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Abstract—The present paper is devoted to a study of orientation-preserving homeomorphisms
on three-dimensional manifolds with a non-wandering set consisting of a finite number of surface
attractors and repellers. The main results of the paper relate to a class of homeomorphisms
for which the restriction of the map to a connected component of the non-wandering set
is topologically conjugate to an orientation-preserving pseudo-Anosov homeomorphism. The
ambient 2-conjugacy of a homeomorphism from the class with a locally direct product of a
pseudo-Anosov homeomorphism and a rough transformation of the circle is proved. In addition,
we prove that the centralizer of a pseudo-Anosov homeomorphisms consists of only pseudo-
Anosov and periodic maps.
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1. INTRODUCTION

In [3, 6] the dynamics of three-dimensional A-diffeomorphisms was studied under the assumption
that their nonwandering set consists of surface two-dimensional basic sets. It is proved that
diffeomorphisms of this class are ambiently €2-conjugate to locally direct products of an Anosov
diffeomorphism of a two-dimensional torus and a rough transformation of a circle. This work is a
generalization of these results to a wider class G of maps, which we define as follows.

This work is a generalization of the results of [3, 6] to a wider class of maps G, which we define
as follows. The set G consists of orientation-preserving homeomorphisms f of a closed orientable
topological 3-manifold M? with the nonwandering set NW (f) consisting of a finite number of
connected components By, ..., By,_1 satisfying for any i € {0,...,m — 1} the following conditions:

1) B;is a cylindrical) embedding of a closed orientable surface of genus greater than 1;

2) there is a natural number k; such that f*(B;) = B;, f’;i(BZ-) # B; for any natural number

ki < k; and the restriction of the map f¥i|p, is topologically conjugate to an orientation-
preserving pseudo-Anosov homeomorphism (see the definition in Section 2.1);

“E-mail: olga-pochinka@yandex.ru
“E-mail: k. chilina@yandex.ru
DA subspace X of a topological space Y is called a cylindrical embedding into Y of a topological space X if there
is a homeomorphism onto the image h : X x [—~1,1] — Y such that X = h(X x {0}).

156



ON HOMEOMORPHISMS OF THREE-DIMENSIONAL MANIFOLDS 157

3) B is either an attractor?) or a repeller for the homeomorphism fi.

The simplest representatives of the class G are homeomorphisms of the set ® which are
constructed as follows.

Represent the circle as a subset of the complex plane St = {ei%g |0 < 0 < 1} and define a covering
p: R — S! so that p(r) = s, where s = €™,

Consider sets of numbers n,k,l such that n,k €N, [ € Z, where [=0 if k=1, and [ €
{1,...,k—1} is coprime to k if k > 1. For each set n, k,! we define a diffeomorphism @, ;; : R — R
by the formula

1 l
k: sin(2wnkr) 4+ T

Prd(r) =1+ i

Since @p k(1) +1 = @ppi(r+ 1), it follows that the diffeomorphism @, ;; is the lift of the
circle map ¢y, 11(s) :p<¢n7k,l (p_l(s))), where p~!(s) is the preimage of the point s € S! (see
Statement 8).

Theorem 1. A homeomorphism of a closed orientable surface that commutes with a pseudo-
Anosov one is either pseudo-Anosov, or periodic® .

Denote by S, a closed orientable surface of genus g > 1, by Z(P) the centralizer Z(P) =
{J: Sy — S4| PJ = JP} of a homeomorphism P: S; — S, and by P the set of all pseudo-Anosov
homeomorphisms on the surface S,.

Consider orientation-preserving homeomorphisms P € P and J € Z(P) such that the map J Lpk
is a pseudo-Anosov homeomorphism. Let us represent the manifold M ; as the quotient space of the
manifold Sy x R by the action of the group I' = {7*,7 € Z} of degrees of homeomorphism ~: S, x

R — S, x R, given by the formula v(z,r) = (J(z), r— 1), with natural projection p,: Sy x R — M.
Define the map @p jpki: Sg X R — Sy x R by the formula
SEP,J,n,k,l(ZaT) = (P(Z)aSEn,k:,l(T))-

It is readily verified that ¢p jn k1Y = Y@PP nki- Then the orientation-preserving homeomor-
phism ¢p 7, 510 My — My is correctly defined (see Statement 8) and given by the formula

opnkl(W) =D, (SEP,J,n,k,l(PI l(w))) )

where w € M and p}l(w) is the preimage of the point w € M ;. We call homeomorphisms of the
form @p jn k1 model maps. Denote by ® the set of all model maps.

Theorem 2. Any homeomorphism from the class ® belongs to the class G.

Theorem 3. Any homeomorphism from the class G is ambiently Q-conjugate® to a homeomor-
phism from the class .

2 An invariant set B of a homeomorphism f is called an attractor if there is a closed neighborhood U of the set
B such that f(U) Cint U, () f/(U) = B. The attractor for the homeomorphism f~* is called the repeller of the
Jj=0

homeomorphism f.

3 A homeomorphism f is called periodic if there exists m € N such that f™ = id.

YRecall that homeomorphisms f1: X — X and f2: Y — Y of topological manifolds X and Y are called ambiently
Q-conjugated if there is a homeomorphism h: X — Y such that h(NW(fl)) = NW(f2) and hfi|nw) =

F2hlNw()-
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158 GRINES et al.
2. MAIN DEFINITIONS AND AUXILIARY STATEMENTS

2.1. Pseudo-Anosov Homeomorphisms

Let M™ be a topological manifold of dimension n.

A family F = {L,; o € A} of path-connected subsets in M™ is called a k-dimensional foliation
if it satisfies the following three conditions:

e L,NLg=0for any o, 3 € A such that o # f;

o JL,=Mm
acA

e for any point p € M" there is a local map (U, ), p € U, so that if U N L, # 0, « € A, then
the path-connected components of the set (U N L) have the form {(z1,z2,...,2,) € p(U);
Tpt1 = Cktl,Thi2 = Cki2,-..,Tn = Cp}, where the numbers cxy1,Cpia,...,¢, are constant
on the path-connected components.

A foliation F with a set of singularities S of M™ is a family of path-connected subsets of M™
such that the family of sets F \ S is a foliation of M™ \ F.

Let ¢ € N. The foliation W, on C with the standard saddle singularity at the point O and q
separatrices is a family of path-connected subsets in C such that W, \ O is a foliation on C \ O and

Im 23 = const on leaves of Wy \ O. Rays l1,...,l; € W, satisfying equality I'm 23 =0 are called
separatrices of the point O.

I
7
J\

Fig. 1. The foliation W, on C with the standard saddle singularity at the point O and q separatrices for
q=1,2,3,4.

A one-dimensional foliation F on M? is called a foliation with saddle singularities if the set S
of singularities of the foliation F consists of a finite number of points s1,...,s. and for any point
s; (i € {1,...,¢c}) there is a neighborhood U; C M?, a homeomorphism );: U; — C and a number
i € N such that 1;(s;) = O and ¢;(F NU;) = W,, \ {O}. The leaf containing the curve ; *(l;),
j€{l,...,qi}, is called the separatrix of the point s;. The point s; is called a saddle singularity
with q; separatrices.

The transversal measure p for a foliation F with saddle singularities on M? associates with each
arc « transversal to F a nonnegative Borel measure |, with the following properties:

1) if § is a subarc of the arc «, then p|g is a restriction of the measure pq;

2) if ap and oy are two arcs transversal to F and connected by a homotopy a: [0, 1] x [0, 1] — M?
such that «([0,1] x {0}) = ap, a([0,1] x {1}) = a; and «a({t} x [0,1]) for any t € [0,1] is
contained in a leaf of F (see Fig. 2), then p|q, (o) = pt]a, (a1).

An orientation-preserving homeomorphism P: S, — S, of a closed orientable surface of genus
g > 1is called a pseudo-Anosov map (pA-homeomorphism) with dilatation X\ > 1 if on surface S,
there is a pair of P-invariant transversal foliations Fp5, F55 with a set of saddle singularities S and
transversal measures g, [, such that:
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Fig. 2. Curves ap and «a; are connected by homotopy a.

e each saddle singularity from S has at least three separatrices;

o /s (P(a)) = \us(a) (uu(P(a)) = A"ty (a)) for any arc a transversal to F§ (F8).

Let P: S; — S, be a pseudo-Anosov homeomorphism. Define the stable (unstable) mani-
fold W#(x) = {y € M3 : d(P"(z), P"(y)) — 0,n — +oo} (W¥(x) = {y € M3 :d(P"(x), P"(y)) —
0,n — —oo}) of x € Sy, where d is a metric on S,. Note that the stable (unstable) manifold of
the point x ¢ S is a leaf of the foliation F} (Fp) and a stable (unstable) manifold of the point
x € S is the union of a finite number of separatrices belonging to the foliation F} (Fp) and the
point x.

A rectangle is a subset I C S, that is the image of a continuous map v of the square [0, 1] x [0, 1]
into Sy with the following properties: v is one-to-one on the interior of the square and maps segments
of its horizontal partition into arcs of leaves F3, and segments of its vertical partition into arcs

of leaves F5. Denote by IT the image of the interior of the square. We will call the images of the
horizontal and vertical sides contracting and stretching sides of the rectangle II.

A Markov partition for a pseudo-Anosov homeomorphism P is a finite family of rectangles
IT = {Iy, ..., 11, } for which the following conditions are satisfied:

o UIL = Sy; II; N11; = 0 for i # j;
e let 9°II (O“II) be the union of all contracting (stretching) sides of rectangles Ily, . . ., II,,, then
P(9°II) C §°1I; P(§"1I) D 9“1I.

Statement 1 ([1, Proposition 10.17]). A pseudo-Anosov homeomorphism has a Markov parti-
tion.

A foliation F is called wuniquely ergodic if it admits a single transversal measure (up to
multiplication by a scalar).

Statement 2 ([1, Theorem 12.1]). The foliations F} and F} of the pseudo-Anosov homeomor-
phism P are uniquely ergodic.

Statement 3 ([1, Theorem 12.5]). Two homotopic pseudo-Anosov diffeomorphisms are conju-
gate by a diffeomorphism isotopic to the identity.

Statement 4 ([9, Lemma 3.1]). A homeomorphism that is topologically conjugate to a pseudo-
Anosov homeomorphism is also pseudo-Anosov.

Statement 5 ([9, Theorem 3.2]). The set of periodic points of a pseudo-Anosov homeomor-
phism is dense everywhere on the surface.

Statement 6 ([9, Note 3.6]). Every leaf of foliations F}, and F} of the pseudo-Anosov homeo-
morphism P is everywhere dense on Sy.

REGULAR AND CHAOTIC DYNAMICS Vol. 29 No. 1 2024



160 GRINES et al.

2.2. Group Action on a Topological Space
Let us recall some facts related to the action of a group on a topological space (for more details,
see [4]).
For a continuous mapping h: X — Y of a topological space X into a topological space Y, denote
by h=1(V) the preimage of the set V C Y, that is, h=1(V) = {z € X|h(x) € V}.
Let the action of a group G be free and discontinuous on a Hausdorff space X and let the orbits
space X /G be connected. The definition of the projection px/a: X =+ X /G implies that p;{}G(aj)

is an orbit of some point = € p;(}c(a:) Let ¢ be a path in X/G for which ¢(0) = ¢(1) = z. The

monodromy theorem implies that there is a unique path ¢ in X starting from z (¢(0) = z) which
is a lift of the path c. Therefore, there is an element g € G for which ¢(1) = g(z). Hence, the map
Nx/cz: ™(X/G,r) — G defined by nx/qz([c]) = g is well defined, i.e., it is independent of the
choice of the path in the class [c].

Statement 7 ([4, Statement 10.32]). The map nx/qz: 71(X/G,z) = G is a nontrivial homo-
morphism. It is called the homomorphism induced by the cover px;g: X — X/G.

Let G be an abelian group and let & be the lift of a path ¢ € m1(X/G,z) starting from a

point 7' = & (0) distinct from the point Z and let ¢'(Z') = &@(1). Since there is the unique element
g" € G for which ¢"(Z) =z’ the monodromy theorem implies ¢”(¢) = &. Then ¢"g = ¢’¢” and,
therefore, ¢’ = g. Thus, ny /G.z = Nx/G,z and from now on we omit the index Z in the notation of

the epimorphism 7y,q ; and we write 7x/q if G is an abelian group.

Statement 8 ([4, Statement 10.35]). Let cyclic groups G, G’ act freely and discontinuously on
G, G'-space X and let g, g’ be their respective generators. Then

1) if h: X — X is a homeomorphism for which h(g(Z )) g (h(z)) for every € X, then
the map h: X/G — X/G" defined by h = px/c (h pX/G ) 18 a homeomorphism and
nx/a = Nx/G s

2) if h: X/G — X/G" is a homeomorphism for which nx/c = Nx/c h«, then there is a unique
homeomorphism h: X — X which is a lift of h and such that h(g(z)) = ¢ (h(Z)), h(Z) = &’
forz € X and ¥’ € p;(}G,(a:/), where 2’ = h(pX/G(a_?)).

3. ON THE CENTRALIZER OF A PSEUDO-ANOSOV MAP

In this section we prove that a homeomorphism J € Z(P), where P € P, is either a pseudo-
Anosov homeomorphism or a periodic homeomorphism.

Let P€ P and J € Z(P). Since P = JPJ™ !, it follows that J maps stable manifolds of P
into stable ones, and unstable ones into unstable ones. Therefore, J(F}p) = Fp and J(Fp) = Fp.
The foliations Fp, Fp have transversal measures s, . Let us define for the foliation F}
(Fp) a transversal measure fis(cvs) = fs (J(as)) (ﬂu(au) = ,uu(J(au))), where ag (o) is the arc
transversal to the foliation Fp, (F3). Since foliations F3,, F are uniquely ergodic (Proposition 3),
there exist numbers vy, v, € Ry such that fis = vgpus and i, = vy pty,. Thus, us(J(as)) = vsps(ayg),
,uu(J (au)) = Uyfiu(ay,) for arc o transversal to F} and the arc a, transversal to Fp.

Since the pseudo-Anosov homeomorphism P has a Markov partition (see Statement 1) consisting
of n rectangles IIj,...,II,, it follows that on each rectangle II; (i in{l,...,n}) the measure
s & fiy is defined by the formula pig & gy, (I1;) = (s i) pu (i) = i, where ag; is the stretching
side of the rectangle 1I; and o, ; is the contracting side. Since the foliations F}, Fp are
invariant under J, it follows that the set J(II;) (i € {1,...,n}) is also a rectangle with measure

Ps @ fhy (J(Hz)) = Hs (J(QS,i))Mu(J(au,i)) = nusvypi. Thus, ps ® py(Sg) = ps ® Mu(UHz‘) = U.Ui
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and pus ® py (J(Sg)) = s @ pu (U(J(HZ))) = vy, (Ups). Since J(Sy) = Sy, it follows that vsv,, = 1.
Let v = vs. ' '
Consider the case v # 1. The homeomorphism J has a pair of invariant transversal foliations
b, Fp with a common set of saddle singularities having at least three separatrices, and transversal
measures fis, fy such that p(J(@)) = vus(a) (pu(J()) = v uu(a)) for any arc a transversal
to Fp (Fp). Consequently, for v > 1 (v < 1) the homeomorphism J is a pseudo-Anosov map with
dilatation v > 1 (% > 1).

Consider the case v = 1. Since the foliation F} is invariant under J, it follows that separatrices
of saddle singularities under the action of J are mapped into separatrices of saddle singularities.
Since the set of separatrices is finite, there exists m € N such that J"(s;) = s; and J™(l) = for
some separatrix [ of the saddle singularity s; of the foliation 7.

Let us prove that J"(z) = « for any point x € [. Let [s;, 2] be the arc of the curve [ bounded
by points s; and z. Since py, (J™[si, x]) = pu([si, x]), it follows that J™([s;, z]) = [si, z]. Therefore,
JM(x) = .

Since the leaf [ is dense everywhere on S, (see Statement 6) and J™|; = id, it follows that
J"™(z) = z for any z € S,,.

Consequently, the map .J is a periodic homeomorphism for v = 1 and is pseudo-Anosov for v # 1.

4. ON THE MODEL MAPS

In this section we prove Theorem 2 and auxiliary lemmas.

Recall that a map fo: Y — Y of a topological space Y is called a factor of a map f1: X — X of
a topological space X if there is a surjective continuous map h: X — Y such that hf; = foh. The
map h is called semiconjugacy.

Lemma 1. Let f1: X — X, fo: Y =Y be homeomorphisms of topological spaces X and Y such
that fo is a factor of f1 with semiconjugacy h: X — Y. Then:

1) h(NW(f1)) C NW(fa);
2) if ff(Vy) =V, for some k e N, V,, CY, then V) Cc Vy for V, = h1(V,);
3) if ff(V,) =V, for some k €N, V, C X, then fé“(Vy) =V, for V, = h(V,).

Proof. Let fi: X — X, fo: Y — Y be homeomorphisms of topological spaces X and Y such that
fo is a factor of f; with semiconjugacy h: X — Y, that is, hf; = foh. Let us prove each point of
the lemma separately.

1) Consider the point z € NW(f1) and the point y = h(x) with an arbitrary open neighborhood
Uy. Let U, = h_l(Uy). Since h is a continuous map, the inverse image U, of the open
set Uy, is also open. Then, by the definition of a nonwandering point x, there exists

n € N such that f{*(U,) NU, # 0. Let f1*(Uy) NU, = U, and U'y = h((jm) Since U, C Uy,
then h(U) C h(U,), that is, U, C U,. Note that hf* = fyh. Since U, C h(f{(U,)), then
U, C f3(h(U,)) = f3(U,). Therefore, f3(U,) N U, # 0. Thus, y = h(z) € NW(f2).

2) Let f5(V,) =V, where ke N, V, C Y, V, = h~}(V}) and ff(V,) = V]. Then f§(h(V,)) =
f5(Vy) =V, and h(ff (V) = h(V}). Since hff = f5h, it follows that h(V,) = V,,. Therefore,
V! C V,, that is, f{“(Vx) C V.

3) Let ff(Vy) =V, where k € N, V, C X and V,; = h(V;). Then h(ff(Vy)) = h(V;) = V. Since
hff = fEh, then f5(n(V;)) = f5(V,) = V,. Therefore, f*(V,) =V, O
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We will call a set of numbers n,k,l correct if n,k € N, | € Z, where [ =0 for k=1 and
le{l,...,k—1} is coprime to k for k > 1. Everywhere else in this section the set of numbers
n, k, [ is correct. Let us recall the main notation and formulas.

The manifold M} is the quotient space of Sy x R under the action of the group I' = {~,i € Z}
of degrees of homeomorphism ~v: Sy x R — Sy x R given by the formula v(z,r) = (J(z),r —
1), where J: S; — S, is an orientation-preserving homeomorphism;

ps: Sg x R — Mj is a natural projection inducing the homomorhisms 7y, : M; — Z;
Onk,i: R — R is a diffeomorphism given by the formula

l
sin(2mnkr) + —; (4.1)

¢n,k7l(r) =7+ 2

dmnk

St = {e?™0 < 0 < 1}, p: R — S! is a covering given by the formula p(r) = s, where s =

ez27rr;

Okl St — S! is a diffeomorphism given by the formula
pnki(s) = p(Pura (0715)) ) (4.2)

@ =@pinki(z,17): Sg x R —= S, x Ris a homeomorphism given by the formula

p(z,1) = (P(2), Gua(r)), (4.3)

where P: S, — S, is an orientation-preserving pseudo-Anosov homeomorphism such that
J e Z(P);
model homeomorphism ¢ = ¢p jp, 112 My — My is given by the formula

p(w) =p, (@(pjl(w))>; (4.4)

® is a set of model homeomorphisms.

Let us introduce the following notation:

Bi =p,(Sg x {zx}) € My (i €{0,...,2nk — 1});
b =p(55) €St (i €{0,...,2nk — 1});
pr: Sg x{r} — p,(Sy x {r}) is a homeomorphism given by the formula
Pir=Dils,xir}p T ER; (4.5)
p:Sqg xR — Sy is a canonical projection given by the formula
p(z,r) =z (4.6)
pr: Sg x {r} = Sy is a homeomorphism given by the formula

Pr = p|Sg><{r}> reR. (4.7)

Note that the Eq. (4.4) is obtained from the relation

PP =¢p,, (4.8)

and Eq. (4.2) is obtained from the relation

PPnk,l = Prk,IP- (4.9)
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Since p,: Sy Xx R — M} is a natural projection, it follows that

P,y =D, (4.10)
Denote by hy: M; — S' the continuous surjective map given by the formula
hj(w) = p(r), where w = py(z,7) € M. (4.11)

It is readily verified that hjp = ¢, 1 ps. Thus, the following lemma is true.

Lemma 2. The homeomorphism ¢y, i1 : St — S! is the factor of the homeomorphism ¢: Mj — M;
with semiconjugacy hy: My — S'.

It is directly verified (see Egs. (4.1) and (4.2)) that the nonwandering set of the diffeomorphism
©n,k,1 consists of 2nk points by, ..., ba,r—1 of period £k such that points with odd indices 7 are sinks
and points with even indices are sources.

Let us prove Theorem 2, that is, prove the inclusion & C G.
Proof. Consider the model homeomorphism ¢ = ¢p jy, x1: My — M. Since the homeomorphism

J preserves orientation, it follows that the manifold M is orientable. Preserving the orientation
of homeomorphisms P and ¢,, 1, ; implies preserving orientation by homeomorphism ¢ inducing by

map ¢(z,r) = (P(z),@n,hl(r)).

Let us prove that the connected component B; (i € {0,...,2nk — 1}) is a cylindrical embedding
of the surface Sy. For i € {0,...,2nk — 1} we set U; = Sy X [5r — 17, 5o + 1oz) and U; = py(U;).
Since p,: Sy x R — M is a covering, it follows that for any i € {0,...,2nk — 1} its restriction
P,lo,: U; — U; is a homeomorphism. In addition, p,lo,(Sg x {Wzk}) = B;. Therefore, B; (z €
{0,...,2nk — 1}) is a cylindrical embedding of S,.

Let us prove that ¢*(B;) = B;, gplz’i (B;) # B; (i € {0,...,2nk —1}) for any natural number k; < k.
In accordance with Lemma 2, the map ¢,, 1. ; is the factor of a homeomorphism ¢ with semiconjugacy
hy. Note that h}l(bi) = B; (i €{0,...,2nk — 1}), where b; € S! is a point of period k. It follows
from Lemma 1 that ¢ (B;) C B;. Since the map ©* is a homeomorphism and the component B;
is homeomorphic to Sy, it follows that ¢*(B;) = B;. Suppose that @’;(BZ-) = B, for some natural
number k < k. Then Lemma 1 implies that cpﬁ i1(bi) = bj. We come to a the contradiction that
point b; has period k. h

Let us prove that the map ¢*|z, (i € {0,...,2nk —1}) is topologically conjugate to the
orientation-preserving pseudo-Anosov homeomorphism. Since

71<@k<z7ﬁ>> _ (Jz (pk(z)),ﬁ) (4.12)

(71 (@k (P_il (Z))> Big) = Jt (Pk(2)> (4.13)

2nk

it follows that

pP_i

2nk

For any point w € B; we get
() = p, (#0 w@) T p, (0 0 (w))

=y, <vl<s0k(p}1i (w))>) s <P_3 (T (P*(p e, (0 (w))))>)’

’2nk 'Ok ’2nk

Consequently, the homeomorphism | B, is topologically conjugate to the orientation-preserving

pseudo-Anosov homeomorphism J!P* via the homeomorphism p J_i p L.
2nk ook

Lemmas 1 and 2 imply that NW (¢) C (BoU--- U Bapg—_1)-
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Since the set of periodic points of a pseudo-Anosov homeomorphism is dense everywhere
on the surface (Proposition 5) and ¢*(B;) = B; (i € {0,...,2nk — 1}), it follows that NW (p) =
BO J---u B2nk—1-

Let us prove that the connected components 3; with odd indices i belong to the set of attractors
of the homeomorphism ¢. Points b; with odd indices ¢ are sink points of the diffeomorphism @fh kel

Therefore, ¢*(u;) C int u; and cpf;bkk (u;) = b; for the neighborhood w; = h;(U;) = p([ﬁ —
j=0
T, e + 4fl—k]) of point b; with odd index i. Since h;(p[a,b]) = ps(S, x [a,b]) for any a,b € R,
hypt = cpflkk by and h}l(bi) = B;, it follows that gok(UZ-) Cint U;, N cpjk(Ui) = B;. Consequently,
v >0
connected components B; with odd indices i are attractors of the map ¢F.

Analogously one proves that connected components 3; with even indices ¢ belong to the set of
repellers.

Thus, p € G. O

5. THE AMBIENT Q-CONJUGACY OF A HOMEOMORPHISM f € G
TO A MODEL MAP

Recall that the set ® consists of model homeomorphisms of the form ¢p j, ;. This section
contains a proof of Q-conjugacy of homeomorphisms of the class G with homeomorphisms of the
set @ and auxiliary lemmas. We will also use the notation introduced in Section 3 below.

Let us denote by H the set of all homeomorphisms f satisfying the following conditions:

1) there exists an orientation-preserving homeomorphism J: S; — S, such that f: My — My;

2) f preserves the orientation of M;

3) there exists m € N such that the nonwandering set NW (f) of the homeomorphism f consists
of 2m connected components By U - - - U Boy,_1;

4) for any i € {0,...,2m — 1} there is a natural number k; such that f*i(B;) = B;, f’;i(Bi) + B;
for any natural k; < k; and the map f¥ |5, preserves the orientation of B;;

5) f(B;) = Bj, where the numbers 4,5 € {0,...,2m — 1} are either even or odd at the same
time.

Note that the homeomorphisms of the set ¢ belong to the class H.

For m € N we denote by 7Ty, the set T, = {55, € Z}. Then p;' (NW(f)) = Sy x T, where

feH.

Lemma 3. For any homeomorphism f € H with a nonwandering set consisting of 2m connected
components, there exist a unique correct set of numbers n,k,l and a lift f: Sy x R = S, x R such
that

- l
Fzr) = (o) + 1), Vr € T,
where nk =m and f,: Sg — S4 is an orientation-preserving homeomorphism given by
fr=pppifor

Proof. Let f: My — Mj be a homeomorphism from the class H.

Let us prove that there is a lift f: Sy xR — Sy xR of the homeomorphism f. By Statement 8
it sufficies to show that nas, = nar, fs.

Consider the loop ¢ € M; which is the projection of the curve ¢ e S; xR (ps(¢) = c),
bounded by points ¢(0) = (z,1), ¢(1) = y(¢(0)) = (J(2),0) and intersecting each set Sy x {51},
i€{0,...,2m — 1} at exactly one point. By construction, the curve ¢ intersects each connected
component By,...,Byn—1 at exactly one point and nas,([c]) =1. We set C' = f(c¢) and C(0) =
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f(c(())). Since f is a homeomorphism such that f(B;) = By, 4,7 € {0,...,2m — 1}, it follows that
the curve C' = f(c) also intersects each component of By,...,Bs,—1 at exactly one point. We
set B; = f(By). If we choose a point C'(0) € p;'(C(0)) such that C(0) € S, x {% + 1}, by the
monodromy theorem there is a unique lift C' of the path C starting at the point C(0). Since the
loop C intersects each component By, ..., By,—1 at exactly one point, it follows that there are 2
cases: 1) C(1) = 7_1(6’(0)), 2) C(1) = 7(6’(0)).

Let us show that case 1) does not take place.

Consider the case m = 1. Then f(By) = By. Since the homeomorphism f preserves the orienta-
tion My and the orientation By, it follows that the curve C'(t) must be parameterized in one direction
with the parameterization of the curve c(t) with respect to the surface By. Thus, C(1) = v(C(0)).

Consider the case m > 1. Let us denote by &.: S! — ¢, éo: S' — C homeomorphisms such that
E(b;) = BiNe, &o(b) = B;NC, where i € {0,...,2m — 1}. Define the homeomorphism 1: St — St
by the formula ¢ = {51 f&.. Let us prove that the homeomorphism 1 preserves orientation.
Assume the converse. Let us prove that there exists g € {0,...,2m — 1} such that 1 (b;) = b,. Let
Bj = f(Bp). Then v(by) = b;. If j =0, then ¢ = 0. Let j # 0. By the condition of the class #, the
number j is even. Since, by assumption, 1 changes the orientation of S' and the set by U - - - U bgy,,—1
is invariant, it follows that the arc of the circle (bg,b;) is mapped into itself and (b;) = bj_;,
ie€A0,..., %} Thus, 1/1(b%-) = b% and ¢ = % Therefore, f(B,) = B,. Since 1 changes orientation, it

follows that the curve C(t) is parameterized in the direction opposite to the parameterization of
the curve c¢(t) with respect to the surface B, (see Fig. 3). Since the homeomorphism f preserves
the orientation M; and the orientation B,, then the parameterization of the curve C(t) must
be parameterized in one direction with the parameterization of the curve c¢(t) with respect to
the surface B,. We have got a contradiction. Consequently, the homeomorphism 1) preserves the
orientation of S'. Then C(1) = ~(C(0)).

Fig. 3. Direction of increasing parameter ¢ € [0, 1] on curves ¢ and C.

Thus, C(1) = v(C(0)) and nar, (f([])) = 1. Consequently, s, = nar, f+ and there is a unique
lift f: Sy x R — S, x R of the homeomorphism f such that f(¢(1)) = C(1) and

fr=nf (5.1)

Let us find the correct set of numbers n,k,l for the homeomorphism f. The case m =1
corresponds to the correct set of numbers n =1, k =1 and [ = 0. Consider the case m > 1. Since
the homeomorphism v is orientation-preserving, it follows that it has a rational rotation number %,
where k € N, 1 € {0,...,k—1} and (I, k) = 1 (see [7, Theorem 4.1]). From [7, Theorem 4.2] it follows
that all periodic points of the homeomorphism 1) have period k. Since point b; with even (odd)
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index i is mapped to point by with even (odd) index ', it follows that 2m points b, ..., ba,—1 are

divided into 2 invariant sets of equal power, each of which consists of points of period k. Therefore,

m is divisible by k. We set n = 7. Thus, n, k, is the required correct set of numbers.

Since the rotation number of v is equal to é, it follows that ¥ (by) = bayn, that is, f(By) = Bay.
Let us find a formula that defines the map f for the point (z,7) € Sy X Tk Since C(1) =
7(C(0)), it follows that C(1) € Sy x {%} = Sy x {é} Invariance of the set p; (NW(f)) =
Sy % Tny under f implies that f(Sy x [0,1]) = Sy x [£, 1+ L], where f(Sy x {0}) = Sy x {£}. From
this we find that f(S; x {5z}) = Sy x {zx + %} for any i € {0,...,2nk — 1}. Using Eq. (5.1), we

find that f = ~"fy~™ for any m € Z. Then f(S, x {r}) = A" <f<’y_[”}(Sg X {r}))), where [r] is

the integer part of the number r € R. Thus, it is readily verified that f(S, x {r}) = S, x {r + £}
for r € Tpx. Then for any r € T, the homeomorphism f,: S, — S5, is correctly defined and given

by the formula f, = pr+éfp;1. Thus, f(z,7) = (f(2),r + %) for any r € Tpk.

It remains to prove that f, preserves the orientation of S;, where r € 7,;. Preserving the
orientation of M; by f implies preserving the orientation of Sy x R by its lift f. Since f(S4 x {r} =
fr(Sg) x {r+ %} for any r € T, it follows that the homeomorphism f preserves the orientation of
R. Therefore, f preserves the orientation of Sy, that is, f, preserves the orientation of S,. O

Note that in the case f = ypjnkr; the equality f.(z) = P(z) holds for any r € T,, and
[ =0PPinkl
Lemma 4. Let f € H. Then f,. is isotopic to fo for any r € Tpi.

Proof. Let f € H. Let us prove that f, is isotopic to fy for any r € Tp.

Define a family of continuous maps F,;: S; — S, by the formula F,;(2) = p(f(z,rt)), where
t €[0,1], 7 € Tpk. Then F); defines a homotopy connecting the maps F,. o = fo and F,; = f,. Thus,
homeomorphisms fy and f, are homotopic. It follows from [10, p.5.15] that they are isotopic for
any r € Tpp. O

Lemma 5. Let f: M3 — M3 be a homeomorphism from the class G. Then there exists a homeo-
morphism ' € H topologically conjugate to f.

Proof. Let f: M? — M?3 be a homeomorphism from the class G with a nonwandering set consisting
of ¢ connected components By, ..., B,_1.

In accordance with [2, Lemma 2.1], the set M3\ (ByU---U B,_1) consists of ¢ connected
components Vp, ..., V,_1, bounded by one connected component of an attractor and one connected
component of a repeller. Therefore, ¢ = 2m, where m € N. Without loss of generality, for m > 1 we
can assume that ¢/ V;Nel Vi1 = B;_1, where i € {1,...,2m — 2} and ¢l Vo N el Vay—1 = Bop—1.

In accordance with [2, Lemma 2.2], each connected component V;, ¢ € {0,...,2m — 1} of the set
M3\ (BpU -+ U Bap—1) is homeomorphic to S, x [0, 1]. It follows from [5, Lemma 2] that there
exists a continuous surjective map H: Sy x [0,1] — M? (see Fig. 4) such that maps H|ng{i} 8¢ %
{%} — B; (i€{0,...,2m —1}), H|5g><{1}: Sy x {1} = By and H‘ng(0,1)5 Sg x (0,1) — M3\Bo
are homeomorphisms.

Let J(z) = po ((H|ng{o})_l(H|ng{1}(P1_1(Z)))> (see Fig. 5).

Denote by [r] the integer part of the number r € R. Define a continuous map h: Sy x R — M3
by the formula h(z,r) = H(’ym(z, r)).

Let the homeomorphism &: M3 — M be given by the formula & = p, (h_l(w)). Set f/ = ¢&feL,

Let us prove that the homeomorphism f’ satisfies all 5 conditions of the class H. Since M? is
orientable and homeomorphic to M, it follows that J preserves the orientation of S, and condition 1
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H|Sg><{1}

Hls, (2, S AR ¢} S ————

fiBopy X N N

' H‘ng{%}

Hls,x{o}

Fig. 4. Action of the homeomorphism H in the case m = 2.

Hls,xq1y ==mmSiEl) S x {1} e

Fig. 5. Homeomorphism J: S; — S,.

is satisfied. Since f preserves the orientation of M3, it follows that f’ preserves the orientation of M
and condition 2 is satisfied. Since E(NW (f)) = NW(f’) and h=*(NW (f)) = Sy X Tp, it follows

that NW(f') =pys (h_l(NW(f))) =pj(Sg X Tnk) = BoU--- U Bap—1. Therefore, condition 3 is
satisfied. Since for any B; (i € {0, ...,2m — 1}) there is a natural number k; such that f*(B;) = B;,

f k’l(BZ) # B; for any natural I;:Z < k; and the map fki| B, preserves the orientation of B;, it follows
that the same is true for the connected component B; of the nonwandering set NW (f’), that
is, condition 4 is satisfied. The connected components of the nonwandering set NW(f) of the
homeomorphism f are numbered in such a way that, if B; is the connected component of an
attractor of the homeomorphism f, then B; i1 (mod 2m) is the connected component of a repeller
of the homeomorphism f. Therefore, f(B;) = Bj, where ¢,j € {0,...,2m — 1} are either even or
odd at the same time. Since {(B;) = B; (i € {0,...,2m —1}), it follows that f'(B;) = B;, where
i,j €{0,...,2m — 1} are simultaneously either even or odd, that is, condition 5 is satisfied. Thus,
[ eH. O

Everywhere below in this section we mean by f, f. and n,k,[ the lift of the homeomorphism
f € H, the homeomorphism f,: S; — Sy, 7 € Tk, and the correct set of numbers n,k,l from
Lemma 3.
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Lemma 6. Let f € HNG. Then fy is isotopic either to some periodic homeomorphism or to some
pseudo-Anosov homeomorphism.

Proof. Let f e HNG.
Let us prove that fj is isotopic either to some periodic homeomorphism or to some pseudo-
Anosov homeomorphism.

Since f is a lift of a homeomorphism f, it follows that

pif = fps. (5.2)

Therefore,
F(w) =ps(F("@))). (5.3)

For r € T, denote by ¢,: Sy — S, the homeomorphism given by the formula
or = Jlfr+(k;1)l oo hre (5.4)
Then it is readily verified that

’yl (fk\ggxﬁbk(z,r)) = (gbr(z),r), where r € T,1. (5.5)

Therefore,
Or = Pwlfkpr_l- (5.6)

0 5.5)

Thus, £ (0) %2 (707 ) 2 (4 (74071 w0)) ) % o (2 (3 b00) )
PJ0 <051 <¢0 (Po(p},(l)(w))))>, that is,

ot
I3
2

F*180 = propy  dopop7 - (5.7)

Therefore, the homeomorphism ¢q is topologically conjugate to the homeomorphism fk\go via

the map pjopgy ! Since the homeomorphism f¥|5, is topologically conjugate to the pseudo-
Anosov homeomorphism, it follows that the homeomorphism ¢y is also a pseudo-Anosov map
(see Statement 4).

Equation (5.1) implies that (J(fr(z)),r +4- 1) = (f,n_l(J(z)),r -1+ é) and
Jfr = fr_1J for any r € Tpp. (5.8)

Therefore, foJ! = J'f;. Then fy <<]lf(k1)l ---fzf0> = <<]lflf(kl)l -~fz>f0, that is,
% k 5 k
¢o = fo_lqﬁéfo- (5.9)
It follows from Eq. (5.9) and Statement 4 that ¢, is also a pseudo-Anosov homeomorphism.
k
Since f, is isotopic to fy for any r € T, by Lemma 4, it follows that J! 1y - - - fi fo is isotopic
(-1t L
to JUfife—1y - f1, that is, ¢g is isotopic to ¢ . Then, according to Statement 3, there exists a
5 k k
homeomorphism h: S; — S, isotopic to the identity, such that
¢o = hoh™". (5.10)
k
Substituting Eq. (5.10) into Eq. (5.9), we find that ¢g = fo_l(h_lgboh)fo, that is, (hfo)do = do(hfo).
Since ¢g € P and hfy € Z(¢y), it follows that the homeomorphism hfy is either periodic or

pseudo-Anosov by Theorem 1. The isotopism of A to the identity implies that fy is isotopic either
to some periodic homeomorphism or to some pseudo-Anosov homeomorphism. O
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Lemma 7. Let f € HNG and fy be isotopic to some periodic homeomorphism. Then there exists
a homeomorphism f" € H such that f" is topologically conjugate to f and f} is isotopic to some
pseudo-Anosov homeomorphism.

Proof. Let f: My — Mj; be a homeomorphism from the class H NG with a nonwandering set
consisting of 2nk connected components of period k, and let fy be isotopic to some periodic
homeomorphism.

Let us show that k # 1. Assume the converse. Then [ =0 and the homeomorphism ¢y has
the form ¢g = fo (see Eq. (5.4)). According to Eq. (5.7), the homeomorphism ¢q is topologically
conjugate to the pseudo-Anosov homeomorphism f¥|z,. We come to a contradiction with the fact
that k = 1. Therefore, k > 1.

Define the homeomorphisms h,7": S; x R — S, x R by the formulas h(z,r) = (z,—1), ¥ (z,7) =
(J7M(z),7 —1). Recall that ~(z,7) = (J(z),r —1). Since (J(z),—(r —1)) = (J(2),(—r) + 1), it
follows that hy = (7/)~'h. Therefore, the homeomorphism h projects into the homeomorphism
h: My — Mj;-1 (see Statement 8), given by the formula h = p ;- (ﬁ(p}l(w))>, where pj-1: .5, x
R — M ;-1 is a natural projection.

Set f' = hfh~!. Recall that for a homeomorphism f € H there is a unique lift f: Sg xR —
Sy x R such that fsgx']’nk (z,7) = (fr(z), T+ é), where n, k, [ is the correct set of numbers. Consider
the lift f’ of the homeomorphism f’ given by the formula f’ = ~y~'hfh~!. Then for any r € T,

we have f'(z,7) = (J(fr(z)),r + %) Since k # 1, it follows that [ € {1,...,k — 1}. Therefore,

(k—1)e{l,...,k—1} and is coprime to k. Thus, n,k, (k —1[) is the correct set of numbers and
fr=Jf.

Let us prove that the homeomorphism f{ is isotopic to some pseudo-Anosov homeomorphism.
By Lemma 6, the homeomorphism f{ is isotopic either to some periodic map or to some pseudo-
Anosov map. Suppose that the homeomorphism f{j = J f is isotopic to a periodic homeomorphism.
Then the homeomorphism J = f§fy 1 is also isotopic to a periodic homeomorphism. Since J and
fo are isotopic to periodic homeomorphisms and, according to Lemma 4, fj is isotopic to f, for
any 7 € Tz, it follows that the homeomorphism ¢g = J! f 1y - - - f L fo is also isotopic to a periodic

k

homeomorphism. We come to a contradiction with the fact that ¢g is topologically conjugate to
the pseudo-Anosov homeomorphism f*|5, (see Eq. (5.7)). Consequently, the homeomorphism f} is
isotopic to the pseudo-Anosov homeomorphism. Thus, f* € H is topologically conjugate to f and f;
is isotopic to some pseudo-Anosov homeomorphism. O

Lemma 8. Let f € HNG and fo be isotopic to some pseudo-Anosov homeomorphism P. Then
there is a homeomorphism f': Mj — My from the class H such that f' is topologically conjugate
to f, JJP = PJ and fj is isotopic to P.

Proof. Let f: Mj;— Mj be a homeomorphism from the class HN G and P be a pseudo-Anosov
homeomorphism of the surface Sy, isotopic to fj.

Let us construct a homeomorphism J': S; — S;. Set
P =J'PJ. (5.11)

Denote by F; the isotopy connecting the homeomorphisms Fy = fy and Fy = P. Then the family
of maps J'F,J defines an isotopy connecting the maps J'FyJ = J " foJ = f; and J'FJ =
J=1PJ = P'. Since f, is isotopic to fi (see Lemma 4) and to P, f; is isotopic to P, it follows
that P is isotopic to P’. Homeomorphism P is topologically conjugate to the pseudo-Anosov
homeomorphism P’, P is isotopic to P’. Then by Statement 3 there exists a homeomorphism &,
isotopic to the identity, such that

P =¢pet. (5.12)
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Set
=JE o = (J(2),r —1). (5.13)

(5.13) (5.12) (5.11)

Note that J'P "2 jep P22 ypre 62V p e 619 p

Let us construct a homeomorphism Y : Mj; — M. Denote by & the isotopy connecting the
homeomorphism &, = £ and the identity map &; = id. Define the homeomorphism y,.: S, — S, by
the formula

Yy = {fGnk(l—r) for r € []- - ﬁa 1]7

id for r € [0.1 — 2]

Define the homeomorphism y: Sy x [0,1] — S, x [0, 1] by the formula y(z,7) = (y,(2),r). Note that

y(z,0) = (z,0) and y(z, é) = (z, é) (5.14)

Denote by [r] the integer part of the number r € R. Define the homeomorphism Y: Sy x R — S, x R
by the formula

Y(zr) = () (y (1)), (5.15)

Since 'Y = Y, it follows that the homeomorphism Y projects into the homeomorphism Y: Mj; —
My (see Statement 8), given by the formula Y = py (Y(p}l(w))), where py: Sy xR — My,
py: Sy Xx R — My are natural projections.

Set f' =Y fY~1: My — Mj. By construction, f' € H. Let us prove that f; is isotopic to P.
Consider the lift

fl=Yfy! (5.16)
of the homeomorphism f. It is readily verified that f'(z,7) = (fi(2),7 + L), where r € T, and f]
is a homeomorphism of S;. Let us show that f} = fo. Indeed, f'(2,0) (5.19) f’(f(f’_l(z,O))) (5.1%)

V(7 (0) "2V (70) =¥ (fo(2) £) "2 1 (o), £) "2 (fol=), £)- Thus, £ is also
isotopic to P. O

Let us prove that any homeomorphism from the class G is ambiently Q-conjugate to a
homeomorphism from the class ®.

Proof. Let f €G.

According to Lemma 5, without loss of generality, we may assume that f is defined on
My =S, x R/T" with natural projection py: S; x R — M, where J is an orientation-preserving
homeomorphism of the surface S, and I' = {¥!|i € Z} is a group of degrees of the homeomorphism
7v: Sy x R —= Sy x R given by the formula v(z,r) = (J(2),r — 1). It follows from Lemma 3 that the
nonwandering set of the homeomorphism f consists of 2nk connected components By, . .., Bonr_1
and there is a lift f of the homeomorphism f such that f(z,7) = (f.(2),r + é) for any r € Tok,
where f.: S, — S, is an orientation-preserving homeomorphism of the surface and n,k,[ is the
correct set of numbers.

According to Lemmas 4, 6, 7, 8, without loss of generality we may assume that f, is isotopic
to some orientation-preserving pseudo-Anosov homeomorphism P for any r € T, and J € Z(P).
Since J preserves the orientation of Sy, it follows that the homeomorphism J L PF also preserves the
orientation of Sy.

Let us prove that the homeomorphism J'P* is a pseudo-Anosov homeomorphism. Using
Egs. (5.5) and (5.6), we obtain

F¥ a8yl = PIrPy Grprpy s T € Tak, (5.17)
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that is, the homeomorphism ¢, (r € Tpx) is topologically conjugate to the pseudo-Anosov home-

omorphism fk|p 7(Syx{r})- Since, by Lemma 4, the homeomorphism f, for any r € Ty, is isotopic

to P, it follows that the homeomorphism ¢, = J* fr L 41 fr 1s isotopic to J LPF that is, the
(1)t L

homeomorphism J!'P* is isotopic to the pseudo-Anosov homeomorphism. According to Theorem 1,
we find that the homeomorphism J!P* is a pseudo-Anosov map.

Note that homeomorphisms J'P* and ¢, are isotopic for any r € T,; and are pseudo-Anosov
homeomorphisms. Then, according to Statement 3, maps ¢, and J'P* are topologically conjugate
for any r € T via some homeomorphism isotopic to the identity. Denote such a homeomorphism
by h,. Then for any r € T, we find that

J'P* = h,(¢p)h L. (5.18)

Thus, each homeomorphism f € G corresponds to the correct set of numbers n,k,l and
orientation-preserving homeomorphisms P: S, — Sy, J: Sy — S, such that the homeomorphisms
P, J'P* are pseudo-Anosov and J € Z(P). Therefore, there is a correctly defined model map
©pP.Jnkl € P.

Let us prove that the homeomorphism f is ambiently {2-conjugate to ¢p s, 1. We construct a
homeomorphism f’: Mj; — M, topologically conjugate to f and coinciding with the homeomor-
phism ¢p, 7, % on the nonwandering set (f’|NW(f/) = SOP,J,n,k’,l|NW(gap,J,n,k,z))'

We divide the construction into steps.

Step 1. Construct a homeomorphism z: S; x U — Sy x U, where U = U Uj, Uj =
5€{0,. . k—1}
[~ L 11 1 -l)

Tk JE0R T Ik~ JE)

Let T = {O,Wlk,...,%}. Note that T'= T, N Uy and r € T, NU; has the form r:i—j%,
where j € {0,...,k— 1} and the number ¢ € T is uniquely determined. For i € T'and j € {0,...,k —
1} we define the homeomorphism §; ;: S; — S, by the formula

§ig =P ficjieg-nt Fiji- (5.19)

7 maps

Since the homeomorphism fz'—jl+(j—1)l "'fi_jl+ifi_j£ is isotopic to P7 for j € {1,...,k—1}
k k k' k k

and the homeomorphism h; is isotopic to the identity, it follows that the homeomorphism ¢&; ;

is isotopic to the identity for any j € {0,...,k —1}. Let & ;; denote the isotopy connecting the

homeomorphism &; ;o = & ; and the identity map &; ;1 = id.

For r € U we define the homeomorphism z,.: S, — S, by the formula

Y 1.
gi,j,ﬁnk\r—(i—j%)\ for [r — (i = j5)I < G

id for other r € U.

Ty =

Define the homeomorphism z: S; x U — S, x U by the formula

x(z,1) = (x,(2),7).
Note that
x(z,i —jé) - (gm-(z),i —jé). (5.20)
Step 2. Let us extend the homeomorphism z: S; x U — S, x U to the homeomorphism
X:S;xR— 5, xR.
Let us prove that for any point 7 € R there is a unique integer m € Z such that (r —m) € U.

Divide the half-interval [— ﬁ, 1-— ﬁ) into k£ half-intervals: [— ﬁ, 1-— ﬁ) = [— ﬁ,% —

ﬁ)u[—ﬁ—l—%,%—ﬁ)u---u[—ﬁ—i—%,l—ﬁ). Obviously, for any r € R there is a
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unique number a € Z such that r —a € [—ﬁ,l 4nk> Letr—a € [—ﬁ—k%,%—ﬁ),where

j€40,...,k—1}. Since j runs through the complete system of residues {0,1,...,k — 1} modulo
k and [ is coprime to k, it follows that (—jl) also runs through a complete system of residues
{0,—1,...,—l(k—1)} modulo k [8, p. 46]. Consequently, there are integers i € {0, —[,...,—l(k—1)}

. . +bk j+14bk 1) _ 1 i 1,
andbsuchthatj—i—bk—z.Then(r—a—i—b)E[ 4nk+] JTTOR : 4nk>_[—m+%%+%_

4nk> C U. Thus, m = a — b is the required integer such that (r —m) € U.

Let o(r) denote an integer o(r) € Z such that (r — o(r)) € U. Define the map X: Sy x R —
Sy x R by the formula X (z,r) = y~2) (a:(’yg(’")(z,r))) for (2,7) € S; x R. Then X = vX.

Step 3. Construct a homeomorphism f': M; — M.

Let us set f/ = X fX~!. Since Xy =X and fy = ~7, it follows that f'y = ~f’ and homeomor-
phisms X and f’ project into homeomorphisms f’': M; — My, X: M; — My (see Statement 8),

given by the formulas f' = p; (f’(p}l(w))>, X =py(X (p}l((w))> and f/ = XfX~ 1
Let us prove that f'|s, «7., = @Pnkil sy xToe- Since X (Sg x {r}) = Sy x {r} and f(S, x {r}) =
Sy x {r+ £} for any r € Tpy, it follows that f/(S, x {r}) = X(f(X_l(Sg X {r}))) = Sy x {r+L}.
Then for any r € 7,5 the homeomorphisms f',.: S; — Sy, X,: Sg — S, are correctly defined by
o 71,1 _ v —1
f r pr+£f Pr XT = PH_%XPT and
/o —1
f.= Xr+éer,, . (5.21)
Then
X, = J 7m0, gmir), (5.22)

By construction, ¢p j,ki(2,7) = (P(z),r + é) and f'(z,r) = (f’r(z),r + é) for any r € Tok.

Let us prove that [/, = P for any r € T,;. Let us represent r € Ty in the form r =i — jé +m,
where i € T, j € {0,...,k— 1} and m € Z.

Let £k = 1. Then

(5.21) (5.22) . =1 4m (5:20) . el m
Fo=Fim = XigmbiomXip, = T @™ figmd a7 I TS0 T 0™ fipmd TG T
(58 mszfzf 1Jm (519) mh fz ljm(:) mhz¢z 1Jm(:)J_mPJm:P

Let & > 1. We consider the cases 1) j = 1 and 2) j = 0 separately.
1) If j > 1, then j — 1 € {0,.. — 2} and the homeomorphism &; ;_; is correctly defined. We
find that
! el (521) -1 (522) —m m ™o —1 m
I _fi—j%-i-m Xi—(j—l)%-i—mfi—j%-i-mxi_jé.i_ =J xi—(j—l)%‘] fi—j%—i—m‘] L ka
(5:20) ~ m —mge=1 gm (58 m
VY L I Loy WA TR A oy
(5:19) _p p—jtl - - 1pj m
=" J "mp- hf )Lt(j— f —G- 1lfl ]lfl L fl iliG-nt Vhy P

=J mP 9+1hihi tpigm =

REGULAR AND CHAOTIC DYNAMICS Vol. 29 No.1 2024



ON HOMEOMORPHISMS OF THREE-DIMENSIONAL MANIFOLDS 173
2) If j =0, thenr—i—é:i—i—é—i—m:i—(kz—l)%—i—(m—i—l). We find that

(5.21) (5.22)

X +(m+l)fi+mXijrlm =TT e S fi T T

f/r = f/z'—i—m i—(k—1)

(5.8) o _m— 1 gm 519 e
= J lfz’,k—ljlfifwlj ="J lP k+1hif¢_(k_1)é+(k_2)

(5:8) J—rn,—llj—k-i-lhiJlfi_i-(k_l)é o fz_éflhl_ljm

CLS) jom—t p=k+ljlpkym _ p,

We find that f'(p; (NW(f') = @pnki(0) " (0Psnkl)-
Consequently, f'|nw () = ©pgnk.l NW(ep.snry) 2nd the homeomorphism f is ambiently -

O e

é ”'fZ—(k—l)éj flhl J
(5.4) JmLpkHL g p g

conjugate to the homeomorphism ¢p j, r; via the map X. O
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