJ- EU _ O” Op
0| st Y 0] " oer = (a,—1) (0,0) (1,0) € E,
e = (0,—-1)

FIGURE 2. The cones, T-orbits, and idempotents in X in Example 5.

The cone o has four faces 0, p, v = cone(s), and o. According to Theorem 3, idempo-
tents in X belong to toric orbits O,, O, in item (a), and O, in item (d). In O, and O, we
obtain idempotents z, = (1,0) and z, = (0,0). The set E, of idempotents in O, is given
by equations y* = 1 for u € cone(y, p)* = 0, whence E, = O,. So the set of idempotents
consists of the line (0,x3), xo € K, and the point (1,0). It coincides with the solutions of
(21, 2fws + @2) = (21, 22).

Example 6. Let X = A* and the multiplication rule be as follows:

T1,T2,T3,T4) * \Y1,Y2,Y3,Ys) = (T1Y1, T2Y2, T3Y3, T3Ys T Y2Y3T4), a,0,C .
( ) * ( )= ( §ys + Y3y5T4) b,c>0. (9)

Denote a basis of N by s;, 1 < i < 4. According to the proof of Theorem 2, the monoid cor-
responds to the cone o = cone(sy, $a, 3, S4), the ray p with the primitive vector p = s4 € N,
and Demazure roots e; = (0,b,¢,—1) € M, e; = (0,0,a,—1) € M.

For any subset I C {1,2,3,4}, consider the face v = y(I) = cone;c; s; of the cone o,
which corresponds to the torus orbit

O, ={(x1,22,23,24) |z, =0if i € [ and x; #01if i ¢ I}.

The point z, € O, is the point with i-th coordinate 0 if ¢ € [ and 1 if ¢ ¢ I. Notice that
e; € v+ if and only if I C {1}, and ey € v+ if and only if I C {1,2}.

Let us find the set of idempotents in an orbit O.,, v = y(I), comparing results of Theo-
rem 3 and direct computations. By equation (9), a point (1, z9, v3,74) € A* is an idem-
potent if

(z3, 25, 23, 23w4 + 252574) = (21, T2, T3, T4). (10)

(a) Let p be a ray of v, i.e. 4 € I (there are eight such cones ). Then by Theorem 3,
there exists exactly one idempotent x, = (x1, 22, 23,0) in O,, where z; = 0if i € I and
x; = 1 otherwise. The same follows from equation (10) under the assumption z4 = 0.
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(b) Let p be not a ray of v and ej,eo & v+, i.e. 4 ¢ I, 3 € I. Then there are no
idempotents in O., by Theorem 3. This agrees with formula (10): from x4 # 0,23 = 0 it
follows that z$xy + zhx5ry = 0 # 24.

(¢) Let p be not a ray of v and ey, ey € v+, i.e. I C {1}. There are no idempotents in
such O, by Theorem 3 as well. Also, from equation (10) and x4, 3,24 # 0 it follows that
To=x3 =1, 14 + 14 = 14, x4 # 0, a contradiction.

(d) Let p be not a ray of v and e; & vt , ey € v+, ie. I C {1,2} and 2 € I. Consider two
possible cases.

(d1) Let I ={1,2}, i.e. O, ={(0,0,23,24) | 3,24 € K*}. Denote by u;, 1 <@ < 4, the
basis of M dual to s;, 1 <7 < 4. The semigroup of integer points in the face

cone(y, p)* MoV = cone(sy, 59, 54)" N cone(uy, us, us, uy) = cone(us)
of the dual cone ¢V is generated by ug, so by Theorem 3 the set of idempotents in O., equals
E,=0,Nn{x*=1 Yu € cone(y,p)" NS, } ={(0,0,1,2,) | 24 € K*}.

This agrees with equation (10), which is equivalent to x3 = 1 under the assumptions
T, = Ty :O, T3, T4 7é0
(d2) Let I = {2}. In the same way we obtain

cone(v, p)- No" = cone(uy, us)

and
E,=0,Nn{x"=1Yuey np-nS,}={(1,0,1,24) | 74 € K*}.
Gathering all cases together, we obtain that the set of idempotents consists of two lines
(0,0,1,z4) and (1,0, 1, x4), x4 € K, and six points

(0,0,0,0),(0,1,0,0), (0,1,1,0), (1,0,0,0), (1,1,0,0), (1,1, 1,0).

It is known that an irreducible commutative algebraic monoid in characteristic zero has a
finite number of idempotents [17, Section 3.5.3, Exercise 16b|. This agrees with our result.

Corollary 1. In the notation of Theorem 1, the number of idempotents in X 1is finite if
and only if ey, ex belong to v+ simultaneously, where v ranges over faces of o such that p is
not a ray of v. In such a case, the number of idempotents equals the number of faces of o
that contain p. In particular, this holds if X s commutative.

Proof. The number of idempotents is finite if and only if case (d) is impossible. If X is
commutative, then e; = e,. OJ

Proof of Theorem 3. Let x € O, be an idempotent in X,. From now on u € S,. First recall
that, according to (8), for any x1, 2y € X, the multiplication is given by

Clarra) = 3 (P ) e ) (1)
i+j=(pu)

Informally, u + ie; and u + iey, 0 < i < (p,u), form two segments in S, between u and the

facet p~ N oV, see Figure 3 below. As i increases, the element u + ie;, k = 1,2, becomes

closer to the facet p~ N oY and not closer to all other facets by the definition of a Demazure

root, see subsection 5.4. In particular, u+ie, € pt if and only if i = (p, u), where k = 1,2.
First consider u € p*, see Figure 3. Then the sum in (11) has only one summand, so for

the idempotent = we have x*“(z) = x“(x * ) = x“(z)x"(x). Thus

x“(r) =0,1 forany u € p*. (12)
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F1GURE 3. The dual cone in four cases of Theorem 3.

Recall that from z € O, it follows that x“(z) # 0 if and only if u € y*.
(a) Let p be a ray of the face v. Then v+ C pt, so, according to the above, we obtain

lifuent
X"(x) =

0 otherwise
Conversely, let us check that * = x., is an idempotent, i.e. x"(z, * z,) = x*(x,) for
any u € S,. If u € pt, then the sum in equation (11) consists of one summand and
XUy * 2y) = X“(z,)x"(2,) = x“(z,) since x“(z,) = 0,1. If u ¢ p*, then the sum in
equation (11) consists of more than one summand, but in each summand u + iey or u + ie;
do not belong to p*, i.e. each summand equals zero. So if u ¢ p*, then x“(z, * x,) =0 =

X" ().

(b) Let p be not a ray of the face v and e1, e, ¢ v, Since e; ¢ v, there exists a ray p
of v with the primitive vector p’ such that (p’,e;) # 0. Moreover, p’ # p since p is not a
ray of 7, so (p',e1) > 0.

Take any u € v+ \ pt. Then for any 1 < j < (p,u) we have (p',u + je;) = j(p',e1) > 0,
so u+je; ¢ v and x*™ (z) = 0. In the same way, x“ 2 (x) = 0 for 1 < i < {p,u). Since
u ¢ pt, it follows that the sum in x%(x x ) has at least two summands and equals zero.
However, x*(z) # 0 since u € y*. Thus there is no idempotents in case (b).

,le. x=ux,.

(¢) Let p be not a ray of the face v and e;, e € 4+, Take u € 4 such that (p,u) = 1.
Such u € S, exists since the rational plane v N{(p, -) = 1} contains a lattice element —e,
so one can find a lattice element in the intersection of this plane and the cone oV as well.
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Then u+ey, u+ey € y-Npt, whence x* (x) = x“*2(x) = 1 and formula (11) gives for
an idempotent x the equation x*“(z) = x*(xxx) = x"(z)+ x"(x). It follows that x*(x) = 0,
which contradicts u € v*.

(d) Let p be not a ray of the face v and e; ¢ 1, es € 4+, From e; ¢ v+ it follows
that there exists a ray of v with the primitive vector p’ such that (p/,e;) > 0, see case (b).
Consider two cases.

Let u ¢ v*. Since p' € v and u € ¢V \ v+, we have

< J < (p,u),
<1 <

i < (p,u),

Wut jer) > 04 (. ex) >0 for any 0
(', u+iey) >0+1i(p,es) 20 for any 0
SO

J < (pu),

u+je; ¢ 4= forany 0 <j <
0<i<(p,u).

u+iey ¢ - for any

Then x*(z) = 0 = x“(z * x) for any u & ~*.
Let u € v+, In this case, we have

(P yu+jer) =0+ e;) >0 forany 1<j<
(P, u+iex) = 0+i(p/,e2) =0 for any 0 <i < (p,u),

l.e.

j < (p,uw),

u+jer ¢yt forany 1 <j<
u+iey € y-  forany 0 < i < (p,u).

Then for x € O, the condition x*(z) = x*(z*z) is equivalent to y*(x) = y*(x)x*FPwe(x),
ie. y“HPwe(r) = 1. Notice that u + (p,u)es € p= Ny = cone(v, p)*, so the condition
yuHPwez () = 1 is equivalent (12). This completes the proof. O

7. GEOMETRY OF THE SET F(X)

Let us take a closer look at the geometric structure of the set of idempotents. Denote
the set of all idempotents in X by E(X). It is closed in X. The set of idempotents E, in
O, in item (d) of Theorem 3 is closed in O, and may be not closed in X. We are going to
prove that the closure of £, in X is the union of E, and one point, which is an idempotent
from item (a) of Theorem 3. Idempotents are also connected with the action of the group
G, x Gy by left and right multiplication, where G, is the group of invertible elements in
the monoid. More precisely, the following statement holds.

Proposition 3. In the notation of Theorems 1 and 3, the following assertions hold.

(a) For any face v of the cone o such that p is not a ray of v and exactly one of
Demazure roots ey, ey belongs to v+

E_'y =FkE,U {xcone(%ﬂ)}'

(b) Irreducible components of the subvariety E(X) do not intersect, each of them is
either a point or is isomorphic to the affine line.

(¢) Any irreducible component of E(X) is a subset of a (Gy x G,)-orbit, and any
(Gy x Gy)-orbit contains at most one irreducible component of E(X).

Before a proof we recall some results of [3]. Let X = X, be an affine toric variety with
an acting torus T, p be the primitive vector on a ray of o, and e be a Demazure root
corresponding to p. Denote by H. the one-parameter subgroup in Aut(X) normalized by
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the torus T and corresponding to e, i.e. to a homogeneous locally nilpotent derivation with
degree e, see subsection 3.4.

In 3, Proposition 2.1] it is proved that any orbit of the group H, in X is either a point or
intersects exactly two T-orbits Oy, Os, where dim O = dim O5+1 and O, C O;. Moreover,
in the latter case

01 N Hel’ = Rpx,
Os N Hex = {pt},

where x is any point in O; and R, = K* is the one-parameter subgroup in Aut(X) given
by the primitive vector p € N. Such a pair of T-orbits (Oy,O,) is called H,-connected.
Recall that there is a one-to-one correspondence between faces 7 of the cone o and T-
orbits O, on X, see subsection 3.3. In |3, Lemma 2.2|, a combinatorial condition on faces
of o corresponding to H.-connected orbits is given. Namely, a pair of T-orbits (O,,,O.,) is
H,-connected if and only if (7, ) < 0, the cone 71 is a facet of 75, and 7, = , N e,

(13)

Proof of Proposition 3. Let v be a face of 0 and e be a Demazure root corresponding to
the ray p of 0. First we are going to note that

p is not a ray of ~,
for a face 7' the pair (O,,0,) is He-connected < 7' = cone(7, p), (14)
e €t

Indeed, if the pair (O,, O,) is H.-connected, then + is a facet of 4/ by [3, Lemma 2.2]|, so
v" = cone(y, p1, . .., p) for some rays p; of o, where p; € v. By [3, Lemma 2.2, v = 7' Ne*
and (7',e) < 0, so (p;,e) < 0. Then according to the definition of a Demazure root
7 = cone(7, p). Also, p is not a ray of « since 7 is a facet of 4/, and v = ' N et implies
e €t

Conversely, let the right-hand side of (14) hold. Then it follows from the definition of a
Demazure root that ' is a face of o, see Remark 2. Since (y,e) = 0 and (p,e) < 0, it is also
easy to see that conditions of |3, Lemma 2.2] hold, so the pair (O,, O,) is H.-connected.

Let 7 be a face from case (d) of Theorem 3. Without loss of generality, one can assume
that e; € v* and e; ¢ 4. Consider the set of idempotents

E,=0,Nn {x*=1 Yu € cone(v,p)*- N S,}.

It is invariant with respect to R, since the action of R, on K[X] is defined by the formula
t-x" = tPWy% and (p,u) = 0 for any u € cone(7y, p)*. So E, is a union of some R,-orbits.

According to (14), the pair (O,,O,/) is H.,-connected. Since H., is unipotent and X
is affine, any H,, -orbit is closed in X, see [15, Section 1.3]. So taking the closure of
any R,-orbit in O, adds one point, which belongs to O./, and gives an H., -orbit by |3,
Proposition 2.1], see equation (13). We apply this to R,-orbits in E.. The set of idempotents
in X is closed, so the added points in O, are idempotents in X as well. However, p is a
ray of the face v/ = cone(y, p), so according to case (a) of Theorem 3 there is exactly
one idempotent x., in O.. It follows that E, consists of one I,-orbit and gives the first
statement of Proposition 3.

The group of invertible elements in X equals G, = G, X\ T, where left and right mul-
tiplications by G, on X correspond to e; and e,. So the orbits of the natural action of
the group Gy, x G, on X are the unions of H, - and H,,-connected T-orbits. So if a face
7 corresponds to case (b) of Theorem 3, then O, is a (G, x G,)-orbit and there is no
idempotents in O,. If a face v corresponds to case (c) of Theorem 3, then O, U Ogone(y,p)
is a (Gy x Gy)-orbit and there is one idempotent Zeone(y,p) in O,. For a face v in case (d),
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O4 U Ocone(r,p) 18 @ (G5, x Gy)-orbit and the set of idempotents in it equals E.,, which is
isomorphic to H, = A'. If 7/ is a face from case (a) such that there is no v from cases (b)
or (d) with 7/ = cone(y, p), then O, is a (G, x G,)-orbit with one idempotent z., in it.
This completes the proof of Proposition 3. 0

Recall that an element O in a monoid X is called the zero if 0 x x = x * 0 = 0 for any
x € X. Clearly, the zero element is unique if it exists. Note that 0 € E(X) and {0} is one
of (G x G,)-orbits, so 0 is an isolated point in £(X) by Proposition 3(c) if it exists.

Proposition 4. In the notation of Theorem 1, the monoid X has zero if and only if o+ = 0

and —ey, —es & 0¥, In such a case, the zero element equals x,.

Proof. An element 0 is a zero element if and only if x“(x * 0) = x*(0 * z) = x*(0) for any
u € S, and z € X. Tt holds for u = 0 since x = 1; let u # 0. Consider the sum

u u [ uyes u , U u+ies utjer
a0 =0 = (e - o 3 () e
i+j=(pu)
J7#0
It equals zero for any x € X if and only if
X“T7(0) =0 forany 0<j < (p,u). (15)

Indeed, for u # 0 the functions y“+®Pwez —1 yv+ie2 0 < i < (p, u), are linearly independent
in K[X] =@, . Kx’. In particular, it follows that

VESy
0 ifus#0
U O — ?
X(0) {1 ifu =0,
ie. 0 = z, and ot = 0, see subsection 3.3. Conversely, the point 0 = z, satisfies

equations (15) if and only if u + ie; # 0 for any 0 < @ < (p,u) and any u € S, \ {0},
which is equivalent to —e; ¢ ¢V. Similarly, x*(0*x) — x*(0) = 0 if and only if 0 = z, and

—E€9 ¢ 0\/. O
Corollary 2. In the notation of Theorem 2, the monoid on A™ admits no zero element if
and only if ap = ... = a,_1 =0 or by = ... = b,_1 = 0. Otherwise, the zero element is
(0,...,0) € A™.

For example, there is no zero element in the monoid from Example 5, while the point
(0,0,0,0) € At is the zero element in Example 6.

Proof. According to the proof of Theorem 2, two Demazure roots are e; = (by,...,b,_1, —1),
es = (at,...,an_1,—1), a1,...,a4y_1,b1,...,bp_1 € Zsg, and o and oV are the positive
octants in Ng and Mg, respectively. Then Proposition 4 implies the required condition. [

8. THE CENTER
Consider the center of a monoid X:
Z(X)={zreX|oxy=yxx Vye X}
We find equations that define Z(X) and study the dimensions of its irreducible components.
Proposition 5. In the notation of Theorem 1, we have

{O_pﬂ {x"Ter = x""2 Yue S, : (p,u) =1} ifeq # es;

Z(X) - X if€1 = €9.
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Remark 3. One can leave only equations Y% ¢ = y% 1€ ywhere
)

{fueS,:(pu)=1}C U(u +5,).

Indeed, for any v € S, the equation y“T¢ = y¥“T¢2 implies yVTuter = yvtutez,

Proof. If e; = ey, then X is commutative; from now on e; # ey. Since the set of invertible
elements G, is dense in X,

Z(X)={reX |zxy=yrz WeG,}={zeX|r=yrxzrxy ' Yyeq,L)
First let us check that for y € G, the inverse element is given by
X“(y—l) — (_1)<P7U>X—“—<P,U>(61+62)(y)’ ues,. (16)

It us easy to see that the map that takes u to the right-hand side of (16) is a homomorphism
of semigroups S, — K*, so formula (16) defines a point z in X. Let us multiply y by z.
According to equation (11),

iy *2) = Hj;pw <<p,iu>) N ()3 ().

For v’ = u+je; we have (p,u’) = (p,u)—j =i and —u'— (p,u')(e1+e3) = —u—ies—(p,u)ey,
SO

X'(yxz)= Y (<p’~u>> (=)' etiee(y)x e e (y) =

i+j=(p,u)

— —(p,u)er <p7u> 1) — 17 if <p7u>:0 — U
X <y>2<>( ) e {07 Ly =X

where z, is a unity in X, see subsections 3.3 and 5.4. Thus y * z = z,, in the same way
z %y = x, whence z =y~ 1.
Now we can calculate x“(y * z * y~1) for u € S,:

X‘yrzxy )= > (<p’-u>> X (y w2 (y ) =

]

]

_ Z (<pau>> (_1)ixu+iez (y % :L,)X—u—ie2—(177u>€1 (y) —

i+j=(p,u)
— (<pau>> <<p> u]{)j - Z) (_1)ixu+i82+keg <y)Xu+ieg+lel (x)X—u—ieg—<p,u)e1 (y) _
1
i+k+l=(p,u)
<p7u>‘ i utie e ea—(p,u)e
- S X e (g e (y) =
itktl=(pu)
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Note that the summand for k = (p,u) equals x"(z)xP"(2=¢1)(y). A point x belongs to
Z(X) if and only if x“(y xx*xy~') — x“(z) = 0 for any y € G,, i.e.

(pyu)—1 (p, )
Xu(x) (X<pyu>(€2761)(y) _ 1)+ Z ( p}g ) (Xu<Xe1 i X@z)(p,u)*k) (m),Xkezf(Pﬂt)m(y) -0

k=0

for any y € G,. By Theorem 1, the set of invertible elements in X equals the open
subset X, = G,. If (p,u) # 0, then the functions xPw(€2=e)(y) — 1 ykez=(pwler () where
0 < k < (p,u) — 1, are linearly independent in K[X,] = @uesp Kxv. If (p,u) # 0, then the
first function is zero and other are linearly independent. So the equations on a point x in
Z(X) are as follows:

X“(z) =0 if (p,u) # 0;
XX = x?)" =0 forl<m< (p,u).

The first line of (17) is equivalent to z € O,, see subsection 3.3. Let us show that the
equation for m = 1 implies all other in the second line of (17). We use induction on m; let
m > 2. For shortness we assume (') = 0if i <0 or ¢ > m. Then

Ul e ea\m m i, u-+tie e
XX =X =) (~>(—1)X+2+l1=

S e

m—1
_ Z (m - 1) ((_1)qu+je2+(m—j)el (= 1)Lyt e m—j=De) - (1g)

(17)

where any summand equals 0 by induction hypothesis_for u+jeg + (m—j—1e.
Moreover, for any u € S, with (p,u) > 1 and = € O,, we have x"*¢ (z) = 0 = x""*(z)
since x*(z) = 0if (p,v) # 0. Thus, we need only equations x“* — xy“*¢ = ( for (p,u) = 1.
[

Corollary 3. In the notation of Theorem 1, we have dim Z(X) = dim X — 2 if X is
noncommutative.

Proof. By Theorem 1, the set of invertible elements in X equals the open subset X, = G,.
The intersection Z(X) N X, is the center Z(G, ) of the group of invertible elements, which
is isomorphic to Ker y for the character x of the torus of dimension dim X —1 by Lemma, 1.
So there exists the irreducible component Z(G,) of Z(X) of dimension dim X — 2.

By Proposition 5, we have Z(X) C O,. Since X, = O, U Oy, any other irreducible
components of Z(X) is a subset of O, \ O, of dimension dimO, — 1 = dim X — 2, see
subsection 3.3. This completes the proof. U

Corollary 4. In the notation of Theorem 2, the center of the monoid on A" equals

ny __ _ al an—1 __ b1 bn—1
Z(A") ={x, =0, 2" ... 2" =2 ... 2"

if the monoid is noncommutative. In particular, all irreducible components of Z(A™) are of
dimension n — 2.
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Proof. We use the notation of the proof of Theorem 2. Notice that for the basis vector
u, = (0,...,0,1) € M and the primitive vector p = (0,...,0,1) € N on the ray p, we
have the inclusion {u € S, : (p,u) = 1} C u, + S,. So, according to Proposition 5 and
Remark 3, the center Z(A") in O, = {x,, = 0} is given by the equation yUrte1 = yuntez,
where e; = (b1,...,b,-1,—1), e2 = (a1,...,a,_1,—1). This gives the required formula. [

Example 7. Let us provide an example of a monoid such that irreducible components of
the center have different dimensions.

Consider the monoid structure on X = {vw = 2t} C A* from Example 4 for Demazure
roots e; = (—1,0,1) and e; = (—1,1,2). Let us find the center using Proposition 5. By
definition,

S,=0"NM={(a,b,c) € M |a,b,a+tc,b+c=>0},
see Figure 1. Substituting a = 0 and a = 1, we obtain two sections {u € S, : (p,u) = 0}
and {u € S, : (p,u) = 1}, see Figure 4. One can see that the latter one is a subset of

(u; + Sy) U (ug + Sy) for uy = (1,0,0) and us = (1,1, —1). Then, according to Remark 3,
the center is defined by

Z(X) =0, n{x"t =x"te i=12}.

{uesS,: (p,u) =0} {ueS,: (pu) =1}

FIGURE 4. The semigroup S, in Example 7 in {a = 0} and {a = 1}.

Recall that X = {vw = 2t} is a quadratic cone of dimension 3, where v = (%0

w = xO) 2 =00 ‘and t = x4, Then

)

x“(z) =0 for any u € S,, (p,u) >0, v=1t=0,
r=(v,w,z,t) € Z(X) & x00D(z) = O (g), o { z=wd?
X(o,l,O) () = X(O’Q’l)(m), w = w’z,

whence Z(X) consists of the hyperbola {v =t =0, wz = 1} of dimension 1 and the point
(0,0,0,0) of dimension 0.

9. INTERPLAY BETWEEN THE CENTER AND IDEMPOTENTS

In this section, we study the connection of the center with the set of idempotents.
Consider the action of the group of invertible elements G, of X on X by conjugation:
Gy x X = X, (g,z) = g*xxxg~'. We call the orbits of this action conjugacy classes of X.
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Proposition 6. In the notation of Theorem 1, let X = X, be an affine monoid of corank
one. Then any irreducible component of E(X) is a conjugacy class of X. In particular,
irreducible components of E(X) that are isomorphic to the affine line do not intersect Z(X),
and isolated points in E(X) belong to Z(X).

Proof. If x € X is an idempotent, then g x z * ¢! is an idempotent as well. So E(X) is
a union of conjugacy classes. Notice also that any conjugacy class is irreducible since the
group G, is connected.

By Proposition 3(b), irreducible components of E(X) do not intersect and any irreducible
component of E(X) is either an isolated point or isomorphic to the affine line. So any
isolated point in £(X) belongs to Z(X). By definition, z € Z(X) if and only if its conjugacy
class is trivial, so it remains to prove that any irreducible component E’ of E(X) such that
E’' =~ A' is one conjugacy class.

Consider a point © € E’. Let us show that z ¢ Z(X). According to the proof of
Proposition 3, x € E, for the face v from item (d) of Theorem 3. Since z € O, we have
x“(z) = 0 for u ¢ v+, and Theorem 3 implies x“(z) = 1 for u € cone(, p)*, where u € S,.
We can assume that e; € v and e, ¢ 1. Consider u € cone(v, p)* = v+ N pt N oY such
that (p,u) = 1. Then x“"*(x) = 1 and x“***(z) = 0 by the above. So z ¢ Z(X) according
to Proposition 5.

Thus, points in £’ = A! have nontrivial conjugacy classes, which do not intersect, are
locally closed as orbits, and are subsets of E’. It is possible only if E’ is one conjugacy
class. 0

Example 8. Let X = A? and the multiplication be (x1,x2) * (y1,v2) = (T1y1, 24y + 2),
where a > 0, see Example 5 and Figure 2. By Corollary 4, we have

Z(X)={z2=0, 2 = 1}.

So the center Z(X) consists of a points (£;,0), where {&,..., &} = V1.
This agrees with Proposition 6: the isolated idempotent (1,0) belongs to Z(X), and the
line of idempotents (0, x2), z2 € K, does not intersect Z(X).

Example 9. Let X = A* and the multiplication be given by formula (9), see Example 6.
According to Corollary 4, we have

Z(X) = {z4 =0, w305 = 5},
Let us find the irreducible components of Z(X), the closure Z(G, ) of the center of the

group of invertible elements, and the set of idempotents E(X). It is clear that Z(G,) is a
subvariety of Z(X) and the unity is the unique idempotent in Z(G, ). We show that in our

example Z(G,) # Z(X), and idempotents can belong to different irreducible components
depending on parameters.

Denote d = ged(b,a — ¢) and v/1 = {&1,...,&}. Then Z(X) has d + 1 two-dimensional
irreducible components; their equations depend on a, b, ¢, see Table 9.

The set of invertible elements equals G, = {21, 22, z3 # 0} and Z(G,) = Z(X)NG,. We
call the plane {z3 = x4 = 0} the external component of Z(X) as it does not intersect G,.

In Figure 5, one can see the illustration in the subspace {xy = 0} if d = 2; suppose
b=4,a—c==x6o0rb=2 a—c=0. Irreducible components of Z(X) have different colors,

the external one is horizontal. Note that Z(G,) is the union of non-external irreducible
components of Z(X). The external component intersects the non-external ones if ¢ < a
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case c < a case ¢c = a case ¢c > a
{1'3:$4:O}U {$3:$4:O}U {[E3:[E4:0}U
b b

Z(X) | U{af = Qs 00 = 03U | Ufzp = &, 24 = 0} U | U{zgas® =&, 24 = 0} U

a—c

, S
U{zd = &axy? 24 = 0} U{zy =&4,24 =0} U{zdxy? =&y, x4 =0}

TABLE 1. Irreducible components of Z(X) in Example 9.

xo =1

b=4,a—c=6 b=2c=a

FIGURE 5. The center and idempotents in X in Example 9 in {z4 = 0}.

or ¢ = a. The group center Z(G, ) is the union of non-external components without the
boundary of Z(G, ), which is colored in black.

Idempotents are figured as small circles, squares and stars. Recall that according to
Example 6 the set of idempotents consists of two lines (0,0,1,z4) and (1,0, 1,x4), 4 € K,
and six isolated points

(0,0,0,0),(0,1,0,0),(0,1,1,0),(1,0,0,0), (1,1,0,0), (1,1,1,0).

In the subspace {z4 = 0} we see six isolated points that belong to Z(X) and two points
of two lines that do not. This agrees with Proposition 6. The distribution of six isolated
points between the irreducible components depends on parameters a, ¢, see Figure 5 and
Table 2.

The number of isolated idempotents ‘ case c < a ‘ case c =a ‘ case c > a

+ In Z(G,) (the unity) 1 1 1
+ On the boundary of Z(G,) 3 3 1
« In Z(X)\ Z(Gy) 2 2 4

TABLE 2. The interplay of E(X), Z(X), and Z(G,) in Example 9.
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