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Invariants of magnetic lines for Yang-Milles
solutions

P. M. Akhmet’ev, M. S. Dvornikov

IZMIRAN, Troitsk, Moscow

Anzatz for Yang-Milles fields on the standard 3-dimensional sphere S3
was proposed in [I]. Using this anzatz, Hornig and Mayer clarify a geomet-
rical meaning of Chern-Simons integral.

We replace the standard quaternion structure on S® into its conjugated
(the right polarisation is transformed into the left). Based on this trick, a
stationary solution for Yang-Milles equation is presented. By this construc-
tion the sphere S® is presented as the universal covering over SO(3), and
this covering is described as the Spin-cover over the units tangent vectors
manifold to the standard 2-dimensional sphere S2. The constructios and
the solution is also well-presented for manifolds with negative section curva-
ture, using calculations from the textbook [2]. The Chern-Simons integral
is geometrically defined as the I'-norm of triangles for the Gauss dyagrame
for Yang-Milles field. This description is possible for a single component of
the Yang-Milles field, which is a Maxwellean field, called the Chern-Simons
magnetic wave. The [?>-norm of the triangles for the Gauss dyagrame of
the Chern-Simons magnetic wave is a result of the calculation of a higher
asymptotic ergodic invariant.

This geometrical reformulation of Chern-Simons integral is useful
for physics. One may assume that the Chern-Simons wave is a large-scale
MHD solution. With this assumption the main result by the authors is
following: the a-parameter of the mean field dynamo is related with a sec-
tional curvature (a small negative parameter) of the domain. The prove
is based on the following fact: a gauge of a scale determines a denomina-
tor for the corresponding gauge of the magnetic energy by the two different
ways: geometrical and phisical. A phisical scale (for the large-scale magnetic
flow, produced by a small-scale magnetic field) is based on Kolmogorov prin-
ciple in MHD. A geometrical scale is defined using higher analog of the Hopf
asymptotic ergodic invariant (the M-invariant of magnetic lines). It is re-
markable fact that the two scales coinside [3].

The geometrical scale, evidently, gives a relationsheep between geodesic
laminations with the linking number for closed magnetic lines. Because
the M-invariant is ergodic, the contribution of the extra linking numbers into



its density is calculated from the sectional curvature parameter. With the as-
sumption that the phisical scale coinsids with the geometrical scale, an esti-
mation of the a-effect by means of the curvature parameter is proposed.
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HexaycmopdoBbl MHOroob6pa3ust 1 nX npuMeHeHUe

A. A. AxknmoB

Hayuonaroruiii uccaedosamenvcruts yrnusepcumem «Buoicuwas wronra
IKOHOMUKU >

Uccnenytorest n-mepHble MHOrooOpasus, TOIOJIOTUYECKIE IPOCTPAHCTBA
KOTOPBIX He XaycopdoBbl. JlokazaHo cjeayoiee yTBEPKICHIE.

IIpengoxkenue 1. Ilycmv M — n-meproe monoso2uueckoe muo2000pa-
3ue u p — omHoweHue xsusaseHmuocmu 6 M, obaadarowee caedyrouumu
deyma ceolicmeamu:

(1) das mobott mouku x € M cywecmeyem omxpwumasn okpecmmocms U,
6 KoOmopotl HuKaKue d6e MOYKU HE ABAAOMCA P-IKGUBAAECHITNHBLMU;

(2) npoexuyua f: M — M/p na gaxmop-npocmparncmeo M/p asasemcs
OMKPLIMBLM OMOOPAHCEHUEM.

Tozda gaxmop-npocmparcmeo M/p — n-meproe monoso2useckoe mHo-
2006pasue, 6oobwe 2060pa, He raycdopdoso, a npoexyua f : M — M/p —
AOKAALHOIT 20MEOMOPPUIM.

Bamerum, uro B [I, Proposition 1| yreepxenue Ilpemioxenus: 1 npu-
BesieHO 6e3 BwinosHeHust yeaosus (2). Hamu mocrpoen mpumep, mokasbiBa-
fomuii 9o yciaosue (2) siBaseTcsi HEOOXOAMMBIM JIJIsl TOTO, YTOOBI (hakTop-
npocTpacTBo M /p GBIIO TOMOJOTMIECKIM MHOTOOODA3HEM.

[Tycrs (M, F') — TOOIOTUYIECKOE CIOCHIE KOPA3MEPHOCTH ¢ Ha N-MEPHOM
ronosiorudeckoM Muoroobpasun M, rine F = {Ly|a € J}, Ly — ciiou 31010
cioenns. [Tapa (U, ¢) Ha3piBaeTcss paCcCIOEHHON KAPTOH OTHOCHTEJBHO CJIO-
eaust (M, F), eciu ¢ : U — R™ — romeoMopdusM OTKPLITOrO IOIMHOKE-
crBa U C M, orobpazkaromuit KOMIIOHEHTBI CBI3HOCTH nepecederust Lo N U
Ha CJIOM CTAHJIAPTHOI'O CJIOeHUsi Kopa3mepHocTu ¢ B R™, obpazoBaHHOrO ¢-
MEPHBIMU ITapaJliIeJIbHBIMU IIJIOCKOCTAMMH. KOI\/IHOHGHTI)I CBfASHOCTH IIepece-
veHust Lo, N U HA3BIBAIOTCS JIOKAJBHBIMEI CJIOSIMU.

HanomunM nositue peryssipaoro cioenust B cmbicaie [Taste [2]. Paccioen-
nas kapra (U, ¢) Ha3bIBaeTCs perysisipHoit, ecain Jiioboil ¢1oii ciroernst Ly, -
60 He rtepecekaet U, 6o nepecevenne L,NU coCTOUT U3 OJTHOTO JIOKAJIHHOTO
cnos. Croit L, Ha3biBaeTCsd PEryssspHBIM, €CJIU OH IEPECEKAeT OKPECTHOCTD
U uekoropoii perynsipuoii kaprel (U, ). Cioenne Ha3bIBAETCsI PEYJISIPHBIM,
€CJIN PEryJIPHBI BCE €r0 CJIOH.

Hamu nokazano ciiemyroriee yTBepKIeHTE.
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IIpensoxkenue 2. Ecau (M, F) — pezyaaproe monosozuyeckoe caoe-
HUE KOPASMEPHOCTNU ¢ HA N-MEPHOM MONOAORUNECKOM MH02000pasuu M, mo
npocmpancmeso caoes M/ F, nadesernoe garxmop-monosozuet, A6AAMCA G-
MEPHBIM MONOAOLUMECKUM MHO2000pasuem, KOmopoe, 6000We 2060PA, HE LA~
ycdopgoso, a npoekyus ©: M — M/F wa npocmpancmeo caoe A6AAemcsA
HENPEPBIBHBIM U OMEPLIMBIM 0MOODAAHCEHUEM.

Awnayiornanoe yrBepxKJieHne J0Ka3aHo B [2] st riaakux coioeHuit.

st 1r060ro HATYpPAJIbHOrO YUCIA 1 HAMU IOCTPOCHBI HOBLIE ITPUMEPDI
N-MEPHBIX HeXaycaop@dOoBbIX MHOrooOpasnii. [locTpoenb! TakKe peryssipabe
TOTOJIOTMYECKHE CJIOEHUS MPOU3BOJBHON KOPA3MEPHOCTU 7, MPOCTPAHCTBA
CJIOEB KOTOPBIX ABJISIOTCS N-MEPHBIMU HEXAYCIOP(OBBIMI MHOTOOOPA3UIMU.

CIIUCOK JINTEPATYPBI

[1] A. Haefliger et G. Reeb. Variétés (non séparées) a une dimension et
structures feuilletées du plan. L’enseignement mathématique, t. III,
1957, 107-125. (A. Haefliger, G. Reeb. One dimensional non-Hausdorff
manifolds and foliations on the plane. Translated into English by
Gangotryi Sorcar. ArXive: 11193v1l [math. GT| 23 Aug. 2022).

[2] R.S. Palais. A global formulation of the Lie theory of transformation
groups. Memoirs of Amer. Math. Soc. 1957. Vol. 22.
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AHaINTUKO-49UCJIE€HHbIE MeTObl IIPOIrHo3npoBaHnAd

U yIIpaBJIeHUsI HePeryJIsaspHOil JMHAMUKO
B MaTeMaTUYeCKUX MOAEJAX IKOHOMUKU

T. A. Anekceena

Havuonarvrwuitll uccredosamenvekutl yrusepcumen
«Buvicwasn wrora sxonomurus, Cankm-Ilemepbypeckasn wkonia
PUBUKO-MAMEMAMUYECKUT U KOMNLIOMEPHDBIL HAYK

Bo BTOpOIi 110JI0BUHE TIPOIILIIOrO BeKa ChOPMUPOBAJIOCH IIIMPOKOE HAIIPAB-
JIEHUE WCCJIEJIOBAHMI SKOHOMUYECKUX KoJsiebaHuii, B paMKax KOTOPOI'O JIJis
MOJICJINPOBAHNS 1 IIPOTHO3UPOBAHUSA JIOJITOCPOYHOrO MOBE/ICHNAS SKOHOMUKNA
PacCMaTPUBAJINCH JUHAMUYECKUE CUCTEMbl U KJIACCUYCCKUE METOIbI HEJIN-
HeHOil JeTepMuHMpOBaHHON JMuHaMuku (cM., Hanpumep, [I]). Wuarencus-
HO€ Pa3BUTHUE 34 IOCACIHUE I'OJbl BBIYUCIUTEIbHBIX CPEJICTB, UCKYCCTBEH-
HOT'O MHTEJJICKTa W OTAC/IBHBIX HAIIPABJICHAN TCOPUN JUHAMUYIECCKUX CUCTEM
(Teopusi CKPBITBIX KOJIeOaHuil 1 r106aIbHON yCTORIMBOCTH, TEOPUST Pa3Mep-
HOCTH, TE€OPHs YIPABICHUS XaOCOM, HHTEPBAIBHBIN aHAIN3 U JIP.) JETAIOT
aKTyaJbHOH 3ajla4y IlepecMOoTpa MOAXOJa K aHaau3y Ipene/IbHON NuHaMU-
K1 MaTeMaTUICCKUX MOJIeIel 9KOHOMUKH I YIIyYIIeHUs €€ IIPOrHO3UPOBa-
HUs U PaCHINPEeHUs KJacca MCCIeyeMbIX MojeJieil C y9eTOM 9KOHOMUYECKUX
OrpaHUYECHUN Ha IePEMEHHbBIE U HEOOXOIUMOCTH ITPOBEPKU BBIIOTHEHUS STUX
OrpaHUYeHNH JJIst BCeX NOIyCTUMBIX MHOXKECTB ITapaMeTPOB 1 COCTOAHNI MO-
JEJIN.

N3y4denne mpeaeabHON TUHAMUKHI C IIOMOIIBIO MATEMATHIECKIX MOJIEJIei
CBA3AHO C PeIlleHNeM aKTyaJIbHBIX 3a/1a4 BBISIBJICHUS aTTPAKTOPOB U Hacceii-
HOB UX INPUTSKEHUS B (DA30BOM IMPOCTPAHCTBE JUHAMHUYECKONW CHUCTEMBI, a
TaKke paszdbMeHHs IPOCTPAHCTBA 1apaMETPOB CUCTEMBI Ha 00JIaCTH, I KO-
TOPBIX CYIECTBYIOT OIpejie/ieHHble KOHMUTYPAIIHT aTTPaKTOPOB. B ciryuasx
OTCYTCTBHUsA B CUCTEME aTTPAKTOPOB C PEryJISPHBIM IIOBEJICHUEM NJIN BbIAB-
JICHUs @TTPAKTOPOB C HEPETYJIAPHBIM IOBEICHUEM CTABATCA 3a/1a9a BBEIE-
HUsSl B MATEMaTHYECKYIO0 MOJIE/Ib JIONOJTHUTEILHOIO yIPaBiIeHus (C yueToM
BO3MOXKHOCTH €I'0 COOTBETCTBYIOIIEH PEATH3aIIN B 9KOHOMHUIECKO MOJIEIN)
Jist POPMUPOBAHKS B CUCTEME PETYJISPHOTO aTTPAKTOPA.

[Ipumenenune KIaCCHYECKUX METOJIOB TEOPUU JUHAMUIECKUX CUCTEM U
YHCJICHHBIX METO/IOB JIJ1 IPOTrHO3UPOBAHNA IIPEJIeIbHON JUHAMUAKHI B 9KOHO-
MHUKE B OCHOBHOM HAIIPABJICHO Ha TCOPETUYECCKUI aHaIn3 KOHKPETHBLIX IIPU-
MEpOB HU3KOPAa3MEPHBIX ([IPEHMYITECTBEHHO JBYMEPHBIX) MOJIeeil u Kiac-
CUYECKHUI YUCJICHHBIA aHa/IM3 MHOTOMEPHBIX MOJiejleil 1 BPEMEHHBIX PALOB
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(cm. manpumep, [2, 3, 4]). Bmecre ¢ Tem OCHOBHBIE TPYAHOCTH HpPUMEHEe-
HUS BBIYUCJIUTETHHBIX METOJIOB CBA3AHBI C HEOOXOIMMOCTBIO YUCJICHHOI'O UH-
TErPpUPOBAHUS U AHAIN3A OTIEJbLHBIX TPACKTOPHUl HA JJIMHHBIX WHTEPBA-
JlaX BpeMeHH, HeOOXOIMMOCTHIO HEJIOKAJIBHOIO aHAJIN3a BCero (pa3oBoro mpo-
CTPAHCTBA U MPOCTPAHCTBA HapaMeTpoB. PazpaboTanubie B paMKaxX TEOPHUHU
J106aJIbHON  YCTOMYMBOCTH aHAJUTHIECKHE METOJIbI TO3BOJISIIOT BbIJIEISATh
obaacT 1I00aJbHON yCTOMINBOCTU JUHAMUYIECKON CHCTEMBI, HO TAIOT, KaK
PaBIJIO, TOJBKO KOHCEPBATUBHBIC (BHYTPEHHME) OINEHKH 9TON OOJACTH B
IIPOCTPAHCTBE apaMeTpPoB. B ciydyae moTepu yCTOWYMBOCTU CTAIIMOHAPHOI'O
MHOXKECTBA, B TOM YHCJI€ CBA3AHHON C HEJIOKAJIbHBIMU OUMYPKAIUAME, I
aHaJIn3a CIIEHAPHUEB POXKJICHNs B (DA30BOM MIPOCTPAHCTBE CUCTEMbI HETPUBU-
AJIbHBIX KOJIEOAHUI HMCIIOJIB3YIOTCS METOIbI Teopuu OudypKauii u Teopun
CKpPBITHIX KoJiebanuii. [Ipu aTom 15t anam3a caMoBO30y K ICHUS KOJICOAHMIT
U POXKJICHUST CAMOBO30Y K IAIOITUXCS ATTPAKTOPOB 3(PDEKTUBHO UCIIOIH30BA~
HUE KJIACCUYECKUX AHAJUTUIECKUX U YUCJIEHHBIX METOJIOB, a aHAJN3 POXK/Ie-
HUS CKPBITBIX KOJIEOAHUHN U aTTPAKTOPOB TPedyeT pa3paboTKu U IPUMEHEHUS
CIIENUATBHBIX AHAJIMTUKO-IUCIEHHBIX 1101x0108B |3 [6].

B nanmmoit pabore 1moka3zaHo, 9TO COEIMHEHNE KJIACCHIECKUX W PA3BUTHIX
3a IOCJIEJIHAE TOJbI TEOPETUIECKUX METOJIOB C YUCJIEHHBIMU AJITOPUTMaMU
C UCIIOJIb30BAHUEM UCKYCCTBEHHOIO MHTEJLJIEKTA JJIsi CHHTE3a 3(DPEKTUBHBIX
AHAJIUTUKO-YNUCJIEHHBIX MPOTIELYD JesaeT MEePCIeKTUBHBIM TaKOH KOMIIJIEKC-
HBI TI0JIX0JT, K ITPOTHO3UPOBAHUIO U YIIPABJICHUIO HEPETYJISIPHON JTHHAMUKON
B MaTeMaTUIeCKUX MOJEJIAX SKOHOMUKH. Ha mpumepe psifia IKOHOMUIECKUX
MojieJieit TTpoJieMOHCTPUPOBaHa 3P HEKTUBHOCTDb MPUMEHEHUsT 3TOTO MOMIXO-
Jia: BBIBOJI, YCJIOBUI I7100AIbHON YCTONYINBOCTHY; AHAJTUTUYIECKAT U TUCICHHAS
JIOKAJIU3aIIUsl TJI00AJIBHOTO ATTPAKTOPA; KOJTMIECTBEHHAS OIEHKa HePEeryJisip-
HOI TMHAMUKH C ITIOMOIIIBIO JISITYHOBCKUX TTOKa3aTeseil; BBIBOJ MOIUMDUKAITII
psifia AKTYATBHBIX SKOHOMUYIECKUX MOJIeIeil (B TOM 9HCIIe MOJIEN TIEPEKPhI-
BAIOIIUXCS TTOKOJIEHU C IIEPEMEHHON yIIpaB/IeHUs B BUJE T'OCYIAPCTBEHHBIX
pPAacxXo/0B, HOBOKEHHCHAHCKON MOJEIN C YIPABIAIONIUMY TPABUIAMEA MOHE-
TapHOil 1 (BUCKAJIBLHOI TIOJIMTUKM) KAK PENICHUH ONTUMHU3AIMOHHBIX JIMHA~
MUYECKUX 33/[a4, & TaKKe IIPOCTPAHCTBEHHO-BPEMEHHOW MOJIe/H IeHO00pa-
30BaHUS HA CETEBOM IVI0DAJBHOM PBIHKE TOBAPOB U JIP.; BbISIBJIEHUE U CTaOu-
JIN3aIisT HEYCTOWIMBBIX [MEPUOIUIECKAX TPACKTOPHUI JJIsT TOIaBJICHUS Xa0-
THYECKOTO TTOBEJIEHUS B MOJICJISAX, a TaKyKe MaKCUMU3aIus obJacTreil npuTs-
JKeHUs CTaOUTU3UPOBAHHBIX TPACKTOPHUIL C TIOMOIIBIO AHAJTUTUKO-IAC/TEHHBIX
MPOTIE/IyD, OCHOBAHHBIX Ha MeTojie yipasieHus [luparaca, 3BOJIIOIHOHHBIX
aJropuTMax U OOYUeHUM C MOAKPEIJIEHUEM; ITPOTHO3UPOBAHNE NUHAMUKU B
00JIACTAX YIPABJISIONUX TAPAMETPOB C PA3JINIHBIMU PEXKUMaMU SKOHOMU-
veckoii mosmruku |7, [8) 9] [10] 111, 12] 13| [14].
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Bounded solutions of impulsive systems

0. V. Anashkin, O. V. Yusupova

Crimean Federal University, Simferopol

Many evolutionary processes in the real world are characterized by sud-
den changes at certain times. These changes are called to be impulsive
phenomena [1,3], which are widespread in modeling in mechanics, electron-
ics, biology, neural networks, medicine, and social sciences. An impulsive
differential system is one of the basic instruments to understand the role of
discontinuity better for the real world problems.

If the impulses occur at fixed times, the mathematical model of this
process will be given by the following impulsive system |[1]

i=f(t,x), t#ty, )= hp(z(ty)), (1)

where {t} is a strictly increasing real sequence of impulse times that is un-
bounded as k — oo, z(t") = lims_s10 z(s). It is assumed that the right side
of the impulsive system satisfies the conditions that ensure the uniqueness
of the solution to the initial problem. We take the typical convention that
piecewise smooth solutions of the impulsive system are continuous from the
left. Introduce a sequence of postive numbers {0y = ti1 —t;}. The behavior
of solutions of the impulsive system significantly depends on the properties
of this sequence.

If system (1) is periodic, i.e. Opyp = Ok, hiyp = b, f(E+T,2) = f(t,2)
and ty4p, =ty + 7T (or 6y + ---+ 6, = T) then the problem can be redused
to a problem in diskrete time (see, for instance, |2, 3|).

Indeed, without loss of generality we can put to = 0. Let o(t; g, 2°) be
a solution to the differential equation of the impulsive system (1) satisfying
the initial condition z(¢{) = 2°. Restricting ourselves to the case p = 2 and
T = 6y + 01, we obtain for the periodic impulse system (1) the following
relation

T(tptp) = F(z(tr)),
where F'(x) = ¢(T; 00, h1(#(60; 0, ho())).

Since the exact solution for nonlinear differential equation is usually not
known, various approximations are used, for example, representing the solu-
tion as a series of initial values [2].
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The problem becomes fundamentally more complicated if system (1) is
not periodic. It should be noted that almost periodic solutions of impul-
sive systems are discontinuous, which requires a certain modification of the
definition. The same applies to the conditions of almost periodicity of the
sequence {6y }. These issues are discussed in detail in the monograph [1].

This report discusses the conditions for the existence of bounded so-
lutions of periodic and non-periodic impulsive system (1) (more precisely,
stationary, periodic or almost periodic solutions) and local bifurcations of
bounded solutions.
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Infinite transitivity for automorphisms and
endomorphisms of affine algebraic varieties

Ivan Arzhantsev

Faculty of Computer Science, HSE University, Moscow

Let X be an affine algebraic variety over an algebraically closed field of
characteristic zero. We survey recent results on infinite transitivity of the
action of the automorphism group Aut(X) on the smooth locus X" and of
the endomorphism monoid End(X) on X.
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The attractor and the Mandelbrot set
for a pair of plane opposite similitudes

A. V. Bagaev

Nizhny Novgorod State Technical University n.a. R.E. Alekseev
(Nizhny Novgorod, Russian Federation)

A finite set S = {f1, fa, ..., fn} of contraction maps on a complete met-
ric space (X, d) is called an iterated function system (IFS). According to
Hutchinson’s theorem [I], for any IFS S on a complete metric space (X, d),
there exists a unique nonempty compact subset A C X, invariant with re-
spect to S :

FA) U fo(A)U.. U fu(A) = A

The set A is called the attractor of IFS S. Emphasise that attractors can be
either "good” sets (segment, square, cube) or fractals. The main goal of the
theory of iterated function systems is to describe the topological properties
of attractors.

We consider the IFS S = {f1, fa} on the complex plane C, given by

fi(z) = az, fo(z) =a(z—-1)+1, z € C, (1)

where a = \e®? € D = {2z € C | 0 < |2] < 1}. Remark that the maps f; and
fo are opposite similitudes with centers at points 0 and 1, respectively. De-
note by A the attractor of IFS S. Let dim; A and dimg A be the Minkowski
and Hausdorff dimensions of the attractor A.

We proved the following theorem.

Theorem. 1. Let ¢ = 0. If A\ € (0,0.5), then A is a Cantor set in the
segment [0,1]; if A € [0.5,1), then A =0, 1].
2. Let ¢ = w. If A € (0,0.5), then A is a Cantor set in the segment
I = [—ﬁ, ﬁ} Lif A € [0.5,1), then A = I
If o € {0, 7}, then
2"\ e€(0,0.5),

3 — di — T Inx
dimy A = dimp A { 1, Ael05,1).

3. Let ¢ ¢ {0,7}, P, be a parallelogram with vertices at points z; = 0,
29 = 11__—;);, 23 =1, 24 = ‘i‘:—f\; If A € (0,1/4/2), then A is a Cantor set in
Pu; if A € [1/V/2,1), then A = P,.
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If o ¢ {0,7}, then

In2
dimpy A = dimpy A { —2% A€ (0,1/v2),

2,  Ae€[1/V2,1).

Let A, be the attractor of IFS S, = {h1, he} consisting from two direct
similitudes h1(z) = az, ha(z) = a(z—1)+1, z € C, a € D. In contrast to the
IFS (1), the attractors A, of the IFS S, have a greater variety. Barnsley and
Harrington [2] called a set M = {a € D | A, is connected} the "Mandelbrot
set for the pair of linear maps," by analogy with the classical Mandelbrot
set in complex dynamics. The set M has a very complex fractal structure
and has been studied by Bandt, Solomyak, Hu, Hung and others. Some of
the basic questions on the geometry and topology of M remain open.

According to our Theorem, for a pair of plane opposite similitudes (1)
the Mandelbrot set M has a simple form:

M={aeD|1/V2< ol <1} {aeD[1/2<|a] <1/v2, Ima = 0}.
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A stable reverse mathematical pendulum with a
solid weightless rod is subject to the action of a
vertical sinusoidal force

Sergey Belyakin!3, Alexander Stepanov?3

1. Department of General Physics, Physics Faculty
2. Department of Oscillation Physics, Physics Faculty
3. Lomonosov Moscow State University, Moscow, Russia

This paper presents an inverse unstable mathematical pendulum hinged
at the lower point of suspension with a solid weightless rod. The stabil-
ity of the pendulum is realized by compensation of the gravitational force
and the sinusoidal force acting in a given direction. A large number of works
consider stability by vibration at the lowest point [1J.

MATHEMATICAL MODEL OF AN INVERSE MATHEMATICAL PENDULUM WITH
A SOLID WEIGHTLESS ROD
UNDER THE ACTION OF A VERTICAL SINUSOIDAL FORCE

This model was considered in the work [2]:
O + 6O — fsinOsinwt = 0.
The analytical solution was the following equation:
6 = ~ysechr.

Here: 6 = Bv/2, v = zf/gf.

Analysis of this equation showed that it determines all areas of stability

of any dynamic systems [3].
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Lorentzian 2-orbifolds of constant non-zero
curvature

E. V. Bogolepova!'?®, N. 1. Zhukova??
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2. nina.i.zhukova@yandex.ru
3. HSE University, Russian Federation

It is known that every smooth orbifold admits a Riemannian metric which
is not true for Lorentzian metrics. Loretzian orbifolds form the category Lor.

An n-dimensional orbifold is a connected Hausdorff topological space
that can be represented locally as a quotient space R™/I" of the arithmetic
space R™ over a finite group of diffeomorphisms I'; moreover, the group I' is
not fixed and can change when moving from one point to another. Smooth
orbifolds naturally form the category Orb.

The isometry group of a Lorentz orbifold (N g) is called inessential if
there exists a Riemannian metric h such that the isometry group of the
Lorentzian orbifold (N, g) is an isometry group of the Riemannian orbifold
(N, h), otherwise the group of isometries of a Lorentzian orbifold is called es-
sential. Lorentzian orbifolds with inessential full isometry group are referred
to be inessential. Emphasize that an essential Lorentzian orbifold (N, g) is
characterized by an improper action of its full isometry group. A compact
Lorentzian orbifold is essential if and only if its full isometry Lie group is
not compact.

In [1] proved that there is a single (up to isomorphisms in the category
Orb) proper smooth orbifold called the "Pillow", covered by the torus, ad-
mitting flat Lorentz metrics with an essential group of isometries. Among
non-compact orbifolds only Zs-cone admits a complete essential Lorentzian
metric of zero curvature [2].

In this work we investigate the structure of complete two-dimensional
Lorentz orbifolds of constant non-zero curvature with the essential isometry
group. At first we prove that every such orbifold may be represented in the
form M = M /¥ where M is a Lorentz manifold, and W is an isometry group
isomorphic either to Zso or to Zo X Zso.

The application of this fact allowed us to obtaine a classification of two-
dimensional complete Lorentzian orbifolds of constant curvature with the
essential group of isometries both in the category of Lorentzian orbifolds
and in the category of smooth orbifolds. All such Lorentzian metrics exist
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only non-compact orbifolds. Using the geometry of De Sitter space, it is
proved, in particular, that the indicated Lorentzian geometries of non-zero
curvature K exist on exactly six non-compact smooth orbifolds. For any
fixed K other than zero, all classes of isomorphic Lorentzian metrics with an
essential isometry group and complete isometry groups are found on each of
these six orbifolds.

In particular, we have proved the existence of three smooth orbifolds
with finite fundamental groups admitting essential Lorentzian metrics, while
in the case of zero curvature there is only one such orbifold.

Acknowledgements. The work was supported by the Russian Science

Foundation (grant no. 23-71-30008).
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KomMOmHaTOpHBIE U 3Pro/indecKne CBOMCTBA
HEKOTOPBIX OTOOpParkKeHWii CABUTOB OTPE3KOB

B. B. Yepnbrit

HUY Buicwas wkoaa sK0HOMUKY, GaKyALMEM MAMEMAMUKY

OrobpazkeHusT CJIBUTOB OTPE3KOB - 9TO KJIACC KYCOUYHO-JIMHEHHBIX OTOO-
pakKeHuit MHTEpPBaJa, eCTECTBEHHBIM 00Pa30oM 000OIAIONIN IepeKIahiBa-
HUsI OTPE3KOB. DTu oTobparkeHust ObLIM BBEJIEHDI B 3], rie Ob1I10 noKasaHo,
9TO JMHAMEIYECKAs CHCTEMA, TOPOYKIAEeMasi TAKUM OTOOPAYKEHMEM, COMpS-
JKeHa JTu00 MTEePEKJIAJIBIBAHUI0 OTPE3KOB, JIM00 MUHUMAJIBHON JTMHAMUYIECKON
CHCTeMe Ha KAHTOPOBCKOM MHOXKECTBE, HA3BIBAEMOM ATTPAKTOPOM CUCTEMBI.

OJHUM ¥3 OCHOBHBIX MHCTPYMEHTOB WCCJIEJOBAHWS CBONCTB JMHAMIIC-
CKHUX CHCTEM, MMOPOKIAEMbBIX OTOOPaYKEHUSIMU CJIBUTOB OTPE3KOB BTOPOT'O TH-
ma, sIBJISIETCST CUMBOJIMYIECKAsT JTUHAMUKA, KOTOpas MO3BOJSIET CBOJUTH 3a-
Jlady K KOMOMHATOpWKE CJIOB. B 9acTHOCTH, eCin yIaeTcsl MOCTPOUTH CHUM-
BOJIMYIECKYTO JUHAMUIECKYIO CUCTEMY, COMPSKEHHYIO UCXOTHON, TO ee KOM-
OMHATOPHAS CJIOKHOCTB JIA€T OIEHKY CBEepXYy Ha YHCJIO WHBAPUAHTBIX MEP
NCXOIHON CUCTEMBI.

Paspaborannas B [2] koMGuHaTOpHAS TEXHHWKA JIJIS OIEHKH CJIOKHOCTH
CUMBOJIMIECKUX JUHAMUYIECKUX CHCTeM ObLla B 9TOH Ke paboTe yCIIeITHO
IIpUMEHEHa JIjIst OIEHKHU CJIOYKHOCTH IOJK/IACCA OTODPAXKEHUi CIIBUTOB OT-
pe3KoB, paccMoTpeHHoro B [4]. Dra ke rexHuka Oblia npuMenena B [5] s
OIIEHKU CJIOXKHOCTH JIPYTOTO KJIacca 0TOOpaskeHnii CIBUTOB OTPE3KOB, BO3HU-
KAIOIIUX MMPH PACCMOTPEHNN OMJLJINap/I0B B MHOTOYTOJIbHUKAX.

B [1] 6bw1 pacemorpen mokiace 0ToOpayKeHuit CIABUTOB OTPE3KOB, 0000-
matornuii u3yvasumiics B [4]. B nokiaze 6yer gana orneHka KOMOGUHATOPHOT
CJTIOXKHOCTH JIjIs OTOOpasKeHWH CBUTOB OTPE3KOB M3 ITOTO KJIACCa, TOTYIeH-
Hasl C MOMOIIILIO TOW K€ KOMOMHATOPHON TEXHUKU.
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Normal forms for pair of involution of real line with
common fixed point and termo-haline oscillations in
Welander model

A. A. Davydov!?, S. O. Zosimov!

1. Lomonosov Moscow State University

2. NUST MISIS

In the Welander model a homogeneous surface water layer of constant
thickness is influenced by the atmosphere above it and the underlying deep
water layer with constant temperature and salinity T4, Sa and Tp, Sp, re-
spectively, [1]. The interaction between the layers is described by Newton’s
law, while for interaction with the atmosphere the exchange coefficients gg
and gp for salinity and temperature are constant and satisfy the relation
0 < gs < gr, and for turbulent exchange between two water layers, this
coefficient is a function ¢y of the differences in the densities p and pg of
the surface and deep layers, respectively. We will call this function transfer
function; it is nondecreasing, having values being close to zero at significant
negative values of this difference, and rapidly growing near zero.

After choosing the temperature, salinity and density of the deep water
layer as zero for these indicators, the Wilander model takes the form

{ TZQT(TA_T) _QO(/O)T (1)
S =qs(Sa—9) —qlp)S

where T and S are the temperature and salinity of the surface water layer.
We take the dependence of the density of the surface layer of water on its
temperature and salinity as a linear function

p=—-al +pS (2)

with @« > 0 and 8 > 0 (as in many other works with similar models, for ex-
ample, which provides a linear approximation near zero to any differentiable
function p = p(T, S) with zero value at zero and negative and positive deriva-
tives at zero with respect to temperature and salinity, respectively. Also as
usually we assume that in the state of equilibrium of the surface water layer
with the atmosphere, its temperature and density are higher than the tem-
perature and density of the deep water layer, respectively, i.e. T4 > 0 and
—aTa + 5S4 > 0 (see, for example, [2])
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It is shown that for typical smooth finite-parametric families of transfer
functions with a jump at zero, which are zero for negative values and smooth
positive on the non-negative semi-axis, the analysis of the occurrence of
thermohaline self-oscillations in the model under study is reduced to the
study of the appearance of non-trivial fixed points of the composition of
typical finite-parametric smooth families pairs of involutions of a real line
with a common fixed point [3]. We also discuss the formal normal form of
such a typical pair of involutions.

The study was financially supported by the Russian Science Foundation,
project no. 19-11-00223
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Poisson stable and unpredictable points for general
monoid actions

S. A. Dovbysh

Moscow State University and Bauman Moscow State Technical University

Let f — m(f,-) be a left action of a noncompact topological monoid G
with unit e on a metric space (X,d), i.e., 7 : G x X — X is continuous,
(gh)(x) = g(h(x)) and e(z) = = where 7(f,x) is denoted by f(x) for every
xz € X and f € G. This G-action on X is called a G-semiflow or simply
semiflow, and G(z) = {f(x) : f € G} is an orbit of the point x € X. In a
usual way, if A C G and f € G then let Af ={gf:g€ A} and fA={fg:
g€ A}, andalso fTlA={geG:fg=c}and Af ' ={geG:gf =¢}.

A net (fs)sea in G indexed by a partially ordered set (A, <), converges
to infinity if for every compact K C G there exists dp € A such that fs ¢ K
for all § = dg. Denote by il a collection of complements to all compact
subsets in G. A point x € X is said to be Poisson stable (or briefly, stable
P) if there is a net (f5)sea such that fs — oo and fs(x) — =. If

f*— o0o,n — +oo for every f € G, f #e, (%)

then condition f5 — oo can be weakened to that unit e is not a limit point
of fs. In a standard way, a limit set €, of a point z € X is defined as the
set of all limit point of f(z) as f — oo (and €, is the usual w-limit set
when G = Ry). Then Q, C G(z) and, moreover, 2, = G(x) iff x is stable
P. If = is stable P and Q, = G(z) is compact when © = Q, is called «
quasi-minimal set and the point x is said to generate ©.

A point x € X is said to be unpredictable with unpredictability constant
e > 0 if there are two nets (fs)sea and (gs)sea such that fs — oo, x5 =
fs(z) — x while d(gs(z), gs(zs5)) > . Then gs — oo, as well.

We will utilize various conditions on G:

VieG WU eld: UCGf (1)
Vge G,U el IVell: gV CU (2)
g 'V N U = § for some vicinity V of e and U € {I, and (x) is valid ~ (3)

In subsequent, conditions (1) and either (2) or (3) are assumed to be valid.
Note that (1) and (2) are always satisfied if G is a topological group.
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Proposition 1. For any x € X one has Q, = €, for every point
y € G(z). If point = € X is stable P then every y € G(z) is also stable P.

Proposition 2. Let G be o-compact. In a quasi-minimal set ©, points
x stable P and such that G(xz) = © will constitute a set of second category
of type Gg. In particular, these point are dense in ©.

Proposition 3. If point x € X is unpredictable then every point in its
orbit is also unpredictable with the same unpredictability constant.

Theorem. Let G be o-compact. In a quasi-minimal set ©® = @
generated by an unpredictable point  with some unpredictability constant,
all unpredictable points y with the same unpredictability constant and such
that G(y) = © will constitute a set of second category of type Gs.

For classical cases of Ry and Ny-semiflows, Proposition 1 is well-known,
complicated Proposition 2 is due to H. Hilmy (see [I]) and Proposition 3 is
due to M. Akhmet and M.O. Fen [2] who have introduced the concept of
unpredictable points. A. Miller 3] introduced this concept and established
Proposition 3 for general case of abelian monoid G. To prove Proposition 2
for general case one has to adapt H. Hilmy’s arguments (see [I]) given for
invertible R -semiflows. The proof of Theorem is based on arguments for
unpredictable points similar to that given for points stable P.
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Hyperbolic polycycles. Criterion for appearing of
multiple limit cycles

A. V. Dukov

Steklov Mathematical Institute of Russian Academy of Sciences

Consider a smooth vector field on a smooth two-dimensional manifold.
Let the vector field have a hyperbolic polycycle i.e. a directed Eulerian
graph such that its vertexes are hyperbolic saddles and its edges are sepa-
ratrix connections. Then after a small perturbation the multiplicity of any
appearing limit cycle is not greater than n, where n is the number of edges.
Moreover, there exists a criterion of appearing for limit cycles of multiplicity
2 < m < n. Every appearing multiple limit cycle splits into several hyper-
bolic limit cycles. Thus, we obtain a non-trivial lower bound for cyclicity of
any hyperbolic polycycle.
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On the smooth conjugacy of smooth skew products
and mappings obtained from them by small smooth
perturbations

L. S. Efremoval?

1. Nizhny Novgorod State University
2. Moscow Institute of Physics and Technology

C'-smooth mappings close in the C'-norm to C'-smooth skew products
on a compact cylinder are considered. It is proved that these mappings are
C'-smoothly conjugate to skew products.

The above result is applied to the study of the maximal attractor of the
cylinder mapping obtained by small C'-smooth perturbation of some skew
product (see [I]).

REFERENCES
[1] L.S.Efremova, Ramified continua as global attractors of C''-smooth self-

maps of a cylinder close to skew products. JDEA (2023), v. 29, 9-12,
1244 - 1274.
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Solitary wave collisions in non-integrable systems

Marcelo V. Flamarion!, Efim Pelinovsky??3, Ekaterina Didenkulova®3

1. UFRPE/Rural Federal University of Pernambuco, UACSA/Unidade
Académica do Cabo de Santo Agostinho, BR 101 Sul, 5225, 54503-900,
Ponte dos Carvalhos, Cabo de Santo Agostinho, Pernambuco, Brazil
2. Institute of Applied Physics, 46 Uljanov Str., Nizhny Novgorod 603155,
Russia
3. Faculty of Informatics, Mathematics and Computer Science, HSE
University, Nizhny Novgorod 603155, Russia

Solitary waves find diverse applications across various fields, including
water wave dynamics, optical fiber communications, superconductive elec-
tronics, elementary particle physics, quantum physics, and more recent en-
deavors in biology and cosmology [1I]. The Korteweg-de Vries equation (KdV)
is a well-known model employed to describe the propagation and interaction
of solitary waves. Notably, Zabusky and Kruskal [3] were pioneers in ob-
serving that solitary waves undergo interactions during collisions and then
return to their initial shapes. They coined the term “solitons" to describe
these remarkable waves. While this discovery kindled significant interest
in exploring soliton interactions within integrable systems, relatively little
has been explored within the context of non-integrable systems.

In this talk, we are going to discuss solitary wave collisions in non-
integrable systems such as the Schamel and Whitham equations, as previ-
ously studied in references [4] [4]. We will demonstrate that, although these
systems are non-integrable, they function as nearly integrable systems. This
is evident when two solitary waves collide, as they almost retain their inci-
dent shapes. This fact allows for the geometric Lax-categorization initially
proposed by Lax (1968) for the KdV equation [2]. However, we will show
that an algebraic Lax-categorization based on the ratio between two inci-
dent solitary waves is not possible. With these ideas in mind, we will discuss
the soliton gas theory in the Schamel equation framework.
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Manifolds Admitting Polar Flows with Two Saddles
of Type (2,2)

D. O. Fomin

HSE University, Nizhny Novgorod, Russia

We recall that a smooth flow ft: M™ — M" defined on a closed smooth
manifold M™ of dimension n is called a polar flow if

1. a non-wandering set : of ft consists exactly of one sink, one source,
and a finite number of saddle hyperbolic equilibrium states;

2. invariant manifolds of equilibrium states intersect each other trans-
versely.

The Morse index of a hyperbolic equilibrium state p is a number equal
to the dimension of its unstable manifold W'

Let f! be a polar flow on a manifold M* and the set © st consists of
exactly a sink, a source, and two saddles o1, o9 of Morse index 2. Then M?
is simply connected, and its homology group Ho(M?*,Z) is isomorphic to Z2.
According to Freedman’s classification of simply connected four-dimensional
manifolds (see [I]), the topology of M* is determined by a class of equiv-
alence of intersection form, which is an unimodular symmetrical quadratic
form Q : Ho(M*,Z) x Ho(M*,Z) — 7 that put in a correspondence to
each elements z,y € Ho(M?,7Z) their intersection number. For fixed ba-
sic of Hy(M*) the form @ is represented by a symmetric matrices 2 x 2
with integer elements. That is why topology of M* is determined (up to
homeomorphsims), by a classes of congruent (under the integers) unimodu-
lar symmetrical matrices. Classification of such matrices was given by Gauss
in [2], see also [3]. We find all representatives of congruence classes of deter-
minant matrices by elementary methods and use the result of [4] to find the
representatives in the indeterminate case. As a conclusion, we arrive at the
following outcome.

Proposition. Any binary unimodular integer matrix is congruent to one
of the following matrices:

10 ~1 0 1 0 0 1
(o v (00 B) (o 2) e (o)



We find manifolds that have the intersection forms that can be described
in some canonical basis by matrices above, take in attention that matricies
A1 and Ay = —A; determine the same manifolds with opposite orientation,
and obtain the following result.

Theorem. Let M* admit a polar flow f!, non-wandering set of wich
consists of exactly a sink, a source, and two saddles o1, 09 of Morse index 2.
Then M* is homeomorphic to one of the following manifolds:

1. a connected sum of two complex projective planes CP24CP? with a
canonical orientation induced by a complex structure;

2. a connected sum CP?§CP? of two copies complex projective planes
with opposite orientations;

3. a direct product S? x S? of two copies of two-dimensional spheres.

ACKNOWLEDGEMENTS. The author is grateful to E. Gurevich for setting
the problem. The research is supported by the Program "Scientific Foundation
of the National Research University Higher School of Economics" in 2023 (project
No 23-00-028).
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ITpumenenne dpynknmit Yepuosa

JJIS aIlIIPOKCUMAIINN OIPAHNYEHHBIX pelIeHuii
OOBIKHOBEHHbBIX JMHEMHBIX auddepeHnnaabHbIX
YpPaBHeHU

O. E. l'ankun, C. FO. l'anakuna, 1. JI. Pemusos, A. B. Begenun,
K. A. Jlparynosa, A. T. Usanosa., /I. A. Musnees, I1. FO. [TanTereena

Hayuonaromuiii uccaedosamenvcruts yrusepcumem «Buoicuwas wronra
IKOHOMUKU >

IIpeaucnoBue. /lokiaan TOCBAMIEH U3I0KEHAIO PE3YILTATOB, MMOJTYI€H-
HbIX 32 2023 10J] B paMKax HayIHO-y4IeOHOM I'PYIIIIBI ,,DBOJIIOIMOHHBIE TTOJIY-
IPYIIbl U uxX HOBbIe npuiozkenusi Hayunoro donga HIY BIIS. Bee coas-
TOPBI JIOKJIaJIa BXOAUIA B COCTaB 3Toi rpynnbl. OCHOBHBIM OOBEKTOM HCCJIE-
JIOBAHWS SIBJISIIOTCS JINHEHHBIE OOBIKHOBEHHBIE U depEeHITnaIbHBIE YPaBHE-
HUSI BTOPOT'O TIOPsJIKA C EPEMEHHBIMU KO3 PUITMEHTAMU, UMEIOITUe BU/I

a(@)f" () + b(x)f'(2) + (c(z) = A) f(z) = —g(z), 2z€R, (1)

rie A € R, a dysknun a, b, ¢ u g npunajgexar kiaaccy UCy(R) Beex Be-
IECTBEHHO3HAYHBIX PABHOMEPHO HEITPEPBIBHBIX OrPpAHUYEHHBIX (DYHKIIWI Ha
R. Hac unrepecytor pemenusi f ypasuenus (1), jexkainue B IPOCTPAHCTBE

UCZ(R) = {h € UCy(R) | I/, h" € UCy(R)}.

Teoperuyeckue ocHoBbI. B pabore Vana Pemuszosa [I] (cMm. B Heii
Teopemy 6) 6bLI0 J0KazaHo, uTo ecom S(t) — dyukius Yeprosa st aud-
depeHInaIbHOr0 OIepaTopa

A: f(a) = (Af) (@) = a(2)f"(2) + b(x) f'(2) + (c(z) = A) f(x), 2 €R

na npocrpancree UC)(R) ¢ obnacrsio onpeenenns UCE(R), o npu onpe-
JIQJIEHHBIX YCJIOBHSIX, HAJOXKEHHBIX Ha S(t), HA 9ucao A u Ha Ko duiment-
Hble (DYHKIUY a, b, ¢, € IMHCTBEHHOE OIPAHUIEHHOE pelenns ypasHeHus: (1)
MOKHO TIPEJICTABUTE B BUJIE PABHOMEDHOTO TIPEIEIa IePHOBCKUAX aTIPOKCH-
Mallui:

+oo
f(z) = lim e_/\t<[5(t/n)]ng>(x)dt, zeR. (2

n—oo 0

Boutee roro, B [Il, Teopema 6| 6bu10 mostyuena oneHKa Ha CKOPOCTb CXOUMO-
CTU 9TUX aIIIIpOKCI/HVIaLLI/IfI.
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YucjaeHHbIe 3KCIIEPUMEHTBI. [ljIsT n3ydeHns 3aBUCUMOCTH CKOPOCTHU
cxouMocTH B (2) oT riiaakocTu KodddunuenTHeix GyHkuumii a, b, ¢, g Hamu
OBLIT IPOBEJIEH PsiJi UCJIEHHBIX 9KCIIEPUMEHTOB. B HUX MCIIOJIB30BAJIUCH CJIe-
nytorue e Gyukuun Yeprosa Sg(t) u Ss(t), HaiijgeHHbIE, COOTBETCTBEHHO,
Aunekcangpom BenenunbiM u MBarnom PemuzoBbiM:

(So(t)f) (@) = 5 (1 +1t - c(x))-

. <f(a;+\/2t-a(x)+2t~b(a:)) + f(z - 2t‘a(ar))>;

N

(S5(0)f) (@) = 5 (F(z +v/20-a(@)) + f(z — /20 -a(2) ) +

o F (o2 b)) + b elw) ().

BuaromapaocTu. Jlokiia/ MOArOTOBIEH B PE3Y/IbTaTe MPOBEJIEHUS UC-
caenoBanust (poekt Ne 23-00-031 “DBOJIIOIUOHHBIE TOJTYTPYIIIBI U UX HOBbIE
npuioxkenust”) B pamkax [Iporpammsr «Hayunbiii dbonx HarponasibHoro wc-
CJIEJTIOBATE/ILCKOTO YHUBEPCUTETA ,,BhICHTas KO8 SKOHOMIKI ».
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Nonlocal oscillations in a gene network model

A. V. Glubokikh!, V. P. Golubyatnikov?

Nowosibirsk state university

1. ja.glubokikh@g.nsu.ru
2. vladimir.golubyatnikov1@fulbrightmail.org

Consider 3D dynamical system as a model of a gene network regulated
by negative feedbacks:

ot Yoty TForw)-- M)
Non-negative variables denote concentrations of the components, monoton-
ically decreasing two-step function L is defined here by

Lw)=2aif 0<w<a—¢; Lw)=aif a—e<w<a+e;

Lw)=0ifa+e<w<oo; a>1>e>0.

Let Q1 be a cube {a —e < x,y,z < a+ ¢}, and Q2 be non-convex union
of 6 blocks [a +¢e <x <2a] x[0<y<2a] x[0<z<a-—¢], respectively,
[a+¢;2a] x [0;a—e] X [0; 2a], [0;2a] X [0; a—e] X [a+¢; 2al, [0; a—e] x [0; 2a] X
[a+¢;2al, [0;a — €] X [a+¢€;2a] x [0;2a], and [0;2a] x [a + €;2a] x [0;a — €].

Following [I], we study nonlocal oscillations in the case (1).

Theorem. The cube Q1 contains a stable equilibrium of the system (1).
If 3¢ < a then the domain Qo contains nonlocal cycle of this system.

Previously, analogous nonlocal oscillations in modeling of molecular re-
pressilators were observed in higher-dimensional cases only, cf.[2].

The study was supported by a grant of Russian Science Foundation Ne23-
21-00019, https://rscf.ru/project /23-21-00019 /
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Mixed dynamics as a new type of chaos

S. V. Gonchenko!, D. V. Turaev?

1. Lobachevsky State University of Nizhny Novgorod, Russia;
sergey.gonchenko@mail.ru
2. Imperial College, London, UK; d.turaev@imperial.ac.uk

When it comes to dynamical chaos, one usually refers to one of its two
quite different forms, conservative and dissipative chaos. The aim of this
talk is to draw attention to yet another, third, form of chaos, the so-called
“mixed dynamics”. This type of chaos is characterized by principal insepara-
bility from each other in the phase space of attractors, repellers and conser-
vative elements of dynamics. The fact that, in the case of mixed dynamics,
attractors can intersect with repellers seems, at first glance, very strange
and contrary to the usual idea of dynamics. Nevertheless, in the recent work
with D. Turaev [I], we made some attempt to resolve this contradiction by
changing the concept of attractor, however, keeping its property of “being
closed invariant and stable set”. As a result, we found that if we consider
the stability under constantly acting perturbations (which is also called to-
tal stability), then the attractor of the system can intersect with its repeller.
Moreover, the closed invariant set along which they intersect, the so-called a
reversible core, itself neither attracts nor repels anything. It should be noted
that mixed dynamics are often observed in applications, relevant examples
will also be considered.

The work was supported by the RSciF-grant 19-11-00280.
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Multi-dimensional chaos in two-dimensional
endomorphisms

A. S. Gonchenko, N. V. Stankevich

HSE University, Nizhny Novgorod

We study chaotic behavior in two-dimensional endomorphisms [I]. In
this case chaotic attractor can have two positive Lyapunov exponents (so
called hyperchaos). Formation of hyperchoas in this case is associated with
appearence of snap-back repellers [2] and singular Shilnikov attractor [3].
In the work we present several examples of such attractors and discuss the
reflection of singular Shilnikov attractors occurrence with the spectrum of
Lyapunov exponents.

The work is supported by the Russian Science Foundation (Project No.
23-71-30008).
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O omdypkarusax o6paTuMoro ABOIHOIO
oTOOparkeHnu JHO

C. B. Tonuenxo!?, H. I". 3enennos!, K. A. Cadonos!?

1. Huoiceeopodcxuti 2ocydapecmeermnill yrusepcumem um. H.H.
Jlobavesckoz2o

B mokmiane paccmarpuBaercst orobpaxkenne T : R? — R? — szajammoe
yPpaBHEHUSIMU
M —x —q? M —j—z?

T r=—-—"" =
x b—ay Y

(1)

rme M,b nu o — mapaMmeTrphl, IIPU 3TOM « IMPUHUMAET MaJible 3HAUYEHUs 110
cpasuenuio ¢ M u b. Ilpu b # 0 n 10cTATOIHO MAJIOM (v TKOOMAH 0TOOparKe-
Hus 1" paBeH
Jr=tTot g, 8o
b—ay b—ay
u omymder oT 0 B JOCTATOYHO OOJIBITION 0bJIACTH.
OrmernM, uro orobpaxkenue T sBisercs o6paTUMbIM (yIOBIETBOPSIET

coorromenuio h o T o h = T~1) oTHOCHTEIBHO MHBOTOTIH
h: x—y, y—

Bousee Toro, orobpaxkenune T MOXKHO HPEJICTABUTHL B BUJIe KOMIO3UIMU 1 =
HohoH ' oh, rne H siBisleTcst 0600IIEHHBIM 0TOOPasKEHIEM DHO BIIA

H:Z=y, j=M—bx—y?+azxy.

Coruacuo pabore [1|, orobpakenne T BO3HHKAET B KaueCTBE OTOOPAZKEHUST
IIEPBOI'0 BO3BPAIIEHUSI B OKPECTHOCTU KBaPATHIHOIO T'OMOKJTUHUIECKOTO
KacaHUsl B CUMMETPUIHBIX 00paTuMbIX amnddeomopdnsmax.

[Tpu o = 0 orobpakenue T’ siBsieTcsi KOHCEPBATUBHBIM (sIKOOUAH 0TOO-
pazKeHUsl TOXKJIECTBEHHO paseH 1). B pabGore [2]| misi KOHCEPBATUBHOIO CJTy-
vast ObLIN U3y YeHbl OMdypPKAIUN HEIOJBUKHBIX TOUEK U TOUEK IEPHOIA JBa,
a Takke CUHTYJspHble Oudypkamuu npu mnepexose depe3 b = 0. Jlanras pa-
6ora sIBJIsIeTCsT IPOJIOJIKeHneM paboTel [2]. Mbl uzyunm 6udypkraiuu Hero-
JIBUKHBIX TOUYEK U TOYEK Iepuoja st orobpaskerust 1 ipu « # 0, a TakKe
U3y9IUM U3MEHEHWH JIMHAMUKUA OTOoOpakeHus 1’ 1pu 1epexoje depe3 CHHIY-
JISIpHBIE 3HAYEHUST [1aPaMEeTPOB.

Banaropapnaoctu. Pabora Boinosraena npu nojiepkke rpanta PHOD Ne 19-
11-00280.
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On two-dimensional diffeomorphisms with
transverse homoclinic orbits to nonhyperbolic fixed
points.

O. V. Gordeeva!, S. V. Gonchenko!"?

1. Mathematical Center of Lobachevsky State University, Nizhny Novgorod,
Russia
2. National Research University Higher School of Economics, Nizhny
Nowvgorod, Russia

Consider a C"-diffeomorphism fj satisfying conditions (A)—(C) below.

A) fo has a fixed point O with multipliers v; = 1,5 = A, where |A\| < 1.

It is well known that the restriction of fj onto the local (one-dimensional)
center manifold of O can be written either in the form

g=y+ Lyy" ™ +o(y"t),

where L, # 0, or in the form

g=y+o(y).

Then, as is usually defined, the non-hyperbolic point O has the degeneracy
of order n in the first case (and L, # 0 is called the Lyapunov value), and
it has the degeneracy of indefinite or infinite order in the second case.

B) The fixed point O has the degeneracy of order n > 1 and L,, > 0.

Conditions A)-B) mean that the point O has a saddle-node type for odd
n or a weak saddle type for even n (it is a nondegenerate saddle-node for
n = 1 and a nondegenerate weak saddle for n = 2). It is well known that two
local C"-smooth one-dimensional invariant manifolds, unstable and strong
stable, pass through the point O. We assume that these manifolds can be
extended to the global ones and

C) The global unstable W*" and strong stable W#*¢ manifolds of O inter-
sect transversally at the points of a homoclinic orbit I'y.

Take a sufficiently small neighbourhood U of the contour O U Ty that

can be viewed as a union of a neighbourhood Uy of the point O and a
finite number of small neighbourhoods (disks) of those points of T'y that do
not belong to Uy, see Fig.[1]

Denote by IV the set of all orbits of the diffeomorphism fj that lie entirely
in U. Let Blg be a subsystem of the topological Bernoulli scheme (shift) of
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Figure 1: A neighbourhood U of O UT in the case of transverse homoclinic orbit 'y to
a nonhyperbolic fixed point O of type (a) saddle-node and (b) weak saddle.

—

two symbols such that (i) B§ does not contain sequences in which there are
two adjacent symbols “1” and (ii) for any sequences from B”g, the length of
any full segment of symbols “0” is not less than k.

Theorem 1 Let fy be a two-dimensional diffeomorphism satisfying condi-
tions A)-C). Then there exists such k that the dynamical system f|n (re-
striction of f to N ) is topologically conjugate to BS.

This work was carried out in the framework of the grant 19-11-00280 of
the RSciF.
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YepHOBCKHTE AIITPOKCUMAITAN PEITIeHN S
napadboJITIecKoro ypaBHEeHNs C IepeMeHHbIMUI
KO3 PurmeHTaMu, 3aBUCIINIIMA OT BpEMEHN

A. T. Isanosa

Hayuonarvrwuid uccaedosamenvckutl ynusepcumem
«Boicwasn wxona sxonomurys

Paccemorpum 3amaay Koru

%u(t, x) = a(t, x)aa—;u(t, x) + b(t, x)%u(t, x) + c(t, x)u(t, ) (1)
u(0, ) = up,

rJle OrpaHUYeHHble I PABHOMEPHO HelpepbiBHbIe hyHKImN a: [0, +00) X R —
R, b: [0,400) x R — R, ¢: [0,+00) x R - R u ugp: R — R cunraorcs
M3BECTHBIMU IIapaMeTpaMu 3a1a4dn, a dyskius u: [0,+00) X R — R cun-
Taercst HemsBecTHOU. [lesb paboThl cocTouT B TOM, 4TOOBI BHIPA3UTH Yepe3
a, b, c 1 Uy CKOJIb YrOIHO TOUHBIE ammnpokcuMmaruu kK u. [Ipu mocrpoenun
9TUX AMMPOKCUMAIN OyIeT MCIOoIb30BaHa 0000IEHHasT TeopeMa depHoBa—
[Tnsameynnka 06 amIpPOKCUMAIINY IBOJIIOITUOHHBIX CEMENCTB, MO9TOMY TaKue
AINIPOKCUMAIINY HA3BIBAIOTCH Y€PHOBCKUMU AIMTPOKCUMAIUSIMU.

YepHOBCKHUE AINMPOKCUMAIINN K PEIeHUI0 HECKOJIBKO OoJjiee o0Imeil 3a-
naan Komm, wem , oL octpoenbl B 2013 roay B awmccepranun A.C.
[Tnsgmeunuka [I]. [Ipu srom A.C. Ilnsmeunuk ucnosb3osan dbyukiun HYep-
HOBa, HA OCHOBE MHTEI'PAJILHOIO OIEepPaTopa ¢ HECOOCTBEHHBIM HHTEIDAJIOM.
D10 menano anmporcumarnun A.C. TlasmedHuka TPYIHO BBIYUCIUMBIMA HA
MPaKTUKe, TAK KAK OHU COJIEPKAJIN KPATHbIe HeCOOCTBEHHbBIE NHTEI'PAJIBI IIPU
crpemsitieiica K beckoneunoctn KparHoctu. B mguccepramun . /1. Pemusosa
[2] B 2018 romy Gblam mpe/UIOKEHBI YEPHOBCKUE AINIPOKCUMAINI Ha OCHO-
Be olepaTopa CJIBUTA, He COojieprKalime HecOOCTBeHHbIX HHTerpaoB. OIHAKO
paccmotpennas U.JI. Pemuzosbim 3amada Komu ne comepkaia 3aBUCAIIAX
OT BpeMeH! KO3 DUITNEHTOB.

B nacrosimeit pabore Mbl CTPOUM YE€PHOBCKHUE AMMPOKCUMAIIUU K Perlie-
auto 3azaun (1)), copmemast upen A.C. ITnsmeunuka (103BOJIAIONIE YIECTh
3aBHCHMOCTh KO3 durmsnToB ot Bpemenn) u ugen WU.J1. Pemusosa (mosso-
JsroIe 060NTHCH 6€3 MHTErPAJIBHBIX OlIEPATOPOB).
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CIIUCOK JINTEPATYPBI

1]

2]

A.C. Tlnameunuk. Qopmysve Petinmana 0AA I60M0UUOHHBT Judpde-
DEHYUAAOHBLE YPAGHEHUT, 8MOP020 MOPAJKG € NEPEMEHHBIMU K0IPHU-
yuenmamu.// Juccepranust Ha COMCKAHUE YIEHOW CTEHEHU KaHIuIaTa
pUBUKO-MaTEMATHIECKUX HAYK, MEXAHUKO-MaTeMaTHIeCKUN (DaKyIbTeT

MT'Y, Mockga, 2013.

N.J1. Pemuzos. @opmyave Petinmana oas napabosuveckur dugdgepen-
YUAABHOLT Ypasherud u ucuucaernue gynrkyut deprosa.// ducceprarmst
Ha COMCKaHMe YIEHOI CTeleHN KaHIu1aTa (PU3NKO-MaTeMaTHIeCKuX Ha-
VK, MexaHuKo-maremarudeckuit paxyaprer MIY, Mocksa, 2017.
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On Lorenz type attractors in a three-dimensional
maps with Lorenz symmetry

A. Kazakov!, A. Murillo?, A. Vieiro?, K. Zaichikov'
1. National Research University Higher School of Economics

1. kazakovdz@Qyandex.ru
1. zaychikovkirill3@gmail.com
2. lamurillo@Qub.edu
2. lvieiroQub.edu

The Lorenz attractor is a strange attractor first found by E. Lorenz in
a system of three differential equations [I]. The theory of the Lorenz at-
tractor was laid down in the works of Afraimovich-Bykov-Shilnikov [2], [3].
According to this theory, Lorenz attractors can be pseudohyperbolic (each
trajectory on the attractor is unstable and this property persists under small
perturbations of the system). For the Lorenz system this was proved in [4].
The Lorenz attractor has a discrete analog, which was first found and inves-
tigated in [5]. In the work it was also suggested that such an attractor is
pseudohyperbolic, but numerical studies were carried out later. Note that
this attractor has zero second Lyapunov exponent, which makes it similar to
the flow case in some sense. In this talk we present new example of discrete
attractors of Lorenz type.

In this paper we obtain a discrete map by integrated the Lorenz system
by the implicit Euler method. With an increase in the integration step, a
new discrete Lorenz attractor was found, the second Lyapunov exponent of
which is clearly distinguished from zero. Thus, such an attractor has no flow
analogue. In addition, we show that this attractor is pseudohyperbolic.

In the same map we found an non-orientable discrete Lorenz attractor,
similar to the flow attractor in the Shimizu-Morioka system. The new at-
tractor is also pseudohyperbolic. A similar non-orientable discrete attractor
was also found in a new class of maps proposed by S. V. Gonchenko.

The work was supported by the RSF grant No. 19-71-10048.

[1] Lorenz E. N. Deterministic nonperiodic flow //Journal of atmospheric
sciences. — 1963. — T. 20. — Ne. 2. — C. 130-141.

[2] Afraimovich V. S., Bykov V. V., Shilnikov L. P. On the origin and
structure of the Lorenz attractor //Akademiia Nauk SSSR Doklady. —
1977. — T. 234. — C. 336-339.
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[3] Afraimovich V. S.; Bykov V. V.| Shilnikov L. P. Attractive nonrough
limit sets of Lorenz-attractor type //Trudy Moskovskoe Matematich-
eskoe Obshchestvo. — 1982. — T. 44. — C. 150-212.

[4] Tucker, W., 1999. The Lorenz attractor exists. Comptes Rendus de
I’Académie des Sciences-Series I-Mathematics, 328(12), pp.1197-1202.

[5] Gonchenko S. V., Ovsyannilov I. I, Simo C., Turaev D. Three-
dimensional Hénon-like maps and wild Lorenz-like attractors // Inter-
national Journal of Bifurcation and Chaos. — 2005. — T. 15. — Ne. 11.
— C. 3493-3508.
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Topological invariants of Pseudo-Euclidean analogs
of integrable systems

V. A. Kibkalo'?

1. Lomonosov Moscow State University
2. Moscow Center for Fundamental and Applied Mathematics

A .Borisov and I.Mamaev suggested [1] the following procedure to con-
struct another real integrable systems on Lie algebras starting from well-
known mechanical systems and their analogs on Lie algebras so(3,1), so(4).

Integrable system with polynomial integrals of even degree on x1, 2, J1, Jo
is determined on phase space R®(.Jy,J2, J3, 1, 22, 23). The following linear
transformation preserve it to be real and integrable:

x1—>i-x1, x2—>i-x2, J1—>’i-J1, J2—>i~J2.

Such Poisson bracket corresponds to the one in a pseudo-Euclidean space.
Topology of Liouville foliation of obtained systems differs from the one of
initial systems. In our talk we will discuss singularities of this such foliations
of several well-known integrable systems (including Euler top, its analogs on
so(4) and so(3,1) and Kovalevskaya top)

The work is supported by Russian Science Foundation, N 22-71-00111.

[1] A.V.Borisov and I. S. Mamaev, “Rigid body dynamics in non-Euclidean
spaces’, Russ. J. Math. Phys. 23:4 (2016), 431-454.

[2] A. V. Bolsinov and A. T. Fomenko, Integrable Hamiltonian systems.
Geometry, topology, classification, Izhevsk 1999.

[3] V. A. Kibkalo, “First Appelrot class of pseudo-Euclidean Kovalevskaya
system” // Chebyshevskii Sbornik, 24:1 (2023), 69-88.
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XaycaopdoBa pa3MepHOCTb Mep HECTPOTO
SProANYHbIX MEePEKJIAIbIBAHUN OTPE3KOB

A. H. KoGzes

HGUUOHG./L'IJH?)UJ uceaedosamenverull YyHuseEPCUMEM «Buicwan wrxona
IKOHOMUKU»

OHUM 13 BO3MOXKHBIX 0DODIIEHHUI TOBOPOTA ABJISIETCSI IIEPEKJIAIbIBAHIE
orpe3koB. llepekmaabiBaHns OTPE3KOB BO3HUKAIOT KaK OTOOParKeHUs Iep-
BOT'O BO3BpAIIIEHUsI HA TPAHCBEPCAJIb B CJIydae OPUEHTHPYEMOT'O U3MEPUMOTr0
CJIOCHUS HA OPUEHTUPYEMOI TIOBEPXHOCTH UJIU, HAIIPUMEDP, KaK 0TOOparkeHne
[IEpPBOTO BO3BpAIIeHUs Ha TPaHCBEPCA/Ib I OUIbAPIHOIO ITOTOKA B PAIIO-
HaJIbHOM MHOTOYTOJIbHUKE.

M. Kun chopmysmpoBaJI TUIIOTE3y, KOTOpasi B JajbHeilreM Obljia He3aBU-
cuMo JokazaHa X. Mazypom u B. Buuem, 4To mouTn Bce mepekJiaibIBaHUs
OTPE3KOB SIBJISIIOTCST CTPOTO SPTOANTHBIMI.

Creayionum maroM 1o u3yYeHuIo epeKJIaIbIBaHIi OTPE3KOB CTaJI0 [IOCTPO-
eHUe HECTPOro 3ProAudHbIX HpuMepoB. OJIUH U3 IEPBLIX IPUMEPOB IIepe-
KJIAJIBIBAHWI OTPE3KOB, JOIYCKAIOIUiA OoJjiee OAHOM Mepbl, ObLI TocTpoeH M.
Kunom. B manpreiimem /1. Yaiika mosryaua omnenku xaycaopdoBoil pazMep-
HOCTH WHBApUAHTHBIX Mep u3 npumMepa M. Kuna.

B cBoém moksajsie st pacckayKy O HECTPOTO SPrOJAUIHBIX MPUMEPAX IePeKIa-
JBIBAHUN OTPE3KOB M O METO/AaX IOJIYIeHHsI OIeHKN XaycaopdoBoil pasmep-
HOCTHU Mep TaKHUX IepeKJIaIbIBaHUII.

[1] M. Keane, "Interval exchange transformations Math. Z. 141 (1975).

[2] J. Chaika, "Hausdorff dimension for ergodic measures of interval
exchange transformations". (2008).
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MNuBapuaHTHOCTh CTaHAAPTHON (pUIbTpanum
HeaJIbTepHUPYIoNieii raMuJIbTOHOBOI aareops! JIn

A. B. Kongparbesa

Huotcezopodcxuti 20cydapemeennviti yrusepcumem um. H.U. Jlobawesckozo

[lycts £ — duabTpoBanHasi ajredbpa, e€ acCOIMUPOBAHHAS TPaLyHPO-
BaHHas ajrebpa Jlu siBjseTcs HeaJbTEPHUPYIOIIEH raMUJILTOHOBON ajired-
poit JIu, coorBercTByIOIIEil pOpMe wy C HMOCTOSHHBIMU KO3 PUITUEHTAMU,
&% — dunar npocrpanuctBa E, %: FE = FEy 2 E1 DO ... D E. D FEp1 =0,
E" — npocTpaHCTBO M30TPOIHBIX BEKTOPOB OTHOCHTEIBHO (GOpMBI Wy Ha F
aBoiicTBeHHO# popme wy. IIpu sTOM Tpeamoaraem, ITo

n >4, unnm
n=4wu E; ¢ E° wm
n=32uk=F

BBeéM MHOKECTBO
N(L) ={D € £ | (ad D)(ad D’) nunbnorenren st moboro D' € £}

Teopema. IlycTh BLIIOJIHEHBI YKa3aHHBIE YCI0BUA. Torma 4 sABJsieTcs
€IMHCTBEHHO ITOAa/Iredpoil HAnMEHbIIel KOPa3MEPHOCTH CPEIN BCEX ITOIAJ-
rebp anrebper Jlu %, comepxkanmx N(L), HO HE CONEPKAIMUX HEHYJIEBBIX
njeaoB areopol .. B wacrtnocru, %) — unBapuanTHag 1ogaarebpa B £ .

Jlns anprepHUpYONUX (DOPM aHAJIOTMIHAST TeopeMa jokazana CKpsiOu-
ubim [1].

Pabora Boinosnnena npu ¢puHAHCOBON HoaaepKKe Munucrepcrsa o6paso-
BaHus u Hayku Poccuiickoit ®eneparuu, npoekt FSWR-2023-0034.

[1] Cxpsibun C. M. (2015). ®opmbl anrebp JIn KapTaHOBCKOrO THIIA.

Lambert Academic Publishing. ISBN-13: 978-3-659-76486-8, ISBN-10:
3659764868.
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On topological obstructions to the existence of
non-periodic Wannier bases

Yu. A. Kordyukov

Institute of Mathematics, Ufa Federal Research Centre, Russian Academy
of Sciences, 112 Chernyshevsky str., 450008 Ufa, Russia

Let X be a proper metric measure space, that is, X is a set, which is
equipped with a metric d and a measure m defined on the Borel o-algebra
defined by the topology on X induced by the metric, and all balls are com-
pact. We say that a discrete subspace D C X is uniformly discrete, if
infy hep g2n d(g,h) > 0, and has bounded geometry, if, for any R > 0, the
number of points of D in each ball of radius R is uniformly bounded.

We will discuss the following question:

Question. Given a subspace H C L%(X), does it admit a D-compactly
supported Wannier basis, that is, an orthonormal basis {¢, : * € D} in H
such that supp ¢, C Bgr(x) for any € D, where R > 0 is independent of z
and Bg(z) denotes the ball of radius R centered at z?

The answer is, in general, negative. If X has bounded geometry, then the
obstruction is given by the class [pg] € Ko(C*(X)) of the orthogonal pro-
jection py of L?(X) onto H in the K-theory of the Roe C*-algebra C*(X).
Here a metric space X has bounded geometry if there exists » > 0 such that
for any R > 0 there exists a natural N such that any ball of radius R can
be covered by not more than N balls of radius 7.

Under the assumption of polynomial growth of X, the case of Wannier
functions of rapid decay can be reduced to the case of compactly supported
ones.

This is joint work with V. Manuilov
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Scenario of mildly stable transition from a
structurally stable 3-diffeomorphism with a
two-dimensional expanding attractor to a
hyperbolic automorphism

E. V. Kruglov?, V. Z. Grines!, O. V. Pochinka!

1. National Research University Higher School of Economics,
B.Pecherskaya street, 25/12, Nizhny Novgorod 603150, Russia
2. Lobachevsky State University of Nizhny Novgorod, Gagarin Avenue, 23,
Nizhny Novgorod 603950, Russia

We consider A-diffeomorphisms f defined on the closed 3-dimensional
manifold M?3. By virtue of the Smale spectral theorem the non-wandering set
of this diffeomorphism consists of finite many of basic sets.

Let fo: m(T3) — m(T3) is the isomorphism induced by the diffeomor-
phism f. If the dimension of the basic set equals 3 (dim A = 3) then from
the results of Franks (1970) and Newhouse (1970) A = M3 = T3 and f, is

ailr @12 a13
defined by the unimodular matrix Ay € GL(3,Z) Ay = | a21 az a3

asy asz ag3
and f is topologically conjugate to the algebraic automorphism ﬁf; T3 —
T3,

Ap(x,y, 2) = (an1z+a1py+aizz, ag1v+azy+aizz, az1r+azey+aszzz) (mod 1).

Let dim A = 2. Then it follows from Plykin’s results (1971) that A is the at-
tractor (or repeller). It means that A has closed neighbourhood Uy C M3
and f(Up) C intUyx, () fE(UA) = A (f7H(Ur) C intUx, () f7F(UA) =
keN keEN
A). A= | W*x) (A= |J W?*(x)) in this case and
zEA x€EA
o if dimW"(z) = 2 (dimW?(x) = 2) then the attractor (repeller) A
is named expanding (contracting) and has the structure the direct
product of the Cantor set to the 2-disc;

o if dim W"(x) =1 (dim W#(z) = 1) then it follows from results of Grines,
Medvedev, Zhuzhoma (2005) and Brown (2010) that every connectivity
component of the the attractor (repeller) A is homeomorphic to 2-torus.
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We consider the class G of the structurally sable 3-diffeomorphisms such
that their non-wandering set contains 2-dimensional expanding attractor A.
It follows from results of Grines and Zhuzhoma (2002, 2005) that another
basic sets of any diffeomorphism f € G are trivial and the manifold M3
is diffeomorphic to 3-torus 73. In 1979 Grines and Zhuzhoma proved that
for any f € G the induced isomorphism f.: m(T3) — 71 (T3) is defined
by the unimodular matrix Ay.

We discuss next result in this report.

Theorem. For any diffeomorphism f € G there is a mildly stable arc
&: T3 — T3 t €[0,1] which connects & = f with the hyperbolic automor-
phism & = A i

Acknowledgments. This work was supported by the Russian Science
Foundation (project no. 23-71-30008)
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Knaccudukaiyss HeaabTepHUPYIONTAX
raMuJIbTOHOBBIX aJjredop JIu

M. 1. Kysuemnos

Huoicezopodcxuti 2ocydapemeennoit ynusepcumem um. H.H. Jlobawesckrozo

Hekitaccu1aeckue mpoctoie ajirebpbl JIu Haj| 1MOIsgMU XapaKTePUCTHKH
p > 3 UMEIT reoOMEeTPUYIECKOe IMPOUCXOXKIEHNe, KaK aHajoru ajredp Jlu
BEKTODPHBIX IT0JICH, COOTBETCTBYIOMUX Tcepaorpynmam Kaprana (obmast as-
rebpa Jlu, crenuasibaasi, raMUJIBTOHOBA, KOHTaKTHast aiarebpsl JIn). [IpocTsie
HCKIIOUYNTEIbHBIE aaredpsl JIlu xapakrepucTuku 5, — aareOpbl MennksHa, —
TaKKe OIMUCHIBAIOTCS B N€OMETPUICCKIX TepMuHax. Heasibrepaupyomue ra-
MUJIBTOHOBBI aJIre0phl JIu XapakKTepucTuKu 2 sIBJISTFOTCSI AHAJIOINOM TaMUJIb-
TOHOBBIX cynepasiredp Jlu. [Ipocreiinuit Kacc HeaJIbTEePHUPYIONUX TAMUIb-
TOHOBBIX ajredp JIu, cooTBeTcTByIOMNIT cuMMeTpudeckoit ckobke Ilyacco-
va {f,g} = > 0;f0;g na anrebpe pasznenéHHBIX cTerneHeil (aHamor aared-
Pl QYHKIINN OT HEYETHBIX [TEPEMEHHBIX B TEPMUHOJIOTUU CyIIepajredp, T.e.
BHerHeill anrebpsl) 661 ocrpoed L. Lin [I. 'pynma /1. Jleitreca nccienosa-
Jia, HECKOJIBKO 0O0JIee MMUPOKUI KJIaCC IPalyupOBAHHBIX HEAJIbTEPHUPYIOIINX
raMIJIBTOHOBBIX ajredp JIu, aHaJOrnYHbIX TaMUJIBTOHOBBIM CylepaJirebpam
JIu, korga ectsb uérHble n HeuérHble nepementsie ([2, [3]). lian uccienosa-
Husi o0IUX HeasbTepHupyomux ajaredp Jlu obwt onybsmkoBan B 2016 romy
rpynmnoit maremarukos (M.U. Kysuenos, A.B. Konaparsesa, H.I. He6ouko
[4]). IIpesBapuresbHbIil BApHAHT NEPBLIX PE3YJIbTATOB M3JI0KeH B 5.

K nacrosimemy BpemeHu B 00IIEM CJIydae MoJIy dYeHa KiraccuuKalus Healb-
TEPHUPYOMNX TAMUJIBTOHOBBIX (POPM OTHOCUTEJIBHO 3aMEH IIEPeMEeHHBIX, CO-
riacoBaHHbIX ¢ HeKoTopbiM dutarom (Kounparsesa [6], Kongparsesa, Kysue-
1108 [7]), Haii/IleHbI BCe IPOCTBIE HEaIbTEPHUPYIOIIHE FAMUJIBTOHOBBI aJIrebphl
JIn u ux pasmepnoctu (pesynsrar A.B. Kongparwesoii, cm. [7]). C momorsio
TeopeM BJIOXKEHUST Hall/IeHbl (PUIBTPOBAHHbBIE TehOpMAINK IPAJLy UPOBAHHBIX
HeasbTepHuUpyomux aarebp Jlu, nx aBromopdusmor u nuddepeHInpoBaHns
(A.B. Konaparsesa, M.I. Ky3suenos). 3/1ech KJI09eBYIO POJIb UI'PAET TEOPE-
Ma KoHapaTheBoit 06 MHBAPMAHTHOCTHU CTAHIAPTHON MaKCHMAJIBLHON MTOIAJ-
rebpol. oksa s Oyner mOCBSAIIEH U3JI0KEHUIO ITUX PE3YIbTATOB.

Knaccudukanus HeasbTepHIPYIONIUX TAMUIBTOHOBBIX aJIredp Moy IeHa
nipu (unancoBoil nomuepkke Munucrepcrsa obpaszoBanus u Hayku Poccuii-
ckoit @enepannn, npoekt FSWR-2023-0034.

[1] Lin Lei (1993). Non-alternating hamiltonian algebra P(n,m) of
characteristic two. Communications in Algebra. V.21(2). P.399-411.
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2]

3]

4]

[5]

[6]

7]

Lebedev A. (2010). Analog of ortogonal, Hamiltonian, Poisson and
contact Lie superalgebras in characteristic 2. Nonlin. Math. Phys.
V.17(1). P.399-411.

Bouarrouj S., Grozman P., Lebedev A., Leites D. (2010). Divided
power (co)homology. Presentation of simple finite dimensional modular

superalgebras with Cartan matrix. Homology, Homotopy Appl. V.12(1).
P.237-248.

Kysuenos M. 1., Konaparsesa A. B., He6ouko H. I'. (2016). O ramuib-
ToHOBBbIX asrebpax Jlu xapakrepucruku 2. Marem. xypnas. T.16(2).

C.54-65.

Kuznetsov M.I., Kondrateva A.V., Chebochko N.G. (2018) Non-
alternating Hamiltonian Lie algebras in characteristic 2. I. URL:
http://arxiv.org/abs/1812.11213 (apxus).

Kondrateva A. V. (2021). Non-alternating Hamiltonian Lie algebras in
three variables. Lobachevskii Journal of Mathematics. V.42(12). P.2841-
2853.

Konnparsesa A. B., Kysueros M. U. (2023). Heanprepaupyiormmue ra-
MUJILTOHOBBI (POPMBI HaJl, aJrebpoii pasie/IeHHbIX CTeIeHeil B XapaKTe-
puctuke 2. 13s. Bysos. Marem. T.6. C.95-100.
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Gradient-like diffeomorphisms
and periodic vector fields

V. Z. Grines, L. M. Lerman

HSE University

This is our last paper with Slava. It has just been published [I]. We have
never written joint papers earlier 2022, though were going several times. It
was my initiative to collaborate, it was inspired when I have heard several
Slava’s talks on different conferences, where he discussed complications with
Morse-Smale diffeomorphisms, when they are three-dimensional ones. This
was connected with his understanding that in 3-dimensional diffeomorphisms
wild embeddings of separatrices, both one-dimensional and two-dimensional,
are possible. Then I have thought: is it possible to find such phenomena in
non-autonomous vector fields? I decided to return to my old research on
non-autonomous dynamics since I had old debts there, not completed in the
beginning of my scientific carrier. New questions are a good opportunity to
begin.

In this paper we discussed the interrelations between gradient-like non-
autonomous vector fields and gradient-like diffeomorphisms. The main ques-
tions are as follows. Consider a class of gradient-like non-autonomous vector
fields (NVFs) on a smooth closed manifold M, then the following problems
are arisen: 1) can a gradient-like NVF be constructed by means of the non-
autonomous suspension over a diffeomorphism of this manifold, and if so,
then under what conditions on the diffeomorphism? 2) let a diffeomorphism
f: M — M be gradient-like (the definition will be given in the talk) and
diffeotopic to the identity map ¢dys, when the NVF obtained by means of the
non-autonomous suspension over f be gradient-like itself? We have found
necessary and sufficient conditions for this. All these questions arise, when
studying NVFs on M admitting the uniform classification and a description
via combinatorial type invariants.

The construction of the non-autonomous suspension over a diffeomor-
phism of a smooth closed manifold M was invented by Lerman and Vain-
shtein in seventies of the last century to construct non-autonomous vector
fields on M. It appears that it is not always lead to an non-autonomous
vector field, this depends on the diffeomorphism.

Theorem 1. Suppose for some n € N diffeomorphism " : M — M is
diffeotopic to i¢dy;. Then
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1. the manifold Myn is leaf-wise diffeomorphic to M x St

2. there exists a periodic vector field v on M which reproduces the struc-
ture of f.

Now suppose f : M — M be some diffeomorphism being gradient-like.
Such diffeomorphism have, as the non-wandering set, finitely many hyper-
bolic periodic points of different indices (dimensions of its unstable manifold)
and these manifolds for different periodic points intersect each other trans-
versely. A connected component of such intersection is a submanifold which
can be compact or noncompact.

Theorem 2. Let f: M — M be a diffeotopic to the identity gradient-
like diffeomorphism f of a smooth three-dimensional closed manifold M.
Then a gradient-like NVF on M, reproducing the structure of f, exists if
and only if the intersection of any stable and unstable manifolds of different
periodic points for f has no compact connected components.

This work was supported by the grant 22-11-00027 of the Russian Science
Foundation.

[1] V.Z. Grines, L.M. Lerman, Gradient-like diffeomorphisms and periodic
vector fields, Moscow Math. Journal, v.23 (2023), No.4, 533-544.
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O roMOKJIMHUYECKUX TOYKAX HENPEPBIBHBIX
oTobOpakeHunii Ha OJHOMEPHBIX Pa3BETBJIEHHBIX
KOHTUHYYyMaXx

E. H. Maxposa

Havyuonarvroti uccaedosamenvcruti Huotcezopodekuti eocydapemeeruiil
ynusepcumem um. H.U. Jlobauescrozo

B nacrosiee Bpemst Hab/II01a€TCsI HMHTEHCUBHOE Pa3BUTHE TEOPUU JINHA-
MUYECKHAX CHCTEM Ha OJHOMEPHBIX Pa3BETBJIEHHBIX KOHTHHYyMaX. DTO CBs-
3aHO C T€M, YTO OJHOMEDPHbIE PA3BETBJIEHHBIE KOHTHHYYMBI IIOSIBJISIIOTCS, Ha-
puMep, Kak MHOKecTBa 2KI0jI1a B KOMIIEKCHBIX JTUHAMAYECKHX CHCTEMAaX
[1], kax w-npeesbHbIE MHOXKECTBA B IMHAMUYECKUX CHCTEMAaX Pa3MEPHOCTH
> 1 2], [3], xak r06asbHBIl arTpakTop Kocoro npoussepenus [4], [5], B
zajauax mMaremaruydeckoii dusuku [6], [7] u ap.

[Iycts X — ognomepubiit koutuuyyM, f : X — X — HempepbisHoe 0ToOpa-
JKeHHe, a p — IepHoJInvIecKas Touka oToopazkenus: f B X, U IIyCTb CyIIeCTBYET
IOMOKJ/IMHIYeCKasl TouKa T B X K IIepUONIecKoii Touke p. B nokiaie n3yqa-
IOTCSI CBOMCTBA TOMOKJIMHUYIECKOW TOYKHU I W HEYCTOWIMBOTO MHOI00Opa3Mst
LIepUOJIYecKOil Touku p. Vccieyercs JIOKaJIbHAsT CTPYKTYPa OJHOMEDPHOI'O
KOHTHHYYMa, IIPH KOTOPOIi OIIpe ieIeHust FTOMOKINHIYecKoil Toukn 1o A. ITy-
ankape [8] u no JI. Bioioky [9] sksuBasenTHbl. B pabore Takxke npuBosATCs
pas/nyus B CBOHCTBAX M'OMOKIMHHIECKIX TOUEK U HEYCTONYNBOI'O MHOI'000-
pasus MepUoJINIeCKUX TOUYEK JJIs HEIPEPLIBHBIX OTOOparKeHuil, 3a JaHHBbIX
Ha JIEH/IPON/IAX, JIEH/IDUTAX U KOHEUHBIX JIEPEBbSIX.

VccneoBanue BBIIOJHEHO 33 c4eT rpanTa Poccuiickoro Hay4anoro dhonaa
Ne24-21-00242, https:/ /rscf.ru/project/24-21-00242/
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Two-sided estimates of the critical radii of linear
compact irreducible Lie groups

M. V. Meshcherykov

HSE University

According to H. Federer [1], the critical radius of a subset X of the metric
space (M,d) is the largest positive number 7(X) having the property that
every point € M with d(z, X)) < 7(X) has a unique point a € X closest to
it. The number 7(X) is a metric invariant of a subset X, characterizing the
external geometry of the arrangement of parts of X in the ambient space M.
The purpose of our communication is to present a number of results on lower
and upper estimates for the critical radii of a special class of submanifolds
of the space of matrices Mat(n, F') over the field F either real numbers or
complex numbers. Mat(n, F) is assumed to be equipped with a Euclidean
metric given by the following scalar product < A, B >= TrAB*, where
A, B € Mat(n, F), Bx is the conjugate matrix and T'r is the trace function on
Mat(n, F). In addition, as a set X we will consider linear compact irreducible
subgroups G C Mat(n, F'). Due to compactness, these subgroups turn out
to be embedded submanifolds of the matrix space.

Theorem 1. The critical radii of the classical compact matrix groups
O(n) and U(n) standard embedded in the space Mat(n, F), endowed with an
FEuclidean metric that is invariant with respect to left and right multiplications
by elements of these groups are equal to 1.

For a linear connected compact irreducible subgroups G C Mat(n, F') the
exact values of their critical radii 7(G) are apparently unknown. Neverthe-
less, it is possible to estimate the value of 7(G) from above and below. Since
G C O(n) or G C U(n), then by Theorem 1 it is clear that 7(G) > 1. Upper
bounds for the critical radii 7(G) can be obtained based on upper bounds for
the sectional curvature K, biinvariant Riemannian metric on group G, in-
duced from the Euclidean metric < A, B >= TrAB* of the ambient matrix
space Mat(n, F).

Theorem 2. Let G be a connected compact simple group and py :
G — Mat(n, F) its linear irreducible representation of real or complex type,
given by the highest vector . Then the following inequality is true

T(pA(G)) < 1/ Ko (z,y),
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where Ky (x,y) is the curvature along the two-dimensional subspace gener-
ated by a pair of unit orthogonal elements x,y of the algebra Lie g group G
belonging to the some main three-dimensional simple subalgebra sug algebras
g. Moreover, K,(x,y) is calculated explicitly through the Dynkin index of
the representation py and dual Coxeter number of group G.

Note that the proof of Theorem 1 is based on the theory of invariants
of linear action of groups O(n) or U(n) by left and right shifts on the cor-
responding matrix space. On the other hand proof of Theorem 2 is based
on the following inequality max Ko < 1/(7(X))? between the critical ra-
dius 7(X) of the submanifold X C N and the maximum of its sectional
curvature Ko (x,y), which is a consequence of the Gauss equation of the sub-
manifold X known in Riemannian geometry and the estimate norm of the
second quadratic from [2]|. In addition, we use the results of [3] or [4] on the
explicit calculation of the critical values of the sectional curvature function
of a biinvariant Riemannian metric on the group G.

The work was supported by RSF, grant No. 22-11-00027.
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JInHaMuKa CUIbHO HEeJIMHEWHBIX (BUOPOYIAPHBIX)
CHCTEM CO CJIyJaiiHO M3MEHSAIONMMUCS
nmapaMeTpamMu

T. M. MurpsikoBa, B. C. Merpukun

HHTY um. H.U. Jlobauesckozo

UccenoBanmio MHAMUKE CUJIBHO HEJIMHEHHBIX (BUOPOY/IAPHBIX) CUCTEM
MTOCBSIIIEHO DOJIBIIOE KOJNYIECTBO SKCIEPUMEHTAJBHBIX U TEOPETUIECKUX Pa-
6ot. IlpnioxkeHnss TakKUX CHCTEM HAXOIAT HEIOCPEICTBEHHOE INIPUMEHEHNE
KaK BO MHOTHX OTPAC/ISIX IIPOMBIIIJIEHHOCTH W HAPOJHOM XO3sIiCTBe (CTpOu-
TEJIBCTBO PA3JIUIHBIX O0BEKTOB I'PaXKIAHCKOTO HA3HAYEHUSA, MEIUIIMHA, BO-
€HHOE CTPOUTEJILCTBO), TaK U B COBDEMEHHBIX HAIIPABJIEHUAX HAYKH U TEXHU-
KU (KalcyjabHas MeJUINHA, HAHOTEXHOJIOrun). B momasssiionieM GOIbITIH-
CTBE 33124 JIJI ONMUCAHUs HEITOCPEJICTBEHHO YJIAPHOTO B3aUMOJEHCTBUS HC-
MOJIb3yeTCst KOHIEMns HbI0TOHA O MPOITOPIIMOHAIBLHON 3aBUCUMOCTH MEXK-
JIy OTHOCUTEJIbHBIMHU JOYJApPHBIMUA U IOCJIEYIAPHBIMUA CKOPOCTSIMHU IIOCTY-
aTe/jbHO ABIXKyIuXcs Tesl. [Ipuaumaercs, 910 K03MDUIUEHT TPOIOPIIN-
oHaJIbHOCTH R, Ha3bIBaeMblil KO3 (OUIIMEHTOM BOCCTAHOBJIEHHUSI, 3aBUCAT OT
CBOMCTB yIAPSIONINXCA TE U He 3aBUCUT OT CKOPOCTHU COYJIAPEHUST U SBJISI€T-
CsI IOCTOSTHHOM BeJIMINHOM, n3MensmoIeiics B npegenax 0 < R < 1. Ipyrumn
CJIOBaMU, DOJIBIITUHCTBO PE3YJ/IBTATOB UCC/IEIOBAHUS CUILHO HEJIMHEHHBIX CH-
CTeM cojepxKaT JIeTeEPMUHIPOBAHHYIO IOCTAHOBKY.

B nacrosieit pabore uccienyercs TUHAMIKA BHOPOYIaPHOTO MEXaHU3Ma
COCTOSIIEr0 U3 Macchl M, Ha KOTOPYIO JeHCTBYET BHEITHSIS TEePUOIMIecKast
cuna Fsinwt u cuia simaeiinoro tpeans —ha. Cama Macca coBepliraeT KoJie-
baTelbHBIE IBUXKEHHUS IO CTOMKAaM, MPUKPEILIEHHBLIM K OCHOBAHMIO 0oOpaba-
THIBAEMOIO MaTepuaJia. B jajibHeiinem OyeM penoarars: 1) auccumnanust
SHEPTUH IIPOUCKOIUT Yepe3 yJAapbl U IPU ydeTe CUI TPEHUsT; 2) yaap IMPOHCc-
XOJIUT MI'HOBEHHO C KO3 PUIIMEHTOM BOCCTAHOBJIEHUsI CKOPOCTH R, N3MeHsI-
fonMest B pegiesiax 0 < R < 1; 3) cMmeleHne orpaHuyauTe s He IIPHHIMAeT-
¢ BO BHHMaHMe. B MaTeMaTwdecKoil MOIEIN JUHAMUKHA PacCMaTPUBAEMOTO
MEXaHU3Ma MPEJII0/IaraeTcst, YT0 KOI(POUIIMEHT BOCCTAHOBICHUS M3MEHSIET-
¢S OT yJapa K yaapy CIydailHbIM 00pa30M C HYJIEBBIM CPEIHUM 3HAUEHUEM U
Jcriepeneit oTmaHoi 0T HyJist. CilyJaiiHble OTKJIOHEHUST [TapaMeTPOB MOT'YT
OBITH KakK JeJIbTa-, TaK U HEeJIeIbTa-KOPPETUPOBAHEI.

[Ipu coenaHHBIX TpeaNONOXKeHUAX nuddepeHIuaabHoe ypaBHEHNE CH-
CTEMBI B IIPOMEXKYTKe MexXiy yaapamu (z > 0) sanumytcs B Bume: MT +
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hit = P + F'sinwt, rme * — koopauHaTa Maccbl M, P — mocTostHHAsT Cha,
JieficTBYIOIasT Ha yiapHyio Maccy M, mpudeM, Boobire rosopst, P # mg, h —
ko3 duriment Tperus, F, w — aMIUIUTYIa U IaCTOTA BLIHYKJIAIONIENH CUJIbI.

I[Ipu x = 0, £ < 0 npoucxomuT Heyupyruii ygap ¢ xoahduimenTom
BOCCTAHOBJIEHUSI CKOPOCTU R, ONMUCHIBAIOIIMIACS C UCIIOJIb30BAHNEM TUITOTE3BI
Hoiotona 27 = —Ri™, riae 27, 27 — noyjapHas n nocjeyiapHas CKOpOCTI
MEXaHU3MA.

2
BBoms 6espaszmeproe Bpems T = wt u KoopauHaTy £ = M;’ L ypaBHeHUHe

CUCTEMBI [IEPEIUIIETCS B BUIE: é+ ﬁf = % +sinT,§ > 0, f*‘ = —Ré‘,f =
0,6~ <0.

B macrosmeit pabore pazpaboTana UNC/IEHHO-AHAJIUTHIECKAS TEXHOJIO-
I'Usi HA OCHOBE METO/Ia TOUYEUHBIX 0TOOparkeHuit mosepxHocreit [lyankape Ha-
XOXKJIEHUSI CTATUCTHIECKNX XapaKTEPUCTUK IOCTEyIapHON CKOPOCTHA U Bpe-
MEHH yZapoB. BBeneHO MOHATHE CTOXACTHYECKON YCTOWYIMBOCTH W IIPOBE-
JIEH YUCJIEHHBIN KCIEPUMEHT BBIUYHUCJIEHUS CPETHEKBAIPATUIHBIX OTKJIOHE-
HUW CKOPOCTH U BPEMEH YJ/IaPOB. 3aMeTUM, 4TO (ra30BOE IIPOCTPAHCTBO PAC-
cMaTpuBaeMoil cucrtembl B kKoopauHaTtax & ,f , T Tpexmepno. UcciaemoBanue
JIMTHAMUKA JIAHHON CHUCTEMBI MOXKHO ITPOBECTH C ITOMOIIHIO TOYEYHOT'O OTOO-
pakenust miaockoctu €& = 0 B cebsi, KOTOpPOe B OKPECTHOCTU YCTOUIHBOIO
[IEPUOJINYECKOr0 JIBM2KEHUSI MOYKHO JIMHEAPU30BaTh. Pe3ysbraroM JuHeapu-
3aIuU sBJISIETCS CUCTEMa YPAaBHEHUN B KOHEYHBIX PA3HOCTIX OTHOCUTEIHHO
OTKJIOHEHWUIT TIOC/IEYAAPHON CKOPOCTHU, BPEMEHU yAapa u KOIPDUIMeHTa BOC-
CTAHOBJIEHUsI CKOPOCTU. B paboTe NpuBeeHbl TOYHBIE COOTHOIICHUS Pellie-
HUM Pa3HOCTHDLIX YPABHEHUN B 3aBUCHUMOCTHU OT BBIOOpa (POPMBI CJIyIailHbIX
u3MeHeHuil KoahduiimenTa BOCCTAHOBICHUS CKOPOCTH IpuU yjape. B npesio-
JIOXKCHUU, 9TO CJIyUaiiHbie n3MeHeHus R J1e/bTa-KOPPEIUPOBAHDI, IOy I€HbI
BBIPaXKeHUS JJIsl CPeTHEKBAIPATIHIHBIX OTKJIOHEHNN. Bojee Toro, mpuBoanT-
Cs YTOYHEHHBIN BUJ CTOXACTUIECKOHN YCTOWYMBOCTUA BUOPOYIAPHBIX CUCTEM,
€ TIOMOIIIBI0 KOTOPOT'O BO3MOYKHO OIIPENIEINTh, B YACTHOCTH, AHAJIOT OITACHBIX
1 GE30MACHBIX PAHMUII CTOXACTUYECKON ycroitamBoctu. [Ipusenensr pacuer-
HBIe JTaHHBlE MOBEJIEHNS MAKCHMAaJbHBIX CKOPOCTEelNl IpH yhape B IpoIiecce
00paboTKu MaTepuala.
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// VI3Bectust BhICINX yueOHbIX 3aBejenuii, Paanodusuka, T. 10, Ne. 7,
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[4] Canexor P.X. K Bompocy o duykryanusix B KyCOUHO-THHEHHBIX aBTO-
KostebaTeIbHbIX cucreMax // V3Bectusi BhICIIMX y4UeOHBIX 3aBeJICHUIT,
Pagnodusuka,T. 3, Ne. 5, 1960.

66



Remark on double-sided bounds for Gauss
hypergeometric function

M. A. Pisarev, A. E. Rassadin

HSE University

The Gauss hypergeometric function o F} (a, b; ¢; 2) is often found in various
branches of mathematics and its applications (see [I] and references therein).

This non-elementary function is known to be defined for |z| < 1 by the
following power series [1]:

oF1(a,byc;2) = ZMi, (1)

!
~= (©)n nl

where a, b, ¢ are parameters of this function and (a),, (b)n, (¢), denote the
Pochhammer symbols corresponding to these parameters.

As it turned out, it is not always convenient to work with this function
using power series (1), that is why for R(c) > R(b) > 0 and z € C\[1, +00)
the next integral representation was established [I]:

1tb 1 c b—1
F 1 C 2
2Fi(a,bi ;) = bc_ / (1_tz dt 2)
0

where B((,w) is the beta function [I].
Using direct and reverse Holder inequalities 2] it is easy to prove the
following statement.

Theorem. Let one choose two real numbers py. and p— as follows: 0 <

_ <1< p;andletqe = 1-1/py then fora € R, b > 1/q;+ andc > b+1/q4

for the Gauss hypergeometric function o Fy(a,b;c; z) under z € (0,1) the next
double-sided bound is valid:

F~(a,b;¢;2) < oFy(a,byc;2) < F(a,b;¢; 2), (3)
where
BY/P+(14py (b=1), 14py (c=b—1)) [ 1—(1—=2) "%+ - . 1
FJF((J,7 byc;z) = 1B(b %—a) . (l (il__z()lq”z )9+ 5 aqy #
B(bc b)B a(l a’ 1l—a )( z )a; a’quzl

(4)
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and

Bl/p*(l-&-p_(b—l),l+p_(c—b—1))(1—(1—z)1_aq* )q% cag £ 1

F~(a,b;c;2z) = B(b, c—b) (1—aq_)z
T 1 —a(b—a c—b—a In(1-2)\q . .
B(b,c—b)B1 (1—a’ T—a )(— z )" ag- =1

()

In the work the double-sided bound (3) is numerically checked under
a=1/2,b=1,¢=5/2, py =2and p_ =1/2.

In this case the Gauss hypergeometric function is expressed via elemen-
tary functions:

1 5 3 -z 1+4/z
[ P 2 _ 1
2F1<2,1,27Z> 5 <1 WE nl—ﬁ)’ (6)

upper bound (4) and lower one (5) being reduced to

P (hidie) - 220D -

2 2’ 2 2z
and 1.5 36
z
F -2 =————75 8
<2’ ’2’Z> 251 (1— 2)32 (®)
respectively.

Also in the report graphs of relative errors for functions (6), (7) and (8)
are presented.

[1] Bateman G. (1953). Higher transcendental functions. Volume I.
McGraw-Hill Book Company, New York — Toronto — London.

[2] Sobolev S.L. (1988). Some applications of functional analysis in math-
ematical physics. Nauka Publisher, Moscow.

68



On the restricted SIS-model with migration
D. A. Podolin, A. E. Rassadin

HSE University

Suppose there is a fairly large group of people, and some of these peo-
ple have an infectious disease that is transmitted through contact between
healthy and sick people at a 8 rate. This situation is described by a restricted
SIS-model [1].

Next, let this group of people, at ¢ = 0, begin to migrate along the z-
axis at a constant velocity V', then this situation will be described by the
following quasi-linear system of first-order partial differential equations:

oS oS ol ol
— — =-pS51 — — = 1 1
ot TV oe = P gtV g =P8 W)
where S(z,t) is linear density of susceptible to this disease individuals and
I(x,t) is linear density of infectious ones.
System (1) ought to be provided by the next initial conditions:

S(x,0) = Sp(z) >0, I(x,0) = Ip(z) > 0, —oo<x<4oo. (2)

To solve the Cauchy problem (1)-(2) let one introduce total linear density
N (z,t) of this group of people:

N(z,t) = S(z,t) + I(z,1) . (3)

Using system (1) it is not difficult to find that linear density of migrants
obeys to the following Cauchy problem:
ON ON
EﬂLV% =0, N(z,0) = No(z) = So(x) + Io(z) . (4)
It is well known that exact solution of the Cauchy problem (4) is equal

to:
N(z,t) = No(z - V't). (5)

Combining formulas (3) and (5) one can reduce system (1) to one quasi-
linear partial differential equation of the first order:

VI I Nl —Vi)~1),  I@0)=h). ()
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In the framework of the method of characteristics [2] one can easily obtain
exact solution of the Cauchy problem (6):
Io(x = Vt) No(z — V't)
In(x = Vt)+ So(x — V't) exp[-Bt No(z — V't)]’

I(z,t) = (7)

which corresponds to linear density of infectious individuals, and, after that,
using formula (3), one can derive linear density of susceptible ones:

S t) = So(x — Vt) No(x — V't) exp[—pt No(x — V' t)]

Iz — Vi) + So(x — Vi) exp[-Bt No(x — V)] (8)

These expressions completely solve the input Cauchy problem (1)-(2).

The report provides graphs of functions (7) and (8) for various moments
of time for epidemiologically realistic initial conditions (2).

In conclusion, it should be noted that formula (5) implies that the total
number of migrants remains unchanged:

So(x) dx + /+°° Io(z)dx .

—0o0

—+00 —+00

N(z,t)dz = /

—00 —00

It means that within the framework of the considered model, none of
them die from this disease. However, it follows directly from formula (7)
that after a sufficiently long time interval, almost all migrants will be ill.

[1] Brauer F., Driessche P., Wu J., eds. (2008). Mathematical epidemiology.
Springer Berlin, Heidelberg.

[2] Evans L.C. (1998). Partial differential equations. American Mathemat-
ical Society, Providence.

70



Exact solutions of the KPZ equation and the
Burgers vector equation on the quarter-plane

A. E. Rassadin

HSE University

The Kardar-Parisi-Zhang (KPZ) equation is known to be the following
nonlinear parabolic partial differential equation [I]:

on _1

ot 2
where h = h(x,y,t) and V = (9/0z,0/0y) is the two-dimensional nabla
symbol.

The next system of partial differential equations is closely related to the
KPZ equation:

(VRh)? +V?2h, (1)

ou

E+(ﬁ'V)ﬁ:V2ﬁ, U= (ug(x,y,t), uy(z,y,t)). (2)

This system is called the Burgers vector equation and is obtained from
equation (1) by differentiating by coordinates and then replacing [2]:

7= —Vh. (3)

The KPZ equation is often applied to describe the process of vapor de-
position of a substance onto a substrate, that is why an unknown function
h(z,y,t) may be interpreted as a dimensionless height of growing crystal
surface under the point of the substrate with coordinates (z,y). In this situ-
ation function (3) ought to be considered as dimensionless flow of sputtering
substance along the growing interface, system (2) being interpreted as vector
equation for this flow. As a rule, the Cauchy problem on the entire plane
R? for both equation (1) and system (2) is solved [T, 2], but in the micro-
electronic industry it is important to assess the influence of edge effects on
surface quality.

In the report presented for the KPZ equation the following mixed problem
is solved exactly on the quarter-plane D = {(z,y) € R?|z>0,y>0 }:

oh
Pleo=0, (@y)eD, 5ol =29, @)
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where 77 is external normal to the domain D and g is a constant value,
namely, this exact solution is equal to:

h(w,y,t) = H(z,t) + H(y,1), ()

auxiliary function H(x,t) being expressed via the well-known error function:
H(z,t) =2 | erf=" +exp(—gz +¢*1) <1 —erf m—2gt>} (6)

Combining formulas (3), (5) and (6), one can easily find exact solution
on the quarter-plane D of the next mixed problem for system (2):

ﬁ|t=[):07 uz(oayat) :Uy(l‘,o,t) :29' (7)

Also in the report graphs of exact solutions both mixed problem (1) and
(4) and mixed problem (2) and (7) are presented.

In conclusion it is necessary to underline that all obtained results can be
generalized on arbitrary open orthant in R”.

[1] Kardar M., Parisi G., Zhang Y.C. Dynamical scaling of growing inter-
faces // Physical Review Letters. 1986. V. 56. P. 889 - 892.

[2] Gurbatov S.N., Rudenko O.V., Saichev A.I. (2011). Waves and struc-
tures in nonlinear nondispersive media. General theory and applications
to nonlinear acoustics. Springer Berlin, Heidelberg.
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On the property of monotonicity of solutions of
systems with respect to initial conditions

L. I. Rodina?, M. S. Woldeab!

1. Vladimir State University

Consider an autonomous system of differential equations
&= f(x), xz€R", (1)

assuming that the vector-function f(x) and its derivatives

dfi/0x;, (i,j = 1,...,n) are continuous. Denote by ¢(¢,z) the solution
of this system satisfying the initial condition ¢(0,z) = x. For solving many
applied problems, it is desirable that the solutions of system (1) have the fol-
lowing property of monotonicity with respect to the initial conditions:

Property 1. Let 2(0) € R™, y(0) € R™ be such that x(0) < y(0). Then

p(t,(0)) < ¢(t,4(0)), t=0.

Here and further, the inequality x < y, written for vectors x € R,
y € R™, will be understood as inequalities x; < y;, i =1,...,n.
Let’s first consider a linear system of differential equations

T = Ax,

where A is a constant matrix of sizes n X n. It is known that the solution
of this system can be written as ¢(t,z) = ez, where e4* is a matrix
exponent. A matrix A is called exponentially non-negative if et > 0 for
all t > 0. A matrix A is called Metzler matriz if its elements satisfy the
inequalities a;; > 0 for ¢ # j, i =1,...,n, [1.

Lemma 1 ([T, 2]). A matriz A is exponentially non-negative if and only
if it is a Metzler matriz.

It obviously follows from Lemma 1 that if A is the Metzler matrix and
x <y, then o(t,z) = etx < ety = ¢(t,y) for any t > 0.

Let’s return to the consideration of the nonlinear system (1). The func-
tions f; in the right part of this system may not depend on all variables, in
particular, they may be constant.

Condition 1. Let the set D C R™ be positively invariant with respect
to the system (1). Each of the functions f; is increasing on the set D with
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respect to all variables on which it explicitly depends, with the exception of
the variable z;, i =1,...,n.

It is proved that property 1 holds for any differential equation & = f(z).
The following statement holds.

Theorem 1 ([3]). Let the condition 1 be fulfilled. Then if for z(0) € D,
y(0) € D there is an inequality x(0) < y(0), then ¢(t,z(0)) < @(t,y(0))
for allt > 0.

Note that if system (1) is linear and condition 1 is met, then the matrix
A of this system is a Metzler matrix.

We also consider one of the problems for the study of which Theorem
1 is applied — this is the problem of estimating the average time benefit
for systems with random parameters, which is performed with a probability
one.

[1] Noutsos D., Tsatsomeros M. J. Reachability and holdability of nonnega-
tive states // STAM Journal on Matrix Analysis and Applications. 2008.
Vol. 30. No. 2, pp. 700-712.

[2] Wazewski T. Systemes des equations et des inegalites differentieles or-
dinaires aux deuxiemes membres monotones et leurs applications //
Annales de la Societe Polonaise de Mathematique. 1950. Vol. 23, pp.
112-166.

[3] Rodina L.I., Woldeab M.S. On the monotonicity of solutions of nonlinear
systems with respect to the initial conditions // Differential equations.
2023. Vol. 59. No. 8, pp. 1025-1031.
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Algebraic curve and its singularities of the
integrable case of
Kowalevski-Chaplygin-Goryachev-Yehia in rigid

body dynamics

P. E. Ryabov

Blagonravov Institute for Machines Science Russian Academy of Sciences,
Moscow, Russia

The report considers a completely integrable Hamiltonian system with
two degrees of freedom, which describes the dynamics of the Kowalevski-
Chaplygin-Goryachev-Yehia top ([1], [2]). The Hamiltonian of the system is
given by the following expression ([1], [2])

1
H= M12+M22+2M§+2/\M3+a1a1+a2a2—b1b2a1a2—1(b%—b%)(a%—a%)—%c?.
3
Here p = {a1, as,b1,b2, \,c} is a vector of parameters, M, € R? — phase
variables.
Function

2

2
F= [Mlz — M2 — aja; + azas — %(b2 b2)a3 — ca% 30‘2} +
2

+ [2M1M2 —ajag — asay — lbleO% _ Qcaégcz}
—4AN(M3 + ) [M1 + M3 +ec (1 +
+Aas {Mifday — 2bibaay — (b — B)ct] + Mafdas — 2oy + (5 — b3)as]}

is an additional integral on the symplectic sheet defined by the conditions
(M,a) =0,a? =1([1], [2]). In addition, in [2], the problems of constructing
separation variables for arbitrary values of the parameters of the vector p
were considered.

The spectral curve £(z, (), whose coefficients are the functions H, F' and
a?, has the following explicit form [2]:

E(2,() =0, where &(2,0) =C?+di(+do,dy =2%—2(h+ A?)24+
+[f +2(c+ M%) (h + /\2) — 3(a? +a3)a? — (c — A?)?]2%+
(aq +a3)(c— A\?)a?
d() 16[(@1 — blz) + (CLQ — 622)2][(a1 + b12’)2 + (CLQ + bQZ)2] X
x[(z = A2 = [(z + \)? — c]a*.
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The curve (1) can be considered as the zero level of the mapping € : CxC —

C. Let T denote the set of values of integral constants for which 0 is a critical
value of the mapping £. The set Y at the end points C x C is determined
by the system of equations

0 0

E(z,() =0, —E&(%,¢) =0, ac

ER E(z,¢)=0. (2)

In the report, based on the singularities of the spectral curve, separated
Abel-Jacobi equations are presented for the following parameter values a; =
—1,a2 =0,b; =0,by = 0,¢c =0, a? = 1, which corresponds to the Kowalevski-
Yehia integrable case in rigid body dynamics. The set (2) contains the bi-
furcation diagram of the integrable Kowalevski-Yehia case with zero area
constant [3].

[1] Yehia H. M. New integrable problems in the dynamics of rigid bodies
with the Kovalevskaya configuration: I. The case of axisymmetric forces
// Mech. Res. Commun. 23, (5), 1996, pp. 423-427.

[2] Tsiganov A. V. On the Kowalevski-Goryachev-Chaplygin gyrostat //
Journal of Physics A: Mathematical and General, 35, (22), 2002,
pp- L309-L318.

[3] Kharlamov M. P., Ryabov P. E. Bifurcations of first integrals in the case
of Kowalewski-Yehia // Regular and Chaotic Dynamics, 2, (2), 1997,
pp- 25-40.
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O riamaakocTu ogHOMEPHOTo PAKTOP-OTOOpakeHnd B
cucreMax ¢ arrpakropamu Jlopeuma u PoBesbl

K. A. Caconos'?, M. . Manxun'?

2. Huorcezopodekuti 2ocydapemeentuiti yrusepcumem um. H. U,
Jlobavesckozo

B noknazne paccMarpuBaeTcs AByXIapaMeTpudecKoe ceMeiicTBo X, riaj-
KuX (n+ 1)-MepHBIX BEKTOPHBIX 10JI€il, CHMMETPUYHBIX OTHOCUTEIHHO HEKO-
Topoit muBosoruu. 1IpenmosmoxkumM, uro npu i = 0 BekTOpHOE mMoJIe X IIpe-
TepIeBaeT FTOMOK/JIMHUYIECKYIO OM(YyPKAIUIO C HEUTPAJIBLHBIM CEJIJIOM, TOYHEE,
BBITIOJTHAIOTCS CJIEAYIOINEe YCIOBUASI

(A1) X( umeer ceyioBoe cocrosinue pasHoBecusi O €O CJIeLyOnM HaboPOM
CODCTBEHHBIX 3HAYCHUX

vy>0>XA >Rel, ¢=2,...,n;

(A2) omaomepubie cenaparpuckl I'y u 'y cocrosinust pasHosecust O cTpemsT-
cst K O ipu t — 400 BIOJIb BEYIIErO HAIIPABJIEHHS, IPA 9TOM KaCasiCh

JpYT ApyTa;
S
(A3) v=—2 =1

3 pabor JI.II. Hmisnukosa [1] (cMm. Takke [2]) ciemyer, 910 Bo3MyIIe-
HUsI BEKTOPHOT'O 10Jist X( BEAyT B BO3HUKHOBEHUIO aTTpakTopa Jlopenra.
Db dEKTUBHBIM METOI IIPU U3y YeHUN JAHHON OudypKaIluu 1 BOZHUKAIOIIIX
ATTPaKTOPOB fBJIAETCA IIOCTPOECHUE HEKOTOPOI'O yCTOﬁ‘IHBOFO nHBapuaTHO-
IO CJIOEHUSI U PACCMOTPEHNE OJHOMEPHOTO-(HAKTOP OTOOPAYKEHUsT HAJ ITUM
cinoenneM. Onmako, B obIIeM ciayuae Hem3BecTa IIaaxocTh Beime O y
MOJTyI€HHOTO (baKTOp-oTOOpaXkenusi. B /1oKjIamge Mbl OOCyIuM YCIOBUASA HA
BeKTOpHOE noJie X, I KOTOPBIX CyIecTByeT dpaKTop-oTobpazkenue boee
BBICOKO# rytajkocTu. OCHOBHOW pPe3yJIbTaT JOKJaja [MPUBEIEH B CJeyIeil
TeopeMe.

Teopema. Paccmompum cemeticmeo CumMMemusHby GEKMOPHBLL NoAeT
X, npemepnesaroujur npu p = 0 2omoxiunuveckyro budyprayuro ¢ neti-
mpasvrvim cedaom. Obo3Hayvum

m = max{n € N|(n —1)y < \; —max(Re\z,...,Re\,)}.

Tozda npu docmamouro Marom [

7



1) 6 okpecmmocmu cocmosnuus pashosecus cywecmeyem cexyuan 11,
mpanceepcanvias K ycmotnusomy mmozoobpasuro W4(0), na xomo-
poti onpedeaero omobpasicerue ITyankape P : II\W?*(O) — II sdoaw
mpaexmopull 6exmoprozo noas X,;

2) na cexyweti 11 cywecmeyem C™-z2padkoe yemotivusoe uneapuanm-
noe caroenue Fyg;

3) C™*e_2nadkoe darmop-omobpasicerue nad yemotivusoim caoernuem Fyg
3adaemca ypasHenuem

T:yg=(-1+c(a)-|yl” + o¢(y;a)) - sign(y),
2de pynruua (y; o) 0bosnavaem manvie waeHv, NO cpasherulo ¢ y|”.

T&K)Ke B JOKJIaJle MBI O6cyILI/IM OpuUMEHEHNEe NOJIYYE€HHBIX PE3YyJ/JIbTaTOB
P U3yUeHnn aTTPaKTopoB Jlopenna u Posests.

BaaromapnaocTu. Pabora Boimosinena mnpu momaepkke rpanta PH® Ne 19-
11-00280.

[1] Iunbuaukos JI. T1. Teopusi 6udypkanuii u KBazurunepboJnIecKue ar-
tpakTops! // VI3bpanmneie nay4ausie Tpyapl. — 1981. — C. 413.

[2] Kazakov A. On bifurcations of Lorenz attractors in the Lyubimov-Zaks
model // Chaos: An Interdisciplinary Journal of Nonlinear Science. —
2021. — T. 31. — Ne. 9.
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Koneunosounbie oneparopsl LlIpeannrepa

A. H. Caxapos

Huotcezopodexuti 20cydapemeenmvili azpapHomerHoso2ueckutl
yrnusepcumem (Huoternut Hoszopod, Poccus

1. lansakharov2008@yandex.ru

HuddepennuaabHblii orepaTop
d2

L= —@—I—u(x) (1)

B JIITEPATYPE 10 MaTEMaTUIECKOi (pu3mKe HOCUT HazBanue omeparopa [1Ipe-
JINHrepa C BeIeCTBeHHbIM oTeHnua oM u(x). OBBIYHO paccMaTpUBaeTCs 3a-
JIatda O CIIEKTPE 9TOr0 OIePATOPa B KAKOM-JIU00 (DbyHKITNOHAIHLHOM IIPOCTPAH-
cTBE

Lo(z) = Ap(x), AeC, (2)

rje \ — CleKTpasbHbI napamerp, ¢(x) — 3JeMeHT COOTBETCTBYIONIErO PO~
CTpaHCTBA.

Kak mpaBmio, paccMaTpuBaioT JBa

THUIA TOTEHIINAJIOB: OBICTPOYOBIBIONINE [ B——

U nepuogmyeckue (MOYTH EePUOMIe- '
ckue). HamomuuM orpejiesieHne criek- N _
Tpa omeparopa L. MuoxecrBo A €
C rakux, aro omeparop L — A umeer
OorpaHUYeHHbIN 0OpaTHBI, OOpasyeT pe-

soaveenmnoe mnoocecmeo p(L) onepa- \
Topa L. VI3 ompesesieHus cieIyeT, 4To
p(L) orkpbiToe MHOXKecTBO. JlomnosiHe-
uue o (L) K pe30JbBEHTHOMY MHOYKECTBY “
Ha3bIBaeTCst crieKTopoM L. OueBujHO,

o(L) — 3aMKHYTOE MHOYKECTBO. N

PaccMmoTpuM  clieKTpaJibHYIO 3a/1a-
1y st oneparopa Ilpenuirepa ¢ e- Puc. 1: Jlakyusl B cnekTpe omepa-
PUOAUIECKUM IIOTEHIUAIOM C TOYKH ropa [llpeauHrepa ¢ MOTOHITHAIOM
3peHnst AUHAMHUUIeCKHX cucreM. Jdud- sint + sin 3t + cos? 3t.
depeHImaIbHOE ypaBHEHNE 9KBU-

BaJIHTHO JINHENHOI cucTeMe

v =A@ =)y o) 3
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ryie cuMBog | obosHadaer auddepennuposanue 1o x. Ipu A € C dazosoe
[IPCTPAHCTBO CUCTEMBI — S x C?. TIpoeKTHBH3AIMS CHCTEMbI 13€T KOM-
IJIEKCHOE ypaBHeHue PukkaTtu

2422 =u(x) — )\, (4)

KOTOpOe nMeeT HHBapuaHTHYIO npsMyio (z) = 0. CienoBarebHoO, THHAMU-
Ka CBOJIUTCS K ONUCAHUIO JUHMUKHN YPABHEHUs Ha TOpe

0 =u(x) — A —1+ (u(x) — X+ 1)cosb. (5)

Kpusas 3aBucumMocTy 9uc/ia Bpaiienus «(\) 3Toro ypaBHeHus OT HapaMeTpa
A UMeeT CTEeneHbKN (MHTEPBAJIBI, IIOCTOSHCTBA YUCIa Bpamenus) (puc. 1)),

Teopema 1 ITycmv A € R. Tozda pesoavsermmoe mroocecmso p(L) ecmo
06BeduHeEHUE UHMEPBAAOE TOCMOAHCINEE YUCAG BPAULLHUS YPABHEHUA .

Zloxazameavcmeo. leficTBuTenbHO, B MHTEpBaAJaX ITOCTOSIHCTBA UHCJIA
BpAIlEHUsT YPABHEHUE UMeeT JBe TUMepOONIecKre 3aMKHYThIE TPAEK-
TOPHH, & CHCTEMA paBHOMepHO runepbosnyeckas [1]. Kak ussecrno, 310
CBOMCTBO SKBUBAJIEHTHO orpamHmdennocTn omeparopa (L — \)~! B coorser-
CTBYyIOIEM (DYHKIIMOHAIBLHOM TIpocTpancTse [2].

Ananorununoe yreexjenue (“gap labeling theorem®) nokazano B [3] me-
ToaMu (bYHKITHOHAJIHHOTO aHaJIU3a.

Korja unciio jlakyHn KOHeqHO HOTEeHIHAN u(x) HA3BIBACTCA KOHEUHO30H-
HolM. DTO 03HAUAET, 9TO crekrp oneparopa [Ipenunrepa (1)) siBasiercst 06b-
eJINHEHUEM KOHETHOIO YKCIIa HHTEPBAIOB [A1, A2]U[Az, Ad4]U. . .U[A2n, A2pt1].
Takum obpazom, A € o(L) npu BemEeCTBEHHOM A, €CJii 0TOOparKeHne MOHO-
JPOMUU yPaBHEHUS sjummnTrdeckoe. Ecimm A koMiuiekcHoe, To oTobpake-
HUe MOHOJIPOMUY HEOOXOINMO CTAHOBUTCS JIOKCOIPOMUYIECKUM, 9TO CIIETYET
u3 Teopmbl M.T'. Kpeiina o npaBuiax JBUKEHUs MHanHIIﬂHK&TOpO]ﬂ cucre-
MBI .

BouJiee obimiee onpejiesienre TaKuxX TOTEHIINAIOB BBIMJISIIAT TaK.

Oupenesienne 1 [louwmu-nepuoduseckutds (6ewecmeennoili Uil KOMNAEKC-
Hoill) nomenyuan u(x) HA3LEAEMEAs KOHEYHO30HHbLM, €CAU ONEPAMOP MOHO-

dpomut cucmemt npu ecex \ obaadaem cobemeennol gyrkyuet p(x, ),

) . dIn p(x)
MEPOMOPPHOTL Ha 2unepasrunmuveckol noseprrnocmu I, 2de —————= a6.44-
emeA NOYMU-nEPuodueckoti pynryuet ¢ mot sce 2pynnoti nepuodos, 4mo

lMyJIbTI/IHJII/IKaTOBI UMEIOT, OYEBUIHO, BUJL e2™ (V)

JITEpPAType HOCUT Ha3BaHUE ‘KBA3ZUUMILYJILC .

Bemmuunna 27y(\) B dusndeckoit
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W3zBecTHbie YTBEPXKAECHUA O TUIIEPIJIJIMIITUICCKUX ITOBEPXHOCTAX ITO3BOJIAIOT
JI0Ka3aThb CJICZICYIOIIeE yTBEP2KICHUE.

Teopema 2 JJunamuka xoneurnozonrnozo nomenyuana u(x) (nepuoduveckan
UAU NOYMU-NEPUOIUHECKAA) NONHOCTIDIO ONPEIEAAENCA 2PAHULUAMU Pa3Pe-
UWEHHBLT 30H.

1]

2]

3]

4]

[Too6Hoe yTBEepXKAeHue 6e3 ToKa3aTeabCTB copMyaupoBano B [4].

Mawmaesa H. A., Caxapos A. H. T'eomerpusi objacreii ycToOWdImBOCTH
JIMHEWHDBIX KAHOHUYECKUX CHCTEM IePHOAMYecKuX JuddepeHnuaabHbIX
ypasuenuit // C6opuuk marepuayioB IX MexKIyHAPOJHON HayIHON MO-
JIOJIE2KHOH IIKOJIbI-ceMuHapa <«MareMaTnieckoe MOJEIUPOBAHUE, YHC-
JIEHHBIE METOJIbl U KOMILJIEKChl mporpamMy» umenun E.B. Bockpecencko-
ro.Capanck. 2020. C. 225-235.

Hasrenikuit FO.JI., Kpeita M.I'. YcroitanpocTs perrennit quddepeHiuaib-
HBIX ypaBHeHuil B GanaxoBom npocrpancrse // M. Hayka. 1970.

Johnson R., Moser J. The Rotation Number for Almost Periodic
Potentials, Commun. Math. Phys. Vol. 84. P. 403-438

E.. Benokosoc, B. 3. Duoabcknit, M. Caneprno Oyukiun Banube mjs
KBa3UIIEPUOJINIECKIX KOHEYHO30HHBIX noreHnumasnos // TM®. 2005. T.

144, Ne2. C. 234-256.
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IIceBaoruriepbosmieckme aTTPaKTOPbI TPEXMEPHBIX
OTOOpaKeHuii

E. A. Campimaa

Hoyuonanrvrvit uceaedosamenvcrut yrusepcumem «Buicwas wxkora
axonomurus, Huocnud Hoszopod

Corutacuo patore Typaesa-I1luibuukosa [I] ncesporunepbosmanocTs at-
TPAKTOPA COXPAHIETCS IIPYU MAJIBIX MIEPUOJIUIECKIX 10 BPEMEHU BO3MYIIIEHU-
sx cucrembl. Ha npumepe nepuojiniecku Bo3MytieHHON cucteMbl [umurry-
Mopuoxka Buia

T =1y
Y=o — Ay —1x2 (1)
i = —az+ 22+ ezsint.

MOKA3aHO, UTO TMCEBIOTUIEPOOTMTIHOCTL ATTpakTopa Jlopenta coxpamsi-
€TCs U MPU HEMAJIBIX BO3MYIIEHUAX. Pe3yIbTaThl YMCICHHBIX UCCIIeI0BAHUT
MTOKA3BIBAIOT, UTO TMCEBIOTUIEPOOTNIHOCTD ATTPAKTOPA Pa3pyInaeTcs Ipu-
MepHo Tpu € & 0.045. IIpu 3TOM yCTaHOBIEHO, YTO COOTBETCTBYIOIIHH JIHC-
KPETHBII aTTPaKTOP SIBJISAETCH JTUKUM, T.€. JTOIIyCKAeT CYIIeCTBOBAHUE I'OMO-
KJINHAYIECKUX KACAHUI.

Tax>ke 1nokazaHo, 4T0 paHee obHapyzKeHHble B paborax |2 [3] neopuenTn-
pyeMble JTUCKPETHBIE AaTTPAKTOPHI IOPEHIIEBCKOTO THTIA HE SIBJISTIOTCS TICEBI0-
rUnepOOTMIeCKUMU, KPOME OJHOTO THUIIA ATTPAKTOPa, COJEPKAIIEI0 TOUKY
nepuoja 2.

Baarogapaoctu. Asmop baazodapum A. O. Kasaxosa 3a nosesrwie 00-
cyotcdenus. Paboma svinoanena npu dunarcosoti noddepocke Poccutickozo
nayunozo Ponda (npoexm 19-11-00280)

[1] Typaes H.B., Iluasaukos JI. I1. Ilcerorunepbosmanocts u 3ajada o
[EPHOINIECKOM BO3MYIIEHUH aTTPAKTOPOB JIOpeHIeBcKoro tuma //Jlo-
KJaabl Akajemun Hayk. — DesepaabHoe TOCyIapCTBEHHOE OI0/IZKETHOE
yupexgenne «Poccuiickas akagemust Hayky, 2008. — T. 418, — Ne, 1. —
C. 23—27.

[2] Gonchenko S., Gonchenko A., Kazakov A., Samylina E. On discrete
Lorenz-like attractors //Chaos: An Interdisciplinary Journal of
Nonlinear Science. — 2021. — T. 31. — Ne. 2.
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[3] Gonchenko A. S., Gonchenko M. S.; Kozlov A.D., Samylina E.A. On
scenarios of the onset of homoclinic attractors in three-dimensional non-
orientable maps // Chaos: An Interdisciplinary Journal of Nonlinear
Science. — 2021. — T. 31. — Ne. 4.

83



On Gradient-like Flows with one Saddle
Equilibrium of Type (2,2)

I. A. Saraev, E. Y. Gurevich

HSE University

We will say that a hyperbolic equilibrium state p is of type (i,n — i),
if dimension of its unstable and stable manifolds equals ¢ and (n — i), re-
spectively. Let Gg1(M?) be a class of gradient-like flows on a connected
closed orientable closed manifold M* such that for any flow f! € Gy 1(M*?)
invariant manifolds of different saddle equilibria do not intersect each other
and a non-wandering set 2+ contains only one equilibrium p of type (2,2).
It follows from [I, Theorem 1|, [2] that manifold M* is homeomorphic to
connected sum of the complex projective plane CP? and g > 0 copies of
direct product S3 x S', where g = (4 — v + 2)/2, p is a number of saddles
of types (1,3),(3,1) and v is a number of nodes.

Similarly to [2], [3], we put in a correspondence to any flow f¢ € Gy 1(M*)
a bicolor graph I't+ describing a mutual arrangement of invariant manifolds
of saddle points.

Theorem 1. Flows ft, f'* € Gg1(M*) are topologically conjugated if
and only if graphs I'y:, T’ prt are isomorphic.

The key point of a proof of the Theorem 1 is the following lemma.

Lemma 1. Let p € Qp and dimW, = 2. Then the closure cl W}, of
unstable manifold of p is a locally flat sphere.

Acknowledgements: This work was supported by the Russian Science
Foundation (Project 23-71-30008) and partially supported by Laboratory of
Dynamical Systems and Applications NRU HSE.

[1] Grines V. Z., Zhuzhoma E. V., Medvedev V. S., On the structure of the
ambient manifold for Morse-Smale systems without heteroclinic inter-
sections, Trudy Matematicheskogo instituta im. V. A. Steklova RAN,
2017, V. 297, p. 201-210.

[2] Grines V. Z., Gurevich E. Y., On classification of Morse-Smale flows on
projective-like manifolds, Izvestia RAN, Seriya matematicheskaya, 2022,
V. 86 (5), p. 43-72.

[3] Grines V. Z., Gurevich E. Y., Topological classification of flows without
heteroclinic trajectories on a connected sum of manifolds S™~' x S!,
UMN, 2022, V. 77, No. 4, 201-202.
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Chaotic complete Cartan foliations
K. I. Sheina®?, N. I. Zhukova®?

1. kse51091@mail.ru
2. nina.i.zhukova@yandex.Tu
3. HSE University, Russian Federation

The study of Cartan foliations is motivated by the fact that they include
such wide classes of foliations with transversal differential geometric struc-
tures such as: parabric, projective, conformal, transversally homogeneous,
transversally similar, pseudo-Riemannian and Lorentzian foliations, as well
as foliations with transversally projectable linear connection.

Follow to [I], a foliation (M, F) is called chaotic if:

(1) there exists a dense leaf;

(2) the closed leaves of (M, F') are dense in M.

Using the foliated bundle construction commonly used in the theory of
foliations with transversal geometries, N.I. Zhukova previously introduced an
algebraic invariant gy = go(M, F') for a complete Cartan foliation (M, F),
called the Lie structure algebra of this foliation [2]. We prove the following
structure theorem for chaotic Cartan foliations.

Theorem 1. Let (M, F) be a Cartan foliation of type (G, H) with an
Ehresmann connection, and let (P, K) be its associated lifted e-foliation. If
the foliation (M, F) is chaotic, then:

1) the structure Lie algebra go of the foliation (M, F) is equal to zero;

2) the fibers of the foliation (P, K) form a locally trivial bundle over a
smooth parallelizable manifold W;

3) a locally free action of the Lie group H on W is induced, and the space
of leaves M/ F of the foliation (M, F') and the orbit space W/H of the group
H is naturally homeomorphic.

As an application of Theorem 1, we obtain the following criterion, which
reduces the study of chaos Cartan foliations with Ehresmann connection to
the study of the chaotic nature of the associated action of a Lie group.

Theorem 2. A complete Cartan foliation of type (G, H) is chaotic if
and only if the associated action of the Lie group H on W is locally free and
chaotic.

Cartan foliations form a category €§ where any morphism preserves both
a foliation and their transversal Cartan geometry. Let A(M, F') be the group
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of all automorphisms of a Cartan foliation (M, F). The quotient group
Ay(M,F) := A(M,F)/AL(M, F) over the normal subgroup

ApL(M,F):={f € AIM,F)| f(Ly) = Lo VL, € F'}
is called the basic automorphism group of (M, F) [3].

Applying Theorem 1 we have proven the following theorem.

Theorem 3. Let (M, F) be a chaotic complete Cartan foliation. Then
it’s the group of basic automorphisms Ay(M, F) is a Lie group.

Moreover, if the set of closed fibers is countable, then the group of basic
automorphisms Ay(M, F') of this foliation is countable (finite or infinite).

Acknowledgements. The work was supported by the Russian Science
Foundation (grant no. 21-22-000304).

[1] Y.V. Bazaikin, A.S. Galaev, N.I. Zhukova, "Chaos in Cartan foliations",
Chaos, 30, no 4, 1-9 (2020).

[2] N.I. Zhukova, "Minimal sets of Cartan foliations", Proc. Steklov Inst.
Math., 256, 105-135 (2007).

[3] K.I. Sheina and N.I. Zhukova, "The groups of basic automorphisms of
complete Cartan foliations", Lobachevskii Journal of Mathematics, 39,
no.2, 271-280 (2018).
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On hyperbolicity of perturbed diffeomorphisms of
the two-dimensional torus and birth of the
DA-attractor

O. M. Shilov

National Research University Higher School of Economics, 25/12 Bolshaya
Pecherskaya Ulitsa, Nizhny Novgorod, Russia

This talk is devoted to the study of hyperbolic dynamics
of two-dimensional diffeomorphisms obtained as a result of perturbation of
the two-dimensional Anosov map using the Mébius map [I]. In one family of
the diffeomorphisms, when the dissipation parameter changes, a bifurcation
occurs, after which the fixed point becomes a source and a pair of saddle fixed
points are born from it. The unstable separatrices of this two points form
the boundary of the DA-attractor. Numerical verification of hyperbolicity is
carried out using the method described in [2].

In this report, we describe different types of perturbations of the two-
dimensional Anosov map and numerically verify these maps on hyperbolic-
ity. For another family of the diffeomorphisms we consider a perturbation
depending on two parameters. On the corresponding plane of parameters,
using methods for calculating Lyapunov exponents and angles between the
tangent subspaces, we identify regions corresponding to the existence of hy-
perbolic chaos in forward and backward time, DA attractor, DA repeller,
and also the coexistence of a stable and completely unstable fixed points.

The report presents the results of joint work with A. Kazakov. Some of
the results were included in the work [3].

[1] Vladimir Chigarev, Alexey Kazakov, Arkady Pikovsky; Kantorovich-
Rubinstein-Wasserstein distance between overlapping attractor and re-
peller. Chaos 1 July 2020; 30 (7): 073114.

[2] Gonchenko S.V., Kainov M.N., Kazakov A.O., Turaev D.V. On methods
for checking the pseudohyperbolicity of strange attractors // Izvestiya
Vysshikh Uchebnykh Zavedeniy. AND. 2021. T. 29, issue. 1. pp. 160-185.

[3] Grines V.Z., Kazakov A.O., Mints D.I., Petrova Yu.E., Shilov O.M.
On nontrivial hyperbolic sets in families of torus diffeomorphisms.

(preprint).
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Statistics in the dense state of KdV solitons

A. V. Slunyaev'?, T. V. Tarasova?, E. G. Didenkulova'?, E. N.
Pelinovsky!?

1. HSE University, Laboratory of Dynamical Systems and Applications,
Russia, N. Novgorod
2. Institute of Applied Physics RAS, Group for modeling of extreme wave
phenomena in the ocean, Russia, N. Novgorod

We further develop the idea proposed in [I] to consider deterministic
collisions of solitons as “elementary acts” of the soliton turbulence. This ap-
proach is used to obtain a quantitative description of the wave field statistics
under the conditions when soliton interactions cannot be disregarded. Such
information cannot be extracted from the kinetic theory for soliton gas and
deserves elaboration of new mathematical approaches.

In this work we provide estimates of statistical moments which are re-
alized in the course of simultaneous interaction of many solitons within the
framework of the Korteweg-de Vries (KdV) equation. The presented results
are based on the observation that such a collision leads to the occurrence of
the small-dispersion limit, and then a small parameter characterizing the in-
tegral contribution of dispersion versus nonlinearity (inverse integral Ursell
number) may be used to grade the terms in the infinite set of conserved
integrals of the KAV equation. This approach formally allows evaluation
of statistical moments f_oooo u"dx, where u(x,t) is the solution of the KdV
equation, of any order n € N. According to the comparison with results of
the numerical solution of many-soliton interactions, the obtained estimates
are very accurate and explain the dependence of statistical moments on time
(namely, reduction of their values when solitions interact) observed earlier
in the numerical solutions [T, 2].

The employed approach is applicable to a great number of integrable
nonlinear PDEs with soliton solutions. The formula quantifying the decrease
of statistical moments is surprisingly simple, and turns out to be universal
for a set of considered equations (KdV equation, modified KdV equation,
complex KdV equation, and their higher order integrable hierarchies) [3].

The study was supported by Laboratory of Dynamical Systems and Ap-
plications NRU HSE, of the Ministry of Science and Higher Education of
the RF grant Ag. No. 075-15-2022-1101 and by the Foundation for the
Advancement of Theoretical Physics and Mathematics "BASIS", grant No.
22-1-2-42 (AVS).
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E.N. Pelinovsky, E.G. Shurgalina (Didenkulova), A.V. Sergeeva, T.G.
Talipova, G.A. El, R.H.J.Grimshaw (2013) Two-soliton interaction as
an elementary act of soliton turbulence in integrable systems. Physics
Letters A, Vol. 377, P. 272-275.

T.V. Tarasova, A.V. Slunyaev (2023) Properties of synchronous colli-
sions of solitons in the Korteweg - de Vries equation. Communications
in Nonlinear Science and Numerical Simulation, Vol. 118, P. 107048.

A.V. Slunyaev, T.V. Tarasova (2022) Statistical properties of extreme
soliton collisions. Chaos, Vol. 32, P. 101102.
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Multistability in the networks of
Hodgkin-Huxley-type models

N. V. Stankevich, E. R. Bagautdinova, N. A. Shchegoleva

HSE University, Nizhny Novgorod

Hodgkin-Huxley-type models are generic for describing behavior of differ-
ent type of cells like neurons, cardiomyocyteys, pancreatic beta-cells, which
take into account voltage-gated ion channels [1, 2]. Multistability is coexis-
tence of several dynamical regimes, which also can be manifested in different
biophysical processes, including Hodgkin-Huxley-type models |2 [3]. In pa-
pers [4, 5] a family of Hodgkin-Huxley-type of models was proposed where
different types of multistability can be observed. In the present work we
consider low-dimensional networks of such oscillators with different attrac-
tors, and analyze multistability. Additional multistable attractors appear in
ensemble as a result of interaction.

The work is supported by the Russian Science Foundation (Project No.
20-71-10048).

[1] Izhikevich E. M. Dynamical systems in neuroscience. — MIT press, 2007.

[2] Encyclopedia of Computational Neuroscience.- Springer New York, NY,
2022.

[3] Malashchenko T., Shilnikov A., Cymbalyuk G. Six types of multistabil-
ity in a neuronal model based on slow calcium current //PLoS One. —
2011. — V. 6. — No. 7. — P. €21782.

[4] Stankevich N., Mosekilde E. Coexistence between silent and bursting
states in a biophysical Hodgkin-Huxley-type of model //Chaos: An
Interdisciplinary Journal of Nonlinear Science. — 2017. — V. 27. — No.
12. - P. 123101.

[5] Stankevich N., Bagautdinova E. The simplest neuron models with bista-
bility occurring as a result of accounting new ion channels //2022 6th
Scientific School Dynamics of Complex Networks and their Applications
(DCNA). — IEEE, 2022. — P. 266-269.
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Full symmetric Toda system: integrability,
quantization, QR algorithm and geometry of flag
varieties.

D. V. Talalaev

P.G. Demidov Yaroslavl State University

The full symmetric Toda system is a generalization of the open Toda
chain, one of the archetypal examples of integrable systems, illustrating the
main structural features of integrable systems in general: connection with
the theory of Lie groups and algebras, Lax representation, bi-hamiltonian
(even tri-hamiltonian) description, solution using an adapted decomposition
problem - QR method, r-matrix approach in Hamiltonian mechanics. The
full symmetric system is defined on the full space of symmetric matrices and
has all the listed properties. Its flows are described by rational Hamiltonians
and can be solved using an analogue of the QR decomposition method. This
system admits a quantization. A remarkable fact is the connection of the
full Toda system with the geometry of the flag variety, in particular, its flows
can be defined on the space of complete flags and preserve double Bruhat
cells. Thanks to this, we were able to prove the theorem on the dimension
of intersections of real Bruhat cells. The content of the report is based on
several joint works with A. Sorin, Y. Chernyakov and G. Sharygin [1], [2],
[3].

[1] D. V. Talalaev, The Quantum Gaudin System, Functional Analysis and
Its Applications, 2006, Volume 40, Issue 1, Pages 73-77

[2] Yuri B. Chernyakov, Georgy I. Sharygin, Alexander S. Sorin, Dmitry
V. Talalaev, em The Full Symmetric Toda Flow and Intersections of
Bruhat Cells, SIGMA, 16 (2020), 115, 8 pp.

[3] D. V. Talalaev, Yu. B. Chernyakov, G. I. Sharygin, em Full symmet-
ric Toda system: solution via QR-decomposition, Funktsional. Anal. i
Prilozhen., 57:4 (2023), 100-122
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KBa3u-s3neprernvieckmne pyHKIINM

rpaaneHTHO-II0OT00HbBIX
3-muddeomopduszmon

E.A. Tananosal?, O.B. ITounnkal

1. Hauyuonaaonuti uccaedosamenvcrutll yrusepcumem — Buicwas wxona
axornomuxu 6 Huorcnem Hoszopode, Huosrcnuti Hoszopod, Poccus.
E-mail:opochinka@hse.ru
2. Huorcezopodckuti 2ocydapemeennuiti yrusepcumem um. H. .
Jlobauesckozo, Huocnuti Hoszopod, Poccus. E-mail: eltalanova@rambler.ru

B nmoknane paccmarpubaerca Kiace G rpagueHTHO-TIOM00HBIX auddeo-
MOpPhU3MOB f ¢ eIMHCTBEHHO! IeTepOKIMHUIECKON KPHUBOI, 3aJJaHHBIX Ha
OPUEHTHUPYEMOM 3aMKHYTOM CBSI3HOM 3-MHOT0OODA3UN U UMEIOIINX HEOTy K-
JAIOIIe TOYKHU ITOMAPHO Pa3ndHbiX umHIekcoB Mopca. Pemraercst Bompoc o
YUC/Ie KPUTHIECKUX TOUEK KBA3U-IHEPTETHIECKON (DYHKITUH JIJTsT TAKUX JTUD-
deomopPu3MOB.

W3 ompemenennst Kiaacca CaeIyeT, 9To HeOIYKIAIOIIEe MHOKECTBO JTHd-
deomopdpuzma f € G cocTOUT B TOYHOCTH U3 UeTbIpex Touek. M3BecTHO
TakK¥Ke, ITO IPU HAJUIUHN €INHCTBEHHON HEKOMIIAKTHOM reTepOKINHIIECKON
KPUBOM, HECYIIMM MHOrooOpa3meM paccMaTpuBaeMbix mauddeoMopdu3Mon
siBJsieTcst 3-cdpepa, a KIace TOMOJOTHIECKON COMPSAKEHHOCTH TaKOTO -
beomopdusma f 1OJHOCTBIO OLPEIE/ISIeTCs] KJIACCOM IKBUBAJIEHTHOCTH (KO-
TOPBHIX OECKOHEYHO MHOrO) Xomdosckoro ysna Ly — y3ia B obpasyiomem
KJacce byHIaMeHTaIbHOI rpysl MEOroo6pasust S x St. Bosee Toro, Jo-
0oit xomOBCKUil y3e/ peain3yeTcss HEKOTOPHIM mquddeomopdusmom pac-
CMOTPEHHOTO KJIacca.

U3 pesyabraros B.3. I'puneca, @. Jlaynenbaxa, O.B. Iounuku [2], [3],
[5], [6] msBectHO, wTO AMIs 1KOGOTO f € G cymectByer dbyukiusa Mopca-
Jlamynosa — dyukmus Jlanynosa ¢ : M3 — R, sBisiomasics Helpepbis-
noit dyukiueit Mopca. Eciu npu sToM dyHKIHNS (0 He MMeeT KPUTHIECKUX
TOYEK BHE HEOJIYXKJIAloIero MHoxkecTBa auddeomopdusma f, To, ciaemys
[7], Mbr HasbiBaeM ee sHepreruyeckoii dbyukimeii st auddeomopdusma f.
NsBecTHO, 9TO CcejyioBble cenaparpuchl guddeomopdusmos f € G Moryr
ObITH JIMKO BJIOXKEHBI, 4TO, coryiacHo pabore [0], siBasieTcss mpersitcrBueM
K CYIIECTBOBAHUIO SHEprermdeckoil pyukmuu y muddeomopdusma n3 pac-
cMaTpuBaeMoro Kjiacca. B c¢Bs3u ¢ sruM B paGore [4] 65110 BBEJECHO MOHS-
THe KBasu-sHeprerudeckoit dpyukimn s guddeomopdbusma [ (byHKIuM
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Mopca-JIsiiryHoBa ¢ MUHUMAJIBHBIM YUCJIOM KPUTUIECKUX TOYEK ). 3aMETHUM,
YTO YMCJIO KPUTUICCKUX TOUYEK KBA3U-IHEPIEeTHIECKONW (DYHKIIUU SBJISIETCS
TonoJornieckuM uusapuantom ubdeomopdusma f. Ob6oznauum ero p, .
B pa6ore [I] nocrpoeno cuernoe cemMeiicTBO MonapHO HEIKBUBAJIEHTHBIX
HETPUBHUAJBHBIX XOIMOBCKUX y3JI0B Ly, n € N, Ha3biBaeMbIX 00001IIEHHBIMET
yaiaamu Magypa. B macrosmem mokaane s auddeoMopdu3MoB, orpeie-
JIEHHBIX TAKUMU Yy3JIaMU, OObSICHSIETCSI MTOCTPOEHNE KBa3U-IHEPIETUIECKON
dyuknun u hopmysa Jjsd pacdeTa KOJTUIECTBA €€ KPUTUIECKUX TOUYEK.

Theorem 1 /Jias dugpeomoppusma f € G, nocmpoerrozo no obobujerro-
my ysay Masypa Ly, n € N, wucao p, xpumuueckux moyex
K6a3u-anepeemuyeckoti pynruuu duggdeomoppusma f eviwucasemen no Gop-
Myne

p, =4+ 2n.

[1] P. M. Akhmetiev, T. V. Medvedev, O. V. Pochinka, On the Number
of the Classes of Topological Conjugacy of Pizton Diffeomorphisms,
Qualitative Theory of Dynamical Systems, Springer, 20:3, (2021), 76.

[2] B. 3. Tpunec, ®. Jlaynenbax, O. B. Ilouunka, Onepeemue-
ckas ynkuus s epaduenmmo-nodobnux Jupdeomoppusmos wa 3-
mnozoobpasusx, JTAH, 422:3, (2008), 299-301.

[3] V. Grines, F. Laudenbach, O. Pochinka, Self-indexing function for
Morse-Smale diffeomorphisms on 3-manifolds, Moscow Math. Journal,
4, (2009), 801-821.

[4] B. 3. I'punec, @. Jlaynenbax, O. B. Ilounnka, Keasusnepeemuyeckas
Pyrxuua daa Jupdeomoppusmos ¢ durxumu cenapampucamu, Marema-
Tuveckue 3amerku, 86:1-2, (2009), 163-170.

[5] B. 3. I'punec, ®. Jlaynenbax, O. B. [Tounuka, O cywecmeosaruu snep-
eemuneckotl Pynruyuy daa Jupdeomoppusmos Mopca-Cmeting Ha 3-
mnozo06pasusz, JAH, 440:1, (2011), 7-10.

[6] B. 3. I'punec, ®@. Jlayneubax, O. B. Ioumnka, J[unamuuecku yno-
padouenHan aHepeemuveckas Gyrwkuui oaa duggeomoppusmos Mopca-
Cmeting Ha 3-mHo2000pasuax, Tpynsl MareMarnaecKoro HHCTUTYTA WM.

B.A. CrekmoBa PAH, 278:5, (2012), 34-48.

[7] D. Pixton, Wild unstable manifolds, Topology, 16:2, (1977), 167-172.
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On Topological Conjugacy of Chaotic
Homeomorphism Groups of Manifolds

N. S. Tonysheva
HSE University
1. ntonysheva@hse.ru

Chaotic homeomorphism groups of compact topological surfaces are stud-
ied. Following to [I], a homeomorphism group G of topological manifold M
is called chaotic if there exists a dense orbit and the union of finite orbits is
dense in M.

Applying the results of E. Kontorovich and M. Megrelishvili [2] we get
that chaotic homeomorphism groups are sensitive to initial conditions. There-
fore, the given definition of chaotic homeomorphism group could be consid-
ered as an analogue of the notion of a chaotic dynamical system in the sense
of Devaney [3].

We develop the method suggested in [I] to construct chaotic homeomor-
phism groups of compact topological surfaces. Using the invariance of the
set of isolated fixed points of homeomorphism group under the topological
conjugacy, we prove the following theorem.

Theorem 1. On every compact surface (with or without boundary) there
exists a countable set of pairwise topologically non conjugate chaotic homeo-
morphism groups isomorphic to 7.

The finite products of chaotic homeomorphism groups acting canonically
on the product of an arbitrary finite set of closed surfaces are investigated.
With using the previously constructed chaotic homeomorphism groups of
surfaces, the following theorem is proved.

Theorem 2. Let M be a product of k, k > 2, arbitrary closed surfaces
M;, i = 1,k. Then there exizts a countable family of pairwise topologically
non conjugate chaotic actions of free group of rank k on M.

In further the chaotic homeomorphism groups are applied for the con-
structing of multidimensional chaotic foliations by the method of suspension,
introduced by Haefliger as a generalization of the Smale suspension which is
well-known in the theory of dynamical systems.

The category of topological foliations §ol is considered. The isomorphism
of two foliations in §Fol is a homeomorphism of ambient manifolds that trans-
fers leaves to leaves. In [4] we introduce the invariants of the foliations in
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some complete subcategory of Fol. Applying these invariants and the chaotic
homeomorphism groups obtained in Theorems 1 and 2, the countable families
of pairwise non isomorphic in Fol chaotic suspended foliations of arbitrary
even codimension are consrtucted.

Acknowlegments. The author expresses the gratitude to the scientic
supervisor N.I. Zhukova.

[1] G. Cairns, G. Davis, D. Elton, A. Kolganova, and P. Perversi, “Chaotic
Group Actions,” Enseignement Mathematique 41, 123-133 (1995).

[2] E.Kontorovich and M. Megrelishvili, “A note on sensitivity of semigroup
action,” Semigroup Forum 76, no. 1, 133-141 (2008).

[3] R. L. Devaney, An Introduction to Chaotic Dynamical Systems. 3rd edi-
tion, Chapman and Hall/CRC, NY (2021).

[4] N.I. Zhukova, N.S. Tonysheva. “Chaotic Suspended Foliations of Topo-
logical Manifolds,” Journal of Mathematical Sciences, 276, no. 1, 74-97.
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YepHOBCKHE aNPpOKCUMAIIMM HA OCHOBE OlepaTropa
CABHUTa, OBICTPO CXOJSIIEcs K PEHIeHUIO
napabdonmieckoro audepeHIaIbHOT0 YPaBHEHNS

C mepeMeHHbIMU K03 duIimeHTaMu

A. B. Benenun

HGUUOHGJLT)HT)HZ uceaedosamenverull YyHuseEpPCUMEM «Buicwan wrxona
IKOHOMUKU»

ABTOp JTOKJTaTa TIpeIaraeT HOBBI METOJT allPOKCUMAIIN PEIIEHUsT IMa-
pabosmdeckoro nuddepeHuaabHOr0 ypaBHeHus ¢ mepeMeHHbIME Ko3dhdu-
IrieHTaMu, ocHoBaHHBIN Ha Teopun Cy-niosyrpynn [2], Teopeme Heprnosa [
p. 241] u reopeme lasnkuna-Pemuzosa [3, reopema 3.1].

Toumoe pererne mapadbonIecKoro auddepeHnuajIbHOTO ypaBHEHUS IIPU
OTIPEIEJIEHHBIX YCJIOBUSIX MOXKHO ITOCTPOUTD IIPHU MOMOIIU OHOIIAPAMETPHU-
YECKOW CHJIBHO HEIPEPBIBHOI TOIyTpyIbl onepaTopoB (Co-1oayrpymb)
[2]. B 1968 romy ITon Yepnos mokazan reopemy o6 ammpokcumarmu Co-
[OJIYTPYIIIBI ¢ TIOMOIIBIO OIEPATOPHO3HAYHON (DYHKIINU, KOTOPYIO MbI Celi-
vac HasbiBaeM dyukiumeii Yepuosa [1]. [Ipubiamxkennust, KOTOpbie Mbl CTPOUM
Ha OCHOBE 3TO# (DYHKIINY, HA3BIBAIOTCA I€PHOBCKUMU AITPOKCAUMAITIIMU.

B 2017 roxy N.II. PeMu30B mpeyio:KNI MeTO/T ITIOCTPOEHUST Y€PHOBCKIX
AIMIPOKCUMAIIAN K PEIIeHNI0 NapabomIecKoro JuddepeHnajibHOro ypas-
HeHUsl Ha OCHOBe omneparopa casura aprymenta [4]. B 2022 romxy U.J1. Pe-
MHU30B 1N OE Fa,.HKI/IH OIIEHUJIN CKOPOCTHb CXOAUMMOCTU YEPHOBCKUX AIIIIPOK-
CUMAIW, & TaK’Ke BBIJBUHYJIU YCJIOBHS, IPU KOTOPLIX TY CKOPOCTb MOXK-
Ho yBesanuanth [3]. CormacHo Teopeme [asnkuna-Pemusosa morperiHocTs am-
IPOKCUMAaIii, OCHOBAHHBIX Ha MeToJie, npejyioxkennom V. J1. Pemusosbim [4],
oneruBaach yepes C'/n, rue n — HoMmep anmpokcumanuu, a C' — HEKOTO-
past KOHCTAaHTa. ABTOD JOKJIAIa MPEIaracT 3HAYNTETbHOEe YCUIEHUEe ITOTO
MeToa. A UMEHHO, JIJIsi KaXKJ0r0 CKOJIb YIOHO OOJIBIIOTO HATYPAJIBLHOTO 17
IIOCTPOEHBI AIIIIPOKCUMAaITUN qepHOBa., OII€HKa IMOrpelnrHOCTU KOTOPLIX YJIy4-
ntera 10 C'/n™. AJropuTM mocTpoeHusi TAaKUX AIIPOKCUMAITMNA OCHOBAH Ha
pelleHny HeKOTOPOI CUCTEMBb] JINHEHHbIX ypaBHEHUA.

B 6ois1ee TouHOi#t HOPMYIIMPOBKE MBI MO2KEM IIPEJICTABUTH PE3YJIBTAT CJIe-
JYIOMIM 00pa3oM.

Paccmorpum 3amaay Komn st mapabosmmdaeckoro auddepeHimaabHoro
YPaBHEHUSI ¢ TIepeMeHHbIME KO3 burimenramu:
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{ uy(t, z) = a(z)ull,(t, ) + b(x)ul(t, ) + c(x)u(t, x)
u(0,z) = up(z),

rex € R, t>0,u: [0,+00) xR — R, u dyskun a, b, ¢, up: R — R orpanu-
YeHbl U PABHOMEDHO HENPEPBIBHBL. MbI cTpouM cemeiicTBo omnepatopos S(t),
t > 0, I KOTOPOT'O BBIOJHSIOTCS CJIELYIOIINE YCIOBUS:

1. up(t,z) = (S(t/n)"ug)(x)

2. |lun(t, x) —u(t,z)|| < C/n™,

3. st Kazkyoro T' > 0: 1imy,—s00 SUPe (0,71 |un(t, z) — u(t,2)|| =0,
riae u(t,z) — TOUHOe peleHue, uy(t,z) Jis KazKJIoro HATYPaJIbHOIO N —
YepHOBCKHUE allIPOKCUMAINU K TOYHOMY PENICHHIO, 1M — HEKOTOPoe (DUKCH-
pPOBaHHOE HATYpPaJbHOE YHUC/IO.

[1] P.R. Chernoff. Note on product formulas for operator semigroups. // J.
Functional Analysis. 2:2 (1968), 238-242.

[2] K.-J. Engel, R. Nagel. One-parameter semigroups for linear evolution
equations. — Springer-Verlag. New York. 2000. 609 p.

[3] O.E. Galkin, I.D. Remizov. Upper and lower estimates for rate of
convergence in the Chernoff product formula for semigroups of operators,
2022, 33 p. DOL: https://doi.org/10.48550 /arXiv.2104.01249

[4] .. Pemuzos. Qetinmanosckue u keasupetinmanoscrue Gopmyav, 0is
asontoyuontur ypashenul. // Joknansl Akagemun Hayk. 476:1 (2017),
17-21.
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Liouville foliation of billiard books near the focal
singular fiber

V. V. Vedyushkina

Lomonosov Moscow State University

A.T. Fomenko and H. Zieschang developed an effective topological ap-
proach to the study of integrable Hamiltonian systems [I]. Instead of study-
ing systems up to trajectory equivalence, it was proposed to study them
up to the so-called Liouville equivalence - a fiberwise diffeomorphism of the
closures of almost all solutions. This approach turned out to be very ef-
fective for describing Liouville foliations of integrable billiards bounded by
arcs of confocal quadrics [2], as well as billiard books (cell complexes whose
two-dimensional cells are flat billiards, and whose one-dimensional cells are
assigned cyclic permutations). The links of the trajectories of such billiards
lie on straight lines tangent to some quadric, belonging to the same family as
the quadrics whose arcs form the boundary of the billiard. Of greatest inter-
est in the study of foliations of such billiards are the bifurcations of Liouville
tori that arise on a special focal layer, i.e. on the layer where the trajectories
(or their extensions) pass through the foci of the family of quadrics. If we
consider billiard books whose sheets do not contain focuses, then the result-
ing class of bifurcations coincides with the entire class of bifurcations possible
in non-degenerate integrable Hamiltonian systems. However, if you require
the presence of focuses in the sheets of a billiard book, the picture changes
significantly. The report will present a new result, namely, a description
of the class of emerging bifurcations for billiard books glued together from
regions A1, which is a convex part of the plane bounded by a hyperbola arc
and an ellipse arc. It turned out that in this case the bifurcations of Liouville
tori are fiberwise homeomorphic to maximally symmetric atoms.

Theorem Let B(A;) be a connected billiard book glued together from
convex domains Aj, each of which is bounded by one ellipse arc and one
hyperbola arc. The spines of the book are assigned commuting permutations
p (elliptic boundary) and o (hyperbolic).

Consider the permutation w = ¢ o p and decompose it into a product of
independent cycles. Let us renumber the sheets of the billiard book so that

w=([1.k)(k+1.2k)..(n—k+1. n).

Then the number m = 7 (the number of independent cycles in the expansion
of the permutation w) is equal to the number of critical circles of the 3-atom
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describing the bifurcation at the focal level A = b. The atom itself has the
following form depending on the permutations ¢ and p.

1. If £ is odd, then the atom on the focal layer is an atom A*™.

2. If the numbers k and [ are even (where [ = p™(1)), then the atom
belongs to the series of maximally symmetric atoms Y, (see Fig. .

3. If the number k is even and the number [ is odd, then the atom belongs
to the series of maximally symmetric atoms X, (see Fig. .

Figure 1: Bases of the Seifert bundle of maximally symmetric atoms of the
X, and Y, series

The work was supported by a grant from the RSF 1 22-71-10106.
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2004, xvi+730.
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JleHTOYHbIE TOBEPXHOCTU CJIOEHUI C
ocoberHocTaMu. HoBbIil aJiropuTM IiepeducaeHnsd

A. 10. 2Kupos'?, A. A. Mensenes?

1. MI'TY um. Baymana, Mockea
2. MAH, Mocxksa

st periernst 381249 KJIaCCUPUKAIIIE U [IEPEInCIeHusT 0O0OIEHHBIX TICEB-
JI0AHOCOBCKUX (gPA) roMeoMopdu3MOB 1EpPBbIi ABTOP BBEJ B PACCMOTPEHHE
KOHCTPYKIIMIO JIeHTOUHOI nosepxuocTu [1]. OHa omnpemessieTcst pacTsruBa-
FOIAMCST U CoKUMAIOIIUMCS CJI0eHuSIMU gpA-ToMeoMopdusMa, KOTOPbIE CYTh
CJIOEHUSI C CEJJIOBBIMU OcobeHHOCTsIMU. HeslaBHO BTOPOI aBTOD IIPEIJIOXKIIT
HOBBII CITOCOO KOMOMHATOPHOTO OIMUCAHUS JICHTOUHBIX TTOBEPXHOCTEH B Tep-
MuHaX Teopuu IpadoB U COOTBETCTBYIONINN HOBBIA AJIOPUTM HX IIEPEUUC-
Jiennst. B HEKOTOPBIX ciaydasx oH Oojee addekTuBeH, ueM npexkuuit. B mo-
KJ1aie Oy/ieT JTaHO CPaBHUTEIbLHOE OIMMCAHUE CTapOl W HOBOW KOHCTPYKITHI
1 0DCY2KJIEHBI COOTBETCTBYIOIIHE AJTOPUTMBI.

[1] A.FO. 2Kupos, Tonosiornveckast CONpsizKEHHOCTb [ICEBJ0AHOCOBCKIX T'0-
Meomopduamon, M, Uzx. MITHMO, 2013.
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