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Ribbon decomposition and twisted Hurwitz numbers

Yurii BurRMAN & Raphaél FESLER

(Recommended by Boris Hasselblatt)

In memoriam S. M. Natanzon

ABsTRACT. Ribbon decomposition is a way to obtain a surface with
boundary (compact, not necessarily oriented) from a collection of disks
by joining them with narrow ribbons attached to segments of the
boundary. Counting ribbon decompositions gives rise to a “twisted”
version of the classical Hurwitz numbers (studied earlier by G. Chapuy
and M. Dolega [2] in a different context) and of the cut-and-join equa-
tion. We also provide an algebraic description of these numbers and
an explicit formula for them in terms of zonal polynomials.

1. Introduction

Twisted Hurwitz numbers. A classical surgery in dimension 2 studies connected sums
of spheres, that is, ways to obtain a compact surface from a collection of spheres by
gluing cylinders to them. In this paper we apply similar techniques to surfaces with
boundary: they are obtained from a collection of disks by gluing rectangles (“ribbons”)
to their boundary. Like with the classical connected sum, to glue a ribbon one is to
choose the orientation of the boundary at both points of gluing, so the ribbon glued
may look twisted or not.

Representation of a surface with boundary as a union of disks with the ribbons attach-
ed will be called its ribbon decomposition. See Figure 3 for examples: the upper picture
is a ribbon decomposition of an annulus, the lower one, of a Moebius band.

Diagonals of ribbons form a graph embedded into the surface (a.k.a. fat graph, rib-
bon graph, combinatorial map, etc.), with all its vertices on the boundary. The edges
adjacent to a given vertex are thus linearly ordered left to right (remember, an orienta-
tion of the boundary near every vertex is chosen); this ordering defines the embedding
of the graph up to homotopy.

Fix a positive integer m and a partition (1; = --- = A;) of the number

def def

n=|A=A1+-+2A;

into s parts. The main object of study in this paper, the twisted Hurwitz numbers hm’ I
have several definitions or models, as we call them. The first one, a topological model,
uses ribbon decompositions. Denote by G, 1 the set of decompositions into m ribbons
of surfaces having boundary of s components containing A4,..., A vertices (endpoints
of ribbon diagonals). Then the twisted Hurwitz number is defined as

ol
(1.1) hya d:f;#em,/l
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Another model for k7, , is algebraic. Consider a fixed-point-free involution
(1.2) T=(0,n+1)2,n+2)...(n,2n)

in the symmetric group Sz,. Its centralizer is isomorphic to the reflection group of
type By. Let 01,...,0, € Sz, be transpositions. A simple analysis (see Section 3 below)
shows that the permutation

def
(1.3) U=01...0,T0m...01T € Sy

is decomposed into independent cycles as u = cic;...csc; where ¢} = TCi_l‘L' for every
i=1,...,s. Denote by §,, ) the set of sequences (01,...,0,,) of m transpositions such
that the cycles cj,..., ¢s of the permutation u of (1.3) have lengths A4,...,15;. We prove
(Theorem 17) that

(1.4) by = %#ﬁm,a.

The third model for h:n , Is algebro-geometric and is due to G.Chapuy and
M. Dotlega [2], who generalized the classical notion of a branched covering to the non-
orientable case. Let N denote a closed surface (compact 2-manifold without bound-
ary, not necessarily orientable), and p : N — N, its orientation cover. Denote by H «
CP'/(z ~Z) = HU {oo} where H < C is the upper half-plane; its closure H is homeomor-
phic to a disk. Let 7 : CP' — H be the quotient map. A continuous map f : N — H is
called [2] a twisted branched covering if there exists a branched covering f : N — CP!
(in the classical sense, a holomorphic map) such that 7 o f = fop, and all the critical
values of f are real. These requirements imply in particular that the ramification profile
of any critical value c € RP! ccp! offhas every part repeated twice: (Ay,Aq,...,45,15),
and degf = 2n is even. In this case we say that the ramification profile of the critical
value 7(c) € dH of the map f: N—-His A= A1,...,Ay).

Twisted branched coverings are split into equivalence classes via right-left equiva-
lence. Denote by ® , 5 the set of equivalence classes of twisted branched coverings hav-
ing m critical values with the ramification profiles 2!'1”~2 and one critical value co with
the ramification profile A. Then

~ 2m
(1.5) A= E#Qmﬂ.

Note that we prove equations (1.4) and (1.5) differently. To prove (1.4) we establish
a direct correspondence = between the sets G,, 3 and £, ) and prove (Theorem 17)
that it is one-to-one. To prove (1.5) we show (Theorems 23 and 25) that the generating
function of the twisted Hurwitz numbers satisfies a PDE of parabolic type called twisted
cut-and-join equation—just like standard Hurwitz numbers, whose generating function
satisfies the “classical” cut-and-join [6]. Cardinalities of the sets © ,, 4 are shown in [2] to
satisfy the same equation (up to a change of variables) with the same initial data, so (1.5)
follows. Finding a direct correspondence between the sets ©, y and &, 4 (or ;1) is a
challenging topic of future research.

Bibliography remarks: real Hurwitz numbers. An involution T : N — N exchanging
the two preimages a, b € p~!(c) of each point ¢ € N makes N a real curve without real
points (a complex curve with an anti-holomorphic fixed-point-free involution). Now
(1.5) allows us to view h;l , as no-real-point real Hurwitz numbers.

Many versions of real Hurwitz numbers have been defined and studied in literature;
the full review of the topic goes far beyond the scope of this article. Let us only mention
the articles [11] by S. Natanzon and [7] by M. Kazarian, S.Lando and S. Natanzon; the
second one contains an appendix re-explaining the results of the first. [11] addresses the



Ribbon decomposition and twisted Hurwitz numbers 3

general case of real Hurwitz numbers: they are the numbers of meromorphic functions
with real critical values on a real curve stratified by position of the critical points (real
or not) and by the orders of the poles; for real critical points some more characteristics
are taken into account. In [7] real curves with maximal (separating) real set are consid-
ered; this is the particular case of [11] opposite to the one studied here. In both articles
a version of the cut-and-join equation for the generating function of the real Hurwitz
numbers is proved; note though that the generating functions here and in [11, 7] are
organized differently, so Theorem 25 below is not a specialization of the cut-and-join
operators there.

There are also some earlier results addressing particular case of real Hurwitz num-
bers: for genus 0 [13, 12] and for generic meromorphic functions (i.e., A = 1" in our
notation) [12, 3]. Newer research also uses tropical technique, see, e.g., [10].

Structure of the paper. The paper contains three main sections in accordance with the
three models described. In the first, “topological” section we study ribbon decomposi-
tions of surfaces with boundary (rigged with marked points) and the graphs (with num-
bered vertices and edges) formed by the diagonals of ribbons. The graphs appear to be
1-skeleta of the surface, and the surface can be retracted to them (Theorem 9); also, the
graphs behave nicely under the orientation cover of the surface (Theorems 11 and 13).

Graph embeddings into oriented surfaces were studied earlier in a number of works
(see [8] for the general theory without boundary, [4] for the disk and [1] for arbitrary
surfaces and embeddings with a connected complement); they are in one-to-one corre-
spondence with sequences of transpositions in the symmetric group. The cyclic struc-
ture of the product of the transpositions describes faces of the graph (i.e., connected
components of its complement). The quantity of graphs with given faces is called a
(classical) Hurwitz number and has been studied intensively during the last decades—
the research involving dozens of authors and hundreds of works; its thorough review is
far outside the scope of this paper. The algebraic model for twisted Hurwitz numbers,
studied in Section 3, is a generalization of this correspondence. The section also con-
tains an explicit formula for the cut-and-join equation (Theorem 25) and for the gener-
ating function of the twisted Hurwitz numbers (Theorem 28).

In the last section we study the notion of the twisted branched covering defined in [2]
and show that they form an algebro-geometric model for twisted Hurwitz numbers.

2. Surgery: a Topological Model for Twisted Hurwitz Numbers

2.1. General definitions.

Definition 1. A decorated-boundary surface (DBS) is a triple (M, (a1, ..., an), (01,...,0,)),
where M is a compact surface (2-manifold) with boundary, ay, ..., a, € 0M are marked
points, and every o; is alocal orientation of 6 M (hence, of M itself, too) in the vicinity of
the point a;, such that

« every connected component of M has nonempty boundary, and
* every connected component of 9M contains at least one point a;.

The DBS M and M’ with the same number 7 of marked points are called equivalent
if there exists a homeomorphism h: M — M’ such that h(a;) = a; and h.(0;) = 0} for all
i =1,...,n. The set of equivalence classes of DBS with n marked points will be denoted
DRBS .
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FIGURE 1. Gluing ribbons

Pick marked points a;,a; € dM, and let €;,¢; € {+,—}. Consider points a;.,a;. € OM
lying near a;, a; and such that the boundary segment a; a; is directed along the orienta-
tion o; if €; = + and opposite to it if £; = —; the same for j. Now take a long narrow rec-
tangle (“a ribbon” henceforth) and glue its short sides to dM as shown in Figure 1. The
result of gluing is homeomorphic to a surface M’ with the boundary M’ 3 ay,..., a,.
The boundary of M’ near a; and a; contains a segment of M (the “old” part) and
a segment of a long side of the ribbon glued (the “new” part); define local orienta-
tions of, 0;. of dM’ near a;, a; so that the orientations of the “old” parts would be pre-
served (see bold curved arrows in Figure 1); for k # i, j take o;c = oy by definition. Now
(M',(ay,...,an),(0},...,0y,)) is a DBS, so we defined a mapping Gli, j1"/ : DBS, —
DR, called ribbon gluing. The ribbon gluing Gli, j1°"¢/ will be called twisted if &; #
€, and non-twisted otherwise; compare the left and the right picture in Figure 1.

The inverse operation is called ribbon removal. To define it, take € € {+,—} and fix a
smooth simple (i.e., not self-intersecting) curve y on M joining a; and a; and transversal
to 0M in its endpoints. Take now a point a;. € OM near a; and a; € dM near a; (note the
subscripts!) such that the segment al-a;. c 0M is directed according to the orientation o;
if € = + and opposite to it if € = —, and consider a “rectangle” II like in Figure 1. Then
M € M\int(I) is homeomorphic to a surface with the boundary M’ 3 ay, ..., a,. Alocal
orientation o} of M’ near a; is defined by the same rule as for the ribbon gluing: o; and
0:. coincide on the intersection M’ N dM near a;; the same for 0;., and also 0}C = oy for
all k # i, j. Now (M', (ay,...,an),(0},...,0},)) is a DBS obtained from the original DBS by
the operation R[y]¢ of ribbon removal.

Remark 2. Local orientations o; and o; of dM define orientations of the normal bundle
to y; we call y non-twisting if the orientations are the same, and twisting otherwise.
Obviously, the segment a; a} is directed along the orientation o; if € = + and y is non-
twisting or £ = — and  is twisting; otherwise a; a;. is directed opposite to o;.

The operation R[y]¢ is a sort of inverse to ribbon gluing due to the following obvious
statement:
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Proposition 3.
(1) Leri,jefl,...,n}, &;,€; € {+,~} andy be a diagonal of the ribbon joining a; and
dj. Then R[Y]EiG[i,j]Ei’gf = id@@yn.
(2) Lery be a simple smooth curve on M joining a; and a;j and transversal to the
boundary, and ¢; € {+,-}. Let€; € {+,—} be defined as € = €; if the curvey is
non-twisting and € j = —&; otherwise. Then Gli, j1*"*I R[y]* = idggy, .

Remark 4. Gluing a ribbon decreases the Euler characteristics of the surface by 1 and
removal, increases it by 1.

2.2. Ribbon decompositions. By Definition 1 every connected component of a DBS
contains a marked point. M € 29.%,, is called stable if every its connected component
either contains at least two marked points or is a disk (with one marked point only).

Denote by E;, € 29.%;, a union of n disks with one marked point on the boundary of
each.

Proposition 5. M € 2%B.%,, is stable if and only if it can be obtained by gluing several
ribbons to Ey,. If M is stable then its Euler characteristics y (M) does not exceed n, and the
number of ribbons is equal to n— y(M).

Proof. If a surface with a ribbon glued has a component with only one marked point
then the gluing left this component intact. So, gluing a ribbon to a stable DBS keeps its
stability, which proves the ‘only if’ part of the proposition (E, is stable by definition).

To prove the ‘if’ part we will need a lemma:

Lemma6. Letn=2. Then for any M € 2B, which is connected and stable but is not
a disk there exists a simple smooth non-separating curvey joining two marked points.

“Nonseparating” here means that the complement of y is connected, too.

Proof of the lemma. M contains at least two marked points. If dM is not connected then
take two marked points on different components of dM and join them with a simple
smooth curve y; such curve is always non-separating.

Let now 0M be connected. Then M is a connected sum of a disk with several handles
and/or Moebius bands. Let S' c M be a circle separating the disk from a handle or from
a Moebius band, and let p, g € S! be two points. There exists a non-separating curve &
inside the handle or the Moebius band joining p and q. Now pick a curve y; joining p
with one marked point and y; joining g with another one. Then the union y d:Efyl uduy?
is non-separating as required. |

Corollary 7. If M € DB.¥,, is stable and M # E,, then there exists a curvey on M such
that M’ cng[y]g(M) is stable (regardless of €).

Proof of the corollary. A stable DBS different from E,, contains a component with two or
more marked points. If this component is a disk then take for y any simple curve joining
these points. If it is not a disk then take for y the non-separating curve of Lemma 6. [J

The proposition is now proved using induction on the Euler characteristic of M. Ev-
ery component of M is a manifold with nonempty bounbdary, so the 2”4 Betti number
of M is zero and y(M) = ho(M) — h (M) < ho(M) < n; the equality is possible only if
M = E,. Let now y(M) = n—m, m > 0. Use Corollary 7 to obtain a curve y in M such
that M’ = R[y]* (M) is stable; by Remark 4 one has y(M') = n— m+ 1, so by the induc-
tion hypothesis M’ can be obtained from Ej,, by gluing m — 1 ribbons. By assertion 2 of
Proposition 3 there exist i, j and € such that M = G[i, j]*¢(M')—so, M can be obtained
by gluing m ribbons. ]
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Let now, again, M € 29.% ,, be obtained by gluing of m ribbons to Ej,:
@D M = Glim, jm™™"m ... Glir, )1 B,

(that’s what we will be calling a ribbon decomposition of M). For every ribbon, draw a
diagonal joining its vertices a;, and aj,, and assign the number k to it. The union of
the diagonals is a graph I' ¢ M with m numbered edges ry, ..., and the marked points
ai,..., an as vertices; we call it a diagonal graph of the ribbon decomposition.

Let a; be amarked point of M, I' € M be a diagonal graph of a ribbon decomposition,
and let /1, ..., ¢ be the numbers of the edges of I having a; as an endpoint, listed left to

right according to the orientation o;; denote ?(a;) aef l1,...,05).

Theorem 8. The diagonal graphT has the following properties:

(1) (embedding) T is embedded: its edges do not intersect one another or the bound-
ary of M except at endpoints.

(2) (anti-unimodality) For every vertex a; the sequence X (a;) = (¢1,...,¢}) is anti-
unimodal: there exists p < k such that 1> - >, <--- < {y.

(3) (twisting rule) In the notation of the above call the edges ¢, ..., Zp negative at the
endpoint a;, and edges €, ..., l i, positive (note that ¢, is both). Then any fwist-
ing edge of T is positive at one of its endpoints and negative at the other one, and
any non-twisting edge is either positive at both endpoints or negative at them.

(4) (retraction) The graphT is a homotopy retract of the surface M.

Proof. Induction by the number m of ribbons; the base m = 0 is obvious. For any m > 0,
let M = Gli,y, jm]f'"&’"M’, and I" ¢ M’ ¢ M be the union of all the edges of I except m.

Assertion 1: the internal points of the edge m lie in the interior of the ribbon r,, =
M\ M’ and thus belong neither to I'” nor to M.

Assertion 2: after gluing the ribbon r,, to M’, the edge m is either the leftmost or the
rightmost of all the edges ending at a;,,. Thus, if #(a;,,) = (¢1,...,¢) then either /1 =m
and ¢y, ..., ¢ is anti-unimodal by the induction hypothesis, or £ = mand ¢y, ..., is
anti-unimodal. In both cases ¢4, ..., ¢} is anti-uninmodal.

Assertion 3 is true for the edges of I' ¢ M’ by the induction hypothesis. Apparently,
this is preserved after the ribbon ry;, is glued. The edge m is the diagonal of r,,;; the long
sides of r, lie in M, and therefore the edge m is adjacent to M at both its endpoints,
from the right for one of them and from the left for the other. This proves assertion 3 for
the edge m, too.

To facilitate induction for assertion 4, we make it a bit stronger: fix, for every 7, a small
segment e; € 0M, a; € e;, and prove that there exists a homotopy retraction f: M — T
such that f(x) = a; forall x € e;.

By the induction hypothesis, such f exists for M’ and I'". W.L.o.g. the ribbon r,, con-
taining a; and a; is glued to M’ so that its short sides lie within the segments e; and
ej. Thus, the induction step is reduced to the following obvious statement: there exists
a homotopy retraction of a rectangle IT onto its diagonal [ab] sending short sides and
small neighborhoods of the points a, b € 011 to the points a and b. (]

Letnow M € 2%.%, and letI' € M be an embedded loopless graph with the vertices
at the marked points of M and the edges numbered 1,..., m. We call I" properly embed-
ded if it satisfies all the assertions of Theorem 8: embedding, anti-unimodality, twisting
rule and retraction. Connected components of the complement M\ M \T will be called
faces; connected components of OM \{a,, ..., a,}, external edges, and connected compo-
nents of I' \ {ay, ..., a,}, internal edges.
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FiGure 2. The open cover of M

Theorem 9. Vertices, edges and faces of a properly embedded graph T form a cell decom-
position of M (as 0-cells, 1-cells and 2-cells, respectively) such that every face is adjacent
to exactly one external edge. The total number of faces is n.

Proof. LetT have k faces fi,..., fr. Cover M with the open subsets shown in Figure 2.
Sets e; (neighborhoods of internal edges) are homeomorphic to disks, b; (neighbor-
hoods of external edges) and v; (neighborhoods of vertices), to half-disks; topology of
faces f; is yet to be described. Connected components of all the nonempty intersections
of the sets (including faces) are homeomorphic to disks or half-disks, too.
The nonempty intersections are:

 2m connected components of f; N e; for all i, j;

e ncomponents of f; N b; forall i, j;

e If; is the valency of the j® vertex of the graph, then there are § j+1 components
of finwv; forall i. The total number of componentsin f;nv;isthus} ;(6;+1) =
2m+m;

e 2m components of e; N v;, forall , j;

 2n components of b; Nv;, forall i, j;

e 4m components of f; ne; N, forall i, j, k;

e 2n components of fi N bj N vg.

Thus the Euler characteristics of M is

k
A=) x(f)+m+n+n-2m—-n-@2m+n)—2m-2n+4m+2n
i=1

k
=) x(fi)—m.
in1

On the other hand, T is a retract of M, so y(M) = y(I') = n— m, hence Z;‘:lx(f,-) = n.
Faces are connected open 2-manifolds, so y(f;) < 1 for every i, and therefore n < k.

Closure of a face is a compact manifold with boundary, so it cannot retract to its
boundary. It means that the boundary of any face is not a subset of the graph and must
contain an external edge. The total number of external edges is n, and an external edge
belongs to the boundary of one face only. This implies n = k and therefore n = k and
x(fi)=1foreveryi=1,...,k.

So each f; is a disk. Its closure contains one external edge and k; internal ones, as
well as vertices, so it is an image of the map Q; from some (k; + 1)-gon to M. Every Q;
sends sides of the polygon to the edges and vertices to vertices, so collectively the Q;,
i=1,...,k, are characteristic maps of a cell decomposition. (|
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Theorem 9 allows us to prove the inverse of Theorem 8:

Theorem 10. Let M € 2B.F ;, be stable and T c M be a properly embedded graph. ThenT
is the diagonal graph of a ribbon decomposition of M.

Proof. Induction by the number m of edges of I'. The base: m = 0 means that I' consists
of n isolated vertices. Since M is a retract of T', one has M = E,,.

Let m > 0. The edge ey, of I joins the vertices a; and a; (necessarily different) and
separates faces f, and f; (which may be the same). By the anti-unimodality, ey, is ad-
jacent to 0M at both a; and a;. Using Theorem 9, consider a characteristic map Q) of
the cell f,,. It maps the side vov; of the polygon to the external edge of f, and the ad-

. . . def
jacent side vy vy, to ey,. Let v’ € vyv; be a point near the vertex vy, a;. = Qp(v’) € OM;

consider the image T}, o Qp( v'v112) € M of the triangle v’ vy v2. Then the union of Ty
and a similar triangle T, < f, is aribbon H having e,, as its diagonal.

Let I be the graph I with the edge e,;, removed. Take ¢ = + if 9M near a; is oriented

towards a;., and € = — otherwise. Then I is embedded into M’ d:efR[e,n]E(M); an imme-

diate check shows that the embedding is proper, so I" is the diagonal graph of a ribbon
decomposition of M’ by the induction hypothesis. By Proposition 3 M can be obtained
by gluing the ribbon H to M’, which finishes the induction. ]

2.3. Oriented case and the orientation cover. A DBS M is called oriented if all the local
orientations o; are consistent with a global orientation of the surface M. For an oriented
M the numbers of marked points read off the components of dM according to the ori-
entation form a cyclic decomposition of some permutation o € S, called the boundary
permutation of M (here and below we denote by S, the permutation group). In other
words, forany k = 1,..., n the marked point adjacent to a; in the positive direction of oM
is ag (k).

It is easy to see that if M is oriented and the gluing G[i, j1°"*/ is non-twisted (¢; = ¢)
then G[i, jI¢"¢1 (M) € DB, is oriented, too. A ribbon decomposition

(2.2) M =Glim, jm)™"...Gli1, 11" E,

Ejy

is called oriented; existence of such means, by obvious induction, that the surface M is
oriented.

Theorem 11. The diagonal graph T of the oriented ribbon decomposition (2.2) has the
following properties (in addition to those granted by Theorem 8):

(1) (vertex monotonicity) For every vertex a; of I' the sequence 2 (a;) = (¢1,...,¢}) is
increasing: {1 <--- < l.

(2) (face monoronicity) For every face f; of I' the numbers {1, ...,¢, of the internal
edges adjacent to it are increasing if the count starts at the (only) external edge of
fi and goes counterclockwise.

(3) (face separation) Every internal edge of T separates two different faces.

(4) (boundary permutation) Let a;,, a;, be endpoints of the edge ey of T', k=1,...,m.
Then the boundary permutation of M is equal to (ip, jm) ... (i1j1) € Sp.

Proof. Vertex monotonicity is a particular case of anti-unimodality of Theorem 8.

If £; and ¢;,, are two internal edges on the boundary of f; sharing an endpoint a
then the orientation of the boundary near a is consistent with the counterclockwise
orientation of f;. Then the vertex monotonicity implies £; < £;.1, which proves face
monotonicity. The face monotonicity implies, in its turn, the face separation: as one
moves around a face, the numbers of the internal edges seen are increasing and there-
fore cannot repeat.
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Let ay, as € 0M be neighboring vertices, that is, the endpoints of an external edge. By
Theorem 9 and the face monotonicity, this is the sole external edge of a face f, its re-
maining sides being internal edges numbered ¢; <--- < ¢), as one moves from ay to as.
Consider an action of S,, on the vertices of M € 22.%,, by permuting their numbers; in
particular, the transposition (i; j;) exchanges the numbers of the vertices joined by the
™ edge of the diagonal graph, leaving the other vertices intact. So, the transposition
(i¢, je,) moves ay to its neighbor at the face f; then the transposition (iy,, jo,) (Where
?, > 01, so it is applied after the first one) moves it to the next vertex of the same face,
etc.; eventually, 0 = (i, j ) ... (i1 j1) moves ag to as = dgi). O

Every manifold M (possibly with boundary) has the orientation cover, uniquely de-
fined up to an obvious isomorphism: it is an oriented manifold M of the same dimen-
sion together with a fixed-point-free smooth involution g~ ‘M—M reversing the orien-
tation and such that M is diffeomorphic to its orbit space.

The quotient map M — M/T = M is a 2-sheeted covering, trivial iff M is oriented. For
2-manifolds with boundary there is

Lemma 12. The orientation covering is trivial over the boundary of a 2-manifold.

Proof. The boundary M and its cover M are unions of circles. If the covering is non-
trivial over the boundary then there is a component C < 0M covered by a 9 -invariant
circle C' c 0M.

A continuous map A: S! — S! has at least |[deg A — 1| fixed points, so the fixed-point-
free map 9 : C' — C’ has degree 1 and therefore, being a covering, preserves orientation.
Since C’ c M, it means that I : M — M also preserves local orientation at every point
a€ C'. ButJ is orientation-reversing everywhere—a contradiction. ]

Let a fixed-point-free involution 7 € S, be defined by (1.2). The notion of an orien-
tation cover can be extended to decorated-boundary surfaces as follows: Me DRBS 2
with the marked points by,..., by, is called the orientation cover of M € 2%.%,, with
the marked points a,...,an if M is oriented and there exists a fixed- point-free smooth
involution 7 : M — M reversing the orientation and such that 9 (by) = by, for all
k=1,...,2n, and also there exists a diffeomorphism p : M3 — M between the orbit
space and M such that p({by, T(k)}) apforallk=1,.

For M € B ,, the surface M and involution I~ M M are uniquely defined; the
marked points are p‘l(al) = {b,-, bis+n} € @M. The numbering of the two points b; and
bi+y, depends on the local orientation o0; of M at a; and is fixed by the following rule: the
mapping p: oM — oM preserves the orientation at b; and reversesitat b, i =1,...,n
Thus, for every M € 298.%,, an orientation cover Me DAB.S >,y is unique.

. . {i, £=+,

Let1<i<nande¢e€{+,-}. Denote i = .

7(i), €=-.
Theorem 13. Let M be a DBS of equation (2.1). Then its orientation cover is
@3)  M=Glig jp ] GL Gl T Gl ] En
The involution I : M — M maps the ribbon r; to the ribbon 1. 1_¢ forall¢ =1,...,2m.

The proofis an obvious induction. See Figure 3 for an example. The Roman numerals
there mean faces, Arabic numbers, vertices, and the circled numbers mark diagonals of
the ribbons.

Proof. Let a; be amarked point of M with & (a;) = (¢1,...,¢ ) where £1>--->{ , <--- </,
and let b;, by(;) € M be its preimages. Use the induction on m to prove the theorem
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i

Ficure 3. Covering of the Moebius band M = G[1,2]**G[2,3]**G[1,3]* " E3
by an annulus

showing simultaneously that 2 (b;) = (m+1-£1,...,m+1-{p,m+{p,1,...,m+¥£;) and
*@(br(i)) = (m+1—€k,...,m+1—€p+1,€p+ m,...,01 +m).

The base m = 0 is obvious. For m > 0 let M = G[i, j]) M, where i, j, €, and § mean
im» jm» €m, and 8y, respectively. If 2y (a;) = (¢1,...,0;) where 01 > - > 0 <--- <l
then P y(a;) = (01,..., 0, m) if e =+ and P(a;) = (m,¥4,...,¢}) if e = —; the same for
a; (depending on ¢ instead of €).

Denote by M’ the orientation cover of M’ and define M by (2.3). By the induction
hypothesis M is a subset of M (a union of all the ribbons except r; and r2,,). Extend
I : M — M to the involution M — M sending r; to ry;, and vice versa; also extend
the homeomorphism p : M'/9” — M’ to a map M/ — M sending r; and rz,, to the
m™ ribbon of M. To complete the proof we are to check that the extended 9~ and p are
continuous on the boundary of the ribbons r1 and ry,.

By the induction hypothesis, 2 (b;) = (m—£1,...,m—{p,lpy1+m—1,...,f+m—1)
and P (briy) =(m—LCp,....m—¥Cp1,0p+m—1,...,01 + m—1). So, if ¢ = + then

Pyb)=m+1-01,...m+1-Cp,lp1+m,... .l +m,2m)
'@f\/]\/(br(i)) = (1,m+1—ﬁk,...,m+1—€p+1,ﬂp+m,...,€1 +m),
and if € = — then
Piibi)=A,m+1-01,....m+1-0p,lp1+m,.... 0L+ m)
Pipbri) =m+1=LCp,...m+1=Cp1,0p+m,....01 +m,2m);
the same for b; and b, j), with 6 instead of €.

Thus, if £ = + then the ribbon r,, is adjacent to r¢, ;, and the ribbon ry, t0 1y11-¢,;
the mt ribbon of M = G[i,j]E‘SM’ is adjacent to the ribbon numbered ¢. By the in-
duction hypothesis, I~ exchanges r¢, 4+, and r,,11-¢,, so the extensions of 5~ and p are
continuous on the “long” sides of r,;, and r; containing b; and b;(;), respectively. The

proof in the case € = — is the same. A similar analysis of 22(b;) and 22 (b)) for 6 = +
and 6 = — shows that 9~ and p are continuous on the other sides of r;,, and r;, too. U
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3. Algebraic Model and Twisted Cut-and-join Equation

3.1. Algebraic preliminaries and twisted Hurwitz numbers. Recall [5] that the reflec-
tion group Bj, is the semidirect product S, x (Z/2Z)" where S, acts on (Z/22)" by per-

muting the factors; it is generated by reflections s;; =40 jyx1and [; ' idx 1; where
def def

1=(,...,1)and 1; = (1,...,-1,...,1) with —1 at the jth place. The group B, can be
embedded into S, as a centralizer C(r) where 7, as above, is defined by (1.2); the iso-

morphism A: C(r) — By, is given by A(0) = A, x (e,...,e7) where

(i) = {0’(1‘), U(l') <n, and Efri) _ {1, U(l-) <n,
o(i)—n, oi)=zn+1 -1, o(i)=n+1.

Let C™ (1) £ {0 € Sy |10 = 077} (a “twisted centralizer” of 7).

Lemma 14. Leto = c;...c;, € C™ (1) where cy,...,cy, are independent cycles. Then for
everyi either

e thereexists j # i suchthatc; = (uy...u) and cj = (t(ug)...7(u1)); or

e ¢; has even length 2k and looks like c; = (uy ... ut(ug) ... T(uy)).

In the first case we say that the cycles ¢; and c¢; are T-symmetric, and in the second
case the cycle c; is 7-self-symmetric.

1 _ / I
= ¢...C, where ¢; =

EC” .. uii)). Once a cycle
1
decomposition is unique, every c; must be equal to some c}. If j # i then ¢; and c; are

T-symmetric, and if j = i then ¢; is 7-self-symmetric. (]

Proof. Let c¢; = (uii)...ug,)) forall i =1,...,m. Then to71~

(T(ui”) ...T(M;Ci?)). On the other side, 0! = ¢ ...cp, where ¢! = (u
1

Theorem 15. There exists a one-to-one correspondence between the following three sets:

(1) The quotient (the set of left cosets) S»,,/ By, where we assume B,, = C(1);

(2) The set B, of permutations o € C™ (1) such that their cycle decomposition con-
tains no 1 -self-symmetric cycles.

(3) The set of fixed-point-free involutions A € So,.

The size of each setis 2n—1)!!=1x3x---x (2n—1).

Proof. To prove the theorem we will construct injective maps1 —2 — 3 — 1.

1 — 2:leto € Sy;, be an element of the coset A € Sy, / By,; take Q(A) o [o, 7] Yorolt.
Since 7 is an involution, one has TQA)T = 1610 ' = Q) ™, s0 QL) e C~(1). If 0’ € A
is another element of the coset then ¢’ = gp where pt = 7p and therefore [0',7] =
aprp‘lo‘lr = Urpp_la_lr = Q(A), so the map Q: S»,/B, — C~ (1) is well-defined.
If Q1) = Q(A') where A, A’ € Sz,,/B, are represented by ¢ and o', respectively, then
o10~ 't = 0't(0")"'7, which is equivalent to (¢")"'oT = 7(0")"'0. So (¢/)"'o € B, and
A=A/, s0 Q is injective.

Prove that actually Q(A) € B,, « C™ (7). Suppose itis not the case, that is, Q(A) contains
a t-self-symmetric cycle ¢ = (uy ... uxt(ug)...7(1y)). It implies that TQ(A) has a fixed
point u = uy. On the other hand, TQ(A1) = (to)t(ro)Lis conjugate to 7 and is therefore
a product of n independent transpositions having no fixed points—a contradiction.

2 — 3: the condition 7o7~! = ¢~! is equivalent to (07)?> = id. If 0 = ¢;¢y...ck then
ot sends every element of the cycle ¢; to an element of its 7-symmetric cycle c¢;. So if
j # i for all i then the involution ot has no fixed points. The map o — o7 is obviously
injective.

3 — 1: if v is a fixed-point-free involution then its cycle decomposition is a product
of n independent transpositions, and therefore ¥ belongs to the same conjugacy class
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inSy,ast: ¥ = oto~! for some o € Sy,,. Denote by R(y) € S,/ B;, the left coset con-
taining 0. The equality 0,707' = 0270, is equivalent to (010;,")7 = 7(0105), that is,
0102‘1 € By,. So the left cosets containing o; and o, are the same and R(y) € S2,,/ B, is
well-defined. If R(y1) = R(y») where y; = 0;70;", i = 1,2, then 0,0, € B, and there-
fore y; = y»; thus, R is an injective map. ]

Fixa partition A = (41,...,Ay), |A| = n, and denote by B} < B;, the set of permutations
whose decomposition into independent cycles consists of s pairs of 7-symmetric cycles
of lengths Ay,..., A,. Apparently, B, = | | Bj.

[Al=n

Proposition 16. B} is a B, -conjugacy class in Szy,.

Proof. Let o = cic}...csc; € By, be the cycle decomposition where c¢; and ¢; are 7-sym-

metric for all i: c;. = TclTlT. Let x € B, thatis, xt = 7x. Then xox ! = xc; x7 1 -x‘rcl’lrx’l-
~+xesx~Lxre; 7 x!. The permutations ¢; = x¢;x~" and & = xc/x~! are cycles of length
Ai, and they are T-symmetric: 7¢;7 = Txcix‘lr = xTciTx‘1 = x(c;.)‘lx‘1 = (6;)‘1. Thus,
xox~'€B].

On the other side, let =1} ... 656y By . Let &= (v} ... v{), s0 &= (). 7(w{")).
Define an element x € S,; such that x(ugi)) = vﬁ” and x(r(ugi))) = T(ugi)). Then xox™! =
6 and xt = 7x (thatis, x € B,). O

Now denote by &, the set of decompositions into m ribbons of the surfaces M €
DB , such that 0M has s components containing 11,...,1; marked points.
Let¥ € G,,,) be aribbon decomposition of M € 298.% ,,. Denote by M € 29%8.%,,, the

orientation cover of M with a ribbon decomposition given by (2.3). Now define Z(%) «

def . . . . .
(01,...,0,) where each o = (zi",],‘z") € Sy, is a transposition; here we are using the
notation of Theorem 13. Denote

Amr Z{©01, o) |Vs=1,...,mag = (is]s), js # T(is),

0102...0,(T0O7)...(T017) € B} }.

Theorem 17. For any A and m the map Z is a one-to-one correspondence between S, 3
and $Hm 2.

Proof. Let 4 € G, ) be a ribbon decomposition of M € 29.%,,. By Theorem 13 the
diagonal of the k™ ribbon in the ribbon decomposition (2.3) of M joins the marked
points numbered i,‘i" and jgk if 1 < k < m and the points numbered z,:’;n"” and j,;i’;;'" if
m+1 < k <2m. Then by Property 4 of Theorem 11 the boundary permutation of M is

0=0102...0(T0,T)...(TO1T);

it has the cyclic type (11,11,...,15,45) by the definition of G, 3. On the other hand,
10T = (1017)...(TOT)0m...01 = 0! because o and 10T are involutions for all k.
Thus, o € B;;, hence o € By, and so Z(¥) € Hm,a.

The map = is obviously one-to-one. (]

Corollary 18. The boundary permutation of the orientation cover MeDBS 2, of any
MeDRBS y, belongs to B;,.

Corollary 19. If the twisted Hurwitz number h', , is defined by equation (1.1) then equal-
ity (1.4) takes place.

Example 20. For m =1, any n = |A| and any transposition o # (i, i + n) the permutation
1 =0707 belongs to By, y11n-2. Now #8); 51 x-2 is the total number of all transpositions
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2n(n-1) _

o € Sy, except (i,i + n), which is %(2n)(2n -D-n=2nn-1). So, by s n-2 = ==

ﬁ and h, 4 = 0 for all other A.

Let m=2, n=|A| =2; here 7 = (13)(24) € S4. The set B; = B, = C(t) < S4 is a union of
two conjugacy classes, B, =1(12)(34), (14)(23)} and By, =feh.

Consider the permutation u = 0102702017 where 01,05 € {(12), (14), (23), (34)}; to-

tally, there are 16 of them. It is easy to see that p = e € B} ), if and only if 02 = 0,
or o, = 7017; the remaining 8 pairs of transpositions (o1,03) give y € B[~21' This gives

~ 1~ _ 8 _
o = ha = 21 =4
For n = 3, m = 2 the calculations (in Sg) are similar but more cumbersome, giving
eventually hy\, |, =Ny, =4and h; 5 =16.

3.2. Twisted cut-and-join operator. Now denote

~ def

(3.1) €,= ) 0eC[B,].
aeB;
(a conjugacy class sum). Also, call the set
ZB)Y

a twisted center of B,,. It is clear that %1 belong to Z(B;,;) and form a basis in it.

Let C[p] be a space of polynomials of the countable set of variables p = (p1, p2,...).
Assume deg py. = k for all k and denote by C[p],, the space of homogeneous polynomials
of degree n. Alinear map ¥ : Z(B,;) — C[pl, defined by

(3.2) Y(€,)=pa = PAy -+ Pag

is obviously an isomorphism of vector spaces.
Define an operator €3~ : Z (B;,) — Z (B;,) by
€I =Y ((po@r().

l<i<j<2n
J#T()

{yeC[B;]l|xyx ' =yV¥YxeB,}

Definition 21. The twisted cut-and-join operator is a linear map € _¢~ : C[pl, — Clpln
making the following diagram commutative:

o
(3.3) ZB:1 -2 71B;]

ol
Clpln 7 Clpln
Let A, u be partitions such that |A| = |u| = n. Take an element o € Bg and consider a
set
Sto;w S {(, P|1=i,j=2n,j#i,70),()o@@T() € B;}.
Proposition 16 implies that for every x € B, and o € B/{ the map (i, j) — (x(i),x(j)) is
a bijection between S(xox~!,u) and S(o, ). So, the size of the set S(o, ) for o € By
depends on A and p only.
We will be using “physical” notation for matrix elements of a linear operator:

CIT(€7) =Lu(A| €T | 1) €.
Theorem 22. (A|€J~|u) = 3#S(0, ) foranyo € B; .

Proof. By definition,
(3.4) CJ (EN= Y € =) Y (poa@dr().

oEBY aeBgls?<j§2n
j#T(d)
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As it was noted above, (3.4) is a sum of identical summands, so

CYEN=#BY, Y, (Noa@r().
7 l<i<j<2n
jET@)
(ipoEdr())eBy;
for any fixed o € B}, and therefore
&y (€)= Z Z Z T
H 1<i<j<2n TEB;
jET@)
(ipoE@T(j)eB;

1
= gg#{(i,j) ‘ J#4,7), ([ oEdT()) € B;}cg; : O

Consider the generating function 4~ (8, p) of the twisted Hurwitz numbers defined
as follows:

3.5) YAIEDY Z l% Prs---PAS™.
mz=0 A
Theorem 23. 7~ satisfies the cut-and-join equatzon =€ g~ (S7).

Proof. Fix a positive integer n and denote by A, a degree n homogeneous component
of #~. The twisted cut-and-join operator preserves the degree, so A~ satisfies the cut-
and-join equation if and only if #,; does (for each n).

Let

nh
G Y Y R " eClSz),
m=02:|Al=n m.

where €’ is defined by (3.1). An elementary combinatorial reasoning gives

ﬁm
Gn=) — (@) (ezn),

m=0 M

where ey, € Sy, is the unit element. Clearly

I (G = 3 —(@N)m“(e W= B ey = L.
m=0 M e (m=1)! op
Applying‘I’one obtains W€3™(4,) = W(5#) = £¥(4,). By 3.2), ¥(4,) = H,;, hence
‘I’(ﬁﬁn) . By the definition of the tw13ted cut-and-join operator, Y¢€J~(¥,) =

<€ 2 (‘P(Cﬁn)) =€ ¢~ (#,), and the equahty =€ ¢~ (S,) follows. |

aﬁ
Corollary 24. #~ (8, p) = exp(fE€_£7) exp(p1)-

Proof. It follows from (1.1) that hg ) = # if A = 1" and hg) = 0 otherwise. Thus,
A7 (0, p) = exp(p1), and the formula follows from Theorem 23. (|

3.3. Explicit formulas. In this section we prove explicit formulas for the cut-and-join
operator (Theorem 25) and for twisted Hurwitz numbers (Theorem 28).

Theorem 25. The twisted cut-an-join operator is given by
€F" =) (i+)pip; O saijp ik +Y k(k-1)p 0
k5 -
i,jz1 " opis +J “Topiop; opj = Opk
62

Z (l+])(PzP]+Pz+]) ZLJPH—]W

i,j=1
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Case 1
j i (i)
i ﬁ ()
Case 2
i (i
j ()
Case 3
i

A>T

FIGURE 4. Terms of €J~

(The two formulas are equivalent because there are k—1 pairs (i, j) such that 7, j = 1 and
i+j=k)

To prove Theorem 25 we calculate explicitly the matrix elements (A |€J~ | u) for all
possible A, p.

Leto € S, and 1 < i < j < n. The cycle structure of the product ¢’ = (i j)o depends
on the cycle structure of o and on i and j as follows: if i and j belong to the same cycle
(x1,...,x¢) of 0 (where i = x1, j = x5,), then ¢’ contains two cycles (x1,...,Xn,-1) and
(Xm,...,Xx¢) instead (“a cut”). If i and j are in different cycles (x1,..., Xy) and (y1,..., Vi)
(where i = x; and j = y;) then o’ contains the cycle (x1,...,Xm, ¥1,..., Yx) instead (“a
join”).

Let now o € By < By where A = 1%412%  p% (in other words, the element o € Sy,
contains a; pairs of 7-symmetric cycles of length sfor s=1,...,n). Let1<i< j<2n, j #
7(i)and o’ & (i)o(z(D)7()) € B, . The cyclic structure of o’ depends on the positions of
i, j, 7(i), 7(j) and on the cycles of o; there are three possible cases shown in Figure 4.

Case 1. Here p is obtained from A by a cut:
p=14 m*L gt g4l pfn s omtk=0,m<k,
or

p=1% . mm*2 el pon m=1{¢]/2.

For a fixed o € B} look for i, j such that ¢’ 5 (ip)o@@r(j) € B;. The element
o contains 2ay cycles of length ¢, so there are 2¢ a, possible positions for i. In ¢’
the elements i and j are in different cycles; if m < k then m may be the length of
either. So if m < k then j should be in the same cycle in o as i, and the distance
between them is either m or k. So there are two possible positions for j once i
is chosen, and (| €3I~ | 1) = 3#S(0, ) = 2ay. If m = k = £/2 then the position
for j is unique and (u|€J~ | 1) = Cay.
Similar calculations are used in Case 2.



16 Yurii BurmaN, Raphaél FESLER

Case 2. Here p is obtained from A by a join:
p=14 ml gl gt pin o omak=0,m<k,
or
p=14. . mm=2 gl pin, m=2¢/2

If m < k then i may belong to the cycle of either length. If i belongs to the
cycle of length m then there are 2ma,, possible positions for it (cf. Case 1) and
2kay positions for j; vice versa if i belongs to the cycle of length k. The matrix
element is then (u| €3~ |1) = 4mkam,ax. If m = k = ¢/2 then i and j belong to
cycles of the same length m; the cycle containing j contains neither i nor 7(i).
Hence there are 4a,, (a,, — 1) possibilities for choosing a pair of cycles to contain
i and j, and m? possible positions for i and j in them. Therefore (u|€J~|A) =
ZmZam(am -1).

Case 3. Here p = A. Like in the previous cases we have 2¢a, possible positions for i and
¢ — 1 positions for j # 7(i) (in the cycle 7-symmetric to the one containing i)
once i is fixed. Thus, (u|€J~|A) =X ,2¢0( - 1)ay.

Proof of Theorem 25. 1t follows from Theorem 22 and Definition 21 that €_¢ p, =
Tu (€3 1) -

For a given A there are three types of u such that (A ‘ ey~ ’u) # 0 listed above. Hence
€ _¢~ is a sum of three terms.

Suppose p is like in Case 1 with m < k. The monomial p, contains pj;" pZ" pZ" and

the monomial p,, contains piy*! pZ"+1 P ! the other factors are the same. So the term

in (25) acting on p, and giving py, is Zipmpk%p,l =20aspu={u|€I~| 1) py (actually
there are two equal terms in the sum: i = m, j = k or vice versa, hence the factor 2).
If  is like in Case 1 with m = ¢/2 then p, contains p?féz p,‘ and p contains ngﬁzp? !
So the only term in (25) acting on p, and giving p,, is
fp?/g%l% =lagpy = <N|¢3~ | A) Py
The calculations for the two remaining cases are similar. ]

By Theorem 25, 6 ¢~ =€ ¢, + % where

0 82
(gfo—l]z,l(l+])l71pj ]Pz+]6p op;
is the classical cut-and-join, and
. .0
%:i,jzzlp”j (H])Olﬂiﬂ' HJOPi@Pj '
The one-parametric family
Aad_efcgj0+(a D= (i+))(pipj+@-Dpisj)— 9 +aijpivj—s— o
ij=1 Opi+j 0pidpj

is called [9] the Laplace-Beltrami operator; in particular, A; = € ¢, is the classical cut-
and-join and Ay = €_#~ the twisted cut-and-join. By the classical results of [9, p. 376
and after], the eigenvalues (and eigenvectors) of A, are indexed by partitions. The eigen-
value correspondingto A = (1; = --- = A;) is equal to

S
el @)= Ai(ad; +2-2i-a).
i=1
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The corresponding eigenvector is a polynomial J; T p) of degree A €A+ + A called
Jack polynomial; it is normalized so that the coefﬁment at p}! in it is 1. Polynomials

Z « f) are called zonal.

Theorem 26 ([9]). We have

B} HA((X)H/ (06) k=1

where Hy(@) € T, jyey o (@ali, +£0, j)+1) and Hy (@) Z 1, ey (@ati, )+, j+a).
Here Y (A) is the Young diagram of the partition A, and a(i, j) and €(i, j) are the arm and
the leg, respectively, of the cell (i, j) € Y (A).

Substituting q; = a, g2 = g3 = --- = 0 and taking into account the normalization of the
Jack polynomials one obtains

a|/1|](a) (p)

Hi@H @ PP

Corollary 27. Z

Taking now a = 2 and substituting the formula of Corollary 27 into Corollary 24, one
obtains
2lAl Zy(p)
H\H,@2)
This is a twisted analog of the formula expressing the usual Hurwitz numbers via
Schur polynomials, see [6].

Theorem 28. 7~ (B,p) =) _exp(2f)_ Ai(A;i — 1)
A i

Example 29. The zonal polynomials Z) for small A are
Zi = p1, with Hy(2)H, [1] (2)=
Zna = P% p2 with Hjp, 1](2)H[1 1
Zpg) = pl + 2p2 with Hpp;(2) H[2] 2)=
Z[lvlvl] = pl —3p2p1 + 2p3 with H[l,l,l] (Z)H[,lel] (2)=144
Zp,1) = Py + pap1 — 2p3 with with Hp, ! (2)H},,,(2) =80
Zj31 = p} +6p2p1 +8p3 with Hs)(2) Hfy (2) = 720

This gives us the first few terms in the expansion of A4~ (g, p):

(2)=12

pi p Py
(B, p)=p1+ —1(2e_2'6 + e4ﬁ) + —2(—e_2ﬁ + e4ﬁ) + —1(9e2ﬁ +e'?P 4 5e‘6ﬁ)

p;pl 26128 4362 — 5e*6ﬁ)+p3 (4e'2P —9¢?P 1 5068 4 .
p? P
(p1+?1+ 1 ...)+/3(2p1+2191p2+--.)

+,62(2pf+2p2 +2p? +2p1p2+8p3+..)+..;
they agree with (3.5) and Example 20.

4. Algebro-geometric Model: Twisted Branched Coverings

A classical notion of the branched covering was extended to the non-orientable case
by G. Chapuy and M. Dolega in [2]. Let N denote a closed surface (compact 2-manifold
without boundary, not necessarily orientable), and p : N — N, its orientation cover. As
above, denote by 9 : N — N an orientation-reversing involution without fixed points

such that po 9~ = p. Also denote by ¢ : CP! — CP! the complex conjugation, and let

HYcp! /(z ~ _#(2)) =HU {oo} where H < C is the upper half-plane; His homeomorphic

to a disk. Denote by 7 : CP! — H the quotient map.
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Definition 30 ([2]). A continuous map f: N — H is called a twisted branched covering
if there exists a branched covering f : N — CP! such that

1) nsz fop,and
(2) all the critical values of f are real.

Property 1) is equivalent to saying that f is a real map with respect to 7, that is,
foa = fgo f. The involution 9~ has no fixed points, so the critical points of f come
in pairs (a, 9 (a)), the ramification profile of every critical value ¢ € RP* c CP! of f has
every part repeated twice: (11,11,...,45, 1), and degf = 2n is even. In this case we
say that the ramification profile of the critical value 7(c) € dH of the map f : N — H is
A=QA1,...,A¢).

The twisted branched covering f is called simple if all its critical values, except pos-
sibly oo € H, have the ramification profile 211”2, (Equivalently, each critical value of
fhas 2 simple critical points and 27 — 4 regular points as preimages.) Let u € dH be a
regular (not critical) value of f; then the preimage f~!(u) = N consists of n points. Fix
a bijection v: f~'(u) — {1,..., n} (a labeling); then the triple (f, u,V) is called a labeled
simple twisted branched covering.

Labeled simple twisted branched coverings are split into equivalence classes via
right-left equivalence: (fi,u;,v1) ~ (f2, u2,v2) if there exist orientation-preserving dif-
feomorphisms D; : N — N and D, : CP! — CP! such that

e (fi transforms to f5) fyo Dy = Do f5,
¢ (D and D; are equivariant) 5 oDy =D109 and Dyo ¢ = oDy,
e (D1, D, preserve labeling) Dy (™! (1)) = 77 (up) and vo 0 Dy = v

For an integer m = 0 and a partition A denote by D, » the set of equivalence classes
of labeled simple twisted branched coverings having m simple critical values and such
that the ramification profile of co is 1.

nl h~

Theorem 31. #9,, ) = sz#@m,/l = 2%#.6,”,,1 o

Proof. The generating function 2(, p) = Y 024 S n,m, Lp1,Pa,---Pa,B™ is shown in
[2, Theorem 6.5 for b = 1] to satisfy the twisted cut-and-join equation

02 1

— ==-%_9¢7(9),

o 2 s @)
where € _#"~ is given by equation (25).

Let m = 0, so the branched covering f € ®y,) is unramified except possibly over co.

Denote by Ny N any connected component of N, by ng, the degree of f | No? and k¥

#f | N, (00)- Then the Euler characteristic y(CP" \{oo}) = 1 and therefore y (Np\ Fo0)) =
1 (Np) — k = ng. The set Ny is a smooth compact 2-manifold, so 2 = y(Ny) = ng + k, imply-
ing ny = k = 1. It means that f is unramified over oo, too, so A = 1" and f is a collection
of n orientation-preserving diffeomorphisms of spheres. Obviously, f is unique up to
the right-left equivalence described above. Thus, #9¢,;» = 1 and #9, 4 = 0 for other A.
So, 2(0, p) = exp(p1), and Corollary 24 implies that

2B,p)= A" (12, p),
proving the theorem. ]

Remark. Note that, unlike Theorem 17, we do not know any “natural” map between the
sets ®,, 1 and &, 5 (or 5'3:”, ,)- Finding one is a challenging topic of future research.

In [2], a one-parametric generalization of Hurwitz numbers is defined by counting
twisted branched coverings with parameter-dependent weights. The parameter value
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b = 0 gives classical Hurwitz numbers, and b = 1, twisted Hurwitz numbers. A natu-
ral one-to-one correspondence between ©,, ; and &,, 1 would allow to transfer these
weights to ribbon decompositions and to define parametric Hurwitz numbers using
them.

Note also that in [2], more general two-part Hurwitz numbers were studied; currently
we do not know other models for them.
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