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Abstract. We consider the damped/driven cubic NLS equation on the
torus of a large period L with a small nonlinearity of size A\, a properly
scaled random forcing and dissipation. We examine its solutions under
the subsequent limit when first A — 0 and then L — oo. The first limit,
called the limit of discrete turbulence, is known to exist, and in this
work we study the second limit L — oo for solutions to the equations
of discrete turbulence. Namely, we decompose the solutions to formal
series in amplitude and study the second-order truncation of this series.
We prove that the energy spectrum of the truncated solutions becomes
close to solutions of a damped/driven nonlinear wave kinetic equation.
Kinetic nonlinearity of the latter is similar to that which usually appears
in works on wave turbulence, but is different from it (in particular, it is
non-autonomous). Apart from tools from analysis and stochastic analysis,
our work uses two powerful results from the number theory.

1. Introduction

1.1. The Setting

In this paper we continue the study of the Zakharov—L’vov stochastic model
for wave turbulence (WT), initiated in [7,8]; see also a survey [9]. We start by
recalling the classical and the Zakharov—L’vov stochastic settings of WT. See
the introduction to [7] for more detailed discussions of the two models.

Classical setting. Let T¢ = R?/(LZ?) be the d-dimensional torus, d > 2, of

period L > 2. We denote by ||u|| the normalized Ls-norm of a complex function

won T, [|ul|* = L™ [L4 |u(z)|* dz, and write the Fourier series of u in the
L

form
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u(w) = L2 Y " v, 74 = L7, (1.1)

s€ZE

Here the vector of Fourier coefficients v = (vs),ez¢ is given by the Fourier
transform of u(zx),

v=F(u), vs=L"%? / u(z)e 2™ dy  for s € Z¢,
T
so the Parseval identity takes form |jul|? = L=¢ ZseZdL\vSF. We will study
solutions u(t, ) whose norms satisfy ||u(t,-)|| ~ 1 as L — oo. This makes the
chosen in (1.1) scaling of Fourier series convenient for our purposes.
We consider the cubic NLS equation with modified nonlinearity

%u—l—iAu—i)\ (Jul* = 2||ull*)u =0, reTd, (1.2)
where u = u(t,z), A = (27)72 2?11(82/836]2-) and A € (0,1] is a small pa-
rameter. The modification of the nonlinearity by the term 2i\|u?*u keeps the
main features of the standard cubic NLS equation, reducing some non-crucial
technicalities; see the introduction to [7].

The objective of WT is to study solutions of (1.2) under the limit L — oo
and A — 0 on long time intervals. There are plenty of physical works containing
some different (but consistent) approaches to the limit; many references may be
found in [25,26,30]. Despite the strong interest in physical and mathematical
communities to the addressed questions, significant progress in the rigorous
justification of the physical predictions was achieved only recently [1-6,15,
16,23]. See, for example, the introductions to [3,6,7] for discussions of the
obtained results.

Zakharov—-L vov setting. When studying Eq. (1.2), members of the WT com-
munity talk about “pumping energy to low modes and dissipating it in high
modes”. To make this rigorous, following Zakharov—L’vov [29], in the present
paper as well as in [7,8] we consider the NLS equation (1.2) damped by a
(hyper) viscosity and driven by a random force:

%u +iAu — X (Jul]®* = 2[|ul?)u = —vA(u) + ﬁ%n“(t, 7). (1.3)

Here v € (0,1/2] is another small parameter, which should be properly agreed
with A and L. The dissipative linear operator 2 is defined as

Au(x)) = LY "y v =Flu), v.=+"(s]*), (1.4)
sez$

where |s| stands for the Euclidean norm of a vector s and 7°(y) is a smooth
real increasing function of y > 0, satisfying !

79 >1 and ¢(1+y)™ <~%y) <C(1+y)* Vy>O0. (1.5)

I For example, if v5 = (1+]s|2)"*, then 2 = (1 —A)™*. In particular, we can take % = 1 —A.
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The exponents 7, > 0 and ¢, C are positive constants. We also assume that
all derivatives of v° have at most polynomial growths at infinity.

The random noise 7% is given by a Fourier series

nw(t71') _ L—d/2 Z b(S)ﬁ:(t)eZﬂ—isw7
seZL

where {3;(t),s € Z%} are standard independent complex Wiener processes ?

and b(s) is a Schwartz function on R? D 7Z¢ .3

Solutions u(7) of (1.3) are random processes in the space H = Ly(T¢,C),
equipped with the norm || - ||. If r, is sufficiently big in terms of d, Eq. 1.3 is
known to be well posed, see Theorem 1.1 below and a discussion after its for-
mulation. Moreover, Ito’s formula shows that E||u(7)||? is bounded uniformly
in 7 and L, v, A, once E[[u(0)||* is bounded uniformly in these parameters, see
in [7].

We will study the equation on time intervals of order »~!. So, it is con-
venient to pass from ¢ to the slow time 7 = vt and write Eq. (1.3) as

it i Au—ip (ju® — 2ful*)u = —A(w) + i (r.2),
e (r,a) = L~ N p(s)pe(r)ermiee. (16)

s€z$

Here p = A\v~ 1, the upper dot stands for d/dr and {3,(7), s € Z%¢} is another
set of standard independent complex Wiener processes. Below we use p, v and
L as parameters of the equation.

In the context of Eq. (1.6), the objective of WT is to study its solutions
u(7) when

L — 00 and v —0, (1.7)

while p = p(v, L) is scaled appropriately, mostly paying attention to their
enerqgy spectra

Ny(7) = E|US(T)|2, where v(7) = F(u(r)). (1.8)

Exact meaning of the limit (1.7) is unclear since no relation between the pa-
rameters v and L is postulated by the theory.

Motivated by physical works, in the present paper, as in [7,8], we study
formal decompositions in p of solutions to Eq. (1.6) and of their energy spectra
N, under the limit (1.7). See the introduction to [7] for a discussion of our
motivation, and see below Sect. 4. In [7,8] we understand the limit (1.7) as

first L — oo and then v — 0, or L > v~ 2 while v — 0. (1.9)

There we have shown that principal terms of the decomposition of Ny in p
have a non-trivial limiting behaviour, provided that p is scaled as p ~ v=1/2,

2 ie. Bs = B +iB2, where {ﬁg,s S Z%,j = 1,2} are standard independent real Wiener
processes.

30ften it is assumed that the intensity b(s) of the noise n* is non-negative, but we do not
impose this condition. Note that if b(s) = 0, then our results become trivial since below we
will provide (1.3) with the zero initial conditions.
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governed by a nonlinear wave kinetic equation (WKE) with added dissipation
and a constant forcing. The WKE coincides with that, arising in physical
works, so this result agrees well with the predictions of the WT.

In the present paper we are interested in the opposite order of limits,
which rarely appears in physical works:

firstly v — 0 andthen L — oc. (1.10)

Roughly speaking, our main result is that under the double limit (1.10) the
behaviour of principal terms of the decomposition in p for the energy spectrum
Ny is governed by a modified WKE. The latter is similar to the WKE arising
in [7,8] and physical papers, but is different from them. The scaling of p now
is p ~ Lxq(L), where

xa(L)=1 if d>3 and xq(L)=(nL)"Y? if d=2. (1.11)

To the best of our knowledge, this WKE did not appear in the literature be-
fore. For the proof we start with the result obtained in [17,21], where the
limiting as ¥ — 0 behaviour of Eq. (1.6) is examined (while L and p are kept
fixed). Then we pass to the limit as L — oo, following the approach of [7,8]
and using the developed there tools, such as a specific Feynman diagram pre-
sentation. Another key ingredient of the proof is an obtained in [10] refinement
of the Heath-Brown circle method for quadratic forms [14], and certain upper
bounds for the number of integer points on intersections of quadrics. In the
next subsections we describe our results and methods in more detail.

In [20] a similar result concerning the iterated limit (1.10) was found
heuristically; however, there p was scaled as p ~ v/L. The present paper shows
that the correct scaling is different: p ~ L x4(L).

Similar regimes, when L — oo slowly while v > 0 fast decays to zero,
were studied in [1,16]. However the elegant description of the limit, obtained
there, is far from the prediction of WT. The works [1,16] should rather be
regarded as a kind of averaging (similar to that of Krylov—Bogolyubov) since
the considered there time scale is much shorter than the characteristic time
scale of WT. Note that in [1] a similar to ours [10] refinement of the Heath—
Brown method also is crucially used.

1.2. The Limit of Discrete Turbulence
We first consider the limit

v — 0 while L and p stay fixed. (1.12)

Tt is known as the limit of discrete turbulence (see [25, Section 10]) and has been
successfully studied in [17,21]. To explain the result, let us take the Fourier
transform of Eq. (1.6):

Vg — iu_l\s\%s + Y5V = ipL_d (Z 5§£2v11)2173 — |v5|2v5> + b(s)BS
1,2,3

(1.13)
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for s € Z4. Here, as it is common in WT, vj abbreviates v, ) ; , 5 stands for

251’52,8362‘}4’ and

5:,3152 _ gt {1, if 51+ s2 = s3 + s and {s1,s2} # {s3,5}, (1.14)

538 0, otherwise.
Note that
if 952 =1, then {sy,s2} N {s3,5} = 2. (1.15)
We pass to the interaction representation,
as(7) = vo(r)e ™ T s ezl (1.16)
and denote
wys = widt = [sif* + s = [ss]? = [s|* = —2(s1 — 5) - (s2 — 5), (1.17)

where the last equality holds if 652 = 1 since then s3 = s1 + s — 5. Then Eq.
(1.13) takes the form

(s + 7sts = ipYe(a, v 17) 4 b(s)Bs, sezZs,

L9 1.18
sz(a7 t) _ Lfd <Z 5&182a1a26361tw33 o a82a8> 7 ( )

1,2,3

where {f3;} is yet another set of standard independent complex Wiener pro-
cesses (and, again a; stands for ay;). Note that the energy spectra of solutions
to Egs. (1.13) and (1.18) coincide:

Ny (1) = Elog(7)|* = E|as(1)|?. (1.19)

Sometimes we will write Ny and ag as Ng(7;v, L) and as(7;v, L). The limit-
ing dynamics in Eq. (1.18) under the limit (1.12) is governed by the effective
equation of discrete turbulence. The latter has the form (1.18) with the mod-
ified nonlinearity Y"¢®, in which the sum is taken only over resonant vectors
S1,82,83:

as + vsas = ipY, “(a) + b(s)Bs, s e Z%,

1.20
Y/ (a) = (Z 556 (w32 )arazds — |as] as> : 20

1,2,3

Here 6(wi?) = 1 if wi? = 0 and 6(wi?) = 0 otherwise. The following result is
proven in [17,21] (concerning the well posedness of (1.18) also see [28]).

Theorem 1.1. If A(u) = —Au+u and d < 3, then Eqgs. (1.18) and (1.20) are
well posed. Under the limit (1.12), on time intervals of order 1,

(i) A solution a”(T) of (1.18) converges in distribution to a solution a°(7)
of (1.20) once they have the same deterministic initial data at T = 0;

(ii) The energy spectrum El|a%(7)|?> = Ny(7;v,L) converges to the energy
spectrum E|a(7)|2.
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It is very likely that the assertions of the theorem stays true with a similar
proof for any d if 2 is the operator (1.4,1.5) with a sufficiently large r., and
in [21] this indeed is proved, provided that Eq. (1.18) is known to be well
posed. It is also shown in [17,21] that if under the assumptions of Theorem 1.1
Egs. (1.18) and (1.20) are mixing, then the stationary measure for the former
converges to that for the latter as v — 0. The mixing property for Eq. (1.18)
is established in [28] for the case when all numbers b(s) are nonzero and d = 1.
It is plausible that a variation of the argument in [28] allows to establish the
mixing property for both Egs. (1.18) and (1.20) if in (1.5) 7 is big in terms of
d and b(s) # 0 for all s.

1.3. The Main Result

In view of Theorem 1.1, to understand behaviour of the energy spectrum (1.19)
of Eq. (1.18) under the limit (1.10), it remains to study that of the energy
spectrum E|as(7; L)|? of the effective Eq. (1.20) under the limit L — oo.
Instead, following the logic of [7], we study the energy spectrum corresponding
to a principal part of a decomposition in p for the solutions as(7; L) of Eq.
(1.20).

Quasisolutions and their energy spectra. To simplify presentation we assume
that initially the system was at rest, i.e. supplement Eq. (1.20) with the zero
initial condition

a;(0)=0  VsecZ. (1.21)
We formally decompose the corresponding solution of (1.20) in p,
a(r) = a () + pa®(7) + p?a@ (1) + ..., a®(0) =0, (1.22)
a®) (1) = a®)(7; L). The process a(®)(7) satisfies the linear equation
a0 4 al® = b(s)3,, se€zl.

So it is Gaussian,
al”) () = b(S)/ e D, (1), (1.23)
0

and its components {ago)} are independent. The process a(!) satisfies
agl) + ’Ysﬂgl) _ ,L'Y—Sres(a(O)),

so that
a§1>(7) = iLid/ e e(m=D)
0

(3 sttt - 0 ) 120

1,2,3
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is a Wiener chaos of third order (see [18]). Similar for n > 1,

o) =it 3 [fee

ni+ns+ng=n—1

(Z 5/125 Wgs ml)aé""’)agm)) _ (nl)a(n2) (n3)> (l) di,

1,2,3
(1.25)

is a Wiener chaos of order 2n + 1.
Next we consider the quadratic truncation of the series (1.22),

As(1:L) = Ay(1) = al9(7) + pall (1) + p2alP(7), (1.26)

which we call the quasisolution® of the effective Eqgs. (1.20),1.21). It is tradi-
tional in WT to analyse the quasisolution instead of the solution itself, postu-
lating that the former well approximates the latter; see introduction to [7] for
a discussion. The goal of the present paper is to study the behaviour of the
energy spectrum of A(7),

ns,L(T) = E|AS(T; L)|23 ERS Z%v (127)
as L — oo. Our results, formulated below, show that under this limit the energy
spectrum n, 1,(7) has a non-trivial behaviour (i.e. stays finite and behaves
differently from E|a§°)|2) only if p ~ L x4(L), where x4 is defined in (1.11).
Accordingly, from now on we assume that

p=-¢eLxq(L), (1.28)
where 0 < ¢ < 1/2 is a small but fixed constant (see a few lines below for its
discussion). Then the energy spectrum n, ;, expands as

(0) 2.(2) 3.(3) 4. (4)

non(r) = 0L (r) + enll) (1) + &2l (7) + ) () + el (),
(1.29)
s € Z%, where
k _
n)(r) = (Lya(L)" Y Eal(rjal)(r). (1.30)
ki+ko=k
0<k1,k2<2

In particular, by (1.23)

b 2
) (r) = Elal? (r; L) = X

(1—e7), s €z, (1.31)

Vs
and a simple computation shows that n( ) 7 (1) = 0. For higher-order terms, we
prove that

(2) ~1 and \n(s) [, |n(4) | <1 as L — oo uniformly in 7 > 0;

(1.32)

4By analogy with the quasimodes in the spectral theory of the Shrédinger operator.
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see a discussion in the next subsection. Thus, the parameter ¢ measures the
properly scaled amplitude of the solutions, and indeed it should be small for the
methodology of WT to apply. Then, the term eQnS)L is the crucial non-trivial

component of the energy spectrum n, r, while the terms 53115’%7 541122 are

perturbative. This well agrees with the prediction of physical works concerning
various models of WT.

Wave kinetic equation. In view of (1.32), to study the limiting as L — oo
behaviour of the energy spectrum n, 1,(7) up to an error of size £ it remains
to investigate the behaviour of its principal component ng?I)J (1) —&—52115311 (7). We
show that the latter is governed by a WKE. To state the result, let us consider
the resonant quadric

Yo ={(s1,82) €R*: (51 —5) (52— 5) =0}, (1.33)
cf. (1.17), and a measure p* on it, given by

g2 (dsidse) = (|s1 — s[>+ |s2 — 8|2)71/2d81d82 Is., (1.34)

where dsidss |5, denotes the volume element on ¥, corresponding to the
standard Euclidean structure on R?¢.

Let us consider the following non-autonomous cubic wave kinetic integral
operator K (7), for any 7 > 0 sending a function y, s € R?, to the function
K,(7)y, defined as

K(r)y = 4Cd/ st(d51d32)(24y1y2y3
s
+Z2%y192ys — Z°y1ysya —»231y2y3y4). (1.35)
Here y; := y,;, with s4 := s and s3 := s1 + s2 — 5, Cy is the constant from

Theorem B below, the kernels Z9 = Z7(7; 51, s, 83, 54) are given by formulas
(4.14,4.15) and satisfy 0 < ZJ(7) < 1. When 7 — oo, the operator K(7)
exponentially fast converges to a limiting kinetic integral operator K (co), given
by (1.35) with Z7 replaced by (s, + Vs, + Vss + Vs,) " for all j:

b
s(dsyd
KS(OO>y:4Cd/ M ( S1 32)
s Vs1 + Vs2 +'-)/S:s +")/54

(y1yzy3 + Y1Y2Ys — Y1Y3ya — yzy3y4). (1.36)

It is similar to the standard four-wave kinetic operator of WT (e.g. see in [25]),
which has the form (1.35) with Z7 = const, but still is different from the latter
since K (co) depends on the spectrum {7} of the dissipation operator 2.5

For r € R we denote by C,.(R?) a space of continuous complex functions
on R? with finite norm

[fl- = sélﬂgd |f(2)|(z)", where (z)=max(|z|,1). (1.37)

5Earlier the kinetic operator K (co) was heuristically obtained in [20].
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In Sect. 5, following [7], we show that if r > d, then for any 7 the operator K (7)

defines a continuous 3-homogeneous mapping K (7) : C,.(R?) — C,11(R?), and

for any y € C.(R?) the curve 7+ K (7)(y) is Holder continuous in C,(R?).
Now consider the following damped/driven non-autonomous WKE

3s(T) = —27s3s + 2K (7)(3) + 2b(s)?, 3(0) =0, (1.38)

where 7 > 0 and s € R%. In Sect.5 we prove that for small ¢ it has a unique
solution 34(7), which can be written as 35(7) = 30(7)+e%31 (7, €), where 3%, 31 ~
1 and 3Y solves the linear Eq. (1.38)].—¢. It is easy to see that 32 equals the
component ni?% of the energy spectrum ng z, given by (1.31), and we prove
that 3! is e-close to nf% uniformly in 7. Then, in view of (1.32), the energy
spectrum ng 1, is e3-close to the solution 34(7).

Below we denote by C#(s) various positive functions of s which decay as
|s| — oo faster than any negative degree of |s|. These functions never depend on
L,e and 7. By C#(s;p) we denote functions C#(s) depending on a parameter

p.

Theorem A (Main theorem). Let d > 2. Then, the energy spectrum ng ,(7) of
the quasisolution As(T) of (1.20), 1.21) satisfies the estimate ng 1,(1) < C#(5s)
and is €3-close to the solution 35(7) of WKE (1.38). Namely, under the scaling
p =¢eLxa(L), for any r there exists e, € (0,1/2] such that for 0 < & < e, we
have

Ino(r) —3.(n)| < Ce® V7 >0, (1.39)
if L>e2 ford >3, and L > e ford=2.

See Theorem 5.9. Since the energy spectrum ny is defined for s € Z¢ with
finite L, then the norm in (1.39) is understood as [f|. = sup.cz4 |f(2)[(2)"

Remark 1.2. If d = 2, the lower bound L > 5 can be relaxed in the following
sense. In Appendix D we explain that there is a bounded correction f(7, L)
which can be written explicitly, such that

f(T7L) 3
< > .
| <G vrzo, (1.40)

no(7) =35.(7) =
if L >¢e6.

In Lemma 5.6 we show that in the vicinity of the unique steady state
39 = b(s)?/7s for the linear Eq. (1.38)[-=0, Eq. (1.38)];=oc With ¢ < 1 has a
unique steady state 3° € C.(R?) and the latter is asymptotically stable. Jointly
with Theorem A, this result implies the following asymptotic in time behaviour
of the energy spectrum ng 1,(7):

(7)) =3 <Crle ™ +%,  V7r>0, (1.41)
if L is as in Theorem A, see (5.19).
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The cases d > 3 and d = 2 are similar, but should be treated separately.
To shorten the presentation, we give a detailed proof of Theorem A only for
d > 3, when

xa=1 and p=c¢cL.

The proof for d = 2 can be obtained by a simple modification of the argument
for d > 3. We sketch it in Appendix D. So from now on, except Sect. 2 which
gives a brief account of the method of Feynman diagrams from [7, 8], we assume
that d > 3.

In paper [7] we examine the behaviour of the energy spectrum ng 1, ., (7) of
a quasisolution to Eq. (1.18) under the limit (1.9), assuming that p = ev=1/2.6
We got there a similar result which states that n. 1, ,(7) is e*-close to a solution
of the damped/driven four-wave kinetic equation as in [25, Section 6.9.1] [in
contrast with Eq. (1.38), the kinetic nonlinearity there does not depend on the
dissipation 2 in Eq. (1.3)].

What next? In this work and in [7] we obtained wave kinetic limits for the
energy spectra of quasisolutions for the NLS Eq. (1.6) under limit (1.10) with
the scaling p = €L x4(L) and limit (1.9) with the scaling p = ev='/2. Our
next goal is to show that an exact solution a.(7) of Eq. (1.18) is &3-close
to its quasisolution A.(7) (uniformly in L > 2 and 7 € [0,T], for any T >
0). And that a solution of Eq. (1.6) is e*-close to the quasisolution of the
equation (uniformly in v, L and 7 € [0,7], if L > v=277, 4 > 0). This
would imply that the energy spectra of solutions of Eq. (1.6) under limit (1.10)
and limit (1.9) are e3-close to solutions of the two WKE (namely, Eq. (1.38)
and the WKE from [7]). To prove this, say, for a solution a.(7) of Eq. (1.18)
we consider the equation on any fixed time-interval [0,7] and regard it as a
nonlinear equation Frp(a.(-)) = 0 for the unknown process as(7). Then the
quasisolution A satisfies the equation with a disparity < 3. By analogy with
some stochastic problems for nonlinear PDEs, recently successfully resolved
by the KAM-techniques (e.g. see [19]), we believe that KAM also applies to
the equation Fr = 0. Its application would imply that a is 3-close to A, as
stated. We also believe that analysis of the KAM-iterations which build a from
A will show that the energy spectrum of the solution a.(7) of Eq. (1.18) under
the limit L — oo converges to a solution of the WKE (1.38). A similar logic
should apply to the energy spectra of solutions for Eq. (1.6) under the limit
(1.9).

1.4. Outline of The Proof: Feynman Diagrams and Number Theory
It is well understood that to write down formulas for the terms ngkz of decom-
positions as (1.29) it is instrumental to use the language of Feynman diagrams.
In application to similar problems this goes back at least to the works [11,12],
and then was successfully used for the purposes of WT in [2-6,23] and other
papers. We use this techniques in the form developed in [8] which gives a con-

(k)

venient presentation of the terms ng’; [see (1.30)]. Namely, by iterating the

6In [7] the notation is slightly different: there we set p = el/2y-1/2,
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Duhamel formula (1.25) we express a(™ (7) in terms of the Gaussian processes

ag ), and next evoking the Wick formula for moments of ago) write the terms

ngkg as multiple sums. Then the just mentioned diagram techniques allows to

. . . k . .
‘integrate’ these sums. That is, to write any ng 2 as a sum over an intersections

of k—1 quadrics in (Z¢)* in a form, convenient to pass to a limit as L — oo.

The term n( ) is a sum over a single quadric and may be analysed without the
diagram’s machinery. This and some other similar terms play a leading role
in our analysis and dictate the form of the limiting WKE. The terms may be
written as sums

Gr,L)=L*""D N B(r521,20), (1.42)

Z],ZQEZ(I{:
z1-22=0, 21,2270

well known in works on WT. To study them under the limit L — oo we make
use of the celebrated circle method of Heath-Brown [14]. Since the result of
[14] does not completely fit our purposes, we specified it in the accompanying
paper [10] (also see [1, Section 5] for another specification of the Heath-Brown
method, used for the purposes of WT). This implies

Theorem B. For any L > 2,

(I)s e
Gs(r,L) — Cd/ D, (7321, 22) 70 (dzrdzo) | < Ky 1273 vy
o

7d-5/2

where Yo = {21,720 € R4 : 21 - 25 = 0}, p>° is the measure on it, defined by
(1.34) with s = 0, Cy is a number-theoretical constant, satisfying Cq € (1,14
22=4) the norm || - ||ny.N, is defined in (3.3) and the constants Ny, No € N
depend only on d.

In particular, the term n( ) 7 (1) admits a limit when L — oo.

The terms n(?’z and n( ) in (1.29) correspond to multiple intersections

of quadrics, and the Heath— Brown method does not apply to them. Still the
diagram technique allows to write these terms in a convenient compact form.
Then next in Sect. 3 and Appendix A we use Theorem B jointly with another
powerful result from the number theory—Bezout’s theorem for finite fields—to

prove ’

Theorem C. For k = 3,4, |n(k)( )| < OF(s).

Theorems B and C imply (1.32). So to establish Theorem A it remains to
show that the term nSSQL( )= nioi( )+ €2ng )L(T) (or equivalently its limit as
L — o0, provided by Theorem B) can be well approximated by a solution of the
WKE (1.38). To this end, following the lines of [7] (and the logic of the Krylovf

Bogolyubov averaging) we consider increments Ans 7 =ng L(’T +6)— (7')

and express them through the processes a{? via the Duhamel formula (1.25)

7 In fact, in Sect.3 we prove an abstract result, more general than the theorem below; see
there Theorem 3.2.
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and the Wick theorem. Then the increments approximately take the form
(1.42), and we use Theorem B to show that they are close to the r.h.s. of the
WKE, multiplied by 6.

Although the computation of the increments An 5.1, is similar to that in
[7], now a mechanism leading to a WKE is rather dlﬁerent Namely, in [7] com-

ponents of the terms ngkz are approximated by formulas analogous to (1.42),

where the summation over the lattice (Z?)* = {z} is replaced by an integra-
tion over R, The integrals in those formulae involve fast oscillating Gaussian
kernels. The zero sets of these kernels define quadrics, related to the quadrics
{(#1,22) : 2122 = 0} in (1.42). Due to the fast oscillations a crucial component
of the increments An— ‘7 18 given by the terms, associated with short-range cor-

relations in 7 of the processes al) )( ). On the contrary, in the present situation
a crucial contribution is given by other terms, associated with long-time corre-
lations of the processes 0.52)(7)7 while the short-range correlations only give a
small correction, as it can be seen from computations of Appendix A.4. So, it
is natural that the kinetic integral in the WKE (1.38) depends on the viscosity
operator 2, while that in the WKE in [7] does not.

Finally we note that, as we explain in Sect. 3.2, it is plausible that The-
orem C holds for all kK > 3. If so, then for p = €L the energy spectrum of
a solution a(7), written as (1.22), defines a formal series in e, uniformly in
L > 2. Then the partial sums of this series, made by the terms of order €™
m < M, with any fixed M > 2, also satisfy Theorem A with the constants C.,
depending on M. Cf. Conjecture 3.8.

2. Series Expansion: Approximating Equation and
Diagrammatic Representation for Solutions

In this section, assuming that d > 2, we approximate processes (1.25) by more
convenient processes a(™, and then obtain a compact and instrumental repre-
sentation for their correlations in terms of Feynman diagrams (see Lemma 2.2),
following [8, Sections 3-5]. This representation (as well as its analogy in [7,8])
is used to estimate various disparity terms, related to quasisolutions A(7; L),
see (1.26), and to their energy spectra.

Our presentation is sketchy, but missing details may be found in [8]. For
a general discussion of the language of Feynman diagrams, see [18].

2.1. Approximate a-Equation
We start by considering an approximation of the original Eq. (1.20) by an

equation, where the term L~%|ay|?a, is removed:
as + vsas = ipys(a) + b(s)ﬁs, ENS Zd
—d Z 5/126 W3q a1a9as. (21)

1,2,3
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Similar to processes as, we decompose
a=a"® 4 pa™ ... (2.2)

Here ¢ = a(® and the processes aﬁ”)(r) with n > 1 are built by the recur-
sive formula (1.25) with the term a?'a”2a”3 being dropped. That is, with the
nonlinearity Y, ** replaced by the ), above.

Results of [8] together with Theorem 3.2 below (which is an abstract
version of Theorem C from the introduction) imply

Proposition 2.1. For all m,n > 0, satisfying N :=m +n <4,

[~N-d+1
|Eal™ (r1)al™ (r2) — Ea{™ (r1)al™ (r2)| <

< WC#(S; n,m), (2.3)

uniformly in m, 70 > 0.

We prove the proposition in Appendix C for d > 3 and discuss an adap-
tation of the proof to the case d = 2 in Appendix D. Doing that we use the
relation N := m+n < 4 only to apply Theorem 3.2 (or Theorem D.2 if d = 2).
So, if the assertion (3.9) of the latter theorem holds for larger N’s, then for
those N’s estimates (2.3) remains true as well [we believe that (3.9) is fulfilled
for all N, see in Sect. 3.2].

(

Relations (2.3) imply that moments of processes al™ (7) well approximate

those of processes al™ (1) as L — oo. Accordingly, from now on we will mostly

study processes as(7) and their decompositions (2.2).

2.2. Diagrams for Solutions

For what follows it is convenient to re-write operator ) from (2.1), using a
fictitious index s4:

—d n2 s
=L g 052 6(wid)o5 arazas,
1,2,3,4

where dj is the Kronecker symbol. Then analogous of the expression (1.25) for
a™ m > 1, takes the form

al™ (1) = Z i/o dle (=D

mi+mo+mz=m—1 (24)
Y Z 5’12 ( g )aémz) ‘(Sma))(l)'

1,2,3,4

We will call the objects as those in the r.h.s. of (2.4) sums, despite they involve
integrating in di. The r.h.s. of (2.4) contains several sums, corresponding to
all admissible choices of numbers my, ms, ms.

We apply Duhamel’s formula (2.4) to the terms a,(mi) (1) in the right-hand
side of (2.4) with m; > 0, and iterate the procedure till a{™ (7) is expressed
through the processes a(®) and a(®). Then agm) becomes represented as a finite
sum of sums; we denote such sums by I. Below we will associate with each
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sum I, an appropriately constructed diagram ®. Thus, we will write agm) (1)

as

al™(r) = > L(D;7), (2.5)

DED,,
where ®,,, is a set of all diagrams, corresponding to the just explained repre-
sentation of a("™) via the processes a(?) and a(®). Similarly by D,, we denote
the set of diagrams, parametrizing the terms in the sum, representing a(™ (1)

in a form, analogous to (2.5): a ( )= 5w, I,(D;7).

2.2.1. Construction of the Sets of Diagrams ®,, and D,,. We start with dis-
cussing the set ®5 and the sums I;(D) with © € Ds.

When iterating the Duhamel formula (2.4) (or its complex conjugation)
for a j-th time, we will denote the corresponding time ! € [0,7] by I; and
will write the set of indices {51, S92, 83, 54} as {52]‘_1, fgj, 0251, 0'2]‘}, where we

enumerate by & the indices of non-conjugated variables a(]f) in (2.4) and by
o; — those of conjugated variables ai,,) We write the corresponding fictitious
index s4 as o9  if we apply (2.4), or as &»; if we apply the complex conjugation
of (2.4). More precisely, when applying (2.4) we denote s1 = 251, s2 = &2,
83 = 09;_1 and s4 = 0y;, and when applying its complex conjugation, we write
51 = 09j_1, S2 = 0gj, s3 = &2j—1 and s4 = ;. We will abbreviate

0j =05y sy and wy=wiymiS, j > 1, (2.6)
[these terms correspond to (5’12 and wi? in (2.4)]. We also set

&g =00 :=s. (2.7)
Applying (2.4) to a? and using the notation above with j = 1, we find

a@(r)=al(r)= 3 /dlle oo (r=h)

mi1+ma+mz=1

L7 3T 51 6(wn) 85 (™l alm ) (1y).
§1,§2,01,02
(2.8)
Let us consider the summand with m; = mo = 0 and m3 = 1. Applying the

conjugated formula (2.4) to df,ll) and using the introduced notation with j = 2,

we get

It
df,ll)(ll) - —i/ dly e~ Vo1 (i=l2)
0

L™ 3" 80(wn) 67 (al)aQal®) (1o).

53 )54 y03,04

(2.9)

Inserting (2.9) into the summand in (2.8) with m; = me =0 and m3 = 1, we
get a sum I4(D; 7) which we associate with the diagram ® from Fig. 1c; further

on we will denote this diagram by ©¢. The non-conjugated vertices cgk) of the
diagram are associated with the variables ag) in (2.8), (2.9); the corresponding
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2 2 2
cé) c( ) (2)

0 Co
1) () k
Cl 02 Cl w2

© (1) (0 (0) >\
(b) ¢ e’ G wy © ¢

cf{’) CiO) Eéo) s (0) (0) _(0) (0) (0

(a)

C3 C4 C3 'LU4 C3 Wy 63 ) 64 )
FIGURE 1. The set of diagrams D,

(n)

to them indiceb are §. The conjugated vertices ¢; are associated with the

variables (‘1 ) and the corresponding indices are ¢;. In particular, the root c( )

is associated with ag) = a@ and the corresponding index is &y. In the notation

(k) =(n)

¢; ’ and ¢;* we sometimes omit the upper indices k and n which we call the

degrees of the vertices c( ), g ™). The vertices wo and wy are called conjugated

(non-conjugated) mrtual vertices, and the corresponding indices are oo and &g4;
these vertices are associated with the Kronecker symbols 652 and d¢) in (2.8)
and (2.9). Vertices which are not virtual are called real. Every edge of the
diagram couples a non-conjugated (conjugated) vertex c( ) (¢ E )) of positive
degree k > 1 with a conjugated (non-conjugated) v1rtual vertex Wy (wgr). Tt
is associated with an application of formula (2.4) (or its complex conjugation)

to the variable a( ) (or at(,l)) corresponding to the vertex c( ) (or E(k))
The set of four vertices
C2j—1,C25,C2j—1,W2j O Cj_1,W2j,C2j_1,C2; (2.10)

(in dependence whether the virtual vertex is conjugated or not) to which corre-
spond the indices £25_1,&2j, 0251, 025 is called the j-th block; the diagram D¢
has two blocks. The index i of a virtual vertex w; (w;) is always pair, i = 2j.
Each block corresponds to an application of formula (2.4) (or its complex con-
jugation) to its parent, i.e. to the vertex of positive degree coupled with the
virtual vertex of the block. The virtual vertex is conjugated if the parent is
non-conjugated and the other way round. The time variable [; is associated
with the j-th block. o

0

The leaves are the vertices of zero degree, that is, the vertices c;
=(0)
c: .

and

The diagrams from Fig. 1(a,b) correspond to the summands in (2.8) with
m1 = 1, me = mg = 0 and m; = mg = 0, mo = 1; they are constructed by the
same rules as the diagram ®¢. The three diagrams from Fig. 1 form the set D,.
The set of diagrams D5, corresponding to a&Z) (1), is obtained by conjugating
the vertices in the three diagrams above and re-ordering the elements of each
block in such a way that the pair of non-conjugated vertices is followed by the
pair of conjugated vertices, i.e. the blocks have the form (2.10).

The sets ©,, and D,, with arbitrary m,n > 0 and the diagrams which
are their elements, are constructed similarly. Namely, the sets Dy and Dg
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are trivial—they contain one diagram each, made by the root céo) (or Eéo)).

The sets ©; and D; also contain only one diagram each; e.g. the diagram

in ®; consists of the root cgo), joint by an edge with ws in the only block

B, = (cgo),céo),égo),wg). Arbitrary sets ®,, and ©,, may be constructed by
induction. Indeed, consider a process a(™*Y(r) with m > 1 and apply to it
(2.4) with m := m + 1. In the r.h.s. of (2.4) the sum in mj, ms, ms contains
(m 4+ 2)(m + 1)/2 terms. Consider any one of them,

i/o dle (=0 ~d Z SR 6(wi?) 5Z(a§m1)agm2)&§m3))(l), (2.11)
1,2,3,4

draw the block By = (cgml)7 cémQ), Egms), Ws), and join @y by an edge with the

root cémﬂ). Next consider the sets D, ; Dy, Drms and do the following:
(a) Firstly, take ®,,,. If m; = 0, do nothing. Otherwise, choose any diagram
Dl ¢ D, place it below cgml) and identify its root with cgml). Do this

for each diagram in ©,,,, thus obtaining |®,,,| diagrams with roots in

m+1)
N :

(b) Then consider the set ©,,, and do the same with the just obtained |D,,, |

diagrams, identifying their roots with the vertex cng), and next—the

set D,,,, identifying the roots with Egm3).

(¢) Tt remains to convert thus obtained |D,,, | X [Dm,| X [Dm,| diagrams to
elements of the set ®,, 11 by re-numerating properly their blocks and
accordingly re-numerating the vertices in the blocks as in (2.10). Do this
by numerating the blocks from top to the bottom and from left to right,
as in the examples above with m = 2.

(d) Doing the same for all blocks, corresponding to all possible (m + 2)(m +
1)/2 terms (2.11), get the diagrams, forming the set ®,,41.

The set D,,,1 is constructed inductively in the same way.
For further needs we note that due to the factors 85 and 63, in (2.4),
the indices &;, 0, entering the formula for the sums I;(D) from (2.5) satisfy

the relations
(1) §€25-1825 — | V5,

0251025

(2) indices &;, 0; corresponding to adjacent in ® vertices are equal.
(2.12)

2.3. Feynmann Diagrams for Expectations

The main objects we are interested in are the correlations Ea{™ (r1)al™ (r2).
It can be shown that they vanish if s; # s5.%8 To represent an expectation
Eagm)(ﬁ)&gn) (72), we consider the set of diagrams

D XDy = {D'UD*: ' €9,,,02cD,}.
Here a diagram D' LID? is obtained by drawing ®' and ©? side by side, where

the blocks of ®! are enumerated from 1 to m, while those of ®? together with

8 As well vanish the correlations EagT) (Tl)agg)(m) and Eagj”)(n)ag’;) (m2) for all s1, s2.
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(2) ~(0) (1) 582)

Co Co Co
@ VDAY g, ®) D) g, LDy &P &Y
& 40 TG, &0 4 &%,

FIGURE 2. A diagram from the set a Dy x Dy and b D1 x Dy

the corresponding time variables [; are enumerated from j = m + 1 to m +n.
The vertices together with the corresponding indices 251,82, 02;—1,02; are
enumerated accordingly, see Fig. 2. The diagram ®' LU ®? has two roots c(()m)

and c( ") For any © = D' LD? consider
I(D;71,m0) = (DY 11) [,(D% ),

so that al™ )(7'1) ( )( 2) = D new,, xo, 1s(D;71,72). Our next task is to com-

pute EI,(D) for each ® € D,, x D,,.
Randomness enters the term I4(®) via the random variables agj), a((;;),

corresponding to the leaves of the diagram ® = D' LI ®D?2. They are Gaussian
with correlations

]Ea(o)(ll) (lg) 0, ]Ea(o)(ll) (lg) =63, Corr(vs, b(s),11,12),
(2.13)
where
el _ b(s)?
Corr(vs, b(s), Iy, l) = By (e eIl — gmva(itl2)y B, = ——.
(2.14)

So, the Wick theorem [18] implies that the expectation EI4(D) is given by a
sum over all Wick pairings of variables ag,)), corresponding to non-conjugated

© ), with variables a, _( )
=(0 )

©) and ¢; " should belong to different blocks since otherwise
the summand corresponding to such Wick pairing vanishes due to (1.15) and
item (1) in (2.12). We parametrize the sum over the Wick pairings by the
defined below set F(®) of Feynman diagrams. Denoting by Js(§) a term (i.e.
a sum), corresponding to a specific Feynman diagram §, we have:

> LB

FeF(D)

leaves c; corresponding to conjugated leaves 65-0). More-

over, the leaves c;

2.3.1. Definition of Feynman diagrams. To construct the set of Feynman di-

agrams §(D), corresponding to some diagram ® = D! UD?, we consider all

possible partitions of the set of leaves of ® to non-intersecting pairs (cz(-o), (’:5-0)),
such that the paired leaves cgo) and E§O) do not belong to the same block. To
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(2) (0)
c(()Q) E(()O) Cp ------- Co
\ W k
(a) c§” cg°> 5§0) W (b) €1 Cam-- G Wy
© (0 (0=
FONONDNS &) o) &
L | ————————

FIGURE 3. a A Feynman diagram § obtained from the dia-
gram D in Fig. 2(a). b A cycle obtained from the Feynman
diagram §

each such partition, we associate a diagram § obtained from ® by joining
with an edge the two leaves in every pair, see Fig. 3(a). So, in each diagram
T € F(D) all vertices of D are joint by edges, every edge couples a conjugated
vertex with a non-conjugated in another block (or with a root), and every
vertex belongs to exactly one edge.

Since Eago)&s,)) = 0if s # ¢/, the indices &, o; entering the formulas for
sums J(§F) satisfy (2.12), where in item (2) the diagram ® is replaced by the
Feynman diagram §; below we denote these relations as (2.12)z. In particular,
due to the item (2), the vector of indices o = (0;) is a function of the vector
& = (&). Accordingly below we write o = o5 (§).

Let

Fmn= U 3@

DED XDy,

be the set of all Feynman diagrams associated with the product agm)dgn). Each
diagram § € §m,» has N := m+n blocks and 4N 42 vertices, including 2V 4-2
leaves. Half of edges (and of leaves) are conjugated, while another half is not.

By construction a diagram § € §pm,, never pairs leaves from the same
block. This alone does not exclude that § is such that in (2.12)3 the assump-
tions (1) and (2) are incompatible since for some j we may have &3;_1,§2; =
0251 Or 09; once o = og(§). Analysis shows that this cannot happen if
m +n < 4, but may happen if m +n > 5. Accordingly, we denote by

Fire C Fmn
the set of Feynman diagrams for which the set of indices &;, o; satisfying the
relations (2.12)z is not empty. For any diagram § ¢ §.,4, we have J,(§) = 0
due to the factors 647 and 5 in (2.4).
2.4. Transformation, Resolving Linear Relations on Indices

Let us take a Feynman diagram § € ., », denote N := m+n > 1 and consider
the sum J,(g). The relations (2.12)z on indices &;,0; € Z$, 0 < i,j < 2N,?

9Recall that &g = o9 = s.
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entering the formula for J,(§) are involved, which makes the sum J(§) difficult
for further analysis. In [8] it was found a convenient way to “integrate the sums
Js(F)”, i.e. to parametrize the indices &;, 0; by N-vector z = (z1,..., zy) from
a domain in (Z”Ll)N , free from any relations on its components. In this section
we present this parametrization, referring the reader to [8] for a proof.

Since item (2) of (2.12)5 is equivalent to the relation o = oz(§), it suffices
to parametrize the set of admissible multi-indices &, i.e. of those & for which
the multi-indices £ and o = 0(€) satisfy item (1) in (2.12)5. The construction
starts with defining for each § € §,,n a skew-symmetric NV x N incidence
matrix o = (afj) whose elements are integers from the set {0,+1,—1}. In
terms of this matrix, we define the set of polyvectors

Z@) ={z=(21,...,28) € (Z))N : z; #0and (a¥2); #0 Vj}.
(2.15)

Here and below for an M x N-matrix A we denote by Az the polyvector with
components (Az); := >, Aj;z; € Z%.1° The matrix o has no zero rows and
zero columns if and only if § € Sfj;“,f, and, accordingly, the set Z(F) is non-

empty if and only if § € F}4¢. Next, it turns out that the vectors z € Z(F)
may be used to parametrize the set of admissible indices & by means of an

affine mapping
£(z) = s+ Az, z € Z(3). (2.16)

Here A% is an (2N + 1) x N-matrix, whose elements again are integers from
the set {0, +1, —1}. Transformation (2.16) provides a presentation of the terms
Js(F), forming the correlation Ea{™ (Tl)dgn)(Tg), and so for the correlation
itself. The corresponding result is proved in Theorem 5.5 of [8]. In our setting
its statement, where for the function 6(x,t) is chosen Iy (x)—the indicator
function of the point x = 0—takes the following form:

Lemma 2.2. For any integers m,n > 0 satisfying N =m+n > 1, any s € Z%
and 11,79 > 0,

(1) for each § € Fir“s parametrization (2.16) (depending on s and §) is

m,n

such that the quantity w; in (2.6), written in the z-coordinates, takes the
form

N
wf(z) =2z; - Zaﬁ-zi =22; - (a%2);. (2.17)

i=1

(2) We have
LVEa{™ (r)a{" (ra) = Y eza(m1, 723 %), (2.18)
FeFtrue

10That is, abusing notation we denote by A an operator in (Z%)™ with the block-matrix
A® 1.
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where the constants ¢z € {£1,+i} and

JS(TI,TQ;:g):/ di LN > FS(ri,72,1,2).  (2.19)
RN 2€2(3), ] (2)=0V)

The density FS(r1,72,1,2) is a real function, smooth in (s,z) € R% x
RN | satisfying

OLOSFS (11, 12,1, 2)] < O (5) O o(2) e (D I+ E L It
(2.20)

with a suitable § = dn > 0, for any vectors p € (NU{0})?, k € (NU
{014 and any s € R, 2 € RNV, [ ¢ RV,

Let us briefly explain the way to construct the parametrization (2.16). We
first add to the Feynman diagram § dashed edges that couple non-conjugated
vertices with conjugated inside all blocks, as in Fig. 3(b). For each block there
are two ways of doing that. We prove that there exists a choice (possibly,
not unique) of a dashed edge in each block such that the diagram becomes
a cycle, as in Fig. 3b. Then, for each j we set xo;_1 = {25_1 — 02j—1 and
Toj 1= &2j — 05 OF Toj_1 = &2j-1 — 025 and xa; = {5 — 0251, according to
the choice of the dashed edges in the j-th block, where we substitute o = oz (§).
The fact that the Feynman diagram with added dashed edges forms a cycle
implies that the transformation £ — x is invertible. Item (1) of (2.12)z implies
that x9; = —wj_1. Then we set z; := wp;_; and get (2.16). The incidence
matrix a® also is constructed in terms of this cycle.

Since the choice of the dashed edges in general is not unique, the parametri-
zation z — £ is not unique as well. However, if 2’ +— £ is another parametriza-
tion, obtained by the procedure above, and a3’ is the associated incidence
matrix, then for each j we have either z}(£) = z;(§) or 2j(§) = (a¥2(¢));. In
the latter case we also have the symmetric relation z;(§) = (a5'2/(€));.

Computing in (2.19) the integral over dl and using estimate (2.20), we
obtain a form of integrals J;, more convenient for some of the subsequent
analysis:

Corollary 2.3. In terms of Lemma 2.2, the integrals Js from (2.18) can be
written as

Jo(r1,72;F) = LNO-9 > o5 (1,79, 2), (2.21)
2€Z(F), wi (2)=0Vj

where the real-valued functions ®5 are Schwartz in (s,z) and satisfy
0L OE@T (11,72, 2)| < O (s)CF 1 (2), (2.22)

uniformly in 11,72 > 0, for any vectors p € (NU{0})? and k € (NU {0})4V.
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3. Main Estimates for The Sums

In this section we focus on estimates for the sums (2.21) and on their depen-
dence on L and N. We recall that d > 3. It is convenient to study the problem
we consider in the following abstract setting. Let o = (ay;), N > 2, be an
N x N skew-symmetric matrix whose elements belong to the set {—1,0,1},
without zero lines and rows.!* Consider a family of quadratic forms on (R%)Y

w;(z) = zj - (z);, 1<j<N,
where z is the polyvector (z1,...,2n), z; € R%, and (az); == Zf\; a;z;. Let
us set
Z={2€(Z})N :2;#0 and (az); #0 VYj}. (3.1)

Let a function ® : RV4 — R be sufficiently smooth and sufficiently fast de-
caying at infinity (see below for exact assumptions). Our goal is to study
asymptotic as L — oo behaviour of the sum

Spn(®) = LNO=D > D(2). (3.2)
2€EZ: w;(z)=0Vj
For a function f € C*(R™), ny € NU {0} satisfying n; < k and ny € R,

we set

[fllnins = sup max [0%F(2)[(2)",  (2) == max{l,[z]}.  (3.3)

zeR™ |a|<ny

The first crucial result concerns the case N = 2. Then wi(z) = —ws(z) =
1221 - Z2 and a9 # 0, so
Spa(®)= 1200 ST a(), (3.4
ZGZZLd: z1-22=0
2170, 2270

Then we write the sum above as > . . _o—>. _ or 2,—0-

Since ’L‘d D ezt =0 @(z)’ < C||®|l0,4+1 for i = 1,2, we get

[Sea(@) = 22070 3 ()| < CL Y Ploar. (35)
ZGZ%dZ z1-22=0
Now an asymptotic for the sum Sy, o(®) immediately follows from Theorem 1.3
in [10] where the dimension is 2d, e = 1/2 and m = 0, by applying it to the
sum » . _,in (3.5) (we recall that d > 3):

Theorem 3.1. Let Ni(d) := 4d(4d* + 2d — 1) and Na(d) := Ny + 6d + 4. If
|®||ny N, < 00, then there exist constants Cyq € (1,14 2279) and K4 > 0 such
that

[OJIEN
Sp2(®) — Cd/g D(2) ,uzo(dzlsz) < Kd%, (3.6)
0

11 The theorems below and their proofs remain valid as well for arbitrary skew-symmetric
matrices with integer elements without zero lines and rows, but in this case the notation
used in the proof becomes heavier.
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where Yo is the quadric {z € R : 21 - z5 = 0} and the measure p*° is given
by (1.34) with s = 0.

In Appendix C of [10] we give the following explicit formula for the
number-theoretical constants Cy:
¢(d—1)¢(4d — 2)
((d)¢(2d —2)
where (¢ is the Riemann zeta-function. Due to (3.7) Cy satisfies 1 < Cy <

1+ 2277 as is stated in the theorem. The integral in (3.6) converges if ®(z)
decays at infinity fast enough:

Cy= (3.7)

‘/ 0(dzidz)| < Col|@llo, i > 2d— 1, (3.8)
3o

see Proposition 3.5 in [7]. So, it converges under the theorem’s assumptions.
From Theorem 3.1 another result can be deduced, whose proof is given
in the next Sect. 3.1:

Theorem 3.2. For N = 2,3,4 there exist constants Cq N such that
|28 (®)] < Canll®lo,5 (3.9)
for N := |[N/2|No(d)+ (N —2)(d—1)+1, where Ny is defined in Theorem 3.1.

Since in view of estimate (2.22) the functions ®3 from Corollary 2.3
satisfy

||(I)§(7-1’7—27')||n17n2 < Crﬁ ng( )a ananZa (310)

then the two theorems above apply to study correlations (2.18) with N =
m +n < 4. In fact, in the case N = 2 the number of Feynmann diagrams is
small and the corresponding correlations may be calculated directly without
the machinery, developed in Sect. 2. In Example 3.4 which illustrates this com-
putation, as well as in a number of situations below, we apply Theorem 3.1 in
the following setting:

Corollary 3.3. Let
Spo =L D N " 61126(wi2) f(s1, 52, 833 ),
1,2,3

where wi? is given by (1.17), ¢ € R™ is a pammeter (in applications usually
this wzll be the time) and fs(s1, 82,51 + 82 — 5;q)'? is a Schwartz function of
(s1,82,) satisfying |8(S1 o S)fs| < Cf(sl)Cf(SQ)Cf(s) uniformly in q, for
any multi-index . Then

. s ds1d < C#(S)
Sp2—Cq g fs(s1,82,81 + 82 — 57¢) p~* (dsidsz) | < T 5/2’ (3.11)

uniformly in q, where ¥, and p*s are the quadric (1.33) and the measure
(1.34) on it.

12 he formula for s3 comes from the relation 5’12 =1.
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Proof. In the variables z; = s1 — s, 20 = s9 — s the quadratic form w%f with
$3 = 81+82—s reads wiZ = —221 -2y [see (1.17)]. Then, taking into account that
the relation (5§152 = 1 is equivalent to the relations 21, zo # 0 and s3 = s1+s2—s,
we find that the sum Sy, o takes the form (3.4). Applying next Theorem 3.1

and changing in (3.6) back to the variables s1, so, we get (3.11). O

Ezample 3.4. Let us calculate the asymptotic as L — oo of E|agl)(7)|2. Ex-

panding ol as in (2.4) and then using (2.13), we get:

Ela{)(r) = 20720 3" 6126(wi?) / iy / i Bras

1,2,3

3
< T1 (e—w\ll—lzl _ e—w<h+12)) Ve (L+l2—27)
j=1

with Byag = By B2 Bs, where By is defined in (2.14). In the case of 7 = co the
formula simplifies since by changing the integration variables as r; := 7 —[;
and passing to the limit we get

Ela(V (00)|? = 20724 Z 5%25(‘0?1,3)/ d7‘1/ dry
1,2,3 0 0
Bias e~ (m+r2+v3)Iri—r2| o —7s (r1412)

2L72d B
= > 0526(ws?) = :
Ts {33 Mt Y2+ 3+ s
Then, by Corollary 3.3,
2 B s (dsd #
PR o)t - 208 [ Bttt EET
Vs Ju. etz s | T LAY

3.1. Proof of Theorem 3.2

Let us define the geometric quadrics Q; == {z € (R)Y : w;(z) = 0} and
consider their intersection ) = ﬁ;-V:le. Note that Q = ﬂjy:_lle since the
skew symmetry of the matrix o implies wy +...4+wy = 0. Denote by Bgd the
open cube |z|o < R in RV, where by | - | we denote the lo-norm.

Proposition 3.5. Ifw : RN? — R is such that |w|;_, < oo and supp(w) C BN,
where R > 1, then for N = 2,3,4 we have

> w(z)| < C(N,d)RWNANADFIN= @D LN ), 0 (3.12)
zEQNZ

Here Ny is defined in Theorem 3.1 and Z—in (5.1).

Proof. Below in this proof for any subset @ C R™¢, we denote
Qp =9onznrd. (3.13)
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By suitably rearranging indices ¢ and possibly multiplying w; by —1, w; may
be assumed to be of the form wi(z) = 21 - >, a1;2; with a1y = 1. Define
v =), a1;%; so that

wi(z) =2z1-v and zy =ainzy =V — Z Q1325 (3.14)
1<i<N
since a1 = 0 by the skew symmetry of the matrix a.
For N > 2, fix (21,v) € R?>%. Then the remaining quadratic forms w; with
1 < j < N as functions of (z2,...,2n_1) € RWV=2)d hecome polynomials q; of
degree at most two, with no constant term. Namely

q]‘(ZQ,...,ZN_l;Zl,U) =2zj- (ozjlzl + ajNv + E (()éji—OéjN()qi)Zi) .
1<i<N
(3.15)

For 1 < j < N consider the sets
Q;(21,v) = {(22,- .-, 2n-1) 1 qj (22, . .., 2n—1; 21,0) = 0} € RNV =D
and their intersection Q(z1,v) = Mi<j<nQ;(21,v). We denote QY = {(21,v) €
R24: z; - v = 0} (cf. (3.14)) and set
Ay = {(z1,v) €R?**: 2 #0,v # 0} (3.16)

Since |ey;| < 1, then on the support of w we have |(21,v)|s < (N —1)R. So,
recalling (3.13), for N > 2 we get

> w(z)| < C(N,d)|wlL,, > 1

ZEZNQ (ZI:U)EQ?LOBEJ%—I)R

X sup Z 1.

21,0)EQY ; NA;NB2L ~ _
(71,0)€QT N2 (N-DR (227~~32N—1)€QL(ZI»U)OBEQN 2)d

(3.17)

For N = 2 the same estimate holds with the second line replaced by 1.
To estimate the sum in the first line, we take any smooth function wq(z) >
0, equal one for z < 1 and vanishing for x > 2. Then

Z 1< Z wr(z1,v),
(zl,v)eQ?LﬂBfg,_l)R (21,0)€QY 1,
where wr(z1,v) == wo((|(z1,v)\/(N - 1)R\/2d>. Since for R > 1 and any a €

NU{0}, b > 0 we have |[wg|qs < C(a,b, N,d)RP, then in view of Theorem 3.1
and (3.8),

Z 1< CL2d- [de n RNQL—d+5/2} < C'[2A-1 RNz
(21,0)€QY LNBER 1y
(3.18)
where C,C’ depend on d, N, N1 and N-.
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To estimate the second line of (3.17), we use the following lemma, proved
in Appendix A.

Lemma 3.6. Assume that the matriz « is irreducible. Then for N = 2,3,4,
any R>1 and any (z1,v) € B(Qj‘f,_l)R satisfying (21,v) € QY N Ay we have:

1Qr(z1,v) N BY D% < 20N=2d(NRL)N-2-1), (3.19)

This completes the proof of Proposition 3.5 in the case of irreducible
matrix a: indeed, we get

> w(z)| < C(N,d)w|p, RN>TN 2D LN, (3.20)
z€ZNQ

If the matrix « is reducible, it can be reduced through permutations to a block
diagonal matrix with m blocks which are irreducible square matrices of sizes
N; satisfying >, N; = N. Since N; > 2 (otherwise there would be a zero row
or column in «), m < | N/2]. Applying estimate (3.20) to each block, we get
the assertion of the proposition. O

Now we derive the theorem from the proposition. Let ©o(t) = X (—oo,1](t)
and for k > 1, (1) = X (2k-1,2¢](f). Then 1 =37, p(t) and

¢ = ka ), Ji(2) = @r(|2]00) @(2).

Therefore, by Proposition 3.5,

Then supp fi C By = {|2]oe < 2%} and [|filloc < €27 ]|y, for any N.

52,8 (@)] < C(N, )| @lg, 5 D 2HN/ANAE DDA,
k=0
which converges if N > | N/2| Ny + (N — 2)(d — 1). This completes the proof
of Theorem 3.2. O

Remark 3.7. For any fixed vector (z1,v), Q(zl,v) is a real algebraic set in
R(N=2)4 of codimension (N — 2). If Q(z1,v) were a smooth manifold of that
codimension, then estimate (3.19), modified by a multiplicative constant
C5 (2 v)» would be obvious. But Q(z1,v) is a stratified analytic manifold (with
singularities), and to obtain for it a modified version of the estimate (3.19) as
above, using analytical tools, seems to be a heavy job since we need a good
control for the factor CQ( 1) Instead in Appendix A we prove the lemma,
using arithmetical tools.

3.2. On Extension of Theorem 3.2 to any N

The restriction on N in the statement of Theorem 3.2 comes from estimate
(3.19) in Lemma 3.6, proved only for N = 3,4. We know that for every N
the system of polynomials ¢;(-;21,v),1 < j < N, defining the set Qp(z1,v)
in Lemma 3.6, is linearly independent for any (z1,v) and any irreducible inci-
dence matrix a. Also we know that all polynomials g;(-; z1,v) are irreducible;
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see Lemmas A.9 and A.10 in Appendix A (there the independence and re-
ducibility are understood over some specific algebraically closed field K, but
the argument also works for K replaced by C). These two facts certainly are
insufficient to prove Lemma 3.6 for any N, but they naturally lead to

Conjecture 3.8. Under assumptions of Lemma 3.6, for any N > 2
|Qr(z1,0) N BY P < C(N,d)(RL)N-2-1),

One may try to prove this assertion using either arithmetical or analytical
tools; cf. Appendix A and Remark 3.7. It is straightforward to see that, if the
conjecture is true, then Theorem 3.2 holds for any IV, so in view of Lemma 2.2

any expected value LVEa{™ (r1)a{™ (r2) admits a uniform in L upper bound.

4. Quasisolutions

In this section we start to study a quasisolution A(r) = A(7r; L) of Eq. (2.1)
with as(0) = 0, which is the second-order truncations of series (2.2):
A(r) = (As(r),s € 23),  As(r) = a(7) + pal?(7) + p*a{? (7).
(4.1)
We focus on its energy spectrum
ner = ner(7) = E|A(7)]?, s€Zl, (4.2)

when L is large and the parameter p is chosen to be p = L. Our goal is
to show that it approximately satisfies a wave kinetic equation (WKE). Using
Proposition 2.1, we will then show that the same applies to the quantities ng ,,
considered in the Introduction.

The energy spectrum ng 1, is a polynomial in ¢ of degree four,

Ne 1 = n( i + sn(lz + €2n(2)L + 5371(3) + €4n(4)L, s €Ly, (4.3)
where the terms n kL(T) are defined by
k
() =IF 37 Eal(n)al®) (). (44)
ki+ko=k
0<k1,k2<2

By Corollary 2.3,
the second moments Eagkl)dgkz)
naturally extend to a Schwartz function of s € R?, (45)
given by (2.18), (2.21). Accordingly, from now on we always regard the second
moments and the terms nikL (7) as Schwartz functions of s € R%.
As customary in WT, we aim at considering the limit of n, (1) as L —
00, that is, the limits of the terms n( )L The term n ])L = ng % is given by (1.31)

and is L-independent, while by a dlrect computation we see that

nl) = 2mEa”aV =0, seR (4.6)
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[here we use (2.4), the Wick theorem and (1.15)]. Writing explicitly ngz)L with
2 <14 <4, we find that

n?) = L2E(jaV 2 + 2:a(Va®),

n?) =20mEaVa®,  nlY) = L'Ela®)2.
The function R? 5 s n(Q% (1) is made by two terms. By Corollary 2.3 with
N =2, Theorem 3.1 applies to the both of them. Since d > 3, we get

(4.7)

), (r) = n{(7)] < C#(s)/LV/2, (4.8)
where
n@® (r ( SR > ) / 0(dzydzg) @3 (7,7, 2),
Segtrue gegtrue
and we have used estimate (3.10). Thus, we see that the processes nioz, ngl)L

and ngzi admit the limits
nd)(r) := lim nf} (s L).
The limits satisfy (4.8), and for all 7
n{®(7) = B(s)(1— e 2+047)) - nD(7) =0, [n{)(7)] < C*(s),
(4.9)

where the last inequality follows from Theorem 3.2.
We do not know if the terms ng3%7n( ) admit limits as L — oo, but in

view of Corollary 2.3 both of them may be estimated through Theorem 3.2:
4
nCLm)I < CH(s), Inll) ()] < CH(s), (4.10)

uniformly in L > 2 and 7 > 0. We then decompose

>3
nSL—nsL+nsL7
where
n=2 n( ) +eng
sL_ s,L

(we recall that ngl)L = 0), and similarly define

(1) 2 (2) >3 3, (3) 4, (4)

L teng and niyp =enp+en,

n<2 i n® 4 2@,
Due to (4.8),
nS2(r) = n5p(n)] < C*(s)L72, (4.11)
so by (4.10),
InS2(1) — ne.r(7)] < CF(s)e2(LY2 +¢). (4.12)

Thus, the cut energy spectrum n=2 governs the limiting as L — oo behaviour
of the energy spectrum n,; with precision e3C#(s), where we regard the
constant ¢ < 1/2 (which measures the size of solutions for (1.6) under the
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proper scaling) as a fixed small parameter. Accordingly, our next goal is to
show that nS2(7) approximates the solution of a WKE.

4.1. Increments of the Energy Spectra n<2

In this section we will show that the process n=2(7) approximately satisfies a
WKE. We denote sy := s, 7; := 75, and set

M23s =M+ 72+ Y3+ Y4 5= (51,82, 83,54) € (RY)*, (4.13)
Now, for a fixed 79 > 0 and for j = 1,2,3,4 we define the functions
ZI(19) = Z9(70;8) as

R 7o _ inh(y,! .
27 (105 8) ::/ die=i(mo=0 H M if o >0, (4.14)
0 sinh (7 70)
m:lﬁ,‘3,4
m#j

and Z7(0;5) = 0. Computing this integral, we get

1 []_ — e 7123470 6*2(71234*%‘)7’0 — e 7123470

Zj(TO;g) = H 1— 6_27”—0

oy Y1234 275 — Y1234

>

< *2 71234 Yi— ’Yl)To —e —7Y123470 6*2717'0 — 6’712347'0>
I#j

2(7; + ) — 1234 - Y1234 — 27
(4.15)

where each fraction from the square brackets should be substituted by e~ 7123470
if its denominator vanishes.

For any real number r let C.(R?) be the space of continuous complex
functions on R? with the finite norm

[l =11 L - (4.16)

We naturally extend this norm to f € Lo (R?) and set
Loo (R = {f € Loo(RY) : | f], < 00} . (4.17)
Consider also the linear operator L, given by
(Lv)(s) = 2ysv(s), s € R (4.18)

Below we often write the value v(s) of a function v at s € R? as v, and the
function v itself as (vs, s € R%). Now, for v € C.(R?), where r > d, and for
70 > 0, 7 € (0,1], we define the kinetic integral K7 (79)(v) = (K (19)(v), s €
R%):

K™ (1) (v) = /OT e K (1) (v)dt. (4.19)
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Here the operator K (79) = K (1) +-- -+ K*(79) sends a function v = (v, s €
R?) to the function

K(m)(v) = 4C'd/

uzs(d.SldSQ)(Z (T0; §)v1v903

s
+Z (To, )121’02’[}4—2 (To, )’U1U3’U4—Z (7'0, )’()2’1}3114)

=: K (70)(v) + K (70)(v) + K2(10) (v) + K (10)(v)

(4.20)

(note the reversed signs for K? and K?). Here v; := v(s;), where s4 = s and
53 1= 81 + 89 — 84 (in view of the factor 05.2). While p is the measure (1.34)
on the quadric X = {(s1,s2) € R?2?: (51 — s) - (53 — 5) = 0}. Computing the
integral in ¢ in (4.19), we find

1— e 2%T 1-— 6’275

4
KI()(0) =~ —Kal)0) = 5 — 3 Km)o). - (420

We study the kinetic integral K7 in Sect.5 while now we formulate a result
which is the main step in deriving the wave kinetic limit.

Theorem 4.1. For any 0 < 7 < 1 the function (n=%, s € R?) satisfies

S )

Sy +7) = e TEnS2 (1) + 2/ e v de
0

+ 2K (10)(n=2 (1)) + %R,
where b> = (b*(s), s € R?) and the remainder R,(7) satisfies
IR(T)|» < Cor (T4 €%),  Vr. (4.23)
4.2. Proof of Theorem 4.1
(4)

We first fix a value for L and decompose the processes 7 — as”’ (7o + 7), where
7>0and 0 <7 <1, as

agi)(TO +7)= cgi)(T; T0) + Aag) (1570), i=0,1,2, seZi. (4.24)

(4.22)

Here
< (r;70) = e "alV (1)

and Aal” is defined via relation (4.24). Below we write cf )(7'; 7o) and Aal? (1370)

as c{' )(7) and Aq’ )( ) since 7p is fixed.

Obviously,
() = €O () + peD (7) + 2 ()
with 7 > 0 being a solution of the linear equation (2.1),-¢ p(s)=0, equal A(7o)
at 7 =0, and Aa(7) = Z?:O p? Aa9) (1) equals A(ro +7) — (7). By (4.5), for
0<i,j<2
the functions EcVel),  EcWAal), EAd®Aal)

(4.25)
naturally extend to Schwartz functions of s € R%.
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Due to (4.6) and (4.7),
6_2757715%(70) =EV(7)]? + pQE(|cgl)(T)|2 + 2R¢ (1) (1)), Vse R
Then,

nE3(ro +7) — 0] (10) = E(jal (70 + 1) — e (7)]?

+ 02 (Jal) (7o + )2 = [V ()

+ 2%(a§2)&20) (t0+7) — cg2)6(0)(7))).

S

(4.26)
Let us set
Ve(u,v,w) ;== L4 Z 8525 (wa?)uq vos.
1,2,3
Writing explicitly the processes Aag) (1), s € Z%, we find
To+T
Aa® () = b(s) / e 0tT=0 45, (1),
To
To+T
Bald(r) =i [ e 0y, @)
To
To+T
Aa®(r) = i / =10+ (3 (40 4©) 40y
7o
+ V(a®, oM, a(O)) + V(a®, ), a(O))> dl,
(4.27)

where a(?) = a()(1). Note that to get explicit formulas for cgi)(T), 1=0,1,2,
it suffices to replace in the r.h.s.’s of the relations in (4.27) the range of in-

tegration from [rg, 79 + 7] to [0, 70]. For example, cgo)(T) = e’””ago)(ro) =
b(s) fOTU e~ Vs(To+7=1) dﬁs(l).

Using that Ec!” (T)Adgo) (r)= Ec (1) EAal” (1) = 0 for any ¢ and s, we
obtain
E(aal (1o + 1) — P& (1)) = EAaP (1)al® (o +7),  (4.28)
and from (4.24) we get that
oo+~ ) = Al + 288,
E(|al” (10 +7)* = [ (1)*) = E|Aa{” (7)[%. '

Then, inserting (4.28) and (4.29) into (4.26) and using that p = ¢L, we find

”sg,i(To +7)— e‘QWsTnii(To) = E|Aa§0) (7')]2 + EZQS)L(T(), T), S€ R,
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where

Qs,1.(10,7) == L? (]E|Aafgl)(’r)|2 + 2RE [Aagl)(T)Egl)(T)
(4.30)
+ 2a@(r)a (1 + 7).

and we recall (4.25). Since

2 T
E‘Aago)(7)|2 _ b(j)<1 _ 6—2’)’57') — 2/ €_t['b2(5) dt,
s 0

then
n%(m +7)— e_TLnfz(To) = 2/ e 2 dt + £2Q. (10, 7),
0

for n<L2 = (nfi, s € RY). In order to pass to the limit L — oo we recall the

relation (4.11). Then the desired formula (4.22) is an immediate consequence
of the assertion below:

Proposition 4.2. We have
Llim Qs.1.(10,7) = KI(10)(n=%(10)) + Rs(1), s €RY, (4.31)
— 00
where the remainder R satisfies (4.23).

Proof. The first step in the proof of (4.31) is the following result, established
in Appendix B:

Proposition 4.3. One has

|QS,L(TQ,7') — XS,L(TO,T)‘ < C*(s)1%, seRY, (4.32)
where
X, 1 (70, 7) == 42(1-d) Z (5'126 (0) (0) 50) + ango)ngo)ngo)
1,2,3

— Zlnéo)néo)ngo) — Z2n§0)néo)ng0)). (4.33)

The terms Z7 = Z9(19; 51, 52, 83, 5) are defined by (4.14) and ngo) = ni??L(To),
n® = n® ().
s, L 7o

By (4.9) nE = ngl) are Schwartz functions in s;. Besides, the functions

27 (19, 3) have at most polynomial growth in s together with their derivatives,
uniformly in 79 > 0:

Lemma 4.4. For any vector u € (N U {0})*, uniformly in 79 > 0, we have
(70, 5)| < P(5; ), where P(3; 1) has at most a polynomial growth in 5.

By the lemma, which is proven in Sect. B.7, X , satisfies the hypotheses
of Corollary 3.3. So

| X1, (70, 7) — 7K (10)(nD)]| < C#(s) L™/ ?7. (4.34)
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Next, note that |n§0)(70) —nS2%(19)| < C#(s)e? due to (4.9). Then the estimate
on the Lipschitz constants of the operators K (t), given in (5.4), implies that

| K (10)(n'9 (70)) = K(0)(n=*(m0))]|, < Cre? V.
Hence,
|TKS(T0)(TL(O)(7'0)) — 7K (10)(n=%(10))| < CF ()7 (4.35)

On the other hand, on account of the definition (4.21), for 0 < 7 < 1 we have
the bound

7K (10)(n=?) — K] (0)(n=?)| < Cys7?|Ks(10) (n=?)] < CF(s)7%,  (4.36)

where the last inequality follows from the estimate of the norm of the operator
K (t), given in (5.3), and from (4.9).

Putting together (4.32), (4.34), (4.35), (4.36) and letting L grow to in-
finity, we conclude the proof. O

5. Kinetic Equation

At this section we examine the wave kinetic equation
3s(1) = —(L3)s + 2K (1)(3) +2b(5)*, 720, 5(0)=0  (5.1)

(L is defined in (4.18) and the operator K = K+ .-+ K*is defined in (4.20)),
and next we derive from this analysis and (4.22) the proximity of n=2(7) to
a solution of (5.1). We will need the following result, which is Lemma 4.2
from [7]:

Lemma 5.1. For j,l=1,...,4 and w/ € C.(R?) consider the operators

J(ut, . ut)(s) = / p=e(dsydss) H u'(s)

Es i£l
(see (1.34)), where s4 = s and s3 = s1 + S3 — s. Then for each I,
T(ut, ) <G ]I i > d (5.2)
i#l

5.1. Kinetic Integrals
We recall notation (4.13), (4.14).
Lemma 5.2. Forj=1,...4, any 7 >0 and any 5 = (s1,...,54) € (R4,

(i) 0 < Z0(r;5) < min(r, 1/3,,) < 1,

(i) |27 (1;8) — Z(00;5)| < Ce™27, where Z(00;3) = 1/y1234.
Proof. The first assertion follows from (4.14) since sinh(z) is an increasing
non-negative function of x > 0, so in the integrand in (4.14) we have 0 <
sinh(y,,1)/ sinh(y,,7") < 1. For 0 < 7 < 1 the second estimate follows from the
first one as

|27(7;5) — 2(00; 5)| < |27(75)] + ]2 (003 3)],

while for 7 > 1 it follows from (4.15) since y123; —y; > 1 and yi234 —7; —7 > 1
for j,1 € {1,2,3,4},j # L. O
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Since the kernels Z7 are non-negative by the first assertion of the lemma
above, then denoting k1 = ko = 1, k3 = k4 = —1 we achieve that the operators
,%J»Kj, 1 < j < 4, are positive (in the sense that they send positive functions to
positive). Due to the first assertion of the lemma and (5.2), for any 7 > 0 they
define positive 3-homogeneous mappings C,(R?) — C,,1(R?) if r > d, and

|"£jKj(T)(U)|T+1 = |Kj(7_)(v)‘r+1 <C, min(77 1)|’U|37 Jg=1...,4 (5'3)
for 7 > 0. So, the mappings K7(7) are locally Lipschitz:

[K7(7)(0") = K7(7)(v*) 41
< 3C, min(r, 1) R o' — 2|, if |[v'],, [v?], < R. (5.4)
Since for j = 1,...,4 and any s € R?,
e for non-negative functions n,m € Ly, [see (4.17)] such that m < n we

have #; KI(7)(m) < k; KI(7)(n) < oo,

o |[KI(7)(v)| < kjKI(7)(|Jv]) < oo for any complex function v € Lo,
o |vs| <|v|(s)~" for all v € Loo s,

then the relations (5.3), (5.4) remain true for functions from L ;.

Lemma 5.3. If [s)] < R forl=1,...,4, then

0 _., -
—ZI(1;5)| < C1°(R?) (5.5)
or
(see (1.5)).
Proof. For any m € {s1,...,84} and 0 <[ < 7, we have
0 sinh~,,l cosh v, T

< 'Ymcmax(lv 1/(7m7-))'

Ot sinhv,,7| = """ sinhy,,T

Considering separately the cases 7 > 1 and 0 < 7 < 1, using (4.14) and the
estimate above we get the result. O

This lemma implies that for any v € C.(R?) and any j the curve 7
K7 (7)(v) € C.(R?) is Hélder continuous:
Lemma 5.4. For anymp>0,0<7<1,j=1,...,4and anyr >d+1,
|K (10 + 7)(v) — K7 (10) (V)| < Gl Vv el (RY),  (5.6)
where Kk, = 1/(1 + 2r,).

Proof. By the homogeneity we may assume that |v|, = 1. For R > 1 let us set
vf(s) = v(s)X|sj<r € Loo- Then

R <1, Jo—vfly <RTL (5.7)
Now let us write the increment K7 (79 + 7)(v) — K?(70)(v) as
(K7 (10 +7)(v) = K (10 + 1) (07)) + (K (10 +7) (07) = K (1) (v7))
+ (K7 (1) (v") — K7 (10)(v)) =: A1 + Ao + As.

Recalling that (5.3) and (5.4) hold for functions from Lo ,» with 7' > d, we get
from (5.7) that |Aq],+|As], < C,.R™L. To estimate Ao, we set AL = AoX|s|<Rr-
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Since by (5.3), |Az|,41 < 2C,., then |Ay — AZ|,. < 2C.R~!. For |s| > R the
function AZ vanishes, while for |s| < R in view of Lemma 5.3 we have

|AF | = |82,] = [K{ (10 + 7)(v") — K(m0) (v)|

. . . . v ... |V
< Cr/ ps(dvrdvg) |27 (o + 73 5) — 27 (70; S)IWXHSJ-KR i}
2. j

< C’2T<s>_7"_1TR2“ ,

< CLA(B)r / 1o (dvndvg) 1L 10l
s, |vj

where to get the last inequality we used (5.2). We have seen that the C,-norm
of the increment is bounded by C,.(R™! + 7R?*™), for any R > 1. Choosing
R = 7~ Y/(4212) "we achieve (5.6). O
5.2. Kinetic Equation
Now we will apply the obtained results to the kinetic Eq. (5.1). Since the func-
tion b(+)? := {b(s)?} € C.(R?) for all r, since L is the operator of multiplying by
the function 27, as in (1.4),1.5), and the operator K satisfies (5.3),5.4), then
for small enough £ > 0 Eq. (5.1) has a unique solution, belonging to C,.(R?) for
each r, which in a Lipschitz way depends on the r.h.s. of the equation, when
the latter deviates from b(-)2. Namely, the following result, where X" stands
for the space C(0,00;Cr(R?)), given the norm |v(-)|x+ = supysq |v(t)|r, may
be easily verified (a proof of a similar fact may be found in Section 4 of [7]).
Lemma 5.5. For any r > d,

(1) There exists €, depending on b(-),r and r., such that for 0 < e < e,

Eq. (5.1) has a unique solution 3(7), belonging to X" . It satisfies

sl < Gl (58)
(2) If 3°(7) is a solution of the linear Eq. (5.1).=¢, then |3 —3°|x+ < C,2.

If a curve 3'(7) solves (5.1) with 2b(s)? replaced by 2b(s)? + £(t), where

e X" and [€|x <1, then |3 — 3 |x» < Crl€]xr.

The lemma’s assertion holds as well for nonzero initial conditions 3(0) €
C,.(R%) in (5.1), but we do not need this.

Let K (c0) be the operator, obtained from K (1y) by replacing in (4.20)
the kernels Z7(7g;s), s € RY, by Z(00;5) (see Lemma 5.2). Let 7 > d and
3° € C(R?) be a solution of the limiting stationary equation

£5° - 2K (00)(5°) = 20()? (59)
in the vicinity of £71(20?), existing for small £ by the inverse function theorem.
Since b2(+) € (), C-(R?) and, as in (5.3), the map K (co) is one-smoothing, then
decreasing ¢, if needed we achieve that 3° € (), C.(R?) for e < &, and

I35 — 271 (0?) | < Crue®  Vm. (5.10)
Here and below the constants depend on b and r,.
Let us consider the curve w(t) = 3(t) — 3°. It satisfies the equation
W+ L(w) = (K (t)(3) — K (00)(5%))

= 2[(K()(3) — K(1)(%)) — (K(1)(57) — K(00)(57))]
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and w(0) = —3°. Denote K(7)(3°) — K(00)(3°) =: —n(7). In view of Lem-
mas 5.2 and 5.1, |n(7)], < Cre 2" for 7 > 0. Next, regarding the differ-
ence K(7)(3(7)) — K(7)(3°) as an operator, linear in w(7) = 3(7) — 3 and
quadratic in (3(7),3%), we write it as K(7)(w(7)). Then by (5.4) and (5.8),
IK(T)w|r11 < Crlw|y, ¥r > d. Finally, we substitute

w(r) = o(r) +y(r), o(r)=—e 75,
and rewrite the equation on w as an equation on y:
g+ Ly = 2K (1) (v(r) +y(1)) +e*n(r),  y(0) =0.
Or

y(t) = &2 /0 e~ IR () (v(s) + y(s)) +n(s)]ds. (5.11)

Let Y™ be the space of continuous curves y : Ry — C,.(R%), vanishing at zero,
with finite norm |y[yr = sup;sq €' |y(t)],.
Let B be the linear operator

%mm:Afmmmwwmm

Then the equation for y may be written as
t

o(0) = (B0 + BE)NO + [ e IE(es). (52)

0
It [j

yr = 1, then

t t
B < [ |G, s < O [ s < e
So B :Y" — Y™t is a bounded linear operator if > d, and accordingly the
operator (id —£29B) is a linear isomorphism of Y if r > d and ¢ is sufficiently
small. It easy to see that B(v) and fg e~ (t=9)Lp(s)ds both belong to all spaces
Y. Then in view of (5.12), |y|y~+1 < Ce?. Since the operator 9B is 1-smoothing,
then by induction we get that y belongs to all spaces Y. We have proved that

Lemma 5.6. The solution 3(7), constructed in Lemma 5.5, may be written as

3(1) = (id — e*Tﬁ);{S +y(7), where |y(1)|, < Cre?e™™ V1 >0, Vr.

Here 3¢ is the stationary solution, defined in (5.9) and satisfying (5.10).

5.3. Energy Spectra of Quasisolutions and Kinetic Equation

In this section we prove our main result. Namely, we show that the energy
spectrum (4.2) of the quasisolution ns (1) = E|As(7)]* of Eq. (2.1) with
large L is e3-close to the solution 3(7) of the WKE (5.1), constructed in Lem-
mas 5.5, 5.6. By (4.12), it suffices to prove this for ng ;, replaced by n=2. Let
us denote wg(7) = nS2(7) — 35(7); then w4 (0) = 0. Recall that e, is defined in
Lemma 5.5.
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Lemma 5.7. Ifr >d+1 and e < Cl_r1 < &4 for an appropriate constant Ci,,
then for any 70 >0 and 0 < 7 < 1/2,

lw(to + )| < (1 —7/2)|w(ro)|y + Corre? (75 4 £2), (5.13)
where ks = 1/(1 4 2r,).

Proof. Since by (5.1)

T To+T
370 +7) = e E3(r0) + 2/ e tLB2dt + &2 / e” HTEOER (1) (3(8))dt,

0 7o

then in view of (4.22) and (4.19)
w(T +79) = e TFw(m) + A + R, (5.14)
where R is as in (4.22) and

To+T
A= [T e T (K () (0= ) - K(O6(0) ).

Note that in view of Lemma 5.5 and estimates (4.9),
n=2(7)|, [3(7)|» < C, for all 7 and all r, (5.15)

with suitable constants C,.. Let us re-write A as follows:

To+T
A= / e~ 0T OE (K (70) (n=2(70)) — K (10)(3(70))) dt

0

To+T
+ / e (0 H L (K (70) (3(70)) — K (£)(3(70)) )t

0

of " ot 0L (1) ) — K(O((0))dt = AT+ A7 4 A

0

By (5.4) and (5.15), |Al|,. < C.7|w(7o)|. Similar,

A%, <Cpr sup  [3(t) = 3(70)] < Crr?
ToSt<T0+T
since [3(t) =3(70)l, < [}, |=L3(D)+e2K(1)(3(1))+26|dl and [3(t)|4. < C. by
(5.15). Now let us consider A2. By Lemma 5.4, | K (70)(3(70)) — K (t)(3(70))]» <
Cr(t —70)". So A? < C, [ t™dt = Ol
Since £ > 21 and 7 < 1/2, then |e~"*w(m)|, < (1 — 7)|w(7o)|,. Now
(5.14), (4.23) and the bounds on A7 imply that

lw(to 4+ 7)|r < (1= 7)|w(ro)|r + CTEQT("IU(T()”T +74+7" 4+ (T+ 52)),
and (5.13) follows if C},' < 1. O

Forany 0 < 7 <1/2,any N and for k =0, ..., N let us set wy, = |w(k7)|,.
Let the function & — wy, attain its maximum at a point k& which we write as
k:=ko+ 1. If kg + 1 =0, then wy = 0. Otherwise, in view of (5.13) we have

Wiy < Wryr1 < (1 —7/2)wg, + Copre® (77 + £2).
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S0, Wi, < 2Co,£2(7% +£2) and

OISI}CaSXN ‘w(kT)|T = Wko+1 < 3CQT€2(TN* + 52)
since 7 < 1/2. Applying again (5.13) with 79 = k7 and 7 replaced by any
7 € (0,7), and using that in the formula above N is any, we get that |w(t)|, <
4C5,€2(75 + £2), for any t > 0. Sending 7 — 0 (and estimating norms | - |,
with 7 < d+ 2 via | - |412) and then using (4.12), we finally get

Theorem 5.8. For any r there exist positive constants Cy,., Ca,., Cs,. such that
ife < Cfrl, then

sup [n=2(7) = 3(7)|, < Cope’ (5.16)
>0

and if L > €72, then
sup [n. (1) = 3(7)|, < Cyre”. (5.17)
>0

Relation (5.17) together with Lemma 5.6 gives a control over the long-
time behaviour of the spectra of quasisolutions of (2.1) in terms of the station-
ary solution 3. of the limiting kinetic equation (see (5.9)):

In. (1) =3 < Cple”™ +&%), V7 >0.

By Proposition 2.1 with d > 3 this result and (5.17) extend to the spectra of
quasisolutions of (1.20), defined in (1.27), as expressed in

Theorem 5.9. For any r there exist positive constants Cy,.,Cs,. such that if
e < C;Tl and L > €72, then

sup . (1) = 3(7)|» < Cape?, (5.18)
7>0
. p(7) =5 < Csp(e™™ +€%),  ¥r>0. (5.19)

Relation (5.16) extends to the energy spectra of quasisolutions of (1.20)
analogously.
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Appendix A. Proof of Lemma 3.6
In this appendix we suppose that the dimension d satisfies d > 2.

A.1. Idea of the Proof and General Setting

In Lemma 3.6 (up to an obvious scaling) we have to estimate the number
of integer points on a quadric inside a large box. The idea is to embed the
integral points of the box in an affine space over a large finite field and then
apply powerful algebraic geometry techniques to estimate the needed number
(note that this identification of bounded integers with elements of a finite
field is ubiquitous in coding theory and combinatorics). It is possible mainly
due to the fact that this techniques permits to count points defined over a
finite field using some geometric information (essentially the dimension, the
degree and irredundant decomposition) on the corresponding algebraic set over
the algebraic closure of our finite field. We begin with recalling some basic
definitions and results concerning such algebraic sets (see, for example, the
first chapter of the book [27]).

Affine algebraic sets. Let us fix an algebraically closed field K. Let A™ = K™
be the m-dimensional affine space over K, and let Fy,..., Fs € K[Ty,...,Ty]
be nonzero polynomials. Then an affine algebraic set (AAS) X is just the set
of common zeros of these polynomials:

X={(a1,...,am) € K™ : Fi(a1,...,am)=...=Fs(ay,...,an)=0}.
(A1)
Irreducibility. An AAS X is reducible if X = X; U X5 with two non-empty

AAS X1, X5 s.t. X1 # X, Xo # X. If it is not the case, X is called irreducible,
or an affine algebraic variety (see [27], Section 1.3.1).

Theorem A.1 (Irredundant decomposition). Any non-empty AAS X can be
presented as

X=X,U...UX, (A.2)

for irreducible X1, ..., X; such that X; ¢ X; for i # j. The decomposition is
unique up to order.

This decomposition is especially simple for a hypersurface X, i.e. when
in (A.1) s=1.Then F = Fy(Th,...T,n) = Hé»:le for irreducible polynomials
@; which are uniquely defined up to multiplicative constants and permutation
since the ring K[T71, ..., T,,] is a unique factorization domain, see, for example,
Chapter IV of [24], and then X; = {Q; = 0}. This uniqueness is true under the
condition which we can and will suppose to hold, namely, that the polynomial
P does not have multiple divisors, i.e. all Q;,7 = 1,...,l are distinct. For
further references we formulate a corollary of the unique factorization property
(see [27], Section 1.3.1)

Lemma A.2. (i). If X and Y are hypersurfaces, then X =Y if and only if
the corresponding polynomials Px and Py are proportional. Moreover if
Y is irreducible and X CY, then X =Y.
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(ii). If deg Px = 2, then there are exactly two possibilities: either X irre-
ducible (in this case it cannot contain a hyperplane), or X = X1 U Xo
for two affine hyperplanes, defined by affine linear polynomials 1 and ls,
and PX = lllg.

Dimension. One can define the dimensionr = dim X € {0,1,...,m} as follows:
dim X = max{dim X;,i = 1,...,1} for (A.2), and for an irreducible AAS X

dimX =max{r: X =XyD X; D...D X, # g},

where all X;,7 =0,...,r are irreducible AAS and all inclusions are strict. The
codimension of X is codim X = m — dim X.

In particular, if dim X = m then X = A™ (indeed, if X C A™, X #£ A™
the definition implies that dim X < dim A™ = m) and if dim X = 0 then X is
a finite set. The codimension of X as in (A.1) is at most s.

From the definition we get immediately (see [27], Section 1.6.2)

Lemma A.3. If Y C X,Y # X and X is irreducible, then dim X > dimY,
codim X < codimY.

Degree. Let X C A™ be a non-empty AAS, dim X = r. Then its degree deg X
is defined as follows:

deg X = max{cardinality of X N L :dim (X NL) = 0},
where L. C A™ is an affine plane with dim L = m — r.

Lemma A.4. If X is a hypersurface (i.e. in (A.1) s = 1), then codim X =1
and deg X = deg F}.

The famous Bezout theorem in its the most elementary setting over the
field C states that

deg X <1II7_, deg F;.

A.2. Finite Fields’ Bezout Theorem

From now on the field K is the algebraic closure F, of a finite field F,, where
p is a large prime number (see [24], Section V.5).

We will use a version of Bezout’s theorem over finite fields which can
be deduced from its general form, e.g. [13], and is also explicitly stated and
proved in [22, Corollary 2.2].

Theorem A.5. Let K =F, and the AAS X in (A.1) is such that F; € F,[T,
S Tyl, degFj=d;, j=1,...,s, and dim X = r. Then

X NFP| < p'Iyd;.
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A.3. Preliminary Result

Let q1,...,¢s, s > 1, be polynomials of degree at most two in m > s vari-
ables, ¢; € Z[X1, ..., X,,], with ¢;(0) =0, i = 1, ..., s. Consider the geometric
quadrics @Q; = {x € R™ : ¢;(x) = 0} and their intersection @ = N;_;@;. The
latter is not empty since 0 € Q.
Let B}; C R™ be an open cube {|z|, < M} with some M > 1. Consider
the set
Sm(M,Q)=QNZ"™nN Bj;.

Let p be a prime and qi(p) € Fp[X1,...,X,,] denote the polynomials g;

mod p over the finite field F,. Consider the sets
QY = {z e K™ : q" (x) = 0}

and their intersection Q) = ﬂleQgp ) (recall that now K = [, is the algebraic
closure of IF,,). We will be interested mainly in the cardinality of Q®)(F,) :=
QW NF as a tool to estimate | S, (M, Q)|.

Proposition A.6. Let M > 1 and suppose that a prime p > 2M satisfies p =
2M(1+r(M)), where r(M) > 0. Suppose also that degq; < 2 for each i and
that the AAS QP) is of dimension m — s (and of codimension s, that is, the

s quadrics QEP) intersect properly):
dim Q) =m —s. (A.3)
Then
1S (M, Q)| < 2™ (L +r(M))™ " M™~*. (A.4)
By Bertrand’s postulate, for any M > 1 there is a p satisfying 2M < p <
4M, and when applying Proposition A.6 we will always chose
r(M) < 1. (A.5)
Moreover, by the Prime Number Theorem, for large M one can chose r(M) =
o(1).
Proof of Proposition A.6. Let I1: S,,,(M,Q) — F* be defined by
(z1,...,2m) = (z1 mod p,...,z, mod p).

Then IT is injective and its image is contained in Q) N Fy' C Fy'. Indeed, the
last assertion is clear and the injectivity is established as follows: if

() mod p,...,z!, modp)=(r; modp,...,x, mod p)

but z’ # x, then for some i € {1,...,m} we have z; mod p = z; mod p, but
x; # x;. Consequently, |z; — 25| > p > 2M which contradicts the condition
x;, x5 € BYf. Applying then Theorem A.5 to X = Q") we get the conclusion
since

[Sm (M, Q)| < QW (Fy)| < 2°p™* = 2™ (L r(M))" " M™ .
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A.4. Main Estimate for N = 3 and 4

Now we pass to the proof of Lemma 3.6 and denote |QL(21,U) N B%N_Q)d| =
s(R,Q, L). Consider the set

S'(R,Q,L) = QnzWN=24n B2 Q= Q(Lz, Lv),

and denote by s'(R, Q, L) its cardinality. Then s'(R,Q,L) = s(R,Q, L) since
the map (z2,...,2nv—1) — (Lza,...,Lzn_1) is a bijection between the sets
QL (21, )mB(N % and §'(R, Q, L)

Let us estimate s'(R, Q, L) through Proposition A.6 with m = (N — 2)d
and s = N — 2, where N = 3 or 4. To this end it suffices to find M > RL
and p > 2 M such that assumption (A.3) is fulfilled for any (z1,v) € B(2]({771)R
satisfying (21,v) € QY, N As. Lemma A.7 below establishes this for M =
NRL/2 and any p > 2M. Then, applying (A.4) with (M) < 1 (see (A.5)),
we conclude the proof of Lemma 3.6.

For a prime p and a,b € Fg, let us consider algebraic sets Q§-p ) over
K =T,

Q( )(a b = { ZQ,...,ZN,Q) S K(N_Q)d . q](-p)(ZQ,...7ZN,2;a7b) = 0},

where qj(»p )(22, ..., ZN—2;a,b) are the residues modulo p of the polynomials

q;(z2,...,2nv—2;a,b), defined by (3.15). We set QP = ﬂl<j<NQ§p) for the
intersection of the algebraic sets.

Lemma A.7. Let N € {3,4}, (21,v) € QY N Ay (see (3.16)) and let p be a
prime satisfying p > max(|Lz1|oo, [LV|oo). Then

dim QW) (L2, Lv) = (N — 2)(d — 1). (A.6)

The assumption p > max(|Lz1 oo, |LV|s) ensures that Lz; and Lv are
different from zero in K?. In particular, for (z1,v) € B(Zf\l,_l)  this assumptions

is satisfied if p > 2M with M = NRL/2.

Proof of Lemma A.7. Let N = 3. Then N —2 = 1 and Q(”) is given by the
unique equation q(p)(zg; Lz, Lv) = 0, for a fixed (z1,v). By Lemma A.9 the
equation is non-trivial, so the conclusion follows from Lemma A .4.

N = 4. The codimension of the intersection of two quadrics is at most
two. We have to show that it is two (and not one). The result will follow from
the next three lemmas.

Lemma A.8. Let Q1 = {¢1 = 0}, Q2 = {¢2 = 0} be two linearly independent
quadrics over K. Then the codimension of Q1 N Qs is one if and only if ¢1 and
G2 have a mutual affine linear factor l(x).

Proof. Let the codimension of the intersection be one. In this case if one of
91, Qs is irreducible, then @7 = Qs by Lemma A.3 with Y = Q1 N Q. How-
ever, this is impossible by Lemma A.2. (i) since ¢; and ¢» are independent.
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Therefore, by Lemma A.2. (ii) Q; = Hy U Hy and Q; = H| U H}, with hyper-
planes Hy, ..., Hy. If all H; N H} are of codimension two, then

codim @1 N Qy = codim (U(H; N HY)) = min(codim H; N Hj) = 2.

Therefore, at least one of H; N H J’ is of codimension one and then we have
ker(l(z)) = H; N H] C Q1 N Qy for an affine linear /(). Hence, I(x) divides
both ¢; and G2 by Lemma A.2. (ii).

The inverse statement is obvious. O

Lemma A.9. For any N > 2, if the matriz « is irreducible and (21,v) € Q% ;N

Ay is such that Lzy, Lv # 0 in K2, then the polynomials qép)(~,Lzl,Lv),

1 < j < N are linearly independent over K. In particular, each q(-p)

;s a
nonzero polynomial.

Proof. Consider a linear combination ), _ J<N ch(p ). By the homogeneity in

J

(22,...,2N_1), it vanishes identically if and only if
Z c;zj - (aj1(Lz1) + ayn(Lv)) = 0,
o (A7)
Z cjlaji —ajnon)zj -z = 0.
1<i,j<N

Arguing by induction and using that the matrix « is irreducible, we construct
a partition Fy,...,Ey, M > 1, of the set {1,..., N} such that Fy = {1, N}
and for n > 1,

E,={j:a;=0V1€E,y, n <n-—2, and 3!' € E,_; such that aj # 0}.

Since (21,v) € @Y, and Lz;, Lv # 0 in K9, then the term in brackets in the
first line of (A.7) is not identically zero for each j € E, so ¢; = 0 for every
J € Ey. Using this in the second line of (A.7), we get:

M M

Z Z Z Z CiQjizg * 24 =0.

n=2m=n—1j€E, icE,,
This relation holds if and only if (¢; — ¢;)a; =0 for all j € E,, 2 <n < M,
and i € B, n —1 < m < M. We know that ¢; = 0 if j € I;. Starting from
n = 2 and arguing by induction in n, we find that if ¢; = 0 for all i € E,,_1,
then ¢; = 0 for all j € E),. Indeed, for any j € E, there exists at least one
i € E,,_; such that a;; # 0 by the definition of Ej, so relation (¢; —¢;)a;; =0
implies that ¢; =0 if j € E,. That is, ¢; = 0. O

Lemma A.10. For any N > 2, if the matriz « is irreducible and (z1,v) €
QY . N Ay is such that Lzy, Lv # 0 in K@, then the polynomials qj(-p)(-7 Lz, Lv),
1 < j < N, are wrreducible.

(

Proof. Each polynomial qu ) has degree one or two. If its degree is one the

assertion is obvious. Now let the degree be two. Note that in view of (3.15)

q§p ) can be written as the scalar products ¢'”’

;= zj-lj(#z2,...,2N-1; 21,v) mod
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p, where [; are surjective affine functions [; : K4N=2) __, g4 But such scalar
product cannot vanish for d > 2 > 1 on a hyperplane H ¢ K¥N=2) which
by Lemma A.2.ii) would be the case for a reducible quadric. Indeed, only two
cases can occur:

(a) The coefficient « of z; in I; is nonzero, or
(b) It is zero but then the coefficient 3 of some other z; is nonzero.

In case (a) take the two-dimensional plane P(z1,z2) in the whole space, gener-
ated by two orthogonal vectors from the z;-space, where the first basis vector
is parallel to aq;21 + anjv # 0 (this vector is nonzero since (2,v) € QY ; and
Lz, Lv # 0in K¢, and for the case a) we have o, an; # 0). Then the restric-

tion of qj(»p) =0on Pis a(z? +23) +c1oy = 0 with ¢; # 0, which is isomorphic

to 2% + 2% = C # 0. This plane quadric in P(z1,x2) cannot contain P(x1,xs)
N H (a line or the whole P(xz1,22)). Indeed, otherwise, supposing by symme-
try that the quadric contains a line 1 = axs + b, we would have that the
polynomial

a’z3 + 2abxs + b* 4+ 22 - C
= (a® + )23 + 2abzy +b* - C

vanishes identically. This implies ab = 0, and if a = 0 then the term
(a® + 1)23 = 23 # 0, while for b = 0 the term b?> — C = —C # 0.

Similarly, in case b) we take the four-dimensional vector subspace P’
generated by the two first basis vectors in the z; space and the two first basis

vectors in the z; space. The restriction of qj(p) = 0 on P’ is then B(z1y1 +
Zaya) + 121 + caxo = 0, isomorphic to z1y1 + x2y2 = C which cannot contain
P'(x1,x2,y1,y2)NH. Indeed, else, supposing by symmetry that P’ (x1, x2,y1,y2)
NH D {x1 = ay1x2+b1y1 +bays —c} we get that the following quadratic function
of x2,y1,y2:

(@122 + b1y + bayz — ¢) Y1+ x2y2 — C
= a122y1 + b1yi + bayrye — cy1 + 2y — C

vanishes identically, which is clearly wrong. O

End of the proof of Lemma A.7. Since each qj(p ) is a nonzero polynomial of de-

gree one or two, then to prove Lemma A.7 we have to consider three cases. In

the first case both polynomials qép ) and qép ) are linear. Then the codimension

of the intersection Q® is two since they are linearly independent. In the sec-
ond case both qép ) and qép ) are quadratic. Then, according to Lemma A.8, the
codimension still is two since the polynomials are irreducible by Lemma A.10.
Finally in the last case, when one polynomial is linear and another one is qua-
dratic, the assertion is clear since then the AAS in question is an intersection
of a quadratic irreducible surface with a hyperplane. Thus, its codimension is
two by Lemma A.2. (ii).

Remark A.11. The proof of Lemma A.7 follows from three lemmas. Two of
them are valid for any N > 2, but Lemma A.8 holds only for N = 4 (and
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tautologically holds for smaller N). Still the bi-linear (or linear) nature of the

polynomials qj(? ) and direct analysis of the AAS Q)| jointly with the two
lemmas, valid for any N > 2, allow to prove by hand Lemma A.7 for “not too
high” values of N, and thus, to prove for those N’s Theorem 3.2. Unfortunately,
for the moment we cannot prove the theorem for all N > 2; cf. Conjecture 3.8.

Appendix B. Proof of Proposition 4.3 and Lemma 4.4
We prove Proposition 4.3 in Sects. B.1-B.6 and Lemma 4.4 in Sect. B.7.

B.1. Beginning of the Proof of Proposition 4.3

The proof of the proposition is somewhat cumbersome since we have to con-
sider a number of different terms and different cases. During the proof we will

often skip the upper index (0), so by writing a and a, we will mean a(®) and a.

We will also skip the dependence on 7y by writing et )(T, 70) and Aal )(7', 70)

as ¢’ )( ) and A’ )( ). Besides, for a complex function (ws,

denote

d
sks S5 € L]) we

.....

—kd
§ Wsy,...,5, — L E Wsy,...,s5 »

815,55 €ZG $1,..,8KELE
and we introduce the symmetrization
12 _ _ _
YV (w0, w; t) E 05 Wss (u1v2ws + vV1wWals + WiuT3) .
1,2,3

We recall that Q; 1, is given by formula (4.30) and first consider the term
EAag2)(7’)£—LS(T0 + 7). Inserting the identity a™™ (75 +1) = ¢ (1) + AaM (1) into
formula (4.27) for Aal? | we obtain

EAa® (1)as (o + 7) = N, + N,

where
N, = iE(&s(To 1) /O " =03y (g0 1 1), a(mo 4+ 1), A (1)) dz)
(B.1)
and

N, = iE(as(m +7) /OTe T3V o + 1), alm + 1), €D 1)) di).
Thus,
Qur = L (]E|Aa§1)(7)|2 +2MN,
FIREAC (1) (1) + mﬁs) ., seR% (B.2)

We will analyse the four terms above term by term.
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B.2. The First Term of Q.1 in (B.2)
Due to (4.27), we have

To+T To+T
E|Aa()(r / i / al’ e+ 22 ==y (1)) Y, (a(l').

(B.3)

Writing the functions )y explicitly and applying the Wick theorem, in view of
(2.13) we find

To+T To+T
E|AalV (1) 2 —2L‘2d26’12§ (w3?) /0 dl/ Ul e o ar—1=1)

Eal(l)al(l )EQQ(Z)GQ(Z )Ea3(l)a3,(l ),
and note that

To+T To+T
/ dl/ dll 6—75(27'0+2T—l—l') < 7_2.

On account of (2.13), we can bound
E[Aa) (r)? <277 ¥ 8526(ws?) Bias,
1,2

where Bia3 = BBy Bs. Since B3 with s3 = s —s1 — s9 is a Schwartz function
of s, 81,82 then Theorem 3.2 with N = 2 applies and we find

ElAalM (1) < C#(s) L™ 272, (B.4)
B.3. The Second Term of Q; 1 in (B.2)

To study the term 2R Ny, we use the same strategy as above. Namely, express-
ing in (B.1) the function 3Y¥™ via Vs, we write N as Ny = N1 4+2N2, s € R4,
where

N} = iB(ay(m0 +7) / e DY, (almo +1), alro + 1), A (1) 1),

0

N? =iE<d5(To+T) /Te_"“ Dy (AaV(1), a(T()+l),a(To+l))dl>.
0

Term N}. Writing explicitly the function Yy and then Adgl)7 we get

L =il dz(s’” ;3)/sze—%<7—”
XE(a1(To+l)a2(To A& (1ag (o + 7))

_L—2d225/12 5}32' / dl/ Al eV (T=1) g—3(1=1")

1,2 17,2/

X E(al (T() + l)ag(’ro + Z)(_Ill(’ro + l/)ag/(’ro -+ l/)agl (Tg -+ l/)C_LS(To + T))
(B.5)
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By the Wick theorem, we need to take the summation only over sy/, so/, s3/

satisfying sy, = sq, S/ = 83, Sy = § OL 81/ = 8, Sy = 81, 53 = 5. Since in
1172/ /12
both cases we get 04> = 0412 and wi,3 = wi2, we find

_225/125 (@i2) / dl/ 4l 6= (r=D=3(1=1")

X Eal(T() + l)ELl(TO +l )EGQ(TO —+ l)C_LQ(TO + l/) Eas(’ro + ZI)C_LS(TO —+ 7').
Arguing as in Sect. B.2 we find
INY| < C#(s)L 272 (B.6)

Term N?2. By literally repeating the argument we have applied to N}, we
find that

=i¢L" d25,125 wa? / dle—7=(7=D
E(A‘h (Daa (1o + Das(ro + Nas(1o + 7))
T l
—L72N N 200 S(wh2)d(ws ) / dl / Al e s (T=D g=m (=1
1,2 17,2/ 0 0
X E(av (10 + 1az (10 + I')ag (1o + 1")az (10 + D)as (10 + 1)as(10 + 7))

By the Wick theorem, we should take summation either under the condition

Sy = S3, Sor = 8, 33/ = 89 Or 81/ = 8§, Sor = 83, S3» = Sg. Since in both cases
n'e’ 12 _ 12

o2 = 042 and wh? = —wi?, then

T l
2=-2) 626(wsd) / dl / dl e hemn (=1
E ’ 0 0

EGQ(TQ +1)as(1o + ') Eas(mo + I")ag(ro + 1) Eas(1o + I )as(mo + 7) .

Again we get
IN2| < C#(s)L 272 (B.8)

B.4. The Third Term of Q1 in (B.2)
We have

To+T To ,
EAaVeV(7) = E / e (=D y (a(1))dl / e ey (a (1)) dl’.

T0 0

This expression coincides with (B.3) in which the integral f T

by [° dl’. Then,

To+T T
EAa(l) (1) -9 26/12 ;3)/ ’ dl/ ! dlle—'ys(270+27'—l—l/)
T0O 0

is replaced

Eal(l)al(l ) ]Ea2 (l)dg (l/) Eag (l)a‘g (l/),
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Expressing the correlations Ea;(1)a; () through (2.13), we get

IEAa(l 1) =2 25/125 wgs )Bias /T dl e 27 (T=D=m2s:l
0

To
/ dl/e—'YusSToe’Ysl’ H (e’h’l/ _ e—’)’jl/) .
0 j=1,2,3

For the integral in the first line, we have

T Te 2T if 295 = Y1935
Ts = / dl 6—2’75(T—l)—71235l _ Caer imaar . (Bg)
0 ———%5—— elsewhere
Y1235 —47s
For the integral in the second line, let us denote
K ::/ dl e—71123s70 V5l H (e"/kl _ ekal) 7 (B.10)
0 k£
where j,k € {1,2,3,s}. Then,
0 <77 <1/v123s (B.11)
Due to (B.9) and (B.10) we get
EAaY (7 =2 Ea’”’ Wi Byos T T*. (B.12)

B.5. The Fourth Term of Q, 1 in (B.2)

To study the term Q%NS, as in Sect. B.3, we write 1\75 as ]\7S = ﬁ; + QNSQ, s €
R?, where

N! = ZE(‘f‘s(To +T)/ e DY, (alro +1), alro +1)7C(1)(l))dl>’
0

N2 = iE(a(m0 + T)/ e DY (D (1), alro + 1), almo + 1) dl).
0
Term N. Writing explicitly the function Y, and then ), we get

T 0
= L7243 " 2o o f)a(w;g’)/ dl/ A’ e~ s (=1 g=(=1)
0 —T0

1,2 17,2/
X E(al(’ro —+ l)(lg(’l’o —+ l)al/(’f() —+ l/)d2/ (TO —+ l/)ag/(’ro + ZI)C_LS (TO —+ 7'))

Again, this is the same expression as (B.5), with the integration over dI’ ranging
from —7y to 0 instead of from 0 to [. Thus, by the Wick theorem, we obtain

T 0
) 26/12 %g)/ di / Al eV (T=D=v3(=1")
0 —T0

X Eal(To + l)dl(’r(] + l/) ECLQ(TQ + l)aQ(T() + ll) EGS(T() + l')(zs(m + ’7').
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Following the line of Sect. B.4, we express the correlations through (2.13) and
get

-9 25’125 wi? 3125/0 dl e~ 2= (=D 71231

To
/ dr 6—712357'06735/ (e"/sl/ _ e—’Ysl/) H (e’le/ _ e—’le/)
0

j=1,2

=2 EW (wi2)Byas T, T°. (B.13)

Term N, 32 Literally repeating the argument which we have applied to N B
we find that the term N2 is given by the same expression as (B.7) with the
. ! 0
integral [ replaced by [~

T 0
—9 E 5/12 12 / di ar’ e*'ys('rfl)ef'n(lfl')
0

.
Eag(ro +az(1o + ") Eas(mo + I")az(ro + 1) Eas (7o + I)as (1o + 7).
Again we get
=2 Ea’lz wi2) B3 T, T*. (B.14)

B.6. End of the Proof

Inserting formulas (B.12), (B.13) and (B.14), as well as (B.4), (B.6), (B.8) in
(B.2), we get

Qs L — 4L T 25/125 W35 (3123T + BlgéTS — 2B23sTl) S C#(S)T2
1,2
(B.15)

Note that the terms Z7 defined in (4.14) can be written as

Zi = L& — . (B.16)

[Tprz; (1 —e720)
The relations (2.13)-(2.14) imply that for any permutation (kq, ko, k3, kg) of
(1,2,3,s) we have By, ok = n,(c?)n,(cz)n,(i [ Tnmiy gy (1 = €727m7), where

n,(cg) = n,(C )L(To) Together with (B.16), this implies

Bk1k2k37k4 = Zk“néo)n,(i)néog) (Bl?)
By symmetry, the term 2B3,7  in (B.15) can be replaced by Bazs7 '+ B13,7T 2.
Then, inserting (B.17) in (B.15) we get
Qs — Xs| < |[AL*(Ts — 7 25'12 w32) 753123 +T°Bygs — 2T° 3239)

+ C#(s)7?
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with X; defined in (4.33). Finally, we point out that |(Ts — 7)77| < 372, due
to (B.11) and since |T, — 7| < 37271235 So, the bound

-7 E(S/lz ) (T°Bias + T°Bias — 2T°Bas,)| < C¥(s)7,

is a consequence of Theorem 3.2. This concludes the proof of Proposition 4.3.

B.7. Proof of Lemma 4.4

Note that ds, f(v;) = f'(7;)0s;7j, where Os,7; (as well as higher-order deriva-
tives of ;) have at most polynomial growth at infinity. Then, using the defi-
nition (4.14) of Z7 we find

1]

, 0
(T07§)| = Z P(§;n1,...,ns)/ dl (o _l)nje_'Yj(To—l)
0

ni+nz+tnz+ns=1

drnm sinh (7,1
[T 2 (st ) @19
oy dym™ \ sinh(7,,70)
where P(S;aq,...,a,) denotes a function of 5, dependent on parameters
(a1,...,ay), having at most a polynomial growth at infinity. Using the re-
lation S?;’;lh((ﬂo)) = eﬂ(Ti:l;ff;Z(Hm) we find by induction that
d™ [ sinh(yl)
" (sinh(wm) Z Ckm,pL,m,p (L T0,7),

k4+m+p=n
where ¢y, p are constants,

Tanrp —2ymTo

Ik,m,p = ((TO - l)keiww—(]il) - (l + 7_0)]6677([+TO)) (1 _ e—2’y7’g)m+1
(B.19)

and p # 0 only if m # 0. For 79 > ~~! the terms I m,p are bounded in
absolute values by absolute constants C , p», where we recall that 0 <1 < 7
and v > 1. Let now 79 < v~ '. In this case, since k +m + p = n,

(I+70)k7 )P k41 s

Lkmp| <2 W < A —ezmoymil’

So, in the case m < n — 1 we have |Ij ., p| < Ck.m,p uniformly in 7o <71 If
m =mn (so k =p=0) we use another estimate, following from (B.19):

e—1(T0=1) _ g=(i+70)
(]_ _ 672770)m+1

—2~1
(o) 1=

Lkm,p| < C 70 =C15" e A= e zmymit < < Chomp

uniformly in 75 < y~L.

We have seen that the product in (B.18) is bounded uniformly in 3, [ and
To, so the integral over [ is also bounded uniformly in s and 7.
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Appendix C. Proof of Proposition 2.1

The proof uses the theory of Feynman diagrams, presented in Sect.2. For
N =0 the assertion is trivial. For N > 1 in Proposition 8.7 of [8] it is proven

that E(aém) (Tl)ﬁgn)(Tg) —a{™ (Tl)dgn)(Tg)) equals to

Y. ad@®+ Y TlR®), (C.1)
FETh . \Fmon FESmon

where Zt 13

complex number of unit norm and Ts(F), T2(3) are sums, similar to (2.19).
In Section 8.6.3 of [8] are established the following bounds for these sums:

|T2(3)| < CF(s)L~ N > C*(2), (C2)
2€Z1(F):
z;=0 for some j,
W (2)=0V1<k<N

is a certain (finite) set of extended Feynman diagrams,™® cz is a

where
N
Z*(g)—{ze(ZdL)N: zk#0<:>2a,§izi7£0 VlngN}
i=1

while the quadratic forms wg and the skew-symmetric matrix oS are defined
in Sect. 2.4. Note that possibly the diagram § does not belong to the set F e

so that the matrix o may have zero columns and lines. On the other hana,
|7:(3)| < C# (s) L~ N4 Z C#(z). (C.3)
Z€ZF(F):

F (2)=0V1<kE<N

Here N = N(3) < N, quadratic forms @} (z) are defined by relations (2.17),
where N is replaced by N and the matrix (afj N x N
fi), also satisfying &fi = —&fj € {0,£1} for all 4,j. Accordingly the set
ZH(3) C (Z%)N is defined as ZT(§) above, but with N and afj replaced by
N and afj.

We first show that the term J2(§) is bounded by the r.h.s. of (2.3). To
this end we write Z7(F) = U2, where the union is taken over all subsets

Kc{l,...,N} and

) — by a certain N x N-matrix

(a

N N
Zx(3) = {z: 2= apzi=0Vk €K and z #0, ZagiziyéOVk§ZK}.

i=1 i=1
Then the r.h.s. of (C.2) takes the form
CH#(s)L™N N > C#(2). (C.4)

K#o  2€2xk(3):
wP (2)=0V1<k<N

13These diagrams are defined similarly to the Feynman diagrams from Sect. 2.3.1, but now
we allow to couple leaves not only from different blocks but also from the same block.
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Note that on the set Zi(F) we have wi(z) = 0 for all k£ € K and wg(z) =
225+ Y igx af,z; for k ¢ K. Thus, the sum over z in (C.4) takes the form of
the sum in (3.2), where z = (2;);¢x and N is replaced by
N — 3, x=#K.

We recall that N < 4 and K # &, so that N — s takes values 0, 1, 2 or 3.
For the sets K satisfying N — 32 = 0 we have Zx(§) = {0}, so the sum (C.3)
is bounded by C#(s)L~N¢. Since the matrix oS is skew-symmetric, then in
the case N — 3 = 1 we have Zx(§) = &, so the sum (C.3) vanishes. When

N — 3 =2 or 3 we apply Theorem 3.2 and see that the sum over z in (C.4) is
bounded by CL~(N—>)(1-d) g,
|\7§2(S)| < C#(S)Lde Z L*(N*%)(l*d) _ C#(S) Z LfNer(lfd)
Ko Ko
< CF(s)L~ N+,
Same argument implies that the r.h.s. of (C.3) also is bounded by the
quantity C#(s) L=N*1=4 (note that decomposing the r.h.s. of (C.3) as in (C.4)

we get a new term with I = &, but for it N — s = N < 4 and Theorem 3.2
still applies).

Appendix D. Case d = 2

A difference between the cases d > 3 and d = 2 comes from Theorem 3.1
since in the asymptotic, given by the latter, an additional log-factor appears
when d = 2. To handle it we redefine the sum in (3.2), defining Sy, x(®), by
multiplying it by (In L)~"/2. So when d =2 Sy y takes the form
LN(l—d)
SL(®) = WD)N2 > D(z). (D.1)

2€EZ: w;(z)=0Vj
Accordingly the (d = 2)-analogy of (3.5) reads

L2(1—d) CLQ—d C
o ‘ < o — @l
T > ()| = g I®loa+s = 712l

zEZZL‘i: z1-29=0

Spa(P) —

(D.2)

This approximation, jointly with a modification of the Heath-Brown result
from [14], given in Theorem 1.4 of [10], implies the following version of Theo-
rem 3.1 for d = 2:

Theorem D.1. Let d = 2. Then there exist constants N1, Ny > 4 such that if

H(I)||N1,N2 < o9,

P
SL,Q@)—CQ/ O(z) p™ (dz1dzg) ng”l”M, (D.3)
o nlL

where Cy > 0 is a number-theoretical constant and Ko > 0.

Note that estimate (3.8) stays true when d = 2.
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Theorem D.2. In the case d = 2 assertion of Theorem 3.2 remains true, if the
sum Sp N is defined as in (D.1) and Ny is the constant from Theorem D.1.

Proof. The only difference with the proof of Theorem 3.2 comes from estimate
(3.18) since the latter is obtained by applying Theorem 3.1, and in the case
d = 2 we should apply Theorem D.1 instead. Namely, now the r.h.s. of (3.18)
takes the form CL*?~DIn L[R?*® + RN2(InL)~'] < C'RN2L?(4=Dn L. Since
Lemma 3.6 remains unchanged, then for d = 2 the r.h.s. of estimate (3.20),
which holds for irreducible matrices o, should be multiplied by In L. In the case
of reducible matrix o we apply the latter estimate to each irreducible block,
which gives the factor (In L)LN/2) in the r.h.s. of (3.12), since the number of
blocks does not exceed |N/2|. However, the final estimate of Theorem 3.2
remains unchanged because of the factor (In L)~/ in the definition (D.1) of
the sum S, n. O

Since in the case d = 2 we choose p = ¢L/v/In L, then the terms ngkz are
given by formula (4.4), multiplied by (In L)~*/2. The proof of Proposition 2.1
is analogous to that presented in Appendix C for d = 2. The only difference
being the use of Theorem D.2 in place of Theorem 3.2. Lemma 2.2 remains
unchanged, so the correlations L*(In L)’kmEagm)dgn)(Tg), m+n = k, are
given by formula (2.18), multiplied by (In L)~*/? (recall that the sum of these
correlations makes ngkg) We see that the correlations take the form (D.1), so
Theorems D.1 and D.2 apply to study them.

The rest of the proof of Theorem 5.8 literally repeats that for the case
d > 3, except the appearance of the (In L)_k/ 2 factors, coming from the new
definition of p. Now the estimates, using Theorem 3.1, should be relaxed since
the estimate provided by Theorem D.1 is slightly weaker than that of Theo-
rem 3.1. In particular, in the r.h.s. of (4.8), (4.11) and (4.12) the factor L=1/2
should be replaced by (In L)~!. This results in the stronger lower bound for L
in Theorem 5.8: now it is L > e instead of L > g2 (see Theorem A).

Theorem 5.9, as Theorem 5.8, remains unchanged, except the lower bound
for L which is modified as above. Indeed, the theorem follows from Theorem 5.8
and Proposition 2.1, and the term yo(L) N*! = (In L)V=1/2 appearing in
estimate (2.3) for d = 2 does not change the assertion of Theorem 5.8.

D.1. Discussion of Remark 1.2

In fact, Theorem 1.4 from [10] provides more delicate information about Sy, o
than what is stated in Theorem D.1. Namely, if d = 2 then due to [10],

L2(1—d)
InL

H(I)HNl,Nz
> 1/6 )

> () _02/ ®(2) p>(dz1dz) — UIIT(LL)

o

z: z1-22=0

where of is a certain function satisfying |0 (L)| < C1||®||n, n,, uniformly in

L. See [10] for an explicit (but complicated) formula for of. Consequently,
5(1)(1’) ’ < C||¢)||N17N2

S1a(8) =y [ R - G i




Vol. 24 (2023) The large-period limit for equations 3737

where
oX(L) :=oP (L) — L2019 > ®(2)
z: z1=0 OI' 29=0

still satisfies |67 (L)| < C||®||n, n, in view of (D.2). Then estimate (4.12)
refines as

nS% —ng g — %‘ < C*(s)e(L7Y6 +¢), (D.4)
n

where f(r,L) := E?(T)(L) and ®(7) is the function satisfying nfi(q-) =
S1.2(®(7)) that comes from Corollary 2.3. By (2.22) and the estimate for o5
above, the function f(7, L) is bounded uniformly in 7. The rest of the proofs
of Theorems 5.8 and 5.9 remain unchanged while the estimate (D.4) leads to
the assertion of the remark.
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