DOUBLE COHOMOLOGY OF MOMENT-ANGLE COMPLEXES
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ABsTrRACT. We put a cochain complex structure CH*(Zx) on the cohomology
of a moment-angle complex Zx and call the resulting cohomology the double
cohomology, HH*(Zx). We give three equivalent definitions for the differen-
tial, and compute HH*(Zx) for a family of simplicial complexes containing
clique complexes of chordal graphs.

1. INTRODUCTION

Cohomology of Zx. Let K be a simplicial complex on the set [m] = {1,...,m}.
The associated moment-angle complex Zx is a well-studied CW complex with a
torus action. The cohomology H*(Zx) can be computed as the cohomology of the
Koszul differential graded algebra (Afui, ..., umn] ® Z[K],d) of the Stanley-Reisner

ring (face ring) Z[K], or as a direct sum @, H*(K;) of the reduced simplicial
cohomology of full subcomplexes in .

Definition and properties of HH*(Zi). In this paper we put a cochain complex
structure CH*(Zx) on H*(Zx) and compute its cohomology HH*(Zx), called the
double cohomology of Zx. We give three equivalent definitions of CH*(Zx), the
first corresponding to the induced subcomplex description of H*(Zx) (Section 3),
the second using the Koszul complex (Section 4), and the third coming from the
diagonal S* action on Zx (Section 5).

The double cohomology HH*(Zx) is a graded commutative algebra (Theorem
4.4). Furthermore, it satisfies Poincaré duality when K is a triangulated sphere or
a Gorenstein complex (Proposition 8.4). Also, HH*(Zx) may have torsion (Ex-
ample 3.3). The double cohomology converts joins into tensor products:

HH"(Zc.c) = HH™(2x) @ HH"(Z;)
(Theorem 6.3, with field coefficients), as in the case of ordinary cohomology of Zx.

Computations of HH*(Zx). We go on to describe a number of computational
results. We start with a breakdown of K based on the rank of HH*(Zx).
(1) rank HH* (Z) = 1.

It is easy to show that Zi is contractible if and only if K is a simplex, which is
also equivalent to HH*(Zx) = Z (Proposition 6.1). We also show that if £ is not a

simplex then HH*(Zx) has zero Euler characteristic and so has even positive rank
(Corollary 4.6).
(2) rank HH* (Zx) = 2.

This class of K is harder to describe. In the case when K is a flag simplicial
complex, it is shown in [6] that Zx is a wedge of spheres if and only if the one-
skeleton K! is a chordal graph. We show in Theorem 6.8 that if K is the clique
complex of a chordal graph, then (2) holds. Theorem 6.8 also says K is the clique
complex of a chordal graph exactly when it can be obtained by repeatedly attaching
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a simplex along a (possibly empty) face, starting from a simplex. The simplest
examples would be K consisting of m discrete points. However, (2) also holds more
generally when K can be written as an attachment of a simplex to any simplicial
complex along a proper simplex of both. This corresponds to gluing a clique to an
arbitrary graph along a proper subclique of both, also called clique sum, and then
taking the clique complex. More precisely we have our first main computational
result.

Theorem 6.7. Let K = K'U, A™ be a simplicial complex obtained from a nonempty
simplicial complex K' by gluing an n-simplex along a proper, possibly empty, face
o € K. Then either K is a simplex, or

Z  for (—k,2¢) = (0,0), (—1,4);

HH"2%(2y) =
(Zk) {O otherwise.

We have a few more examples satisfying (2). The boundary of an m-simplex
satisfies (2) (Proposition 6.2), but if m > 1 then it has different bidegrees from the
ones in Theorem 6.7. Also we give examples of a non-flag complex (Example 8.7)
and of a flag complex that is not a union of a complex and a simplex along a simplex
(Example 8.8) both of which satisfy (2) with the same bidegrees as Theorem 6.7.
These examples can be decomposed as a union of two simplicial complexes along a
simplex. We wonder if this holds for all such simplicial complexes, or if it charac-
terizes such complexes. This would give a homological characterization of graphs
that are decomposable as clique sums.

(3) rank HH* (Zx) = 4.
Our second main computational result shows that HH*(Zx) = Z* for any m-
cycle with m > 4 although the grading depends on m. Note that the 4-cycle K is

the join S°+ S°. So, Theorems 6.7 and 6.3 together show that HH*(Zx) = Z*. For
m > 5, we have the following theorem.

Theorem 7.2. Let L be an m-cycle for m > 5. Then, the double cohomology of

Z[; 8

HH—k,Q@(ZL:) — Zv (71{:726) = (070),(71,4),(777?,%*372(771*2)),(7m+2,2m);
0, otherwise.

(4) rank HH* (Zx) > 6.

There are many K with larger double cohomology than the one covered by (1)-
(3). For any n > 0, Theorem 6.3 along with Theorem 6.7 allow us to easily construct
Zx such that rank HH*(Z)) = 2™. For other ranks, we have Question 8.9.

Motivation. Our motivation for defining HH*(Zx ) comes from persistent cohomo-
logy PH*(—). Given a finite pseudometric space S, which can be thought of as a
data set, we can associate to .S a filtered simplicial complex called its Vietoris—Rips
complex (other options are Cech complex, alpha complex, witness complex, etc). It
is a family of simplicial complexes K(t) depending on a non-negative real number ¢.
We can then define the persistent cohomology PH*(S) of S by the parametrized
family {H*(K(t))}i>0 together with homomorphisms H*(K(t2)) — H*(K(t1)) for
all t; and to with 0 < ¢1 < to.

An important property of PH*(S) is stability, roughly speaking that perturbing
S slightly will not change PH*(S) much. In our subsequent work [2], we look at
extending this stability to the associated family {H*(Zx))}i>0 of the cohomology
groups of moment-angle complexes. It turns out that {H*(Zx))}i>0 does not
satisfy stability, but the family of double cohomology { HH™(Zx 1)) }+>0 does satisfy
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stability. It also opens a way to define bigraded barcodes of a data set via bigraded
persistent cohomology of the corresponding moment-angle complexes.

Outline. Section 2 contains the background material on the ordinary cohomology
of ZK. _

In Section 3 we introduce the chain complex CH.(Zx) = (@ ;cpn H(K1),d')
and its cochain version CH*(Zx), and define the double homology HH .(Zx) and
cohomology HH™*(Z).

In Section 4 we introduce the bicomplex (Afuy, ..., un] ® Z[K],d,d') and show
in Theorem 4.3 that its first double cohomology coincides with HH*(Zx), i.e.

We also show that the second double cohomology of the bicomplex is zero (Pro-
position 4.5). This implies that the first spectral sequence of the bicomplex has
Es; = HH*(Z)) and converges to zero. The differentials in this spectral sequence
are related to the higher cohomology operations for moment-angle complexes stud-
ied recently in [1]. The spectral sequence also implies that the Euler characteristic
of HH*(Zx) is zero, unless K is a full simplex (Corollary 4.6).

In Section 5 we relate the double cohomology to the torus action on Zx by
showing that the differential d’ can be identified with the derivation of H*(Zx)
arising from the diagonal circle action.

Sections 6 and 7 contain the main computational results on the double cohomo-
logy of Zx. We give more illustrative examples of computations in Section 8,
together with some open questions.
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2. PRELIMINARIES

Let K be a simplicial complex on the set [m] = {1,2,...,m}. We refer to a
subset I = (i1,...,4;) C [m] that is contained in K as a simplex. A one-element
simplex {i} € K is a vertex. We also assume that @ € K and, unless explicitly
stated otherwise, that IC contains all one-element subsets {i} € [m] (that is, K is a
simplicial complex on the vertez set [m] without ghost vertices).

Denote by cAT(K) the face category of K, with objects I € K and morphisms
I C J. For each subset I € IC, we consider the following topological space

(D281 = {(e1,..2) € (DO)™: |25 = 1if j ¢ T} € (D)™
Note that (D2, S)! is a natural subspace of (D2, S1)” whenever I C J. Hence, we

have a diagram
i : cAT(K) — TOP
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mapping I € K to (D?,S')!. The moment-angle complex corresponding to K is

Zic := colim P = U (D%, 8H! C (D*)™.
rek

We refer to [5, Chapter 4] for more details and examples.
To each simplicial complex K, one can define the face ring by

ZIK) == Z[v1, . . .y vm]/ Ik,

where Zx is the ideal generated by monomials ]
simplex of IC.

The following theorem summarizes several presentations of the cohomology ring
H*(Zx). We consider homology and cohomology with coefficients in Z, although
the results are generalised easily to any principal ideal domain.

;ep vi for which T C [m] is not a

Theorem 2.1 ([3], [4]). There are isomorphisms of bigraded commutative algebras

H*(Z) = TOI'Z[U1 ,,,,, Om] (Z[/C], Z)
(2.1) =~ H(Afuy, ..., um] ® ZIK], d)
(2.2) ~ (P H*(K)).

I1C[m]
Here, (2.1) is the cohomology of the bigraded algebra with bidegu; = (—1,2),
bidegv; = (0,2) and differential of bidegree (1,0) given by du; = v;, dv; = 0 (the
Koszul complezx). In (2.2), ﬁ*(KI) denotes the reduced simplicial cohomology of
the full subcomplex Ky C KC (the restriction of K to I C [m]). The last isomorphism
is the sum of isomorphisms

HP(Ze)= Y HP PPN (K,
c(m)

and the ring structure is given by the maps
HP WY (k) @ HIVIZY () — HPra- ==t e )

which are induced by the canonical simplicial maps Kiog = K+« Ky forINJ =2
and zero otherwise.

Isomorphism (2.2) is often referred to as the Hochster decomposition, as it comes
from Hochster’s theorem describing Torzy,, ... +,,1(Z[K], Z) as a sum of the cohomo-
logies of full subcomplexes.

The bigraded components of the cohomology of Zi are given by

H Mz = @ HFNK), HYZ0) = @ B M(2).
IC[m]: |I|=¢t —k+20=p

Consider the following quotient of the Koszul ring Afuy, ..., un] ® Z[K]:
(2.3) R*(K) = Aua, .., um] ® Z[IC]/(112 wv; =0, 1 <i < m).

Then R*(K) has finite rank as an abelian group, with a basis of monomials u vy
where J C [m], I € K and J NI = @. Furthermore, R*(K) can be identified
with the cellular cochains C*(Zx) of Zx with appropriate cell decomposition, the
quotient ideal (v} = w;v; =0, 1 < i < m) is d-invariant and acyclic, and there is a
ring isomorphism
H*(Zx) 2 H(R*(K),d),

see [5, §4.5] for the details.

The algebras assigned to a simplicial complex K above have the following func-
torial properties, which follow easily from the construction, see [5, Proposition 4.5.5].
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Proposition 2.2. Let K be a simplicial complex on m vertices, and let L C K be
a subcomplex on £ vertices. The inclusion L C K induces an inclusion Z, — Zx
and homomorphisms of (differential) graded algebras

(a) Z[K] — Z[L],
(b) (Alus- .., um] ® Z[K), d) = (Alur, ..., ug) @ Z[L], d),
() (B*(K),d) — (R*(£),d),

(d) H*(Zx) = H*(Z¢),

defined by sending u;,v; to 0 fori ¢ [{].
Furthermore, if K1 is a full subcomplex for some I C [m], then we have a retrac-
tion Zx — Zx, and homomorphisms

(e) ZIK(] — ZI[K],
(f) H*(Z2k,) — H*(Zx).

There are also homology versions of these homomorphisms, which map between H,
in the opposite direction.

In [5, Proposition 4.5.5] a more general functorial property was established, with
respect to arbitrary simplicial maps £ — K (not just inclusions). We shall use this
extended functoriality in Section 5.

3. DOUBLE (CO)HOMOLOGY
In this section, we define the double homology and the double cohomology of a

moment-angle complex Zx. We continue working with Z coefficients.

3.1. Double homology. We have

@ —111-1(K1),

similarly to the cohomological Hochster decomposition of Theorem 2.1. Given
j € [m]\ I, consider the homomorphism

Ppin ﬁp(lcl) - ﬁp(lclu{j})
induced by the inclusion Kr < Kjyug;1. Then we define, for a fixed I C [m],
Oy = (=P " (i D) dpuay: Hy(Kr) » €D Hy(Krugy),
JEIMN\I JEIMN\I
where
(4. 1) = (~1) ST i<,
The extra sign (—1)P*! is chosen so that @’ together with the simplicial boundary
0 satisfy the bicomplex relation 99’ = —9'0, see Section 4.
Lemma 3.1. The homomorphism 0,: @Dy, H,(Kp) — Drcim H,(K;) satisfies
@) =0
Proof. We have
o0, = > ek IV bpropya( Y 26 ) by
ke[m]\(1Uj) JelmNI

= Y (e, TULNeGT) + (i, T U {RDe(k, ) byt jins

J,ke[m\I, j#k
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where ¢p.r.j5: Hy(K1) = Hy(Krigjxy) is the homomorphism induced by the in-
clusion K1 < Kjygj k). Now the required identity follows from
#{relU{jl:r<k}+#{sel:s<j}
=14+#{selTU{k}t:s<jl+#{rel:r<k} mod2 0O
We therefore have a chain complex
CH.(Zx) = (H.(2k),?"),
where B B
0 H_20(Zx) = H_g—12012(2x)
with respect to the following bigraded decomposition of H,(Zx)
P Horo(Zx), HuiuZo)= @ Hera(Ky).
—k+20=p IC[m]: |I|=¢
We define the bigraded double homology of Zx by
HH.(Zx) = H(H.(Zx),d").
Remark 3.2. Although 0’ increases the total degree of H.(Zx) by 1, we refer to
(CH,.(2x),0") as a chain (rather than a cochain) complex. The reason is that 0

and &' satisfy the bicomplex relation 89’ = —9'9, see Section 4. The same remark
refers to the “cochain” complex (CH*(Zx),d’) considered next.

3.2. Double cohomology. For the cohomological version, given ¢ € I, consider
the homomorphism

(3.1) Upir s HY(Kr) = HP (K1 (3y)

induced by the inclusion K\ ;3 < Ky, and

(3.2) diy = (=P e i, Dty
el

We define a map d': H*(Zx) — H*(Zx) using the decomposition given in (2.2)
together with (3.1) and (3.2); it acts on the bigraded cohomology of Zi as follows:

(3.3) d': H 2 (Z) — HFL222( 24,

A computation similar to that of Lemma 3.1 shows that (d')? = 0, which turns
H*(Zx) into a cochain complex

(34) CH*(Zx) = (H*(Zx),d").
We define the bigraded double cohomology of Zx by
HH*(Zx) = H(H*(Z;C),d’).
We end this section with an example where HH _j, 2¢(Zx) is not isomorphic to

HHik’%(Z;C), as in the case of ordinary cohomology in the presence of torsion. It
also shows that the usual universal coefficient theorem does not apply in general.

Example 3.3. Let K be the minimal 6-vertex triangulation of RP?, shown in
Figure 1. In this case,

H2(K) = L, (—k,20) = (—3,12);
®1<z<6 ( 6]\ ) ZG? (*k72€):( 3,1 )

Hk2(Z,) @1<z<j<6 ( 6]\ u]»)gzliao (—k,20) = (=2,8);
@1?%5; 6 H' (Kyijny) 2210, (—k,20) = (—1,6);
H Y (Kg) = Z (—k,20) = (0,0);
07 otherwise.
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FIGURE 1. A minimal triangulation of RP?.

Hence, to calculate HH*(Zx) we only need to consider
(3.5) 0L g-312(2) L o,
(3.6) 0L g-310z0) Lo g=28(z0) L g19(20) Lo
The first sequence (3.5) implies that the torsion part H2(K) = Zy survives in the
double cohomology, which gives
HH?(Z) = HH3'%(2x) = Zs.

For the homology computation, we observe that H_j 2¢(Zx) is isomorphic to
H=F2(Zy) for all (—k,2¢) except (—k,2¢) = (=3,12) and (—4,12), in which case

H_312(2x) = Hy(K) =0, H_412(Z2x) = H\(K) = Zs.

Hence, to calculate HH .(Zx), we consider the chain complex
0% H 14(Z0) D Hoss(Zx) L H_510(2x) 5 H_y412(Zx) 5 0.
We observe that 0': H_310(Zx) — H_4,12(2x) is surjective, because

(3.7) H,3’10(Zlc) = @ ﬁl(’C[G]\{i}) = @ ﬁl(RPl)

1<i<6 1<i<6
and each component of (3.7) surjects naturally onto H_412(Z2x) = Hy (RP2).
Hence, the torsion part H; () = Zs vanishes in the double homology, and we
obtain

HH_312(Z2x) = HH_412(2x) = 0.

4. THE BICOMPLEXES

Here we provide an algebraic description of HH*(Zx) by showing it to be iso-
morphic to the double cohomology of a bicomplex arising from the Koszul al-
gebra (2.1).

Construction 4.1. Given I C [m], let C?(K;) denote the pth simplicial cochain
group of K;. Denote by ay ; € C971(K;) the basis cochain corresponding to an

oriented simplex L = (¢1,...,¢,;) € Ky; it takes value 1 on L and vanishes on all
other simplices. The simplicial coboundary map (differential) d is defined by
day,; = > e(j; L)eugjy,r-

JEI\L, LU{j}eK
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The differential d’ can be defined on the cochains by the same formula (3.2), with
Ypii,r: CP(Kr) = CP(Kp\giy) induced by the inclusion Kp 153 — K.

We introduce the second differential d’ of bidegree (1, —2) on the Koszul bigraded
ring Afuq, ..., un) ® Z[K] by setting
(4.1) duj=1, dv;=0, forj=1,...,m,

and extending by the Leibniz rule. Explicitly, the differential d’ is defined on
square-free monomials ujvy by

d/(UJ'UI) :ZE(j, J)UJ\{]-}’U[, d'(vl) =0.
jed
The differential d’ is also defined by the same formula on the submodule R*(K) C
Alug, ..., um] ® Z[K] generated by the monomials ujv; with J NI = &. However,
the ideal (v? = w;v; = 0, 1 < i < m) is not d-invariant, so (R(K),d’) is not a
differential graded algebra.

Lemma 4.2. Withd and d’' defined above, (EBIC[m] C*(Ky),d, d’), (A[ul, e U |®
Z[K], d, d’) and (R*(IC),d7 d’) are bicomplezes, that is, d and d' satisfy dd' = —d'd.

Proof. For a simplicial cochain ay ; € CT71(K;),

dd'(ap) =d((-1)? Y e(i,Dapngy) = (17 Y eli,Def, L)arugyni

ie\L i€I\L, jeI\(LU{i})
d'd(ap,) =d( Z e(j, L)arugyr) = (=1)74 Z (g, L)e(i, Iapugy,m{iys
jeNL JEINL,iel\(LU{j})
so that dd’' = —d'd.
For a monomial u vy in the Koszul ring Afuq, ..., u,] ® Z[K] (or in R*(K)),
dd' (uyvr) =d(> el Nupgyor) = > el Delk, T\{GHun ryvroe
jeJ kET, j#k
d'd(uyvr) = d/(z e(k, J)up (eyvrogey) = Z e(k, J)e(d, J \{kDus gj.rxyvrogry-
keJ k€T, j#k

Now the identity dd’ = —d’d follows from

#peJ:p<jt+#{ge J\{j}: e <k}
=1+#{geJ:qg<k}+#{pecJ\{k}:p<j} mod2. O

By construction, HH*(Z) is the first double cohomology of the bicomplex
(®Ic[m] C*(IC]), d, d/):

HH*(Zx) = H(H( P C*(Ky),d),d).

IC[m]

Theorem 4.3. The bicomplexes (@Ic[m] C*(Kyp),d, d’) and (R*(IC),d, d’) are iso-
morphic. Therefore, HH*(Zx) is isomorphic to the first double cohomology of the
bicomplex (A[ul, C U] ® ZIK, d, d’) :

HH*(Zx) = H(H (Alus, ..., up) ® Z[K], d),d).
Proof. Define a homomorphism

f: Cq_l(ICI) N Rq—ll\-?ll\(lg)’

apr—r E(L,I) UN\LVL,
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where (L, I) is the sign given by
HE Z I ZieL #{i€l: 1<£}
i€L

Clearly, f is an isomorphism of free abelian groups. We claim that f defines an
isomorphism of bicomplexes

(P c*(Ki),d.d') — (R*(K),d,d').
IC[m]

The fact that f commutes with d is verified in [5, Theorem 3.2.9]. To see that f
commutes with d’ consider the square

CrL(K)) Ra— 11,2111 (fc)

dfl id'

— f _ B
®i61 1 1(]CI\{1‘})—>R¢I [T141, 2|1] Q(IC)

An element ay ; € C971(K;) with |L| = ¢ is mapped as follows:

f
ar e(L, Nunvr
I
d Yienz €(L, De(i, I \L)up (Lugip)vL

(— )‘ ! ZzeI\L e(i, I)aL I\{4} '—> (- )‘ ! ZzeI\L (i, Ie(L, 1 \{i})uf\(Lu{i})vL
We therefore need to check that
e(L, Ne(i, I \L) = (=) *le(i, Ne(L, T \{i}),
which is equivalent to

Z#{pé[:p<€}+#{q€I\L:q<i}

leL

=|LI+#{qel:q<i}+> #{pel\{i}: p<{} mod2.

leL

This identity rewrites as
#{leL:i<!l}=|L|+#{geL:g<i} mod?2,
which clearly holds. O

Theorem 4.4. CH*(Zx) = (H*(Zk),d’) is a commutative differential graded al-
gebra. Therefore, the double cohomology HH* (Zx) is a graded commutative algebra,
with the product induced from the cohomology product on H*(Zx).

Proof. We need to verify that the second differential d’ satisfies the Leibniz formula
with respect to the product in H*(Zx). Take elements

o, B € H(Zx) = H(Aluy, ..., un] ® Z[K],d).
and choose their representing d-cocycles

a,b € Auy, ..., un] ® Z[K],
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so that a = [a], 8 = [b]. The bicomplex relations dd’ = —d’d imply that [d'a] = d’'[a]
in H*(Zx). By the definition of d’, it satisfies the Leibniz formula with respect to
the product in Afuq, ..., un] ® Z[K]:

d'(ab) = (d'a)b+ (=1)1%la(d'd).

Hence, we have

d'(aB) = d'([a][b]) = d'([ab]) = [d'(ab)]
= [(d'a)b+ (=1)"la(d'b)] = (d'a)B + (—1)!*la(d' ),
as needed. O

Proposition 4.5.
(a) For any K, the d’'-cohomology of Aluq, ..., un] ® ZIK] is zero:
H(Afuy, ... ,un) ® ZIK],d') = 0.

(b) If K # A™~1 (the full simplex on [m]), then the d'-cohomology of the
bicomplezes D, C* (K1) and R*(K) is zero:

H( @ c*(Kir),d) = H(R*(K),d') = 0.
IC[m]

Therefore, the second double cohomology and the total cohomology of the
bicomplexes (EBIC[m] C*(Krp),d, d’) and (R*(lC),d7 d’) are zero unless IC =
Am—L

(c) If K = A™=1 then the only nonzero d'-cohomology group of @Ic[m] C*(Ky)
and R*(K) is H*™ = Z, represented by Q] [m] @nd vy -+ Uy, respectively.

Proof. For (a), the differential d’ does not change the v-part of the monomials
wyvpt o)t € Alug, ... um] ® Z[K].  Therefore, the complex (Aluy, ..., un] ®
Z[K],d') splits into the sum over monomials in Z[K] of the exterior complexes
(Alu, ..., up],d") with d'ur =, €(i,I)up (s}, which are clearly acyclic.

For (b) and (c), the argument is similar: the monomials uyvy € R*(K) with
JNI = @ and fixed I € K span a d’-subcomplex isomorphic to the exterior
complex (Afuj: j € [m]\I],d’). It is acyclic unless I = [m], which leaves us with
the monomial vj;,] = v1 -+ vp,. It is nonzero in R*(K) if only if K = A™~1,

The statement about the total cohomology follows by considering the standard
spectral sequence of the bicomplex. O

Corollary 4.6. If K # A™~! then the Euler characteristic of HH*(Zx) is zero.

This also follows from the fact that the Euler characteristic of H*(Zx) is zero
unless K = A™~1 see [5, Corollary 4.6.3].

Remark 4.7. Proposition 4.5 (a) does not imply that the total cohomology of the
bicomplex (Alu, ..., un]®Z[K],d,d') is zero, because the filtration in the spectral
sequence of the bicomplex is infinite, and there are issues with the convergence,
unless we consider an appropriate completion. For example, 1 is a (d’ + d)-cocycle
representing a nontrivial total cohomology class. On the other hand 1 becomes a
coboundary if we consider infinite series:

(d' +d)(u; — uyvy + ugv? —ugvd +---) = 1.

This issue does not show up with (R*(K),d, d’), because here the filtration is finite.
If £ # A™~! then any missing face I ¢ K gives rise to a polynomial p with
(d"+d)p = 1. For example, if I = {1,2,... k}, then

(d' + d)(uy — ugvy + ugvevy — - - - + (=1)*upvp_1vp_o---v1) = 1.
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The functorial properties of the double cohomology HH*(Zx) follow from its
definition and the appropriate properties of H*(Zx) stated in Proposition 2.2:

Proposition 4.8. Let L C K be simplicial complexes on the same vertex set [m].
There are homomorphisms

(a) (Afur,...,un ®ZIK],d,d') = (A, ... ,w] ®@Z[L],d,d),

(b) (R*(K).d,d') = (R(£),d.),

(c) CH*(Zx) — CH*(2z),

(d) HH*(Zx) — HH*(Z.).
Furthermore, if Ky is a full subcomplex for some I C [m], then we have homo-
morphisms

(e) (A[uz' i€ I] ® Z[K7], d d’) (A[ul, e U] ®Z[K],d,d’),
(f) (R*(ICI d ( d,d’),
(8) CH (Zx,) — CH' (Z;c)
(h) HH"(Zx,) — HH"(Zx).
There are also homology versions of the homomorphisms, which map between H,,
CH, and HH, in the opposite direction.

Remark 4.9. If £ C £ is a subcomplex on a smaller vertex set [¢], £ < m, then we
do not get a map of bicomplexes (Alus,...,up] ® Z[K],d,d') — (Afug, ..., u] ®
Z[L],d,d"), because u; — 0 for i ¢ [£], but d'u; = 1. This can be fixed by considering
ghost vertices.

We finish this section with the following observation about Proposition 4.8 (c)
and its homology version. Using the Hochster decompositions of H*(Zx) and
H*(Z.), we may write f: CH*(Zx) — CH*(Z,) as

@ 7 D H*KD-> D AL,
p=0,IC[m] p=0,I1C[m] p=0,I1C[m]
where f7: H?(K;) — HP(L;). Similarly, the map g: CH,(Z;) — CH.(Zx) can
also be decomposed into €, ¢ (m) Ip,1» Where gp 1 H »(Lr) — H »(Kr). Hence,
each of the two chain maps f and g can be discussed degree by degree as follows:
(4.2)

cH?(2x) — 1 cHP(2)) CH,(2) —2— CH,(Zx)
YN T BT
P mrc) = @ HU(L)) P Ay P Bk
IC[m] IC[m] I1C[m] I1C[m]

respectively. We revisit (4.2) in Section 7.

5. RELATION TO THE TORUS ACTION

Recall from |5, Propositions 3.1.5, 4.2.4] that the face ring Z[K] and the moment-
angle complex Zx are functorial with respect to simplicial maps K — K'.

Given simplicial complexes K and K’ on the sets [m] and [n], respectively, a
set map ¢: [m] — [n] induces a simplicial map ¢: K — K' if o(I) € K’ for any
I € K. For the corresponding face rings Z[K] = Z[v1,...,vm]/Zx and ZIK'] =
Z[vy, ... v/ Ik, a simplicial map ¢: K — K’ induces a homomorphism

(5.1) " ZIK'] = ZIK], ¢ (v)) = Z ;.

i€p~1(7)
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Furthermore, a simplicial map ¢: K — K’ induces a map ¢z: Zx — Zx. The
latter is obtained by restricting to Zx the map of polydiscs

(D)™ — (D*)", (21, 2m) = (2], ..., 2h),
where
2 = H 2z, forj=1,...,m,
i€p=1(j)
and 2} = 1 if ¢ 1(j) = @. Note that we use the monoid structure on D? in this
definition.
The isomorphisms of Theorem 2.1 are functorial with respect to the maps defined

above. More precisely, a simplicial map ¢: KX — K’ induces a morphism of differ-
ential graded algebras

(Aluf, ... ul] @ ZIK'],d) — (Aug, ... ,um] ® ZIK],d),

which is defined on the generators v} by (5.1) and on the v/ by the same for-

mula. The induced homomorphism in cohomology coincides with ¢%: H*(Zx/) —
H* (Zx).

The torus action T™ x Zx — Zx can be regarded as an example of the func-
toriality property described above. To see this, we need to bring ghost vertices into
consideration. Recall that, for a simplicial complex K on [m], a ghost vertez is a
one-element subset {i} C [m] such that {i} ¢ K. Let (&,[m]) denote the simpli-
cial complex on [m] consisting of @ only (therefore having m ghost vertices). The
corresponding moment-angle complex is an m-torus: Zg ) = 1™

Given K on [m], consider the simplicial complex (@, [m/]) UK on [m']U[m] with
m = m/, namely we add m new ghost vertices labeled by {1’,...,m'}. Then the
simplicial map ¢: (&, [m]) UK — K identifying ¢’ with ¢ for each i = 1,...,m
gives rise t0 Z(g mmux = T X Zx and ¢z is the standard torus action map
T x Zi — Zx.

Given a circle action S' x X — X on a space X, the induced map in cohomology
has the form

H*(X) = H*(S* x X) =A@ H*(X), a~l@a+udia),
where u € H!(S!) is a generator and ¢: H*(X) — H*~(X) is a derivation.

Proposition 5.1. The derivation corresponding to the i*" coordinate circle action
Stx Zi — Zy is induced by the derivation v; of the Koszul complex (Afuy, ..., uy]®
Z[K],d) given on the generators by

ti(uy) =035, i(v;) =0, forj=1,...,m,

where 6;; is the Kronecker delta.
The derivation corresponding to the diagonal circle action S} x Zx — Zx coin-
cides with the differential d' given by (4.1).

Proof. The i coordinate circle action S} x Zx — Zx is the map of moment-angle
complexes ¢z : Z(z (i})ux — 2k induced by the simplicial map ¢: (7, {i'}) UK —
K sending the ghost vertex i’ to i. The corresponding map of Koszul complexes is
given by

A, ..ty @ ZIK]) — Aluf] @ Alug, ..., un] @ ZIK],

where u; — u, +u; =1Qu; +u, ®1, uj — 1®@u; for j # i and v; — 1 @ v; for
any j. Here u] represents the generator of H'(S}). This proves the first assertion.

The second assertion follows from the fact that the derivation corresponding
to the diagonal circle action is the sum of the derivations corresponding to the
coordinate circle actions. O
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Remark 5.2. The derivations ¢; were introduced and studied in the work of Am-
elotte and Briggs [1] under the name primary cohomology operations for Zic. We
expect that the higher cohomology operations from [1] are related to the differen-
tials in the spectral sequence of the bicomplex (Afuy, ..., un]®Z[K],d,d") from the
previous section.

6. TECHNIQUES FOR COMPUTING HH™*(Zx)

In this section, we consider methods for the practical computation of HH*(Z).
We show that HH*(Zx) has rank one if and only if K is a full simplex, and identify
several classes of simplicial complexes K for which HH*(Zx) has rank two. We also
show that the rank of HH"(Zx) can be arbitrarily large.

Proposition 6.1. For a simplicial complex KC on the vertex set [m], the following
conditions are equivalent:

(a) all full subcomplezes of IC are acyclic;
(b) K =Am"1 and Zxc = (D*)™;

(¢) Zx is acyclic;

(d) HH*(Zx) = HH*®(Z2x) = Z.

Proof. (a)=(b) A minimal non-face of K is a full subcomplex that is not acyclic,
as it is the boundary of a simplex. Hence, if all full subcomplexes are acyclic, then
every subset of [m] is a face of K, so K = A™~ L,

(b)=(c) Obvious.

(c)=(a) This follows from Theorem 2.1.

(b)=-(d) Obvious.

(d)=(b) This follows from Corollary 4.6. O

Next is the basic example when the double cohomology has rank 2.

Proposition 6.2. Let K = A™~ 1, the boundary of an (m — 1)-simplex. Then,

Z  for (—k,20) = (0,0), (—1,2m);

(Zx) 0 otherwise.

Proof. Using the isomorphism H*(Zx) = H(R*(K),d) (see Section 2), the only
nontrivial cohomology groups are

H(Zx) = H"(2¢) = Z{[1]);
Hzmil(ZIC) — Hil’zm(ZIC) =t Z<[U1’U2U3 o 'UmDa

where u1v903 - - - Uy, 18 & d-cocycle. Hence, the induced differential d’ on H*(Z)) =
H(R*(K),d) is trivial, so HH*(Zx) is the same as H*(Zx). O

Recall the cochain complex CH*(Zi) giving HH*(Z)), see (3.4). Let K x L
denote the simplicial join. Observe that Zx., = Zx x Z,. Then next result shows
that the double cohomology can be arbitrarily large.

Theorem 6.3. For two simplicial complexes K and L, if either H*(Zx) or H*(Z.)
is projective over the coefficients then there is an isomorphism of chain complezes

(6.1) CH*(Z.z) = CH*(Zx) ® CH"(Zp).

In particular, we have HH*(Zic.p) =2 HH* (Z) @ HH* (Z.) with field coefficients.
The same statement holds for the double homology HH .
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Proof. The map
¢: CH*(Zx) ®cn+(z,) CH (Z22) — CH" (Zksr)

induced by the Hochster decomposition (2.2) has a retraction given by projections
onto the factors. The projections are cochain maps because, for every z ¢ K and a
subset I of the set V' (K) of vertices in K, the map

(K* L)1 = (K* L) 10(a)

is the inclusion of a full subcomplex and similarly for £. So we get that

(6.2) CH*(Z;C*L) = CH*(Z;C) DOoH*(2s) CH*(Z[;) @ cokerg,
where
(6.3) cokerg= @ H(K«Lyw)= P H(K)H (L))
GAICV(K), GF#ICV(K),
G£ICV(L) GAICV(L)

Here, the second isomorphism in (6.3) follows from the Kiinneth theorem together
with the hypothesis on the projectiveness of H*(Zx) or H*(Z). Therefore we
have that

(6.4) coker ¢ = CH*(Zx) ® CH*(Z).
where CH*(Z) is the cokernel of CH*(Z4) — CH*(Zx) and similarly for £. Then
isomorphisms (6.2) and (6.4) imply (6.1). The proof for HH , is similar. O

The isomorphism of Theorem 6.3 can be also deduced from the algebraic de-
scription of Theorem 4.3. We illustrate this by an example.

Example 6.4. Let K1 = Ky = OA!, two disjoint points. Then, K = /C; * ICy is the
boundary of a square, Zx = Zic, X Zx, =2 5% x S3 and HH*(Zx,) = H*(2x,) for
i = 1,2 by Proposition 6.2. The nontrivial cohomology groups are

H°(Zx) = H*(2x) 2 L(1);

H?(Zx) = H™ " (Zx) = Z([urvs), [ugva);

H6(ZK;) = H_Q’g(ZK:) = Z<[U1U2U3’U4]>,
where the vertex sets of K1 and Ko are {1,3} and {2, 4}, respectively. Note that the
induced differential d’ is trivial, which yields HH*(Zx) = H*(Zx) and HH* (Z)) =
HH*(Zx,) ® HH*(Z,).

In the previous examples HH*(Zx) behaved like H*(Zx). Here is an example
of a major difference.

Theorem 6.5. Let K = K’ Ll pt be the disjoint union of a mnonempty simplicial
complezx K' and a point. Then,

Z  for (—k,20) = (0,0), (—1,4);

HH—k,Q@ Z _
(Zk) {0 otherwise.

Proof. Assume K’ to be a simplicial complex on [m], and let [m] := [m] U {0} be
the vertex set of IC, with 0 being the added disjoint vertex. Consider the cochain
complex CH*(Zx) = (H*(Zx),d’) giving HH*(Zx). We define a weight

w(J) =Y _j
jed

for each subset J C [m] and consider the following increasing filtration

(65) o=F 1CFyC--- CFp_l CFp CF;D-H C - CFm(,g+1) :H*(Z)C)
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Zgo0,13 ° ° ° ° °

° Z0,2} <— Zg0,1,2} ° o °

—Zg ———o——o—— Loy < L{o13) ——&———— 96— P

Zgo,1,4y
(] ° ° Zyo,4} ' &) Z{0,1,2,3}
Zg0,2,3}
Zo,1,5}
° ° ° ° Zyo0,5} / D
Zgo,2,4y

FIGURE 2. The F;-page and the differentials.

of H*(Zx) = @ g H*(K), where

FH"(2¢)= P B VIYK)).

JC[m]: w(J)<p
The associated spectral sequence converges to HH*(Zx) and has the Ey-page

EP? = (FpHp“](Z;C)/pral”(Z;C)) — @ ﬁpﬂf\J\fl(KJ)
JCW: w(J)=p
with the differential do: F5¢ — E»9~" given by
(6.6) @ <I§p+q—|J|—1<KJ) 4, ﬁp+q—\J\—1(;CJ\{O})>_
JC[m]: w(J)=p

We now calculate the Ej-page. Note that the differential d’ in (6.6) is an iso-
morphism unless 0 € J. For w(J) = p = 0, we have

B = coker(f[‘l(lC{O}) — f[‘l(lcg)) ~7 = B,

Now consider the case w(J) = p > 1. Since 0 is an isolated vertex in K, the
differential d’' in (6.6) is an isomorphism unless p + ¢ — |J| — 1 = 0. Therefore,

B = P ker(fﬁﬂ—”'—l(m)d—>flp+q"""1(’CJ\{0}))= D z.

Jc[m] oeJC[m]
w(J)=p |J|=(Lz;;rq—1
w(J)=p

where Z; denotes the summand Z corresponding to a subset J. We rewrite the

above as
E'f’*: @ Zj® @ Zy, p= 1.

0eJC[m] 0eJC[m]
w(J)=p w(J)=p
1eJ 1¢J

For p > 2, the differential d;: EP* — EP~"* maps Doc sy Zs isomorphically

w(J)=p
leJ
to @OEJCW Zj and maps ®0€JCWZJ to 0. Also, d; maps EY° = Zg and
w(J)=p—1 w(J)=p
1¢J 1¢J

E11 2 = Zgo,1y to zero. See Figure 2. Therefore, the spectral sequence collapses at
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FE>-page, and we have

which completes the proof. O

Z (p,q) = (0,0) or (1,2),
0 otherwise,

Example 6.6. Let I be m disjoint points. The nontrivial cohomology groups of
Zic are

H°(Zx) = H™(2x) = Z,
H (Z) = H 02020 2 207000, 2<q<m,

see [5, Example 4.7.6]. In fact, Zx is homotopy equivalent to a wedge of spheres.
The group H97124(Z) is generated by the cohomology classes [uv;] with |J| =
g—1and i ¢ J subject to the relations arising from duy, with |L| = ¢. The double
cohomology groups HH*(Zx) are therefore the cohomology groups of the cochain
complex

0 —s H_m+1,2m(Z’C) i> .. i,) H_2’6(ZK) L H_174(ZK:) — 0

together with HH"?(Zy) = Z. The differential d’': H25(Zx) — H V%(Z2k) is
given by
d'[ugujoe] = [ujvr] — [uivk]
and therefore has cokernel of rank 1. Hence, HH?(Zx) = HH “*(2¢) = Z. By
Theorem 6.5, HH"(Zx) = 0 for n > 4. Looking at the Betti numbers of this
computation gives the binomial identity
m

> ta-n(T) =1

q=2

Here is another example of a family of simplicial complexes with HH*(Zx) of
rank two.

Theorem 6.7. Let K = K'U, A™ be a simplicial complex obtained from a nonempty
simplicial complex K' by gluing an n-simplex along a proper, possibly empty, face
o € K'. Then either K is a simplex, or

Z  for (—k,2¢) = (0,0), (—1,4);

HH "2 (2y) =
(Zk) 0 otherwise.

Proof. Let [m] be the vertex set of K, and let V(o) C [m] be the vertex set of o.
Let |V (0)| = s. We may assume s < m, as otherwise £ = A™ is a simplex.

If n =0, then K = K’ U pt and we are in the situation of Theorem 6.5.

We first consider the case when s = n > 0, that is, o is a facet of A™. Let m+1
be the unique vertex of A™ not contained in o, so that [m + 1] is the vertex set
of . Let L = IC’m}\V(U) U{m+1}. By Theorem 6.5, the double cohomology of Z.
has the required form. We claim that HH*(Zx) & HH*(Z.). Indeed, consider the
cochain complexes CH*(Zx) and CH*(Z.). Since L is a full subcomplex of K, we
use Proposition 4.8 to get a cochain map

Let A be the cokernel of (6.7). Then we have
A= D I (Ky).
JeT

where T ={J € [m+1]: JNV (o) # @}. We now calculate the cohomology of A
using a spectral sequence as in the proof of Theorem 6.5. Here we use the weight
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function w: T — Zx¢ defined by w(J) = |JN[m]|; it counts the number of elements
in J C [m + 1] after removing m + 1. Then, we define

F= @ (K,
JET : w(J)<p

which gives rise to a bounded increasing filtration on A.

The Ey-term of the associated spectral sequence breaks up into a direct sum of
complexes

D (H*(’CJ) - H*(’CJ\{mH})) :
JET: m+1eJ

Since each inclusion K j\ f,,413 — K is a homotopy equivalence, Ey is an acyclic
complex, which implies that F; is trivial. Hence, the chain complex A is acyclic, so
that the map HH* (L) — HH*(K) induced by (6.7) is an isomorphism, as claimed.

Now consider the case where s < n. In this case, K can be obtained from K’ by
iterating the procedure of attaching a simplex along a facet:

K=K Uy A" = (((K' Uy A%) Ups A*T1) o Upno1 A7)
Hence, the result follows by applying the argument above inductively. O

Theorem 6.8. For a simplicial complez IC, the following conditions are equivalent:

(a) all full subcomplezxes of IC are homotopy discrete sets of points;

(b) K is flag and its one-skeleton sk* (K) is a chordal graph;

(¢) K can be obtained by iterating the procedure of attaching a simplex along a
(possibly empty) face, starting from a simplex.

Each of the conditions above implies that K is either a simplex, or

Z  for (—k,2¢) = (0,0), (—1,4);

HH"2%(2y) =
(Zk) {0 otherwise.

Proof. (a)=(b) If K is not flag, then any minimal non-face with > 3 vertices is a full
subcomplex that is not homotopy discrete. Similarly, if sk* (K) is not chordal, then
any its chordless cycle with > 4 vertices is a full subcomplex that is not homotopy
discrete.

(b)=(c) This follows by considering a perfect elimination ordering on the vertex
set of K, as in the proof of [6, Theorem 4.6].

(c)=>(a) If K is obtained as described in (c), then each full subcomplex K is
obtained by the same procedure. This implies that each K; is a disjoint union of
contractible spaces.

The formula for the double cohomology follows from the description in (c) and
Theorem 6.7. (]

Remark 6.9. Note that the class of simplicial complexes described in Theorem 6.7
is strictly larger than that described in Theorem 6.8: in the former case one starts
with an arbitrary simplicial complex K’, while in the latter one starts with a sim-
plex. Also, the class described in Theorem 6.7 does not exhaust all examples with
double cohomology of rank 2 in bidegrees (0,0) and (—1,4), as we illustrate in
Subsection 8.2.

Remark 6.10. A simplicial complex K is called Golod (over a field k) if the
multiplication and all higher Massey products in Tory, ... .,,](K[K], k) are trivial.
If € is flag and skl(lC) is a chordal graph, then K is a Golod complex and Zj is
homotopy equivalent to a wedge of spheres by [6, Theorem 4.6]. Conversely, if K is
a Golod complex, then skl(lC) is a chordal graph, but K may fail to be flag. Also, if
skl(/C) is a chordal graph, then Zx may fail to be homotopy equivalent to a wedge
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of spheres, and K may fail to be Golod. An example of this situation is provided by
a minimal (6-vertex) triangulation of RP?, see Example 3.3 and [6, Example 3.3].

Remark 6.11. The condition that Zx is homotopy equivalent to a wedge of spheres
does not imply the same condition for I itself. An example of this situation is
provided by a minimal (7-vertex) triangulation of a 2-torus T2, see [10, Proposi-
tion 2.2]. By [8, Theorem 1.3], if K is a triangulation of a closed connected surface,
then K is Golod if and only if it is 1-neighborly, that is, any two vertices in K are
connected by an edge. Clearly, such K cannot be flag.

7. THE CASE OF AN m-CYCLE

Here we apply the technique developed in the previous section to calculate
the double cohomology of the moment-angle complex Z, corresponding to an m-
cycle £. By a result of McGavran [11], the moment-angle complex Z, is homeo-
morphic to a connected sum of sphere products:

2o =g (5% x gmreoRy#ER()
k=3

Example 7.1. Let £ be a 5-cycle (the boundary of a pentagon) with the vertices
numbered counterclockwise. Then we have Z, = (S% x $4)#5. The nontrivial
cohomology groups and their generators in the Koszul dga (2.1) are given by

H°(Z, :HOO( x) =2Z(1),

)
H?*(2p) = H " 2x) 2 Z{[u1vs), [u1va], [usva], [uzvs), [usvs)),
H*(2r) = H*%(Zx) = Z(lugusva), [ugusvs), [usuivs], [ususv], [ugusva),
H'(Zp)=H" 310( Zx) = Z([u1u2uzvavs)),

see [5, Example 4.6.11]. There is only one nontrivial differential d':

0 — H™26(2,) L H=14(2,) — 0.

It is given on the basis elements by

dl[U4U5U2] = [U51}2] — [U4’U2} = [UQ’U5] [UQU4]
d/[UQU3U5] = [U3U5] — [112’()5}7
d/[U5’LL1U3] = [Ul’Ug] — [U5’Ug} = [’LL1U3] — [’LL3U5],
d/[U3U4U1] = [U4’Ul] — [U3U1] = [U11}4] — [ul’l)g],
d' [urugvy] = [ugvy] — [ugv4]
The corresponding matrix

0 0 1 -1 0

0 0 0 1 -1

-1 0 0 0 1

1 -1 0 0 0

0 1 -1 0 0

has rank 4 and defines a homomorphism onto a direct summand of Z®. It follows
that the nontrivial double cohomology groups are

HHY(Z,) = HH “*(Z2;) = HH ?%(2;) = HH *'%(2,) = Z.

The next result extends this calculation to an arbitrary m-cycle.
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F1GURE 3. An inclusion of m-gon to a simplicial complex.

Theorem 7.2. Let L be an m-cycle for m > 5. Then, the double cohomology of
ZL 18
Z; (_k7 26) = (07 0)7 (_17 4)7 (_m =+ 37 2(m - 2))3 (_m + 2a 2m)7

HH %2 (z,) =
(Zc) {O, otherwise.

Proof. Let K be the simplicial complex obtained by adding a 2-simplex {1,2,3}

to £ and consider the natural inclusion £ < K (see Figure 3). One can apply

Theorem 6.7 for IC, which gives us
7, (—k,20)= —1,4);

(7'1) HH—k,QZ(ZK) _ ) ( ) ) (O,O)v( ’ )7
0, otherwise.

Now, we apply the functoriality property of Proposition 4.8 to get chain maps
(7.2) f: CH*(Z}C) — CH*(Z[;) and g: OH*(Z[;) — CH*(ZK)
Recall from (4.2) that the maps f and g in (7.2) can be decomposed into P, f?
and @p>0 gp respectively. In this case, we only need to consider the cases p = 0

and 1 because HP(K;) and HP(L;) vanish for p > 1.

First we consider the case p = 1. Note that H(£;) = Z only when I = [m]. In
this case, fIl(IC[m]) = Z as well, hence coker f! = 0. Thus f' yields a short exact
sequence

1
(7.3) 0 — ker f! — CHY(2x) L5 cH(2:) — 0.

Observe that H'(K;) = Z if I = [m] or [m] \ {2}. In particular, when I = [m)],
the map f[lm] : Hl(IC[m]) — Hl(ﬁ[m]) is an isomorphism. Hence the chain complex
ker f! with the differential d’ induced from that of CH*(Zx) consists of a single
nontrivial term ker (f{,\ r2y: H' (Kpnp\(23) = H'(Lpmp\(23)) which is of bidegree
(—m+3,2(m — 1)). This implies that

Z —k,20) = (— 2(m —1));
(7‘4) Hﬁk’%(kerfl,d') _ ) ( ) ) ( m + 31 (m ))7
0, otherwise.

Now, we consider the long exact sequence of double cohomology

A HH—Z-‘:-Q,QK(ZK) H—€+2,2€(ZL)

H=3200 (ker f1,d') » HH 320002y » g2 (Z0) 5 -
induced from the short exact sequence (7.3). Then we conclude by (7.1) and (7.4)
that
H-m+32m=1) (ker 1. d') =7, (=m;

7.5 HH“22%(z,) =
(7.5) (2c) 0, otherwise.
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For the case p = 0, we consider the chain map go: CHo(Zz) — CHo(Zx). We
have Hy(K1) = Ho(Lr) unless I satisfies {1,3} C I C [m]\ {2}. In the latter case,
rank Ho(L;) = rank Ho(K;) + 1.

Hence, coker go r is trivial for all I C [m] and kergo s is of rank 1 only when
{1,3} € I € [m]\{2}. Therefore, go gives a short exact sequence of chain complexes

(7.6) 0 — kergoy — CHo(Z) 2 CHy(Zx) — 0,

where the chain complex ker gq is given by

(7.7) 0 — kergo (1,3 AN @ ker go, 1 L

{1.3}CIGIm]\{2}

|1/=3
o' o'
- @ ker go,; — @ ker go,r — 0.
{1,3ycIgm]\{2} {1,3ycrgm\{2}
I|l=m—-3 [I|l=m—2

Here the bigrading of @1,33crcimp{2} ker go 1 is (—¢+ 1,2¢) and the total grading
|1/=¢

is £ + 1. The boundary operator induced from that of CH.(Z.) is given by

(7.8) ' =- > (4, )¢o;1,5

{1.3ycIg[m]\{2},
JElm\I

where ¢o.7 ;: Ho(Lp) — PNIO(EIU{J»}) is the homomorphism induced by the inclusion
L1 < Lrugy, see Subsection 3.1. To be more precise, if v; is the ith vertex of L,
then ker go ; for {1,3} C I C [m]\ {2} is generated by

or = [v1] — [vs] € Ho(L1) C H_|111,211(Z2)

and ¢o.r,j sends x5 to xryjy-
Now, we consider the augmented simplicial cochain complex €™

0=C 100 ... 50m 5 0m° 50

of the boundary OA™~* of the (m — 4)-simplex on [m]\ {1,2,3}. For each simplex
I C [m]\{1,2,3}, we denote by y; the corresponding generator of the simplicial
cochain group CI=1. Then, the chain map 6: ker gy — €*[4] defined by (x;) =
—y7 is an isomorphism of chain complexes, where the grading of €* is shifted by 4
and the minus sign matches the minus sign in (7.8). It follows that
H_g ao(ker go. &) = {Z, (=, 26) = (=m +3,2(m — 2));
0, otherwise.

Consider the homology long exact sequence of (7.6):

c— HH _yy0500-1)(2x) —

H_yi100(ker go,0") + HH _y120(Z22) — HH _p11,20(Zxc) — -+~
Assuming m > 6, we have
H_pi32m—2)(kergo,0') =Z, £=m —2;
(7.9)  HH_y1120(Z2¢) = HH 1 4(2x) = Z, =2
0, otherwise.

The double cohomology has the same form by the universal coefficient theorem, as
HH,(Z.) is free. The result follows from (7.5) and (7.9) together with the obvious
isomorphism HH"°(Z;) = Z. For m = 5, we refer to Example 7.1. O
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Remark 7.3. When £ is a 4-cycle, we have HH '*(Z;) = Z? by Example 6.4.
Hence, Proposition 7.2 holds for the case of m = 4 as well, by counting the degree
(—1,4) twice.

8. FURTHER OBSERVATIONS, EXAMPLES AND QUESTIONS

8.1. Top classes, wedge decomposability and duality. An element o # 0 in
H*(K) is called a top class if the restriction of a to H*(K;) is 0 for any proper
I C [m]. For example, if K is a triangulated connected closed (n — 1)-dimensional
(pseudo)manifold, then the fundamental class is a top class in H"~1(K).

Proposition 8.1. A top class o € H"(K) survives to HH~™™™2™(Z)),
Proof. This follows from the geometric definition of d’ (Subsection 3.2). g

We call a simplicial complex K wedge decomposable if it can be written as a
nontrivial union £Ux: M of two simplicial complexes £ and M along a nonempty
simplex A! that is not the whole of K. This corresponds to a graph being a non-
trivial clique sum. We have shown in Theorem 6.7 that if £ or M is a simplex,
then HH*(Zx) = Z @® Z with one Z summand in each of the bidegrees (0,0) and
(—1,4). Examples 8.7 and 8.8 below give two more wedge decomposable complexes
having this property, in which neither £ nor M is a simplex.

Question 8.2. Is it true for all wedge decomposable K to have HH*(Zx) =2 Z&Z in
bidegrees (0,0) and (—1,4)? Does there exist a non-wedge-decomposable complex
K also having this property?

Recently Valenzuela [12] has shown all wedge decomposable IC have HH* (Z)) =
Z®Z in bidegrees (0, 0) and (—1,4) giving an affirmative answer to the first question.

As an immediate consequence of Proposition 8.1, we have that if K(# 0A!)
has HH*(Zx) = Z @ Z in bidegrees (0,0) and (—1,4), then K does not have a
top class. For instance, we know from Proposition 6.2 that HH*(Zx) X Z & Z
in bidegrees (0,0) and (—1,2m) when K is the boundary of a simplex 9A™~ L. In
particular, HH ~ %™ (Zx) = 7 is generated by the class represented by the top class
in H?™~1(K). We also have the following.

Proposition 8.3. If IC has a top class, then IC is not wedge decomposable.

O

Proof. Follows from the Mayer—Vietoris sequence.

1%

If K is a triangulated (n—1)-dimensional sphere, then a generator a € H"(K)
7Z is a top class and, therefore,

(8.1) HH~(m=m:2m(z0) > gn=1(K) = Z.
A simplicial complex K of dimension (n —1) is called a Gorenstein complez over
a field IF if the face ring F[K] is Gorenstein, that is,
Tor[;i’l* » (FIK],F) =0 for i > m —n and Tor, "= (FIK],F) =F.

F[M ----- Um]

A Gorenstein complex K is called Gorenstein* if K is not a cone over a subcomplex.
If K is Gorenstein, then K = £ * A for some s, where £ is Gorenstein* and A® is
a simplex, see [5, §3.4].

There is the following homological characterisation of Gorenstein™ complexes:
K is Gorenstein® if and only if the link lkx I of any simplex I € K, including &,
is a homology sphere of dimension dimlkk, cf. [5, Theorem 3.4.2]. It follows that
a triangulated sphere K is Gorenstein®™ over any F. A Gorenstein® complex K
satisfies (8.1) with coefficients in F.

*
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A graded commutative connected F-algebra A is called a Poincaré algebra of
dimension d if A = @?:0 A, the graded components A’ are finite dimensional
over F, and the F-linear maps

Ai — HOHI]F(Ad_i7 Ad)7 a— (baa where ¢a(b) = ab7

are isomorphisms for 0 <7 < d.
By [5, Theorem 4.6.8], the ordinary cohomology H*(Z;F) is a Poincaré algebra
if and only if K is a Gorenstein complex. If K is Gorenstein* of dimension (n — 1),

then Torg[gfirfzfr (FIK],F) 2 F and H*(Zx;F) is a Poincaré algebra of dimension

(m 4+ n). For the double cohomology HH*(Zx), we have the following.

Proposition 8.4. If K is a Gorenstein complex over a field F, then the double
cohomology HH* (Zic;F) is a Poincaré algebra. In particular, if K is Gorenstein*
of dimension (n — 1), then

dim HH "% (Zx; F) = dim HH~ ("= 8200z, ),

Proof. It K = L A®, where L is Gorenstein*, then we have HH*(Zx) = HH*(Z.)
by Proposition 6.1 and Theorem 6.3. Hence, we can assume that K is Gorenstein™®
of dimension (n — 1). Then we have

H™ (25 F) = Torg """ (FIK], F) = H" ™ (K;F) = F
generated by the top class of Hn—! (K;T) or by the cohomology class of the monomial
um\rvr in the Koszul complex, for any (n — 1)-simplex I € K. It follows from

Proposition 8.1 that the top class of H" 1(K;F) is a d’-cocycle which is not a
coboundary. Since d’ satisfies the Leibniz formula with respect to the product in
H*(Zx;F) by Theorem 4.4 and H*(Zi;F) is a Poincaré algebra, CH*(Zx;F) =
(H*(Zx;F),d) is a commutative differential graded algebra with Poincaré dual-
ity in the sense of [9]. Then HH*(Zx;F) is a Poincaré algebra by [9, Proposi-
tion 4.7] (the argument is given there with Q-coefficients, but it is the same for any
field ). O

The converse of Proposition 8.4 does not hold, unlike the situation with the or-
dinary cohomology H*(Zx). For example, if K is m disjoint points, then HH™*(Zx)
is a Poincaré algebra by Theorem 6.5, but K is not Gorenstein if m > 2. We may
ask the following.

Question 8.5. Give a homological characterisation of simplicial complexes K for
which the double cohomology HH*(Zx) is a Poincaré algebra.

8.2. Examples. Here is an example of a complex obtained by the procedure de-
scribed in Theorem 6.7, but not in the class described in Theorem 6.8.

Example 8.6. Let K be a 4-cycle (1,2,3,4) with an edge (4,5) attached at the
vertex {4}. The nontrivial cohomology groups are

H°(Zx) = HO’O(Z ) = Z(1),

H*(Zx) = H " (2x) = Z([u1vs], [ugval, [urvs), [ugvs], [usvs)),

H*(Zx) = H 2%(Zx) = Z{[uyuavs), [uousvs), [uyusvs), [ususv |, [ususvs)),
H*(Zx) = H *%(Zx) = Z([uugusvs)),

H%(Zx) = H *%(Zx) = Z([uyugvgval),

H'(Zx) = H *"(2x) = Z([usususviva])
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1 3 1 3 5
5

2 4 2 4 6

(A) Non-flag and chordal (B) Flag and non-chordal

FIGURE 4. Two examples

The nontrivial parts of the cochain complex CH*(Z) are
(8.2) 0 — H-310(z) L5 g-28(2) — 0,
(8.3) 0 — H33(2¢) L B 25(2¢) 4 H-14(2) — 0.
Since d’ of (8.2) is an isomorphism, we have
HH 1'% Zx) = HH?%(Zx) = 0.
For the cochain complex (8.3), observe that for [ujugusvs] € H=38(Zx),
d' ([urugusvs)) = [ugugvs] — [uruzvs] + [uiugvs).

The differential d’ from H~2%(Zx) is described similarly, giving the following mat-
rix presentations of the two differentials Z — Z5 and Z° — Z5 in (8.3):

1 0 0 0 -1 0
1 0 0 0 0 -1
-1}l and |-1 0 -1 1 0
0 1 -1 0 0 1
0 0 1 1 0 0

Hence, the first differential is injective, while the second is surjective onto a direct
summand of rank 4 in Z5. The resulting nontrivial double cohomology groups are

HH"(Zx) =2 HH "*(2¢) 2 Z,
in accordance with Theorem 6.7.

Here are two examples of simplicial complexes K which are not obtained by the
procedure described in Theorem 6.7. Nevertheless we have HH*(Zx) 2 Z ® Z in
bidegrees (0,0) and (—1,4). Both examples are wedge decomposable.

Example 8.7. Let K be obtained by gluing two 3-cycles (1,2,5) and (3,4, 5) along
the vertex {5}. See Figure 4 (A). The nontrivial cohomology groups of Zx are

H*(2x) 2 L(1),
H™"Y(Zx) = Z[urvs], [urva], [ugvs], [ugval),
H1%(2x) = Z([usvsva], [usv1va)),
H=28(2x) = Z{[uyuavs)], [urusvy], [usugv ], [usugvs)),
H™%¥(Zx) = Z([uruguzvs] — [uruguqvs)),
H28(2) = Z{[uyusvsvy], [ugusvsvy), [ususvivs], [ugusvivs)),
H™21(2x) 2= Z[urugusvzva), [ugususvrvs)).
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The nontrivial part of the complex CH*(Zx) = (H*(Zx),d’) is given by
(8.4) 0 — H™33(2¢) L H29(2) L H14(2x) — 0
(8.5) 0— H319(2Z) L5 H=28(2) L H15(2) — 0.
Observe that d': H=38(Zx) — H=2%(Z2x) in (8.4) is given by
d' ([uguguzvy] — [ugugugvs))
= [ugugvs] — [uruszva] + [u1ugvs] — [uguavs] + [uiugvs] — [urugvs]
—[usuava] + [usuavi] + [urugvs] — [urugvs),

where the second equality follows because

[U3U41}2} — [UQ’U,4’U3] =+ [UQU3’I}4] = [U1U3’l}4] — [U1U4’U3} + [U3U4U1] =0e€ H_Z’G(Z)C).
Similarly, d’': H=25(Z2x) — H~1*(Zx) is given by the matrix
-1 0 -1 0

0O -1 1 0

with respect to the bases listed above. Its image is a direct summand of rank 3 in
H=1Y4(Zx). Tt follows that

HH 3%(Z) = H 25(2¢x) =0 and HH “*(Zx)=1Z.
Similar computations with the two differentials in (8.5) show that
HH31%(2) = HH™*%(Z) = HH~"%(Zx) = 0.
Hence, the only nontrivial double cohomology groups are
HH%(2x) = HH ' (2x) = Z.

Example 8.8. Let K be obtained by gluing two 4-cycles (1,2,3,4) and (3,4, 5,6)
along the edge (3,4). See Figure 4 (B). The nontrivial cohomology groups of Zx
are

HY(2)) = 7(1),
H™Y(Zx) = Z[urva], [urvs), [urvg], [ugvs], [ugvs], [uzve], [ugve], [uavs)),
H_2’6(Z;C) = Z<[U1U2'U5], [U,1U2’U6], [U5u6’01] [u5u6v2], [ulu?,’l)e], [UQU4’U5],

[U3U5U2] [U4U6U1], [U1U4U5], [U1U5U4], [U2U3U6], [U2U6U3]>;

H33(Zx) =2 Z{[urususvg], [urusugvs), [ususugvs], [ususuev:],
[urugusv6 — u1u2uEUs)),

H28(2x) = Z{[ugugvyva), [usugvsvg)),

H319(2y)

Il

([
Z([uzuausviva), [usuaugv1va), [u1ususvsvs], [ususuavsve)),
H*4’12( i) =2 Z{[usususugvrval, [u1uaususvsvg)).

The nontrivial part of the complex CH*(Z) is given by
0 — H412(2) 5 H31(20) 5 H28(2) — 0,

0— H38(20) L H29(2) L H14(2¢) — 0.

A calculation similar to that in the previous example shows that the nontrivial
double cohomology groups are

HH®(Zx) = HH " (2x) 2 Z.
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We have considered several examples of K with double cohomology of rank 2.

Starting with these examples and applying Theorem 6.3, we can easily construct
Zjx such that rank HH*(Zx) = 2" for each n > 0, and only the powers of two can

be

realized as ranks of the double cohomology in this way. Recall from Corollary

4.6 that the Euler characteristic of HH*(Zx) is zero unless K is a simplex. It

fol
qu

lows that the rank of HH*(Z) is always even. Hence, we may ask the following
estion.

Question 8.9. Let r be a positive even integer different from a power of two. Does
there exist a simplicial complex K such that rank HH*(Zx) = r?

Recently Han [7] gave an example for r = 6. By taking joins we can also get an

example for any r = 2573t

[10
[11

[12
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