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Annomayun. Pabota nocBsmEéHa BONPOcaM ONPEIeIMMOCTH, IMOHATHIO, KOTOPOE CBSA3aHO C
NOHATHEM onpezeneHus. OnpeneneHue - CToib ke 6a30BO€ MOHATH MAaTEMATUKH U €€ MPUIIOKEHU,
B TOM YHCJI€, B 001aCTH UCKYCCTBEHHOI'O MHTEIJIEKTA, KaK U MOJIENb, JOKA3aTeIbCTBO, BHIYUCIICHUE.
Teopust onpenenuMocTy - 3To 00NacTh MaTEMATUKU 3aHATass UMEHHO omnpezeneHusMu. OaHuM U3
KJIACCUYECKUX PE3YJIbTaTOB 34ECh SBIAETCSA J0Ka3zaTesabcTBO A. Tapckoro HeonmpenelInMocTd
apudmeTnyeckoil UCTUHBL. [laHO OomHcaHHE COCTOSHUS TEOPUHU ONPEAETUMOCTH, BKIIIOYasi paboThI
M. IIpecOyprepa, JI. CBeHoHuyca, AH. MyuHuKa, aBTOpa W JAPYIMX YYEHBIX, JAHO OINHCAHUE
OTKPBITBIX MPOOJIEM TEOPUU OIPENETUMOCTH.

Knrwoueevie cnoea: onpeaenuMocTb, (OpMyibl, KBAaHTOPBI, JOrMKA, OTHOLICHMS, PELIETKH
OTIPENIEIUMOCTH, PEAYKTHI, aBBTOMOP(U3MBI, KOHEUHBIE aBTOMAThI, UCKYCCTBEHHBIH WHTEIUICKT

Annotation. The work is devoted to the issues of definability, a concept that is related to the
concept of definition. Definition is as basic a concept of mathematics and its applications, including
in the field of artificial intelligence, as a model, a proof, a calculation. Definability theory is an area
of mathematics concerned specifically with definitions. One of the classic results here is A. Tarski's
proof of the indefinability of arithmetic truth. A description of the state of the theory of definability
is given, including the works of M. Presburger, L. Svenonius, An. Muchnik, the author and other
scientists, a description of the open problems of the theory of definability is given.

Keywords: definability, formulas, quantifiers, logic, relations, definability lattices, reducts,
automorphisms, finite automata, artificial intelligence
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Jloporue npyspsi, MO JOKJIaJ TOCBAIIEH BONpOcaM ONpeAeaIuMOocTH. M mbl
HAYHEM C TOTrO, YTO TOHSTHE OINPEACITUMOCTH CBSI3aHO C IMOHSATHEM OIIPEICIICHUS.
OmpeneneHue - CToib ke 0a30BOC MOHSATH MATEMATHKHA M €€ IPWIOKEHUN, B TOM
qucie, B 00J1aCTH UCKYCCTBEHHOI'O MHTEIJIEKTA, KaK U

. MOJIENb,
. JI0Ka3aTeJILCTBO,
. BBIUHUCIICHHUE.

W, cOOTBETCTBEHHO, TEOPUS OMPEAETUMOCTH 3TO 001aCTh MaTeMaTUKU 3aHATas,
UMEHHO, OIPEACNIEHUIMHU, YTO ITO 3HAYUT O0JIee TOUHO, Mbl OOBSICHUM IO3/THEE.

[Ipu sTOM, 3aMeuaTelibHOE TOJOKEHUE B TEOPHH OMNPEIEIUMOCTH COCTOHUT B
TOM, YTO B HEM MMeeTCs OOJbIINOE KOIUYECTBO OTKPBITHIX MPOOIEM, U HE TaK YK
MHOI'O TOJYYE€HHBIX PEe3ylbTaToB. ECiIM CpaBHUBATH, CKa)XeM, C TEOpUEU MOZEIEH
WM TEOpUEH JTOKA3aTeIbCTB, T/Ie KOJIMYECTBO MyOIMKAIIUNA UCYUCISIETCS] ThICSTYaMH U
JaXKe JECATKAMH THICSY, TO B TEOPUHU OINPEACIUMOCTH 3TO CKOpEe COTHH, B KpaltHEM
cily4ae, HeMHOTHEe ThICsSuH. M BOT 3TO mMaéT Hamexay Ha TO, YTO 3A€Ch MOXKHO
MOJyYUTh HEKOTOPhIE OYCHh HMHTEPECHBIC HOBBIE pE3YJIbTaThl, B TOM YHCIIC,
CBSI3aHHBIC C TPAKTHUYCCKUMHU TPHIOKEeHUsIMH. Kak dacto ObIBaeT B MaTreMaTHKe,
N0 Ha4YMHACTCS C aOCTPaKTHBIX TIOCTPOSHWM, IIOTOM HEKOTOPhIE W3 HHX
OKa3bIBAIOTCS BAXKHBIMU U TIPAKTUYCCKH.

Hauném ¢ mocTaHOBKH BOIPOCA, KaK OJIHO MOHATHE ONPENEIUTh Yepe3 Ipyroe,
WIM KaK BbIpaOOTaTh KaKylO-TO CHUCTEMYy IMOHSTHUH, KOTOPOW JIOCTATOYHO s
OTIpE/ICIICHUSI BCETO, CKaKEM, BCETO, YTO MBI XOTHM OIMCATh B TOM WJIU MHOM SI3BIKE.

D10 He HOBasg wHjaes, cKaxeM, B 18 Beke e€ pa3BuBan BeIUKHi Gumocod
JleitOumIl B CBOEM MpeCcTaBICHUN 00 yHUBEpcaIbHOM si3bike Lingua Universalis.

A B 21 Beke MOXXHO YIOMSIHYTh M3BECTHOTO JIMHTBUCTA, HAYABIIETO paboOTy B
[Tonpmre, u ceituac mocneanue 10 mer xuBymero B ABctpanuu Anna Wierzbicka,
KOTOpas MpeIokKuIa cuctemMy 65 0a30BbIX MOHATHI, OOLIUX SISl BCEX YETOBEYECKUX
SI3BIKOB, Y€pe3 KOTOPhIE MOKHO B Ka)JOM SI3BIKE OMPECIHUTh BCE 00Jiee CIOXKHBIC
MIPOU3BOIHBIC TIOHSATHSI.

Ecnu roBOpHTh O MareMaTnyecKoM acIieKTe, TO MOXKHO CKa3aTh, YTO Hayajo
CHCTEMHOTO MPEACTABICHUS TEOPHH OMPEISIUMOCTH - 3TO Joruka otHomeHui C.S.
Pierce, Bo3HukIas B cepequne 19 Beka.
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OnArb-Taku, oOparasich K JIEHTBUCTHYECKUM IPENCTABICHUSM,
JIEHTBUCTHYECKUM  CUTyallUsiIM, COOTBETCTBYIOIIMN KOHTEKCT pPacCMaTpUBAJICS
TaKUMU KpyNHbIMU JTUHTBHCTamMu, kKak N. Chomsky, J. Fodor, G. Lakoft .

[TonbITKH TTOCTPOEHUS MATEMAaTUYECKUX TEOPUUM U TEOPUM B paMKax TEOPUHU
CUCTEM, KOTOpast TOXKE SIBJISECTCS] OJJHOM M3 TEM HBIHEUIHErO KOHIPecca, MPUHAITIEHKHUT
R. Wille u N. B. Seiler. fIcHo, 4T0 Teopusi pelsIMOHHBIX 0a3 JTaHHBIX TOXKE B
OOJIBIIION CTENEHH CBsi3aHa C TEOpUEH onpeneanuMocTd. PazMeTka O0NbIINX JaHHBIX
ABJIACTCS. OJHUM W3 NPHUKIAJHBIX AaCHEKTOB TEOpHUH ompeaeauMoctu. Ocolyro
BOXXHOCTh ceiuac MmpuoOpeTaeT JIOBEPUTEIbHBIA, B TOM YHCIE, OOBSICHUTEIIbHBIMN
VCKYCCTBEHHBI MHTEJJIEKT, KOIJa TO WJIM HWHOE MPEIIOKEHHE, HCXOIAIEee OT
HMCKYCCTBEHHOT'O WHTEJUICKTA, Ta WJIM WHas OIleHKa, Ta WIM HUHAs WHTEpHpeTaIus
HYXXJal0Tcsl B 00bsicHeHuU. OlHa U3 BaXKHBIX 3a]1a4, TO €CTh 00pa3oBaTeNbHbIX, ITO
KaK Hay4YWTh YEJOBEKA MPABUJIBHO 3aJ1aBATh BONPOCHI, KAK HAYYUTh WCKYCCTBEHHBIN
WHTEJUIEKT MPaBUJIBHO JIaBaTh Ha HUX OTBETHI, I€JIaTh CBOU BBIBOJIbI YOCIUTEIbHBIMU
Jutst uenoBeka. M ¢ aTum Toxke cBs3aHa npobieMaTHka U3 TEOPUH OMPEICTUMOCTH.

BHyTpn Maremartuku TEOpHsl ONpPEeNeTuMOCTH B 19 Beke pa3BUBAIACH MPEKIIEC
BCEro KaK Takas NpUKJIaJHas BHyTpUMaTeMaTU4YeCKas 3a/a4a, B YaCTHOCTH, MOIBITKA
CO3/1aTh HAWJIYUIITYI0 CUCTEMY 0a30BBIX TIOHSITHI JIJIsi TeOMETpUH U apudmeTuku. Bot
3/1eCh €CTh HECKOJIbKO MMEH, s He Oyay TpaTuTh BpeMmsi, YTOObl MX NEPEUUCIIUTD,
JOCTaTOYHO MOCMOTPETh Ha CIHUCOK H3BECTHBIX MAaT€MaTUKOB, B TOM YHCIIE
HEMEUKMX M uTanbsHCKUX. LleHTpansHOil ¢urypoit 20 Bexka B Teopuu
onpeaenumoctd Obul  Anbdpen Tapckuii W, B YacTHOCTH, THOJbCKas IIKOJA.
OoOmensBecten pAokinan Tapckoro Ha 3Ty TeMy MOJIbCKOMY MareMaTHYeCKOMY
obmectBy B 1930 romy.

Ponv Anvghpeoa Tapckozo u nonvckoul wiKonwt
6 onpedenumocmu u poib onpeoeaumocmu ¢ mpyoax Tapckozo

. Hoxnan nonbckoMy Matematudeckomy oOmiectBy 1930 1.

. DNMMUHALMSA, KaK onpeiesieHue ceManTuku, CkoiaeM

. VYuenuk Tapckoro Moibxkem IlpecOyprep (Mojzesz Presburger)
JTUTIIIOMHAs paboTa ¢ STUMMUHAIIMEN KBAHTOPOB JIJISI CJIOKEHH S LIEJIBIX

4 Heonpenenumocts apudmernueckoit uctunnl (1933) , I'emens (1930),
¢don Heitman, ...

. OCHOBBIHE MIOHATHS TEOMETPUH

C npyro#i CTOpPOHBI, U 10 3TOTO BOIIPOCHI TEOPHH OMPEIETUMOCTH MOJTHUMAINCH
KaK TMIONBITKH ONpeleTuTh (QopMaIbHYI0 CEMAHTHKY JIOTHYECKHUX S3BIKOB. B
YaCTHOCTH, 3/1€Ch MOKHO YIOMSIHYTh pa0boThl Ckojiema.
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OmHMM W3 3HAMEHUTHIX HW3BECTHBIX IEPBBIX
pE3ybTaTOB TEOPUU OMPEACTUMOCTH MOXXHO CUHUTATh
pe3yapTar muIuioMHou padora Moibkemia [IpecOyprepa
(Mojzesz Presburger), yuenuka Tapckoro, rme OH
JI0Ka3aJl, YTO BO3MOXKHA JIIMMHUHAIUS KBAHTOPOB IS
CIIOKEHHUSI IENBIX YHCed C COOTBETCTBYIOIIMMH
(YHKIIMOHATBHBIMH CUMBOJIAMH.

C npyroii CTOpOHBI, BBIJAIOIIIMCS OTPHIIATEIHHBIM
PE3yJIbTaTOM TEOPHHM ONPEACIIMMOCTH MOKHO CUHTATh Moribxenr Ipecbyprep

HEOMPEACIUMOCTh apU(METUICCKON UCTHUHBI. (Mojzle9s(§4P§e;s;b3urger)

MHe KaxKeTcsi, YTO BOT, COOCTBEHHO YTBEPKJCHHE O HEBO3MOXKHOCTH
omnpejicyieHus]  apu(PMETUYECKOW  WMCTUHBI  SBJISETCS  CEpPAIEM, OCHOBHBIM
cogepkanueMm TeopeMbl [€xenss. B To ke BpeMsa, OOBIUHO OTOT pe3yJbTaT
cBsi3bIBaeTcsl ¢ uMmeHeMm Tapckoro. M3BectHa, pabora Tapckoro oTHOcsmasicss K
OCHOBHBIM MOHATUSIM TeomeTpuu. Hy, ckakeM, pe3yabTar O TOM, YTO JIByXMECTHBIX
OTHOIICHUI HEIOCTATOYHO JUIsl ONPENENICHUsI BCEX Te€OMETPUUECKUX MoHsThil. OqHa
U3 BEPIIMH MaTEMaTHYECKON JIOTUKHU, UMEIOIINUX CMBICI M BHE JIOTUKH, BOKHASI TOUKA
3peHus anreOppl M BCEH MaTreMaTuKW, 3TO PE3YyIbTaT, KOTOPBIM MOKHO
c(hopMyIUpOBaTh, KaK TO, YTO CEMEHCTBO MOMyaIreOpandeCcKiuX MHOXKECTB 3aMKHYTO
OTHOCUTEIBHO MPOEKIHH, OTCIOa MONy4yalach pa3peliuMOCTb 3JIEMEHTapHON
reoMeTpun. JTa ero pabora onmyOJMKOBaHHA Oblla B KOHIIE COPOKOBBIX T'OJIOB, HO,
MpakTUYeCKU, pe3yabrar Obul monydeH eme B I[lompme. Cam  Tapckuid,
dbopmynupoBasi, MPOOJEMATUKYy TEOPUU OMNPEASTUMOCTH B paMKax CBOMX
WIMHAPUAYECKHUX aare0p, KOTOpPbIe OH TaK)Ke Ha3bIBaJl aJircOpaMu MOHSATHH.

Amepuxanckuii nepuoo Tapckozo

¢ 3aMKHYTOCTb nonyanreopanyeckux MHOXKECTB
OTHOCHUTEIIbHO TMPOEKIMH - Pa3pelIiuMOCTh  3JIEMEHTapHOU
anreOpsl U TeOMETpuH - okosno 1938-1948 .

¢ [lununapudeckue anredpsl = anreOpbl MOHATUH (concept
algebras) 1947 1.

¢ Camoomnpenenumocts, 1948 1., (nanee Anapeit My4HUK)

¢ Teomerpusi JIOTHKH, Tapauield C  DpJareHCKOH
nporpammoii ®enukca Kneitna Whats are Logical Notions? Tapckuit Ansdpen
Jlexuus B YauBepcutete Jlonaona, 16 mas 1966 . Tarski Alfred (1902 - 1983)

NHtepecHbIM  TOHSITUEM, KOTOpoe  Bo3HUKaio y  Tapckoro, Oblia
CaMOONPENEIIUMOCTb, MBI €II€ BEPHEMCS K 3TOMY, HAJECIHOCh, B KOHLE HAIIEro
nokiana. TapCkud TrOBOpPWJ, 4YTO, BOT, B TEOPUU OMNPEACIUMOCTA SICHO
MPOCIIEKUBAIOTCA, MapajlieNin ¢ JpnareHckor nporpammoint Genukca Kieiina, takas

Systems theory, algebraic biology, artificial intelligence: mathematical foundations and applications 393



reoMeTpusi JIOruku. B dacTHOCTH, 00 3TOM OH TOBOPWJI B cBoel Jyiekiuu What are
Logical Notions? B yauBepcurere Jlonaona 16 mas, 1966 roma. OueHuBas B 1€JI0M
JIESITEILHOCTh TapCKOTo U B IIEJIOM TEOPHIO ONMPEACIMMOCTH, AJTMCOH TOBOPHUI O TOM,
YTO 3Ta Teopus 00O0OIIMaeT pe3yiabTaThl U3 aHajn3a, OOIIel TOIOJIOTHH, U JOJIKHA
OBITH OJTHOM M3 IICHTPAJIbHBIX BETBEH MaTeMaTHYeCKOW JIOTHKH, Bce Oojiee m Oojee
BaXHOU Ju1st mHOpMaTuku (computer science). C Ipyroii CTOPOHBI OH aIpeCyeTcs
K UcXoHbIM padotram Hukonas Hukonaesuua Jlysuna 1927 rona.

Hamu coOctBeHHble paboThl Hayanuch B 1970-e roapl, 3aaueil mOCTaBIEHHON
AnbOeptoMm  Myunukom, yueHukoMm Iletpa CepreeBuua HoBukoBa, BOT,
HENOCPeACTBEHHO MHE. K 3TOM 3a71aue MblI €111e BEpHEMCS MO3HEE.

Ha stom ucropudeckoe BBeICHHUE 51 XOTeN Obl 3aBEPIIUTh U MEPEUTH MPOCTO K
OCHOBHOMY OIPEACIICHUIO, S XOTel Obl, 4TOObl OHO OBUIO IMOHSTHO ISl BCEX
ciyiaresiaei Moero gokiana. B Tom dyucie, MoXXeT ObITh, HE JIJI1 MATEMaTHKOB, a JJIs
T€X, KTO UMEET MPOCTO JIEMEHTAPHOE MPEACTABICHUE M3 MATEMaTHYECKUX KypPCOB,
OTHOCSAILIMNXCS K JIOTHKE.

OcHo6Hble noOHAmMUA meopuu onpeoenrumocmu

[TycTh y HaC ecTh Kakoi-TO yHUBEPCYM, KOTOpbIH 0003HauuM U. U ecTh s13bIk L,
JIOTUYECKUN S3BIK JIOTUKH OTHOILIEHH. DTO 3HAYUT, YTO B KAaYECTBE HEJIIOTMYECKHUX
UMEH  MCIOJIB3YIOTCA  MMEHAa  OTHOIICHUH:  JIBYXMECTHBIX, TPEXMECTHBIX,
OJTHOMECTHBIX U HYJbMECTHBIX TOXE (Mbl HE HCMOJb3yeM HMEHa JJis (PYHKIIUA).
Wcnonp3yroTcsi KBaHTOPHI MO 3JIEMEHTaM YHHUBEPCYMa, pPa3yMeEeTcCs, JIOTHUYECKUE
CBS3KM M TaK jgaynee. B 3TOM JIOTMYECKOM $SI3BIKE MOXKHO OMNPENEIUTh KaKOe-TO
oTHolIeHHe R, yepe3 apyrue oTHolIEeHHUsA, 00pa3yrole MHOXKECTBO S. DTO U €CTh
IJIAaBHOE OIPEAEIEHUE, KOTOPOE MbI HCTIOJIb3YEM.

Tenepp, B3SB Kakoe-TO MHOXECTBO OTHOIIEHUW, MOXET OBbITh, JaX€ O4YEHb
0oJbIIIOe, HECUETHOE, KAaKOE YTOIHO, MOKHO 00pa3oBaTh €ro 3aMbIKaHUE - BCE, UTO
MOXKHO 4Yepe3 Hero OMpenenuTh. SICHO, 4TO 3TO (PUHUTHAS OMepanus, B KaKIOH
dbopMysie KOHEYHOE YHMCIIO MMEH Il OTHOIIeHuWi u3 S. Bo3HuKaeT ompenencHue
3aMBbIKaHUS, CUTyalluM 3aMbIKaHUs, SCHO, YTO €CJIU MbI YTO-TO OMPENEIUIU YEpe3
YTO-TO, TO JaJbIIIE HUYETO HOBOTO Mbl YK€ HE MOIydyuM. Bo3HHMKaeT 3aMKyTOe
MHOXXECTBO, KOTOpPO€ MOXKHO Ha3BaThb MPOCTPAHCTBOM ONPEACTUMOCTH. OTH
MPOCTPAHCTBA OMPEACISIIOT PEIIETKY, UCXO/Isl U3 OTHOIICHUS BIOKEHHOCTH, KOTOPOE
MEXIy HUMH €CTh, MOXKHO OMPENIeTUTh onepauu inf (MHGuMyMm) U sup (CynpeMmym),
U, BOT, OyJeT Takas peuieTka ONpeAeTUMOCTH JUIS Ka)XJ0ro, CKa)XeM, HCXOIHOIO
YHUBEpCYMa M MHOXKECTBa OTHOIIeHHWNW Ha HEM. Hy, BOT, Hampumep, BO3HHKAET
apumeTHyeckas ONpeAeMMOCTb. B3sii HaTypaidbHbIE YHCIA, €CTh TPEXMECTHOE
OTHOLIEHHUE CJIOKEHHS, TPEXMECTHOE OTHOIICHUE YMHOKEHUs. Jlaibliiie, MOXHO
BU/JIETh, YTO BCE apu(METUUECKUE OTHOIIECHUS U OyIyT 00pa30BbIBaTh MPOCTPAHCTBO
onpeaenumoctu. IlogmpocTpancTBoM OyAeT MPOCTPAHCTBO, KOTOPOE MOKHO
OMPENIETUTh, TOJIBKO Yepe3 CI0XKEHHUE, BOT, TaKasi CUTyallus CY>KEHHUsI, C HEU CBs3aH
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TEPMUH PENYKTbI, KOTOPBIA HCIIONB3YETCA JJIA IPOCTPAHCTBA ONPENEIUMOCTH.
3aMeTuM, YTO HAIlld OINpeAeNIeHUs WBApUAHTHBI OTHOCUTEIHHO BbIOOpa MMEH s
MCXOJTHOTO MHOXECTBa OTHOIICHWH. BoT, mpumep, 4acTHOW TeopeMbl U3 00JIacTu
TEOpUM OIPEACIUMOCTH, KOTOpasi M3BECTHA MOjA Ha3zBaHueMm TeopeMa KobOxema-
CeméHoBa

Teopema Kobxema - Ceménosa
Besikoe oTHOIEHUE, OnpeaeauMoe KOHCYHBIMH aBTOMAaTaMH, pabOTalOMMA B
CYIIIECTBEHHO Pa3HbIX CHUCTEMaX CUHCIICHUS, OTPEACIIMMO B apU(METHUKE CIIOKEHUS.

CymiecTBEHHO pa3Hble CHUCTEMBbl - 3TO MYJIBTUIUIMKATUBHO HE3aBUCHUMBbIC
CUCTEMbl CYHCJICHUS, HampuMmep, 4 U §, 3TO MYJIBTUIUIUKATUBHO 3aBUCHUMBbIC
OCHOBAHHUSI CUCTEM CUUCIEHUS. A, CKaxkeM, 6 1 12 OKa3bIBalOTCSI HE3aBUCUMBIMU. Tak
BBIVISIIUT TIPUMEP TEOPEMbl M3 TEOpHUs ONPEIACIMMOCTH apU(METUKH CIOKEHUS
HarypanbHbIX uyuceln. llepeiinem k pemérkam omnpenenumoctd. HauHém Toxe C
KOHKpeTHoro mpumepa. OnBapa Xantudrron (Edward Huntington), wu3BecTHBIIM
aMEpPUKAHCKHUI MaTEMaTUK, U3y4all T€ MPOCTPAHCTBA, KOTOPbIE MOTYT MOIYYUTHCS Ha
JUHEWHO  YHOPSIAOYEHHOM  MHOXECTBE, €CIIM  PacCMOTPETh  HEKOTOphIE
MOANPOCTPAHCTBA I NPOCTPAaHCTBA mnopsiaka. Hwuke ykaszaH caM  mOOpsiaoK
(IpoCTpaHCTBO - 3TO BCE, YTO BBIPA3UMO WJIM ONPENEIUMO 4Yepe3 OTHOLIECHUE
MEHBIIIE) U JIPYTUe OTHOIICHUS

(x1<x2) - cam MOPSIZIOK;

(201<00<03) Vv (63<0<xy) - “between”;

(201<00<03) v (02<03<xy) Vv (< <x) - “cycle”;

«separation» («link»): WHTEepBaJIbI C KOHIIAMH X;, X3 W KOHIIAMHU X, X4
MEPECEKAIOTCsl, HO HE BIIOXKEHBI OJIMH B JAPYTOH, SKBUBAJCHTHO COHANPABIEHHOCTH
(3KBHUMOJIIIEHTHOCTH);

«PaBEHCTBO.

PaccmorpyM  OpOCTpAaHCTBO,  MOPOXKAEHHOE  OTHOIIEHUEM  «MEXKIY»,
r€OMETPUUECKUM CMBICT 3/€Ch O4YeBUJICH. Jlaybllle OTHOIIEHWE IMKJIA, HY, TOXE
JIOBOJIbHO MOHATHO. ECiiM CKIIeUTh Takoe KOJIbI0, TO TaM OyJIeT UJITH BCE MO YaCOBOM
cTpenke, ckaxeMm. OTHOIICHUE pa3lelieHUsl Sseparation, €Clii €CTh JIBa WHTEpBaJa
(3TO YETHIPEXMECTHOE OTHOIICHUE) [X1, X3], [X2, X4], TO OHU JOJKHBI IIEPECEKAThCs, HO
HE OBITh BJIOXXEHBIMU OJUH B JApyroi. Kpome Toro 3agaHo OTHOIIEHHE PaBEHCTBA.
OHO BBIpaXEHO MPOCTO B A3BIKE, TYT HET HUYETO YAUBUTEIbHOTO. MTak, Mbl BUIUM 5
OTHOIIIEHUH. B KOHKPETHBIX CUTYyalMsIX, KAKWE-TO U3 HUX MOTYT 3a/1aBaTh OAHO U TO
e MpocTpaHCTBO. HO, eciam B3STh MNPOCTO pallMOHAJIbHBIE 4YHCJIAa W Ha HUX
MIOCMOTPETH 3TH 5 OTHOIIEHMH, TO OHU 33JIaI0T Pa3JIUYHbIC IPOCTPAHCTBA, U MBI €IIIE
YIIOMSIHEM KakK JoKaszaTh UX paznuuus. Kpome Toro, mpocTpaHCTBa, MOPOXKIACHHBIC
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TUMU 5-10 OTHOUICHUSIMU, MCYEPIIBIBAIOT BCIO PEMIETKY JJIsl PAlMOHAIBHBIX YHCEIL.
OT0 pe3ynbTar ObUT MOTy4YeH, Kak ObUIO cKka3aHo, (PppaHiry3ckuMm mMatemarukom Claude
Frasnay B 1965-m rony v moToM HEOJTHOKPATHO MEPEOTKPHIBAJICA IPYTUMHU aBTOPAMM.
B ToM uucie, u aBTopoM BMecTe ¢ AHIpeeM My4YHUKOM B Kakoi-TO MOMEHT. BoT, kak
BBITJISLAUT 3TA PELIETKA,

I (Order)

B (Betweenness) K (Circular)
S (Separation)
O (Equality)

Puc.1. Pewemxa 0ns ciyuas payuoHaIbHbIX Yucen
Fig. 1. Lattice for the case of rational numbers

L GBI T

OHA UMEET MaKCUMAaJIbHBIK 71eMEHT / - caMm nopsiioK. ECTh 1Ba MEHBIIIUX AJIEMEHTA,
B - «vexny» m K - «ukiny. X nepecedeHMeM OKas3bIBae€TCs AJIEMEHT S -
«3allCTUICHUS» W «pa3feieHus». 3JeCh HE TaK CJIO0XKHO BCE ATH OTHOIICHUS
JIoKazaTh, 3TO mpocrtas wucropus. Hy, W MOXHO 3amarb TakoW BOIIPOC, YEPE3
HEKOTOPOE BPEMS s Ha HETO JIaM OTBET: MPEACTAaBUM ceOe, UTO MbI K 3TOH CTPYKTYype
n00aBIsieM OJHY KOHCTAHTY HOJb, YTO W Kak u3MmeHutcs? IloHstHO, uTtO OyaeT
onpenenuMo, 4to-to Oonbiiee. Hy, Hanpumep, cam HOJIb OyA€T ONpeaeauM, Takoe
OJTHOMECTHOE OTHOIIIEHUE «OBITh HyJeM». ByleT ompeneneHo, OTHOIIEHUE OO0JIbIIe
HYJIsl, KOHEUHO. BOT, CKOJBbKO BCcero OyaeT MpOCTPaHCTB B TOM peIIETKE, O KOTOPOM
MBI TOBOPHUM, MOXETE IOKa MOAyMaTh W BBICKa3aTh TUIIOTE3Y O TOM, 4TO OyAeT
MoJy4darbcsi. PallMoHanIbHBIE YHUCIA C TMOPSJAKOM - 3TO OJHOPOAHAs CTPYKTypa B
CJICYIONIEM CMBICIIC: KaXIbli YaCTUYHBIA HM30MOP(HU3M, KOHEUHBIX IMOACTPYKTYD,
MIPOJIOJDKAETCS 10 aBTOMOPGH3Ma BCEH CTPYKTYPHI.

Onpedenenue
CrpyKTypa Ha3bIBa€TCA OTHOPOIHOM, €CIIM KaKIbIM (4aCTUYHBIN) U30MOPPU3M
KOHEYHBIX (TIOJ)CTPYKTYP MPOJOIHKACTCS 10 aBTOMOP(HU3MA BCEH CTPYKTYPHI.

DTO CBOWCTBO OJHOPOTHOCTH, YAOOHO C TOYKH 3PEHUSI TEOPUU MOJEJEH, eCTh
0O0JIBIIOE KOJIMYECTBO PabOT, OTHOCALIMXCSA, UMEHHO, K OHOPOAHBIM CTPYKTypam, B
TOM YHCJI€, CBSI3aHHBIM C TIOPSAKOM H TaK Jajee.

Elie oxHa 3aMedarenbHas OQHOPOAHAs CTPYKTypa - 3TO ClydaiHbii rpad RY,
s k= 2,3,4,5, ..., BCé €ro 3JIeMEeHTHI X, ..., X;x PA3JIMYHBI U KOJIMYECTBO pedep
MEX/1y HUIMH HEYETHO.

Ecnu B3sTh ciyuyaliHBIi HEOPUEHTHUPOBAHHBIA Tpad, TO OKa3bIBAETCS, YTO Y
TAaKOW CTPYKTYPhl YMCIIO MOAIPOCTPAHCTB TOXKE OyJeT paBHO ISATH U pelieTka Oyaer
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OYCHB MOXO0XKEH Ha Ty PCHICTKY, O KOTOpOﬁ MBI TOJIBKO YTO T'OBOPHUJIH.

R(2)

T
RG3) R®)
RO)
|

O (Equality)

Puc.2. Pewemka ons ciyuas cayyainvix epaghos
Fig.2. Lattice for the case of random graphs

2. BEEEE I A1 T

MoskeT 3T0 BCE€ MOKa3aThCsl JOBOJBHO CKy4HBIM. Ha camoM nene, Mbl YBUIIUM,
yT1o 3T0 He Tak. Ho, cHauana, emé ogHa oOuias KOHCTPYKIUsA. Mbl OHUMaeM, 4TO
OTPEAEIMMOCTh MOXKHO J0Ka3aTh JIETKO, HAJ0 Hamucath Qopmynbl. Kak aokaszarhb
HeonpeaeauMocTs? Eciu 3aHUMAaThCsl 3TUM CO CTYACHTaMH, TO OHU CaMU JIOBOJIBHO
OBICTPO TPHUAYMBIBAIOT TAKYIO HJCI0, KOTOpas MHOTUM M3 Bac, HAaBEpHOE, TOXKE
npunuia B rosopy. OHa mpunuia B ronoBy emé u Ilagoa (Meron aBromopduzmon
[Tamoa), oH 06 TOM TOBOPHII B CBOEM JIOKJIaJie Ha KOHrpecce mareMatukoB B 1900
rony, TaM riae ['mibp0ept cTaBui cBOM MpoOiIeMbl. ITO HIest aBTOMOPPU3MOB. 3HAUUT,
€CJIM MBI MOYKEM TIPUTyMaTh KaKOKH-TO aBTOMOP(U3M, KOTOPBII YTO-TO OCTaBIIAET Ha
MeCTe, KAKMEe-TO OTHOIIICHUS, KaKUe-TO IPYTHUE IBUTAET, TO 3TU JBUTAIOIIUECS HENb3S
ONPEAENIUTh TEMH, KOTOPbIE OCTalIHCh Ha Mecte. [1oaToMy, BO3HMKaeT Takas Wie,
JUISL  KaXJIOTO TMPOCTPAHCTBA OMNPEACIUMOCTH, TOCMOTPETh Ha €ro Tpymnmy
aBTOMOp(U3MOB. DTO MOXXHO Ha3BaTh rpynmnoil [ajya, BO3HHUKAeT COOTBETCTBHUE
['anmya, »9T0 Takoii aHTUMOHOTOHHBIH TOMOMOP(GU3M  MEXAY  PpEHETKOU
OMPEICTUMOCTH  CTPYKTYpbl W  PEIICTKOM 3aMKHYTBIX HAJATPYIMI  TPYIIIbI
aBTOMOP(PU3MOB HOBOU CTPYKTYpbl. 3aMKHYTOCTh He OyleM ceilyac onpenessiTh, OHa
MMEET TOIOJIOTUYECKUN CMBICI, YTO €CTECTBEHHO JIA ONPEHECIECHUsI 3aMKHYTOCTH.
Hy, u naneie nmoiy4aercst Takasi ujaesi: YToObl JI0Ka3aTh, YTO KAKOE-TO OTHOIICHUE,
HEOMPEETNUMO, HAJI0 PACCMOTPETh IPYIITy aBTOMOP()HU3MOB.

MeTtox aBTOMOpP(pU3MOB
[Tz, = RE[S]
S - npocmpancmeo onpedenumocmu,
FS - cpynna ezco aemomoquusmoe.

Hekotopas npobiema cOCTOUT TOM, YTO MHOT/IA HE MOJIyYaeTCsl TAK MOCTYIUTh,
U 3TUM ceivyac Mbl, Kak pa3, 3aiimMémcs. Huxe nan nmpumep 3Toro nmpeodpa3zoBaHUs
JUISL OTHOLUEHUS TOpAIKa, i1 OTHOWIEHUS «Mexay» (emé€ ao0aBistoTcs
yOBIBalOIllie, E€CTECTBEHHO, OTOOpakeHUs), I «UUKjIa» (BUAMM  TaKue
MIEPEKIIAJIBIBAHNS OTPE3KOB, MOJYYAIOUIMECS pa3pe3aHueM IO HPPALUOHATBHOMY
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CEUYCHHUIO).

P S S

A (irrational)

Order Between Cycle

Puc.3. I pagpuxu npeobpazosanuii 0151 nopsioKos
Fig.3. Transformation graphs for orders

[ 3. FTH g E

Hy, BoT, oxa3piBaeTcs, eciau JA00aBUTh KOHCTaHTY, TO Tmoiy4aetca 116
oTHomeHut. To ecTh, e€cnu g choydas paluMoHaJIbHBIX 4YHCeNl J00aBUTH
OJTHOMECTHOE€ OTHOIIIeHHEe ObITh 0, TO Moy4daeTcs: KoimuecTBO oTHomeHut 115. Ecnu
00aBUTh UPPAIMOHAIBHYIO TOYKY, TO €CTh BCE Ooblliee MU BCE MeEHbIEE ITOU
HMppalMOHAIBHON TOYKH, TO KOJUYECTBO MOAINPOCTPAHCTB, OKA3BIBAETCS HECKOJIBKO
MeHbIIMM, 3TO 53. PaccMoTpeB psia CHUTyalHil, B YaCTHOCTH, CHUTyalHUIO C
OJTHOPOIHBIMU Tpadamu, Tomac BbICKa3all CACAYIOIIYIO THIIOTE3Y.

T'unomesa Tomaca
Kaxnas cueTtHas OIHOpOAHAs KOHEYHONOPOXKICHHAS CTPYKTypa HMEET
KOHEYHYIO PEIIETKY OIPEAEITUMOCTH.

MOXHO TakXe CHPOCUThb, HE BEPHO JIM, YTO Ka)KJasi CTPYKTypa C KOHEUHOU
peETKON OnpeIeNMMOCTH OyIEeT OJTHOPOTHOM.

OTH ABe MPOOIEMBI OTKPBITHI, CTOAT yxke okojio 40 net. Hy, BOT, nuHTEpecHo, Hax
HUMH OBLI0 OBbI IOTyMaTh.

B ciyuae -kareropuyHbIXx CTPYKTyp (B HHMX W3  DJIEMEHTapHOMU
HKBUBAJICHTHOCTHU CJIEAYET MU30MOP(HOCTH), K KOTOPOMY OTHOCSITCSI U OJHOPOIHBIC
CTPYKTYpBl, OKa3bIBaeTCs, 4YTO METOA aBTOMOpP(GU3MOB pemiaer mpolnemy
(pe3ynbratel Rull-Nardzewski, Engeler and Svenonius konma 1950-x rogos).

Tam uMeeT MecTo U30MOPPU3M MEXAY CTPYKTYpamMu HaArPYIII U PEIIETKOM.

Teopema uzomopuszma
Pemierka ompeaenMMOCTH  BCSKOM — (O-KAQTETOPUYHOM  CTPYKTYpHl  (QHTH)-
n3oMop(Ha pereTke 3aMKHYTHIX HAATPYIII IPyIIbl aBTOMOP(U3MOB CTPYKTYPHI.
| QoA I Ré[S] (S -npocTpaHCcTBO ONMPEAETUMOCTH, R - OTHOILIEHHUE)

398 Teopvm cuctem, anre6pav|‘-|eCKa;| 6uonorus, VICKyCCTBeHHbIVI NHTENNEKT: MateMaTn4yeCckne OCHOBbI 1 NPUNOXeHUA



Uto mnpoucxoauT 3a mpelnesaMu O-KaTeropuyHoCcTH? 37eCh HMEET MeCTO
COBepIlIeHHO 3ameuarenbHass Teopema Jlapca Csenonmyca (L. Svenonius),
ormyonukoBaHHasi B 1959 romy, u ona coctout B cneayromem. Eciau paccmarpuBath He
TOJIBKO caMy CTPYKTypy, HO U €€ DJEeMEHTapHble pEIIeHUsi, TOrJa METOJ
aBToMOpdu3Ma paboTaerT.

Teopema Csenonuyca
Jlnst 11000# CUETHOM CTPYKTYpHBI, dJIEMEHTa S €€ PEIIETKU ONPEeACIMMOCTH U
OoTHOIIEHUsI R ¢ S CyIlIeCTBYeT JIEMEHTapHOE PaCUIUpPEHUE CTPYKTYphI, B KOTOPOM
| Rleal

Pe3synbrar 3TOT, KCTaTH, OKa3ajcs JOBOJBHO Malou3BeCTHbIM. [lo-Buammomy,
BCBSI3U C TeM, 4TO OH Obu1 HaneudataH B llIBeruu (Jlapc CBeHOHMYC MCXOQHO IIBES,
MOTOM OH XWJI B AMEpHUKe) B KypHaje 1oj Ha3BaHueM «Teopus», M3gaBaBIIUMCSA
THUPAXOM B Mapy COTEH 3K3eMIULIpOB. M onroe BpeMs 3Ta TeopeMa HE 3aMedalach.
Ho B 1973 rony [1] u3BecTHBIM aMepUKAaHCKUN MaTeMaTHUK (MCXOTHO IIBEHIIAPCKUIA)
yueHHK bepHaiica u coyueHuk MakieitHa, ¢ KOTOpbIM OHH TOTOM OBLIU JAPY>KHBI J10
koHia xu3Hu, broxu (Buchi J. Richard), u3yuas Texcthl Tapckoro, ecrecTBeHHO,
3a/1ajncsi BONPOCOM, HET JIM Kakou-HUOydh TakoW yHUBEPCAIBHOM TEOPEMBI PO
OINPEAEIIMMOCTh? B 4acTHOCTH, €CTh CChUIKM TapcKoro Ha DpJareHCcKyr Mporpammy
u Tak gainee. Okaszanoch, 4TO, Aa, €CTh, BOT, CBEHOHUYC, IMO-CYLIECTBY, AOKa3aj
TaKyl TEOPEMY MOJIHOTHI JUIsl ONPEAETUMOCTH, MOJIb3YSACh, C OJHON CTOPOHBI, UAEEH
aBTOMOP(PU3MOB IPe0Opa3z0BaHUM, YTO-TO COXPAHSIOIINUX, C APYrOM CTOPOHBI, Hleen
n00aBJIEHUS UEATbHBIX AIEMEHTOB.

S mpocto BcnomHio KiieiiHa, MpOEKTUBHYIO T€OMETPHUIO, KOrja J00aBIISIOTCS
HEKOTOpPbIE DJIEMEHTApHbIE UJcalbHble OOBEKTHI, MO3BOJSIOLUIUME JIEWCTBOBAThH
MPaBUIBLHOM cUCTeMON aBTOMOP(GU3MOB. broxu mocBsATHI apy paboT 3TOMY MOAXOMY
K pe3ynbrary CBeHoHuyca. BoT, Mbl, B CBOIO oOYepelb, CMOTpeln O00OIIeHHE
CUTyallud OJHOPOJHOCTH, KOTJIa, BOOOIIE TOBOPS, CTPYKTypa HE (O-KaTeropuvHas, y
HE€ €CThb pa3HbI€ DJIEMEHTApHbIC 3KBHBAJIEHTHBIE CTPYKTYpBI, HO CKa)KE€M, Jajiblle
pacIIMpUTh €€ HEeJb3sl, TO €CTh paCUIMPEeHHE He cyuiecTByeT. Ho sCHO, 4To U B 3TOM
ciy4yae teopema CBEHOHMyca JNAa€T OTBET, €CIM CTPYKTypa IIOJIHA BBEPX, TO €CTh
Janblle €€ HEeJb3sl pacluupsiTh, TO BOT TyT, KaK pa3, Mbl MOXEM pPACCMOTPEThH BCE
aBTOMOP(U3MBI CaAMOW CTPYKTYpPbl U €€ MOANPOCTpaHCTB. TaM Oyaetr mzomopdusm,
cootBercTBHE ["antya OyaeT aHTU30MOP(PUZMOM.

COOTBETCTBEHHO, BO3HHMKAET OIPEAEICHUE IOMOIHUMON BBEPX CTPYKTYpHI,
KOIZla €CTh MPOCTO €€ pacuIMpeHHe, KOTOpOe Jajblle paclivpATh Hekyna. M Tam
MOJTy4aeTcsl TeopeMa IMOJIHOTHI JJI TAKUX CTPYKTYp, TaM YK€ HE HYKHbI UJcalbHbIC
AJIEMEHTHI, @ B CaMOW CTpPYKType Bc€ 7To Jenaercs. Metox aBToMopdu3zMoB
HauMHaeT paboTaTh B MOJIHOM Mepe.
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Onpeodenenue
CtpykTypa nonna 66epx, €Ciu BCE €€ DJEeMCHTapblHE PACIIMPECHHUS i
U30MOPQHEL.

Teopema nonnombl 0Jis NONOIHUMbLX 86€PX CINPYKIVD
Ecnaun y cTpyKkTyphl CyLIECTBYET NOJHOE BBEPX AIEMEHTAPHOE PaCIIMpPEHUE, TO
€e pelmeTKa ONpPEeAeIUMOCTH (aHTHU-)U30MOP(QHA PEIIETKE 3aMKHYTBHIX HAATPYII €€
rpynibl aBTOMOP(U3MOB.
[ Iz, RE[S] , S - nomHoe BBEPX IPOCTPAHCTBO, R - OTHOLIEHHE.

B pa3HbIX €CTECTBEHHBIX CTPYKTYpax OKa3bIBAETCS, UTO, BOT, 3Ta caMasi OJIHOTa
BBEpPX UMEET MECTO:

parMOHABHBINA TTOPSAOK <Q, <> - OJIHOpPOJIHAs CTPYKTypa, SIEMEHTAPHO

SKBUBAJICHTHAs <|R, <> (5-u »onemeHTaHas pelieTka), TMOMOJIHUMBIE BBEPX

CTPYKTYPBbI <Z;+> , <Q,‘+> .

B dacTHOCTH, K TaKUM CTPYKTYypam OTHOCATCSI MCCIIEIOBAHUA O LIETbIX YKCax,
TO €CTh JABYXMECTHBIE OTHOIIECHUSA <Z;+ 1> , UTO OJIHO 4YHCJI0O HAa €IUHUILY
OOJIpIlIe JAPYTrOro, B ATOM Cliydae MbI TOJTydYaeM YKe HE KOHEUHYIO CTPYKTYpy, a
CUYETHYIO, COCTOSIIYI0 U3 TPEX JOBOJIBHO TOHSATHBIX M E€CTECTBEHHBIX CEpUi
OTHOIIICHUH, KaK HAaIIMCAHO HUXKE,

Teopema
[Tonoxum (TUnbIa O3HAYAET «PaBHO MO ompeaenaeHu», S,>S; obo3Hayaer

CTPOTYIO BJIOKEHHOCTb MPOCTPAHCTBA OMPENEIUMOCTH HabOopa OTHOIIEHUU S, B
MPOCTPAHCTBO OMPEACIUMOCTH, MOPOXKJICHHOE HAOOPOM OTHOIIECHUN S; HA TOM XKe
HOCHTENE, CM. [2])
AO,n(xl’x2)~|xl_x2|:n’
Al,n(xl,xz,x3,x4)~x1—x2=x3—x4:nv)c1—x2=x3—x4=—n,
AZ,n('xl’ xz)le_xzzn-
Torna xaXxabplid SIEMEHT <Z ;+ 1> HOPOXAEH A, , IJIsl HEKOTOPBIX [ <2 U
HATypajabHOIO 7,
st Kaxkaeix 0 <i <2 1 HaTypalbHOIO K, m
Aip > Airn, Ain > Aiy < n neauar m;
(4, JJUl4; )=[A4,,,],m=max {i, j} ,n=GCD(d , k),
[4; JN[4; ]=[4,,,],m=min{i, j} , n=LCM (d k),
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Bce A4;, paznuyHbL.

HOPOXKAAIOIINX, HAIPUMEP, «PACCTOSHUE PABHO 71», WIM BOT HEUTO IOXOXKEE Ha
3alleIJIeHHe, OHO TAKO€ COHAIPABIEHHOCTb, «PACCTOSTHUE PaBHO 7» U HAIPaBICHHOE
B OJHY CTOpoHy. TyT TmOJy4aeTrcss ONUCaHHWE COOTBETCTBYIOIIUX TPYII
aBTOMO(PHU3MOB, TMOJHOE OMHCAHHE PEIIEeTKH, ATO pe3yiaprar Ham ¢ ConpyHOBBIM
C.®., nonyuyeHHbIl npuMepHo 2-3 roga Ha3az [2].

Jlanpiie, HaYMHAETCS YXKe OTKpBITass mpobiemaruka. S mpemynpexkaan, 4To
UCXOIHO €CTh OY€Hb MHOTO OTKPBITHIX mpoOieM. Hy, Hampumep, uro Oyaert, eciu
B3Th HE IIE€J0€ YHUCII0, a HaTypalbHOE IUTIoC efauHuua. Kazamoch Obl, JTOMHKHO
MOJYYUTHCS YTO-TO MPUMEPHO TO KE camoe, Hy, B HEKOTOPOM CMEICIe, Aa, OyaeT
MOJTy4YaThCsi, XOTS BOMPOC (OPMATbHO OTKPBITHIA, HO, MO-MOEMY, SICHO, KaK TyT
JIBUTaThCA.

Bo3moorcnuie eapuarnmol U 0606”46)'-!”}1

Cué€THBIN YHUBEPCYM, KOHEUHAsl CUTHATYpa.
[TocTpoeHue nonoaIHEeHU

. <N; +1>;

. Z x Z - 1Ba KOMMYTHUPYIOIIKX CJIEIOBAHUS;

* HECKOJILKO CBOOOJTHBIX CIICIOBAHUI;

* OeCKOpHEBOE JTBOMYHOE JIEPEBO, HAMpUMEp, OfHA OCh - <Z; +1> co

caguroM 0, B KaxaoW Touke no0amisieM peOpo - caBur 1, U3 KOTOPOTrO pacrer
KOPHEBOE JBOUYHOE, M3 KaXJ0u TOYKHA BbIXOAUT O m 1, B Kaxayro TOYKy BXoaut ()
W 1;

. MOYKHO CTE€pETh IIOMETKH W HaIlpaBJieHUs pedep.

MOXHO pacCMOTPETh BMECTO LIEJIBIX YHUCEN, JBA KOMMYTHUPYIOIIUX CIICIOBAHMUS.
MOo’KHO paccMOTpETh TaKylo KIET4aTyro OyMary U MOXHO HITH BIIPABO, BIEBO, BEPX,
BHU3, U BOT Kakas OyJIeT CTPyKTypa, W Kakas OyJeT perieTka B 3TOH CHUTyalluu.
MOoXHO HE KOMMYTHUpPYIOIIEE CIEI0BAaHUE, PACCMOTPETh, a, TaK CKa3arb, CBOOOAHOE,
TO €CTh OECKOHEUHOE JIBOMYHOE JEPEBO, HAIPUMED, U JAJIbIIE IBUTAThCs MO pedpam
3TOTO JiepeBa. MOXXHO UX IMOMEYaTh, MOKHO HE MIOMEYATh, MO)KHO CMOTPETh HAJIMYHE
KOpPHs, MOXXHO HE paccMaTpuBaTh, OyJIeT BO3HUKATh HEKOTOpas Ooraras CTPyKTypa.
MoskHO J1aTh 0011Iee ONpeesIeHHE, OTHOCSIIEECS K TAaKOTO COpTa CUTYalllH, B KAKOM-
TO CMBICJIE TAaKOW AUCKPETHBIM BapUAHT UAEU OJHOPOJHOCTH, KOTOpasi MO3BOJISIET
CTPOHUTH COOTBETCTBYIOIIYIO IPYIIITY aBTOMOP(HU3MOB.

Obwan uoesn

YcioBue omHOPOAHOCTH: (UHUTHO-TIIO0ATBHOE -
. n30MOpGH3M KOHEUHBIX MOJCTPYKTYp MPOAODKAETCS 10 aBTOMOpdu3Ma
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CTPYKTYPBI;
4 KOHEYHasi NOACTPYKTYyPa MOXKET CONEPKATh JATEKHUE DJIEMEHTBHI.

JlokanbHast OMHOPOAHOCTh: IBYXMECTHBIC OTHOIIICHUS B CUTHATYPE U T.1I.
* n30MOp(U3M KOHEUHBIX CBSI3HBIX CTPYKTYp (rpadoB) mpomoikaercs 10
aBTOMOpP(U3Ma CTPYKTYPHI.

Ecnu merTarbest nmanpiiie IBUTAThCS TO IEJIBIM YHCIIaM, TO, YTO OydeT, eciu
paccMaTrpuBaTh OTHOIIIEHHWE XaHTUHITOHA HA MEIbIX YHCIaxX, OymeT BO3HUKATh
COOTBETCTBYIOIIAs CTPYKTypPa, MOXXHO pacCMaTpUBaTh MOANPOCTPAHCTRA.

Credyrouwgue wacu

[Topsimok nesnbIx ynucen

4 roMoMOp(hU3M OTHOIIICHW XaHTHUHTTOHA,
. AHAJIOTH CEPHIl JIA LIEJIBIX YHCEIL,
. nononoxenne Beepx w1 Z XQ .

CJ'IGI[OBaHI/ISI U IMOPAAKH LCJIbIX U HATYPAJIbHBIX
L 4 MNEPUOJUICCKHEC U ITOYTH IICPUOANICCKUC OJJHOMCCTHBIC OTHOIICHUW A,
L 2 HECKOJIBKO CHGHOB&HHﬁ, ACPCBbAL.

M BoO3HUKaeT cuTyamus C TOIOJIHEHUWEM, BO3HHMKAKOT AHAJIIOTHM 3THUX CaMBIX
cepuil, U, TEM HE MEHEE, 3aJa4a JJIs LEJIbIX YUCEI C OTHOLICHUEM MOPSAKA, SIBISCTCA
TOXKE OTKPBITOW. TOXE TOYHOro OTBETA, Mbl MOKa He 3HaeM. Hy, m ganpiie MOXHO
MOCTETIEHHO PAaCHIUPATh KJIACChl CTPYKTYpP, HalpuMep, A00aBIATh MEPUOANYECKUE
WM TIOYTH NEPUOAUYECKHE OJHOMECTHOE OTHOIICHWS Ha MENbIX HATypajJbHbIX
YUCIIaX, CMOTPETh, YTO U3 ITOTO MOJTYUUTCHI.

Ilepcnexmuea (omoanénnan?)

CrnosxeHue 1enbix (HaTypajdbHbIX) YHCE

3anmava, nocraBienHas An. Myuynukom CemenoBy A.JL. (oxomo 1970 r.) co
cceutkoit Ha [1.C. HoBukoBa (omHoBpeMeHHO ¢ 06001eHrnemM Kooxama)

. MOMOJIHUMOCTD BBEPX;

. MOMCK HOBBIX OTHOIICHUH/ «IIOHATHO YCTPOEHHBIX)» PACIIUPEHUH.

Xody cKaszarh, YTO HCXOMHO, Kak pa3, Al. Myd4HHK MOCTaBWJI TpoOieMy
CJIOKCHHMSI IS TIENIBIX YHcel, CKaxkeM. Hy, oqHOBEHHO TOCTaBUII 3a7a4y 00O0OIIeHUS
Teopembl KoOxdMa, KOTOpyO S YK€ YIOMHHAN. 3IeCh CHUTyaIlusi OKa3bIBACTCS
JIOCTAaTOYHO CJIOXKHASI, M IO CUX MOP MBI OYEHb JTAJIEKA OT OKOHYATEIBHOTO PEIICHUS
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HpO6J'ICMLI I1O CJIOKCHHIO IJIA TCIIBIX YUCCII.
QJIMMLlHal(u}l Keanmopoe

Koneunas pensiunonHas curarypa

. OnHOpOIHBIE CTPYKTYPHI IOMYCKAIOT JIMMUHALIMIO KBAHTOPOB

. Apudmertuka [IpecOyprepa - He gomyckaer (maxke, eclii HCIOIb30BaTh
(bYHKITMOHATBHBIC CUMBOJTBI).

. Pa3pelienne 6eCKOHEUHOM CUTHATYPHI JIeiaeT 3aady HeOopeIeIeHHOM.

Bort, emie HEKOTOpBIN Ki1acc BOIIPOCOB, B TOM YHCIIE, UMEIOLIUX OTHOILIEHUE K
npobjeMaTike HCKYCCTBEHHOIO HWHTEIJIEKTa, aHallu3 €CTECTBEHHBIX S3bIKOB,
OTHOCHTCSI K MpoOJIeMaTHKe STMMHUHAIIMA KBAaHTOPOB. Bbl momMHMTE, YTO apudmeTHKa
[TpecOyprepa 3K3uCTEHLIMAIbHA, B HEH MOXHO SIMMHUHHPOBATh KBAHTOPHI, HO HE
COBCEM, a /10 NTyOuHbI 0MH. TO €CTh MOXXKHO MOACTABUTHh KBAHTOP CYyIIECTBOBaHMUS,
Torna Bce Oyaer noiydarbcd. B OZHOPOOHBIX CTPYKTypax KBaHTOPBI IPOCTO
IIMMHUHHUPYIOTCS, TaM BCAKask (opMyJsia IKBUBAJIEHTHA O€CKBAaHTOPHOM.

JlaBaiiTe Temepb MOCMOTPHUM, CKOJIb CJIOXHBIMH MOTYT OBbITh KBAaHTOPHbBIE
npuctaBku. B apudpmeruke IlpecOyprepa MoxHO 100aBiATH OBICTPO PACTYIIYIO
byHkuio, 370 Mou padotsl 1970-80-x ronos.

3K3ucmeuuuaﬂbuaﬂ INUMUHAK U K6AHRMOPOE6

Ecnu pa3pemuTs TOIbKO KBAHTOPHI CYLIECTBOBAHUSI, IIOJIyYaeM:

. ANITOPUTMHUECKYIO Pa3peInMOCTh;

. BO3MOXHOCTb ~ 3aMEHUTh  (PyHKIMOHAJIbHBIE  MMEHAa  HMEHaMH
OTHOILICHMH;

. apupmeruka IIpecOyprepa -sK3UCTEHIMANbHA, J100aBI€HHE OBICTPO

pacTymux (yHKIMI HE BBIBOAUT 3a Mpenesbl dk3ucteHuuaibHocTi (CemenoB ALJL,
1979, 1983);

. KOHEYHO-aBTOMAaTHAsi  OMNPEAECTMMOCTh  (BO ~ MHOTHUX  CIIydasix)
DK3UCTECHIMAIbHA (CYIIECTBYET JOITYCKAIOIINA X0 aBTOMAara);
. CSP Constraint satisfaction problem? OOGoOIeHHAs BBIMOIHUMOCTD -

BIIOKUMOCTB CTPYKTYPbI OIIUCBIBAECTCS K3UCTEHIIMATIBHO.
B paccmarpuBaeMbIX CTPYKTYypax M HMX PEAYKTaX IK3UCTEHUMAIBHO
AIIMMUHUPYIOTCS KBAHTOPBI, pa3peinmMbl TpooseMsl puHamaiexHocTi, CSP u T.1.

Ho ecnam Mb1 Oynem paccmarpuBarh, KOHEUHO-aBTOMATHBIE CTPYKTYpBI, TO Tam
YK€ PK3UCTCHIIMATLHOCTH HE XBaTaeT, HYy>)KHO B HEKOTOPBIX CUTYallUsIX UMETh Ooee
CJIOKHBIE KBAaHTOPHBIE MNPUCTAaBKU. W BO3HMKAET Takoul Bompoc. fICHO, 4TO €CTh
CTPYKTYpbl C OECKOHEUYHON KBaHTOpHOW miyouHou. Hampumep, apudmeruka co
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CJIOKCHUECM U YMHOXCHUSI.
I(eaumopuaﬂ eébicoma

Jlornueckasi CI0KHOCTh - (KBAaHTOPHAs1) BbICOTA MPOCTPAHCTBA - MUHUMAJILHOE
KOJINYECTBO IE€PEMEH KBAaHTOPOB, IIO3BOJIAIONIEE MOJYYUTh BCE MPOCTPAHCTBO,
HauMHasi ¢ KOHEYHOTO YKCIia OTHOIICHUH.

[Ipob6nema npobena B KBAHTOPHOM BBICOTE.

. [ToueMy ecTeCTBEHHO BO3HHUKAIOIINUE CTPYKTYpPbl UMEIO Maiyto (0OOBIYHO
0 nnu 1) unu 6ECKOHEYHYIO BBICOTY?

. EcrecTBeHHbIE Hepa3zpeliuMble Ciiydad - HMEIT OECKOHEUHYIO
KBaHTOPHYIO BBICOTY.

. MOXHO TOCTPOUTHh HEpa3pelIMMble U pa3pelIuMble Claydad JII0Oon
KBAaHTOPHOM BBICOTHI.

C npyroii CTOpOHBI, €CTh CTPYKTYpPbI C MaJOl KBAaHTOPHOUW BBICOTOW (CHHOHUM
1yOuHbI). MOXHO CTPOUTHh HMCKYCCTBEHHBIE MPUMEPHI C JIFOOOW (PUKCUPOBAHHON
KBaHTOPHOW BBICOTOM, C Pa3pelIMMOCTBIO, HEPa3pelIMMOCTBbIO, HO €CTECTBEHHBIX
IIPUMEPOB ITOTO HEU3BECTHO.

[locneqHee MHTEpPECHOE IOHATHS, 3TO IOHATHE, MpUHAIIEKamee AHIPEIO
MyuHuKy, ceiHy AnbOepra AOpamoBrya MyyHUKAa U MOEMY YYEHHKY. DTO MOHSTHE
CaMOOIIPEACIINMOCTH, TOKe Bocxomsauiee Kk Tapckomy. Tapckum npemmaranace cama
OINPEACIIMMOCTh, KOIZJa MOKHO B KaKOH-TO CTPYKTYpE ONPEIEIATh, ONPEAEINMO B
Hell 4yro-To wiaum Her. Ho »3To 3Hauut, 4Yro MBI TpPOCTO OepéM CUMBOI
JIOTIOJIHUTENbHBIHN, 00ABIIsIEM YK€ HE ISl 0OBEKTOB, a JUIsl OTHOLICHUS 1-MECTHOTO,
U jganpiine 0epéM 3aMKHYTYI0 (OpMyiTy C OJHOW MEpEMEHHOM, €CIIM MBI B 3TOH n-
MECTHOM TpEeIUKaTHOW, TaK CKa3aTh, IIEPEMCHHOM, JI00aBIsSEM OIPEACIMMOC
OTHOILIEHHE, TO UCTUHA, €CIIA HEOTIPEAEIUMAs, TO JIOKHO.

N Bor AH. MyuHuk Jokazan, urto mnpoctpanctso 000 <|N, -|—>
CaMOOTIpEICNIMMOE M OTCIOIa TOMy4nsl 0oJiee IPOCTOE U KPACHUBOE J10Ka3aTelIbCTBO
teopembl  Kobxama-CemenoBa. BosHukaer Bompoc, Korma eme  ObIBaeT
CaMOONPENEIIUMOCTb.

Iloka He yma€rcd HaAWTH CUTYallMd CaMOONPENEIMMOCTH, KPOME OIHOIO
TPUBUAILHOTO cClly4asi, He Oyny o HEM ToBOpuUTh. BOT, Hamo paccMoTpeTh Takue
€CTECTBEHHbIC KaHAUAATHI, KaK

. (Z;+)
. (Q;+) .
AHnpeil MyuHuk, Kk coxanenuto, B 2007 romxy or Hac ymies, 3TO ObUT OY€Hb

TAJIAHTJIUBBIA YEJOBEK, JCHCTBUTENBHO MOJOMOM YyueHblid. IIpobrmemaruka ero
OCTaJach.
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Anapeit MydHHMK J0Ka3ajl CBOIO TEOPEMY B YCHEITHOM
NONBITKE YIOPOCTUTh JoKa3arenbcTBO CemenoBa A.JL
teopembl KoOxama-CemenoBa. Ero mokaszareibCTBO uUMETO
PE30HAHC W TEOPEMY CEroAHsA CTOMT Ha3bIBaTh Teopemoit
Kobxama - CemenoBa - Myunuka. Teopema ecTecTBEHHO
MO3BOJISIET MPOBEPATh OMNPEAETUMOCTb, €CJIH CTPYKTYpY, B
KOTOPOM MBI 3aIlChIBAEM W B KOTOPOM €CTh CJIOKECHHUE -
paspemnma (Hampumep, aBTomarHa). OueBHAHO, e€clu
MHOYECTBO 7I-MECTHOI'O OTHOIICHHUS KOHEYHO JIJIS KaX<JI0ro Myunnk A.A.
n=1, 2, ..., TO CTpyKTypa CaMOOMpeaeInmMa. 1958-2007

JlymMaro, 4To s MOKa3ald AOCTAaTOYHOE KOJIWYECTBO MPUMEPOB U OTKPBITHIX
npoOsieM, B TOM YHKCJE, MOBTOPSIO, BEPOSTHO, HE TAKUX YK CIIOKHBIX, KOTOPBIMHU
MOKHO 3aHUMaThcs. [Ipennarato BceM COTpyHUYaTh B 3TOM HHTEPECHON 00IacTH.

Introduction

Dear friends, my report is devoted to the issues of definability. And we will
begin with the fact that the concept of definability is connected with the concept of
determination. Definition is as basic a concept of mathematics and its applications,
including in the field of artificial intelligence, as

* model,
. proof,
. calculation.

And, accordingly, the theory of definability is an area of mathematics occupied,
namely, with definitions; what this means more precisely, we will explain later.

That being said, the remarkable thing about definability theory is that it has a
large number of open problems, but not many results. If we compare, say, with the
theory of models or the theory of proofs, where the number of publications is in the
thousands and even tens of thousands, then in the theory of definability it is rather
hundreds, or at least a few thousand. And this gives hope that some very interesting
new results can be obtained here, including those related to practical applications. As
often happens in mathematics, it starts with abstract constructions, then some of them
turn out to be important in practice.

Let's start by posing the question of how to define one concept through another,
or how to develop some kind of system of concepts that is sufficient to define
everything, say, everything that we want to describe in a particular language.

This is not a new idea; let’s say, in the 18th century it was developed by the
great philosopher Leibniz in his idea of a universal language, Lingua Universalis.

And in the 21st century, we can mention the famous linguist who began working
in Poland, and now has been living in Australia for the last 10 years, Anna
Wierzbicka, who proposed a system of 65 basic concepts common to all human
languages, through which more and more complex derivative concepts can be defined
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in each language .

If we talk about the mathematical aspect, we can say that the beginning of a
systemic representation of the theory of definability is the logic of C.S. relations.
Pierce, which originated in the mid-19th century.

Again, turning to linguistic ideas, linguistic situations, the corresponding context
was considered by such major linguists as N. Chomsky, J. Fodor, G. Lakoff.

Attempts to construct mathematical theories and theories within the framework
of systems theory, which is also one of the topics of the current congress, belong to R.
Wille and N. B. Seiler. It is clear that the theory of relational databases is also largely
related to the theory of definability. Big data tagging is one of the applied aspects of
definability theory. Confidential, including explanatory, artificial intelligence is now
of particular importance when this or that proposal emanating from artificial
intelligence, this or that assessment, this or that interpretation needs explanation. One
of the important tasks, that is, educational ones, is how to teach a person to ask
questions correctly, how to teach artificial intelligence to correctly answer them, and
make its conclusions convincing for a person. And this is also related to problems
from the theory of definability.

Within mathematics, the theory of definability in the 19th century developed
primarily as an applied intra-mathematical problem, in particular, an attempt to create
the best system of basic concepts for geometry and arithmetic. There are several
names here, I will not waste time listing them, just look at the list of famous
mathematicians, including German and Italian. The central figure of the 20th century
in definability theory was Alfred Tarski and, in particular, the Polish school. Tarski's
report on this topic to the Polish Mathematical Society in 1930 is well known.

The role of Alfred Tarski and the Polish school
in definability and the role of definability in the works of Tarski

Report to the Polish Mathematical Society 1930

Elimination as a definition of semantics, Skolem

Tarski's student Mojzesz Presburger's thesis on the elimination of quantifiers for
the addition of integers

The Indefinability of Arithmetic Truth (1933), Godel (1930), von Neumann, ...

Basic concepts of geometry

On the other hand, even before this, questions of the theory of definability were

raised as attempts to determine the formal semantics of logical languages. In
particular, the work of Skolem can be mentioned here.

One of the famous famous first results of the theory
of definability can be considered the result of the thesis
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work of Mojzesz Presburger, a student of Tarski, where
he proved that it is possible to eliminate quantifiers for
the addition of integers with the corresponding function
symbols.

On the other hand, the indefinability of arithmetic
truth can be considered an outstanding negative result of

the theory of definability. Mojzesz Presburger
1904-1943

It seems to me that the actual statement about the impossibility of determining
arithmetic truth is the heart, the main content of Godel’s theorem. At the same time,
this result is usually associated with the name of Tarski. Tarski's work related to the
basic concepts of geometry is well known. Well, let's say the result is that binary
relations are not enough to define all geometric concepts. One of the peaks of
mathematical logic, which has meaning even outside of logic, an important point of
view of algebra and all of mathematics, is a result that can be formulated as the fact
that the family of semi-algebraic sets is closed under projection, hence the solvability
of elementary geometry. This work of his was published in the late forties, but,
practically, the result was obtained in Poland. Tarski himself formulated the problems
of the theory of definability within the framework of his cylindrical algebras, which
he also called algebras of concepts.

American Tarski period

Closedness of semi-algebraic sets under projection - solvability
of elementary algebra and geometry - around 1938-1948.

Cylindrical algebras = concept algebras (1947)

Self-determination, 1948, (hereinafter Andrey Muchnik)

Geometry of logic, parallels with Felix Klein's Erlagen program
What are Logical Notions? Lecture at the University of London,
16 May 1966

Tarski Alfred (1902 - 1983)

An interesting concept that arose from Tarski was self-determination; we will
return to this, I hope, at the end of our report. Tarski said that, in the theory of
definability, parallels with the Erlagen program of Felix Klein, such a geometry of
logic, are clearly visible. In particular, he spoke about this in his lecture What are
Logical Notions? at the University of London on May 16, 1966. Assessing the overall
activity of Tarski and the theory of definability in general, Adison said that this theory
generalizes the results of analysis, general topology, and should be one of the central
branches of mathematical logic, more and more important for computer science. On
the other hand, it also addresses the original works of Nikolai Nikolaevich Luzin in
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1927.

Our own work began in the 1970s, with the task posed by Albert Muchnik, a
student of Pyotr Sergeevich Novikov, directly to me. We will return to this problem
later.

With this, I would like to complete the historical introduction and move simply
to the main definition; I would like it to be clear to all listeners of my report.
Including, perhaps, not for mathematicians, but for those who have just an elementary
understanding from mathematical courses related to logic.

Basic concepts of definability theory

Let us have some kind of universe, which we denote by U. And there is a
language L, the logical language of the logic of relations. This means that relation
names are used as non-logical names: double, triple, single and null (we do not use
names for functions). Quantifiers based on the elements of the universe are used, of
course, logical connectives, and so on. In this logical language, it is possible to define
some relation R through other relations that form the set S. This is the main definition
that we use.

Now, taking some set of relations, maybe even a very large, uncountable,
whatever, you can form its closure - everything that can be defined through it. It is
clear that this 1s a finite operation, in each formula there is a finite number of names
for relations from S. The definition of closure, the situation of closure arises, it is
clear that if we have defined something through something, then we will not get
anything new further. A closed set arises, which can be called a definability space.
These spaces define a lattice, based on the nesting relation that exists between them,
you can define the operations inf (infimum) and sup (supremum), and, behold, there
will be such a definability lattice for each, say, initial universe and the set of relations
on it. Well, for example, arithmetic definability arises. We took natural numbers,
there is a three-place addition relation, a three-place multiplication relation. Further,
one can see that all arithmetic relations will form a definability space. A subspace will
be a space that can be defined only through addition, so this is a situation of
narrowing, the term reducts is associated with it, which is used for the space of
definability. Note that our definitions are variable with respect to the choice of names
for the original set of relations. Here is an example of a particular theorem from the
field of definability theory, which is known as the Cobham-Semyonov theorem

Cobham-Semyonov theorem
Any relation that is definable by finite automata operating in significantly
different number systems is definable in addition arithmetic.

Significantly different systems are multiplicatively independent number
systems, for example, 4 and 8, these are multiplicatively dependent bases of number
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systems. And, say, 6 and 12 turn out to be independent. This is an example of a
theorem from the theory of definability of the arithmetic of addition of natural
numbers. Let's move on to definability lattices. Let's also start with a specific
example. Edward Huntington, a famous American mathematician, studied the spaces
that can be obtained on a linearly ordered set if we consider some subspaces for the
order space. Below is the order itself (space is everything that is expressible or
definable through the relation less than) and other relations

(x1<x,) - the order itself;

(01<06<x3) Vv (63<002<x1) - “between”;

(X1<)C2<X3) V (X2<)C3<X1) V ()C3<X1<X2) - “CYClC”;

“separation” (“link™): intervals with ends x1, x3 and ends x2, x4 intersect, but
are not nested, equivalent to codirectionality (equipollence);

"equality".

Let's consider the space generated by the relationship “between”; the geometric
meaning here is obvious. Further, the relation of the cycle, well, is also quite clear. If
you glue such a ring, then everything will go clockwise, say. Separation relation, if
there are two intervals (this is a quadruple relation) [xi, x3], [x2, x4], then they must
intersect, but not be nested one inside the other. In addition, an equality relation is
specified. It is expressed simply in language, there is nothing surprising here. So, we
see 5 relationships. In specific situations, some of them may define the same space.
But, if you take just rational numbers and look at these 5 relations, then they define
different spaces, and we will also mention how to prove their differences. Moreover,
the spaces generated by these 5 relations exhaust the entire lattice for rational
numbers. This result was obtained, as was said, by the French mathematician Claude
Frasnay in 1965 and was then repeatedly rediscovered by other authors. Including the
author, together with Andrei Muchnik, at some point. This is what the grid looks like:

Fig.1. Lattice for the case of rational numbers

it has a maximum element I - order itself. There are two smaller elements, B -
"between" and K - "cycle". Their intersection turns out to be the element S -
“linkage” or “separation”. It's not that difficult to prove all these relationships, it's a
simple story. Well, you can ask this question, after a while I will answer it: imagine
that we add one constant zero to this structure, what will change and how? It is clear
that something more will be definable. Well, for example, zero itself will be
definable, such a one-place relation “to be zero.” It will be determined that the ratio is
greater than zero, of course. Now, just how many spaces there will be in the lattice we
are talking about, you can now think about it and make a hypothesis about what will
happen. Rational numbers with order are a homogeneous structure in the following
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sense: every partial isomorphism of finite substructures extends to an automorphism
of the entire structure.

Definition
A structure is called homogeneous if each (partial) isomorphism of finite
(sub)structures extends to an automorphism of the entire structure.

This property of homogeneity is convenient from the point of view of model theory;
there is a large number of works related specifically to homogeneous structures,
including those related to order and so on.

Another remarkable homogeneous structure is the random graph R®, for k = 2, 3, 4,
5, ..., all its elements x, ..., x; are different and the number of edges between them is
odd.

If we take a random undirected graph, it turns out that such a structure will also have
five subspaces and the lattice will be very similar to the lattice we just talked about.

Fig.2. Lattice for the case of random graphs

This may all seem rather boring. In fact, we will see that this is not the case. But first,
one more general design. We understand that definability can be proven easily; we
need to write formulas. How to prove indeterminability? If you do this with students,
they themselves will quickly come up with an idea that many of you have probably
also thought of. It also came to Padoa’s mind (Padoa’s method of automorphisms), he
spoke about this in his report at the Congress of Mathematicians in 1900, where
Hilbert posed his problems. This is the idea of automorphisms. This means that if we
can come up with some kind of automorphism that leaves something in place, some
relationships, moves some others, then these moving ones cannot be defined by those
that remain in place. Therefore, the idea arises, for each definability space, to look at
its group of automorphisms. This can be called a Galois group, a Galois
correspondence arises, this is an antimonotone homomorphism between the
definability lattice of the structure and the lattice of closed overgroups of the
automorphism group of the new structure. We will not define closedness now; it has a
topological meaning, which is natural for defining closedness. Well, then we get the
following idea: in order to prove that some relation is indefinable, we need to
consider a group of automorphisms.

Automorphism method
[T = RE[S]
S - definability space,
GS is the group of its automorphisms.
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Some of the problem is that sometimes it is not possible to do this, and this is exactly
what we will do now. Below is an example of this transformation for an order
relation, for a relation “between” (of course, decreasing mappings are also added), for
a “cycle” (we see such rearrangements of segments obtained by cutting along an
irrational section).

Fig.3. Transformation graphs for orders

Well, it turns out that if you add a constant, you get 116 relations. That is, if for the
case of rational numbers we add the one-place relation to be 0, then the number of
relations is 115. If we add an irrational point, that is, more and more and less of this
irrational point, then the number of subspaces turns out to be somewhat smaller, it is
53. Having considered a number of situations , in particular, the situation with
homogeneous graphs, Thomas proposed the following conjecture.

Thomas conjecture
Every countable homogeneous finitely generated structure has a finite definability
lattice.

One might also ask whether it is not true that every structure with a finite definability
lattice will be homogeneous.

These two problems have been open for about 40 years. Well, it would be interesting
to think about them.

In the case of m-categorical structures (in which isomorphism follows from
elementary equivalence), which also includes homogeneous structures, it turns out
that the method of automorphisms solves the problem (results of Rull-Nardzewski,
Engeler and Svenonius in the late 1950s).

There is an isomorphism between the structures of supergroups and the lattice.

Isomorphism theorem
The definability lattice of any w-categorical structure is (anti)-isomorphic to the
lattice of closed supergroups of the group of automorphisms of the structure.

[ 2@z, RE[S] (S - definability space, R - relation)

What happens beyond w-categoricality? This is where an absolutely remarkable
theorem by L. Svenonius, published in 1959, comes into play, and it goes as follows.
If we consider not only the structure itself, but also its elementary solutions, then the
automorphism method works.
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Svenonius's theorem
For any countable structure, an element S of its definability lattice and the relation R
¢ S, there is an elementary extension of the structure in which  T'(#T",, .

This result, by the way, turned out to be quite unknown. Apparently, due to the fact
that it was published in Sweden (Lars Svenonius was originally a Swede, then he
lived in America) in a magazine called “Theory”, published in a circulation of a
couple of hundred copies. And for a long time this theorem was not noticed. But in
1973 [1], the famous American mathematician (originally Swiss) student of Bernays
and fellow student of MacLane, with whom they were later friends until the end of
their lives, Buchi J. Richard, while studying Tarski’s texts, naturally wondered if
there was some Any such universal theorem about definability? In particular, there
are Tarski's references to the Erlagen program and so on. It turned out that, yes, there
is, so Svenonius, in essence, proved such a completeness theorem for definability,
using, on the one hand, the idea of automorphisms of transformations that preserve
something, on the other hand, the idea of adding ideal elements.

I'll just remember Klein, projective geometry, when some elementary ideal objects
are added, allowing the correct system of automorphisms to operate. Biichi devoted a
couple of papers to this approach to Svenonius's result. Now, we, in turn, looked at a
generalization of the situation of homogeneity, when, generally speaking, the
structure is not w-categorical, it has different elementary equivalent structures, but
let’s say, it cannot be expanded further, that is, the expansion does not exist. But it is
clear that in this case, Svenonius’s theorem gives the answer: if the structure is
complete upward, that is, it cannot be expanded further, then here, precisely, we can
consider all the automorphisms of the structure itself and its subspaces. There will be
an isomorphism, the Galois correspondence will be an antisomorphism.

Accordingly, the definition of an upwardly replenished structure arises, when there is
simply its expansion, which has nowhere to expand further. And there we get a
completeness theorem for such structures; ideal elements are no longer needed, and
all this is done in the structure itself. The automorphism method begins to work fully.

Definition

A structure is complete upward if all its elementary extensions are isomorphic to it.

Completeness theorem for upward-completed structures
If a structure has an upwardly complete elementary extension, then its definability
lattice is (anti-)isomorphic to the lattice of closed supergroups of its automorphism
group.

[Tz, RE[S] , S - full up space, R - ratio.
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In various natural structures it turns out that this same fullness upward takes place:

rational order <Q, <> - homogeneous structure, elementarily equivalent to
<|R, <> (5-element lattice), upwardly replenished structures <Z, -|-> ,

(Q, +) .
In particular, such structures include studies of integers, that is, binary relations

(Z ;+ 1) , that one number is one greater than the other, in this case we no longer

get a finite structure, but a countable one, consisting of three fairly understandable
and natural series of relations, like written below,

Theorem
Let us put (tilde means “equal by definition”, S,>S; denotes strict nesting of the
definability space of a set of relations S, into the definability space generated by a set
of relations S; on the same carrier, see [2])

AO,n(xl ) x2)~|x1—x2| =n,

Al,n(xl’ X2, X3, x4)~x1—x2=x3—x4=n\/xl—x2=x3—x4=—n )

A2,n(xl’ xz)le_xz:n-

Then each element (Z;+ 1) is generated by 4; , for some1<2 and natural n;

for every 0 <1 <2 and natural n, m
Ain > Aisp,Ain » Aiy < ndivides m;

=
s
<
N
[

[4,,,],m=max {i, j},n=GCD(d , k),
(4, ,],m=min {i, j},n=LCM (d k),

=
>
=,
\h;
[

All 4;, are different.

generating, for example, “the distance is equal to n”, or something similar to a link, it
is such a co-direction, “the distance is equal to n”” and directed in one direction. Here
we get a description of the corresponding groups of automophisms, a complete
description of the lattice, this is the result of ours with Soprunov S.F., obtained
approximately 2-3 years ago [2].

Further, an already open problem begins. I warned that initially there are a lot of open
problems. Well, for example, what happens if you take not an integer, but a natural
number plus one. It would seem that something approximately the same should turn
out, well, in a sense, yes, it will work out, although the question is formally open, but,
in my opinion, it is clear how to move here.

Possible options and generalizations
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Countable universe, finite signature.

Construction of replenishments

<N; +1>;

Z x Z - two commuting sequences;

several free trails;

unrooted binary tree, for example, one axis - <Z; +1> with a shift of 0, at each point
we add an edge - a shift of 1, from which the root binary grows, 0 and 1 come out of
each point, 0 or 1 enters each point;

You can erase the marks and directions of the edges.

Instead of integers, we can consider two commuting consequences. You can look at
such checkered paper and you can go right, left, up, down, and this is what the
structure will be, and what the lattice will be in this situation. You can consider not a
commuting sequence, but, so to speak, a free, that is, an infinite binary tree, for
example, and continue to move along the edges of this tree. You can mark them, you
can not mark them, you can look for the presence of a root, you can not look at them,
some rich structure will emerge. It is possible to give a general definition relating to
this kind of situation, in a sense, such a discrete version of the idea of homogeneity,
which allows us to construct the corresponding group of automorphisms.

General idea

Homogeneity condition: finite-global -
an isomorphism of finite substructures extends to an automorphism of a structure;
the final substructure may contain distant elements.

Local homogeneity: binary relations in signature, etc.
an isomorphism of finite connected structures (graphs) extends to an automorphism
of the structure.

If we try to move further along integers, then what will happen is that if we consider
the Huntington relation on integers, a corresponding structure will arise, we can
consider subspaces.

Next steps
Order of integers
homomorphism of Huntington relations;

analogues of series for integers;
replenishment up for ZXQ .
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Sequences and orders of integers and naturals
periodic and almost periodic single relationships;
several trails, trees.

And a situation arises with replenishment, analogues of these same series arise, and,
nevertheless, the problem for integers with an order relation is also open. We also
don’t know the exact answer yet. Well, then you can gradually expand the classes of
structures, for example, add periodic or almost periodic unary relations on natural
integers, and see what comes of it.

Perspective (distant?)

Addition of whole (natural) numbers

The task posed by Al. Muchnik Semenov A.L. (circa 1970) with reference to P.S.
Novikov (simultaneously with Cobham’s generalization)

replenishment up;

search for new relationships/ “clearly arranged” extensions.

I want to say that initially, just Al. Muchnik posed the problem of addition for
integers, say. Well, I immediately set the task of generalizing Cobham’s theorem,
which I already mentioned. Here the situation turns out to be quite complicated, and
we are still very far from the final solution to the problem of addition for integers.

Elimination of quantifiers

Ultimate relational signature

Homogeneous structures allow the elimination of quantifiers

Presburger's arithmetic does not allow it (even if you use function symbols).
Allowing an infinite signature makes the problem undefined.

Here, another class of questions, including those related to the problems of artificial
intelligence, the analysis of natural languages, relates to the problem of eliminating
quantifiers. You remember that Presburger’s arithmetic is existential, in it it is
possible to eliminate quantifiers, but not completely, but to a depth of one. That is,
you can substitute the existence quantifier, then everything will work out. In
homogeneous structures, quantifiers are simply eliminated; there, every formula is
equivalent to a quantifier-free one.

Let's now see how complex quantifier prefixes can be. In Presburger arithmetic you
can add a rapidly growing function, these are my works from the 1970s and 80s.

Existential elimination of quantifiers
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If we allow only existence quantifiers, we get:

algorithmic solvability;

the ability to replace functional names with relation names;

Presburger's arithmetic is existential, the addition of rapidly growing functions does
not lead beyond the limits of existentiality (Semyonov A.L., 1979, 1983);

finitely automata definability is (in many cases) existential (there is an admissible
move of the automaton);

CSP Constraint satisfaction problem? Generalized satisfiability - the embeddability of
a structure is described existentially.

In the structures under consideration and their reducts, quantifiers are existentially
eliminated, problems of belonging, CSP, etc. are solvable.

But if we consider finite-automaton structures, then there is not enough existentiality
there; in some situations it is necessary to have more complex quantifier prefixes.
And this question arises. It is clear that there are structures with infinite quantifier
depth. For example, arithmetic with addition and multiplication.

Quantifier height

Logical complexity - (quantifier) height of a space - the minimum number of changes
of quantifiers that allows you to obtain the entire space, starting from a finite number
of relations.

The problem of space in quantifier height.

Why do naturally occurring structures have small (usually O or 1) or infinite heights?
Natural undecidable cases have infinite quantifier height.

It is possible to construct undecidable and decidable cases of any quantifier height.

On the other hand, there are structures with low quantifier height (synonymous with
depth). It is possible to construct artificial examples with any fixed quantifier height,
with solvability and undecidability, but there are no natural examples of this.

The last interesting concept is a concept belonging to Andrei Muchnik, the son of
Albert Abramovich Muchnik and my student. This is the concept of self-
determination, which also goes back to Tarski. Tarski proposed definability itself,
when it is possible to determine in some structure whether something is definable in
it or not. But this means that we simply take an additional symbol, add it not for
objects, but for an n-ary relation, and then we take a closed formula with one
variable, if in this n-ary predicate, so to speak, variable, we add a definable relation ,
then true; if indefinable, then false.

And here is An. Muchnik proved that the space 000 is self-determining and from this
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he obtained a simpler and more beautiful proof of the Cobham-Semyonov theorem.
The question arises when self-determination still exists.

While it is not possible to find situations of self-determination, except for one trivial
case, I will not talk about it. Now, we need to consider such natural candidates as

(Z;+)
(Q;+) .

Andrei Muchnik, unfortunately, left us in 2007; he was a very talented person, a truly
young scientist. His problem remains.

Andrey Muchnik proved his theorem in a successful
attempt to simplify the proof of Semenov A.L. Cobham-
Semenov theorems. His proof had resonance and the theorem
today should be called the Cobham-Semyonov-Muchnik
Theorem. The theorem naturally allows us to check
definability if the structure in which we write and in which
there i1s addition is decidable (for example, automaton).
Obviously, if the set of n-ary relation is finite for each n=1, 2,

..., then the structure is self-determining. Andrey Muchnik
1958-2007

I think that I have shown a sufficient number of examples and open problems,
including, I repeat, probably not so difficult ones that can be dealt with. I invite
everyone to collaborate in this interesting area.

i
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H—Ji M, HEEAEMZAT, FE F A R R P Ak A i i i i
anm EEER.  EARFHMES —RAJE Skolem T AR,

A 8 5% 1 P G e 3 44 1 56 — I &5 S mT AR R 2
B ER A Mojzesz Presburger HI&Em S TAE
&S S, Mg B T AT CLYA P R B30 EE A JE oR BT 95 A
ik

A, FART EE AT e AT DA RE &

FE ] E FMEHE AR I — R H 5 e &SR Mojzesz Presburger
1904-1943

FEIRE AR, s SEE A e ST B A R L, 2 RS e B 2
TN, A, G5 R H S R () 40 7l AS . BRI B AR
AR AR B AR R A . I, s R e oA L LLE R
ARMM S, BEEENTRE Y —, RIfife#EnE s SMa R, 28T
AR (HE R, Ha R Al LRI A AREBUER IR B N SR IH T,
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RAAEPBIIATHT . B A N Al 1) B AEACEHE 2R N R IR 1 n] e 28 1 B
FRIFRIRE, bt 2 Rt S ARE

SR BB H R

B T AMREEM AT - WIS &M AT - &
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[EIAEARE = MESIREL (1947)

Hik, 1948 4, (LANAIRELEZ « BE B W)

HEIE AT, B Felix Klein [ Erlagen FExUAHAL 1B 2
EEMES? 1966 F 5 A 16 HEMEUKEEH

Tarski Alfred (1902 - 1983)

TR I —FA B RS B 3o BB AR RS A R e AT Bl 258
TEMES . SEOrEE, fEn e R, BIERI BT « o8 38 DR i 252 1 o AR A
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