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Abstract

Conformal Prediction (CP) stands out as a ro-
bust framework for uncertainty quantification,
which is crucial for ensuring the reliability of
predictions. However, common CP methods
heavily rely on the data exchangeability, a
condition often violated in practice. Existing
approaches for tackling non-exchangeability
lead to methods that are not computable be-
yond the simplest examples. In this work,
we introduce a new efficient approach to CP
that produces provably valid confidence sets
for fairly general non-exchangeable data dis-
tributions. We illustrate the general theory
with applications to the challenging setting
of federated learning under data heterogene-
ity between agents. Our method allows con-
structing provably valid personalized predic-
tion sets for agents in a fully federated way.
The effectiveness of the proposed method is
demonstrated in a series of experiments on
real-world datasets.

1 Introduction

Conformal Prediction (CP) has been shown to be a
reliable method for quantifying uncertainty in machine
learning models (Shafer and Vovk, 2008; Angelopoulos
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et al., 2023). However, the performance of prediction
sets generated by CP can significantly decrease when
the data is statistically heterogeneous. In particular,
the presence of distributional shifts interferes with the
assumption of exchangeability — an essential corner-
stone of the methods of CP. The goal of this work
is to develop efficient solutions that extend the CP
framework to data with heterogeneous distributions.

Assume that we have N data samples Dy =
{X;, Y} | with X; € X and Y; € Y. Given the data
Dy, the goal of CP uncertainty quantification is to
construct prediction sets C, (x) C Y for a new unseen
object x and the desired miscoverage level « € [0, 1].
We say that C, is a valid (distribution-free) predictive
interval if it holds that

P(YN_H € CQ(XN_;,_l)) >1—a. (1)

Here the notation P denotes that the probability is com-
puted with respect to {(X;, Y;)}Y, and (Xni1, Yni1),
which are assumed i.i.d. with common distribution P.
The equation (1) essentially bounds the miscoverage
rate on average over possible sets of calibration data
and test points. However, if there is a high variabil-
ity in the coverage probability as a function of the
calibration data, the test coverage probability may be
substantially below 1 —q« for a particular calibration set.
Therefore, for a given calibration set Dy the reliability
of the confidence set can be assessed via the empirical
miscoverage rate:

a(Dy) =P (Yn4+1 & Ca(Xn+1) | D). (2)

Understanding the distribution of a(Dy) allows us to
control the uncertainty. Its distribution was studied
for split conformal prediction (SCP) in (Vovk, 2012,
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Proposition 2a)), where it has been shown that:
a(Dy) ~ Beta([(N + Dal, [(N +1)(1 - a)]), (3)

therefore ensuring the concentration of «(Dy) around
the target value: a(Dy) ~ o + Op(1/v/N), see also
(Angelopoulos et al., 2023).

While classical CP methods (such as SCP) work well
under data exchangeability, there are few established
performance guarantees for non-exchangeable data.
Among the notable exceptions, Tibshirani et al. (2019)
in their seminal work developed methods that ad-
dress the important case of weighted exchangeable data.
However, their approach involves calculating certain
weighted quantiles with weights that require difficult
combinatorial calculations that are not feasible in prac-
tice beyond relatively simple examples. Moreover, their
approach provides only the guarantees in expectation;
the variability of coverage around its mean has not
been addressed.

One of the most important examples of weighted-
exchageable data is the case of distribution shift be-
tween calibration and test distributions (Tibshirani
et al., 2019; Podkopaev and Ramdas, 2021). However,
computability issues prevent the inclusion of available
data from the test distribution in these procedures,
which should be advantageous in the case of domain
adaptation. Another important example is federated
learning in the presence of statistical heterogeneity be-
tween agents. In the first place, such heterogeneity
cancels all standard guarantees of CP, since it conflicts
with the principle of exchangeability, a fundamental
assumption of CP. Again, the Tibshirani et al. (2019)
approach can potentially be used. However, the prob-
lem of computational intractability remains.

Our work addresses these challenges through the fol-
lowing key contributions:

e We present a new method for constructing con-
formal prediction sets while accounting for het-
erogeneity in the data. The developed method
introduces weights for the empirical distribution
that can be computed efficiently, unlike those of
Tibshirani et al. (2019). In addition, the validity
of the prediction sets is demonstrated with high
probability. For more details, see Section 2.

e We develop the application of the general method
to the important practical situation of federated
learning in the presence of statistical heterogeneity
between agents. In particular, we propose a fed-
erated method for estimating importance weights
and the resulting weighted quantile; see Section 3.

e Extensive empirical assessments are conducted us-
ing synthetic data and various benchmark com-

puter vision datasets. The results of these experi-
ments are discussed in Section 5.

2 Conformal Prediction under
Data Heterogeneity

We consider the independent calibration data Dy =
{(Xk, Ye)}2_,, where

(Xp,Ye) ~P* k=1,...,N. (4)

In this case, X represents the covariate, Y is the
label and the distributions P* can arbitrarily vary for
different k in the general case. We also write by Z; =
(Xk,Yy) the pair of covariate and label and denote by
X and ) the support of X and Y, respectively. The
set X is often a subset of R?, while ) can be either
finite in classification or a subset of R. The goal is to
construct a prediction set C,(x) for the input object
X that conditionally on Dy yields a confidence level
close to 1 — « with probability at least 1 — §, where
a,6 €(0,1):

P(YN—H ECQ(XN+1)‘DN):1—Q+TN7§, (5)

where the new observation (Xy.11,Yn41) comes from
the distribution PY*! and 7y 5 is a small number.

2.1 Basics of Conformal Prediction

Let us start from describing Split Conformal Prediction
(SCP) which is de-facto standard approach in conformal
prediction applications. This method assumes that the
available data are split into two distinct subsets: a
training dataset and a calibration dataset. A predictor
f(x) is then trained on the training dataset, while the
calibration dataset is used for generating the prediction
sets. Using the predictor f (x), the so-called score
function can be calculated as V(x,y) = S(f(x),y).
Here, the function S measures the discrepancy between
the predicted label f (x) and the target y. For example,
in the case of regression, one can take S(y,y) = |y —y]|,
which leads to V(x,y) = | f(x) —y|; see (Papadopoulos
et al., 2011; Kato et al., 2023).

The core idea of SCP is to calculate the scores for the
available calibration data and then construct the pre-
diction set based on an appropriate quantile estimated
from the empirical distribution of the scores. More
precisely, the resulting confidence set is given by

Ca,u(X){y eV V(xy) <Qi—a(m)} (6)

where pu = 7N}i-16°° + 7]\&1 Z;ivzl v, Vi = VI(Xi, Vi),
and J, is the Dirac measure at v € RU {oco}. Such
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a confidence set allows strong conformal guarantees
under the assumption that all the calibration points
{(Xk, Yx)}2_, have the same distribution, i.e. P* =
P k=1,...,N:

0<P(Yny1 €Capn(Xni1)) —1+a< 55, (7)

for the data point (Xn41,Yn+1) generated from the
same distribution P.

Since the prediction sets are generated using a fixed
calibration data set, some of them could lead to subop-
timal decisions with test coverage much less than 1 — a.
This limitation can be particularly problematic in real-
life scenarios where users work with a fixed calibration
dataset. To enhance prediction reliability, it is essen-
tial to validate the coverage under most circumstances,
ensuring its validity with a high probability, regardless
of the specific calibration dataset (Vovk, 2012; Bian
and Barber, 2023; Humbert et al., 2023).

CP applications beyond exchangeable cases.
There exist multiple scenarios when standard SCP
approach becomes not applicable as the data becomes
non-exchageable. In particular, one can consider:

1. Distribution shift between calibration and
test data. In this scenario, the calibration points
are drawn as (X, Y3) ~ P k € [N], whereas the
new test point satisfies (Xy 11, Yni1) ~ Pt If
one knows the likelihood ratio dP**s*/d P (x,y),
then the adaptation to distribution shift can be
performed (Tibshirani et al., 2019).

2. Domain adaptation. In this scenario, in addi-
tion to the calibration points from a source distri-
bution (X, Yy) ~ P k € [N] one also has points
from the test distribution (Xnim,YNatm) ~
ptest m e [M] with typically M < N. If the new
test point satisfies (Xniara1, YNanre1) ~ Pt
one can expect that the usage of both sets of
calibration points should improve the resulting
coverage compared to usage of only one of the
sets.

3. Federated learning with statistical hetero-
geneity between agents. In a federated learning
setting, instead of storing the entire dataset on a
centralized node, each agent i € [n] owns a local
calibration set D; = {(X}, Y{)} |, where N is
the number of calibration samples for the agent i.
We further assume that the calibration data are
ii.d. within client and that the statistical hetero-
geneity is due to the difference between client data
distribution:

k€ [N, (Xp,Yy) ~ P

If one wants to perform personalized CP procedure
towards the distribution of one of the agents x €
[n], the shifts between the distribution of this agent
and the others should be taken into account.

These examples are the particular case of the indepen-
dent but not identically distributed data considered
in (4). In what follows we are going to present the
general approach to CP that covers all these scenarios
and allows for the efficient implementation.

Conformal prediction under covariate shift. In
this work we focus on the particular case of covariate
shift, while label shift or more general types of shifts can
be considered in a similar way. The general approach
for dealing with heterogeneous data distributions (due
to covariate shift) was proposed by Tibshirani et al.
(2019). The key idea is to account for the covariate
shift by introducing density ratios wx that quantify the
shift for the particular input point x. Finally, one can
construct valid conformal confidence sets by considering
the weighted quantile:

Ca,ﬁ(x) = {y € y: V(X, Y) S Ql—a(ﬂx)}7

where fix = Px x000 + Zgﬂ Dx, x0v,. Here the weights
Pa.ar depend on the density ratios w, via a complex
combinatorial formula that requires summation over N'!
elements. This makes the method inapplicable in prac-
tice and motivates the need for alternative approaches.

2.2 Efficient Conformal Prediction un-
der Data Shift

In this paper, we propose a general and efficiently com-
putable approach for conformal prediction allowing
for heterogeneity of the data. Consider the calibra-
tion measure P! = % Zivzl P* and the test measure
ptest = pPN+1 - We propose to introduce density ratios
of the following form:

Ax,y) = P (x,y) (8)

assuming that P*s is absolutely continuous with re-
spect to P i.e., P*t « P°@l The density ratios are
given by A\, = AM(Xg, Y), where (Xg,Y%) ~ PF. In the
following, we consider the prediction set defined by

Ca,u(x) = {y ey: V(X, y) < Qlfa(/LX,y)}a (9)

where the probability measure and the importance
weights are given, with V, = V (X, Y%), by

N
fxy = PN 000 + > Yoy, (10)
k=1
(x,y) A (x,y) _ A(x,y)
P = Smyes o PNRL T ey n (1)



Efficient Conformal Prediction under Data Heterogeneity

Interestingly, although these weights may appear simi-
lar to those proposed by Tibshirani et al. (2019), they
are quite different. In fact, the importance weights
proposed by Tibshirani et al. (2019, Lemma 3) rely
on intractable sums of permutations when the distri-
butions {P}i_, are distinct. At the same time the
weights (11) can be computed in a straightforward way
given the density ratios A\(x,y).

Theoretical guarantees. Since controlling the aver-
age miscoverage rate is not enough to ensure the validity
of the method in most cases, in this part, we show that
the miscoverage rate does not deviate much from the
target value « for most of the calibration datasets Dy .
This is the result of the following theorem; see full proof
and additional details in Appendix A, while sketch of
the proof is given below.

Theorem 2.1. Assume there are no ties between
{Vi}reivgy U {oo} almost surely. If {\e — EAg}pen)
are sub-Gaussian random variables with parameters
01,y...,0N, then, for any § € (0, 1), with probability at
least 1 — 0, it holds

s+ 3N"TEAN
_In, Dr) —
1+N_1E)\N+1 < Oé( N) @

<N +supP (Vg =0),
veR

where we denote

s = N71y/8log(d) YL, (407 + E[AJ2).

This theorem shows that the confidence level of Cq ,,(x)
is close to 1 — «, regardless of the calibration set
Dy. Specifically, it meets the condition in (5) with
Tns = O(N71/2). Under exchangeable data, this
matches the standard deviation of the miscoverage rate
distribution exhibited in (3). Therefore, we extend the
guarantees of standard CP methods to our approach
but significantly broadening the scope of applicability
by allowing general distribution shifts. The following
result concerns the bias of our method; see Appendix C
for more details.

Theorem 2.2. Assume there are no ties between
{Vitkeivg1) U {oo} almost surely. If for any v € R,
MZ) Ly (zy<o — E[MZ) 1y (2)<0] is sub-Gaussian with
parameter o > 0, where Z ~ P, Then, it holds

|E[O‘(DN” - Ot| < 190\/@+ 18E>‘2](VZN+1)'

Interestingly, the upper bound depends on A, which
does not directly capture the individual data distribu-
tions P¥, but rather the difference between the test
distribution and the average of the local calibration
distributions. The convergence rate of order N~'/2

contrasts with the findings of Plassier et al. (2023),
where their subsampling procedure achieved the stan-
dard centralized bias of order O(N ~1). However, while
subsampling techniques do improve bias, they also am-
plify the variance of the miscoverage rate, which can
become a limiting factor. Also in the federated context,
Lu et al. (2023) developed a method to generate pre-

diction sets for (Xn41, Yni1) ~ iy ]]ij'r} Pt. Their
method achieves a bias that is inversely proportional to
the proportion of data held by each agent, that scales as
O(n/N). However, this result becomes less favorable
when the number of agents exceeds v/N, and addi-
tionally, their method does not allow for personalized

prediction sets.

Sketch of Proof. We will briefly outline the main
steps of the proof of Theorem 2.1. In particular, we
will focus on upper-bounding the miscoverage error
a(Dn) — a. Detailed proofs can be found in the
supplementary paper, where the lower bound is also
analyzed. All the results are derived from the con-
nection between coverage and the cumulative distri-
bution function, which is defined for any data point
z=(x,y) € X x Y by

FN+1(Z) =E [1{VN+1§V($,y)}] :

We also introduce F' 'v+1(2), an empirical approximation
of FN+1 (Z)

N
Frni(2) =3 0" vy (12)
k=1

For the first step of the proof, remark that
P <a(DN) <oa+7ns+supP{Vni = v})
veER

EIP’( sup

{ﬁN+1(Z) — FN+1(Z)} < TN75> .
zEX XY

As in (Bian and Barber, 2023), the problem consists
in controlling difference between the empirical and the
true cumulative distribution functions. Given that the
weights p,(f’y) depend on the entire calibration dataset,
we introduce independent approximated weights q; =
A/ leil E);. Based on those weights, consider

~

N
Gn(2) =Y kv, <v(zm)-
k=1

It can be shown that E[@N(z)] = Fn11(2). Therefore,
the central part of the proof involves controlling the
two right-hand side terms separately as follows:
Fni1(2) = Fnia(2) = Fxga(2) — Gn(2)
+ éN(Z) — Fny1(2).



Vincent Plassier, Nikita Kotelevskii et al.

Since the approximation weights g are chosen such
that g ~ ps, the term sup_ ¢y, y{Fn+1(2) — Gn(2)}
can be controlled using classical concentration in-
equalities; refer to Lemma A.4. However, controlling
GN( ) — Fn41(2) presents a more challenging task. As
detailed in Appendix B, applying techniques similar to
those used in the Dvoretzky—Kiefer—Wolfowitz (DKW)
proof (Dvoretzky et al., 1956; Massart, 1990), it is
possible to show that

P (sup {Gn(e) — P ()} 2 7w

zEZ

N
< 2inf {e_em"; H E [cosh (qu)]} . (13)

6>0
k=1

Notably, using cosh(fg) < 0(09)*/2 ith q. = 1/N
leads to the standard DKW result. However, utilizing
cosh(fgr) < exp(2710°E[q¢?]) cosh{0(qx — Eqx)} pro-
vides a sharper result:

N
: —07TN,5
ér;% {e . H E [cosh (qu)]}

k=1
< oxp [ - TRa(Eim EA)?
- 2501 (407 + E[M\]2)

Combining the previous line with (13) enables con-
trolling the deviation of Gy (z) — Fy41(z). These
high-probability bounds for Fyyi(z) — Gn(z) and
Gn(z) — Fyy1(z) are then unified to obtain the re-
sult of Theorem 2.1.

3 Federated Conformal Predic-
tion under Covariate Shift

Let us illustrate the general approach with an applica-
tion to the challenging problem of federated conformal
prediction. We consider a system of n agents, and
we further assume that the calibration data for these
agents are heterogeneous due to the presence of a co-
variate shift:

(X1, V) ~ P'= Py x Py|x, k€ [N'], i € [n], (14)
where Py |y is the conditional distribution of the label
given the covariate that is assumed identical among
agents, P% is the prior covariate density that may differ
across agents, and N°? is the number of calibration point
for the agent i.

Given calibration datasets D; = {(X7, V;)}. i € [n],

the goal is to construct a prediction set CX(x) for
an agent = € [n] and input x with confidence level

1—a € (0,1). Ideally, for any new point (X3, Y3, 1)
drawn from the distribution P*, the conditional cov-
erage P (Y3, € C4(XX 1) |Dn) should be near the
confidence level 1 — « set by the user. Importantly, this
confidence set should benefit not only the data avail-
able on the target agent, but also from the calibration
data of other agents.

In our federated setup, the general density ratios (8)
become
AX) = =X (15)

o1 TPy (x)?

where P% represents the covariate density of agent
i € [n], and m; = N?/N. Using these ratios (15), we
can compute the general weighted confidence set (9)
to obtain the confidence set CX(x). Importantly, the
resulting confidence set will fully satisfy the result of
Theorem 2.1 and thus allows for the tight coverage
guarantees.

Federated inference procedure. In practice, the
confidence set Cx(x) from (9) can be computed in two
steps:

(i) estimate the weights p(x’y) = pgcx) that are in-

volved in the definition of weighted empirical score
distribution function in (9);

(ii) compute a quantile of the weighted empirical score
distribution function pxy = px from (10).

Federated ratios estimation. The computation of
importance weights {p(x Y)}NJr1 in the empirical CDF
relies on the determination of ratios A(x), which are
initially unknown and should be estimated. For this,
we utilize the Gaussian Mixture Model (GMM). In this
process, each client independently computes its GMM
parameters {7‘(’;, ,u;, EZ}yey using their local data D;:

. N . 1 .
. Cr (16)
T, = N D (B(X7) —mi)(S(XE) —mi) T

k

Here, ¢ denotes the mapping obtain while keeping the
first layers of the trained neural network f , and Ny i
is the number of data classified y on client 1. These
parameters are then transmitted to the other agents.
With this information, the local agents compute the
density ratio A, = A\(X}) on their local data, based on
(15) with

Z?T*N )5y, X,
yey

cal ZZT( N 'uy, )
i=1yey

where N (¢(x); piy, £1) denotes the pdf of the Gaussian

distribution with mean p, and covariance matrix .
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Federated quantile estimation. Once the density
ratios are estimated, they can be used in the federated
quantile estimation procedure described by Plassier
et al. (2023). This algorithm relies on regularized
pinball loss functions, which are smoothed using the
Moreau-Yosida inf-convolution (Moreau, 1963). This
smoothing enables the application of classical FL
stochastic gradient methods. Theoretical guarantees
on the coverage are provided, along with assurances of
differential privacy. However, the developed approach
demands calculating the quantile for any new query
x. To mitigate this issue, we approximate the im-

portance weights p,(cx’y) by query-independent weights

Dk = (Zl]\il A1) "tAk. As a result, the considered pre-
diction set becomes:

Cos0) = {y € ¥: V(xy) < QL (S0 Budw) }

where @ﬁ)a(zgﬂ DrOy, ) is the approximated quan-
tiles obtained via the FL minimization of the ~-
regularized pinball loss; refer to Algorithm 1 in the
Supplementary Material for more details. Note that cal-
culating C, ,(x) is straightforward, because the quan-

tile Q\@Q(ijﬂ PrOv, ) is independent of the query x.

4 Related Work

The reliability of prediction sets has been exten-
sively studied in centralized frameworks (Papadopou-
los, 2008). However, their marginal capabilities may
generate invalid confidence intervals for specific data
subgroups. As a result, analyzing conditional confor-
mal prediction methods is crucial, especially for high
heteroscedasticity regions (Alaa et al., 2023). Explor-
ing flexible coverage guarantees has been investigated
by Foygel Barber et al. (2021). They studied potential
relaxations of marginal coverage guarantees, however,
achieving such guarantees is not always feasible (Vovk,
2012; Lei and Wasserman, 2014). In the case of ex-
changeable data, Bian and Barber (2023) examined the-
oretical guarantees in the training-conditional setting.
They showed with high probability that the miscover-
age rate is upper bounded by the value 2a4Op(1/v/N)
for the K-fold CV+ method. In addition, they also
demonstrated the unattainability of similar results for
the full conformal method or the jackknife+ method
without further assumptions.

Most conformal prediction methods are guaranteed to
be valid under data exchangeability. However, this as-
sumption can be restrictive. To alleviate this constraint,
Tibshirani et al. (2019) proposed a method working
with independent data, even when they follow different
distributions. This approach is beneficial when dealing

with data from diverse sources, which tend to produce
data from different distributions. However, this method
requires the determination of importance weights based
on permutations of density ratios. If the distribution
of only one datapoint differs from the calibration dis-
tribution, Lei and Candés (2021) demonstrated that
approximations of these importance ratios is sufficient
to achieve the desired coverage level. The error intro-
duced by this ratio estimation can be controlled by
the total variation distance between the true ratio and
its approximation. Furthermore, Plassier et al. (2023)
introduced a subsampling technique to simplify the
combinatorial complexity of the importance weights
computations. Based on a multinomial draw of the
calibration datapoints, their method achieves a cov-
erage error of order O(N ~!log N), almost recovering
the standard theoretical guarantee for exchangeable
data (Vovk et al., 2005). However, we conjecture that
the numerical advantage of the proposed method is
primarily due to the small deviation of the miscoverage
rather than the small bias.

This framework of data heterogeneity is particularly rel-
evant in federated contexts where there may be shifts in
data distribution among different agents. The concept
of using calibration data from multiple agents to refine
prediction sets has been the subject of several recent
papers; see, among others, (Lu and Kalpathy-Cramer,
2021; Humbert et al., 2023; Lu et al., 2023; Plassier
et al., 2023; Zhu et al., 2023). Plassier et al. (2023)
introduced a federated conformal prediction method
to account for label shifts. However, their methods
require multiple rounds of communication between a
central server and the agents. In contrast, Humbert
et al. (2023) have developed a conformal approach with
only one communication round. Their method relies on
computing a quantile locally, which is then shared with
the central server. Then, the central server computes
the quantile of these quantiles to create prediction sets.
Another approach to generating prediction sets when
the test point follows the agent’s mixture distribution
is presented in (Lu et al., 2023).

5 Experiments

Domain Adaptation on Synthetic Data. We start
with an initial experiment to demonstrate the poten-
tial of our proposed approach in addressing domain
adaptation. For this, we consider synthetic 1-D data
and a two layer neural network regression model. We
use 100 calibration data points to build 90% prediction
intervals for 20 test data. The data are sampled from
either the distribution P! = N(3,2) or drawn from
P? = N(5,2). The calibration set is sampled from
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METHOD Pl COVERAGE
THIS WORK Mix 91.03 £ 4.86 %
Plassier et al. (2023)  Mix 92.28 + 5.97 %
Tibshirani et al. (2019) Mix 82.35 + 3.94 %
CLASSIC CONFORMAL  Mix 81.75 &+ 5.55 %
Tibshirani et al. (2019) P! 9296 + 5.31 %
CLASSIC CONFORMAL P! 79.16 + 6.88 %
CLASSIC CONFORMAL Pz 90.26 + 6.58 %

Table 1: Coverage on synthetic data. Mix corresponds
to a 80/20 mixture of data from P! and P2.

Ptmi n
— Ptest

— prediction
---model
predicted interval

41 0.2
24

0.1
04
-2 .

0.0

Figure 1: Example of synthetic data. We show the
true dependence as a dotted line, neural network pre-
diction and the predictive confidence interval are in
red. Additionally, we present PDFs of the train and
test distributions on a secondary vertical axis.

either P! (80 points), P? (20 points) or a mixture of
both (80 + 20 points). The observations are modeled as
Y = (1+0.1|X|)sin(X) + &, where e ~ N(0,0.5). We
train a fully-connected two layers neural network with
10 neurons per layer, using the MSE loss function com-
puted on 150 data points. To illustrate this, Figure 1
displays an example of the sampled data and the trained
model. When P = P!, note that our method aligns
with the approach proposed by Tibshirani et al. (2019,
Corollary 1). This experiment is replicated 500 times,
using the non-conformity score V(x,y) = |f(x) — y|.
The results are summarized in Table 1. Classical con-
formal method noticeably breaks the 90% coverage
guarantee when the non-exchangeability is not satis-
fied. In contrast, our proposed method achieves the
desired confidence level, while demonstrating a lower
standard deviation than competitors.

Federated Learning on CIFAR-10. In this ex-
periment, we follow Section 3 and consider personal-
ized federated learning problem with the CIFAR-10

dataset. To induce a covariate shift between agents, we
apply augmentations using Gaussian blur at varying
intensities. This strategy modifies the agent’s local
distributions P% while keeping Pii’l  intact. For this
experiment, we introduce four different levels of data
corruption. Level 0 corresponds to the original data,
whereas levels 1-3 introduce increasing degrees of cor-
ruption; 1 being minimal and 3 being the most severe.
We achieve this using square Gaussian kernels of sizes
3, 5, and 7. Additionally, the standard deviation of the
elements in these filters is adjusted based on kernel size
% using the formula o = 0.3 ((k —1)-0.5—1) 4+ 0.8.
In this experiment, we consider 40 different distributed
agents with 10 agents for each corruption level. Each
agent owns a calibration set of 25 objects.

In our testing phase, we set @ = 0.1 and, for the non-
conformity score, we adopt the adaptive prediction sets
(APS) approach developed in (Romano et al., 2020;
Angelopoulos et al., 2023):

VEY) =iy 0,200 [ (17)

where f (x)y is the predicted probability of label y € ).
We consider ResNet-18 model trained on the unal-
tered CIFAR-10 dataset. We found temperature scal-
ing of the logits beneficial and set the temperature
T = 10 in our experiments. Weights of the nonconfor-
mity scores are computed with the GMM approach de-
scribed above. We compare our method against three
baselines: “Unweighted Local”, “Unweighted Global”
and “Weighted global (resampled)” (Plassier et al.,
2023). First two use standard conformal prediction with
A = (Num data + 1)~!, while the latter uses specially
constructed weights. “Unweighted Local” only uses
the local agent’s calibration data, while “Unweighted
Global” combines calibration data from all agents. Our
results are obtained from 100 independent runs, each
using different random splits of an agent’s data for
calibration, testing, and for density model fitting. For
each iteration, we evaluate the local test set of an agent,
calculating both average coverage and average set size.
The metrics are collected across 100 runs and visualized
using boxplots.

Results for a = 0.1 are shown in Figure 2a and Fig-
ure 2b. It is worth noting that while we had 40 agents,
we aggregated results for clarity, presenting them by
the level of data corruption. The figures show that
except for “Unweighted Global”, all methods achieve
the target coverage. “Weighted global (resampled)” has
a coverage of 92.28 4+ 5.97% which is perfectly aligned
with expectation to have increased variance compared
to our method (see Table 1). In contrast, our method
consistently shows less variation in set sizes than the
others. This consistency arises from the federated pro-
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Figure 2: CIFAR-10 experimental results: (a) The distribution of coverage percentage for each agent. It shows
how closely the predicted values covers the true values across varying degrees of data corruption. (b) The
distribution of set sizes for different agents. The plot illustrates the growth in set sizes as data corruption increases,
emphasizing the relationship between data integrity and set size.

cess, when calibration scores from other agents, once
appropriately weighted, contribute to the conformal
procedure for a given agent.

It is worth mentioning, that we do not present (Tib-
shirani et al., 2019) here among competitors. For this
method, the only feasible approach is to sample a cer-
tain number of permutations and compute approximate
weights based on them. Unfortunately, it leads to the
very high variance of the weights which led us even to
the bias in the mean coverage (82.35 on the “Mix” cali-
bration data in our experiment on domain adaptation).
When replicating the CIFAR10 experiment, sampling
the permutations led us to even worse results.

Federated Learning on CIFAR-100. For CIFAR-
100 dataset we performed a similar experiment but with
slightly different hyperparameters and another model
— ResNet50. However, here we study how the size of
calibration dataset influences the results. Basically, we
explore how mean and standard deviation of empirical
coverage changes with the size of the calibration dataset.
The results are presented in Figure 3a and Figure 3b.
In each setup, we have 100 distributed agents which
are split between 4 different levels of corruption. From
these plots we see that our method has the smallest
variance among others, and converges fast to the right
mean with the increase of the calibration dataset. In
contrast, other methods are much slower to converge
with the “Unweighted Global” method having extremely
high variance as it either significantly undercovers or
overcovers depending on the level of data corruption.

Federated Learning on ImageNet. With the Ima-
geNet dataset (Deng et al., 2009), we perform a similar
set of experiments as with CIFAR-10 and CIFAR-100
datasets, but slightly modifying the experimental setup.

We use ImageNet-C (Hendrycks and Dietterich, 2019)
as the corrupted data with 5 different corruption levels
from 1 to 5. Regarding the type of corruption, we select
the “defocus blur” option. We additionally consider
the 0 level as corresponding to the non-corrupted data,
namely the original ImageNet data. To illustrate the
severity of the corruption, the model’s accuracy drops
from 79% (non-corrupted data, level 0) to 9% (cor-
rupted data, level 5). We use ResNet-50 pre-trained
on the original ImageNet data. For the conformal pro-
cedure, we set the importance level @ = 0.1 and the
temperature scaling parameter is chosen as T = 10.
The APS non-conformity measure (17) is used.

We compare the performance of the introduced algo-
rithm with local baselines at 5 different corruption
levels in terms of coverage and average prediction set
size. Data allocation scheme is as follows. ImageNet
and ImageNet-C validation data are distributed among
20 agents without overlap, such that half of the agents
contain clean, non-corrupted data, and the other half
consists of corrupted images of the same level of corrup-
tion. Each agent contains 850 data samples, of which
50 are calibration samples, 300 test samples and 500
density model fitting samples. We conduct separate ex-
periments with the above-mentioned setup for all levels
of corruption. The results are presented as box plots
with means and standard deviations obtained from 10
random splits of the data for each of these experiments
with varying levels of corruption. The results of the
algorithms at each corruption level are obtained by
averaging the results from all agents within the same
level of corruption.

The Figure 4a shows the empirical coverage of the
prediction sets at different levels of corruption. The
resulting coverage of the introduced method is valid
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Figure 3: CIFAR-100 experimental results: (a) Mean empirical coverage changes as function of the calibration
dataset size. (b) Standard deviation of empirical coverage as function of the calibration dataset size.
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Figure 4: ImageNet experimental results: (a) Empirical coverage of conformal prediction sets as a function of
data corruption level. It shows how accurately do conformal sets capture the true classes of the data. (b) Average
set size of conformal prediction sets as a function of data corruption level. The size of the sets increases with the
level of corruption due to the increasing uncertainty of the model based on the corrupted data.

in comparison with “Unweighted Global” baseline, has
lower variance and better accuracy compare to the
“Unweighted Local” one. The Figure 40 demonstrates
the average prediction set size of conformal sets as
a function of the level of corruption. The presented
method shows on average slightly smaller set sizes
and much less variance of the results compared to an
“Unweighted Local” baseline. By using information
from other agents through importance weights, our
method overcomes the problems of data heterogeneity
compared to unweighted alternatives.

6 Conclusion

Our work introduces a new method for tailoring pre-
diction sets on non-exchangeable data. By leveraging
density ratio, the coverage validity is ensured for most
calibration datasets. This approach opens up new possi-

bilities for applications within the federated framework,
where distributional shifts among agents are common.
While our numerical experiments have primarily fo-
cused on covariate shift, it is important to emphasize
the method’s potential applicability to a much broader
range of scenarios.
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A Proof of the conditional coverage

We assume that the calibration data {(Xp, Yx)}re[v+1) are independent and
Vk € [N + 1], (X, Yy) ~ P".

In this context, X denotes the covariate, and Y} represents the label. Additionally, we define Zj, = (X, Y%) to
represent the pair consisting of a covariate and a label. The supports of X and Y} are symbolized by X and Y
respectively. Typically, the set X is a subset of R?, whereas ) may either be finite in the case of classification or
represent a subset of R?. We denote by P! = (1/N) Zivzl P* the calibration measure.

H1. The data {Zy}re[n41) are pairwise mutually independent and PN+ « peal,

Moreover, we set
V(z,y) € X x Y, Aa,y) = (APVT/dP)(z,y),

Vk € [N + 1], A = )\(Zk) (18)

For a € (0,1), we denote by 1 — « the confidence level and Dy = {Zi}reng € (X x V)V the calibration dataset
of size N. We denote by V : X x ¥ — R*' a non-conformity score, and for 8 € [0,1], Qp(u) represents the

B-quantile of the probability measure p, and J, the Dirac measure at v € R U {o0}. We define by pgf’y) the
importance weights define by

>\k (zy) /\(x, y)
Ma,y) + S0, A Aa,y) + S0 N

In this paper, we consider the prediction set at z € X:

Vk e [N], p"Y =

Cou() = {y eY: V(x,y) < Ql_a(u(zay))}’
where

N
D =3 5y (2 + PN e
k=1

Given the calibration dataset Dy, consider the conditional miscoverage rate

a(Dn) =P (Yn+1 ¢ Cau(Xnt1) | D) -



Vincent Plassier, Nikita Kotelevskii et al.

For z € X x ), we denote
R N
Fnyi(z) = Zpi]l{\/(zk)g\/(z)p Fni1(2) = E [Lvzy)<viy] -
k=1
Define by Gy 41 the cumulative density function of V(Zy41), and consider the associated quantile function:
V’Y € [07 1}7 G]4\_]+1(7) = inf {U eR: GN—H(”) Z 7} .

In addition, define the supremum of the difference between the empirical and the true cumulative distribution
functions:

A(Dy) = swp {Fvii(2) = Fua()},

Ay)= swp {Fvin(2) = P ()}

Lemma A.1. Assume that there are no ties between the {V(Zy): k € [N + 1]} and V(Zn41) < 0o almost surely.
For any 6 > 0, we have

P (a(DN) >a+0+ SZEP{V(ZNJA) = v}) <P(A(Dy) >9),

P(a(Dy) < a—6) <P(A(Dy) > 6).
Proof. For any x € X, we have
Cou(®) = {y €Y: V(z,y) < Ql—a(u(“"’y))}
=y eY: V.w) < Qo) uly € ¥: Viwy) = Qo)

Moreover, note that

N
{y €V: V(ny) < Ql—a(,u'(w’y)>} = {y eV Y I vz vy < 1- a}

k=1

= {y €Y: Fypi(z,y) <1-— oz},
and remark that
E [P (V(Zy1) = Quua(p? ) | Dy ) | SB(V(Zn41) € {V(Zi) }eta U {o})
Hence, the assumptions on {V(Z;): k € [N + 1]} imply that almost surely:
P (V(Zyi1) = Quoa(u® ) | Dy) =0,
Therefore, we deduce that
a(Dn) =P (Ynt1 & Cau(Xn41) [ D)

=1-P(V(Zn11) < Qa(u®+)) | Dy ) =B (V(Zn11) = Qua(u®+) | Dy)

=P (ﬁN+1(ZN+1) >1—-af DN)

=P (FN+1(ZN+1) - (FN+1(ZN+1) - ﬁN+1(ZN+1)) >1-af DN) : (19)

For any # € (0,1) and v € R, remark that Gy11(v) > f if and only if v > G}, ,(8). Therefore, using the
shorthand notation Vy41 = V(Zn41), it follows that

P(Gns1(Vng1) < B) =P (Vg < G, (8))
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=Gni1 (G (B) =P (Vs =GRy (8) -

Therefore, we deduce that

P(Fy41(Zn41) 2 B) =1 =P (Gn1(Vve1) < B)
=1-B+{B—P(Gn+1(VN+1) < B)}
=1-B4+{8-Gn1 (GF1(B) +P(VNs1 =G5 1 (8)}
€[l =B 1= B+P (Vs = Gfir(8)))- (20)
The previous upper bound also holds for 8 < 0 or § = 1, whereas the previous lower bound holds for 8 > 0. From

(19), we obtain
a(Dy) <P(Fn41(Zn+1) 21— a—A(Dy) | Dy).

Therefore, applying (20) with 3 =1 — a — A(Dy) concludes the first part of the proof since § € (—o0,1]. The
second part of the proof follows from (19) and (20), with 5 =1— a + A(Dy), since 5 > 0. O

Theorem A.2. Assume that HI1 holds, and suppose there are no ties between the {V(Zy): k € [N + 1]}
and V(Zny1) < oo almost surely. If we suppose that {\x —EXg}ren) are sub-Gaussian with parameters
01,-..,0N >0, then, for any 6 > 0 it follows

8log(2) S, (402 + E[M\]2)
\/ 55) 2140 +supP{V(Zny1) = v} | 214,

P DN <Ol+
N vER

BEAN-+1 + \/8log(5) S, (402 + E[\?)
N+ EAnes

P|aDy)>a-— >1-4.

Proof. This proof is split in two part. In part one, we demonstrate the first inequality. In part two, we prove the
second inequality.

Proof of part 1. For any k € [N + 1], introduce the weights g, = )\k/Zf\il EX;. The random variables
{ak }rev+1) are mutually pairwise independent approximations of the importance weights {pf }recv11). Note that

N N
A(Dy) < sup {Z ‘Jk)]l{wzk)w(z)}} sup {Z(%ﬂ{wzusvu)}E[le{wzwsvu)}])}

2EXXY zeXx¥

N
+ sup {ZE Qk:]l{V(Zk)<V(z)}} FN+1(Z)}. (21)
ZEX XY

Using Lemma A.3 we obtain

N
sup Z]E [Qk]l{V(Zk)SV(z)}] — Fni1(2) p =0. (22)
zEX XY =1

Let § denote a positive real. Applying Theorem B.1 shows that

N N
P ( sup {Z (@ L (v(zo<viy —E [qkﬂ{wzwgvu)}])} > 5) < 2 inf {6‘95 [] Elcosh (qu)]} . (23

ZEXXY =1 k=1
Let 6 > 0, and denote by {ex}re[n) a sequence of i.i.d. Rademacher random variables. The independence of
{ Ak }ren) implies that

N

N N
H [cosh (Ogx)] H 27'E [exp (0g)] + 27 'E [exp (—0qx)]) H [exp (Perqr)] -
k=1 k=1 k=1
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For all # € R, note that cosh(x) < exp(z?/2). Thus, we deduce that

E [exp (feqr)] = E [exp (OexEqr )| E [exp (Pey, [qr — Eqy])]
< exp (27'0°Elqx)?) E [exp (e [qr — Eqr])] -
Using the o-sub-Gaussianity of A\, — E\g, it yields that

N

H [cosh (Oqy)] <exp< ZE%> l

k=1

exp (926k gk — EQk]> ‘ {€k}k6[N]H
k=1

< exp ( Z L i 02> (24)
B (Zl 1 EA)? k= (21111 E\)? k=1 )

Now, consider the specific choice of 0y given by

63 ny EAW)
et (403 + EAJ?)
Combining (24) with the expression of 0y, it follows that

N 2 N 2 2
inf { e=% H E [cosh (Oqx)] ¢ < exp | —00n + Ox Zk:l(;l[gk +E[A]%)
?>0 e 23N BN

= exp (— 62(2]’“\;1E}\k)2 ) .
250, (407 + E[\]2)

Oy =

Furthermore, since we assumed the oj-sub-Gaussianity of A, — EAy, applying Lemma A.4 with 63, = Zszl o}

implies that
N N
52 _EX\p)?
P ( sup {Z (P — ax) 1{V(Zk)§V(z)}} > 5) < exp <(Z]€le)> . (25)

2
2€xXxY i1 2> 0%

Plugging (22)-(23)-(25) into (21) gives

o [ (T B s [P OT EA)?
P(A(Dy) = 6) <2 p( 8ZkN=1(4a,%+E[Ak]2)>+ p( S ) (26)

Let v > 0, and denote by do(7),d1(7y) the positive real numbers defined by

V/Blog(2) 0, (407 + E[J2) ) = \/Blog(1) z“ak
, 1Y) =

50(7) - Zgﬂ EAx Zk 1

With this notation, remark that
52(X 0 Eg)?
V6 bo(n),exp - sl AT )
82 =140y + E[A:]?)

S2(3N EA)?
V6 >d1(v),  exp (—W) <7
8 k1%

Therefore, for any § > do(y) V 61(7), Equation (26) shows

P(A(Dn) > 0) < 3.

Finally, combining Zszl EM; = N with Lemma A.1 concludes the first part of the proof.
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Proof of part 2. For the second part of the proof, consider the weights ¢ = A\x/ Zl LEN,. Furthermore,
remark that

N N
A(Dy) < sup { (dk—pi)]l{v<zk><vu>}}+ sup {Z(E [@k vz <vi=)}] —@kﬂ{v<zk><wz>})}
zEX XY h—1 zEX XY h—1

N
+ sup {FN—H -> E[ k]l{V(Zk)SV(z)}]}- (27)
zEX XY 1

First, using Lemma A.4, V6 > EAn41/ ZkN;ll E\; it follows

N N 2
S (65t 5N EA + (1— 6)EX
sup { (qk _ pk;) 1{V(Zk)<V(z)}} < exp <_( k=1 k ( ) N+1) > ) (28)

N 2
2€Xxy (o1 2> 0%

Moreover, Lemma A.3 shows that

N
1
Fnia(z § E @ lvz<ven] = Y E KZ X NIgy ) Akﬂ{wzk)svu)}]
1=1"N =1

k=1 k=1

EAn i1 Z EMelivzo<vien]
NH E\ k=1 Zz 1E)‘l

Therefore, we deduce that

N
EAni41
sup Fy IE qkll < ——i— 29
zexw{ +1(z ; V(@)<Y )ﬂ} Mgy (29)
Furthermore, taking back (24) with g instead of g demonstrates that
N N
H [cosh (0Gr)] < exp ( ZIE ) [ exp (926k [Gr — E(jﬂ) ‘ {ek}ke[N]H
k=1 k=1
6> Z ) 26° g
<exp| ———)) EM"+————) oi|. 30
2 N+1E)\l> Z (] ( N+1E)\l) Z k (30)

Consider the specific choice of 41 given by
Oy EA)®
Sicr (0% +E]2)

Nyl =

Setting Oy 11 into (30), it yields that

03 1 (407 + E\)?
inf { - H E [cosh (9%)]} < exp (—59N+1 4 N+ 2ok=1(40y + E[As] )>

N+1
o=0 ol 2SN TEN)?

o [ TS BN ) .
p( 25N (402 +EM?) ) (31)

Therefore, applying Theorem B.1 implies that

> (X EA)?
P| sup g1 0 —E gl : 5 >0 <2exp|— = . 32
S ;;:1:( Hlvzo<ve) — Elalyvzozven]) 257 (102 1+ B (32)

Eventually, plugging (28)-(29) and (31) into (27) gives
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- (6 —EAn+1 /S BN (S a, EAg)?
P (A(Dw) 2 6) < 20 < 8N (402 + E[\)? ) )

{0 = BAN 41 /S0 EN) S0l BN + (6 = BAng1 /S BN — 2)BAw 11}
+exp | — +1 ey, >5' (33)
83 1 07 SRR
Let v > 0, and denote by 50(7)7 b1 (7) the positive real numbers defined by
_ Edws1 +/8log(2) S, (407 + EDw)?) _ SEAN+1 + \/8 log(1) YN, %
do (7) = N+1 E)\k ) 1 (7) N+1 E)\k
With this notation, remark that
- 5 —EX RN EA
6350, exp (_( /Ty BN 07 -
82 k=140 + E[A:]?)
2
: {6 ) S BA + (0 - sy —2) A
Vo= 61(7),  exp|— = N TE— <7
82 k=10
V(SZSo(’y)/\Sl(’y), 1 expp, >6:O'
S
Therefore, for any § > do(7y) V 61(7), (33) shows
P (A(DN) > 5) < 3.
Eventually, combining Zszl EX, = N with Lemma A.1 concludes the second part of the proof. O
Lemma A.3. For any k € [N], set q = A/ Ef\il EN. If H1 holds, then, we have
Fnia(z ZE [kl {v(zo<via)] -
k=1
Proof. Let g: X x Y — R be a bounded measurable function and set z € X x ). We get
B0 =B |+ 30 S (2o Znan)
G\L4N+1)] = N 2 qpeal \ON+1 IG\4N+1
N
1 dpP*
=% > E {chal (ZN+1)9(ZN+1)]
k=1
N
1 dPN+1
=—NE|S—(Z)9(Z
N ; |: dpca] ( k>g< k?):|
X
=N Z E [Akg(Zy)] .
k=1
Setting g: Z — 1 gives Zszl EXy = N and setting g: Z — lgyz<v(z)y shows that Fyyi(z) =
N
2= B [anlivzo<vion - 0

Lemma A.4. Assume that Z}ivzl()\k — EXg) is 6n-sub-Gaussian with parameter 6y > 0 and denote q, =
i/ leil EX;. Then, for any 6 > 0, it follows

N N
5?2 "~ EX)?
P ( sup {Z (P — Qk)]l{V(Zk)gv(z)}} > 5) < exp <—(Z;&12k)> .
N

zEX XY 1
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Moreover, if we consider @ = A/ ZNH EX;. Then, for 6 > EAni1/ ZNH E\;, it holds

N N 2
o, SN BN, + (6 — 1)EA
P( sup {Z(Qk_pk)]l{V(Zk)SV(z)}} Z5> < exp (—( 2= BN 25(2 JE) )
N

zZEX XY 1

Proof. Let z € X x ), and to simplify notation consider Ay (z) := E;\il A1 + A(z). By calculation, we obtain

N
Zl 1 EX — AN( )
Pk — @) Liv(zy<viz)y = kl{v(z,)<v(z)
= ' kz (XL EA)AN(2) '
N
_ Zl:l(E)‘l —A) M3 D M vzozve)
YL EN T EN An(2)
—(B-A)C, (34)
where we denote
g ) 5 Zem Ede = M) O D Al v (Z)<V ()}
Yim Bk S EXy An(2)

Since A > 0 and C € [0, 1], it follows that
(B—A)C <max{0,B — A}

N
< max {0, B} = max{ 0,1 — % '
> k=1 EAk

Therefore, using that Zévzl()\k —E\) is 6 n-sub-Gaussian, it yields

P| sup p; —qi) 1 . . >0 | <P[max O,l—k;lk >0
(zEXX)J{;( k= k) Liv(z)<v( )}} S
N N
<P <Z/\k < (1§)ZEAk>
k=1 k=1

52 EXg)?
< exp <_(Ek_12k> ,
20%;
This proves the first part of the lemma. Now, we will demonstrate the second part of the lemma. Consider

Sy = 25:1 Ay Eny1 = ij:ll EM; and remark that

N

Z Eny1— Sy — A2)

A1 2
Eni1 SN+)\( )) kL{V(Zx)<V(2)}

(@& —pr) IL{V (Zx)<V(2)}
k=1
_ Eya =Sy =AM | T Mlvizozven
EN+1 SN+ )‘(Z)
EN+1—SN—)\(Z) % SN }
Enga SN + A(2)

< max {0,
EN+1—SN—>\
Eny1

EN+1—5N—>\X SNy <1_ Sn
Enia S+ Enia

SN

Since the function f: A € Ry — TN

X

€ R is non-increasing, we deduce that

Thus, we obtain that

N
- EN+1—SN—>\(Z) SN } )
P| su —pi)1 - >6 | <P(max]0, X >0
(Zeng {g_l (G = pi) Vv (ziy<v( >}} ) ( X { Enit Sn + A(2)
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X >0
Eni SN+ Az) ~

g]}»(1— S 25)
Eni1

=P (zN:(E)\k —Ak) > 5%]1*:)\1@ + (6 — 1)E/\N+1> .
k=1

k=1

. (EN+1 ~Sy-Az) Sy )

For § > EAnt1/ Z,ivjll E\g, using the Hoeffding’s inequality combined with the previous inequality concludes
the proof:

N N 2
P <Z(EM — X)) =6 EA 4 (0 - I)JEANH) < exp (_ (O B+ (0 = DEAN41) ) _

252
k=1 k=1 N

B Extension of the DKW theorem

Consider {gx: 2z = gr(2)}ren) a family of real valued functions such that the random variables {gx(Zx) }re[n]
are mutually pairwise independent, and define the empirical cumulative function given for z € Z, by

N
G(2) =Y 0u(Z)lv(zo<vs), G(z) = E[G(2)].

k=1

In this paragraph we control P(sup,cz{Gn(z) — G(2)} > €). The tools utilized in this proof are closed to the
ones developed in (Dvoretzky et al., 1956; Massart, 1990; Bartl and Mendelson, 2023).

Theorem B.1. For any € > 0, the following inequality holds

N
P (sup {GN(Z) - G(z)} > e) < 2inf {6_96 H E [cosh (Hgk(Zk))]} .

cez 6>0 poiet
Proof. First, for any 6 > 0, applying Markov’s inequality gives

P (sup {GN(Z) - G(z)} > e) < e "E {exp (9 sup {GN(z) - G(z)}ﬂ . (35)

z€EZ z€Z

Moreover, Lemma B.3 shows that

E {exp <9 sup {GN(Z) - G(Z)}ﬂ < 2exp (292 é(gk(zk)f) .

Z2EZ

Plugging the previous inequality into (35), and using the independence between {gx(Zx)}4_, implies
N
P (Stelg {GN(z) - G(z)}) < Qgr;i(; {e‘e6 kl;[lIE [cosh (Hgk(Zk))]} .
O

Lemma B.2. Let {¢;};c[n) be i.i.d Rademacher random variables taking values in {—1,1}, then for any 0 >0
and {p;};jen) € RY, we have

i N
E [exp |6 sup ijej < 2Hcosh (Opr) -
j=1

0<i<N ‘T paiet

. . 0 -
By convention, we consider 3 _;_, pje; = 0.
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Proof. First we will show that

N
Vvt e Ry, P maprjeJ >t| <2P ijej >t . (36)
Jj=1
To prove the previous inequality, for any ¢ € {1,..., N} consider the following set
i
D_pie 2t ﬂ Zpﬁa <t
j=1 1=1 | j=
and write
if ¢
B, — 0 : >0 .
Q ift<o0
Observe that {E;}YY, are pairwise disjoint and also that
N N
J=1 =0
Secondly, note that
N N N
U E; N Z D;€; >0 C ijEj >tp. (38)
i=0 j=i+1 j=1
Since Z;V:z 41Pj€; 1s symmetric around 0, we have
Pl > pje; >0 >1 (39)
L J-) = =9
j=i+1
Moreover, by independence, we get
N
P(E;)
Pl E;N €; > =P(E;,)P i€; > > . 4
Z pje; =20 (E;) Z pic; =20 = 9 (40)
Jj=i+1 j=i1+1
Thus, combining (37) and (38) with (40) implies that
N N N
P> pieg=t| =Y P{ENS D pje >0
j=1 i=0 j=it1

Therefore, the last line concludes the proof of (36). Note that for any differentiable function f such that f/ > 0,

the Fubini-Tonelli’s theorem shows that
U
£0)+ [ £t ) s

= f(OE [1{v>0y] +E[/ f(t ﬂ{U>t}dt11{U>o}} (41)

E[f(U)lwsn] =E

= f0)P(U > 0) /f P (U >t)dt
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Now, we apply this previous formula to the function f() = €% and the random variable U = max? Z;Zl Dj€; .
We get
E[f(U)]=E[f(U)lv<o] +E[f(U)Lly>o]

:9/ P (U > t)dt
0

(42)
(36) %
<1420 P ije] >t | dt.
0 =
Once again, applying (41) with V = Zf;l pj€;, it yields
o0
9/ P (V > ) dt = E [f(V)1{ys0y] = P(V >0)
’ (43)
(39) 1
< B[] -}
Hence, plugging (43) inside (42) gives
v o< N N
E |exp Hr?zagczgpjej < 2E |exp Hz;pjej H [exp (Opje;)] -
J= Jj= j=1
The proof is finished using that Elexp(6pje;)] = cosh(fp;). O

Lemma B.3. Let 6 > 0, we have

E [exp (a sup {GN(Z) - G(z)}ﬂ < 2}f[11E [cosh (094 (Z1))]

zEZ

Proof. Let 6 > 0 be fixed, since ¢t — %! is increasing, the supremum can be inverted with the exponential:

E {exp (9 sup {GN(Z) - G@)})] —E [322 exp (9 {GN(z) - G(z)})} .

For any k € [N], consider Zp an independent copy of the random variable Zj. The linearity of the expectation
gives

N
Z 91 (Zk) Tvz)<ve) —E I:gk(Zk)]]'V(Zk)SV(Z)])
k=1

N
Z (gk Z)lv(z)<v(z )—gk(Zk) V(Zk)<V(z)) ’{Zk}k 1] .
k=1

Therefore, the Jensen’s inequality implies

E [exp <e sup {GN(Z) - G(;;)})]

N
=E sggexp( Z {gk Ze) v (z,)<v(e )_gk(Zk) V(Ze)<V(2) ’{Zk}k 1])]
o k=1
N
<E |supexp (02 {g;€ Zi)ly(zy<v(z) — ax(Zy, )]IV(Zk)ng)})} .

z€EZ 1

Let {ex}rerny be ii.d. random Rademacher variables independent of {(Zy, Zk)}kzl, we have
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N
sug exp (92 {gk (Zi)ly(z)<v(z) — gr(Zi)1 v(Zk)gv(z)}>
€ k=1

522 exp( Zek{ (Zi)Lv(z)<v(z) — 96(Zi )]lv(zk.)ng)}ﬂ :

Using the Cauchy-Schwarz’s inequality, we deduce that

E {exp (9 sup {C:N(z) - G(z)}ﬂ <E

z€EZ

sup exp <Q9Z€kgk Zi)lv(z)<vi )]

z€EZ 1

Given the random variables {V(Z)}1_;, denote by o the permutation of [N] such that V(Z,(1)) < -+ < V(Zy(n)).
In particular, it holds

N 0 if V(2) < V(Z,(1))
Z%gk(zk)ﬂ\/(zk)ng) = D1 €o() )PUZJ()” if V(Zyi)) <V (2) < V(Zo(ir1)) -

k=1 SN ey V(2) 2V (Zog)

Thus, can rewrite the supremum as

N
sup exp 292%% (Zi)1v(z)<v(z) | < sup exp 292 €o(/)Dy U;)’)
zEZ 1 0<i<n j=1

Applying Lemma B.2, we finally obtain that

E

Sup exp (2926kgk Zk)]lV(Zk)<V z)) ‘{Zk}k 1‘|

z€EZ 1

N
<E | sip e (203 e ‘{Zk}ff_l < 2] cosh (gu(Z)) -
0<i<N = Pt

C Proof of Theorem 2.2

The objective of this section is to investigate the bias introduced by the conformal procedure developed in
Section 2. Due to distribution shift, studying this bias is different from the case of exchangeable data. To address
this, we introduce a sequence {Zk} ke[n) of independent and identically distributed random variables following
the distribution P!, To simplify notation, we consider Zy,1 = Zy+1. Note that, unlike the other data points,
Zn41 is drawn from PNt For all k € [N + 1], we define:

AN Zx) AMZk)
P = NI ) Q. = SN ) (44)
Furthermore, let’s introduce the followmg two random variables:
N N N
r= ZQkﬂvk<VN+l, 6= Zpkllvk<vN+l - ZQk]le<VN+17 (45)
k=1 k=1 =

where Vi, = V(Z3,), Vi = V(Zy) and Z), = (X}, Y3) ~ P*.

Lemma C.1. Assume there are no ties between there are no ties between {Vi}rpen41) U {00} almost surely. For
any € > 0, it holds

—e—P(@O<-<P (VNH <Qi-a (22;1 POV, +pN+15oo>) —l4+a<e+P(6>e)+E [maxNH{qk}]



Vincent Plassier, Nikita Kotelevskii et al.

Proof. First, using the definition of the quantile combined with (45), we have

(VN+1 <Qi-a (Z;ivzl DPrV, +pN+15oo)> = ['+d>a).

Therefore, using the no ties assumption on {Vj: k € [N + 1]} U {0}, it holds that

P (VN-H < Qi-a (Zszl DrOV;, +p1v+15oo)> =P (VN+1 <Qi-a (chvzl Prov;, +p1v+15oo)>
=E[Irsa] + E[lrissa — Irsal - (46)
Moreover, for any € > 0, remark that
Irsate = Ls<—e Srgssa S Arsa—e + Ls>e. (47)

Thus, combining (46) with (47) gives
P >ate)—P@<— <P (VN+1 < Qi (Zgzlpkavk —|—pN+1(500)) <PC>a—e) +P@E>e). (48)
Consider & € (0, 1), it holds
(X >a) (VN+1 <Qi-a (Zszl qrov, + QN+15oo)> .

Once again, the no ties assumption implies that

P(X >a)=P(Vyy1 < Ql—d(ZkN:1 qOv, + qN+10v,, )
=P(Vyy1 < Ql—&(szzl qkOv, + an+10v.))
=P(Vas1 < Q1a(XnTy ard))-

Applying the result from (Tibshirani et al., 2019, Lemma 3), it gives that

~ N+1
0<P (VN+1 <Qi-a (ij;f Qkévk)) -1+a<E {I]If?{qk}] .

{

l—(a+e)—P(6<—¢ <P (VN+1 < Qi—a (X0, Prdy, +pN+15oo)) , Vee[0,1-a)
P (VN+1 <Qro(XN prov, +pN+1500)) <l-a+etP@B>6), Ve € [0, )

Therefore, setting & as follows:

o)

=a+e Veel0,1—a)
=a—¢ VYee[0,q)

)

o)
|

using (48) we obtain

)

The proof is concluded since the previous inequalities hold Ve > 0. O

Let 0cal 1, 0cal > 0 and Vk € [N + 1] consider (o1, 0%) € (R4)% Moreover, define

2log 4N
en = 84/ % (03317]1 Vou Vo2, + 02> . (49)

Lemma C.2. Assume that & S0 {NZ)1y o, — EINZ)1y o)} % S AN Z0) Lv<o — EIN(Zi) Lvi <o)},
+ fo:l{,\(zk) —EXNZy)} and + Zgzl{/\(Zk) —EX(Zy)} are sub-Gaussian with parameters {01, 0cal 1,0, Ocal }
respectively, Vv € R. It holds

1+4Var A(Z) N AN Var M(Z;) + 8 Var M(Zy11)

P((5>6N)\/P((5<—€N)S N N2 R

where § is defined in (45).
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Proof. First, recall that A = dPN+!/dP* and P = (1/N) chvzl P*. Since Z, ~ P* and Zj, ~ P we have

N rN
E lZA(Zk)HVk<VN+1 VN+1 =E Z/)‘(Z)HV(Z)<VN+1de(Z) VN+1
k=1
=E N/ 2Ly () <y, AP(2) VN-H}
N ~
—E ZA(Zk)nd<VN+1 V41 (50)
k=1
Using definition of the importance weights py given in (44), note that
N -
ipk]lv v _ chvzl A(Zk)ﬂvk<VN+l ZQkﬂv v o Zk‘:l ) Vk<VN+1
< = ) <VN41 — N :
Pt k N+1 i\;_‘l—l )\(Zl> Pt k + l J,l-l A(Zl)
Therefore, (50) implies that
N+1
o (SE@) S MG v — (S M) S AT v
( N+1>\(Zl)) ( N+1 )\(Zz))
Y AMZ) Ly <va sy — EINZ0) Ly v, | Vi)
= N
1 A(Z)
N+1 > N
AZ) — A Z;
¢ T ) ) f Y g [Z ANZ) Lyt v | Virss
() (o)
. zﬁzlwék)ﬂvm ~ EAZ015, <y, | Vi) 1)
=1 A(Z) '
Moreover, define the following set:
N+1 1 [+ N1 1[N
Ay = {Z AZ) < 5B lz NZ)) }U { > N2z < SE lz A7) }
1=1 =1 =1 =1
Hence, the Bienaymé-Tchebytchev’s inequality shows that
N+1 N+1 N+1 | N+l N+1
1 4% 7 Var \(Z
P(Z NZ) < B |3 M) ) sp(Z{Ele) NZ)} > 1 ZEA 7 ) < 2y VarAlZ)
=1 =1 =1 ( =1 E)‘(Zl))
N+1 N+1 N+1
~ 1 - 4% Var )\(Zl)
P> ANZ)<sE| D MZ) ) < —=5h
<1_1 2 = (i1 EA(Z))?
Thus, summing these two inequalities gives that
N+1
AZ \NZ
P (ay) < LI (Var A(Z) £ Var A(Z)) 52

(I EA(Z)?

Let € > 0 be fixed. Since the {\(Zi)1v, <vy., — E[ANZk)1v, <vy,, | Vv41]} are assumed oy, g-sub-Gaussian, it
holds:

Zk 1{>‘(Zk)]le<VN+1 - EP‘(Z )]le<VN+1 |VN+1]} >el| <exp 762( l]\;—il_l E/\(Zl))2 (53)
;vtl EX(Z)) B B 2N‘72a1,11
Similarly, the Hoeffding’s inequality implies that
N . _
o (SR ENZOL Gy, Vi) = M2 v, ) Y L EEITENZ?)
N1 _ >e| <exp No? . (54)
I EXN(Zy) 2Noyg
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Moreover, define 7 € [0,1] by:

_ E[lecvzl )\(Zk)]lvk<VN+1 | VN+1]
21 EMZ)
Using that Zf\il EXZ) = Zfil EX(Z;), we obtain

(zl RECARREANN e> - (_62( ﬁ?]EA(Zz)b) )

Y ENZ) 2No2, +2No?

3

Therefore, combining (51)-(52)-(53)-(54)-(55) with € = ey, we obtain

P(52 4 9 ) Cp(ay) ¢ (zk HAMZ)vecvas — ENZ) vy | Vi) z?)

U ENZ)

EN
4
Zk 1{E Zk) Vk<VN+1|VN+1] /\(Zk)]lf/mvwrl} s v Zz A Z) - ( 1)} s &N

=1 EMZ) o5 LU EMZ) 8 )

Finally, a similar reasoning for P(§ < —ey) and using Zfil EX(Z;) = N concludes the proof. O

Lemma C.3. Assume forv € R, that )\(21)1191@—E[A(Zl)]l(/l@] is o-sub-Gaussian with parameter o > 0. Then,

N1, o —EINZe) g, b % S AN Z) Ly <o —EINZ) v <ol b & S AN Zk) —EA(Z1)} and
% fo:l{/\(Zk) —EXNZ)} are o-sub-Gaussian.

Proof. Let v € R and v € R. By concavity of the logarithm, the Jensen’s inequality implies

N

N
1 1
¥ kz::l log E [exp {7A(Zk) 1y, <v}] < logE [N k; exp {WA(Zk)llvk@}} :

Therefore, by the increasing property of the exponential, we obtain

LS e (i) }] L e o (]

k 1

N

[ Elexp {7\ (Zi) 1y, <o}] <E

k=1
Since fo:l ENZi) 1y, <] = chvzl E[)\(Zk)]l(/k@L multiplying by exp(—~y Zgzl E[A(Zk)1y; <»]) the previous
inequality shows that fo:l{/\(Zk)Itvk@ — E[A(Zk)1v, <o)} is o-sub-Gaussian. Moreover, applying Fatou’s
lemma gives that

E [hm infe? zﬁzlwzk)nvk<v7E[A<zk>nvk<u1}} < liminfE {e% SN M Z0) 1y, <0 —EA(Z0) 1y, <o}

2 2
gexp<720 )

For k € [N], since V}, < oo almost surely, the dominated convergence theorem combined with the continuity of
the exponential function imply that

N
limvinfexp (Xf Z{)\(Zk)]lkaJ —E[NZi)1v, <o)} ) = exp ( Z{)\ Zy) — )]}) .
k=1

Thus, we deduce that + chv:l{)\(Zk) —E[X(Zy)]} is o-sub-Gaussian. O

In order to simplify the calculation, we also provide the statement when assuming that A is bounded by ||A[|

Theorem C.4. Assume there are no ties between { Vi }rein+1] U {00} almost surely. If 3o > 0, such that Yv € R,

)\(21)]1‘71<v - E[)\(Zl)]l‘71<v] is sub-Gaussian with parameter o. Then, it holds

P (Virer < Qua (S0 i +paviad Lol < PN 5 if \ is bounded
N+1 S Wi1-o k=1 PEOV, T PN+1 oo)) — a' < ) )
k w + 190\/@ otherwise
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Proof. Let’s start by using Lemma C.1 with € = e defined in (49), it gives
—en —P(0 < —en) <P (VN+1 < Qi-a (fozl DrOV, +p1v+15oo>) -1+«
<en+P(O>en)+E [{g@%{qk}} . (56)
Therefore, the previous inequalities combined with Lemma C.2 and Lemma C.3 imply that

‘IP’ (VN+1 <Qi-a (chvd POV, +pN+16°°)) -1+ a‘

1+4VarA(Zy) 43, VarA(Z;) + 8 Var A(Zn+1)
< -
< N - N + 160y =5

N & [ttt @

Furthermore, applying the result from (Plassier et al., 2023, Lemma C.17) implies that

{NH Ll?\;lw + 5 (Var XNZy) + Var)\(iN“)) < 10”}’\\]“30 if \ is bounded (58)
E max qk} S o4/ O, ~ 58
k=1 %NH) + % (IE)\(ZNH) +2VarA\(Zy) + %(ZN“Q otherwise

Therefore, if A is bounded by ||A||,, then the sub-Gaussian parameters are controled as follows:
o <Al /25

see (Boucheron et al., 2003, Lemma 2.2) for more details. Hence, plugging (58) into (57) concludes the first part
of the proof. Now, let’s proof the second part of the theorem. For that, remark

EX(Z,) = 1, Var M(Z1) = E[]\(Z,)] — 1, (59)

and note that
dPN+1 cal 277
ENZN+1) =/ “qpel (2) AP (z) = E[A*(Z1)]. (60)
Therefore, we obtain that

Var A(Zn11) = EPN(Zn41)] — EMZn 1)) = BN (Z1)] — BV (Z0))°. (61)

Combining with (59)-(60)-(61) with (58) shows that

N+1 oy/8log(N+1) 2 2 e 2EN3(Z,)
< VoL T 2 - = alh et YA B |
E [I}?_ai(qk] < ~ + N 3 N EX*(Z1) + N 2 (62)
Using the Cauchy-Schwarz’s inequality, it holds
dpN+ " a )5
ZVar)\ Zi) Z/( Tpe ) )dPR(z) = Y E[MZi)]* < NE[M(Z)] - N.
k=1

The previous inequality combined with (57) and (62) implies that

’IP’ (VNJrl <Qi-a (fo:l DLV, +pN+1500>) -1+ a‘

SEX3(Z1) 4 8EN?(Z) — 8(EN%(Z1))% — 7 log 4N N1
<
< N + 160 N +E Iilji({qk}
18EX3(Z,) log AN
< — .
<5t = (63)

O
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Algorithm 1 Federated Quantile Estimation

Input: significance level a, number of rounds 7', learning rate 1, Moreau regularization parameter -+,
parameter of the DP noise o, number of local iteration K.
// In parallel on the local agents
for each agent i =0 to n do
Estimate and transmit 4the GMM parameters {ml,mi, %0}y as in (16)
Compute V(X3 Yy), Vi = V(X3 Yy) and A = (dP% /AP (X}) using (15)
Transfer A" = Eszl A¢ to the central server

fort=0toT —1do
// On the central server
St+1 < random subset of [n]
// In parallel on the local agents
for each agent i € Sy 1 do
Initialize quantile g; 5 < ¢
for k=0to K —1do
// Gradient with DP noise
gt k< VIOSS(V) (qi,k) + Zi,k? Z;k ~ N(0,0?)
// Update local quantile
Qi o1 € Gek — N9t
(qu+17A(j§+l) — (‘L?K g O,Zke ;( )
// On the central server
A i
Q1 @+ 1507 Ziest+1(W)AQ§+1
= t = n Al A‘7§v+1
Gt+1 < 3@t 15, ZiGSt+1(Z;.”:1Aj) T+l

Output: Q?)a — qr.

D Details on the federated quantile computation

In this section, we detail the algorithm implemented for Section 5. This Algorithm 1 is divided into two parts.
In the first part, the density ratios )\(X,i) are estimated from the local data of each agent. Then, the quantile

Ag’i)a is determined using the procedure developed by Plassier et al. (2023). This method is based on the FedAvg
algorithm with Gaussian noise to ensure the differential privacy (McMahan et al., 2017; Dwork, 2006; Ha et al.,

2019). Given a regularization parameter v > 0, each agent uses its local data to calculate its loss function lossl(-'Y)
whose gradient is:

Q0] i_ i
Vloss!" == Z)\ X}) VS i), A= AX)
1
VSg,v(Q) - *(1 - a)]l{q<v—'y(1—a)} + a]l{q>v+fya} + ;(q - v)]l{v—fy(l—a)<q<v+'yoz}'
The quantile Q1 ., is obtained solving
™) € argmin {Zz | A Vloss! )}

Based on an approximation Q1 o> We generate the following prediction set:

Cou(x) = {yey Vix.y) < Q, }
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Figure 5: ImageNet & ImageNet-R experimental results: (a) Empirical coverage of conformal prediction sets for
non-corrupted and corrupted data. It shows how accurately do conformal sets capture the true classes of the
data. (b) Average set size of conformal prediction sets for non-corrupted and corrupted data. The size of the sets
increases with the level of corruption due to the increasing uncertainty of the model based on the corrupted data.
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Figure 6: CIFAR-10 experimental results. (a) Mean empirical coverage changes as a function of the calibration
dataset size. (b) Standard deviation of empirical coverage as function of the calibration dataset size.

E Additional Experiments

E.1 Additional experiment on ImageNet

We also experiment with ImageNet-R (Hendrycks et al., 2021) as a corrupted data source. Using the same data
partitioning scheme as with ImageNet-C, we evaluate the performance of the presented algorithm under real
distribution shifts. Specifically, we have 20 clients, half of them contain original ImageNet data, and the other half
consist of ImageNet-R data samples. Each client has 850 data samples, consisting of 500 model fitting samples,
50 calibration samples and 300 test samples.

The results obtained with ImageNet-R are consistent with those obtained using the ImageNet-C dataset. In
particular, in Figure 5a the coverage of our method best approaches the nominal value of 1 — « for both non-shifted
data and shifted data. Also, in the Figure 5b, the average prediction set sizes of the introduced method have less
variance than the local baseline.

E.2 Additional experiment on CIFAR-10

Following the same setup as for the CIFAR-100 in Figure 3a and Figure 3b, we conduct the same experiment for
the CIFAR-10. To recap, we have 100 clients, 100 data points were allocated for test, while the size of calibration
dataset varied. Results for this experiment are presented in Figure 6a and Figure 6b. As before for CIFAR-100,
we see that our approach benefits from the federated collaborative procedure, which results in almost perfect
coverage with smaller variance.
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Figure 7: CIFAR-100 experimental results with extended axis on the size of calibration dataset. (a) Mean
empirical coverage changes as a function of the calibration dataset size. (b) Standard deviation of empirical
coverage as function of the calibration dataset size.

E.3 Additional experiment on CIFAR-100

In Figure 3b from the main text, it may seem that variance of our approach constantly increases. We decided to
continue the experiment just to check if the variances will intersect at some point. We present the additional plot
in Figure 7a and Figure 7b. We see, that this effect was rather random, and our approach still optimal from the
variance point of view.

E.4 Comparison with Tibshirani’s weights

Tibshirani et al. (2019)’s algorithm relies on importance weights derived from the density of V2 ZU(NJrl))
calculated over all possible permutations o, that in general case requires the evaluation of sums of N! terms,
where N represents the total number of calibration points. Tibshirani’s expression simplifies in very special cases,
such as when the distribution of the test point is different from the distribution of the calibration data, which are
ii.d. (an example discussed in Tibshirani et al. (2019)). Our proposed conformal prediction set aligns with
Tibshirani’s when the calibration data are i.i.d.. However, our main contribution is that our prediction set
remains valid even for the non-i.i.d. calibration data, i.e. in the presence of label and covariate shifts
inside the calibration data. To show this, we provide conditional coverage guarantees and avoid the intractability
of combinatorial Tibshirani’s CP set.

Plassier et al. (2023) method consists in subsampling the calibration data to generate i.i.d. samples from the
mixture distribution, and then using the “simplified” Tibshirani’s weights. However, the subsampling cost leads
to an increase in variance (and also the theory becomes more convoluted compared to our paper).

We conducted additional experiments comparing the work of Plassier et al. (2023) and Tibshirani et al. (2019).
For Tibshirani’s method, the only feasible approach is to sample a certain number of permutations and compute
approximate weights based on them. Unfortunately, it leads to the very high variance of the weights which led
us even to the bias in the mean coverage (82.48 on the “Mix” calibration data in our experiment on domain
adaptation). For Plassier’s method we observed a coverage of 92.28 + 5.97% which is perfectly aligned with
expectation to have increased variance compared to our method; see Figure 1. When replicating the CIFAR10
experiment, sampling the permutations led us to even worse results and we only present the comparison with
Plassier’s method which again gives an expected increase in variance (see figures below).
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Figure 8: Coverage comparison on CIFAR-10. (Left) Empirical coverage in function of the data corruption level.
(Right) Average set size of conformal prediction sets as a function of data corruption level.
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