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CLASSIFICATION OF MORSE-SMALE DIFFEOMORPHISMS
WITH A FINITE SET OF HETEROCLINIC ORBITS ON
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ABSTRACT. In this paper, we consider orientation-preserving Morse-
Smale diffeomorphisms on orientable closed surfaces. Such diffeomor-
phisms can have infinitely many heteroclinic orbits, which makes their
topological classification very difficult. In fact, even in the case of a fi-
nite number of heteroclinic orbits, there are no exhaustive classification
results. The main problem is that for all currently known complete topo-
logical invariants of such systems, the implementation is not described.
In this paper, we present a complete topological classification of Morse-
Smale diffeomorphisms with a finite number of heteroclinic orbits on
surfaces, including a realization.
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1. INTRODUCTION AND FORMULATION OF RESULTS

A discrete dynamical system (cascade) on an n-manifold M™ is the group of inte-
ger powers of some diffeomorphism f: M™ — M™". Diffeomorphisms f: M™ — M™,
f'e M'™ — M'™ are called topologically conjugate if there exists a homeomorphism
h: M™ — M'™ such that hf = f'h.

It is clear that the direct verification of the topological conjugacy of two cascades
is an immense problem. An object or property of the system that is preserved un-
der topological conjugacy is called topological invariant of the diffeomorphism that
generates it. The search for topological invariants is a part of the topological clas-
sification of some set G of dynamical systems, which is understood as the solution
of the following problems:
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1) searching for topological invariants of dynamical systems from the class Gj
2) proof of the completeness of the set of found invariants, that is, proof that
the coincidence of sets of topological invariants is a necessary and sufficient
condition for the topological conjugacy of two dynamical systems from G;
3) realization, that is, description of admissible abstract invariants and the
construction of a standard representative belonging to G according to the
given invariant.

In this paper, we consider orientation-preserving Morse—-Smale diffeomorphisms
f on an orientable surface M?2. By definition, such a diffeomorphism has a hyper-
bolic non-wandering set consisting of a finite number of periodic orbits whose stable
manifolds intersect transversally with unstable ones. Let O;, O; be periodic orbits
of the Morse-Smale diffeomorphism f: M? — M?2. In [17] S. Smale introduced the

notion of partial order relation < for periodic orbits

0 <0 <= W5, NWs, # 2.
For saddle orbits O; < O; any intersection point W§, ﬂW(%j is called heteroclinic.
A sequence of distinct saddle periodic orbits O; = O,, Oy, ..., O;, =0, (k> 1)

such that O;, < O;;, < --- < O;, is called a chain of length k connecting the periodic
orbits O; and O; (see Fig. 1).
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FIGURE 1. Chain of length 2: O; < Oy < Os, for fixed saddle
points p1 = Oy, p2 = Oz, p3 = O3

The maximum length of the saddle chain connecting the orbits O; and O; is
denoted as beh(O;|0;) (beh from behaviounr). We state beh(0;|0;) = 0 if Wi N
Wp, = . Let

beh(f) = max{beh(0,|0;)}.

If beh(f) = 0 for a Morse-Smale diffeomorphism f: M? — M?, then the diffeo-
morphism f is called a gradient-like diffeomorphism (f has no heteroclinic points).
Denote by G the class of orientation-preserving Morse—Smale diffeomorphisms
f defined on orientable surfaces M? and satisfying the condition beh(f) < 1. The
complete topological invariants of such diffeomorphisms known today are described
in the section 4. However, no realization is described for these invariants. The
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approach proposed in this paper for classifying diffeomorphisms of the set G dif-
fers from all currently available approaches. It allows to solve the implementation
problem in the class under consideration.

The classification of Morse-Smale diffeomorphisms with beh(f) = 2 is compli-
cated by the fact that diffeomorphisms of this class have an infinite number of
heteroclinic orbits. The authors suggest that the approach described in this arti-
cle can be improved and used in the classification of this more complex class of
diffeomorphisms.

Let us describe the invariants.

1.1. Diffeomorphism scheme f € G. Let f € G. Then the set X of periodic
orbits of the diffeomorphism f can be divided into subsets X%, i € {w, s, u, a} as
follows:

e X7 is the set of all sink points;

° E}i is the set of saddle points, whose unstable manifolds do not contain

heteroclinic points;
o X} is the set of all other saddle points;
° Z;‘c‘ is the set of all source points.

It follows from the properties of the introduced order < that every orbit O; € XY
is in the relation O; < O; with some periodic orbit O; € X5. Let

Ay =3FUWg., Ry=XFUW3., V;= M2\ (A; URy).

In the paper [10] it is shown that the sets Ay, Ry are an attractor and a repeller
of the system, respectively. Let
Vi=V;/f.

According to the paper [9], each connected component of the orbit space Vf is
homeomorphic to a two-dimensional torus. Denote by ps: : Vy — V; the natural
projection, which is also a covering map for the space V.

We denote by V;, ¢ € {1, 2, ..., n}, the connected components of the orbit space
Vi. We set V; = pJ?l(VZ-) and denote by p;: V; — V; the natural projection. The

covering p; induces a non-trivial homomorphism 7;: 71 (V;) — m;Z that associates

[¢] € m1(V;) with the number pum; such that any lifting of the curve é connects the
point z € V; with the point f#™i(x). We set

Vi=Viu---uv,

and denote by n; the map composed of the homomorphisms 7y, ..., 7.

Denote by my € N the smallest number such that all points of the non-wandering
set of the diffeomorphism f™f are fixed and the diffeomorphism f™f preserves the
orientation on W for all o € Y. Let us set f = f™f and note that the sets Ay

and Ry are also an attractor and repeller for the diffeomorphism f . We set
Vi =Vy/f.

Denote by py: Vy — Vf the natural projection, which is also a covering map.
Let us introduce the following notation:
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) E;, £1; are sets of all stable, unstable, respectively, saddle separatrices of
the diffeomorphism f and Ly = L5 U LY;
o Lj= Ule,c«;. l, L} = Uleﬁ? land Ly = L3 U LY
o Ly ={l=ps)|leLy}, L4={l=ps()|l €Ly} and Ly = L3 ULY;
o L} = Uieé; l, L} = Uieﬁ; land Ly = L} U LY
e P; is an involution on the set £ such that for any element [ € £; the
equality [ U Ps(l) = ps(W?2 \ o) is holds for some § € {s, u} and ¢ €
(X7 UE}):; o o
o L3 ={l=pr(), [l € L3}, L} ={l=pp()) |l € L}} and L = L3 UL}
. Lj =Uiczy 1 L7 = Upegy L and ~Lf =L;ULY; o
e P is an involution on the set Ly such that for any element [ € L the
equality [ U Ps(l) = py(W2 \ o) is holds for some § € {s, u} and o €
(Ej; U 21;).
For any diffeomorphism f € G we set
Sy =V, Ly, Pp)s Sy =(Vy, Ly, Py).
Definition 1 (Diffeomorphism scheme). We will call the pair
S = (S5, Sy)
the scheme of the diffeomorphism f € G.

1.2. The set S'f. Sets S'f7 Sf/ for diffeomorphisms f, f’ € G are called equivalent
(see Fig. 2) if there exists a homeomorphism ¢: Vf — Vf/ such that ny = np P,
and
(1) Ly = @(L}), Ly = ¢(Ly);
(2) the homeomorphism ¢ induces a one-to-one correspondence @, : L F— L #
by the formula @, (I) = ¢(I) and holds the property G Pp =Py
Figure 2 shows the diffeomorphisms f, f’ € G. On the left a diffeomorphism
f of a two-dimensional sphere whose non-wandering set consists of fixed source
points ag, asg, as, oy, fixed saddle points o1, 02, 03 and a fixed sink point w; is

shown. The separatrices l1, ..., lsg € Ly are also marked. The projections of the
separatrices ﬁf ={l1, ..., lg} on the set Vf = Vl ( Vg The involution ”ﬁf acts as
follows:

Prl) =1, Pp(ls) =ls,  Ps(ls) = .

The figure on the right shows a diffeomorphism f’ of a two-dimensional torus
whose non-wandering set consists of fixed source points o, a4, fixed saddle points
o1, 04, osand a fixed sink point wj. The separatrices I, ..., l§ € Ly are also
marked. the projections of the separatrices ﬁf/ = {f’l, e [g} on the set Vf/ =
V/ U V4. The involution 75f/ acts as follows:

Pr) =1, Pply) =1, PpiL) =1L

For S’f, §f, there exists a homeomorphism ¢: Vf — Vf/ such that ny = np@
and point (1) of the sets equivalence holds. But any such homeomorphism does not
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7
FIGURE 2. Phase portraits of topologically non-conjugate diffeo-
morphisms f, f* € G with non-equivalent sets Sy, Sy

satisfy condition (2) <,5*75f = 75f/<,5*. The topological non-conjugacy of the diffeo-
morphisms f, f' obviously follows from non-homeomorphic supporting surface.

1.3. The set S’f. Sets 5}, Sf, of the diffeomorphisms f, f' € G are called equiv-
alent (see Fig. 3) if there exists a homeomorphism ¢: Vy — Vs such that:
(1) Ly = @(Ly); N N
(2) the homeomorphism ¢ induces a one-to-one correspondence @, (1) = (1)
by the formula ¢,: Ly — L and holds the property @.Pr = P p,.
Figure 3 shows the diffecomorphisms f, f’ € G. On the left a diffeomorphism f of

a two-dimensional sphere whose non-wandering set consists of fixed source points
aq, g, ag, o4, as, fixed saddle points o1, 09, 03, 04 and a fixed sink point w; is

shown. The separatrices [y, ..., lg € Ly are also marked. The projections of the
separatrices ﬁf ={ly, ..., l4} are marked on the set Vf =V u Vg The involution

75f acts as follows:
Prll) =lo,  Pyl3) = la
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The separatrices ﬁf = {l~1, ey l~8} are also marked on the set f/f = Vl L ‘72 The
involution P; acts as follows:

Prly) =1, Ppls)=1ls, Prls)=1ls, Ps(lr)=1Is.

The figure on the right shows a diffeomorphism f’ of a two-dimensional torus
whose non-wandering set consists of fixed source points of, o, of, fixed saddle
points o}, 05, o5, oy and the fixed sink point w]. The separatrices I, ..., l§ € Ly
are also marked. The projections of the separatrices ﬁf/ = {Z’l, ce lAﬁl} are marked
on the set Vy» = V{ U Vy. The involution P; acts as follows:

Pr(l) =13, Prlly) =1}
ryhe p~r0jections of the seE)aratrices £~'f ={li, ..., I} are marked on the set V; =
V{ U V. The involution Py acts as follows:
Pr(l) =ls, Pply) =1, Pp(y) =1, Pply) =l

For sets S, Sy there is a homeomorphism ¢: V; — Vi such that ny = np @
and points (1) and (2) of the set equivalence hold. There is also a homeomorphism
@: Vi — Vo for the sets Sy, Sy such that point (1) of the equivalence of sets is sat-
isfied. But any such homeomorphism does not satisfy condition (2) ¢, Py = Py @s.
The topological non-conjugacy of the diffeomorphisms f, f’ obviously follows from
the non-homeomorphic of the supporting manifold.

1.4. Scheme equivalence class is a complete invariant

Definition 2 (Scheme equivalence). Schemes Sy, Sy of diffeomorphisms f, f' € G
will be called equivalent if there exists a homeomorphism ¢: Vf — f/f/, imple-
menting the equivalence of the sets S [ S ¢ and lifting to the homeomorphism
¢: V¢ — V}/, which implements the equivalence of the sets Sy, Sy

Theorem 1. Two diffeomorphisms f, f' € G are topologically conjugate if and
only if their schemes Sy, Sy are equivalent.

1.5. Abstract scheme. To solve the realization problem, we introduce the con-
cept of an abstract scheme.

Let m € N, m; € N, i =1, ..., n, be the divisors of m and V; = (R?\ (0, 0)) x
Z,. Let us define a diffeomorphism ¢;: V; = V; by the formula

(x,y, k+1), ke{0,1,...,m; —2}

(%7 %7 )a k:mz_l

oi(x, y, k) = {
Then V; = Vi/¢; is a torus. Let a; = {(z, y, 0) € V;: 2 > 0, y = 0} be a ray with
orientation to the initial, b; = {(z, y, 0) € Vi: 22 + y? = 1} be a circle with the
clockwise orientation and p;: V; — V; be a natural projection. Then the curves
a; = pi(a;), b; = pi(b;) are generators on the torus V; (see Fig. 4). Hence any knot
¢ C V; with respect to these generators has a homotopy type [¢] = (fie, o). Let us

define an epimorphism 7;: 71 (V;) = m;Z by the formula

ni([c]) = pe - my.
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FIGURE 3. Phase portraits of topologically non-conjugate diffeo-
morphisms f, f’ € G with non-equivalent sets Sy, Sy

Let £ and £ be families of pairwise disjoint knots such that 7;([]]) > 0 for any
[ € (£3ULY) and the sets Lf = Uicz: I LY = Ujczu [ intersect transversally. Let

=k, fo=Jbn L=fuln,
zzl zzl

p=Uk =i i=ivuin
i=1 i=1

V=Viu---uvV, V=Viu--uv,.
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FIGURE 4. Generators a;, 13, on the torus ‘A/l

Denote by ¢: V' — V the map composed of the diffeomorphisms ¢q, ..., ¢n, by
p: V — V the mapping composed of the projections p1, ..., p, and by n the map
composed of the homomorphlsms M s N

Let us. deﬁne on the set L an involution P: £ — £ such that:
([(H) q1>mrmwzez
e the set [

lelv
Weset g=¢m: V5V, V= V/d; and denote by p: V — V natural projection.
Weset q=ppt: V=V, L5 =q¢ (L), L* = ¢ (L), L = ¢~ (L) and denote by £
the set of connected components of the set qil(ﬁ). Note that the diffeomorphism
¢ induces a substitution ®: £ — £ by the formula

(1) = pep " (D).
Let us define on the set £ an involution P: £ — £ such that:
. &P — Db, gP - Pa; o
e the set obtained from V by identifying the knots I, P(I), [ € L, is connected.
We state

= 77
U P(I) has a non-empty intersection with the set L® for any node

S=(V,L,P), S=(V,LP)
Definition 3 (Abstract scheme). A pair S = (S, S) is called an abstract scheme.
It is directly verified that the scheme of any diffeomorphism f € G satisfies all

the properties of the abstract scheme. Moreover, the following realization theorem
holds.

Theorem 2. For any abstract scheme S, there exists a diffeomorphism f € G
whose scheme Sy is equivalent to the scheme S.

Given any abstract scheme & = (S, S), one can determine the genus of the
surface on which the diffeomorphism f € G is realized by the given scheme. To do
this, we construct two sets of circles S, S, from the set S as follows.
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By [8, Lemma 3.2.1], for each connected component V; of the set Vf there exists
a node (37 that intersects with every node lelsnV;ata single point (see Fig. 5),
let’s call such a knot equator. Denote by B* the union of all such equators. Points
INB*, P(I)N B* are called paired. Denote by S,, the set of knots obtained from B*
by taking a connected sum along pairwise disjoint neighbourhoods of paired points
(see Fig. 5).

B

Sa

FIGURE 5. Sets S’, S’ with marked knots B =By, Bs = By, B =
”f, L= ”2‘ and knots sets S,,, Sa, S.,, S.,, with k% = k'* = 2,
ku:k/MZG,kw:k/w:Lka:5,k/a=3.
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A set of knots S, is constructed similarly from the equators B* to the knots

L£5. Denote by k%, k¥, k. k® the number of knots in the sets £°, £%, S.,, Sa,
respectively.

The following lemma connects the genus of the supporting surface of the diffeo-
morphism f € G with scheme invariant S.

Lemma 1. The genus g of the supporting surface for the diffeomorphism f € G
with the scheme S can be calculated by the formula

1,
2—-29g=k"+Ek“— 5(k:“’+l~c“). (1)

2. NECESSARY AND SUFFICIENT CONDITIONS FOR TOPOLOGICAL CONJUGACY
OF DIFFEOMORPHISMS OF CLASS G

Let f: M? — M?, f': M'?> — M'? be diffeomorphisms from the class G and let
Sy, Sy be the corresponding schemes. Let us prove that diffeomorphisms f, f” are
topologically conjugate if and only if their schemes are equivalent.

2.1. Necessity. (=) Assume that there exists a _homeomorphism h: M 2 M
such that hf = f'h. We set ¢ = pf,hpf Vf — Vf/ and ¢ = pf/hpf Vf — Vf/
Let us show that the homeomorphisms ¢, ¢ satisfy the equivalence conditions for
the schemes S¢, Syr.

Let us show that the condition 7y = 74 ¢ is satisfied. Let V; be an element of the
set Vy and & € V; be a simple closed curve. We state V; = gb(V) and ¢ = cp( ). Let
% € é. The curve ﬁ;l(é) connects the points z, f"fmi( ) Epy Y& ) Let 2’ = ¢(&),
then the curve ﬁ}?/l (¢/) connects the points z/, f/7 (Dmi(z) e (CL‘I) Then

h(frEDme(z)) = fmr ©EDme (h(a)) and hence ny([@]) = ng ([p(e )])

2.1.1. Equivalence of sets S¢, Spr. Let us prove the conditions (1), (2) of the equiv-
alence of the sets S 7 S ' for the homeomorphism ¢.

(1) Since the conjugating homeomorphism h takes the invariant manifolds of
periodic points of the diffeomorphism f into invariant manifolds of periodic points
of the diffeomorphism f’ with stability and dimension preserved, then

b =h(L}), LY =h(L}).
Then, since ¢ = pf,hjr)]?l7 then
Ly =p, (L}) = p, (ML) = p,, (h(p; (L)) = ¢(L}).

Similarly i}“ = gb([Aﬂ;)
(2) Let ll, Iy € L be such that 11 Uly = pp(W2) for some 6 € {s, u} and

€ (X3 UX%). Then there exist I Uly € Ly such that Iy Ul = pp (h(W?)) and
hence

2 Pr(l) = ¢ulle) = ¢(lz) = by = P (1) = Pprp(lh) = Pprpu(lh).
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2.1.2. Set equivalence Sg, Syr. Let us prove the conditions (1), (2) of the equiva-
lence of the sets S Iz S ¢ for the homeomorphism ¢.

(1) Since h is a homeomorphism conjugating the dlﬁeomorphlsms f, f', one has
my = myp (= m). Then h also conjugates the diffeomorphisms f = f™, f/ = f'm
and, consequently, the manifolds Vf, Vf/ are m-layered covers of the manifolds
Vf, Vf/, respectively, and the homeomorphism ¢ is a lift of the homeomorphism ¢.
Moreover, the homeomorphism h maps invariant manifolds of periodic points of the
diffeomorphism f into invariant manifolds of periodic points of the diffeomorphism
f' with stability and dimension preserved. Whence it follows that

Since pf = pf Py =pj and @ :pf,hp?, then
L3, = p (L) = p ((L3) = pp (W (1)) = B(E5).
Similarly D;, = ~(L;)
(2) Let ll, Iy € Ef such that I} Uly = pf(W‘;) for some ¢ € {s, u} and o €
(X3 UX}). Then there exist lyully € L such that I, Ul, = pp (h(W?)) and hence,

@ Pr(lh) = ¢ulla) = ¢(lo) = Iy = Pp(Ih) = Pp@(l) = Pp@a(ln).

2.2. Sufficiency. (<) Let schemes Sy and Sy of diffeomorphisms f, f' € G are
equivalent. Let us show that the diffeomorphisms f, f are topologically conjugated.
Let us construct a conjugating homeomorphism h: M? — M'? step by step.

STEP 1. THE CONSTRUCTION OF THE DIFFEOMORPHISM H: Vy — Vir. Since
schemes Sy and &y are equivalent, then there are homeomorphlsms p: Vf — fo
and @: Vf — Vf/ satisfying the conditions of equivalence of sets Sf, Sf/ and Sf, Sf/
respectively. Due to homeomorphism ¢ and condition ny = ns/¢ it follows that
@(V;) = V/, which means Vi € {1,...,n} 3¢ € {1,..., n'} and consequently
n=n' and m; = m},. Without loss of generality, we will assume that i’ = 4, since
this can always be achieved by renumbering the components.

We define a homeomorphism H;: V; — V; by the formula

Hi(x) = 5} (305 (2)).

and denote by H: Vy — Vj/ the composition of diffecomorphisms Hy, ..., H,.

STEP 2. EXTENSION OF THE HOMEOMORPHISM TO THE SET OF SADDLE
POINTS. We extend by continuity the homeomorphism H to the homeomorphism
H:VyUX5UXY — Vi USS, USY, as follows. For every curve I§ = 5, ' (I5) there is
unique curve l§ = ﬁ;l(ig) such that [§ = P;(I3) and [§Ul§ = W2\ o, where o € .
It follows from the properties of the constructed homeomorphism H that, for the
curves I = H(I3), 5 = H(13), one has I UIF = W3, \ ¢/, where ¢’ € £%,. Let

H(o)=0'.

The equality H(f*(c)) = f'*(0’) extends the homeomorphism H to the orbit of the
saddle point ¢ and, therefore, to the entire set 5. Similarly, the homeomorphism
H can be extended to the set ¥%.
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Similarly to the proof of Theorem 1 in [12] the homeomorphism H is modified
to a homeomorphism h: M? — M'? conjugating the diffeomorphisms f, f.

3. REALIZATION OF DIFFEOMORPHISMS OF THE CLASS G
BY AN ABSTRACT SCHEME

In this section, for any abstract scheme S = (5, §) we construct a diffeomor-
phism f € G such that the scheme S and &y are equivalent. Moreover, we will
prove Lemma 1 by establishing relation (1) for the constructed diffeomorphism. We
will use the notation introduced in Section 1.

From each abstract scheme S, a diffeomorphism ¢: V' — V and the sets L® =
p~Y(L%), L* = p~Y(L*) can be recovered. The sets L®, L* consisting of oriented
curves divided into pairs | = ]5_1([) !'=7p 1(73(1)). Moreover, each such pair
corresponds to a natural number k; = n([p(l)]). We choose pairwise disjoint ¢-
invariant tubular neighbourhoods NV; for pairs I, I’. We state ¢; = ¢|n;, -

Let N' = {(z, y) € R?: |zy| < 1}, N* = N\ Oy and N* = N\ Oz. We define
on the set N x Z;, the following diffeomorphisms:

(x,y,k+1) Vee{0,1,..., k—1},

ap.4 (T, Y,
k(@ 9, 1) = {2,2y, 0) for k = k;

2, —2y,0) fork==k.

(3
ak’,(;c’ Y, K ){Emy KZ+1) VK&E{O, 1,...,]{3—1},
27

Let [ C L% § € {s, u}. If ¢*(I) = I’ for some k € {1, ..., k; — 1} then the
orbit space of the action of the diffeomorphism ¢; on N; is isomorphic to the two-
dimensional annulus, which entails the existence of a diffeomorphism ¥;: N; —
N? X Zy, s such that 9;(1U1') = Oz \ {O} and ¥, 0 ¢ = ay, 2, o ¥;. In this case
let Nj = N x Zy, )2 and a; = ay,/2,—. In the oppsite case the orbit space of the
action of the diffeomorphism ¢; on NN is isomorphic to a pair of two dimensional
annulus, which entails the existence of a diffeomorphism 9;: N; — N? x Zy, such
that 9;(1Ul") = Oz \ {O} and 9, 0 ¢ = ay, + o ¥;. In this case let Nj = N x Z,
and a; = ag, 4. In both cases, if the set N; N L* is not empty, then we choose
a diffeomorphism ¢; so that each connected component of the set ¥;(N; N L") is
parallel to axis Oy for § = s and parallel to axis Ox for § = u.

Denote by N? the disjunct union of the sets Aj, I C L% by as the mapping
composed of diffeomorphisms a; and by 95 is a map composed of diffeomorphisms
of ¥;. Denote by W =V U N° U N* and introduce on the set W a minimal equiv-
alence relation ~, satisfying the following conditions: = ~ y, if y = ¥(z);  ~ y,
if y = ¥y(x). Denote by M? the set of equivalence classes and by p,, : W — M?
the natural projection associating the point 2 € W its equivalent class. By [12,
Theorem 3], M? is a non-compact surface without boundary on which the diffeo-
morphisms ¢, as, a,, induce a Morse-Smale diffeomorphism with k% + k® saddle
points, which allows compactification of exactly k“ sink and k& source points sat-
isfying the relation (1). The diffeomorphism f € G constructed in this way on the
closed surface M? is the desired one.
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4. HISTORICAL BACKGROUND

4.1. Classification of gradient-like diffeomorphisms on a surface. In this
subsection, we describe known approaches to the classification of gradient-like dif-
feomorphisms on surfaces.

4.1.1. Directed graph equipped with data. Let f be a gradient-like diffeomorphism
of an orientable surface M2. Denote by o the saddle point of the diffeomorphism
f of period m,. Let v, be the orientation type of o, which is equal to 1 if the
diffeomorphism f" [y« is orientation-preserving and —1 otherwise. Let I3 (1) be
the stable (unstable) separatrix of the saddle point o, i.e., I (I¥) is a connected
component of the set W2\ o (W¥\ o). Since 5 (I%) does not intersect any saddle
point of the unstable (stable) manifold, there exists a sink point w (source point «)
such that cl(l¥) =¥ UoUw (cl(lZ) =15 Uo Ua) [8, Lemma 3.2.1]. For ¢ € {s, u},
we assume that the separatrix lg is directed towards the saddle point o for § = s
and away from the saddle point for § = u.

We will say that the oriented graph T'y is a diffeomorphism graph f (see Fig. 6)
if

1) vertices of the graph I'; correspond to periodic points of the non-wandering
set f; the vertex corresponding to the periodic saddle point ¢ is equipped
with the weight v,;

2) oriented edges of the graph I'; correspond to directed separatrices of saddle
points.

The diffeomorphism f induces an automorphism f, of the graph I'y. Let I'y, I'p/
be the diffeomorphism graphs f, f’. For topologically conjugated diffeomorphisms
f, f’, it is necessary to have an isomorphism between the graphs I'y and Iy con-
jugating the automorphisms f, and f,. Unfortunately, in the general case, the
existence of a graph isomorphism is not enough for the diffeomorphisms f, f’ to be
conjugate, even if every periodic point is fixed and every separatrix is f-invariant.
Indeed, consider the diffeomorphisms f and f’ whose phase portraits are shown in
the figure 6. Although these diffeomorphisms have isomorphic graphs, they are not
topologically conjugate. To verify this, note that any conjugating homeomorphism
necessarily maps the sink basin w of the diffeomorphism f to the sink basin w’
of the diffeomorphism f’/. However, such a homeomorphism cannot be extended
to the entire sphere in such a way that it takes the invariant manifolds of saddle
points of the diffeomorphism f into the invariant manifolds of saddle points of the
diffeomorphism f.

Thus, the directed graph I'y of the diffeomorphism f does not define the topo-
logical conjugacy class f, so the graph I'y must contain additional information. In
order to obtain a complete classification of gradient-like diffeomorphisms on sur-
faces, in 1985 A. Bezdenezhnykh and V. Grines [1], [2] introduced equipped graphs
similar to M. Peixoto graphs [1(] for gradient-like streams. The equipment in-
cluded information about the boundaries of the cells of the diffeomorphism. Below
we present a modification of this equipment, proposed later by V. Grines and O.
Pochinka [8].
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f/

FIGURE 6. Diffeomorphisms f, f': S — S? have isomorphic
graphs, but they are not topologically conjugate.

Let w be the sink of the diffeomorphism f and let L., be a subset of the manifold
M? consisting of separatrices whose closures contain the sink w. Then there exists
a smooth 2-disk B, such that w € B, and each separatrix [ C L,, intersects the set
0B, at a single point [3, Proposition 2.1.3]. Such equipped graphs can be defined
as follows. Let w be a sink of f and let L, be the subset of the manifold M? that
consists of the separatrices having w in their closures. Then there exists a smooth
2-disk B,, such that w € B, and each separatrix [ C L, intersects 9B, at an unique
point; see, for example, [3, Proposition 2.1.3]. For the vertex w corresponding to
the periodic sink point w, let E,, denote the set of edges of the directed graph I'y
incident to w. Let N, denote the cardinality of the set F,,. We enumerate the
edges of the set E,, in the following way. First we pick in the basin of the sink w a
2-disk B,, and set ¢, = 0B,,. We define a pair of vectors (7, i) at some point of the
curve ¢, in such a way that the vector 7 is directed inside the disk B,,, the vector
T is tangent to the curve ¢, and induces a counter-clockwise orientation on ¢, with
respect to B, (we call this orientation positive). Enumerate the edges eq, ..., en,
from FE,, according to the ordering of the corresponding separatrices as we move
along ¢, starting from some point on ¢,. This enumeration of the edges of the set
FE,, is said to be compatible with the embedding of the separatrices.
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Denote such a graph by I';.

Let I'} and I'}, be equipped graphs of diffeomorphisms f and f! respectively
and let I'; and I'}, be isomorphic by an isomorphism . Let a vertex w of the
graph I'} correspond to a sink and let w’ = {(w). Then the isomorphism ¢ in-
duces the permutation 6, on {1, ..., N} (where N = N,, = N,) defined by
Ouw,u (i) = j & §(e;) = €.

Two equipped graphs I'}, I'}, of diffeomorphisms f, f" are said to be isomorphic
if there exists an isomorphism & of the graphs I'¢, Iy such that

1) £ sends the vertices into the vertices and preserves the values of the vertices
corresponding to the saddle periodic points; it sends the edges into the edges
and preserves their direction;

2) the permutation ©,, .+ induced by £ is a power of a cyclic permutation’ for
each vertex w corresponding to a sink;

3) fi=¢Eneh

The isomorphism of equipped graphs is a complete invariant of the topological
conjugacy of gradient-like Morse—Smale diffeomorphisms on closed surfaces. Let
us show that the framed graphs I'}, F}* of the diffeomorphisms f, f’ shown in the
figure 6 are not isomorphic. To do this, suppose that the vertex w (w’) of the
graph corresponds to the sink w (w’). It is directly verified that any isomorphism
¢ induces a permutation ©,,,, which is not a power of a cyclic permutation and,
therefore, framed graphs I, I'}, are not isomorphic.

4.1.2. Tricolour graph. Let us describe an alternative approach to the classification
of gradient-like diffeomorphisms on surfaces proposed by V. Grines, S. Kapkaeva,
and O. Pochinka [7] and similar to the approach of A. Oshemkov and V. Sharko
for gradient-like flows [15].

Let, as before, f be a gradient-like Morse-Smale diffeomorphism on a closed
surface M?. The non-wandering set Q; can be represented as Qy = QS UQ} UQ7,
where Q(}, Q}, ch denote the set of sinks, saddles, and sources of the diffeomorphism
f, respectively. For the remainder of this subsection, we assume that f has at least
one saddle point?.

Remove from the surface M? the closure of the union of stable and unstable
manifolds of all saddle points of the diffeomorphism f and denote the resulting set
by M, ie., M = M? \ (Q?c UWS} UWS} UQ?) The set M is represented as a union

of areas (cells) homeomorphic to the open two-dimensional disk, the boundary of
each of which has one of three types (see Fig. 7) and contains exactly one source,
one sink, one or two saddle points and some of their separatrices.

Let A be any cell from the set M, and a and w be the source and sink contained
in its boundary. A simple curve 7 C A whose boundary points are the source «

11t is directly checkable that the property of the permutation to be a power of a cyclic permu-
tation is independent of the choice of the curves ¢, and c,.

2If a Morse-Smale diffeomorphism f: M™ — M™ has no saddle points, then its non-wandering
set consists of one source and one sink. All “source-sink” diffeomorphisms are topologically con-
jugate; the proof of this fact is given, for example, in [8] (Theorem 2.2.1).
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9 o}
® o
a) b) c)

F1GURE 7. Cell types with t-curves

and the sink w is called a t-curve (see Fig. 7). Denote by T the f-invariant set and
which consists of t-curves taken one in each cell.

0)
s-curve u-curve
& K
O, (e}
a t-curve (D

FicURE 8. Triangular domain

Any connected component of the set Ma = M\ T is called a triangular domain.
Let Af denote the set of all triangular domains of the diffeomorphism f. The
boundary of each triangular domain § € Ay contains three periodic points: source
a, saddle o, sink w. It also contains the stable separatrix I (we will call it s-
curve) with boundary points a and o, the unstable separatrix I (we will call it
u-curve) with boundary points w and o and the curve 7 (we will call it ¢-curve)
with boundary points o and w (see Fig. 8). Triangular area bounded by s-, u- and
t-curves. We will say that two triangular domains have a common side if this side
belongs to the closures of both domains. Construct a three-color (s, t, u) graph
Ty corresponding to a gradient-like Morse-Smale diffeomorphism f as follows (see
Fig. 9):

1) T} vertices are in one-to-one correspondence with triangular domains of A
sets;

2) two vertices of a graph are incident to an edge of color s, ¢, and u if the
corresponding triangular domains have a common s, ¢, and u-curve.
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FIGURE 9. Non-isomorphic three-color graphs T, Ty, are associ-
ated with non-conjugate gradient-like diffeomorphisms f, f’ shown
in the figure 6

By construction, tricolour graphs obtained from different partitions into trian-
gular domains (depending on the choice of ¢ -curve) are isomorphic. The diffeo-
morphism f induces an automorphism f, = 7y fﬂ;l on the vertex set of the graph
Ty. Two three-color graphs with automorphisms (T, fi) and (T}, f1) of diffeo-
morphisms f, f’ are called isomorphic if there exists a one-to-one correspondence &
between the sets of their vertices which preserves the incidence and color relations,
as well as the conjugating automorphisms of f, and f. (that is, f, = £f.£71). The
isomorphism class of a three-color graph with substitution (7%, f.) is a complete
invariant of the topological conjugacy of a gradient-like diffeomorphism f defined
on a closed surface.

4.2. Classification of diffeomorphisms beh(f) = 1. In this section, we present
results known to the authors on the classification of Morse-Smale diffeomorphisms
with a finite number of heteroclinic orbits.
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4.2.1. Heteroclinic substitution. In 1993, V. Grines [6] proved that the invariant
for some subset® of such diffeomorphisms is a graph similar to the Peixoto graph,
equipped with a heteroclinic permutation describing the scheme of intersection of
invariant manifolds, as in Figure 10. The isomorphism of such graphs is a necessary
and sufficient condition for the topological conjugacy of the considered diffeomor-
phisms.

123456 123456
123654 163452

FIGURE 10. Heteroclinic substitution

4.2.2. The scheme. In 1993, R. Langevin [11] proposed to consider the orbit space
of the basin sink and the projections of unstable separatrices of saddle points onto
the resulting orbit space. This approach was generalized and successfully applied
by Ch. Bonatti, V. Grines, V. Medvedev, E. Pecu and O. Pochinka in [3], [4] for
the topological classification of Morse—Smale diffeomorphisms f with beh(f) < 1
on 3-manifolds. In 2010, T. Mitryakova and O. Pochinka [13] applied this method
in the topological classification of Morse-Smale diffeomorphisms f with beh(f) <1
on an orientable surface, under the assumption that all periodic the points of the
diffeomorphism f are fixed. They constructed a topological invariant, called the
“scheme”, consisting of a finite number of two-dimensional tori corresponding to
the orbit space of the sink and source basins, together with a set of simple closed
curves corresponding to the orbit spaces of the separatrices (see Fig. 11). They also
proved that this invariant is complete for the considered class of diffeomorphisms
and in [14] they solved the problem of their realization using an admissible abstract
scheme.

4.2.3. Markov partitions. In 1998, a different approach was taken by H. Bonatti and
P. Langevin [5], who considered Smale diffeomorphisms of compact surfaces, that is,
structurally stable diffeomorphisms with zero-dimensional basis sets. That is, the

3In [6], the class of Morse-Smale diffeomorphisms with a finite number of heteroclinic orbits
was considered under the assumption that the orbits of the intersection points of connected fun-
damental segments of separatrices exhaust all heteroclinic orbits belonging to the intersection of
these separatrices.
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FIGURE 11. Scheme for a Morse-Smale diffeomorphism with
beh(f) =1

classification of Morse—Smale diffeomorphisms was obtained as part of the classifica-
tion of structurally stable diffeomorphisms with zero-dimensional basis sets. They
proved that each Smale diffeomorphism corresponds to a finite combinatorial ob-
ject, which is a set of geometric types of Markov partitions. However, Morse-Smale
diffeomorphisms were not singled out for separate consideration, and therefore such
a classification turned out to be unreasonably laborious for them.
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