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Abstract—Let Gcod1
k (Mn), k � 1, be the set of axiom A diffeomorphisms such that the

nonwandering set of any f ∈ Gcod1
k (Mn) consists of k orientable connected codimension one

expanding attractors and contracting repellers where Mn is a closed orientable n-manifold, n �
3. We classify the diffeomorphisms from Gcod1

k (Mn) up to the global conjugacy on nonwandering

sets. In addition, we show that any f ∈ Gcod1
k (Mn) is Ω-stable and is not structurally stable.

One describes the topological structure of a supporting manifold Mn.
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1. INTRODUCTION

Axiom A diffeomorphisms (in short, A-diffeomorphisms) were introduced in hyperbolic dynamics
by Smale [32]. Recall that a nonwandering set of an A-diffeomorphism has a hyperbolic structure
and the nonwandering set is the topological closure of the set of periodic orbits (for the basic
notation of the theory of dynamical systems, see the books [1, 9, 15, 29] and surveys [8, 32]). By
Smale’s spectral decomposition theorem, a nonwandering set of an A-diffeomorphism is a disjoint
union of closed invariant and transitive sets called basic sets.

A basic set Λa of an A-diffeomorphism f : Mn → Mn is called an attractor if there is an
attracting neighborhood U �= Mn of Λa such that ∩i�0f

i(U) = Λa. Here, Mn is a smooth n-
manifold, n � 2. Following [34], we call Λa an expanding attractor provided the topological
dimension of Λa equals Morse’s index of Λa, i. e., dimΛa = dimW u(x) where W u(x) is the unstable
manifold of (any) point x ∈ Λa. A basic set Λr is called a contracting repeller if Λr is the expanding
attractor for f−1. A basic set Ω is codimension one provided its topological dimension dimΩ equals
n− 1. By Theorem C in [34], a codimension one expanding attractor (contracting repeller) is locally
homeomorphic to the product of a Cantor set and a Euclidean plane R

n−1.

A structurally stable A-diffeomorphism with an orientable codimension one expanding attractor
can be obtained by Smale’s surgery [32, pp. 788–789] from a codimension one Anosov diffeomorp-
hism of an torus T

n, n � 2 (the orientability of an expanding attractor, roughly speaking, means
the following: given any arc of a stable manifold and a codimension one unstable manifold, the
index of their intersection is the same at every point of intersection; see Section 2 for details). Such
diffeomorphisms are called DA-diffeomorphisms.
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Denote by G
cod1
k (Mn), k � 1, the set of A-diffeomorphisms Mn → Mn of a closed smooth

connected orientable n-manifold Mn, n � 3, such that a nonwandering set of any f ∈ G
cod1
k (Mn)

consists of k connected codimension one orientable expanding attractors and contracting repellers.
In this paper, we classify the diffeomorphisms from G

cod1
k (Mn) up to a global conjugacy on

nonwandering sets (for the main definitions, see below and Section 2). In addition, we show that

any f ∈ G
cod1
k (Mn) is Ω-stable, but not structurally stable. For completeness, we describe the

topological structure of the supporting manifold Mn.

It is not difficult to construct a diffeomorphism f ∈ G
cod1
2 (Mn) where Mn is a connected sum

of two tori Tn, n � 2 [30]. Indeed, take a DA-diffeomorphism f0 : T
n → T

n whose nonwandering
set consists of an isolated source s0 and a codimension one orientable expanding attractor Λ.
Then the diffeomorphism f−1

0 has a nonwandering set consisting of a sink s0 denoted by s1 and

a codimension one orientable contracting repeller Λ denoted by Λ1. We can assume that f−1
0 is

defined on a copy of Tn. Deleting small neighborhoods of s0 and s1, one can construct a connected
sum Mn = T

n�Tn on which f0 and f−1
0 induce f ∈ G

cod1
2 (Mn) whose nonwandering set consists of

an orientable codimension one expanding attractor Λ and a contracting repeller Λ1.

To formulate the main results, let us introduce some notation. Suppose for definiteness that
Λ is an orientable codimension one expanding attractor (similar notation holds for a contracting
repeller) of an A-diffeomorphism f . Then any stable manifold W s(x), x ∈ Λ, is one-dimensional
and W s(x)\x consists of two components. Due to [5] for n = 2, and [14], Lemmas 1.2, 1.5 for n � 2,
at least one component of W s(x)\x intersects Λ. A point x ∈ Λ is called a boundary point if there
is a component of W s(x)\x denoted by W s

∅ (x) which does not intersect Λ. It follows from [5, 6, 25]

for n = 2, and [14], Lemma 1.4 for n � 2 (see also the books [9, 15]) that the set B(f) ⊂ Λ of
boundary points is nonempty, invariant and finite. Therefore, every boundary point is periodic.
Let p1, . . . , pr ∈ B(f) be all boundary points such that W s

∅ (p1), . . ., W
s
∅ (pr) belong to the same

component of W s(Λ) \ Λ. The union ∪r
i=1W

u(pi) denoted by bu is called a bunch, r is called the
degree of the bunch bu, and p1, . . . , pr are called associated periodic (boundary) points. Since Λ
is orientable, each bunch of Λ has degree two, and hence a bunch has two associated periodic
points [14], Corollary 1.3.

Below, Sl is homeomorphic to a standard l-sphere. The symbol � means a connected sum. Note
that a connected sum for high-dimensional topological orientable manifolds was introduced in [21].
For completeness, we formulate the statement which is a partial result of [11].

Theorem 1. Suppose the nonwandering set of f ∈ G
cod1
k (Mn), n � 3, consists of basic sets Ω1, . . .,

Ωk. Let li be the number of bunches of Ωi, 1 � i � k. Then Mn is homeomorphic to the following
connected sum:

T
n� · · · �Tn

︸ ︷︷ ︸

k�2

�
(

Sn−1 × S1
)

� · · · �
(

Sn−1 × S1
)

︸ ︷︷ ︸

rf�0

(1.1)

where rf = l1+···+lk
2 − k + 1.

Let us consider now the problem of classification for the set Gcod1
k (Mn). Here, we consider the

classification up to a global (topological) conjugacy for the diffeomorphisms from G
cod1
k (Mn) on

their nonwandering sets. Let us recall some notation. Suppose diffeomorphisms f, f ′ : Mn → Mn

have invariant sets Ω and Ω′, respectively. We say that f and f ′ are globally conjugate on the sets
Ω and Ω′ if there is a homeomorphism h : Mn → Mn such that

h(Ω) = Ω′ and f ′|Ω = h ◦ f ◦ h−1|Ω′ .

First, we construct an invariant of global conjugacy for every f ∈ G
cod1
k (Mn) which is a graph

Γ(f) endowed with an additional information, and one introduces a definition of commensurability

of graphs (see details below). The following result says that the graph Γ(f) of f ∈ G
cod1
k (Mn)

up to a commensurability is a complete invariant of global conjugacy on nonwandering sets for
diffeomorphisms Gcod1

k (Mn).
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Theorem 2. Two diffeomorphisms f, f ′ ∈ G
cod1
k (Mn), n � 3, are globally conjugate on its non-

wandering sets if and only if the graphs Γ(f) and Γ(f ′) are commensurable.

Second, we introduce the set Γk, k � 2, of abstract graphs (see details below). To get a complete
classification, we prove the following result.

Theorem 3. The graph Γ(f) of any diffeomorphism f ∈ G
cod1
k (Mn) belongs to the set Γk. Given

any graph γ ∈ Γk, there are a closed smooth connected orientable n-manifold Mn, n � 3, and a
diffeomorphism f ∈ G

cod1
k (Mn) such that γ = Γ(f).

Let us mention some results concerning the subject of the paper. There are various types of
conjugacy applying to classifications of dynamical systems. We restrict ourselves to a topological
conjugacy. Recall that two maps f, g : M → M are (topologically) conjugate provided there is a
homeomorphism h : M → M such that h ◦ f = g ◦ h. It is a difficult problem to classify dynamical
systems under conjugacy mappings on the whole supporting manifold. The first natural step is
a classification of restrictions of dynamical systems (in particular, diffeomorphisms) on special
invariant subsets. For example, Williams [34] proved that the restriction of diffeomorphism on an
expanding attractor of dimension d � 1 is conjugate to the shift map of a generalized d-solenoid.
The second natural step is to ask: when are two diffeomorphisms are conjugate in neighborhoods
of their invariant sets? Robinson and Williams [31] constructed two diffeomorphisms f and g of
nonhomeomorphic 5-manifolds with expanding 2-dimensional attractors Λf and Λg, respectively,
such that the restriction f |Λf

: Λf → Λf is conjugate to the restriction g|Λg : Λg → Λg, but there is
not even a homeomorphism from a neighborhood of Λf to a neighborhood of Λg taking Λf to Λg.
For other examples, see [18], where the first type of conjugacy (i. e., a conjugacy of restrictions) is
called an intrinsic conjugacy, while the second type of conjugacy (when a conjugacy map is defined
in a neighborhood of an invariant set) is called a neighborhood conjugacy. Clearly, a neighborhood
conjugacy implies an intrinsic conjugacy because the first one takes into account embedding of
invariant sets in supporting manifolds. Here, we consider a global conjugacy which can be considered
as an intermediate type of conjugacy.

In [22], the following four types of A-diffeomorphisms were introduced: regular, semichaotic,
chaotic, and superchaotic ones (to be precise, such types were introduced for a wide class of Smale
A-homeomorphisms). Basic sets of A-diffeomorphism f are naturally divided into sink basic sets
ω(f), source basic sets α(f), and saddle basic sets σ(f). We say that f is regular if all basic sets ω(f),
σ(f), α(f) are trivial, while f is semichaotic if exactly one family from the families ω(f), σ(f), α(f)
consists of nontrivial basic sets, and f is chaotic if exactly two families from the families ω(f), σ(f),
α(f) consist of nontrivial basic sets, and at last f is superchaotic if all basic sets ω(f), σ(f), α(f)
are nontrivial. In [22], necessary and sufficient conditions of conjugacy for regular, semichaotic, and
chaotic A-diffeomorphisms were formulated provided that chaotic A-diffeomorphisms have either
trivial sink basic sets or trivial source basic sets. We see that the set G

cod1
k (Mn), k � 1, belongs

to the set of chaotic A-diffeomorphisms, but every f ∈ G
cod1
k (Mn) has nontrivial sink and source

basic sets. Thus, the main result of [22] does not cover the main results of our paper.

The structure of the paper is as follows. In Section 2, we formulate the main definitions and give
some previous results. In Section 3, we prove main results (Theorems 2, 3).

2. BASIC DEFINITIONS AND PREVIOUS RESULTS

A-diffeomorphisms. Let f be a diffeomorphism of a closed manifold Mn endowed with some
Riemannian metric d. f is said to be an A-diffeomorphism if its nonwandering set NW (f) is
hyperbolic and periodic points are dense in NW (f) [32]. The stable manifold W s(x) of a point
x ∈ NW (f) is defined to be the set of points y ∈ Mn such that d(f ix, f iy) → 0 as i → +∞. The
unstable manifold W u(x) of x is the stable manifold of x for the diffeomorphism f−1. We shall
consider a stable or unstable manifold to be an immersed submanifold of Mn. Stable and unstable
manifolds are called invariant manifolds. By definition, let W s

ε (x) ⊂ W s(x) (resp. W u
ε (x) ⊂ W u(x))
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be the ε-neighborhood of x in the intrinsic topology of the manifold W s(x) (resp. W u(x)), where
ε > 0.

The spectral decomposition theorem says that the nonwandering set NW (f) of an A-diffeomor-
phism f is a finite union of pairwise disjoint f -invariant closed sets Ω1, . . . ,Ωk such that every
restriction f |Ωi is topologically transitive. These Ωi are called the basic sets of f . In addition, M
can be represented as follows:

M =

k
⋃

i=1

W s(Ωi) =

k
⋃

i=1

W u(Ωi), where W s(u)(Ωi) =
⋃

x∈Ωi

W s(u)(x). (2.1)

Since f is transitive on each basic set Ωi, it follows that the restrictions of the bundles Es, Eu to
Ωi have constant dimensions. The dimension dimEu

Ωi
= dimEu

x , x ∈ Ωi, is called Morse’s index of
Ωi. A dimension dimΩ of basic set Ω means the topological dimension of Ω. A basic set Ω is an
expanding attractor if Ω is an attractor and dimΩ equals Morse’s index of Ω [34]. A basic set Λ of
an A-diffeomorphism f is called a contracting repeller provided Λ is an expanding attractor of f−1.

Lemma 1. Let f : Mn → Mn be an A-diffeomorphism of closed manifold Mn such that the
nonwandering set NW (f) of any f consists of k attractors and repellers. Then k � 2, and NW (f)
contains at least one attractor and at least one repeller.

Proof. Suppose the contrary. Then k = 1, and NW (f) consists of either a unique attractor or
unique repeller. Assume NW (f) = Λa is an attractor (if NW (f) is a repeller, the proof is similar).
Due to (2.1), a point x ∈ Mn belongs to an unstable manifold of some basic set. Since Λa is an
attractor, W u(Λa) = Λ. Therefore, x ∈ Λ because Λa is a unique basic set. Hence, Λa = Mn. By
definition, Λa �= Mn. This contradiction shows that k � 2. Let U be an attracting neighborhood
of Λa. Suppose that f has no repellers. Then any point x ∈ U \ Λa belongs to some attractor. This

is impossible, since ∩i�0f
(U) = Λa. We see that f has at least one repeller. �

For any x ∈ Ω, W u(x) and W s(x) are immersed submanifolds such that

dimW u(x) + dimW n(x) = n.

Moreover, W u(x) andW s(x) are homeomorphic to Euclidean space of the corresponding dimension.
Therefore, both W u(x) and W s(x) are endowed with a normal and intrinsic orientation. Hence, one
can define the index of intersection at each point of W u(x) ∩W s(x) [17]. Following [4–6], we call
a basic set Ω orientable if for any α > 0 and β > 0 the index of W s

x,α ∩W u
x,β does not depend on a

point of intersection. A codimension one expanding attractor of a DA-diffeomorphism is orientable.
A Plykin attractor is a nonorientable expanding attractor [25].

Structural stability and Ω-stability. Let Diff 1 (Mn) be the space of C1 diffeomorphisms on
Mn endowed with the uniform C1 topology [17]. Recall that diffeomorphisms f , g ∈ Diff1(M)
are (topologically) conjugate if there is a homeomorphism ϕ : M → M such that ϕ ◦ f = g ◦ ϕ.
A diffeomorphism f ∈ Diff1(M) is called structurally stable if there is a neighborhood U(f) ⊂
Diff1(M) of f such that any g ∈ U is conjugate to f .

Let W1, W2 ⊂ Mn be two immersed submanifolds. One says that W1, W2 are intersected
transversally provided that, given any point x ∈ W1 ∩W2, the tangent bundles TxW1, TxW2

generate the tangent bundle TxM
n. In this case dimTxW1 + dimTxW2 ≥ dimTxM

n. According to
Mane [20] and Robinson [28], an A-diffeomorphism f is structurally stable if and only if invariant
manifolds W s(x), W u(y) are intersected transversally for any x, y ∈ NW (f). The last condition is
called the strong transversality condition.

A diffeomorphism f ∈ Diff1(M) is called Ω-stable if there is a neighborhood U(f) ⊂ Diff1(M)
of f such that for any g ∈ U(f) the restrictions f |NW (f), g|NW (g) are conjugate, i. e., there

exists a homeomorphism ϕ : NW (f) → NW (f) such that ϕ ◦ f |NW (f) = g ◦ ϕ|NW (f). According

to Smale [33], if an A-diffeomorphism f has no cycles on basic sets, then f is Ω-stable.
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Lemma 2. Every f ∈ G
cod1
k (Mn), n � 3, is Ω-stable and is not structurally stable.

Proof. Let Ω1, . . ., Ωk be basic sets of f ∈ G
cod1
k (Mn). Due to (2.1), any point x ∈ Mn \

(

∪k
i=1Ωi

)

belongs to a stable one-dimension manifold of a point of some attractor and an unstable one-
dimensional manifold of a point of some repeller. Since n � 3, a strong transversality condition
does not hold. Hence, f is not structurally stable.

We see that a stable manifold of repeller belongs to the repeller, while an unstable manifold of
attractor belongs to the attractor [24]. Therefore, a stable manifold of repeller cannot intersect an
unstable manifold of attractor. It follows that the basic sets Ω1, . . ., Ωk have no cycles. According
to [33], f is Ω-stable. �

Characteristic spheres. Let Ω be a codimension one orientable expanding attractor of A-
diffeomorphism f : Mn → Mn, n � 3. Plykin [26] proved that any bunch of Ω is a 2-bunch. Let
bupq = W u(p) ∪W u(q) be a 2-bunch where p, q are boundary periodic points of Ω. It follows

from [14, 26] that, given any point x ∈ W u(p) \ p, there is a unique point y ∈ W u(q) \ q such
that (x, y)s = (x, y)s∅, and vice versa. Therefore, one can define the mapping

ϕpq
def
= ϕ : (W u(p) \ p)

⋃

(W u(q) \ q) → (W u(p) \ p) ∪ (W u(q) \ q)

where ϕ(x) = y, (x, y)s = (x, y)s∅. Moreover, for every n ∈ Z, it holds that

fmn ◦ ϕ|
(Wu(p)\p)∪

(

Wu(q)\q
) = ϕ ◦ fmn|(

Wu(p)\p
)

∪
(

Wu(q)−q
), (2.2)

where m = m(p, q) is the period of the points p, q. Take a closed (n− 1)-disk Dp ⊂ W u(p)

bounded by a smooth (n− 2)-sphere Sn−2
p = ∂Dp such that p ∈ int(Dp) = Dp \ ∂Dp and Dp ⊂

int
(

fm(Dp)
)

. Then the set Cpq = ∪x∈∂Dp(x, ϕ(x))
s
∅ is homeomorphic to Σn−2 × (0, 1). Since ϕ is a

homeomorphism, Sn−2
q = ϕ(Sn−2

p ) is a locally flat (n− 2)-sphere embedded in W u(q), and hence,

Sn−2
q bounds the (n− 1)-disk Dq ⊂ W u(q). As a consequence, Spq = Dp ∪Dq ∪ Cpq is an (n− 1)-

sphere called a characteristic sphere corresponding to the bunch bupq. According to [14], one can

slightly deform Spq to W s(Ω) \ Ω to get a characteristic sphere with no intersections with Ω. Note
that a characteristic sphere is defined up to a small isotopy [14], Lemma 2.8. By construction,
any characteristic sphere is a locally flat embedded sphere and hence, it has a neighborhood
homeomorphic to S

n−1 × (−1;+1) provided Mn is orientable. Similar constructions hold for Ω
to be a codimension one contracting repeller. We see that there is a one-to-one correspondence
between bunches and characteristic spheres.

Attracting neighborhoods. Recall that, if Ω is an attractor of f : Mn → Mn, then there is a
so-called attracting neighborhood U(Ω) of Ω such that closf (Ω) ⊂ U(Ω) and ∩i�0f

i(U(Ω)) = Ω. If
Ω is a repeller of f , then Ω is an attractor for f−1. We say that U(Ω) is an attracting neighborhood
of the repeller Ω if U(Ω) is an attracting neighborhood of Ω under the diffeomorphism f−1.

The next result follows from [14], Corollary 2.1 and Lemma 3.1 (see also Theorem 5.1). Recall
that a DA-diffeomorphism g : Tn → T

n is an A-diffeomorphism provided the nonwandering set
consists of codimension one orientable expanding attractor and finitely many isolated source
periodic orbits.

Lemma 3. Let Ω be a codimension one connected orientable expanding attractor of A-diffeomor-
phism f : Mn → Mn, n � 3, with l bunches. Then Ω has an attracting neighborhood U(Ω) ⊂
W u(Ω) whose boundary ∂U(Ω) consists of locally flat characteristic spheres S1, . . ., Sl (with no
intersections with Ω), and U(Ω) is homeomorphic to an n-torus T

n with l deleted closed n-disks,

i. e., U(Ω) = T
n \ ∪l

i=1D
n
i . Moreover, the restriction f |U(Ω) : U(Ω) → f(U(Ω)) is extended to a DA-

diffeomorphism f̃ : Tn → T
n. In addition, there is r ∈ N such that the spheres Si, f

r(Si) bound a
domain homeomorphic to Sn−1 × [0; 1] for all i = 1, . . . , l.
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Note that due to [14], Theorem 8.2, the extension f̃ is defined up to a conjugacy. A similar statement
holds for a codimension one orientable contracting repeller.

Complete invariant of global conjugacy on a codimension one basic set. Let f : Tn → T
n be an A-

diffeomorphism and Ω a codimension one basic set which is either an orientable expanding attractor
or an orientable contracting repeller. Suppose Ω has l bunches. Applying results by Franks [3] and
Newhouse [23], it was proved in [6, 12, 13] that there are a homotopic to identity continuous map
h : Tn → T

n and a codimension one Anosov automorphismA : Tn → T
n such that h ◦ f |Ω = A ◦h|Ω.

In addition, h takes each pair of associated periodic points to a periodic point of A. Set P = h(A(f))
where A(f) is the set of associated periodic points of f . Note that the cardinality |P | of P equals
l. We see that f corresponds to the triple (A,P, ε) where ε = a if Ω is an attractor and ε = r if
Ω is a repeller. Suppose that an A-diffeomorphism f ′ : Tn → T

n has a codimension one basic set
Ω′ which is either an orientable expanding attractor or an orientable contracting repeller. Assume
that f ′ corresponds to the triple (A′, P ′, ε′).

Two triples (A,P, ε), (A′, P ′, ε′) are called equivalent provided ε = ε′, and there is an automorp-
hism ζ : Tn → T

n such that A′ = ζ ◦A ◦ ζ−1 and ζ(P ) = P ′. It was proved in [6, 12] that f , f ′ are
globally conjugate on the basic sets Ω, Ω′ respectively if and only if the triples (A,P, ε), (A′, P ′, ε′)
are equivalent.

Below, we will sometimes identify an automorphism with its matrix.

Construction of graph Γ(f). The crucial step to construct a graph Γ(f) for f ∈ G
cod1
k (Mn) is

the following statement (below k � 2).

Lemma 4. Suppose f ∈ G
cod1
k (Mn), n � 3, has basic sets Ω1, . . ., Ωk. Let U(Ω1), . . ., U(Ωk) be

pairwise disjoint attracting neighborhoods of the basic sets Ω1, . . ., Ωk, respectively, such that the
boundary of every U(Ωi) consists of characteristic spheres of Ωi, 1 � i � k. Then any component

of Mn \
(

∪k
i=1U(Ωi)

)

is homeomorphic to S
n−1 × [0; 1]. Moreover, one characteristic sphere that is

homeomorphic to the boundary component S
n−1 × {0} corresponds to an attractor, while another

characteristic sphere that is homeomorphic to the boundary component Sn−1 × {1} corresponds to
a repeller.

Proof. Let N be a component of Mn \
(

∪k
i=1U(Ωi)

)

. Since the boundary ∂N consists of (n− 1)-
spheres, one can glue n-balls Bn

1 , . . ., B
n
j to ∂N to get a closed n-manifold N∗ where j is the number

of the boundary components of N . Due to Lemma 3, there is an iteration fm for sufficiently large
m such that the restriction fm|N : N → fm(N) induces an A-diffeomorphism f∗ : N∗ → N∗ whose
nonwandering set consists of isolated nodal fixed points (sinks and sources) because f has no saddle
isolated periodic orbits. According to [27] (see also [10]), N∗ is homeomorphic to n-sphere S

n,
and the nonwandering set of f∗ consists of a unique sink and a unique source. Thus, j = 2 and
N = N∗ \ (Bn

1 ∪Bn
2 ). It follows from [19] (see also [2]) that N is homeomorphic to S

n−1 × [0; 1]. �

Suppose that the nonwandering set of f ∈ G
cod1
k (Mn) consists of a basic set Ω1, . . ., Ωk with

bunches l1, . . . and lk, respectively. Due to Lemma 3, there is an attracting neighborhood U(Ωi)

that is homeomorphic to T
n \ ∪li

j=1D
n
j , i = 1, . . . , k. Moreover, f |U(Ωi) can be extended to a DA-

diffeomorphism T
n
i → T

n
i denoted by fi with a unique nontrivial basic set Ωi. Thus, fi corresponds

to the triple (Ai, Pi, εi). We assume that a graph Γ(f) has a group Vi of vertices vi1, . . ., v
i
li
, and

each Vi is endowed with the triple (Ai, Pi, εi) where Pi consists of the points pi1, . . ., p
i
li
(every pis

corresponds to vis, and vice versa, 1 � s � li). Thus, every basic set induces a group of vertices
endowed with a triple in the graph Γ(f). Due to Lemma 3, any point pis ∈ Pi corresponds to a
characteristic sphere denoted by Sn−1(pis) belonging to the boundary of U(Ωi). It follows from
Lemma 4 that there is a unique basic set Ωj, j �= i, such that the characteristic spheres Sn−1(pis),

Sn−1(pjt ) bound in Mn the set homeomorphic to Sn−1 × [0; 1] where the group Vj = {vj1, . . . , v
j
lj
}

endowed with the triple (Aj , Pj , εj), Pj = {pj1, . . . , p
j
lj
}, corresponds to Ωj. Note that εi �= εj . In this
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case, we assume that the vertices vis, v
j
t are connected by an edge denoted by L(pis, p

j
t ). Sometimes,

we will say that the points pis, p
j
t are connected as well. This completes the construction of the

graph Γ(f) for f ∈ G
cod1
k (Mn), n � 3.

As a résumé, Γ(f) is a collection of groups V1, . . ., Vk of vertices, and each group is endowed
with a triple. The degree of every vertex is equal to one, and there are no adjacent edges. Roughly
speaking, Γ(f) is a collection of pairwise disjoint segments.

Commensurability of graphs. Suppose Γ(f), Γ(f ′) are graphs of diffeomorphisms f , f ′ ∈
G

cod1
k (Mn), respectively. We say that Γ(f), Γ(f ′) are commensurable if the following conditions hold:

(a) there is a bijection ψ : Γ(f) → Γ(f ′) such that ψ(Vi) = V ′
i for all i = 1, . . . , k, and ψ(vis) = v

′i
s

for all s = 1, . . . , li; (b) given any 1 � i � k, the triples (Ai, Pi, εi), (A
′
i, P

′
i , ε

′
i) corresponding to the

groups Vi, V
′
i are equivalent. In other words, there is a collection of automorphisms {ζ1, . . . , ζk}

of Tn such that ζi(Pi) = P ′
i , and ζi conjugates the automorphisms Ai, A

′
i; (c) two vertices vis, v

j
t

of Γ(f) are connected by the edge L(pis, p
j
t) if and only if the vertices ψ(vis) = v

′i
s , ψ(v

j
t ) = v

′j
t are

connected by the edge L(p
′i
s , p

′j
t ) in Γ(f ′); (d) if two vertices vis, v

j
t are connected in the graph Γ(f),

then the determinants of the automorphisms ζi, ζj (ζi conjugates Ai, A
′
i, while ζj conjugates Aj ,

A′
j) have the same sign.

Construction of the set Γk, k � 2. By definition, a graph γ belongs to the class Γk, k � 2, if it
satisfies the following conditions: (1) γ ∈ Γk has k groups of vertices Vi = {vi1, . . . , vili}, i = 1, . . . , k,

and each group Vi is endowed with a triple (Ai, Pi, εi) where Ai : T
n → T

n is a codimension one

Anosov automorphism, Pi = {pi1, . . . , pili} are finitely many periodic orbits of Ai, εi = a provided

the stable manifolds of Ai are one-dimensional, while εi = r provided the unstable manifolds of Ai

are one-dimensional. Moreover, there exists at least one triple (Ai, Pi, εi) with ε = a and at least
one triple (Aj , Pj , εj) with ε = r. In addition, there is a bijection ψi : Vi → Pi, p

i
s = ψi(v

i
s), for any

1 � s � |Pi| = li (note that since the set Pi is invariant, the inclusion ψ−1
i (Ar

i (p
i
s)) ∈ Vi holds for

every r ∈ N); (2) every vertex vis of γ ∈ Γk has degree 1; (3) suppose vertices vis = ψ−1
i (pis) ∈ Vi =

{vi1, . . . , vili}, v
j
t = ψ−1

j (pjt ) ∈ Vj are connected by an edge L(pis, p
j
t ). Then εi �= εj. Moreover, if ni

s is

a period of the point pis under Ai, then every vertex ψ−1
i (Al

i(p
i
s)
)

∈ Vi is connected by an edge with

ψ−1
j (Al

j(p
j
t )) ∈ Vj , l = 1, . . . , ni

s; (4) given any groups Vi, Vj , i �= j, there is a sequence of groups

Vi1 , . . ., Vir with i1 = i, ir = j such that any neighbor groups Vis , Vis+1 in the sequence contain

vertices vis ∈ Vis , v
is+1 ∈ Vis+1 connected by an edge; (5) the determinants of all Ai, i = 1, . . . , k,

have the same sign.

3. PROOFS OF MAIN RESULTS

Below, we will use the notation introduced in Section 2. In particular, a diffeomorphism
f ∈ G

cod1
k (Mn), n � 3, has the nonwandering set NW (f) consisting of the basic sets Ω1, . . ., Ωk.

Similarly, f ′ ∈ G
cod1
k (Mn).

Proof (of Theorem 2). Necessity. Suppose f, f ′ ∈ G
cod1
k (Mn), n � 3, are globally conjugate on its

nonwandering sets. Hence, there is a homeomorphism ϕ : Mn → Mn such that ϕ ◦ f |Ωi = f ′ ◦ ϕ|Ωi

and ϕ(Ωi) = Ω′
i for all 1 � i � k. Let us show that the graphs Γ(f), Γ(f ′) are commensurable. For

every 1 � i � k, the homeomorphism ϕ takes the bunches of Ωi onto the bunches of Ω′
i. Therefore,

ϕ induces a bijection ψ between the groups Vi = {vi1, . . . , viki} → V ′
i = {v′i

1 , . . . , v
′i
ki
} and between

the vertices ψ(vis) = v
′i
s , s = 1, . . . , li. This proves the condition (a) of commensurability of graphs.

Let U(Ωi), U(Ω′
i) be attracting neighborhoods of Ωi, Ω

′
i = ϕ(Ωi), respectively, satisfying the

conditions of Lemma 3. One can assume that ϕ(U(Ωi)) = U(Ω′
i), 1 � i � k. Set ϕ|U(Ωi) = ϕi. Since

REGULAR AND CHAOTIC DYNAMICS Vol. 29 No. 1 2024



150 GRINES et al.

ϕ is a global conjugacy on the nonwandering sets NW (f) and NW (f ′), ϕi is a global conjugacy of
the restrictions

f |Ωi : Ωi → f(Ωi), f ′|Ω′
i
: Ω′

i → f ′(Ω′
i)

on the basic sets Ωi, Ω
′
i. It follows from [12–14, 26] that the triples (Ai, Pi, εi), (A

′
i, P

′
i , ε

′
i) are

equivalent. Hence, εi = ε′i, and there is an automorphism ζi : T
n → T

n such that ζi(Pi) = P ′
i , and

ζi conjugates the automorphisms Ai, A
′
i, i = 1, . . . , k. We see that condition (b) holds.

Suppose the vertices vis, v
j
t ∈ Γ(f) are connected by the edge L(pis, p

j
t ). Recall that the point

pis ∈ Pi corresponds to a pair of associated periodic points of Ωi, and hence pis corresponds to

a unique characteristic sphere Sn−1(pis) belonging to the boundary of U(Ωi). Similarly, pjt ∈ Pj

corresponds to a unique characteristic sphere Sn−1(pjt ) of Ωj belonging to the boundary of

U(Ωj). The existence of the edge L(pis, p
j
t) implies that the (n − 1)-spheres Sn−1(pis), S

n−1(pjt)

bound a set Kij homeomorphic to the n-annulus Sn−1 × [0, 1]. Therefore, the neighborhoods

ϕ
(

U(Ωi)
)

= U(Ω′
i), ϕ

(

U(Ωj)
)

= U(Ω′
j) are connected by the annulus ϕ(Kij) = K ′

ij . It follows that

the vertices ψ(vis) = v
′i
s , ψ(v

j
t ) = v

′i
t are connected by an edge L(p

′i
s , p

′i
t ) in the graph Γ(f ′). And

vice versa. This proves the condition (c) of commensurability of graphs.

Let ϕ : S → ϕ(S) be a homeomorphism and S, ϕ(S) the submanifolds of Tn. Then the orientation
of Tn induces interior orientations on S and ϕ(S). One says that ϕ : S → ϕ(S) preserves orientation
if ϕ preserves the interior orientations of S and ϕ(S) [16].

To check condition (d) we need the following technical statement.

Proposition 1. Let g, g′ : Tn → T
n be DA-diffeomorphisms and Ω, Ω′ nontrivial basic sets of

g, g′, respectively. Suppose a homeomorphism ϕ : Tn → T
n is a global conjugacy of g and g′

on Ω, Ω′, respectively, so that the triples (A,P, ε), (A′, P ′, ε′) are equivalent, i. e., there is an
automorphism ζ : Tn → T

n that conjugates Anosov diffeomorphisms A, A′, and ζ(P ) = P ′. Let
S be a characteristic sphere of Ω. Then the restriction ϕ|S : S → ϕ(S) preserves orientation if and
only if the determinant of ζ is positive (hence, ϕ|S reverses orientation if and only if the determinant
of ζ is negative).

Proof. Recall that there are homotopic to identity continuous maps h, h′ : Tn → T
n such that

h ◦ g|Ω = A ◦ h|Ω and h′ ◦ g′|Ω′ = A′ ◦ h′|Ω′ . It was proved in [12–14, 26] that, starting with the
conjugacy ϕ and applying the maps h and h′, one can construct the conjugacy map ζ between
Anosov automorphisms A and A′. And vise versa, starting with the conjugacy ζ and applying the
maps h and h′, one can construct the conjugacy ϕ. In particular, since both h and h′ preserve
orientation, ϕ is an orientation-preserving mapping if and only if ζ preserves the orientation of Tn.
According to [16], Section 3.3, ϕ preserves the orientation of Tn if and only if the restriction of ϕ
on any n-disk Dn ⊂ T

n preserves orientation. Note that T
n is an irreducible manifold, i. e., every

locally flat embedded (n− 1)-sphere Sn−1 ⊂ T
n bounds an n-disk Dn ⊂ T

n. As a consequence, the
restriction ϕ|S : S → ϕ(S) of ϕ on any characteristic sphere S of Ω is an orientation-preserving
mapping if and only if ζ preserves orientation, and hence the determinant of ζ is positive. Similarly,
ϕ|S reverses orientation if and only if the determinant of ζ is negative. This completes the proof of
Proposition 1. �

Suppose now that vertices vis, vjt ∈ Γ(f) are connected by an edge. It follows from the

construction of Γ(f) that the corresponding characteristic (n− 1) spheres Sn−1(pis), S
n−1(pjt ) bound

the n-annulusKij ∈ Mn homeomorphic to Sn−1× [0; 1]. Hence, the restrictions ϕ|Sn−1(pis)
, ϕ|

Sn−1(pjt )

of ϕ : Kij → ϕ(Kij) on the boundary components Sn−1(pis), S
n−1(pjt ) of Kij are isotopic. According

to [7], Theorem 14.5, the restrictions ϕ|Sn−1(pis)
, ϕ|

Sn−1(pjt )
either both preserve orientation or both

reverse orientation. In any case, due to Proposition 1, the determinants of the automorphisms ζi, ζj
have the same sign, det ζi = det ζj. This proves the condition (c) of commensurability of the graphs
Γ(f), Γ(f ′).
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Sufficiency. Suppose now that the graphs Γ(f), Γ(f ′) are commensurable. It follows from
the condition (a) of commensurability that there is a bijection ψ : Γ(f) → Γ(f ′) which induces

a bijection of groups of vertices. Without loss of generality, one can assume that ψ(vis) = v
′i
s

for all i = 1, . . . , k and s = 1, . . . , li where Vi = {vi1, . . . , vili} are groups of the vertices of Γ(f),

and V ′
i = {v′i

1 , . . . , v
′i
li
} are groups of vertices of Γ(f ′), i = 1, . . . , k. Recall that every group of

vertices corresponds to a unique basic set. Therefore, ψ induces a one-to-one bijection Ωi ⇐⇒ Ω′
i,

i = 1, . . . , k, between the basic sets of f , f ′.
According to condition (b), given any 1 � i � k, the triples (Ai, Pi, εi), (A

′
i, P

′
i , ε

′
i) corresponding

to the groups Vi = {vi1, . . . , vili}, V ′
i = {v′i

1 , . . . , v
′i
li
} are equivalent. In other words, there is a

collection of automorphisms {ζ1, . . . , ζk} of T
n such that ζi(Pi) = P ′

i , and ζi conjugates the
automorphisms Ai, A

′
i, i = 1, . . . , k. It follows from [12–14, 26] that there is a homeomorphism

ϕi : U(Ωi) → U(Ω′
i) such that ϕi ◦ f |Ωi = f ′ ◦ ϕi|Ωi . We have to prove that the homeomorphisms

ϕi : U(Ωi) → U(Ω′
i), i = 1, . . . , k, can be extended to a common homeomorphism ϕ : Mn → Mn.

Due to Lemma 4, the set Mn \
(

∪k
i=1U(Ωi)

)

is a union of n-annuli, each homeomorphic to

S
n−1 × [0; 1]. It follows from the description of Γ(f) that every n-annulus corresponds to an edge

in Γ(f). Suppose the vertices vis, v
j
t ∈ Γ(f) are connected by the edge L(pis, p

j
t ) where pis ∈ Pi,

pjt ∈ Pj. It follows from Lemma 4 that the associated (n− 1)-spheres Sn−1(pis), S
n−1(pjt ) bound an

n-annulus Kij ⊂ Mn. Due to condition (c), the vertices ψ(vis) = v
′i
s , ψ(v

j
t ) = v

′j
t are connected by

the edge L(p
′i
s , p

′j
t ) in Γ(f ′). Hence, the associated (n− 1)-spheres Sn−1(p

′i
s ), S

n−1(p
′j
t ) bound an n-

annulus K ′
ij ⊂ Mn homeomorphic to Sn−1 × [0; 1]. The condition (d) of commensurability implies

that the determinants of the automorphisms ζi, ζj have the same sign, i. e., det ζi × det ζj > 0.
According to Proposition 1, the restrictions ϕi|Sn−1(pis)

, ϕj |Sn−1(pjt )
either both preserve orientation

or reverse orientation. Due to [7], Theorem 14.5, these restrictions are isotopic. Therefore, the
homeomorphisms ϕi, ϕj can be extended to a homeomorphism ϕij : Kij → K ′

ij. Continuing in a

similar way for all n-annuli of the set Mn \
(

∪k
i=1U(Ωi)

)

, we get a homeomorphism ϕ : Mn → Mn

that is an extension of the homeomorphisms ϕi : U(Ωi) → U(Ω′
i), i = 1, . . . , k. Thus, f and f ′ are

globally conjugate on its nonwandering sets. �

Proof (of Theorem 3). First, let us show that a graph Γ(f) of f ∈ G
cod1
k (Mn) belongs to the set

Γk. It follows from the construction of Γ(f) that any basic set Ωi with li � 1 bunches corresponds
to a group Vi = {vi1, . . . , vili} of vertices endowed with a triple (Ai, Pi, εi) where Ai : T

n → T
n is a

codimension one Anosov automorphism and Pi = {pi1, . . . , pili} is an invariant set of Ai consisting
of finitely many periodic points. Moreover, εi = a provided the stable manifolds of Ai is one-
dimensional, while εi = r provided the unstable manifolds of Ai are one-dimensional [12–14, 26]. It
follows from Lemma 1 that there exists at least one triple (Ai, Pi, εi) with ε = a and at least one
triple (Aj , Pj , εj) with ε = r. Since |Pi| = li, there is a one-to-one correspondence between points of
Pi and vertices of Vi. Without loss of generality, one can assume that there is a bijection ψi : Vi → Pi

such that pis = ψi(v
i
s), i = 1, . . . , k, s = 1, . . . , ki. We see that the condition (1) of the description

of the set Γk holds.

Every vertex vis ∈ Vi corresponds to a unique bunch of the basic set Ωi. Due to Lemma 3,
vis ∈ Vi corresponds to a characteristic sphere Sn−1(vis) which belongs to the boundary of an
attracting neighborhood U(Ωi) of Ωi. It follows from Lemma 4 that there is a basic set Ωj with
an attracting neighborhood U(Ωj) which contains a boundary component S such that the (n− 1)-

spheres Sn−1(vis), S bound an n-annulus K ⊂ Mn homeomorphic to Sn−1 × [0; 1]. This implies that
the vertex vis has degree 1 according to the description of the graph Γ(f). Thus, condition (2) holds.

Suppose vertices vis = ψ−1
i (pis) ∈ Vi = {vi1, . . . , vili}, v

j
t = ψ−1

j (pjt ) ∈ Vj are connected by an edge

L(pis, p
j
t ). Due to Lemma 4, εi �= εj . The existence of the edge L(pis, p

j
t) implies the existence of an

n-annulus Kij bounded by characteristic spheres Sn−1(pis), S
n−1(pjt ). Clearly, any iteration f l(Kij)
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of Kij is an n-annulus homeomorphic to Sn−1 × [0; 1]. Since the set of bunches is invariant, every

vertex ψ−1
i

(

Ar
i (p

i
s)
)

∈ Vi is connected by a unique edge with the vertex ψ−1
j (Ar

j(p
j
t)) ∈ Vj for all

r = 1, . . . , ni
s where ni

s is a period of the point pis. We see that condition (3) holds. Since Mn is a
connected manifold, condition (4) holds as well.

Suppose vertices vis, v
j
t ∈ Γ(f) are connected by an edge L(pis, p

j
t). Recall that the vertices vis,

vjt belong to some groups endowed with the triples (Ai, Pi, εi), (Aj , Pj , εj), respectively, so that

pis ∈ Pi, p
j
t ∈ Pj . It follows from the description of Γ(f) that the characteristic spheres Sn−1(pis),

Sn−1(pjt ) bound an n-annulusKij ⊂ Mn where Sn−1(pis), S
n−1(pjt ) are components of the boundary

of attracting neighborhoods U(Ωi), U(Ωj) of basic sets Ωi, Ωj, respectively. Since S
n−1(pis), S

n−1(pjt)

bound the annulus Kij that is homeomorphic to Sn−1 × [0; 1], the restrictions f |Sn−1(pis)
, f |

Sn−1(pjt )

are isotopic. According to [7], Theorem 14.5, these restrictions f |Sn−1(pis)
, f |

Sn−1(pjt )
either both

preserve orientation or both reverse orientation. According to Lemma 3, the diffeomorphisms fi, fj
are extended to DA-diffeomorphisms f̃i, f̃j : T

n → T
n, respectively. Moreover, both Sn−1(pis) and

Sn−1(pjt ) bound an n-ball in T
n. Since f |Sn−1(pis)

, f |
Sn−1(pjt )

are isotopic, the diffeomorphisms f̃i, f̃j

either both preserve orientation or both reverse orientation. It follows from the relations Ai = (f̃i)∗,

Aj = (f̃j)∗ that the determinants of Ai, Aj have the same sign. Now condition (5) follows from (4).

Take now an abstract graph γ ∈ Γk. We will show that there are a closed orientable n-manifold
Mn, n � 3, and a diffeomorphism f ∈ G

cod1
k (Mn) such that γ = Γ(f). By the description of Γk,

every group of vertices Vi = {vi1, . . . , viki} is endowed with a triple (Ai, Pi, εi) where Ai : T
n → T

n

is Anosov automorphism with a finite invariant set of periodic points Pi, and εi = a provided
the stable manifolds of Ai is one-dimensional, while εi = r provided the unstable manifolds of Ai

is one-dimensional. Using Smale’s surgery operation [32] (see also [14, 26]), one can construct
a DA-diffeomorphism fi : T

n → T
n with a codimension one orientable connected basic set Ωi

containing |Pi| = ki bunches. Moreover, if εi = a then Ωi is an expanding attractor, and if εi = r

then Ωi is a contracting repeller. In addition, every bunch corresponds to some point pis ∈ Pi and

vertex vis = ψ−1(pis) ∈ Vi. According to [12–14, 26], the triple (Ai, Pi, εi) is a complete invariant of
conjugacy for the diffeomorphism fi. Recall that every component of Tn \ Ωi contains a unique
isolated node periodic point surrounded by a characteristic sphere of the corresponding bunch.

Let us take k copies Tn
1 , . . ., T

n
k of Tn. It is convenient to consider fi : T

n
i → T

n
i defined on T

n
i ,

i = 1, . . . , k. Due to condition (2) of the description of Γk, every vertex vis = ψ−1(pis) is connected

with a unique vertex vjt = ψ−1
j (pjt ) by an edge L(pis, p

j
t) ⊂ γ where i �= j. According to condition

(3), the vertex vjt belongs to a group Vj endowed with a triple (Aj , Pj , εj) where pjt = ψj(v
j
t ) ∈ Pj ,

εi �= εj . For definiteness, assume that εi = a and εj = r, i. e., Ωi is an attractor and Ωj is a repeller.

It follows from Lemma 3 that there is an attracting neighborhood U(Ωi) ⊂ W s(Ωi) of Ωi such

that the set T
n
i \ U(Ωi) is the union of pairwise disjoint n-disks Bi

1, . . ., B
i
ki
, and the boundary

∂U(Ωi) is the union of characteristic spheres ̂Si
1 = ∂Bi

1, . . ., ̂Si
ki

= ∂Bi
ki
, s = 1, . . . , ki. Since fi

is a DA-diffeomorphism, every n-disk Bi
m contains a unique source periodic point. One of them,

denoted by qis, corresponds to the vertex vis. Without loss of generality, one can assume that qis ∈ Bi
1.

Since fi (U(Ωi)) ⊂ U(Ωi), B
i
1 ⊂ f

ris
i (Bi

1) where ris ∈ N is a period of the point qis under fi. Clearly,

the orbit O(qis) of qis does not belong to U(Ωi). Similarly, there is an attracting neighborhood
U(Ωj) ⊂ W u(Ωj) of the basic set Ωj such that the set Tn

j \ U(Ωj) is the union of pairwise disjoint

n-disks Bj
1, . . ., B

j
kj
, and the boundary ∂U(Ωj) is the union of characteristic spheres ̂Sj

1, . . .,
̂Sj
kj
.

Every n-disk Bj
m contains a unique sink periodic point. One of them, denoted by qjt , corresponds to

the vertex vjt . Without loss of generality, one can assume that qjt ∈ Bj
1. It follows from the existence
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of the edge L(pis, p
j
t ) and condition (3) that there exist the following ris edges:

L
(

ψ−1
i

(

Am
i (pis)

)

, ψ−1
j

(

Am
j (pjt )

)
)

, m = 1, . . . , ris,

which connect the points ψ−1
i

(

Am
i (pis)

)

, ψ−1
j

(

Am
j (pjt )

)

, m = 1, . . . , ris, in γ. Recall that condition (2)

means that any vertex of γ ∈ Γk has degree 1. Therefore, the period of the point pjt ∈ Pj equals ris
under the automorphism Aj . As a consequence, the period of the point qjt also equals ris under fj .

First, we consider the case ris = 1, i. e., the points qis, q
j
t are fixed points. Then Bi

1 ⊂ fi(B
i
1),

fj(B
j
1) ⊂ Bj

1. Let us delete the disks Bi
1, fj(B

j
1) from T

n
i , T

n
j , respectively. Take an n-annulus Kij ,

and glue its boundary component to ∂Bi
1, ∂fj(B

j
1) so that the set

(

T
n
i \Bi

1

)⋃
(

T
n
j \ fj(Bj

1)
)⋃

Kij = Mn
ij

becomes a smooth closed orientable manifold. Since Bi
1 ⊂ fi(B

i
1) and fj(B

j
1) ⊂ Bj

1, the topological

closures Ki, Kj of the sets fi(B
i
1) \Bi

1, B
j
1 \ fj(B

j
1), respectively, are n-annuli. Therefore, Kij ∪Ki

is an n-annulus with two boundary components ∂fi(B
i
1), ∂fj(B

j
1), while the union Kij ∪Kj is an

n-annulus with the boundary components ∂Bi
1, ∂B

j
1. By condition (5), the determinants of Ai, Aj

have the same sign. This implies that the restrictions fi|∂Bi
1
, fj|∂Bj

1
either both preserve orientation

or both reverse orientation. Due to [7], Theorem 14.5, these restrictions are isotopic. Therefore,
there is a mapping

ϕij : Kij ∪Kj → Kij ∪Ki such that ϕij |∂Bi
1
= fi|∂Bi

1
, ϕij |∂Bj

1
= fj|∂Bj

1
.

Since Kij ∪Kj is an n-annulus, we can define ϕij so that all points on Kij ∪Kj ∪Ki move from

∂Bj
1 to ∂Bi

1 under positive iteration of ϕij . Moreover, ϕij can be made to agree with the restrictions

fi|∂Bi
1
, fj|∂Bj

1
near ∂Bi

1, ∂B
j
1, respectively, so that a mapping

fij|Tn
i \Bi

1
= fi|Tn

i \Bi
1
, fij|Tn

j \B
j
1
= fj|Tn

j \B
j
1
, fij|Kij∪Kj = ϕij

becomes a diffeomorphism fij : M
n
ij → Mn

ij . Keeping in mind the property of ϕij |Kij∪Kj , we see

that fij has no nonwandering points on Kij ∪Kj ∪Ki. Hence, fij is an A-diffeomorphism whose
nonwandering set consists of the orientable connected codimension basic sets Ωi, Ωj and trivial

basic sets of the diffeomorphisms fi, fj without the points qis, q
j
t . In a sense, the n-annulus Kij

corresponds to the edge L(pis, p
j
t).

Now let us consider the case ris � 2. It follows from the inclusion Bi
1 ∩Ωi = ∅ that the pairwise

disjoint disks Bi
1, fi(B

i
1), . . ., f ris−1(Bi

1) have no intersections with Ωi. Similarly, the pairwise

disjoint disks Bj
1, fj(B

j
1), . . ., f

ris−1
j (Bj

1) have no intersections with Ωj. Since Bi
1 ⊂ f

ris
i (Bi

1) and

f
ris
j (Bj

1) ∈ Bj
1, the topological closure Ki, Kj of f

ris
i (Bi

1) \Bi
1, B

j
1 \ f

ris
j (Bj

1), respectively, are n-

annuli. Let us delete the disks Bi
1, f

ris
j (Bj

1) from T
n
i , T

n
j respectively, and glue ∂Bi

1, ∂f
ris
j (Bj

1)

with two boundary components of K
(0)
ij . Similarly, for every l = 1, . . . , ris − 1, let us delete the disks

f l
i (B

i
1), f

l
j(B

j
1) from T

n
i , T

n
j , respectively, and glue ∂f l

i (B
i
1), ∂f

l
j(B

j
1) with two boundary components

of K
(l)
ij so that

ris−1
⋃

l=0

K
(l)
ij

ris−1
⋃

l=0

(

T
n
i \ f l

i (B
i
1)
)

ris
⋃

l=1

(

T
n
j \ f l

j(B
j
1)
)

= Mn
ij

becomes a smooth closed orientable manifold. Again, by condition (5), the determinants of Ai,
Aj have the same sign. Similarly to the case ris = 1 above, one can introduce the following
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diffeomorphisms:

ϕ
(1)
ij : K

(0)
ij ∪Kj → K

(1)
ij such that ϕ

(1)
ij |∂Bi

1
= fi|∂Bi

1
, ϕ

(1)
ij |

∂Bj
1
= fj|∂Bj

1
,

ϕ
(l)
ij : K

(l−1)
ij → K

(l)
ij such that ϕ

(l)
ij |∂f l−1

i (Bi
1)

= fi|∂f l−1
i (Bi

1)
,

ϕ
(l)
ij |∂f l−1

j (Bj
1)

= fj|∂f l−1
j (Bj

1)
, l = 2, . . . , ris − 1, provided ris � 3,

ϕ
(ris)
ij : K

(ris−1)
ij → K

(0)
ij ∪Kj such that ϕ

ris−1
ij |

∂f
ris−1
i (Bi

1)
= fi|

∂f
ris−1
i (Bi

1)
,

ϕ
ris−1
ij |

∂f
ris−1
j (Bj

1)
= fj|

∂f
ris−1
j (Bj

1)
, provided ris � 2

which generate together with the restrictions fi|
Tn
i \∪

ris−1
l=0 f l

i (B
i
1)
, fj|

Tn
j \∪

ris−1
l=0 f l

j(B
j
1)
an A-diffeomorphism

fij : M
n
ij → Mn

ij whose nonwandering set consists of the orientable connected codimension basic sets

Ωi, Ωj and trivial basic sets of the diffeomorphisms fi, fj without the orbits of the points qis, q
j
t .

Continuing in this way for other vertices and edges of the graph γ, one gets a manifold Mn and a
diffeomorphism f ∈ G

cod1
k (Mn) as desired. �
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