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Abstract

In the present paper, we describe a scenario of a disappearance of a non-compact
heteroclinic curve for a three-dimensional diffeomorphism. As a consequence, it is
established that 3-diffeomorphisms with a unique heteroclinic curve and fixed points
of pairwise different Morse indices exist only on the 3-sphere. The described scenario
is directly related to the reconnection processes in the solar corona, the mathematical
essence of which, from the point of view of the magnetic charging topology, consists
of a disappearance or a birth of non-compact heteroclinic curves.
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1 Statement of results

Consider aclass G of orientation-preserving Morse—Smale diffeomorphisms f defined
on a closed manifold M3, the non-wandering set of which consists of exactly four
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Fig.1 A diffeomorphism f : $3 — $3 from class G

Fig.2 Phase portrait of a diffeomorphism f € G

points w, o1, 02, o with positive types of orientation and with Morse indices (dimen-
sions of unstable manifolds) 0, 1, 2, 3, respectively. It was established in [7] that if
f € G is the one-time shift of a gradient flow of a Morse function then the admitting
f manifold M? is a lens space, moreover, every lens spaces admits a gradient-like
flow with exactly four critical points of pairwise different indices. Also, by [2, 10], we
know that two-dimensional saddle separatrices of such f always intersect (see Fig. 1),
except the case when M? is homeomorphic to §? x S'.

Notice, that in general case, Morse—Smale diffeomorphisms are not embeddable
even in a topological flow [6]. In particular, despite the simple structure of the non-
wandering set of f € G, the class under consideration contains diffeomorphisms with
wildly embedded saddle separatrices [3, 14] (see Fig.2), that is an obstruction to the
embedding to a flow. Thus, the question of the complete list of ambient manifolds for
diffeomorphisms f € G is open.

In the present paper the following fact will be established.
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Theorem 1 Let f € G and the set Wy N Wy, consists of a unique curve (see Fig. 1,
2). Then M3 is diffeomorphic to the 3-sphere S>.

Proof of the Theorem 1 based on the construction of the following arc of
diffeomorphisms.

Theorem2 Let f € G and the set W; N Wy consists of a unique curve. Then f

is connected by a smooth arc ¢; M3 — M3t € [0, 1] with a “source-sink”
diffeomorphism. Moreover, this arc contains a unique bifurcation point which is a
saddle-node.

2 Required definitions and facts

Definition 1 (Morse—Smale diffeomorphism) A diffeomorphism f : M" — M",
given on a smooth closed connected orientable n-dimensional manifold (n > 1) M”"
is called a Morse—Smale diffeomorphism if

1. its non-wandering set €2 ¢ consists of a finite number of hyperbolic orbits;

2. manifolds W, W/ intersect transversally for any non-wandering points p, g.

Definition 2 (Smooth arc) A smooth arc in the space of diffeomorphisms Diff(M™")
is a family of diffeomorphisms ¢;(x) : M" — M",t € [0; 1], generated by a smooth
map ® : M" x [0, 1] - M" with ¢, (x) = ®(x, 1).

Definition 3 (Smooth product of arcs) A smooth arc ¢, is called a smooth product of
pron, 0=t <1,
Yroim, 3 St <1,
T : [0, 1] — [0, 1] is a smooth monotone map such that t(¢) =0 for 0 < < % and
() =1 for% <t < 1. We will write ¢; = ¢ * ;.

the smooth arcs ¢, and ¥, such that ¢; = g, if ¢; = where

Proposition 2.1 (Thom’s isotopy extension theorem, [12], Theorem 5.8) Let Y be
a smooth manifold without boundary, X be a smooth compact submanifold Y and
{fi : X = Y, t €[0,1]} be a smooth isotopy such that fy is the inclusion map X
into Y. Then there is a smooth isotopy {g: € Diff(Y), t € [0, 11} such that go = id,
gtlx = filx for every t € [0, 1] and the identity outside some compact subset of Y.

Proposition 2.2 (Fragmentation lemma, [1]) Let U = {U;, i = 1, ..., q} be an open
cover of a closed manifold M" and ¢ : M" — M" be a diffeomorphism smoothly
isotopic to the identity. Then there exist diffeomorphisms ¢; - M" — M", i =1, ..., q
smoothly isotopic to the identity and such that:

i) supp{ei} C U;' for a smooth arc @i.1, connecting the identity map and ¢; for
everyi €{l,...,q},
ii) p =¢10...00,.
Definition 4 (Saddle-node bifurcation) An arc ¢;, connecting two Morse—Smale dif-
feomorphisms, unfolds generically through a saddle-node bifurcation (see Fig.3), if

LA support supp{ fi} of an isotopy { f;} is the closure of the set {x € X : f;(x) # fo(x)for somet €
[0, 17}.
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Fig.3 Saddle-node bifurcation
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Fig.4 Local chart in the saddle point o

all elements of the arc are Morse—Smale diffeomorphisms with the exception of a
diffeomorphism ¢, b € (0, 1), which has a unique non-hyperbolic fixed point p such
that in some neighbourhood of the point (p, b) the arc ¢, is conjugate with

()bf(xlv-x21 -«-,x1+nu’x2+nu’ "'7-xl’l)
2
Xy - X040, +x,
= + =+t 2%, ..., 12 , R
(xl > X2 X14n, ) )
where (x1,...,x,) € R", |x;| < 1, |f] < 1/10.

3 Disappearance of the heteroclinic curve

In this section, we outline the proof of the Theorem 2 with references to statements
that will be proved in the following sections.

Let f € G, thatis the set Hy = W; N W, consists of a unique curve. Let us prove
that the diffeomorphism f is connected by a stable arc ¢; : M 35 M3t e0,1]
with a “source-sink” diffeomorphism, moreover ¢, has a unique bifurcation point and
it is saddle-node.

Proof Let f € G, then the set H consists of one non-compact heteroclinic curve Yy
Due to Lemma 1, without loss of generality, we can assume that the diffeomorphism f
in a neighbourhood of the saddle point o has a local chart (see Fig.4) (U1, ¥1), ¥ :
U; — R3 such that oy € Uy, ¥ (01) = O and diffeomorphism ¢ fy; ' : R — R3

1
> 0 0
2

is a linear diffeomorphism Q, given by the matrix | 0 % 0
0 0 2
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Fig.5 Laying of the heteroclinic curve on a coordinate axis

Fig.6 Laying of the manifold
Wy, on a coordinate plane

Due to Lemma 2, diffeomorphism f is connected by an arc without bifurca-
tions (it means that all elements of the arc are pairwise topologically conjugate
diffeomorphisms) with the diffeomorphism f; : M> — M3 with the following
properties:

1. diffeomorphism f; coincides with the diffeomorphism f outside U; and in some
neighbourhood V| C Uj of oy;
2. yn(y,, NV1) C Ox, where Y5 is the heteroclinic curve of diffeomorphism f7.

Making a similar construction in a local chart (Ua, ¥2), ¥ : Uy — R3 such
that oo € Uy, Yn(0o2) = O and 1/f2f11ﬁ{] = Q‘l, we get a diffeomorphism f> :
M3 — M3, whichis connected by an arc without bifurcations with the diffeomorphism
f1 : M3 — M? and has the following properties:

1. diffeomorphism f> coincides with the diffeomorphism f; outside U, and in some
neighbourhood V, C U; of 07;

2. V2(y,, NV2) C Ox, where y f is the heteroclinic curve of diffeomorphism f; and
V> C U, neighbourhood of point o> (see Fig.5).

Due to Lemma 3, diffeomorphism f> is connected by an arc without bifurcations
with the diffeomorphism f3 : M3 — M? with the following properties:

1. diffeomorphism f3 coincides with the diffeomorphism f> outside some neigh-
bourhood Uyg of A = «cl W(’;l and in some neighbourhood W; C Vi of
o1;

2. Y1 (Wg, N W) C Oxz (see Fig.6).
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Making a similar construction in a neighbourhood of o7, we get an arc without
bifurcations connecting the diffeomorphism f3 with diffeomorphism fy : M3 — M3
with the following properties:

1. diffeomorphism f1 coincides with the diffeomorphism f3 outside some neigh-
bourhood Urp of R = «cl Wgz and in some neighbourhood W, C V, of
02;

2. WZ(W[;I NW,) C Oxz.

Due to Lemma 4, diffeomorphism f4 is connected by an arc with one saddle-node
bifurcation with a source-sink diffeomorphism on the manifold M3. Which implies
that M3 is three-dimensional sphere. O

4 Reduction of a structurally stable diffeomorphism to a linear
diffeomorphism in neighborhoods of hyperbolic fixed points

Let p be a hyperbolic fixed point of a diffeomorphism f : M" — M". A type of point
p is the set of parameters (g, Vp, i p), Where g, = dim Wg, vy, = +1(=1),if f|W]L)«
preserves (reverses) orientationand p, = +1 (=1),if f| ws preserves (reverses) orien-
tation. According to [13, Theorem 5.5], the diffeomorphism f in some neighborhood
of a point p of type (¢, v, it p) is topologically conjugate to a linear diffeomorphism
of the space R", defined by the matrix

v,2 0 ... 0 0 0 ... 0

0 2 ...0 0 0 ... 0
Ao o 2 0 0 0
P 0 0 0 wup-12 0 ol

0 0 0 0 1/2 0

0 0 ... 0 0 0 ... 12

the number of the rows of A, containing 2 (including v, - 2), equals g,. Denote by
Ap : R" — R”" alinear diffeomorphism defined by A . Let R* = Ox; ... x4,, R' =

Oxgp41---Xn, A% = Ap|pe and Afp = Ap|gs. Then in local coordinates x =

p -
(x1, ..., xqp) e R*, xf = (xqp+1, ..., Xy) € R’ diffeomorphism A, has a form

Ap(x", x*) = (A% (x"), A%, (x")).

Lemma 1 Let a structurally stable diffeomorphism ¢y : M" — M" has an isolated
hyperbolic fixed point p, let (Uy, ¥o) be a local chart of M" such that p € Uy,
Yo(p) = O and Uy does not contain non-wandering points of the diffeomorphism ¢q
other than p. Then there exists neighborhoods U1, U of the point p, Uy C U1 C Uy
and the arc ¢, : M" — M", t € [0, 1] without bifurcations such that:

W Birkhauser
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1) the diffeomorphism ¢;, t € [0, 1] coincides with the diffeomorphism @q outside
the set Uy;

2) p is an isolated hyperbolic point for each ¢:;

3) W[S7 (1) = WIS, (¢o) and Wl‘; (¢r) = W['j (¢o) outside the set Uy;

4) the diffeomorphism Yop1 U coincides with the diffeomorphism A p on the set
Yo (U2).

Proof For r > 0 let B, = {(x1,...,x,) € R" : >, xl.2 < r%, B' =
{(x1, ... ,xqp) e R* : fol X< r2} and B = {(xg,41,....%,) € R°
Z? qp+1 x = r2}

By Vlrtue of the structural stability of the diffeomorphism ¢g any diffeomorphism
sufficiently close to ¢ in the C'-topology can be joined with ¢y by an arc without
bifurcations. According to Franks’ lemma [4]> we can assume that the diffeomorphism
@0 = YopoV, !in some ball B, C ¥0(Up) coincides with the linear diffeomorphism
®, : R" — R" given by a matrix ®, all of whose eigenvalues are pairwise different.
Then the diffeomorphism ® p 1s smoothly conjugate to the linear diffeomorphism 0 »
given by the normal Jordan form Q ,, of the matrix @, (see, for example, [5, Chapter 3]).
That is, there exists an orientation-preserving diffeomorphism £ : R” — R” such that
0 p=E ) & -1 According to [12, section 6, Lemma 2], & is isotopic to the identity,
then there is an isotopy &, from &y = id to&; = &. According to Proposition 2.1, there is
an isotopy E; : R — R? between the identity map E¢ = id and the diffeomorphism
&, coincides with & on B,2 and 1 1s the identity map outside B,, for some r, < r; < ry.

Thus, the arc n, = ut<1> ut : R" — R” connects the diffeomorphism 779 = @ »
with a diffeomorphism 7, coinciding with Q p on B, and with ) p outside B,,.
Additionally, 7; is an arc without bifurcations O, an isolated hyperbolic point for each
il and W§,(i7,) = W5 (@), Wh(#7,) = W (D) outside the set By, .

If O, = A, then the lemma is proved. Otherwise, due to the fact that the eigen-
values of the matrix Q, are pairwise different, it has a quasi-diagonal form with

blocks consisting of either eigenvalues or of matrices of the form < _a 8 g ) , where

0 < a?+ B% < lora?+ % > 1. Then the diffeomorphism Qp has the form
0,(x", x*) = () (x"), 0}, (x")),
where (Q‘;)’](B;‘) C int B} for every disk BY and Qx (B}) C int B} for every

disk B. Choose r3 < rp in such a way that By x (QS)"(B ) C int B,,. Choose
ri,ry € (r3/2, r3)1nsuchawaythat(Q”) 1(B ) Cint B“ and Q“ (B, Cint B,s.

2 In Franks’ lemma, in a neighborhood U, of the fixed point p of the diffeomorphism f : M" — M" we
consider the local chart (Up, ¥,) where 1//;] = exp : TyM" — U), — exponential map. Then in these
local coordinates the diffeomorphism f has the form f = exp~! o f o exp : R" — R". The Franks
lemma is that in any neighborhood of a diffeomorphism f there exists a diffeomorphism g having a fixed
point p and a linear local representation § = exp_] o g oexp if it is close enough to Df),. Thus, in any
neighborhood of the diffeomorphism f there exists a diffeomorphism g, having a fixed point p and a linear
local representation given by a matrix all of whose eigenvalues are pairwise different.

) Birkhauser
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In the proof of the proposition 5.4 of monography [13] arcs 7} : R* — R*, 7} :
RS — RS are constructed composing by linear hyperbolic contractions such that
° (t, )~ 1(B”) C int B} for any disk B and 77 (B;) C int B; for any disk B;;
o7 = “,fl_A“andto_ ," As
Consider isotopies A” = Q” (‘L’ )1 AS = (Q )~ ll't, which joints the identity
maps A = A = id with dlffeomorphlsm Moo= Qu(AN)T A = (05) A,
respectively. By construction, A”(B ) C Q” (By) and Af(B%) C (Q;,)’l(Brj)
for each ¢ e_ [0, 1]. Thus, by virtue of Proposmon 2.1, there exist isotopies [_\f‘ :
R* — R%, 'R — RY starting from the identity map A” = AS id, coincid-
ing with A )LY on By, B;, and are exactly identity outside Q” (B,4) (Q )~ l(B,A)
respectively. Let

A", x%) = (A1 O4 ("), O3 AT (x)).

Let us denote an arc coinciding with 77; outside By, and with A, on B, by &R —
R". Choose r5 < r4, such that B, C Q“ (B ) X B LetUp = B, U = B;, and

©r =N * &

Then ¢; is an arc without bifurcations, which coincide with ¢y outside U, O is an
isolated hyperbolic point for each ¢, WO (1) = WO (©0), WO (@) = W (@o) outside
the set U; and the diffeomorphism ¢ coinsedes w1th the diffeomorphism A on Us.
So, the arc ¢; : M"" — M" which coincides with ‘po @10 on Up and with ¢g outside
Uy satisfies all the conditions of the lemma in U; = I/f(;l (Uy) and U, = wal (Up).0

5 Straightening of the heteroclinic curve
In this section, the diffeomorphism ¢g belongs to the set G and in the saddle point

o1 has a local chart (Uy, ¥1), ¥ : Uy — R3 such that o1 € Uy, Y1(o1) = O and
diffeomorphism ¥, ' R3 - R3is a linear diffeomorphism Q given by the

100
matrix | O % 0 | . In the next lemma, we move the heteroclinic curve y,, into a
0O 0 2

canonical position required for further bifurcation.

Lemma 2 There is a neighborhood Vi C Uj of o1 and an arc ¢; : M3 —> M3t e
[0, 1] without bifurcations with the following properties:

1) diffeomorphism ¢;, t € [0, 1] coincides with the diffeomorphism @ outside Uy
and in the neighbourhood Vi,

2) Y1 (Yo, N V1) C Ox, where yy, is the heteroclinic curve of the diffeomorphism

P1-

Proof The construction of the required arc will be done in local coordinates in R3 in
two steps, first on the plane Oxy, then we will continue it along the axis Oz.

W Birkhauser
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Step 1. Construction on the plane Oxy. Let ¢ = Q|pxy. Then g(x,y) =
(x/2,y/2). Let y = ¥1(yp, N Uy). For r > 0 we state B, = {(x,y) € R? :
x2 4+ y2 < r2}. Let Ko = B> \ int By. Let us denote by E, the set of contractions
(diffeomorphisms topologically conjugate to the diffeomorphism g) ¢ : R> — R2,
coinciding with g out of B; and in some neighbourhood B, of the initial. For ¢ € E,
let

vs = |J 0" N Ko).

keZ

By the construction ¢-invariant curve y, coinciding with g-invariant curve y outside
B1. We construct an arc of contractions ¢; : R? — RZ, s € [0, 1] such that

(1) diffeomorphism ¢, t € [0, 1] coincides with the diffeomorphism g outside By;

() (vg) N By,,) C Ox.

To construct the arc ¢, we introduce the following notation for any diffeomorphism
¢ € E,.

We represent the two-dimensional torus T? as the orbit space of the diffeomorphism
g action on R?\ O and denote by p : R?\ O — T? the natural projection. We fix on
the torus T? generators @ = p(Ox.) and b = p(ShH. Let Ky = By, \ By,y2 and
76 = p(¥s N Ky). Then the curve Py is a knot on the torus T2 with the homotopy
type (1, —ng), ny € Z in the basis a, b (see, for example, [8]).

The arc ¢, will be a smooth product of arcs 1, and ¢;, where

I) the arc ¢, ¢t € [0, 1] consists of contractions coinciding with the diffeomorphism
g outside B; and joints the diffeomorphism ny = g with some diffeomorphism n; €
E, such that the knot 7,, has the gomotopy type (1, 0) in the basis a, b;

IT) the arc §; € Eg,t € [0, 1] joints the diffeomorphism ¢y = #n; with a
diffeomorphism ¢ such that p;, = a.

D If ny = O, then we set 5, = g for all + € [0, 1]. Otherwise, we define a
diffeomorphism 6;,¢ € [0,1] : R> — R? in the polar coordinates (p, ¥) so that
6,(0) = O and 6, (,oe“”) = pei(‘/’+‘/”(p)), where V;(p) is a smooth monotonically
decreasing function equal to 2ngnt for p < % and equal to O for p > 1.

Then 7, = 6;g : R — R? is the required arc.

IT) By construction, the diffeomorphism 7 belongs to E, and the knot 7, has the
homotopy type (1, 0) in the basis a, b. According to [15], there exists a diffeomorphism
smoothly isotopic to the identity 4 : T2 — T2 such that fz()?,“) =a.ForO<r <1/2
let K, = B;\B, 2. Let’s choose an open cover D = {Dy, ..., Dy} of the torus T2
such that a connected component D; of the set p’1 (D;) is a subset of K, for some
r < ”T" and r; < rg/2. According to Proposition 2.2 there exist smoothly isotopic to
the identity diffeomorphisms @1, ..., ¥, : T?> — T2 with the following properties:

i) forevery i € {1,..., g} there is exists a smooth isotopy {w; ,}, identical outside
D; and connecting the identity map with w;;

i) h = by ... 10,

Letw; ; : R? — R?be a diffeomorphism that coincides with (plk, )i pon Ky,
and coincides with the identity map outside K,,. Then the required arc is determined

) Birkhauser
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by the formula

§r = Wit ... Wq, M-

Step 2. Extension of ¢; to R3.
I) Let’s extend the arc 5, : R? — R? to the arc 7, : R?* — R? in the following way.
We set C = B; x [—1, 1]. We define an isotopy §; : R3 — R> by the formula

ét(x7y7z): (Ot(lfzz)(xﬂ y)a Z)5 (X,Z, Z) € Ca
(x,y,2), (x,y,2) e R\C.
Letﬁ,:étQ:R3—>R3. B
II) Let’s extend the arc ¢; : R> — R? to the arc ¢; : R? — R? by the following
way.
We set C; = D; x [—1, 1]. We define an isotopy w; , : R* — R3 by the formula

iy (x, y, 2) = { (V= (6 D, (0, D) € G
(x,y,2), (x,y,2) € RO\C;.
Let & = Wi ... Wa,1.
_ Then the required arc ¢; : R — R? will be a smooth product of the arcs 7; and
8. 0

6 Straightening of two-dimensional saddle manifolds

In this section, a diffeomorphism ¢g belongs to the set G and in the neighbourhood
of the saddle point o7 has a local chart (Vq, ¥1), ¥ : Vi — R3 such that o € Vi,
Y1(o1) = O, diffeomorphism 1o, I R3 = R3is a linear diffeomorphism Q
and V1 (¥, N V1) C Ox for heteroclinic curve yy, of the diffeomorphism ¢g. In the
next lemma we move W, into a canonical position required for further bifurcation.

Lemma 3 There is exist a neighborhood W1 C V| of o1, a neighbourhood U, of
A = cl Wf,‘l and an arc ¢; M3 — M3t € [0, 1] without bifurcations with the
following properties:
1) every diffeomorphism ¢;, t € [0, 1] coincides with ¢y outside U4 and in Wy;
2) Y1 (Wy, N W1) C Oxz for the diffeomorphism ¢, .

Proof By the condition A = W Uw. Let R = W, Ua, V = M3\(A U R) and
V=1V /@o. Let us denote by p : V — V the natural projection. According to

[9], the set A is an attractor and has a closed compact neighbourhood U4 such that

fUa) CintUygand () f"(Ua) = A. Theset B = Ug\int ¢o(U,) is afundamental
neN
domain of ¢q restricted to V. The set R is a repeller, the space V consists of the

wandering points and the diffeomorphism ¢g acts on V freely and discontinuously so

W Birkhauser
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Fig.7 The space orbit V T2

]

that the projection p is a cover and the orbit space V is a smooth closed manifold (see,
for example, [16]).
Notice, that (W, \ 02) C V and the diffeomorphism <p0|W(z;2 is topologically con-

jugated to a linear extension. Then the set T, = p(W,;) is a smoothly embedded in 1%
two-dimensional torus. By an analogy, the set 71 = p(Wy, ) is a two-dimensional torus

smoothly embedded in V. Intersection Wg, N W, consists of a unique non-compact
heteroclinic curve y,, where the diffeomorphism ¢y is topologically conjugate to a
shift. Therefore, the intersection 71 N T, consists of a unique closed curve ¢ = p(yy,).

Let K = {(x,y,2) : |xz] < Lx > 0,y = 0} and K = p(y; '(K)). By the
construction K is a two-dimensional annulus containing the curve c in its interior.
Choose a tubular neighbourhood U, C V of the curve ¢ such that the sets K, =
UNTy, K1 =U.NTy, Ko =U; N K are two-dimensional annulus (see Fig. 7).

By the construction the annulus K, and Ky intersect K| transversally along the
curve c. Then there exists a diffeomorphism ¢ : V>V isotopic to the identity such
that ¥ (T1) = T and ¥ (K32) = K.

Choose an open cover {Q1, ..., Q} of the space V such that a connected compo-
nent Q,- of the set p_l (Q;) is a subset of a fundamental domain B; = U/’;\int <P0(Uf;)

of the diffeomorphism ¢ restricted to V, wherein UAH C int (po(UQ) fori =

0,...,k, Ug = Uy. According to Proposition 2.2, there exist smoothly isotopic
to the identity diffeomorphisms Wy, ..., Wy : V — V with the following properties:
i) foreach i € {1,..., k} there exist a smooth isotopy {w; .}, identical outside B;

and joining the identity map with w;;

i)Y =w;...w.

Let w;; : V — V be a diffeomorphism, which is the same as (p|Qi)_lzi1i,,p on
Q; and coincides with the identity map outside Q;. Then the arc ¢; is defined by the
formula ¢; = wy ;... wk 190. O

) Birkhauser
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Fig.8 Confluence of saddle points

7 Confluence of saddle points

In this section a diffeomorphism ¢( belongs to the set G and has the following prop-
erties: in o7 there exist a local chart (Wy, ¥(), ¥ : W1 — R3 such that o1 € Wy,
Y1 (o1) = O, diffeomorphism Vo, ' R3 - R3 is well-defined and equal to the
linear map Q on a neighborhood of the origin, moreover y1 (W;, " W1) C Oxz. Simi-
larly there is a local chart (Wa, ¥2), v» : W — R3 such that op € Wa, Y (op) = O,
diffeomorphism Y@V, I R3 - R3 is well-defined and equal to the linear map
Q’] on a neighborhood of the origin, moreover wz(ng N W,) C Oxz.

In the next lemma we confluence saddle points o1, o> along the heteroclinic curve
Yoo

Lemma 4 There exists a neighborhood U C M3\(a U w) of heteroclinic curve Yo

and arc ¢; © M 3 M3t e [0, 1] with a saddle-node bifurcation such that the
diffeomorphism ¢;, t € [0, 1] coincides with the diffeomorphism @ out of the set U
and diffeomorphism ¢y is a source-sink diffeomorphism.

Proof LetU = {(x,y,2) € R®: |x] < 1,|y| < 1, |z| < 1}. We define an embedding
@ : U — R3 by the formula

2
B X 1 vy

b k) == - _’ _72 .
ox.y,2) (x 2 10 2 Z)

By the construction, ¢ has saddle points P; (—xg, 0, 0) and P>(xg, 0, 0), xo € (0, 1/2).
Let AY = Wy NU, A" =Wy NU, I"=Wp NU, I' = Wy N U (see Fig.8).
The properties of ¢ allow to find a neighborhood U of the heteroclinic curve and an
embedding B : U — U inducing a diffeomorphism

Go = BeoB

for which the points Py, P, are hyperbolic fixed saddle points with the local invariant
manifolds belonging to A, I*; AY, I®. Let us choose sets I1; C B(U) of the form
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I ={(x,y,2) e R : |x| <a,l|y| <b,|z| <b},ac (x %), b e (0, %) and such
that 9(I11) C (@o(B(U)) N BU)).

Let us define an embedding & : I1j — B(U) by the formula & = ¢, '@lm, .
Then there is a family of embeddings &; : I1; — B(U) such that & = id, &(A®) C
A5 E (M) C IV, & (AY) C A, &%) C I° (see, for example, [11]). The the family
of the embeddings §; = @p&1—; : T1] — B(U) joints @g with ¢. Define a family of
embeddings 71, : [1; — B(U) by the formula

2

1 y
Y, 7) = o —@r=1,=,2z7]).
ne(x,y,2) <x+ 7 + 10( ) > z>

Then the isotopy 7, connects 9 = ¢ with an embedding n; whose non-wandering
set is empty. Let 6; = ¢ * n;. Then the family 1/~/t =@ 19t : [Ty — B(U) connects
the identity map with the embedding ¢, ! n1. Due to Proposition 2.1, there exist an
isotopy U, BU) — B, coinciding with ¥, on Iy, identical on d8(U) and such
that \flo =id.Let W, : M® - M3 be an isotopy which coincide with ,8_1\11,/3 on U
and coincides with the identical map outside U. Then ¢, = ¢o\V; is the requirement
isotopy. O
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